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Reconversion of the Journal of Applied Physics 


G RADUALLY the Journal of Applied Physics 
is recovering some of its prewar charac¬ 
teristics. During the past few years paper re¬ 
strictions were particularly acute because of the 
large increase in circulation which occurred after 
the paper quota for the Journal was set. In fact, 
had it not been for the generous cooperation of 
the editors of The Review of Scientific Instruments 
and the Journal of Chemical Physics in sharing 
their paper quotas, several numbers of this 
Journal could not have appeared. However, the 
size of the past few issues shows that that diffi¬ 
culty is now over, and in this issue we are per¬ 
mitted once more to return to a high quality 
coated paper stock. 

New problems are on the horizon. The number 
of papers submitted is large and shows signs of 
increasing. These papers are generally of high 
quality and cover a wide range as far as subject 
matter is concerned. If the number of papers 
increases at a faster rate than the circulation, 
the Editor may be forced to choose between out¬ 
standing papers in Field A as opposed to out¬ 
standing papers in Field B. Or he may find it 
necessary to accept good research contributions 
at the expense of review or summary articles. 
Indications of reader preference on these matters 
would be as welcome as they are scarce. 

Many of the engineering societies are in the 
process of examining their reader interest rather 
closely to assist in setting definite limits to the 
fields which they are to cover and to reduce 
overlapping with other societies. These studies 
are of considerable interest to this Editor because 
of the close relation between applied physics 
and engineering. It is helpful, in visualizing the 
publishing activities in America of the entire 
field of technical and engineering knowledge, 
to make use of a polar chart in which basic 
physics is .at the center. The major subdivisions 


of physics, such as mechanics, thermodynamics, 
acoustics, optics, electrostatics, electrodynamics, 
may be thought of as occupying particular 
sectors. Thus, reading out radially in any one 
sector, for example that devoted to mechanics, 
one would start with fundamentals in mechanics, 
contributions to which are usually published in 
The Physical Review . Then one would pass 
through a region covered by the Journal of 
Applied Physics or the Journal of Applied 
Mechanics . Out still farther one would find 
subject matter covered by Mechanical Engi¬ 
neering, the official publication of the A.S.M.E. 
The polar chart has the advantage that the 
sector widens out as the variety of applications 
increases. In the outer regions we would find 
mechanics divided into many subjects, such as 
machinery, automotive engineering, aeronautical 
engineering, and so forth. Still farther out, 
perhaps, would be fields covered by trade publi¬ 
cations. 

In a chart of the type here visualized, the 
region to be covered by the Journal of Applied 
Physics seems rather naturally to be an annulus 
surrounding basic physics. In some sectors this 
annulus becomes very narrow, and in others it 
must be quite broad, to cover the gap between 
fundamental physics and engineering. It seems 
quite clear that one important function of the 
Journal is to provide a publishing medium in 
those sectors where.this gap is broad. Gradually 
as applications develop, specialized journals will 
necessarily begin to take over. However, as 
new fundamental knowledge develops, new sec¬ 
tors will open for the Journal of Applied Physics . 
Thus, the emphasis in the Journal is very likely 
to change as time goes on, but it will always be 
just outside that covered by those journals con¬ 
cerned with developments in fundamental or 
“pure" physics. 
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Atomic Engineering?* 

Theodore Von KArman 

California Institute of Technology , Pasadena, California 


I T has happened now for the third time in our 
lifetime (“our” referring to the elders of the 
engineering profession) that new avenues of 
engineering activities of tremendous importance 
have been opened by physicists, and the engi¬ 
neering profession has found itself unprepared 
to challenge the task. 

In 1887 the physicist Heinrich Hertz dis¬ 
covered “wireless telegraphy." In fact, he experi¬ 
mentally confirmed the existence of electromag¬ 
netic waves which anybody may easily read in 
Maxwell’s equations of the electromagnetic field, 
i.e., anybody who can read equations at all. 
It took several decades for radio engineering to 
become a branch of the engineering profession 
and for adequate measures to be taken to in¬ 
corporate the fundamentals of field theory into 
the engineering curriculum. 

The discovery of electromagnetic waves of 
long wave-length was followed very soon by the 
discovery of x-rays, i.e., electromagnetic waves 
of very short length of a frequency far beyond 
the spectrum of visible light. It has to be said 
to the credit of the engineering profession that 
it took advantage of x-ray techniques in various 
industrial fields, and the design and construction 
of x-ray apparatus were recognized as an im¬ 
portant branch of engineering. 

Similarly, the infra-red technique, i.e., the 
technique of waves longer than those of visible 
light but very much shorter than radio waves, 
was justly considered as an engineering problem. 

However, in the period between the two world 
wars, physicists made great efforts to narrow 
the gap between radio and infra-red waves. They 
succeeded in producing microwaves which made 
possible the marvelous technique now commonly 
designated as the art of radar. The physical 
facts were known a long time before the be¬ 
ginning of the recent war. However, during the 
war, physicists, by their superior knowledge of 
^ectronics, i.e., the mechanics of electric par¬ 
ticles, were able to solve the engineering problems 

* Reprinted by permission from Mechanical Engineering , 
October, 1945. 


of producing and directing microwaves. J will 
not contest the fact that a great many American 
engineers were sufficiently familiar with elec¬ 
tronics; many made important discoveries and 
contributions to electronic devices. But somehow 
our engineering education does not encourage 
the idea of the unlimited horizon, when funda¬ 
mental thinking in novel fields is required. 

And now it seems we are at the threshold of 
the new atomic age. 1 do not know whether or 
not this is true, but certainly we shall have 
“atomic engineering" in the fields of power and 
transportation. Are we prepared for the problems 
involved? 

The first application of atomic engineering 
was directed by military' engineers; plants and 
many gadgets were probably designed and con¬ 
structed by engineers. However, not only the 
discovery' of the fundamental facts but also the 
methods of application were suggested, worked 
out, and tested by physicists. 1 concede that 
security regulations and personal relations in 
the “nuclear clan" played a great part in the 
choice of collaborators. However, 1 raise the 
question, do we give today to the future engineer 
enough fundamental knowledge in basic ques¬ 
tions of the structure of matter, the nature of 
energy, the relation between matter and energy, 
so that he will be able to think intelligently in 
the new field, to have good engineering judgment 
on possibilities and methods? Is he better 
equipped than any body else who reads a few 
popular articles in the New York Times or in the 
Saturday Evening Post? Is there something wrong 
in our engineering education? I am afraid there is. 

First, 1 believe we have a tendency to restrict 
our teaching to scientific knowledge which has 
immediate applications. We often forget that 
almost every' new physical or chemical discovery 
might have engineering application. After all, 
engineering is the conquest of nature, i.e., 
matter and energy, for human comfort, and 
therefore an engineer cannot know too much 
about the inner structure of the matter against 
whose whimsical moods he struggles and the laws 
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of energy which he wants to exploit and harness. 

Second, we underestimate the interest of our 
students in “natural philosophy. ,, We are re¬ 
luctant to present the fundamentals of physics 
and chemistry as a living science full of question 
marks and changing concepts. We believe we 
ought to introduce the findings of research only 
after the unshakable truth has been established. 
We tend to stick to classical concepts. 1 found, 
while teaching mechanics of continuous media, 
elasticity, and fluid dynamics, that my students 
listened eagerly as J told them something about 
atomic structure of the materials and kinetic 
theory of gases. 1 wonder how many engineering 
students obtain a picture of entropy, chemical 
reaction, and the like, from a modern point of 
view. And why should ordinary combustion be 
an engineering topic, and nuclear reaction a 
mystery of modern alchemy? 

Third, we overestimate the importance of 
transfer of experience to' coming engineering 
generations in comparison with a training aimed 
at true understanding of the happenings of 
nature. We try to train engineers so that the 
employer can use them almost immediately after 
graduation from school. One of my former 
students was employed as an instructor in a 
well-known engineering school. He suggested 
some changes in the hydraulics curriculum in 
the direction of modern fluid dynamics. His 
superior asked him the use of teaching the 
findings of research men who, he conceded, found 
interesting results in hydrodynamics. None of 
these men, he said, would be able to design a 
sewage pipe system. No doubt he was right in 
this statement of fact, but he was wrong in his 
conclusion. Fortunately, the more intelligent 
employers are beginning to realize that immedi¬ 
ate usefulness is not the most important criterion 
of a novice engineer. They appreciate sound 
fundamental understanding and do not want the 
school to train for them the type of practical 
engineer, who—according to the bon mot of a 
prominent Englishman, himself an engineer— 
perpetuates the errors of his predecessors. 

Fourth, I certainly do not wish to make of 
every engineer a scientist, or, God forbid, a 
nuclear physicist. However, we shall try to give 
him an education which shall enable him to 
follow the progress of science, as, I believe, 


every medical doctor should have sufficient 
education to follow the development of biology 
which has produced in our time almost as 
spectacular discoveries as physical science. At 
the institution at which 1 have been teaching in 
the last fifteen years, science and engineering 
students have essentially common curricula the 
first two years. The physics student continues 
after that to move on a relatively high intel¬ 
lectual level of understanding natural phenomena 
from a scientific point of view. I have often 
wondered why the engineering student has to 
make a steep dive into an atmosphere in which 
the beam on three supports is considered a most 
difficult problem and the exact clear principles 
of mechanics and thermodynamics are replaced 
by semi-scientific, semi-popular “crsa.tz” truths. 

1 am convinced that the knowledge of the 
deepest origins and also the limitations of the 
principles do not handicap a person in their 
practical application; as a matter of fact, real 
knowledge makes the application easier and 
safer. And after all, physics students are not 
any more intelligent than engineering students. 

I have digressed from the subject indicated by 
the title. From the little I know and the little 1 
have read on the subject, 1 really believe that 
the problems involved in the development of 
atomic power for stationary and transportation 
purposes are primarily of the nature of engi¬ 
neering and especially applied mechanics. In 
other words, the picture of the nuclear processes 
obtained by the physicists contains so much of 
the truth, if such thing as truth exists, that from 
now on systematic observation and computation 
must lead to practical solutions. Certainly in¬ 
triguing engineering problems, like the develop¬ 
ment of materials resistant to extreme tem¬ 
peratures and extreme corrosion, and difficult 
applications of our knowledge in diffusion and 
heat transfer, will be involved. However, it may 
sound paradoxical, but it seems to me that the 
processes involved in atomic engineering are less 
complex than, for example, the processes of 
combustion of conventional solid and liquid 
fuels; less complex in the sense that simple 
considerations and theoretical computations may 
give closer approximations to reality than in 
the case of molecular reactions. What can appeal 
more to a scientific engineer? 
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Interchange of Energy between an Electron Beam and an Oscillating Electric Field 

Jass Marcum* 

Westinghouse Research Laboratories , East Pittsburgh , Pennsylvania 
(Received October 25, 1945) 

Relations between various parameters arc obtained which describe the behavior of an 
accelerated electron beam which is caused to traverse an alternating electric field. In particular, 
a medianicographical means for obtaining the gain or loss of energy is described. It is shown 
that under the most favorable conditions a maximum of 17 percent of the energy in the ac¬ 
celerated beam may be transferred to the alternating field. Application of these principles to a 
type of ultra-high frequency oscillator is treated. 


INTRODUCTION 

HIS report deals with a theoretical analysis 
of the conversion of kinetic energy of 
electrons into radio frequency energy of an 
oscillating electric field. In Fig. 1, a is a cathode 
maintained at a negative potential V 0 with re¬ 
spect to the plates b and c. In the region between 
b and c there is an oscillating electric field so the 
electric vector is uniform and equal to E sin cot, 
being directed along the direction of motion of 
the electrons. 

In the theory developed in this paper space 
charge is neglected, each electron is supposed to 
go all the way through without striking the grids, 
and non-uniformity of the electric field near the 
grids is neglected. In practice, the plates b and c 
may be built into a cavity resonator but this is 
not essential for the first part of the discussion 
which follows. 

The problem of the energy exchange between 
an electron beam and an oscillating field disposed 
in this way relative to the beam has been treated 
analytically by M tiller and Rostas. 1 But the 
analytical method which they use involves ap¬ 
proximations which limit the range of results they 
can obtain. 

In this report it is^shown how the problem can 
be studied by means of a mechanical-graphical 

* On leave of absence from Westinghouse Research Lab¬ 
oratories. Present address, Princeton University, Prince¬ 
ton, N. J. 

1 J. J. Mtiller and E. Rostas," Un Gener^teur a Temps de 
Transit, Utilisant un Seul Resonateur de Volume," Helv. 
Phys. Acta 13, 435 (1940). 


computing device which gives results of more 
generality than those found by Mtiller and 
Rostas. 

METHOD OF SOLUTION 

The equation of motion of an electron entering 
at phase 8 is 

d 2 x eE 

—=—sin (o>/+6), (1) 

dt 2 m 

where e is electronic charge, m is electronic mass, 
and E is the amplitude of the electric vector. The 
electrons all enter with velocity v 0 determined by 
the accelerating cathode potential V 0 . Inte¬ 
grating (1) we find for the velocity v at later 
times 

eE 

v — Vq -[cos (o>/+6) — cos 5]. (2) 

mco 

A second integration gives the coordinate x as a 
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Fig. 1. Schematic diagram. 
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function of the time, 
eE 

x = Vot -[sin («J+5) — cot cos 5—sin 6 ]. ( 3 ) 

WO) 2 


It is convenient to introduce certain dimen¬ 
sionless variables as follows, 

eE 

tf - -- ratio of momentum change produced 

mart'o 

by force eE in time 1/w to the initial 
momentum of the electron. 


0 = «/+6 = phase of oscillating field in “electrical 

radians.” 

<ox 

a= -=time measured in cycles of oscillation 

2wq 

frequency to go the distance x when 


moving with the entrance velocity, ro. 
In terms of these quantities ( 2 ) and (3) become 
v/v Q = 1 —rj[cos 0 —cos 6 ], ( 2 b) 

2ira=0 —5—? 7 [sin 0—sin 5 + (6 — 0) cos 5]. (3b) 


If we could eliminate 0 between these two 
equations, we could express ( v/vo ) as a function 
of a, which is a measure of the distance gone in 
the oscillating field, and 6 the phase of entry into 
the field, as well as rj which is a measure of the 
amplitude of the oscillating field. 

The ratio of the decrease in kinetic energy of an 
electron to its original energy is 


P(5) = 


mv o 2 /2 — mv 2 /2 


mv 0 2 /2 


\V()/ 


(4) 


which, since v/vo is a function of 17 , 5, and a, 
becomes also a function of the same variables 
which will be designated 


p($, V, <*)• (5) 

If the beam entering the grid at b is unmodulated, 
then equal numbers of electrons enter at all phases 
of the oscillating field and the average energy 
exchange of the electrons with the field is given 
by averaging p( 6 , 17 , a) over all phases 5 in a cycle. 

We denote this average, which depends para¬ 
metrically on r\ and a by p(ij, a) in accord with the 
notation, 

1 r 2r 

p(*7, a) =— I p($, n» <x)d8 . (6) 

2t •'o 



Fig. 2. Generation of a cycloid. 


A positive value of p(tj, a) means that on the 
average the electrons lose energy to the oscillating 
field, and p(ty, a) gives the fraction of the beam 
energy that is given up to the electric field. In 
applying the formula for p(iy, a), the quantity a 
is to be calculated by using for x the distance of 
separation of the two grids b and r. 

In actual fact, however, there is no exact 
analytical way to eliminate 0 between the Kqs. 
(2b) and (3b) in order to carry out the calculation 
as formulated. Muller and Rostas give an ap¬ 
proximate analytical calculation of the problems. 

Equations ( 2 b) and (3b) can be written in this 
form 

v/vq— (1 +TJ cos 5) — ry cos 0 , ( 2 c) 

2 ra = (1 +t i cos 6)0 — 17 sin 0 

— [ 6 ( 1+17 cos 0 ) —17 sin 5]. (3c) 

These equations are evidently the equations 
representing cycloids in a graph in which (v/vo) is 
plotted as ordinate and 2 ira is plotted as abscissa. 
The standard equations for the cycloid generated 
by rolling a circle of radius A on the x axis with 
the tracing point at radius B from the center of 
the circle are, 

X=A*-B sin *\ m 

Y—A —B cosyff K ' 

Comparing with (2c) and (3c) we see that the 
relationship between ( v/vo) and 2xa is given by a 
cycloid in which 

(I +17 cos 0 ) = radius of rolling circle. 

17 = distance of tracing point 
from center. 

0 =angle through which 
rolling circle is turned. 

[ 6(1 +17 cos 0 ) — 17 sin 6 ]=displacement of origin 

along x axis. 

The relations are indicated in Fig. 2 . 
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Fig. 3. Cycloidal graph for tj = 0.5. 



Because of this fact, a convenient means is 
available for getting at the velocity of the 
electrons as a function of distance gone in the 
oscillating field. It is easy to cut out wheels of the 
appropriate radii for a given value of * and 
different phases of entry 5 and to roll out the 
corresponding cycloids. This is what was actually 
done to obtain the results presented in this paper. 
In practice, eight equally spaced values of 6 
throughout a cycle were used. The values of p 
were then calculated by averaging the energy 
exchange for these* eight phases as an approxima¬ 
tion to integration over all phases. 

A section of a typical family of cycloids is 
shown in Fig. 3. These correspond to tin* eight 
different phases of entry in the special case * = -J. 
It may be shown that we must have rj <0.823 in 
order that none of the electrons will be returned 
into the accelerating field. (See Appendix.) We do 
not consider any cases for which rj> 0.823 in this 
paper. The calculations for this condition are 
considerably more involved. 

SIMPLIFIED QUALITATIVE PICTURE 

Since the main object of the study is to learn 
the conditions of operation under which p(*, a) 
is as great as possible, it is desirable to give a 
rough consideration of the way in which the 
conversion efficiency depends on these two 
parameters. In order to make p as great as pos¬ 
sible it would be desirable to have each electron 
leave the oscillating field when its velocity is least. 

For a given value of i,, the value of (v/v 0 ) in 
(2c) is clearly least when cos 0=1, so the least 


value of v/vn is 

= 1 — *(1 — cos 5). (8) 

Vo* min 

If every electron could be made to leave the 
oscillating field with this speed ratio (which is not 
possible in fact), then we should have 

1 r *' 

p = 1— - I [1 — *(1 — cos B)ydd 
2t J o 

= 27,-3*72, (9) 

which is therefore an absolute upper limit to the 
conversion efficiency. In Fig. 4 this upper limit is 



Fig. 4. Efficiency functions. 
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graphed as a function of ij, together with the 
actual maximum conversion efficiencies (for best 
possible choice of a at each value of tj) obtained 
from the cycloidal graphs. 

We wish to consider further the most favorable 
values of ij and a. The electrons entering at phase 
5 = 0 never have a velocity less than v 0 so they 
have a conversion efficiency ratio of 0.00 at best. 
In order to take them out of the field at a time 
when they have not actually gained energy from 
the oscillating field the distance x must be chosen 
to have the values x = l where 

w//v 0 ='2ir«i(l+r?), (10) 

where ti\ is any integer. The electrons which enter 
at phase 1 5 = x may, for appropriate choice of 
be made the most efficient at giving up 
energy to the field. From (2c) and (3c) it is seen 
that this appropriate choice for them is 

co//i»« = 2t(» 2 +J)(1-i?), (11) 

where w 2 is any integer. 

We can get a rough formula for the best values 
of t) by requiring (10) and (11) to be consistent, 
that is, that / be such that the “best” (5 = tt) and 
the “worst” (5 = 0) electrons leave when their 
energies are minimum. 'Phis gives 

2ttWi(1 +t?) = 2tt(w 2 +2)(1 — if), 
or 

2(n 2 —-»i) + l 

* = --• ( 12 ) 

2(w 2 +ni) + l 

Although this is a very rough calculation,* the 
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Fig. .5. Approximate points for maximum 
conversion efficiency. 

* It is possible to make similar calculations for a two- 
cavity klystron which give results in good agreement with 
the more exact theory. 



Fig. <}. Regions of positive and negative 
conversion efficiency. 


more exact work with the cycloids bears out the 
expectation that this consideration should indi¬ 
cate the most favorable valuesr of ij. Going with 
each such value of rj will be an appropriate value 
of a given by (10) or (11). 

Each pair of values of ti\ and « 2 will be called 
a “mode” of operation. In Fig. 5 is a tabulation 
of the values of ij (first line in box) and of a going 
with quite a range of modes leading to values of 
in the range 0< r? < -J. 

Instead of characterizing the operating points 
by rj and a it is convenient to use k=4warj and 
treat the different operating conditions as defined 
by the value of k and a. It will be recalled that a 
is the number of cycles of oscillation required by 
an electron traveling with the entrance velocity 
to traverse the space between the grids. We have 

eEl 

k = 4i rarj =-, 

mv o 2 /2 

so the physical significance of k is that it is the 
ratio of the energy which an electron would gain 
in the field, if it were static, to its initial energy; 
k is also the ratio of the oscillating voltage 

• 7 
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Fig. 7. Conversion efficiency as obtained from cycloidal 
graphs for tj*0.20. 

amplitude V=El to the initial cathode voltage 
Vq = mv<?/2e. 

In Fig. 6 the field of operating conditions is 
shown in a plot of k against a . The points 
corresponding to different modes listed in Fig. 5 
are shown as “bull's-eyes." In the neighborhood 
of each bull's-eye is a shaded region. These indi¬ 
cate the fields of values within which p is positive, 
that is, in which the beam gives up energy to the 
oscillating field. The word “mode" is con¬ 
veniently associated with a whole shaded region 
surrounding each bull’s-eye. 

In the regions that are not shaded in Fig. 6 the 
conversion ratio p is negative which means that 
on the average the electrons leave the oscillating 
field with more energy than they had on entering. 

RESULTS OF CYCLOID GRAPHS 

Actual values of p could be shown on an ex¬ 
tended form of Fig. 6 in which the values of p are 
indicated by means of a contour map. The values 
of 0 are obtained from the cycloids for a number 
of values of r\. The value of p is first computed for 
a number of successive values of a at constant iy. 
On Fig. 6 this corresponds to a cross section along 
one of the diagonal lines as shown. Such a cross 
section of the p as a function of k and a surface is 
shown in Fig. 7. This shows p as a function of a 
for iy*0.2 as calculated from the cycloids. 

The necessary wooden wheels were made and 
rolled and values calculated to construct similar 
curves for if *0.5,0.5, and 0.823 and the resulting 


curves for p as a function of a arc shown in 
Figs. 8-10. 

In Fig. II is shown a contour map indicating 
the dependence of p on k and a over a region 
corresponding to the upper left-hand corner of the 
larger region indicated in Fig. 6. In drawing this 
graph the data obtained by rolling out the 
cycloids were supplemented by calculations based 
on the analytical work of Muller and Rostas. It 
must be admitted that the exact extent of the 
region of positive p surrounding the bull's-eyes 
going with larger values of k is largely conjectural. 
By drawing the cycloids for more closely spaced 
values of tj one could find these boundaries more 
accurately if any real interest attached to a 
knowledge of them. 

It is interesting to consider qualitatively how 
it comes about that p is negative over so much 
more of the (fe, a) plane in Fig. 6 than the part in 
which p is positive. This comes about partly be¬ 
cause more than half of a cycloid lies above its 
middle. For example, an electron which enters at 
5 = ?r/2 will have for more than half of the 
distance traversed on a long path even though its 
velocity varies sinusoidally with the time. A more 
important factor lies in the fact that the relative 
energy varies as ( v/v ») 2 and so parts of the curve 
above v/v Q =\ contribute more than parts below 



Fig. 8. Conversion efficiency as obtained from cycloidal 
graphs for ii*0.3. 
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by the same amount toward giving a negative 
value of p. 

APPLICATION TO A RESONANT 
CAVITY OSCILLATOR 

Now that the a, k , p contour map has been 
obtained (at least over the limited range covered 
by Fig. 11), one will naturally ask to what 
practical use can it be put? We limit our dis¬ 
cussion to one case, that of constructing an ultra- 
high frequency oscillator for use in the centimeter 
wave region. In this case, the planes b and c of 
Fig. 1 become part of the two opposite walls of a 
cavity resonator. Any resonator has a property of 
its dimensions and frequency termed the shunt 
resistance, 5. This is such a quantity that F*/25, 
where V is the peak alternating voltage between 
two specified points of the resonator (usually the 
l>oints at which the electron beam enters and 
leaves), gives the average power loss in the walls. 

The problem is: Given a tube with a cavity of 
known resonant frequency /, shunt resistance 5, 
beam current J 0 , beam voltage 7 0 , where on the 
a, k , p map is the operating point? Provided no 
power is being taken from the resonator, the 
following is the condition for equilibrium 

Vohp=V*/2S (13) 



Fig. 9. Conversion efficiency as obtained from cycloidal 
graphs for n»0.5. 



Flo. 10. Conversion efficiency as obtained from cycloidal 
graphs for =0.823. 



where R 0 = Vo/h is the “resistance” of the beam. 

We may now draw a set of curves on the a, k , p 
contour map for various values of S/Ro (the 
dotted curves on Fig. 11). 

Suppose now a tube is in operation; the 
following quantities arc known:/, F 0 , /o, and S. 
Compute S/Ro and a. Drop down from the 
proper value of a on Fig. 11 to the appropriate 
S/Ro curve. This is the operating point, and at 
once 7}, p, and V are known. Thus, for any set of 
parameters, the operating conditions may be 
determined by use of Fig. 11 (or an expanded 
version). 

A tacit assumption in the above reasoning 
should be pointed out. The frequency at which 
the tube oscillates has been assumed to be the 
same as the resonant frequency of the cavity. 
Actually, the beam current will contain a reactive 
component which is out of phase with the cavity 
voltage. This will cause the operating frequency 
of the tube to shift slightly so that the shunt 
impedance also contains a reactive component. 
The error in the efficiency as given in Fig. 11 due 
to this effect may be shown to be very small. The 
only point of practical interest attaching to this 
effect is that for every point on the a, k f fi contour 
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map there is a definite frequency of oscillation. In 
other words, a second set of frequency contours 
should be superimposed on Fig. 11 to give com¬ 
plete operating information. The calculation of 
these frequency contours is possible, but is not 
attempted here. 

We note that S/Ro must be at least 20, in the 
first mode, before oscillations are possible. This is 
in accord with a general principle of operation of 
velocity-modulated oscillators- -for a given tube 
with a given accelerating voltage, oscillations will 
start only after the beam current reaches a finite 
value which is called the “starting current.” 

The value of Rq/S for starting is shown (see 
Appendix 11) to be 


R o 
5 


1 /sin 2ra 

2 \ 2ra 


i* ra\ 
2 a 2 ) 


(15) 


This gives the necessary value of S/Rq for any a 
along the fe=0 axis in order that oscillations will 
be possible. This information is shown in graphical 
form in Fig. 12. In effect, it gives the values of 
the S/Ro curves of the a, k f p contour map along 
the fe=0 axis. 

After the necessary value of starting current is 


reached, oscillations will then build up in the first 
row of modes (Fig. 11) as the current is further 
increased. However, none but the first row of 
modes will be self-starting. 

If one now desires to take out of the resonator 
a certain average power, P, it is only necessary' to 
increase the beam current by an amount such 
that 

P = V Q / 0 p — k 2 Vo 2 /2S, 

where p is the conversion efficiency as determined 
from Fig. 11. 



Fig. 12. Starting current function. 
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By use of a collector electrode on which is 
placed a voltage which will just stop the slowest 
electrons leaving the resonator, the efficiency 
may be increased. According to Muller and 
Rostas an increase of 7 percent is possible in the 
first mode. 

APPENDIX I. LIMITATION ON EXTENT 
OF SOLUTION 

To find the first electron to be thrown back 
into the accelerating field we put a = da/00 = 0 
from (3b) 

da 

— = 1 +i? cos 5 — Tf cos 0, (16) 

d0 

or 

rj = 1 /(cos 6 — cos 8 ). (17) 

From (17) it is clear that the electron which 
enters at 8 = w is the most likely one to be thrown 
back. For this electron 

tj = t /( 1 T - cos 0 ). (18) 

We may solve for 0 from this equation by putting 
of = 0 and 8 = tt in (3b) which gives 

(1 — 17 ) (0 — t ) — ij sin 0 = 0. (19) 

Eliminating rj from (18) and (19) gives 

tan 0 = 0 — t. ( 20 ) 

The first root of this equation, and the only one 
with physical significance, is 0 =—1.35 radians. 
From (18) we get rj mttX = 0.823. For values of rj 
greater than 0.823, some electrons will be thrown 
back into the accelerating field, and a more 
complex method of analysis is required. For 
values of 17 between 0.5 and 0.823, some electrons 
will have their direction of motion reversed while 
traversing the region of the alternating field, but 
none will be returned into the accelerating field. 

APPENDIX H. EQUATION FOR 
STARTING CURRENT 

We indicate here how Eq. (15) for the starting 
current function Rq/S may be derived. The 


problem is exactly the same as stated in Eq. ( 6 ), 
except we are now given the further assumption 
7j«l. The integral in (6) may now be solved 
exactly if higher order terms in ij are neglected. 
The scheme is as follows 

’-in'-Q’h <2,) 

which from ( 2 b) becomes 
rj r lr 

p = — I [2 (cos 0 —cos 5) 

2 tt Jq 

— ij(cos 0 —cos 8) ( 22 ) 

We must obtain 0 as a function of 8 from (3b). If 
77 <$C 1 as a first approximation 

2 irof = 0 5 or 0 = 2 ira+ 0 . (23) 

If this value of 0 is substituted in (22) we obtain 

p = — 2 ry 2 sin 2 tt a. (24) 

This answer, however, has no meaning because 
we have no information from (3b) regarding tj. A 
more accurate value of 0 is obtained from (3b) by 
substituting for 0 from (23) in all terms except the 
first 0 . 

0 = 2ira+5+i?[sin (2ira+8) 

— sin 8 — 2ira cos 5]. (25) 

When this value for 0 is substituted in (22), the 
integration performed, and all terms in powers of 
r\ greater than the squared term dropped, the 
following formula is obtained for p: 

p = 2 rj 2 (ira sin 2 ira —2 sin 2 ra). (26) 

Making use of p== (k 2 /2)(R 0 /S) and Tj = fe/4ira, 

Ro 1 /sin 2ira sin 2 wa\ 

-=-(-), (27) 

S 2\ 2ica ir 2 a 2 / 

which is the same as (15). This agrees with the 
result obtained by Muller and Rostas by a 
different method. 


Volume i7 v January* me 


11 



On the Improvement of Resolution in Electron Diffraction Cameras 

James Hillier and R. F. Baker 
RCA Laboratories , Princeton , New Jersey 
(Received September 6 f 1945) 

An electron optical system is described in which it is possible to obtain (1) high resolution 
electron diffraction patterns, (2) shadow electron microscope images, and (3) electron diffrac¬ 
tion patterns of selected variable areas of the specimen. The change in mode of operation of 
the system is accomplished by electrical adjustments without changing the specimen position 
in any way. A number of phenomena related to the attainment of high resolution diffraction 
patterns are described. Pertinent details of the experimental apparatus are discussed and 
some representative results are shown. 


I MMEDIATELY after the initial use of the 
electron diffraction camera as a means of 
demonstrating the wave properties of an electron 
beam its further use as a means of analysis was 
recognized; probably through analogy with the 
x-ray system. While the special properties of the 
electron beam have led to the application of the 
electron diffraction technique to a number of 
important academic problems concerning the 
structure of matter, the field of analysis by 
diffraction methods has continued to be domi¬ 
nated by the older and further developed x-ray 
diffraction technique. For some time it has been 
the opinion of the authors that there is no basic 
reason for this dominance and that if the instru¬ 
mentation and technique of electron and x-ray 
methods had been developed equally the former 
would have definite advantages. 

With the introduction of the electron diffrac¬ 
tion adapter for the electron microscope 1 some of 
the advantages of using electronically regulated 
high voltage supplies and precision electron 
optics in electron diffraction were realized. How¬ 
ever, while this adapter satisfies the desire of the 
electron microscopist to utilize further the possi¬ 
bilities of his instrument as an analytical tool and 
provides a means of obtaining high quality 
electron diffraction patterns, it does not represent, 
by any means, a complete exploitation of the high 
precision techniques now available to the electron 
optical designer. 

The electron diffraction adapter has also em¬ 
phasized an often overlooked but nevertheless 
important aspect of the electron diffraction 
method of analysis; namely, the careful correla¬ 
tion of the morphology of the specimen as ob¬ 
served in the light or electron microscope with the 
nature of the diffraction patterns obtained. 

These are only a few of the considerations 
which have pointed to the necessity of a re- 

1 J. Hillier, R. F. Baker, and V. K. Zworykin, J. App. 
Phys. 13, 571-577 (1942). 

1 *. 


examination of the electron diffraction technique 
and to the development of a new instrument 
which will be described below. 

I. THE ELECTRON OPTICS OF THE ELECTRON 
DIFFRACTION CAMERA 

Early electron diffraction cameras followed the 
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Fig. 1.* (a). An enlargement of a portion of an electron 
diffraction pattern of a specimen prepared by catching 
magnesium oxide smoke on a collodion membrane on which 
a thin aluminum film had been evaporated. This picture 
demonstrates the difference in natural line widths for 
different materials, (b). Microphotometer trace of part 
of the negative used in Fig. 1(a). 

* Note: In order to obtain prints of diffraction patterns 
which were suitable for publication it was found necessary 
to print the pictures by varying the exposure radially. 
No interpretation should be made regarding the relative 
intensities of the lines. 
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Table I. 


same basic design as x-ray cameras, consisting 
essentially of an electron source, a collimating 
system arranged to produce a narrow beam of 
electrons, a specimen, a fluorescent screen, and 
some means of permanently recording the pat¬ 
terns. It was soon observed that the addition of a 
focusing lens either ahead of or behind the speci¬ 
men greatly improved the sharpness of the rings 
obtained. 2 The resolving power of this improved 
type of camera was sufficient to demonstrate 
natural ring widths in the case of the most 
commonly used test specimens; namely, evapo¬ 
rated films of aluminum, silver, or gold. It is 
possible that this was an unfortunate circum¬ 
stance as it did not provide adequate stimulus for 
the design of instruments possessing higher re¬ 
solving power. It is now realized that these 
particular specimens are somewhat special, most 
specimens having natural ring widths as much as 
an order of magnitude smaller and requiring con¬ 
siderably greater resolving power than was 
obtainable in these earlier instruments. (See 
Fig. 1.) 

It is difficult to assign a value of resolving 
power to an electron diffraction camera since the 
obtained resolution is a function of the ring 
diameter or in other words of the lattice spacing 
producing a particular spot or ring. If we assume 



1 G. I. Finch and A. G. Quarrell, Proc. Roy. Soc. A141, 
399 (1933); G. I. Finch, A. G. Quarrell, and H. Wilman, 
Trans. Faraday Soc. 31, 1051 (1935); G. I. Finch and 
H. Wilman, Ergeb. d. exakt. Naturwiss. 16, 353 (1937). 


d c “0.0t cm ife«10cm“* 

1-2 (approximately) r« 0.025 cm 

r-20 cm / * 20 cm 

10 cm 


that the focused electron beam at the position of 
the diffraction pattern consists of a circular disk 
of illumination of uniform intensity and of radius 
dd! 2, it can be shown that the minimum separa¬ 
tion between distinguishable rings is 1.73d rf ,/2.* 
This is assuming further that the rings have no 
natural width and that the lenses have no aber¬ 
rations. Using Bragg’s law and the geometry of 
the instrument and assuming that the angle of 
deflection is small and that there is no lens 
between the specimen and plate, we obtain an 
expression for the resolving power of an electron 
diffraction camera: 

{Mhu/dhki) = (- A D/D) = 1.7MA h /2/X, (1) 

where d hk t is the lattice spacing, D the diameter of 
the corresponding ring, l the distance between the 
specimen and the photographic plate, and 
X= (150/ F)* is the wave-length associated with a 
beam of V electron volts energy. (Sec* Fig. 2.) In 
this expression 

(dd/ 2) = (d,.-m/2) + (v/f 2 )kr*+S, (2) 

where d c is the diameter of the electron source, m 
is the magnification of the lens system, v is the 
distance between the final lens and the photo¬ 
graphic plate, ft is the focal length of the final 
lens, k is the spherical aberration constant of the 
final lens / 2 = /^o(l — kr 2 ) } and r is the radius of the 
aperture used in the final lens. The added term S 
represents the change in spot-size due to the 
disturbance in the imaging system introduced by 
the presence of the specimen. This latter effect 
will be discussed further below. Table I is a 
typical set of practical values for the early single 
lens type of camera. In this case the first term 
of Eq. (2) is the most important except for 
specimens which charge badly. It amounts to 
0.005 — 0.010 cm and leads to a limiting resolving 
power in the range 1/70 to 1/170 for = 1.54 

* If, as is usually the case in electron diffraction patterns, 
the diameter of the ring is much greater than the spot-size, 
the radial intensity distribution in a ring obtained by uni¬ 
formly distributing such spots around the circumference of 
the ring is given by 1(^/2 )*—where C is an 
instrumental constant and x is the distance from the center 
of the distribution measured in the radial direction. The 
half-value width (i.e., 1.73d*/2) of this distribution may 
be used as a measure of the resolving power providing the 
rings to be resolved are of equal intensity. 
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Fig. 3. Schematic diagram of the lens system in the new 
electron diffraction camera* 

and A = 0.055.4. With the system to be described 
below, patterns have been obtained which require 
resolving powers better than 1/400 to separate 
rings and as good as 1/5000 to show the true 
intensity distribution in those rings, showing that 
the above resolving powers are inadequate for 
general work. 

Figure 3 shows schematically the lens system 
of an electron diffraction camera in which a 
second lens has been added to reduce the size of 
the final spot. In this case 

m = miw 2 = 0.01 X 2.5 =0.025. 

Here both the first and second terms of Eq. (2) 
are important making 

(da/2) = 1.25Xl0 -, +3.1 

X 10~ 4 +S = 6.7 X10 ~*+S cm. 

Under these conditions the instrument has a 
limiting resolving power of approximately 1/1000. 
By reducing the value of r to 0.0025 cm and the 
value of dc to 0.0025 cm the resolving power can 
be made better than 1/10,000, a value which is 
seldom attained in practice due to the appreci¬ 
able effects of the specimen on the focusing of 
the spot. 

The arrangement of lenses shown in Fig. 3 is 
the same as that used in the shadow type micro¬ 
scope. This fact leads to the possibility of com¬ 
bining two types of instruments into a very 
useful analytical tool. The only change in this 
system necessary to convert it from a diffraction 


camera into an electron microscope is a reduction 
of the focal length of the second lens to place a 
highly reduced image of the electron source close 
to the plane of the specimen. In a practical 
instrument using magnetic lenses this means that 
it is only necessary to increase the current excita¬ 
tion of the second lens. In one arrangement which 
has been tried preset shunt resistors can be con¬ 
nected into the coil circuit of the second lens so 
that the mere snapping of a switch can change 
the instrument from one type of operation to the 
other. While the electron microscojx 1 images ob¬ 
tained in this manner are not of the high quality 
of those obtained with a conventional electron 
microscope, they are quite satisfactory for most 
purposes. (See Fig. 4.) 

The resolving power of the instrument operated 
as a shadow type electron microscope is given by 
the expression 

d t =(d k m 1 m 2 '/2) + (l\/m i ) l \ (3) 

where m% is the adjusted value of the magnifica¬ 
tion of the second lens and m t is the magnification 
(electronic) of the image of the specimen. In a 
practical case the focal length of the second lens 
is reduct»d from 10 cm to 0.2 cm (making 
m 2 =0.023) which leads to a resolving power of 
the order of 200A providing that the electronic 
magnification of the system is maintained above 
10,000 X. The magnification may be controlled 
either by further slight adjustment of the power 
of the second lens or by mechanical translation 
of the specimen along the optic axis. In this type 
of electron microscope focusing is neither possible 
nor necessary; aberrations of the lens system do 



fa) (b) 

Fig. 4. Comparison between electron micrographs of a 
clay obtained with the shadow type electron microscope 
(a) and a conventional magnetic microscope (b). Tne 
pictures are not intended to represent the ultimate per¬ 
formance in either case. The shadow micrograph is an 
enlargement from that obtained in the sequence shown 
in Fig. 14. 
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not affect the sharpness of the image but enter as 
a distortion. 

The two modes of operation of the lens system 
shown in Fig. 3, that is, as a high resolution 
electron diffraction camera and as a shadow type 
microscope operating at high magnification, re¬ 
present the two possible extremes of adjustment. 
Intermediate to these extremes there is a very 
interesting continuous range of possible adjust¬ 
ments where the image field consists of a combi¬ 
nation of an electron image and an electron 
diffraction pattern of the same specimen area. 
The individual diffraction spots are dark field 
images of the diffracting particles while the 
central spot is a bright field shadow image of the 
same particles. Both the diameter of the area of 
irradiation of the specimen (</*) and the diameter 
of the defocused diffraction spot (d,/) vary con¬ 
tinuously between these two extremes of adjust¬ 
ment according to the expressions: 


and 


d„ = Ir 


d,i = 2r 
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where 


(l/v 2 ) = (l// 2 ) + (l/u 2 ). 


( 4 ) 

(5) 


The symbols used are explained in Fig. 5 which 
is a series ot ray diagrams showing the operation 
of the two lens system as an electron microscope, 
as an electron diffraction camera, and at an 
intermediate adjustment. The effect of the 
spherical aberration of the second lens is neg¬ 
lected in these formula. Using the parameters of 
the practical case these expressions have been 



Fig. 5. A series of ray diagrams illustrating the operation 
of the new camera as a shadow microscope (a), electron 
diffraction camera (b), and an intermediate adjustment (c). 



Fig. 6. A set of curves showing a relationship between 
the diameter of the beam at specified positions in the 
camera against the focal length of the final lens. The curve, 
A, B, C, gives the minimum beam cross section. The curves 
originating at A give the diameter of the area of bombard¬ 
ment of the specimen when situated 2 mm above the 
second lens. The curves originating at h give the same for 
the specimen position 2.6 cm from the second lens. Curves 
originating from C give the diameter of the central spot 
of the diffraction pattern at the plate position 20.0 cm 
from the second lens. 


calculated for different size second lens apertures 
and plotted in Fig. 6. From this set of curves it is 
possible to read off the area of the specimen 
covered for different adjustments of second lens 
strength and the spot size (and therefore re¬ 
solving power) obtained in the corresponding 
diffraction pattern. The base curve ABC gives 
the minimum spot size at any plane between the 
second lens and the photographic plate. 

It is obvious that it is not possible to produce a 
focused electron diffraction pattern of a submicro- 
scopic area of the specimen by electron optical 
means. It can be accomplished only insofar as the 
size of the aperture of the final lens can be reduced 
and insofar as the particular diffraction pattern 
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encountered can tolerate the required defocusing. 
For instance, with a 0.002-cm aperture and the 
focal length of the second lens adjusted to make 
the image of the source coincide with the speci¬ 
men plane (point A on Fig. 6) the diameter of the 
area of the specimen irradiated is approximately 
230A but the spot diameter in the’ associated 
diffraction pattern is 0.2 cm leading to a resolving 
power of only 1/10 for a lattice spacing of 1.5A. 
This is hardly sufficient for critical work. 

It is possible to reach an advantageous com¬ 
promise by moving the specimen position further 
away from the second lens. Such a change is 
indicated by the series of curves leaving the point 
B on Fig. 6. In this case the specimen has been 
placed at a distance 2.6 cm from the second lens. 
The minimum diameter of the area of irradiation 
is then about 3000A but with the same aperture 
(i.e., 0.002 cm diam.) the spot diameter in the 
associated diffraction pattern is 0.015 cm leading 
to a resolving power of 1/100 for a spacing of 
1.5A. This provides a fairly useful arrangement 
for point diffraction. 

As will be seen from the results given below, 
the operation of this system over its entire range 
of adjustment is proving very interesting and 


fruitful and provides a good illustration of the 
flexibility of an electron optical system as an 
analytical tool. 

H. ELECTRON DIFFRACTION TECHNIQUES 

The establishment of a new instrument as a 
useful tool and the value of the results obtained 
from its application depend on the skill and 
ingenuity displayed both in the operation of the 
instrument and in the preparation of specimens. 
This is particularly true in the critical use of the 
x-ray and electron diffraction techniques. One 
aid in the attainment of skill in this regard is 
through an understanding of the possible pitfalls 
in the method. For this reason some of the diffi¬ 
culties encountered in the use of high resolution 
electron diffraction are discussed below. The 
inclusion of these difficulties is-not intended as a 
criticism of the electronic method, it being 
possible to list equally important difficulties in 
the corresponding x-ray method. 

(a) Vacuum 

In electron diffraction work it is necessary to 
have an extremely good vacuum if dependable 
results are to be obtained. This is particularly so 
in the case of surface investigations where con¬ 
taminants arising from the interaction between 
the electron beam and the residual vapors in the 
system are laid down at a rate which quickly 
masks the original surface. The contaminants are 
usually organic in nature originating from the 
materials used in connection with demountable 
joints, from improperly cleaned metal surfaces or 
from the oil of the diffusion pumps commonly 
used. 

The full seriousness of this problem has only 
recently been realized and little has yet been 
done towards its solution. It is obvious that the 
problem of designing an instrument which is, at 
the same time, generally useful and free from all 
the possible sources of contamination, is an 
exceedingly difficult one. 

(b) Lens Apertures 

1 n an electron diffraction camera of the two- 
lens type considered above, the pencils of elec¬ 
trons which take part in the formation of the 
focused spot utilize the full open area of the 
second lens and hence suffer the corresponding 
amount of lens aberrations. It is not possible, in 
this case, to provide an effective limitation of the 
lens aperture, as is done in the electron micro¬ 
scope. Instead it is necessary to provide the lens 
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with an actual aperture of such diameter that a 
satisfactory compromise is reached between the 
intensity of the final spot and the increase in its 
diameter caused by the aberrations. The proper 
insertion of an aperture bearing absolutely no 
surface contamination requires considerable 
patience and skill. 

The arrangement of the lenses leads to another 
technical difficulty. It involves a long focus lens 
fitted with a relatively small aperture which is, in 
effect, an ideal pinhole camera for electrons and 
will reproduce in the final image plane a faithful 
image of any part of the instrument between the 
final lens and the source and in the field of view 
of the final lens, from which electrons are 
scattered. This results in a number of spurious 
markings on the plane of the diffraction pattern. 
The spurious markings are particularly intense if 
the electron beam strikes an offending part of the 
instrument at grazing incidence. Figure 7(a) 
shows in ray-diagram form the origin of these 
spurious markings. (See Fig. 8a.) Such markings 
can be completely eliminated by the proper 
placement of apertures. In the case of the two 
lens system being considered it is necessary to 
place an aperture at the source-side focal point of 
the first lens. Its diameter must be sufficiently 
small to prevent electrons striking any part of the 
system between the first and second lenses except 
the aperture of the second lens. This is illustrated 
in Fig. 7(b). By this means no scattering can take 
place except at the edges of the apertures them¬ 
selves. The scattering at the edge of the first 
aperture is focused on the second aperture and is 
stopped. 

Scattering at the aperture of the final lens 
produces a different effect.* Here the aperture 
behaves as a secondary source of electrons, pro¬ 
ducing a shadow image of the entire specimen at 
low magnification. Figure 8(b) is an example of 
this type of defect. The use of a clean, con¬ 
ducting, and sharp-edged aperture will minimize 
this effect. 

In considering spurious markings another phe¬ 
nomenon should be mentioned although it has no 
connection with the aperturing of the system. 
Occasionally a point of the specimen holder or 
even a point of the specimen itself which is not in 
the plane of the diffracting particles will reflect 
electrons very efficiently. Since such a reflection 
is the equivalent of a point source close to the 
specimen the conditions are similar to those of 


* The scattered electrons are affected only slightly by 
the field of the lens. 



(a) (b) 

Fig. 8. (a) An electron diffraction pattern of zinc oxide 
smoke on which can be seen spurious markings due to 
the reflection from the walls between the two lenses, 
(b) An electron diffraction pattern of zinc oxide on which 
is superimposed a low magnification of a shadow image of 
the supporting wire screen which arises as a result of 
scattering at the aperture of the final lens. 

the shadow type microscope. In this case if the 
reflection occurs on the lens side of the specimen 
there will be superimposed on the diffraction a 
shadow image of part of the specimen. The field 
of view, intensity, and magnification of this image 
depend on the accidental placement and size of 
the reflecting particle relative to the specimen. 

(c) Specimen 

It is well known that most electron diffraction 
(and electron microscope) specimens acquire a 
charge as a result of the bombardment which 
they undergo. The magnitude of this charge and 
its distribution on the specimen vary widely ac¬ 
cording to the physical characteristics of the 
specimen and the technique of mounting. Except 
in extreme cases, the steady charged state of the 
specimen does not disturb the imaging process in 
the electron microscope. Here the deflection of 
the individual rays by the charge on the specimen 
is almost indistinguishable, as far as the micro¬ 
scope objective is concerned, from the scattering 
which takes place at the specimen and which is a 
necessary part of the imaging process. In the 
electron diffraction camera, however, it is not the 
specimen that is being imaged on the final screen 
but a distant electron source. Any focusing, 
deflection, or scattering of the electron beam 
which takes place at the specimen is not corrected 
by the lens system aqd appears as a defocusing, 
distortion, or diffusion, respectively, of the final 
spot. Observation of the spot on the fluorescent 
screen with a 60 X magnifier will serve to con¬ 
vince the investigator of the importance of this 
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(a) (h) (c) (d) 

Fi(i. 9. (a) An electron micrograph of an early dispersion of activated alumina, (b) An electron micro¬ 
graph of a good dispersion of alumina, (c) An electron diffraction of the poor dispersion, (d) An electron 
diffraction pattern of the good dispersion of alumina. 


effect and provide a means of determining its 
presence and magnitude. 

The effect of charge on specimens for electron 
diffraction has long been recognized as a difficulty 
in the case of reflection work and methods of 
overcoming it have been developed. The authors 
wish to stress the fact that the effect is present in 
transmission work and is equally important if 
high resolution patterns are desired. The effect 
can be eliminated by the use of an auxiliary low 
voltage electron 44 spray.” It has also been found 
that the inclusion of a conductor (connected t6 
ground) in the irradiated area of the specimen 
will eliminate specimen charge. Proper specimen 
preparation is also instrumental in reducing the 
effects of charge. 

A complete discussion of the techniques of 
preparation of the specimen for electron diffrac¬ 
tion work is beyond the scope of this paper. 
However, the importance of the use of the 
electron microscope for the control of the speci¬ 
men technique in the case of transmission and 
reflection diffraction work must be pointed out. 

Many powder specimens of industrial im¬ 
portance have a particle size around 1 m- In pre¬ 
paring such specimens for electron diffraction it 
is essential that the particle size be reduced to a 
value where the majority of the particles become 


at least partly transparent for electrons of the 
velocity used. The particles must then be mounted 
in such a way that they do not charge and that in 
the cross section of the beam there are trans¬ 
parent and properly oriented particles sufficient 
for the production of a smooth and complete 
pattern. The mounting must be such that there 
is either no preferred orientation of the specimen 
particles or an accurately known orientation. It 
is obvious that the electron microscope provides 
an ideal method of observing and controlling 
these factors. Figure 9 is an example of the effect 
of proper dispersion on an electron diffraction 
pattern. 

It is unfortunate that the brevity of the pre¬ 
ceding paragraph gives such a poor indication of 
the extreme importance of this aspect of the 
electron diffraction technique. 

HI. RESULTS 

Using the principles and precautions described 
in the preceding pages a combination high 
resolving power electron diffraction camera and 
shadow type electron microscope has been con¬ 
structed. Figure 10 is a photograph of the com¬ 
pleted instrument. Since the construction of this 
strictly experimental unit follows the pattern of 
the experimental electron microscopes designed 
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in this laboratory only a few significant new 
features will be described in detail. 

As can be seen from the photograph the instru¬ 
ment is mounted on a table-like cabinet in front 
of the control panel. The beam travels vertically 
upwards from the gun situated just below the 
table level and passes successively through the 
valve chamber, double magnetic lens system, and 
specimen chamber into the fluorescent screen and 
photographic chamber. The column is pumped 
by an oil diffusion pump backed by a mechanical 
pump. The former pumps through the liquid air 
trap and large manifold seen to the left of the 
column and just above the table. Both pumps are 
mounted below the table in the front part of the 
cabinet. 

One of the most difficult of the problems 
encountered in the development of the camera 
was the designing of an electron gun which would 
give intense single-source illumination and yet at 
the same time would not be hopelessly critical of 
adjustment. Owing to the presence of the two 
small apertures in the lens system the criteria 
used in the adjustment of an electron microscope 
gun were not available. A gun satisfying the 
design requirements has now been developed. It 
consists of a conventional hair-pin tungsten 



Fig. 10. Photograph of the experimental high resolution 
electron diffraction camera. 



(a) 



(b) 




Fici. 11. (a) An electron diffraction pattern of sodium 
c hloride sublimed in a vacuum onto a collodion membrane 
from a heated filament, (h) An enlargement of part of (a), 
(c) A microphotometer trace of the negative of the pattern 
shown in (a), (d) A microphotometcr trace of the (111) 
(200) rings of sodium chloride*. The abscissa scale has been 
magnified in order to show the intensity contours of 
the rings. 


filament axially situated behind, and insulated 
from, the focusing aperture. The beam current is 
fed to the filament from the high voltage supply 
through a high resistance. This arrangement 
produces a voltage drop which is applied to the 
focusing aperture. The voltage on the aperture is 
usually about 500 volts negative relative to the 
filament and very near the cut-off voltage for the 
system. 

In operation, the filament temperature is set 
slightly above the value at w'hich the beam 
current reaches saturation. The combined action 
of space charge and the dependence of the 
focusing aperture potential on the beam current 
serves to stabilize the beam current against small 
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(a) 


(c) 



Fig. j 2. (a) A normal powder pattern of 
zinc oxide smoke, (b) An enlargement of part 
of the pattern in (a), (c) Powder pattern 
slightly defocused. (d) An enlargement of part 
of the pattern in (c). The pattern has now 
become spotty due to the reduction in the 
irradiated area of the specimen and some of 
the spots are seen to be elongated due to the 
fact that they are now relatively low magnifi¬ 
cation images of the individual zinc oxide 
spikes. There is an interesting correlation of 
the individual spots and the line width in the 
focused pattern in (b). (e) and (f) Still further 
enlargements of the parts of the pattern in 
(c). The configuration seen in (f) may be due 
to a bending of an individual zinc oxide spike. 
It provides a good demonstration of the re¬ 
solving power of the system as indicated by 
the attached scale. 


filament current changes and to center auto¬ 
matically the effective source relative to the focusing 
aperture. The source produced is intense and 
small enough for the most critical electron micro¬ 


scope and diffraction work. The automatic 
centering of the source relative to the focusing 
aperture, even for off-center filaments, completely 
eliminates the necessity for translation and tilt 



(a) (b) 

Fig. 13. (a) An electron diffraction pattern demonstrating the resolving power of the new system. The 
specimen was originally an evaporated him of silver floated from the surface of a rock salt crystal. It was 
allowed to stand in the atmosphere of the laboratory before the pattern was obtained. Rocksalt, silver, and 
silver sulphide rings have been identified, (b) An enlargement of (a). 
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(a) 




(b) 


Fig. 14. A series of pic¬ 
tures of clay showing the 
complete range of operation 
of the instrument, (a) A 
powder pattern, (b) A 
slightly defocused powder 
pattern, (c) In this case the 
instrument is approaching 
its operation as a shadow 
microscope. The area of ir¬ 
radiation of the specimen 
has been reduced until it 
covers one small group of 
crystals. At the same time 
the angular aperture of the 
irradiation of the specimen 
has increased so that a num- 
ber^ofj relief lions from dif¬ 
ferent planes arc possible. 
The result is a complete 
hexagonal pattern. (d) 
Shadow micrograph of the 
same specimen. 



(O 


(<1) 


adjustments on the gun. The saturation value of 
the beam current is determined by the axial 
separation of the filament tip from the plane of 
the focusing aperture. 

The valve chamber situated between the gun 
and the lens coil has a valve of new design which 
when open introduces no obstruction or baffling 
of the main pumping path. This is accomplished 
by controlling the valve by a long thin rod sliding 
through a rubber packing type vacuum seal. 
When the valve is in the open position the packing 
can be tightened to prevent any possibility of 
leakage. Secondary valves are provided for 
letting air into the system and for by-passing the 
diffusion pump during prepumping. A large 
manifold running up the back of the instrument 


provides for high speed pumping of the upper 
sections of the instrument. This manifold is also 
provided with a liquid air trap. 

The lens coil and pole pieces are similar to 
those used in electron microscopes except that 
the final lens pole pieces are made to produce an 
asymmetrical axial field distribution. With this 
system it is not necessary to introduce the speci¬ 
men into the lens opening. The maximum dimen¬ 
sions of the specimen are then limited only by the 
size of the specimen chamber. 

In the specimen chamber a serious attempt has 
been made to avoid contamination of the speci¬ 
men with organic vapors from gasket materials 
and grease lubrication of the packing seals. It is 
essentially a double-walled chamber arranged so 
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(a) (h) 
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Fig. 15. A similar series of pictures of a graphite speci¬ 
men. (a) Focused powder pattern, (b) Slightly defocuscd 
pattern, (e) A considerably defocuscd pattern in which a 
single flake was in the irradiation area. Superimposed on 
the center of this picture is the bright field shadow image 
of the flake producing the pattern. This image was observed 
in the instrument simultaneously with the diffraction 
pattern. It was necessary, however, to make two different 
exposures owing to the great difference in the intensity of 
the tw'; types of images. (7000X) 

that there is no direct open path between any 
gasket or packing seal and the inner chamber. 
Vapors leaving any of these sources of trouble 
must diffuse past the manifold liquid air trap 
before entering the actual specimen chamber. 

The viewing system consists of a high resolu¬ 
tion fluorescent screen fitted with a forty-five 
degree front surface mirror and a low-power 


compound microscope 
(30 X). The fluorescent- 
screen mirror system is 
mounted on an arm per¬ 
mitting it to be pivoted out 
of the beam path when pho¬ 
tographic records are made. 

The photographic 
chamber uses the standard 
2X10 in. plate size and is 
quite conventional except 
in that it is fitted with an 
engraved cassette holder, 
allowing the accurate posi¬ 
tioning of the plate, and 
with a quick-acting ad¬ 
justable opening shutter. 
These features have been 
introduced to permit the 
use of the instrument in 
sequential studies on the 
treatment of material 
which cannot be exposed to air during the experi¬ 
ment. They permit the obtaining of a large 
number of narrow strip diffraction patterns or 
micrographs. The power supplies which are quite 
conventional and which are mounted in the rear 
of the cabinet consist of a regulated coil current 
supply with appropriate adjustable shunts for 
setting the relative powers of the two lenses, a 
regulated high voltage supply which is adjust¬ 
able from twenty to fifty kilovolts in five-kilovolt 
steps, a radiofrequency filament current supply, 
and the necessary vacuum gauge circuits. All 
circuits are operated from a line voltage regulator. 

The electron optical performance of the system 
appears to be in good agreement with the 
predictions of the above mentioned formulae 
though the total effect of thespecimen mounting 
and charging are by no means thoroughly under¬ 
stood. Some patterns obtained show resolving 
power exceeding anything in the literature by an 
order of magnitude. Whether this is a justifiable 
measure of the performance of the instrument 
will be better judged from the final appearance of 
the reproductions in this article. Figures 11 to 15 
will serve to illustrate the resolving power of the 
instrument as a true diffraction camera and its 
versatility as a probe diffraction camera and 
shadow microscope. 

The authors are greatly indebted to J. M. 
Morgan who did a large part of the mechanical 
and electrical design work involved in the de¬ 
velopment of this instrument. 
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Applications of Metallic Shadow-Casting to Microscopy 1,2 

Robley C. Williams and Ralph W. G. Wyckoff 
Lmversity of Michigan , Ann Arbor , Michigan 
(Received July 3, 1945) 


I he factors which determine image contrast in optical and electron micrographs are dis¬ 
cussed in relation to a new me till shadow-casting technique whereby the contrast of images 
is greatly increased by depositing obliquely a thin film of metal on the microscope preparations. 
Further advantages of the use of shadow-casting are described, and an estimate is made of the 
lower limit of size of objects which should be observable by shadow-casting. Examples are 
given and illustrations are shown of the applications of this technique to the electron 
micrograpny of particles of macromolccular dimensions, of replicas of such particles, and of 
surface replicas prepared in several ways. 


INTRODUCTION 

A (iOOl) micrograph gives dear and accurate 
information about the size, shape, and 
structure of the object from which it is derived. 
Whether one is dealing with microscopy in¬ 
volving light or electrons, the limit to what can 
be seen in a micrograph is in the end determined 
by the resolving power of lhe lens system and 
by the contrast between adjacent elementary 
regions of the object. Most of the contrast in the 
optical microscope results from differences in 
absorption of light within the preparation. Many 
important classes of objects, particularly those.* 
of biological origin, have in themselves little 
variation in absorption for visible light, but this 
restriction on microscopic examination, of course, 
has been in large measure eliminated through tin* 
development of elaborate methods of differential 
staining using dye-stuffs and other coloring 
agents, and to a lesser degree through the use of 
ultraviolet light. Under these circumstances the 
magnification, and the smallness of detail that 
can be observed with the optical microscope, are 
set by the attainable resolving power, i.e., by 
the wave-length of the light used. 

Conditions are somewhat different in electron 
micrography at the present stage of its develop¬ 
ment. Contrast in an object illuminated by a 
beam of electrons is not due to differential 
absorption but rather to an unequal amount of 
scattering of electrons at different points in the 
preparation. The visibility of details of an object 

1 From the Department of Phvsicb, University of 
Michigan. 

1 This research was supported in part bv the Evaporated 
Metals Films Corporation, Ithaca, New York. 
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resulting from the contrast they introduce into 
an electron micrograph is thus determined largely 
by the amounts of matter contained in these 
details. Such amounts of matter may be so small 
that, especially for objects resting on a support¬ 
ing membrane, insufficient contrast rather than 
inadequate resolving power of the microscope 
fixes the lower limit of visibility. The present 
paper is devoted to a discussion of some of these 
limitations arising from insufficient contrast, 
and to a description of a technique by which 
the contrast in specimens for microscopy can be 
greatly enhanced. 

The image responsible for an electron micro¬ 
graph is formed by focusing the electrons that 
penetrate the* specimen and its substrate. The 
contrast in tin* final image is a result of failure 
of the lenses to focus accurately those electrons 
scattered through relatively large angles while 
passing through specimen and substrate. If these 
widely scattered electrons are allowed to strike 
the photographic plate they cause a generally 
distributed fogging. Maximum of contrast is 
therefore achieved by employing a small ob¬ 
jective aperture which will exclude such widely 
deflected electrons and pass only those that can 
be focused with precision by the objective and 
projector lenses. All the electron micrographs 
described in this paper have been made with an 
RCA Type EMB instrument equipped with an 
objective aperture. 

Simple considerations make evident the lower 
limit of size of biological and other objects of 
low density which can be recorded by direct 
photography with the electron microscope. One 
can, for example, scarcely expect to observe 
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Kig. 1. An aluminized eolUxlion replica of a 
machined brass surface. 10X 


directly the details of surface structure on a 
bacterium, Such an organism will have a thick¬ 
ness of not less than several tenths of a micron 
and it will be supported on a film of collodion or 
Formvar 3 which supplies additional scattering 
matter. It is evident that surface details which 
provide variations in thickness of amounts less 
than, say, 0.02 micron will introduce totally 
imperceptible differences in scattering and con¬ 
trast in micrographs. In the range of particles 
smaller than bacteria it is clear that none can 
be detected if its scattering is insignificant com¬ 
pared with that of the substrate on which it 
rests. All organic substances have about the same 
low scattering for electrons, and experience shows 
that under the most favorable conditions it is 
hard to detect the existence of particles supported 
by a substrate and having diameters less than 
about 0.01 micron. By the same reasoning it is 
imposwsible to form an accurate idea of the shapes 
of much bigger particles. Unless they are flat or 
are enclosed in thick membranes, the outlines of 
even relatively large organic objects must be 
diffuse on direct electron micrography, since at 
some point within their geometrical edge they 
will have thinned down to such an extent that 
the scattering is no longer considerable compared 
with that of the substrate. 

The same kind of diffuseness of fine detail is 
observed in an electron micrograph of a collodion 

s Formvar 15-95 is a polyvinyl formal supplied bv the 
Shawinigan Products Corporation, New York, New York. 


or Formvar 4 replica of an etched metal or other 
rough surface, and it has usually been concluded 6 
from this that such replicas are not sharp. The 
work described in this paper shows that such 
simple replicas are faithful to the surface from 
which they are stripped and that their apparent 
lack of sharpness arises from the insufficient 
contrast introduced by their small scale varia¬ 
tions in thickness and scattering. This conclusion 
has great practical importance because replicas 
made with polymers in solution are especially 
convenient to prepare, and can be stripped from 
many surfaces and materials that cannot be 
subjected to the high temperatures and pressures 
involved in making polystyrene 5 and other 
molded replicas. 

THE SHADOW-CASTING TECHNIQUE 

In a previous paper 6 we have described a 
technique for enhancing contrast in electron 
microscopic preparations which we have called 
shadow-casting. Briefly it consists in coating the 
specimen obliquely with a very thin film of 
metal prior to the microscopic examination. The 
coating is accomplished in an auxiliary vacuum 
chamber by means of a filament containing the 
metal to be deposited. The effect of the oblique 
deposition is to cause the higher elevations in 
the specimen to cast total or partial metallic 
“shadows” on the sides or slopes away from the 
filament. When the shadow-cast specimen is 
photographed, it yields a negative that shows 
light and dark areas whose degree of darkness, 
as a measure of the thickness of deposited metal, 
is a function of the angle between the tangent 
planes of the areas and the direction to the 
filament during evaporation. Such a negative, or 
negative print, of a shadow-cast specimen gives 
the same impression that is produced by a pic¬ 
ture taken with light reflected from an obliquely 
illuminated landscape. 

Any substance that does not exhibit structure 
of its own in thin films and does not migrate 
after deposition on the specimen could be used 
for shadow-casting, but it is clear that only the 

4 V. J. Schaefer and D. Harkcr, J. App. Phys. 13, 427 
(1942). 

6 R. D. Heidenreich and V. G. Peck, J. App. Phys. 14, 
23 (1943); R. D. Heidenreich, ibid. 14, 312 (1943). 

6 R. C. Williams and R. W. G. WyckofT, J. App. Phvs. 
15, 712 (1944). ~ 
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heavier elements ran provide the extremely thin 
films of great scattering power that are needed 
in electron microscopy. Very thin films are 
generall> desirable since they cause* a minimum 
of alteration in the- geometrical outline of the 
specimen on which they are deposited. Chromium 
yields a notably structure-free film and is ideal 
for shadowing relatively large objects such as 
bacteria, 7 but the considerable thickness of the 
requisite film (ra. 70A) makes it unsuitable for 
delineating objects of macromolecular dimen¬ 
sions. For such smaller objects gold* in a com¬ 
puted thickness of ca. 8A on the plane of the 
substrate gives satisfactory results. 

Shadow-casting has a number of desirable 
consequences, first of which is that the heights 
or thicknesses of discrete objects that are not 
wholly fiat are readily estimated from the lengths 
of the shadows 9 they have cast. Relative heights 
can of course 1 Ik* obtained in other ways, for 
instance by stereoscopy, 10 but these other pro¬ 
cedures are more laborious, and with them it is 
hard to be sure which areas are high and which 
are low. Shadow-casting brings out in great 
relief the surface contours of the specimen by 
enhancing the scattering power, or optical effec¬ 
tiveness, over the entire preparation and by 
causing this increase to van' with the contours 
and to concentrate in the surface layers of the 
specimen. The type of detail brought out by 
shadowing can be varied by altering the thickness 
of the evaporated layer; for example if it is so 
thick that its optical effectiveness exceeds that 
of the rest of the object, it will portray almost 
exclusively the details of the surface. Shadowing 
also affords contrast between areas whose eleva¬ 
tions in the specimen are similar but whose 
slopes are different, or between areas whose 
slopes are the same but are separated by regions 
of different slopes. Furthermore it makes clearly 
evident objects so small or thin that by them¬ 
selves they would not produce a minimum 
contrast against the background of the rest of 
the specimen. Experience indicates that an ob- 

7 R. C. Williams and R. W. G. WyckofT, Proc. Soc. 
Exp. Biol. Med. 59, 265 (1945). 

8 R. C. Williams and R. W. G. Wyckoff, Science 101, 
594 (1945). 

*H. O. Mtiller, Kolloid Zeits. 99, 6 (1942). 

10 See R. D. Heidenreich and L. A. Matheson, J. App. 
Phys. 15, 423 (1944), for references. 
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Fk;. 2. An aluminized “Faxtilm" replica from an anodicly 
oxidized high speed drill. 500X. 


ject even smaller than the lower limit of resolu¬ 
tion of the electron microscope as it now exists 
can be made to cast a partial or total shadow at 
some highly oblique angle of illumination and 
that it can be detected by the existence of this 
shadow. 

SHADOW-CASTING FOR OPTICAL MICROSCOPY 

Shadow-casting will increase the contrast on 
replicas which are to be studied and photo¬ 
graphed with the optical microscope, as well as 
with the electron microscope. Lower magnifica¬ 
tions will commonly be employed for examination 
with visible light, and the metallic film that 
produces the shadows need not be unusually 
fine grained. As a consequence of this freedom of 
choice of film, aluminum of such a thickness 
that it is partially opaque to visible light can 
be used as a convenient shadowing metal for 
such “visual” replicas. We have made satis¬ 
factory visual replicas starting with dissolved 
collodion or Formvar, or with the commercial 
replica film process known as “Faxfilm.” 11 Fig¬ 
ure 1 is a photograph of an aluminum-shadowed 
collodion replica of a machined brass surface, 
magnified ten times. Figure 2 shows an alumi¬ 
nized “Faxfilm” replica of an anodicly oxidized 
surface of a high speed drill, magnified 500 times. 
Shadowing brings out much fine detail in this 
“Faxfilm” replica that could not be seen other¬ 
wise. Figure 3 is an aluminized collodion replica 

11 Faxfilm, R. D. McDill, Cleveland, Ohio. 
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Fig. 3. An aluminized collodion replica of a 
machined steel surface. 1000X. 


of a machined steel surface at a magnification of 
1000 times. The contrast in such shadowed 
objects is so high that the condenser of the 
microscope can be employed at the full aperture 
necessary for maximum resolution. 

SHADOW-CASTING FOR ELECTRON MICROSCOPY 

1. Replicas of Surfaces 

The electron microscope has proved to be 
especially useful in examining replicas of surfaces 
of many types of objects. Several methods of 
preparing these replicas have been described. 12 
Two of them, however, are in greatest current 
use: the Formvar process, as developed by 
Schaefer and Harker, and the polystyrene-silica 
method of Heidenreich and Peck. 

As stated above, a Formvar, or a collodion, 
stripping lacks sharpness when viewed at high 
magnification in the electron microscope, and 
this generally has been ascribed to its intrinsic 
lack of sharpness of outline and faithfulness to 
the surface from which it is drawn. We have 
found on the contrary that replicas of this sort 
appear geometrically sharp after being shadowed, 
and that their unsharpness when photographed 
before metal deposition must be ascribed to a 
lack of contrast between regions of nearly the 
same thickness. 

M H. Mahl, Zeits. f. tech. Physik 21, 17 (1940); ibid. 22, 
33 (1941); Metalwirtschaft 19, 1082 (1940); V. K. Zworykin 
and E. G. Ramberg, J. App. Phys. 12, 692 (1941); V. J. 
Schaefer and D. Harker, see reference 4; R. D. Heidenreich 
and V. G. Peck, see reference 5. 


Polystyrene-silica replicas exhibit good con¬ 
trast but probably not for the same reason that 
our obliquely metal-shadowed films do. Heiden¬ 
reich has suggested 18 that silica deposits upon a 
polystyrene base in such a way as to form a 
layer of uniform thickness measured normal to 
the elements of the surface. Hence, as seen by 
the electron beam, regions of the silica film 
which are sharply tilted to the general plane of 
the replica will be effectively thicker than regions 
parallel to the plane. Highly tilted regions will 
consequently appear dark on positive pictures and 
flat regions will appear light. If this hypothesis 
is correct it makes detailed interpretation of the 
micrographs difficult, since only changes in eleva¬ 
tion can be recognized. Stereoscopic photography 
can profitably be used in understanding these 
polystyrene-silica replicas, but it does not ordi¬ 
narily resolve the fundamental ambiguity in 
them between what is high and what is low. This 
interpretation of the form of the silica film is 
supported indirectly by our observation that a 
replica film made by depositing a uniform film 
of chromium in a good vacuum at normal in¬ 
cidence upon a polystyrene replica cast, unlike a 



Fig. 4. An all-metal chromium-shadowed replica 
of a glass diffraction grating. 


18 R. D. Heidenreich, see reference 5. 


26 


Journal of Applied Physics 













deposited silica film, introduces no contrast in 
the micrographs made of it. In this case the 
metal, which does not migrate after deposition, 
can be expected to form a film varying in thick¬ 
ness over the contours of the surface according 
to the cosine law, thereby producing thinner 
films on highly tilted arras as measured normal 
to the area. As a result the effective thickness of 
the film as seen by the electron beam will be 
sensibly constant over the entire replica and the 
result will be an almost complete lack of contrast. 

We have found a number of different pro¬ 
cedures satisfactory for preparing replicas, de¬ 
pending on the surface to be reproduced and 
the use to which the replica and its photograph 
aie to be put. At one stage or another, however, 
we invariably include a high vacuum deposition 
of a thin metallic film at a known oblique angle. 

a. All-metal replicas can be made of glass and 
of many crystalline surfaces. One way to make 
them involves evaporation from three filaments. 
First there is deposited upon the original surface, 
at normal incidence, an extremely thin {ca. 20A) 
film of acid-, or vater-, soluble material such as 
copper or NaCl. This is followed by a film of 
chromium 100A thick evaporated also at normal 
incidence to provide body to the replica. The 
third film, which introduces contrast, can be 
another 100A of chromium deposited obliquely. 



Fig. 5. A gold-shadowed collodion replica of the 
diffraction grating of Fig. 4. 
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Fig. 6. A chromium-shadowed collodion replica 
of a surface of a used roller bearing. 


The specimen with its attached films is then 
immersed in dilute acid or in water in order to 
float off the coherent film of chromium, and this 
is then picked up on a microscope screen by 
“fishing.” Figure 4 shows such an all-metal 
replica of a 15,000 line-per-inrh glass diffraction 
grating. 14 The intermediate soluble layer has in 
our experience introduced minute pits that make 
this type of replica unsuitable for magnifications 
exceeding ca. 20,000 times. The all-metal replica 
is chiefly useful when, as for calibration of 
magnification, one wants a specimen that can 
be relied on not ter expand or shrink perceptibly 
while being made, and that docs not charge up 
and distort under the impact of the electron 
beam. 

b . Shadow-cast collodion replicas 16 are espe¬ 
cially easy to make and to use, and with a fast 
evaporating unit the time elapsed in passing 

14 All the electron micrographs of this paper arc* from 
negative prints of intermediate contact positives on lantern 
slide emulsion. The scale of magnification in each instance 
is indicated by the one micron scale underneath the 
photograph. 

15 L. Thomassen, R. C. Williams, and R. W. G. Wyckoff, 
Rev. Sci. Inst. 16, 155 (1945). 
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Fig. 7. A chromium-shadowed collodion replica 
of a scratched glass slide. 


from the original specimen to the finished replica 
can be as short as 15 minutes. The average time 
required to make such a replica, or a correspond¬ 
ing one with Kormvar in place of collodion, is 
further reduced since a great many strippings 
can be shadowed at one time. For the sake of 
comparison between the all-metal and the col¬ 
lodion-base processes, there is reproduced in 
Fig. 5 a collodion-gold (10A deposited at a four- 
to-one angle) replica of the same glass diffraction 
grating employed to make Fig. 4. 

Figures 6 to 11 are additional examples of 
electron micrographs of replicas prepared by 
this collodion-metal process. All the collodion 
strippings for these replicas have been .shadow- 
cast at angles of five-to-one (arclan 1/5) either 
with a film of chromium ca. 80A thick or with 
ca. 8A of gold. 

Figure 6 is a chromium-shadowed replica of 
the inner surface of the outer cone of a used 
roller bearing. This picture illustrates a great 
advantage of the process: it can be employed 
with many kinds of intact objects whose shapes, 
sizes, and locations are such that molded replicas 
could not be drawn from them. 

Figure 7 is a replica of an accidental scratch 
on a glass microscope slide. It shows the unusual 
smoothness of the undamaged glass surface as 


well as the large amount of small scale tearing 
and flowing in the scratch. 

Figure 8 is a gold-shadowed replica of the 
surface of a diamond polished parallel to a (110) 
plane. The approximately circular areas about 
one micron across correspond to elevations on 
the polished surface, and in this field a sharp 
minute pit can be seen near the center of each 
elevation. The residual polish marks are clearly 
seen running parallel across the surface of the 
diamond; the depth of the smallest of these is 
ca. 50A. 

Figures 9-11 are gold-shadowed collodion rep¬ 
licas of the polished and etched surfaces of pieces 
of steel, of 60-40 brass and of magnesium. They 
illustrate the ease with which determinations can 
be made of relative heights and depths in such 
specimens. This is particularly evident in Fig. 11 
where four distinct levels can be seen on the 
surface of the replica. The center is a high 
triangular peak surrounded by a slightly raised 
region of roughly triangular shape; around this 



Fig. 8. A gold-shadowed collodion replica 
of a polished diamond face. 
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is the general level of the replica surface which is 
partially covered with nearly circular pits. 

c . Replicas can also be made by depositing 
first a metal film obliquely on the surface of the 
specimen. II the film is sufficiently thick and the 
specimen has an appropriate surface it can some¬ 
times be stripped directly to yield a simple all- 
metal replica. Otherwise the film can often bo 
backed up by forming on it a supporting collodion 
film and stripping the two together from the 
underlying specimen. This process does not 
appear to be applicable to most etched metallic 
surfaces but, as will be indicated at a later 
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Fig. 10. \ gold-shadowed collodion replica of an 
etched surface of 00-40 brass. 



Fie.. 9. A gold-shadowed collodion replica 
of an etched steel surface. 


point, it provides a very valuable way of studying 
macromolecules and other minute particles that 
can be deposited on a glass surface prior to being 
shadowed. 



2. Specimens mounted on Substrates 

The advantages of shadow-casting discussed 
earlier in this paper are all applicable to electron 
microscopic preparations in which the object of 
study is mounted for examination on a collodion 
or Formvar substrate. Figures 12 to 14, and the 
photograph on the cover of this Journal, have 
been chosen to illustrate the applications that 



Fig. 11. A gold-shadowed collodion replica of a piece 
of magnesium etched with salt water. 
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Fi<;. 12. Chromium-shadowed typhoid bacilli. 


have been made of shadow-casting to the obser¬ 
vation of biological objects of very different 
sizes when mounted on collodion. 

Bacteria can conveniently be used to demon¬ 
strate the kind of new information that can be 
brought out by shadow-casting relatively large 
objects. Figure 12 is a photograph of chromium- 
shadowed typhoid bacilli which have been given 
an exposure in the electron microscope just 
sufficient to show properly the collodion back¬ 
ground and such small details on it as the 
bacterial flagella, both intact and fragmented. 
1 hough the organisms themselves are under¬ 
exposed it is nevertheless possible to see some¬ 
thing of their surface structure. Figure 13 
contains a group of old cells from a culture 
of Staphylococcus aureus . They have been 
shadowed with chromium and exposed in the 
electron microscope long enough to bring out 
much surface detail that is not otherwise seen. 
Be way in which shadow-casting supplements 
the direct electron micrography of large bio¬ 
logical objects such as bacteria is evident from 
these pictures and others that have been pub¬ 
lished. 7 Since it concentrates scattering in the 
superficial layers of the object, it has necessarily 


the general effect of hiding any inner structural 
details that may exist. Hence, for the most 
complete photographic survey of such objects 
three kinds of photographs should be made: 
micrographs of the unshadowed preparation, 
brief exposures, and prolonged exposures of the 
preparation after shadowing. In this way one 
obtains information regarding inner structure, 
structure around the periphery and adjacent to 
the object, and details of its surface. 

In photographs we have published elsewhere of 
influenza virus particles 16 and of tobacco mosaic 
virus fibrils 8,16 we have demonstrated the appli¬ 
cation of the shadow technique to biological 
entities too small to be seen by optical micros¬ 
copy. We have also shown that the technique 
permits the unequivocal photography of the 
elementary molecular particles of such macro- 
molecular substances as the hemocyanins. 17 Fig¬ 
ure 14 is a* gold-shadowed preparation (at 
ton-to-one angle) of a very dilute ultracentrifu- 
gally purified solution of the hemocyanin from 
the horseshoe crab, dried on a collodion sub- 



Fiu. 13. Chromium-shadowed cells from an old 
culture of Staphylococcus aureus. 


18 R. C. Williams and R. W. G. Wyckoff, Proc. Soc. 
Kxp. Biol. Med. 58, 265 (1945). 

17 R. C. Williams and R. W. G. Wyckoff, Nature 156, 
68 (1945). 
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strate. A few molecules distributee! singly and in 
small clusters can be seen lying on the sharply 
granular collodion background. These molecules, 
while clearly visible and casting well-defined 
shadows, are not much bigger than the individual 
collodion granules; and it would be hard to 
distinguish much smaller particles from the 
collodion on which they rest. In other words, 
the fine structure of the supporting collodion 
membrane itself sets a lower limit to the size of 
particles which can be mounted on it and in¬ 
vestigated. 

The picture on the cover of this Journal is 
another example of the photography of macro- 
moiecules supported on a collodion membrane 
and shadowed with gold (deposited at a five-to- 
one angle) The bushy stunt virus, 1 8 whose 
elementary particles are the small spherical 
bodies covering most of the field of the micro¬ 
graph, is known to crystallize readily from 



Fig. 14. Gold-shadowed hemocyanin molecules 
on a collodion substrate. 

18 W. C. Price, R. C. Williams, and R. W. G. Wyckoff, 
Science 102, 277 (1945); Arch. Biochem. In press. 


Fig. 15. A gold replica of hemocyanin molecules on a 
glass surface. For comparison with Fig. 14. 

purified solution, and this tendency of the mole¬ 
cules to form regular arrays is very apparent in 
this figure. Other photographs demonstrate how 
similarly oriented molecular layers pile one on 
top of another to produce the three-dimensional 
symmetrical arrangements of molecules that con¬ 
stitute a true crystal and are responsible for its 
distinctive properties. 

3 . Preshadowed Replicas 

It is evident from a photograph such as Fig. 14 
that, in order to investigate molecules the size of 
the. granules seen in a collodion film, the mole¬ 
cules should be on a smoother substrate when 
shadowed. We have found 8 * 17 that one way to do 
this is to employ a technique which is essentially 
that mentioned above under 1 c. A drop of the 
solution to be studied is-first placed on a piece 
of clean, polished glass and allowed to evaporate 
to dryness. The glass with the desiccated material 
adhering to it is next shadowed obliquely with 
ca . 8A of gold. Since such a thin film is too 
fragile to be handled directly, it is backed by 
the usual thin film of collodion or Formvar. 
The polymer and the metal films are then 
stripped together from the glass and mounted on 
a specimen screen. Figure IS shows a micrograph 
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Fig. 16. A gold replica of the cellulose molecular fragments 
from collodion, on a glass surface. 

of a preshadowed replica of limulus hemocyanin 
molecules for comparison with Fig. 14. The 
molecules themselves appear equally well defined 
and of the same size on both photographs, but 
since the collodion was not metal-shadowed in 
the replica preparation for Fig. IS, its granular 
fine structure is not brought out. Obviously, far 
smaller particles can be distinguished and photo¬ 
graphed on the smooth background of Fig. IS 
than on a pebbly one such as that of Fig. 14. 

Examination of a photograph of this type 
immediately raises the question of whether or 
not the particles that are being studied are 
removed with the stripped films. When dealing 
with objects as large as bacteria we have found 
that they sometimes are retained in the replica 
and sometimes left on the glass; which is the 
case in any particular instance is obvious from 
the opacity of the image in the electron micro¬ 
scope. With very small particles like the mole¬ 
cules of hemocyanin it, makes no practical differ¬ 
ence which is true because the electron scattering 
power of the metal film greatly exceeds that of 
the particles themselves. 

Preshadowing also makes it possible to study 
the intimate structure of collodion and of other 
highly polymerized substances which must be 


dissolved in organic solvents that would attack 
the materials ordinarily used as substrates. This 
application is illustrated in Figs. 16 and 17. 
Figure 16 shows the nitrated cellulose fragments 
that make up collodion, as photographed in this 
way. The object for the left half of Fig. 16 was 
collodion very greatly diluted with amyl acetate 
and spread on glass to dry. The molecular 
fragments are thread-like aggregates, of various 
lengths, of the same granules that cover the entire 
surface of Fig. 14. For the right half of Fig. 16 
the collodion solution was not quite so dilute. It 
shows how, in the formation of a continuous 
film, these beaded threads pack together with 
their long axes parallel. At the top of this figure 
the cellulose threads are widely spaced; towards 
the bottom the film is nearly continuous. 

A preshadowed gold replica (at a ten-to-one 
angle) of polystyrene dissolved in ethyl bromide 
has been photographed to yield Fig. 17. The 
fragments strewn over the glass background vary 
much more in size than do those seen in the 
collodion photographs and some of them are of an 



Fig. 17. A gold replica of polystyrene molecular 
fragments on a glass surface. 
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exceedingly small cross section. Measurements of 
shadow lengths indicate that some are not more 
than 15A high. Though it may not be too 
apparent in the print, inspection of the original 
negatives shows that the large droplets on this 
and other photographs are aggregates of the 
smaller fragments such as those of Fig. 17. It 
is clear from our experience with many pre- 
shadowed replicas that the minimum of particle 
size which can be detected on them is now set 


by the smoothness and cleanliness of the glass 
surface employed. At least for the very small 
areas needed for this type of work, glass can be 
found and cleaned so as to be free from abrupt 
variations of surface elevation within an amount 
not exceeding five to 10A, as judged by observed 
shadow lengths, and hence it can be concluded 
that electron microscopy makes it feasible to 
detect the existence of sharply defined objects 
of this range of height. 


The Electrical Resistance of Iron Wires and Permalloy Strips at Radiofrequencies 

Ai.va W. Smith, J. H. Grkgory,* and J. T. Lynn** 

Mendenhall Laboratory of Physus, The Ohio State University , Columbus , Ohio 
(Received September 22, 1045) 

The ratio of a.c. to d.e. icsistanecs of iron wires and permalloy strips has been measured in the 
frequency range 1.5 6.0 megacycles per sec. Empirical equations obtained arc compared with 
existing theoretical equations derived on the assumption of constant permeability. 


I. INTRODUCTION 

HEN an dcctric current flows through a 
cylindrical conductor in a direction paral¬ 
lel to the axis of the cylinder, magnetic flux lines 
are set up in circular paths concentric with the 
axis. If the current is alternating, the time vari¬ 
ations of this magnetic flux induce voltages in 
closed paths in the radial planes of the cylinder. 
The direction of these induced voltages is such as 
to decrease the longitudinal current in cylindrical 
elements of small radii and increase it in elements 
of larger radii. Thus eddy currents cause the 
current density to be a maximum at the surface 
and to decrease as the distance from the surface 
is increased. As a result of the concentration of 
current near the surface of the conductor, the a.c. 
resistance of the conductor is greater than the d.c. 
resistance. The phenomena here described are 
usually referred to as skin effect. Since the in¬ 
duced voltages in the radial planes are pro¬ 
portional to the time-rate of change of magnetic 
flux and the eddy currents produced by these 
voltages are proportional to the conductivity of 

* Now at Massachusetts Institute of Technology, Cam¬ 
bridge, Massachusetts. 

** Now at North Carolina State College of Agriculture 
and Engineering, Raleigh, North Carolina. 
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the conductor, skin effect phenomena become 
more pronounced with increase in frequency, 
magnetic permeability, and electrical conduc¬ 
tivity. An increase in any or all of these factors 
-results in a decrease in the depth of penetration 
of the current into the conductor and an increase 
in the ratio of a.c. to d.c. resistance. This state¬ 
ment applies also to conductors of rectangular 
sections or of other configurations. 

Exact formulas for the a.c. to d.c. resistance 
ratio for straight conductors of circular cross 
section have been developed by Maxwell, 
Heaviside, Kelvin, and Rayleigh. By the appli¬ 
cation of Maxwell's field equations and Ohm's 
law, this ratio is expressed in terms of a zero- 
order Bessel function of an argument involving 
the square root of the product of frequency, 
permeability, and conductivity. 1 For values of 
this argument of ten or greater, the solution 
reduces to the approximate formula 

R/Ro = 0.25 + 1.57rf(/ M <r/10 3 )*, . (1) 

in which d is the diameter of the wire in cm; /x the 

1 N. W. McLachlan, Bessel Functions for Engineers 
(Oxford Press, New York, 1934), p. 135; August Hund, 
High Frequency Measurements (McGraw-Hill Book Com¬ 
pany, Inc., New York, 1933), p. 263; S. Ramo and T. R. 
Whinnery, Fields and Waves in Modern Radio (John Wiley 
and Sons, New York, 1944), p. 213. 
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Fig. 1. Plan of the resonant measuring circuit. 

magnetic permeability in gauss-oersted -1 ; and <r 
the conductivity in mho cm -1 . 

In the derivation of this formula, the perme¬ 
ability is assumed to be constant. For non- 
ferromagnetic substances this assumption is 
valid; for ferromagnetic substances its validity is 
questionable. 

The derivation of a similar formula for con¬ 
ductors of other than circular section has pre¬ 
sented considerable mathematical difficulty. 
Strutt 2 has obtained a formula for conductors of 
constant permeability and with cylindrical cross 
section. His expression is 

R/Ro=A+Bf>, (2) 

where A and B are constants and / is the fre¬ 
quency. Cockcroft 3 has obtained a similar result 
for conductors of rectangular cross section. 

In this paper we are reporting values of the 
skin-effect resistance ratio for iron wires and 
permalloy strips in the frequency range 1.5-6.0 
megacycles per second. 

II. METHOD 

The substitution method was used in de¬ 
termining the resistance of each specimen at a 
given frequency by comparison with the re¬ 
sistances of a set of standards made of No. 28 B.S. 
constantan wire. Essential features of the appa¬ 
ratus, exclusive of power supplies, oscillator, and 
General Radio wave meter, type 724-A, are 
shown in Fig. 1. A Western Electric 305-A tube 
was used in a Hartley circuit to supply high fre¬ 
quency power through inductive coupling to the 

1 M. J. O. Strutt, Electrotechmische Nachrechitentechnik 
(1931), Vol. 8, p. 269. 

• J. D. Cockcroft, Proc. Roy. Soc. [A], 122, 533 (1929). 


resonant circuit. Tests with the wave meter indi¬ 
cated that the output of the oscillator was 
essentially free from harmonics. The resonant 
circuit consisted of an interchangeable inductance 
L made of quarter-inch copper tubing, the two 
condensers C a and Cr, the mercury cups M for 
receiving the removable resistance 2?, and the 
vacuum-tube voltmeter VTV. Fine adjustment 
of coupling between the oscillator and L was ob¬ 
tained by the use of a worm-drive to rotate L. 
Each part of the measuring circuit was shielded 
to prevent unwanted coupling between parts. 
Tuning was accomplished by means of the stand¬ 
ard air condenser Cr, and resonance was indi¬ 
cated by the vacuum-tube voltmeter connected 
to the terminals of C s . The circuit of the vacuum- 
tube voltmeter was of the conventional bridge 
type in which the vacuum tube acts as one of die 
bridge arms. In this circuit, a 6 C 6 tube wis used 
as a biased detector. 

During a series of measurements at a given 
frequency, the output of the oscillator, the 
coupling between it and the resonant circuit, and 
the setting of C a were kept constant. The resist¬ 
ance standards and the test samples were con¬ 
nected one at a time to the circuit through the 
mercury cups to form the resistance R. Condenser 
Ct was varied until the vacuum-tube voltmeter 
indicated a maximum current in the circuit. The 
graph obtained by plotting voltmeter readings 
against the known resistances of the standards 
was a straight line. From this graph the values of 
the resistances of the test samples were obtained 
by interpolation. A similar procedure was used at 
each frequency at which measurements were 
made. 

The d.c. resistances of test samples and stand¬ 
ards were determined by means of a Mattiessen 
and Hockin bridge. 

Corrections for variations of the resistances 
of the constantan standards with frequency, 
amounting to a maximum of 3 percent at 6 
megacycles per sec., were applied. 

HI. DESCRIPTION OF STANDARDS AND 
TEST SPECIMENS 

A set of standard resistances was constructed 
to cover the range of resistances of the test 
samples. Suitable lengths of No. 28 B.S. con¬ 
stantan wire were used in making the set. Each 
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standard was made by soldering each end of the 
wire to a short section of quarter-inch copper 
tubing. This resistance element was placed in a 
straight gloss tube and sealed in place at the ends 
with wax. The protruding ends of the copper 
tubing were bent to fit into the mercury cups and 
amalgamated. Lengths of wire in this set ranged 
from 1.6 to 17 cm. 

The test specimens were similarly mounted. 
The iron wires were cut from chemically pure 
stock, and the lengths varied from 3.4 to 15.2 cm. 

The permalloy samples were cut from a sheet 

78.5 permalloy, having a composition of 78.5 
perent nickel and 21.5 percent iron. Samples 
de .ignated as PA-1 and PA-2 were annealed by 
h mating in a closed electric furnace to 1000°C and 
cooled with the furnace over an eight-hour 
period. Samples designated as PQ-1 and PQ-2 
were healed to 1000°C, but were withdrawn to 
cool quickly in the air when the temperature of 
the furnace had dropped to 600°C. The sample 
marked PU was not given any heat treatment. 

IV. RESULTS AND CONCLUSIONS 

Figure 2 shows the a.c. to d.c. resistance ratio 
as a function of the square root of the frequency 
in megacycles per sec. for iron wires of the indi¬ 
cated diameters. The empirical equation of these 
curves is 

R/Ro = ()A+1.57d(fn<r/W)K (3) 

which agrees, within the limits of experimental 
error, with the theoretical F'q. (1) above. The 
electrical conductivities were determined from 
the dimensions and the d.c. resistances of the 
specimens. The values of magnetic permeabilities 
were then calculated from the empirical equation. 
Results are given in 'fable I. 


Table I. Data and computed constants for iron wires. 


Djatn. 

cm 

Length 

cm 

Ro 

ohm 

<r 

ohm cm’ 1 

n gauss- 
oersted 

0.1019 

15.2 

0.0204 

9.2X10 4 

83 

0.0823 

15.5 

0.0311 

9.3 

77 

0.0406 

5.0 

0.0482 

8.0 

82 

0.0201 

3.4 

0.0956 

11.2 

80 


The linearity of the curves in Fig. 2 indicates 
that, with small currents of a few milliamperes, 
the permeability of each specimen can be re¬ 
garded as constant within this range of fre- 



Kig. 2. Ratio of a.c. to d.c. resistance versus the square root 
of the frequency in megacycles per second. 

quencies. Moreover, the deviations of the values 
of permeability of the individual wires from the 
mean value were within the limitsof experimental 
error. 

The absence of maxima or minima from the 
curves of Fig. 2 indicates the absence of an 
anomaly in permeability at 100 meters wave¬ 
length reported by Mitiaev. 4 Our results are in 
agreement with those of Wait, Brickwedde, and 
Hall 6 and those of Strutt and Knoll 6 in that no 
such anomalies were found. 

In Figs. 3 and 4, the a.c. to d.c. resistance 



Fig. 3. Ratio of a.c. to d.c. resistance versus the square 
root of the frequency in megacycles per second. Annealed 
samples. 


4 W. K. Mitiaev, Zeits. f. Physik 38, 716 (1926). 

6 G. R. Wait, F. G. Brickwedde, and E. L. Hall, Phys. 
Rev. 32, 967 (1928). 

8 M. J. O. Strutt and K, S. Knoll, Physica [7] 2, 145 
(1940). 
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ratios for permalloy strips are plotted as ordinates 
and the square root of the frequencies, in mega¬ 
cycles per sec., as abscissas. The linearity of the 
curves indicates that for each specimen the 
permeability was essentially constant over this 
frequency range. The general form of equation to 
fit these data is that of Eq. (2). A more detailed 
equation in conformity with Cockcroft’s theory is 

0 /fab<rn \* 

U2 (l5r)' (4) 

in which A is an empirical constant for each 
specimen; / is the frequency in megacycles per 
sec.; a is the conductivity in ohm cm -1 ; n is the 
magnetic permeability ; a is the width and b the 
thickness of the strip in cm; and /(a/6) is a 
function obtained from Cockcroft’s theoretical 
curves. In attempting to check the agreement 
between the theoretical values of this function 
and empirical values for copper calculated from 
the limited data in the literature, Cockcroft 
found that the experimental values were a little 
over half the theoretical values. As a further 


Table II. Comparison of theroetical and experimental 
values of }{a/b ) for copper strips. 

. f(a/b) f(a/b) 

/* R/Ro a b a exp. thcor. 

2.4 1.45 0.15 0.0026 56X10* 

1.4 1.20 0.48 0.72 

2.4 1.525 0.11 0.0026 54 

1.4 1.235 0.66 0.79 


check on this point, we made some supplementary 
measurements on two copper strips and obtained 
the data and results given in Table II. 

The experimental values of /(a/6) from these 
data are less than the theoretical values, but the 
disparity is somewhat less than that calculated 
by Cockcroft. Since the depth of penetration in 
our copper strip was greater than the half thick¬ 
ness of the strip, it is probable that we cannot 
come to a definite conclusion as to the reliability 
of the theoretical values of/(a/6). 

However, if we assume the theoretical values 
of this function to be correct, using Eq. (4), 
we can calculate from our measurements on 
permalloy the permeabilities of the strips. Data 
and computed values are recorded in Table III. 


Table III. Data and computed constants for 
permalloy strips. 



a 

b 

a 

f(a/b) 

theor. 


A 

PA-1 

0.15 

0.040 

5.2X10* 

1.52 

24 

5.4 

PA-2 

0.11 

0.040 

4.9 

1.62 

29 

5.2 

PQ-1 

0.17 

0.040 

4.9 

1.50 

27 

5.8 

PQ-2 

0.12 

0.040 

4.6 

1.60 

30 

5.4 

PU 

0.10 

0.042 

4.0 

1.66 

34 

—0.05 


_—- — 

_r—:_-n. 

;-- 





If Cockcroft’s theoretical values of /(a/6) for 
an infinite strip are used, the values of fi will be of 
the order of twice those in the table. Empirical 
values of the constant A are given in the table. 
The values of this constant do not show large 
variations among the heat-treated samples, but 
these vary widely from that of the untreated 
sample. No theoretical basis for predicting the 
value of this constant has been found. The 
relatively simple form of the empirical equation 
supports the hope that a definite physical mean¬ 
ing can be assigned to the constant A and 
Cockcroft’s function/(a/6). 
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Liquid Rise in a Capillary Tube 

Weslky E. Brittin 

Department of Physics , University of Colorado , Boulder , Colorado 
(Received August 20, 1945) 

A theory of the dynamics of capillary rise is developed by making certain assumptions as to 
the nature of the motion of the liquid in the tube. Tnc most important assumptions are that 
the same forces act on the liquid when it is in an accelerated state of motion as when it is> in a 
steady state, that the surface tension is constant, that the angle of contact between the meniscus 
of the liquid and the tube wall is constant, and that the wetting of the tube is not a rate- 
deterinining factor of the motion. This theory leads to a second-order non-linear differential 
equation, the solution of which represents the motion of the liquid in the tube. A formal 
solution of the differential equation is obtained in the form of a double Dirichlet series. Approxi¬ 
mations to the series are compared with experimental data, and it is concluded that the agree¬ 
ment between theory and experiment is satisfactory. 


INTRODUCTION AND STATEMENT OF THE PROBLEM 

DKCHARMK has investigated experimentally and theoretically the motion of a liquid in a 
capillary tube. The theory 1 of Decharme is somewhat unsatisfactory because* of doubtful 
assumptions and analysis used, and because the final equation of the motion 2 has three empirical 
constants which must be evaluated before the equation can be list'd. An experiment must be per¬ 
formed before the theory can be applied, which defeats at least one purpose* of the theory. 

W. A. Reuse* has used a stroboscope and motion picture camera to photograph the ascent of water 
in a capillary tube, and has derived a semi-empirical equation for the motion of the liquid in the tube. 
G. Pickett 4 has shown that the theory of Reuse is incorrect, and has derived a differential equation 
for the motion of the liquid which takes into account most of the important forces acting on the 
liquid. Pickett expressed the solution of his differential equation in terms of an asymptotic relation 
valid as the time approaches zero, and a finite difference equation valid for the time greater than 
zero. In the present pajxr a differential equation for the motion of the liquid in the tube is set up, 
and a method of solution is discussed. The results of the theory are then compared with experiment. 
The problem may be stated as follows: 

A capillary tube of radius r is touched to the surface of a liquid of density p, surface tension <r, and 
viscosity p at time / = 0. Let Z be the extent of rise* of the surface of the liquid, measured to the bottom 
of the meniscus, at time 0, and a the angle that the axis of the tube makes with the horizontal. 
The problem is then to determine the extent of rise, Z, as a function of the time, /; Z — Z(t). 


THE DIFFERENTIAL EQUATION OF MOTION 

An exact hydrodynamical theoretical treatment of the problem would be difficult and has not been 
attempted. Rather, simplifying assumptions are made in order to obtain an ordinary differential 
equation for the motion. It is assumed that the same forces act on the liquid when it is in an acceler¬ 
ated state as when it is in a steady state. The amount of liquid above the bottom of the meniscus is 
neglected which enables one to write Tcr 2 pZ(dZ/dt) for the momentum of the liquid in the tube. 

The Poiseuille viscous force for streamline flow is — 8 tt pZ(dZ!dt), h and the component of the 
weight along the tube is —nr 2 pgZ sin a, where g is the gravitational force per unit mass. The surface 
tension force which is responsible for the rise is given by Iwrc cos d where #, the average angle of 
contact between the surface of the liquid and the wall of the tube, is assumed constant. The forces 
mentioned above were taken into account by Pickett. 

The end of the tube, assumed flat, gives rise to some turbulent flow in the neighborhood of the 
opening which produces additional drag forces on the liquid. The end-effect drag will be taken to be 


1 C. Decharme, Ann. Chim. Phys. 23 , 228-242 (1872); 29 , 415-425, 564-569 (1873); 30 , 145-207, 318-342 (1874). 
*C. Decharme, Ann. Chim. Phys. 39 , 318-342 (1874). 

3 W. A. Rense, J. App. Phys. 15, 436-437 (1944). 

4 G. Pickett, J. App. Phys. 15 , 623 (1944). 

6 R. von Mises and K. O. Fredricks, Fluid Dynamics (Brown University, Providence, Rhode Island, 1941), p. 140. 
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of magnitude r 2 p(dZ/dt) 2 for the fluid entering the tube. 6 - 7 The viscous force brought about by the* 
motion of air in the upfier part of the tube is neglected, since it depends upon the density of the air 
which is small. For extremely long tubes or if the velocity were high, the effect of air could not be 
neglected. It is further assumed that the rate of wetting of the tube is sufficiently rapid to be insig¬ 
nificant as a factor in the rate of rise of the liquid. 

The assumption of streamline flow can be given justification by consideration of the maximum 
Reynolds number, Re innx , for the flow. The Reynolds number, Re , for liquid flow in a tube is defined by 

Re^(2pr/p)(dZ/dt), 


and if this dimensionless ratio is less than a certain critical value, Re<Re t ^ 
is the rule. The maximum velocity of the liquid is shown below to be 

(dZ/dt) t -+Q= [(8<r cos #/5pr)]*, 

making the maximum Reynolds number 

/temax = [(32pr<r cos tf/5/x 2 )]*. 


Taking 


2000, streamline motion 


r = 0.05 cm, p = 1 g cm \ a cos & = 75 dyne cm ~ l , and p = 0.005 poise, 

/?e max -1000</?e r , 


which shows that even for this extreme case the condition for streamline flow is satisfied. 

Under the foregoing assumptions Newton’s second law of motion yields the following differential 
equation for the motion of the liquid in the capillary tube: 


/d 2 Z\ 5 /dZ\ 2 /dZ\ 

+bZ L ) +cZ+i - 0 ' <>0 ' (,) 

where 

2 cr cos ?y 

6== sin «, and d = -. 

pr 2 ‘ pr 


THE FORMAL SOLUTION OF THE DIFFERENTIAL EQUATION OF MOTION 

Assume that the solution of the differential Kq. (1) can he represented by the function scries 

2 =E*,(/)v, (*) 

t-0 


where X is an .arbitrary parameter independent of /, and the functions are to be determined. 6 
\Vhen the scries (2) is substituted into Kq. (1) there results 


L {cu+Wi+byi+cvW+d^i), (3) 

i**- 0 

where 

i t i 

Vk<p'\-ki <PK<p'i-k, y * = £ <Pk<p't-.ky 

Jt-0 fc-0 


^fuid primes denote differentiation with resect to the independent variable time. By equating the 
coefficient of each X 4 to zero, one obtains the set of differential equations for the ^,(/), 

<Po<Po"-)- ! i<Po'' 2 +b<po<po'+c<pu-\-d = Q i (4) 

• W. H. McAdams, Heat Transfer (McGraw-Hill Book Company, Inc., New York, 1942), pp. 121-122. 

7 H. J. Hughes and A. T. Safford, Hydraulics (The Macmillan Company, New York, 1911), p. 298. 

■ The use of similar function series for the solution of non-linear equations is discussed by H. Bateman, Partial Differ¬ 
ential Equations of Mathematical Physics (Dover Publications, New York, 1944), p. 497. 
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and 


«i+|/3,+67i+c^ = 0, i>0. (S) 

For the present, the case r = 0 will he excluded, which restricts the motion to non-horizontal flow. 
For a solution of (4) take 

cpo= —d/c, c?*Q. (6) 

If the solution (6) is used for <p 0 in (5), it follows that the differential equation for <p t , i>0, is 


<p"+b<p l '+—<p i = - Y, ! <Pk<p"i-k+%<Pk <p'i-k+b<p k <p\-k\ 

(pa (pa k “ 1 

Put 

1 t-1 

FiO ) = Y { <Pk*p"i -k m \“T<pk<p r i~k-\-b<pk<p f i-k }, i> 1. 
(fo *=i 

Then if the roots r y and r 2 of the quadratic equation 

•V 2 ~i“ bx "F c / (Pa — () 

are distinct, the general solution of (7) is 


where 


sp,(t )=- f (/(/ —rJF.frJr/r + C, exp (ri/) + W/exp (f 2 /), 


1 

G(t) =-{exp Oi/) -exp (r 2 /)}, 

ri-r* 


(7) 

( 8 ) 

(9) 

( 10 ) 


and C, and 7), are arbitrary constants. The solution of the homogeneous part of (7) is the same for 
all i >0. Therefore without any loss of generality all of the C, and D { , i> 1, may be set equal to zero, 

C, = /;, = (), i> 1. 

Putting X = 1 in (2) there results 


Z = ^o+Ci exp (ri/)+T>i exp 


(^O + X! f G(t — r)F,(r)dr, 

<-2 «/„ 


( 11 ) 


which, if convergent, represents the general solution of (l). If the roots of fiq. (10) are equal ri = r 2 = r, 
then the general solution of (7) is 

*(<)- f II(t-r)F,(T)dT+C,e'‘+D,te ", (12) 

•'ll 


where ll{t) =/e r ‘, and C,- and D t are arbitrary constants. As before, all C, and D, with the exception 
of Ci and D x are set equal to zero C, = i7, = 0, i> 1. For equal roots then, putting X = 1 in (2) results 


Z— <po-\-Cie rt -\-Dite r ‘ 



II(t — T)F,(T)dr, 


(13) 


which, if convergent, is the general solution of (1). It is very unlikely in practice that ri = r 2 , so the 
solution (11) will be the usual one, rather than (13). 

The construction of the series (11) requires the evaluation of the integrals 

f 6’(/-r)F,(r)dr 

do 

which are all elementary, but become more and more cumbersome as i increases. Since the only 
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terms which appear in the series are of the type a*, ( exp (fcr,/) exp (lr t t) where a*. i is a constant and 
k and l are integers, the Dirichlct series 


2= £ a*,„exp [(mri+«r s )0 (14) 


can be used to represent the function series (11). To evaluate the coefficients a~ substitute the 
series (14) into the differential Eq. (1), whence 


£ exp [(wri+nr2)/l-i-d=0, (15) 

m, 0 ' ' 

where 

m> n m, n 

52 otk.ia m -k.»-i(kr l +lri) i , y m , « =52**, n-i{kri+lrt) | (m—fc)ri+ (n—/)r 8 ), 

and 


5».»* £ a*. iotm-k.n-i(kri-\-lrt). 


Equation (1) will be satisfied formally if 


and 

^o,o+f7o,o+66o,o+^ao, o+rf = O f 

(16) 

^»,«+l7«.n+6S»,n+ca m , B = 0, ( V 

Therefore W ® 

(17) 


<*0,0= — d/c, 0, 

(18) 


«i.of ^i 2 +&rH-j = 0, 

(19) 


* «o,o/ 


/ c \ 



«o.il r2 2 +&r 2 H-1=0, 

(20) 

and 

A «o,o/ 

/y^ „ sb 

-1 


fl 

a«.«{(wr 1 +nr s ) s +6(»»ri+nr 2 )+c/a 0 . o 1 



0 

-i(fer l +/r») l +(fen+/r s )[f(mr,4-nr,)+6]), | )^< | V (21) 

10 

wfcere £' denotes summation omitting the term ^ If a,. 0 *0, and « ft i^O, n and r, must 

be the roots of the quadratic 

, x'+bx+c/ett,o~Q, ( 22 ) 

t0 ^ according to Eq. (9), since by (6) and (18)ao,o“ <po. If the Dirichlet Series 

' - v ; convergent, 1 it represents the general solutioii of (1) for the case of distinct roots, The 
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recurrence relation (21) gives all of the coefficients a*,*, in terms of the two arbitrary and independent 
constants ao,i. and ai,o- 

iSThe evaluation of the constants a 0 ,1 and ai, 0 is made possible by means of the initial conditions 

Z(0) = 0, (dZ/dt) o-Vo. (23) 

The initial velocity Vo is assumed to be finite as it must be physically, and thus is obtained from the 
differential equation by setting Z=0, 

Ko-(-fd)*. (24) 

In an actual problem one must use an approximation to the series (14), and the character of the 
roots rx and r* determine to a great extent the number of terms required for a good approximation. 
The roots fi and r t will be real and negative if 6 s —4c/«o.o>0, and a simple calculation shows that 
for most liquids fx and f» will be real and negative if the capillary tube has a radius in the neighbor¬ 
hood of 0.010 cm or less. The following treatment applies to real roots, and fi will be taken to be of 
smaller magnitude than ft, |fi| < |fj|. If |ft| is large compared to |fi|, a good approximation may 
be had by using only one term in r s and n terms in ri, 


Z ~ ao. o'+ ao. i exp (r J )+£ at, o exp (krit) , (25) 

Jb-l 


where n is restricted by n 5$ |r*/fx|. By Eq. (21), the coefficient a*,o has a factor (ai,o)*, so for con¬ 
venience define at by 

a* — a*, o/ (ax, o)* ( 26 ) 


Equation (25) then becomes 


n 


Z^ao.o+ao, i CX P ( r a0 + £ <**(<* 1 , 0 )* exp ( kf\t ). 

fc— i 


(27) 


The evaluation of a 0 .i and ai, 0 is made by utilizing relations (23) and (24), from which it is evident 
that ao, i and ai, o must satisfy 

ao,o+a 0 ,i+Z «*(ax.o)*= s 0, (28) 

t-i 

and 

ft«o,fifeat(ai,o) k = Vo. (29) 

t-i 


The elimination of ao, i between (28) and (29) gives rise to an algebraic equation of the »th degree 
in ax, o, 

Vo+fjao,o = £ (^ r i—f*)«*(ax.o)*. (30) 

t-x 

The real root of Eq. (30) having the smallest magnitude will be taken as ai, o, while the value of ao, i 
will be obtained directly from (28). The at are given by 

— 1 *-i 

at=-:-*-£ a,at_,rit(-}fi»+f*rx+&), *>!• (31) 

ao,o(fc , f'i*+fcfi+c/ao,o) *“° 

Equations (28)—(30) will be subsequently applied to actual physical data. 

It is interesting to note that the transformation ( dZ/dt) = 1 /W reduces the original differential 
Eq. (1) to the first-order equation 

/dW\ sw w* 

l — ) *- +bW*+cW'+d —. (32) 

\dZ/ 4Z Z 
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(33) 


The solution of (32) can be used to find t in terms of Z, 

t = jw(Z)dZ. 

COMPARISON OF THEORY WITH EXPERIMENT 

If the series (14) is to have any meaning as the solution of the differential equation, it must neces¬ 
sarily converge. The mathematical analysis of the convergence or divergence of the series is en¬ 
cumbered by the fact that the coefficients, <*»,», arc not known as explicit functions of trt and », but 
are known only through the multiple-term recurrence relation (21). The difficulty of applying 
standard convergence tests to the double series (14) is thus apparent. 

An indication, but certainly not a proof, of the convergence of the scries (14) is obtained by 
taking an approximation to it using actual physical data, and then comparing the result with experi¬ 
ment. As one example, the data of Rense* are used, and the temperature is assumed to be 26°C. 
A five-term approximation from Eq. (25) is 


£~«o.o+«o.iexp (r 2 /)+<* 1,0 exp (/it) — 


<*1. 0 S 

<*0,0 

1 ai '° 3 | 

rS+W+bu 

| exp (2 rxt) 

i 5ri*+5ri*+36rj 

4fi s +26fi+c/<*o, o 

rx*+W+brx 1 

OtQ, 0 2 1 

4ri 2 + 2br\ + c/ao, o 1 

1ao, o 


exp (3fif). (34) 


Using relations (22)-(24), Eq. (34) becomes 


Z~4.633-0.585e- M - 84, -2.187c-‘' M, -1.037e- # «‘-0.787c-»« s ‘ (35) 


which is plotted in Fig. 1. 



Fig. 1. Rise of water in a vertical tube. Circles 
represent data of Rense. Solid curve represents 
Eq. (36). 

A further comparison is obtained' from the results of Decharme* on water rising in a capillary tube 
inclined at an angle of 45°. The five-term approximation given by Eq. (25) is 

11.745 - 0.0682r* 1M ’ 4 ‘ - 6.108<r°«'- 3.137«-°«‘-2.432e-“‘»‘. 

tCi^Decharme, Ann. Chim. Phys. 30, 162 (1874). 
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Table I. Rise of pure water in a capillary tube of radius 6.61777 cm, temperature of water 19.5*C, 

and angle of inclination of the tube 45 s . 


.» 1 

Tim*, : 
(«ec.) 

2 (cm) 
Bq. (36) 

Z (cm) 

* Eq. (37) 

2 (cm) 
Eq. (38) 

Z (cm) 
Eq. (39) 

Z (cm) 
Decharme 

Time 

(•ec.) 

Z (cm) 
Eq. (36) 

Z (cm) 
Eq. (37) 

Z (cm) 
Eq. (38) 

Z (cm) 
Eq. (39) 

Z (cm) 
Decharme 

0 

0.00 

0.00 

0.00 

0.00 

0.00 

8 




10.91 

10.87 

1 

3.69 

4.19 

4.61 

4.96 

6.20 

9 




11.09 

11.05 

2 

6.03 

6.46 

7.00 

7.22 

7.87 

10 




11.23 

11.20 

- 3 

7.59 

7.96 

8.34 

8.52 

8.80 

12 




11.43 

11.40 

4 ^ 

8.66 

8.96 

9.24 

9.36 

9.48 

. 14 



, 

11.55 

11.54 

S * 

9.42 

9.57 

9.84 

9.94 

9.98 

16 




11.62 

11.62 

6 

9.97 

. — 

— 

10.36 

10.36 

18 




11.67 

11.66 

7 




10.67 

10.65 

20 




11.70 

li:70 


The six-term approximation is 

Z~11.745-0.085e -288,4, -5.591e -#,2 *‘-2.629e -#,48 '-1.866« -0M4 --1.574e-'> M4 . (37) 

The eight-term approximation is 
Z~11.745-0.077e-* M - 4 ‘—5.123<r 0M ‘ —2.207e-°«' 

-1.435e- BM ‘-1.110<j-°»*‘-0.944e- 1 - , » , -0.849e- 1 ”‘, (38) 


and finally the ten-term approximation is 

Z~11.745—O.lOOe -288,44 — 4.906e -0,284 —2.024e -0,48 ‘—1.260e -0MI 

~0.933e -0,82t —0.761e -1,184 — 0.655e~ 1,884 —0.561e -1,814 —0.5456 -1,844 . (39) 

Table I gives the values of Z as a function of time for the approximations (36)—(39), and for the 
experimental values obtained by Decharme. It is to be noted that the agreement of the approxima¬ 
tions with the experimental values does improve with the number of terms in the approximation. 


HORIZONTAL FLOW 


For horizontal flow, a = 0, and Eq. (1) becomes 

ZZ"+l(Z'y+bZZ'+d = Q, (40). 

or 

(ZZ’Y+l (Z') 2 + bZZ' -M=0. (41) 

If the tube is of small bore, i(Z') s can be neglected, which means that the end-effect drag is neglected, 
and Eq. (41) is linear in (ZZ')- The solution, neglecting i(Z') s , is 


ZZ'= -dc~ ht f e“df=--fl + C,«-»'!, 
J b 


(42) 


where Ci is a constant of integration. When t -0, (ZZ') «0, and Ci=-1. Integrating (42) one obtanis 

2d 

Z 2 =—{6/+«-*'+GK (43) 

ft 2 

where C» is a constant of integration. When /=0, Z-0, and Ci- -1, which when substituted into 
(43) yields 

2d 

Z 1 — -—1J. (44) 

ft 2 . 

Substitu ting b—Sn/pr* and — 2o- cos t)/pr into (44), one 'obtains the approximate solution'for 
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horizontal flow, 


(45) 


If liquid were forced through a capillary tube under pressure, a constant term would be added to d , 
and if conditions for streamline flow were not violated, the above theory should still be satisfactory. 
For large values of /, Z* is asymptotically linear in t according to Eq. (45), which is in qualitative, 
if not quantitative, agreement with experiment. 10,11 

10 J. M. Bell and F. K. Cameron, J. Phys. Chem. 10, 658-674 (1906). 

11 K. L. Peek and D. A. McLean, Ind. Eng. Chem. Anal. Ed. 6, 85-90 (1934). 


Shunt and Series Sections of Transmission Line for Impedance Matching 
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The-problem of using shunt and series sections of transmission line as matching devices is 
here investigated mathematically. By making use of hyperbolic functions the condition of 
match for both cases can be expressed in a very simple way. Both devices when used alone have 
a limited range with regard to the impedance to be matched. The exact range within which 
matching is possible is shown graphically. By using one additional matching network each 
device can be designed to match impedance of any value. The complete systems still preserve 
their simplicity in structure. 


INTRODUCTION 

P ARALLEL lines or coaxial lines are often used 
to transmit power from a generator to a load. 
In practice, it is desirable to eliminate standing 
waves on these lines, that is, to make the lines 
non-resonant. Under this condition the efficiency 
of transmission along the line is a maximum. A 
line is non-resonant if it is terminated in an 
impedance equal to the characteristic impedance 
of the line. A load impedance not equal to the 
characteristic impedance of the line can be made 
to match the line by means of a matching device. 
This is illustrated in Fig. 1, where Z, is the load 


Lin* 


J> 


FlO. 1. Matching section for a transmission line. 

impedance and ABCD is a matching device. By 
a proper design of this device the input impedance 
-ifilking from AB toward the load can be made 
eqftal to the characteristic impedance of the line. 
It is known that shunt sections and series sections 
when properly designed can be used as matching 
devices. 1 ’* However, little has been published 

rt Anis$w ASm, “High frequency transmission-line 
m^°rk, n ^^, Comm. If; No, 5,301 (January, 1939). 


about the limitations of these two devices. The 
present paper discusses them in detail in two 
separate parts. 


PART I 

Shunt Sections of Line 
General Equations and Their Solutions 

The structure of shunt sections of line is shown 
in Fig. 2. It consists of two sections of line of the 
same characteristic impedance R c as the main 
line, and of length s x and*5*. Physically, either 
branch may be considered as an extension of the, 
main line, with the other branch connected in 
shunt. It is assumed in the following analysis that 
radiation from all sections of line is negligible, 
and that the coupling between Imps I and II is so 
loose that mutual impedance may be neglected. 
These two assumptions are legitimate if the 
separation of the wires forming each line is small 



Fig. 2. Shunt section of transmission line for y 
impedance matching. V* 
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compared with its length and if the two branches 
are not very close. Then the current and voltage 
of Other of them, expressed in complex form, 
satisfy Uie following two differential equations: 

dI/ds=-YV, (1) 

dV/ds=-Zl, (2) 

where. Z and Y are complex line constants. 

The solution of these two equations in terms of 
hyperbolic functions is 

/=Ci cosh ks+Ct sinh ks, (3) 

V= —Z c (Ci sinh ks+ C* cosh ks), (4) 

where k is the complex propagation constant and 
Z, the characteristic impedance of the lines. They 


are related to Z and Y as follows: 

*-«+#-(ZK)». (5) 

= ( 6 ) 

It is assumed in the following analysis that 

attenuation along the two sections of lines is 
negligible so that the complex constant k is purely 
imaginary, being equal to jfi, and Z, is purely 
resistive, being equal to R e . 

If one defines the complex terminal functions, 1 
0=p+fe, for the terminal impedance Z„ by 
setting 

Z,=R C cothtf, (7) 

the input impedance looking from AB in Fig. 2 
can be found to be 


cosh* 6 cos 0Ji cos 05 2 —cosh (6+jfiSi) cosh (8+jBst) 

Z ,'n — Re . (8) 

sinh 20—sinh (2d+j0(si+Si)) +j cosh 2 0 sin 0(5i+5*) 


The condition of match requires that Z in /R c be 
equal to unity. Setting Z,JR C in (8) equal to unity 
and separating the real and imaginary parts one 
obtains the following solutions for 5i and 5 2 : 


tan 0 


tan 0 


( Sl +5« \ cos 2$ — «~ 2p 
2 / 2 sin 2$ 

(?) 

[ (5« -2<, +3 cos 2<S>)—cos 2$)"|* 
4(1J 


(9) 


( 10 ) 


These two equations determine completely the 
length of the two sections for different values of 
p and $ or different values of Z„ provided the 
solutions for 5i and 5* are real and positive. 

It is to be noted that there is no practical 
limitation upon the value of p and 4> in order to 
yield a real value of 5i+5i, since the right-side 
expression of (9) is always real. But in order that 
the value of 5i—Jj be also real, p and have to 
satisfy the following condition, 

(5e-*'+3 cos 2$) («-*'—cos 2#) 

------£ 0 . ( 11 ) 

l—er*> . 


As results from (7), for each given pair of values 
of R, and X, there is a corresponding pair of 
values of p and 4, and vice versa. The inequality 
(11), therefore, implies that matching is possible 


only for those impedances of which the corre¬ 
sponding values of p and 4> satisfy this inequality. 

In order to carry on the discussion in terms of 
the more familiar parameters R, and X, jointly, 
it is necessary to review briefly some of the 
analytical relations between p and 4> with R, and 
X. (for a fuller discussion the reader is referred 
to reference 1). The terminal functions p and $ 
defined by (7) can be directly expressed in terms 
of R,/R c and X,/Rc. They are 



where r, and x, are defined for a low-loss line by 



(14) 


The values of p and # may also be determined 
graphically with sufficient accuracy from a 
“circle diagram” as discussed in reference 1. This 
diagram is reproduced in Fig. 3. 

The condition of match as expressed by (11) 
can now be used to find the region in the r,—x, 
plane within which matching is possible. Substi¬ 
tuting the values of p and 4 given by (12) and 
(13) into the left side of (11) and setting the 
resultingexpression equal to zero, one obtains the 
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Fig. 3. Circle diagram (from 
reference 1). 


following two equations: 

r.-l. (15) 

4(r,*+*.*)-5r.+ l«0. (16) 

Equation (IS) is the equation of a vertical 
straight line passing through r, = l, and (16) is 
that of a circle with center at (f, 0) and of radius 
equal to |. These two curves are plotted in Fig. 4. 
They define two distinct zones in the plane of 
if.—*,. Matching is possible only for those values 
if r, and *, lie to the left of the line r, = 1, with the 
region enclosed by the circle C,\ excluded. On the 
other hand, matching is not possible by using 
shunt sections alone if the values of r, and *, lie 
to the right of the line or inside the circle C,*. 

^hunt Sections with Additional Section of Line 

The above analysis deals with shunt sections 
only and the restrictions thus found are inherent 
to this type of network. It is obvious, however, 
that if a simple additional impedance-trans¬ 
forming network be added such that any 
impedance can be transformed into.a value which 
8&tisMk.tkC' matching condition of the shunt 


sections, then the limitation no longer exists. The 
simplest way of doing this is to insert an addi¬ 
tional section of line of the same characteristic 
impedance between the shunt sections and the 
load, as shown in Fig. S. It is to be added here 
that an analysis of this system applying the 
theorem of conjugate impedance is given in 
reference 2, where the system iscalled'“re-entrant 

'SHI! & 

* H 


U 
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Fig. 4. Loci of match for shunt sections. 
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lines.” But because of the close similarity be* 
tween Jhe shunt sections and the series section, 
whichwil| appear in Part II, a more specific term 
is used ihHhis paper. 

Referring to reference 1 it is seen that the 
values of p and 4> corresponding to the impedance 
looking from CD in Fig. 5 to the right are 


f Pin-P+OSt, 

\ 4>„=*+/&„ 


(17) 


where s* denotes the length of Section III. Since a 
is assumed to be small,. (17) can practically be 
written as 


Pin —P, 

4>,»=4>+jSis- 


(18) 


The only modification of p and $ due to the pres¬ 
ence of Section 111 is therefore a change in * only. 

Referring back to Figs. 3 and 4, suppose a pair 
of values of p and 4* to be given that corresponds 
to a point lying outside the region where matching 
is possible, say, p = 0.5 and 4> = 15°. Ordinarily, 
that is, without the insertion of Section III, 
matching would be impossible. By inserting an 
additional section of line of electrical length, say, 
30°, a shift is made to a new point where p = 0.5 
and $=45°. This new point is well within the 
domain where matching is possible. It is to be 
noted that as far as matching is concerned the 
exact value of s» is not critical. But with Ss so 
fixed there is only one pair of values Sj and that 
makes the main line non-resonant. Since all the 
constant-p circles have some part of them in¬ 
cluded in the matching region, it is always 
possible to shift any given pair of values of p and 
$ into this region by the insertion of an additional 
section of line. Any given load Z, can in this way 
be matched to a given line. 



where A and B are defined by the following 
equations: 

cos 2<fc— e~ if 

A - ; (20a) 

2 sin 24* 

r(5e _!p -|-3 cos 24>)—cos 24>)l l 

B = \- --- . (20b) 

L 4(1— e- 4 0 J 

The values of si/X and sj/X are plotted in Fig. 6 
for different values of p and 4>. The mirror part 
corresponding to 90° <4> < 180° is omitted. When 
p and $ are known Si and $j can be readily 
determined from these curves. Numerical ex¬ 
amples concerning the design of shunt sections 
will be given at the end of the paper. 


Graphical Representation of Solutions 

For practical purposes, the values of Ji/X and 
Sj/X can be solved for in terms of p aiid $ from 
(9) and (10). They are 

ii/X *—[tan -1 A +tan _l BJ, (19a) 

2 r 



Fig. S. Shunt sections with additional section of line. 
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part n 

Series Section of Line 

General Solution 

It is well known that lines of different charac¬ 
teristic impedance may also be used for matching. 
This arrangement is usually called a series trans¬ 
former. From the point of view of its structure 
and also as a counterpart of the shunt sections 
described above, the name “series section" will 
be used. Its structure is shown diagrammatically 
in Fig. 7, where RJ and R, denote, respectively, 
the characteristic impedance of the line to be 
matched and that of the line used for matching. 
It has beta derived in reference 1 that if the 
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T 


z» 


Fig. 7. Series section of transmission line for 
impedance matching. 

attenuation along the line R, is negligible, the 
general condition for match is 


RJ<Ro 


|^ 0 '=i?ocoth p, 

(21) 

l ds = nv— 

(22) 

fRf = Rc tanh p, 

(23) 

/2«+l\ 

(24) 

Us = (-)r-4», 

( V 2 / 


where p and $ denote the terminal functions of 
the load impedance defined in terms of R„ X„ and 
the characteristic impedance R e which is the 
unknown. They are given by (12) and (13). In 
case of resistive termination both (21-22) and 
(23-'24) with « = 1 and 0, respectively, reduce to 


f*.-(*/*,)», 


0i=- 


(25) 

(26) 


This shows that any purely resistive load can be 
matched theoretically by choosing a proper value 
of R c for the matching line of length A/4. A more 
general case will now be treated in which the load 
impedance includes reactance as well as resist¬ 
ance. The question is whether it is always possible 
for any given values of Z, to find values for R c 
and s such that the main line with characteristic 
impedance Rf can be made non-resonant. 

.The explicit'solution for R e in (21) or (23) is 


are bounded by the following curves: 

r/-l, (30) 

r.'-0, (31) 

where rf and xf denote, respectively, R,/R c ' and 
X,/Rf. Equation (30) is the equation of a 
vertical straight line passing through rf * 1 and 
(31) is that of a circle with center at ($, 0) and of 
radius equal to j. They arc plotted in Fig. 8. As 
in the shunt case, the curves defined again two 
distinct zones. Matching is possible only for those 
values of rf and x.' that lie to the right of the line 
r,' — 1, or within the circle C„ On the other hand, 
matching is not possible, using series section 
alone, if the values of rf and xf lie outside the 
circle and to the left of the line r,' = 1. 

The condition of match for the series section, 
insofar as R c is concerned, has been discussed in 
terms of r,' and xf; the solution for R c , (27), is 
also expressed in terms of R„ X„ and Rf. The 
solutions for s, (22) and (24), however, are still 
expressed in terms of $ which is itself a function 
of R„ X„ and R c . To avoid confusion, it is 
desirable to obtain an expression for s in terms 
of R„ X„ and R/ directly. By making use of 
formula (13), one obtains the following expression 
of 

r -2(X./R.) 1 

J tan -1 1-1 

l(R'/R,y+(x./R,y-i\ 


[ — 2nucf | 

-, (32) 


where m denotes the ratio RJRf which is given 
by (27), i.e., 

Rc 

- --- . (33) 

Rf L r.'-l J 


Rc 


Rc’(RS+XS)-R.Rc' -\' 

R.-Rc' J 


(27) 


In order for R, to be real, the following conditions 
must be satisfied 

R.>R/, RS+X*>R.R.', (28) 

► Rc<R f ', R.*+Xy<R.Rc'. (29) 

Condition (28) is always true, while (29) shows 
that the values of R. and X* must lie within 
certain definite domains for a given value of Rf. 
As in the discussion of. shunt sections, it is 
possible to find the regions in the r.'—x,' plane 
vl^foin which matching is possible. These regions 



Fig. 8. Loci of match for aeries section. 
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(34) 


The complete solution for R c and s can then be written as follows, 

e 

fr.'i+x,'*— r/\* 


m< 1 

m> 1 


✓r, *+*,*—r,\‘- 

R-- mR '-R\ )• 

r —2mx,' -i 

/3j = «t— 4 tan -1 1-1 = »ir— 

r —2mx,' 1 /2»+l\ 

— J tan -1 1-1 = 1- )t—4>. 

Lr. ,8 +*.' s -m s J V 2 / 


(2»+l) 

|8s =-T 


(35) 

(36) 


The form of solution for 5 in terms of has been 
preserved, for it is more convenient as will be 
apparent in the illustrative example given later. 

Series Section with Additional Section of Line 

As in the case of shunt sections, the series 
section also is limited in its application if it is 
used alone. But here, as before, it is possible to 
shift the values of p' and <*>' (where p' and 4>' arc 
the equivalent of r/ and x,' so they are defined in 
terms of R„ and R c \ not R c ), practically of 
only, by connecting an additional section of line 
between the series section and the load. The 
complete system then has the structure shown in 
Fig. 9. It is evident from Fig. 8 and Fig. 3 that 
the length of this additional section of line need 
not be longer than X/4. 

Graphical Solution 

Instead of plotting the values of R e and s 
against r.' and x,', it is simpler in this case to use 
a graphical construction. If one treats m as a 
parameter, (33) defines a family of circles which 
are plotted in Fig. 10. Besides the point (1, 0) 
each circle crosses the r/-axis at (w 8 , 0). This 
diagram enables one to determine Rc/Rf quite 
rapidly. If one enters the diagram at a point 
where there is no available circle,' instead of using 
interpolation, one can determine m by con¬ 
structing the line AB as shown in Fig. 10 and 
another line BC perpendicular to it. The square 
root of OC then gives the value of tn. Once m has 
been determined, one can make use of the circle 


--v--• 

--: 

1 R- "1 

1 R e 



Fig. 10. Constant m circles. 


diagram to determine the value of <i>, and hence 
the value of s by (35) or (36). 

Numerical Examples 

Four examples illustrating the practical design 
of typical shunt and series sections are given 
below. 

Shunt sections: 

Case 1 .—Shunt section alone,' i.e., terminated 
directly in the load. 

Suppose 2?,=400 ohms, Z,=200—j400 ohms. 
This corresponds to r,=0.5 and x.= —1. Re¬ 
ferring to Fig. 4, this point lies inside the 
matching region. From the circle diagram one 
finds that the values of p and $ corresponding to 
the given values of r, and x, are 0.24 nepers and 
41.5°, respectively. From Fig. 6 one finds 
si/X=0.572 and j*/X =0.350. 

Case 2 .—Shunt sections with additional section 
of line. 

Suppose 2?,=400 ohms, Z. = 800+j0 ohms. 
This corresponds to p=0.55 and $=0. It is seen 
from Fig. 4 that this pair of values of r, and x, lies 
outside the matching region. Let an additional 
section of line oi length r»=X/8, or j9j|=45 8 be 


Fig. 9. Series section with additional section of line. 
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inserted. Then the effective value of <t> changes to 
45° while p remains unchanged. This new pair of 
values of p and now lies well inside the matching 
region. From Fig. 6 the values of Si/\ and $*/X are 
found to be 0.S3S and 0.414, respectively. 

Series sections: 

Case 3 .—Series section alone. 

Suppose R c f = 400 ohms, and Z, = 800—J40 
ohms. This corresponds to r/=* 2 and x/= —0.1. 
Referring to Fig. 8, this point lies inside the 
matching region. The value of tn~R c /Rc de¬ 
termined from Fig. 10 is 1.42; so Jf? c = 568 
ohms. With this value of R e one finds r t = 1.41, 
*♦= —0.0705. The corresponding value of as 
determined from the circle diagram is 5°. Using 
(36), with » = 0, one obtains s/\~ 0.236. 

Case 4 .—Series section with additional section of 
line 

Suppose R 0 f = 400 ohms, and Z, =*200+^500 
ohms. The given point lies outside the matching 
region in Fig. 8. The corresponding values of p' 
and 4>' arc 0.186 nepers and 144°. Suppose 4>' is 
increased by 36° by inserting an additional length 
section of line of length s% equal to 0.1X. The 
effective then shifts to 180° while p' remains 
unchanged. From Fig. 10 one finds m = 2.33 for 
this new point, hence 2? c *930 ohms. The length 
of the section Si is X/4. 


CONCLUSION 

The preceding analysis shows that a close 
similarity exists between the use of shunt and 
series sections of line. When used alone, both are 
limited to a certain range of impedances. But 
there is a marked difference regarding the ranges 
which each one covers. In general, the series 
section permits matching a much wider range of 
impedances than the shunt section. It is inter¬ 
esting to note that the shunt sections are useful 
precisely in the range in which the series section 
cannot yield a match. If an additional section of 
line is included, both systems can be designed to 
match any impedance. With regard to the method 
used it is seen that the introduction of the 
terminal functions p and leads-to great mathe¬ 
matical simplicity at several points. In particular, 
the effect of the introduction of an additional 
section of line would not be so obvious if these 
two terminal functions were not used. 

The writer wishes to acknowledge his indebted¬ 
ness to Professor Ronold King for suggesting this 
problem and guiding his work. He also wishes to 
express his appreciation of the helpful suggestions 
and criticisms of Dr. P. LeCorbeiller and of Dr. 
A. H. Wing, Jr. Acknowledgment is also due his 
friend Mr. C. M. Liang who helped to prepare 
most of the figures. 
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On the Proportion of Crystalline and Amorphous Components in 
Stretched Vulcanized Rubber* 

A 

' A. J. WlLDSCHUT 

Rubber Foundation , Delft , Holland 
(Received September 28, 1945) 

Determinations of the tension-temperature relation of stretched vulcanized rubber can 
“ provide us with data about the proportion of crystalline and amorphous components. The 
amount of crystalline material appears to be 30-32 percent at 600 percent elongation and at 
20°C. An expression is derived relating percentage crystalline material and temperature. The 
results are in close agreement to those of x-ray measurements carried out by Goppel but diverge 
largely from those obtained by Field. The cause of this difference is not yet quite clear. Stretched 
vulcanized rubber consists of a predominating amorphous phase with crystallites embedded in it. 
On stretching orientation occurs and a systematical addition of secondary valency forces is 
possible. This is the main cause of the existence of a certain tensile strength. Crystallization, 
though important as an indication on orientation, is more or less an incidental phenomenon. The 
distance function of the secondary forces may be of equal importance with the orientation. 


1. INTRODUCTION 


S INCE Katz 1 recognized the crystalline struc¬ 
ture in stretched rubber, x-ray analysis has 
improved our knowledge about high polymeric 
elastic substances to a considerable extent. The 
influence of temperature on the deportment of 
the rubber crystallites was studied on raw as well 
as on vulcanized rubber. Various influences of 
mixing and vulcanization on the x-ray pattern 
were investigated. The fibrous character of 
stretched rubber was definitely established, which 
contributed considerably to the important new 
theories about high elasticity. 

Long before the crystallinity of stretched and 
of “frozen” rubber was proved by the x-ray 
diagram, it was understood that physical prop¬ 
erties such as specific weight, hardness, light- 
transmission showed transition points when their 
courses with temperature were determined. It 
was known for a long time that stored raw rubber 
could become hard and opaque, while the original 
suppleness could be restored by heating or even 
by repeated bending and stretching. Bunschoten 2 
pointed out that the specific gravity of “frozen” 
raw rubber decreases considerably after heating 
and increases again after the rubber is kept for a 


* Communication number 51 of the Rubber Foundation, 
Delft, Holland. 

1 J. R. Katz. “Ueber die Aenderungen des Rdntgen- 
spektrums bed der Dehnung,” Kolloid Zeits. 36,300 (1925). 

• B. Bunschoten, “Eenige waamemingen betreffende net 
soorteliik gewjcht van ruwe en gevulcaniseerde rubber. 
Vend, en Meded. Afd. Handel Dep. van Landb., Nijvern. 
en Handel (1921) No. 6. 


certain time at a relatively low temperature. 
Though the possibility of a phase-change was 
considered, the “freezing” of rubber was not yet 
then explained by presuming a partial crystalliza¬ 
tion. In later years analogous experiments, 
though over a much longer range of temperature, 
were done by Bekkedahl, 1 who found several 
transition points in the specific volume-tempera¬ 
ture curve. 

Many other investigations could be mentioned 
in this connection, but those two suffice in 
pointing out that x-ray analysis need not be the 
only way in which the crystallization of rubber 
can be studied. After recognizing the importance 
of crystallization on the plastic properties of 
vulcanized rubber, 4 the author made a study of 
the relation between elastic tension and tempera¬ 
ture, which relation appeared also to be in¬ 
fluenced by crystallization to a considerable 
extent. Though originally meant for a different 
purpose, this study proved to be valuable also 
for a quantitative investigation of the crystalliza¬ 
tion. It appeared possible to calculate the per¬ 
centage of crystalline material in stretched 
vulcanized rubber from tension-temperature fela* 
tions as determined for thermodynamical in¬ 
vestigations. 

1 N. Bekkedahl, “Forms of rubber as indicated by 
temperature-volume relationship,’' J. Research Bar. 
Stand. 13 (September, 1934). 

4 See A. J. Wiklschut, “Pseudo-plastic phenomena with 
vulcanized rubber,” Physics 10, 371 (1943). “Let phtao- 
mines pseudo-plastiques dabs te caoutchouc vuteauisL” 
Rev. GfiT d* <5aout*W 21,9 (1944). 
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Fig. 1. Apparatus for determining; the tension- 
temperature relation. 


and heated again to 70°C, aa has been done by 
Meyer and Ferri, 7 the original tension is reached 
again or is so nearly approximated that the 
difference may be neglected. As the process is 
reversible, Eq. (1) is valid and the relation found 
between tension and temperature must be linear. 
Up to a certain extent the experimental data are 
in accordance with the thermodynamical theory, 
but for a complete explanation of all experimental 
facts it appeared necessary to consider a possible 
partial crystallization of the rubber investigated. 
This crystallization is influenced also by the 
velocity with which the experiments are carried 
out. 

3. METHOD OF DETERMINING THE TENSION- 
TEMPERATURE RELATION 


It is not the author’s intention to deal with 
these latter investigations* in full, as this is quite 
a different subject. Only the side path, leading to 
a new method of quantitative determination of 
the degree of crystallization, will be treated here. 


2. THE TENSION-TEMPERATURE RELATION 

The well-known thermodynamical formula 

*=(dU/dL) T +T(d<r/dT)L, (1) 

where a is the elastic tension, U the internal 
energy, L the length, and T the absolute temper¬ 
ature, used already by Wiegand and Snyder,® 
denotes a linear relation between the tension a 
and the temperature T. The scope of the o—T 
line fixes (do /6T)l, while the point of intersection 
with the ordinate gives the value for (d U/dL) r. 

This formula is valid provided the process is 
reversible. Therefore the rubber sample under 
investigation must be sufficiently elastic so that 
plastic flow during the measurements may be 
neglected. With a normal vulcanized pure gum 
mixture from natural rubber it is comparatively 
easy to meet this requirement. If such a rubber 
is stretched, heated for some time at, for ex¬ 
ample, 70°C till the rate of relaxation is suffi¬ 
ciently smalt, cooled down to room temperature, 


* A survey is given in: A. I. Wildschut, Technological and 
Physical frmtsttpUims of Natural and SyiMetu Rubbers 
(Elsevier Amsterdam, 1945). (In press). 

&JW. JB. Wiegand and J. W. Snyder, “Hie rubber 
n, the Joule-effect and the dynamic stress-strain 
Crsns. I.R.1.10, 234 (1934). 



The apparatus (see Fig. 1) comprises a part 
regulating the temperature of the test piece and 
a part by means of which the clastic tension can 
be measured at constant elongation. As it was 
believed desirable to heat the rubber in air, a 
double-walled glass-mantle, through which a 
liquid could lie pumped, was constructed around 
the test piece, while the tensiort was measured by 
means of an ordinary balance from which one of 
the scales had been removed. The elongation was 
determined and controlled by measuring the 
distance of two marks on the rubber by means 
of two calibrated glass plates, acting as 
cathctometer. 

The stretched rubber was even more sensitive 
to slight fluctuations in temperature than the 
precision-thermometer used. By means of two 
water baths, however, one for heating and 
cooling and the other for measuring at constant 
temperature, the temperature inside the mantle 
could be kept sufficiently constant. 

Small variations in elongation of the part of the 
test piece between the marks could occur, as this 
part was not always elongated in the same way as 
the rest of the test piece. This could then be 
corrected by means of a small spool in the steel 
wire connecting the sample with the balancfe. 

The cross section of the test pieces used was 
mostly about 0.5 mm* (e.g., 0.3X 1.4 nun); the 
loads varied up to about 200 grams and could be 
measured with an accuracy of 0.1 gram. 

r K. H. Meyer and C. Ferri, “Sur l'ilastiritA > du 
caoutchouc/’ Helv. Chim. Acta 18, 570 (1935). 
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A. 208 % elongation. 


C. 607 °/o tlongatioa 



Fig. 2. Tension-temperature diagrams of vulcanized natural rubber (see reference a of Table I) at 

different elongations. 


Originally the experiments were carried out 
over a range from room temperature to 70°C, but 
in the course of the investigations it proved to be 
necessary to extend this range up to 100°C and 
down to — 10°C. For temperatures below room 
temperature, alcohol, cooled in a mixture of solid 
carbon dioxide and acetone, was pumped through 
the glass mantle. 

Most experiments were carried out after 
heating the stretched rubber at 70°C during 4 
hours. The sample was then cooled down in steps 
of about 10 degrees Celsius. At each temperature 
the rubber was kept for about 10 minutes. 

If the sample was heated to temperatures 
above 70°C, the time of relaxation, at least in the 
cases of higher elongations, had to be shorter 
than 4 hours, as otherwise breaks might occur. 
As the rate of relaxation increases strongly with 
increasing temperature, no difficulties were pre¬ 
sented by this. 

4. INFLUENCE OF CRYSTALLIZATION 

If stretched and heated vulcanized rubber is 
cooled down again, three cases can be distin¬ 
guished, dependent on elongation and rate of 
cooling. Examples of these cases are given in 
Fig. 2. 


First case, Fig. 2 A. I-ow elongation (208 per¬ 
cent). There is but little crystallization, and after 
having been kept at 70°C during 4 hours, the 
rubber is certainly amorphous. On cooling, the 
amorphous state can be maintained and in that 
case the tension-temperature relation is straight, 
in accordance with Eq. (1). On heating, the initial 
point is reached again, proving that relaxation 
during the cycle may be neglected. 

Second case, Fig. 2B. Medium elongation (357 
percent). The rubber crystallizes on stretching, 
but after 4 hours at 70°C the sample may be 
considered amorphous. On cooling, the tension 
decreases linearly with temperature till the 
transition point of 36°C. Then partial crystalliza¬ 
tion sets in, causing a marked increase in the 
slope of the tension-temperature line, which, 
however, remains straight. 

Third case, Fig. 2C. High elongation (607 per¬ 
cent). The stretched sample is partly crystallized 
and 70°C is too low to melt the crystallites undei 
these circumstances. On cooling, a straight luu 
without a transition point is obtained, as over t|i 
whole range the sample is already (part|| 
crystallized. The increase in degree of crystaUjM 
tion, which certainly takes place on coolin^M 
increase the slope of the tine but apparentlyogj 
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Fig. 3. The tension-temperature relation at 600 percent elongation. Influence of the time of 
heating. Natural rubber pure-gum vuleanirate (see reference a of Table I). A. Heated IS min. at 
100°C. B. Heated 60 min. at 100°C. 


not influence the linear course of the tension- 
temperature relation. 

From Fig. 2B it can be seen clearly that the 
tension of partly crystallized rubber is lower than 
it would be if no crystallization had taken place. 
This latter situation can easily be realized if the 
rubber is cooled down comparatively rapidly, as 
has been done by Meyer and Ferri, 7 who had 
their test pieces in direct contact with the cooling 
medium, water. This is the reason why these 
investigators could not observe a transition point. 

On heating again a retardation in the melting 
of the crystallites occurs, with the effect that 
partial crystallization still exists even in the 
range above the melting point. The observed 
lower tensions are a consequence of this retarda¬ 
tion as they cannot be caused by relaxation. 
Ultimately the initial tension is practically 
reached again, which gives proof that relaxation 
may be neglected. 

At higher elongations very little retardation 
appears to occur (Fig. 2C). The reason for this 
phenomenon is not clear as yet. Also in this case 
the initial tension is approximated sufficiently to 
justify negledt of relaxation. 


$. THE "MELTING POINT 1 ' OF THE 
CRYfTALUTSS 

t 

It was learned from measurements at medium 
elongations that the transition point in the <r—T 
curve was displaced to higher temperatures when 
higher elongations were 'used. Therefore it was 
logical to search for the missing transition points 

[.over a wider 

> of tempera tore. For ffitiPinfose the initial 


I>oint was raised to 90°C, later even to 100°C. At 
elongations of about 600 percent breaks often 
occurred, but sufficient relaxation was obtained 
in a short time, e.g., IS minutes. Although the 
initial tension is not quite reached again (sec 
Fig. 3A), the influence of relaxation during the 
cooling may still be neglected, as at lower 
temperatures the rate of relaxation decreases 
strongly. 

As the curve of Fig. 3A shows no transition 
point, heating for 15 minutes at 100°C is not 
sufficient to melt a noticeable part of the 
crystallites. After heating during 60 minutes, 
however, the transition point appears at about 
74°C (Fig. 3B). From further contemplations it 
can be derived that in this case by heating at 
100°C during 60 minutes about 60 percent of the 
crystalline phase is melted. 

So it is quite clear that at higher elongations 
not only a high temperature, but also a com¬ 
paratively long time is needed to melt the 
crystallites. On cooling, crystallization sets in on 
a fairly definite point; there is only a small range 
of temperature during which the crystallization 
begins. After that range has been passed, the 
percentage crystalline material appears to in¬ 
crease in inverse proportion to temperature (see 
Section 6). The rather sharp solidification point 
may be caused by the existence of crystallization 
nuclei or small crystallites acting as nuclei. 

As the melting of the crystallites appears to 
depend so strongly on circumstances, it is not 
astonishing that no distinct relation between 
transition points and elongation could be derived 
from the experimental data. Yet, when.fthe 
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results of 26 measurements arc plotted on 
square^ paper, as has been done in Fig. 4, it is 
quite cledf that a certain relation is present. 

An increase in elongation from 300 to 600 
percent corresponds with a displacement of the 
transition-point from about 40 to about 6S°C. 

These measurements provide us with a quali¬ 
tative picture of the influence of crystallization 
on the tension-trmperature relation. The most 
important conclusion is that the linear course of 
this relation is not disturbed by increasing partial 
crystallization. 



Fig. 5. Calculating the degree of crystallization from the 
tension-temperature relation. (Natural rubber pure-gum 
vulcanizate (see reference a of Table I) at 35/ percent 
elongation.) 


6. DETERMINATION OF THE DEGREE 
OF CRYSTALLIZATION 

In Fig. 5 the course of tension with tempera¬ 
ture at medium elongation, as given already in 
Fig. 2B, is pictured again. 

The rubber has been stretched, heated for 4 
hours at 70°C, and then cooled down compara¬ 
tively slowly. The stretch AB corresponds with 
wholly amorphous rubber (see below) and is thus 
in accordance with Eq. (1). Below the transition 
point at B partial crystallization occurs. The 
stretch BC therefore corresponds to partial 
crystallized rubber with increasing amount of 
crystalline material . The slope of this part of the 
curve is caused by the combination of the de¬ 
crease according to form, (1), known to be linear, 
and the decrease, caused by the growing amount 
of crystalline material. The result is a linear 



Fig. 4. Transition-points in the <r-r relation as a 
function of the elongation. Natural rubber pure-gum 
vulcanizate (see reference a of Table I). 


decrease of tension with temperature; therefore 
the decrease, caused by the crystallization-effcct, 
must also he linear. 

Now this decrease is caused by the fact that 
decreasing temperature causes an increasing 
amount of crystalline material, while more crys¬ 
tallization involves a lower tension. As the com¬ 
bination of these two functions is linear, it is very 
likely that both of them are linear also. If that 
is so, the conclusion would be reached that the 
elastic tension decreases in inverse proportion to the 
amount of crystalline material . 

Presuming this conclusion valid, the calcula¬ 
tion of the degree of crystallization in stretched 
vulcanized rubber from measurements as given in 
Fig. 5 is very simple. 

If no crystallization had taken place, the 
tension-temperature relation would have fol¬ 
lowed the course BD and at 20°C the point X 
would be passed, corresponding with an “amor¬ 
phous tension,” tr,,,, 20 , of 73.7 kg/cm*. As, how¬ 
ever, the rubber is partly crystallized, at 20°C the 
point Y is reached, corresponding with a “crystal¬ 
line tension,” <r cr J( \ of 66.9 kg/cm*. This tension 
is 9.2 percent lower than the “amorphous ten¬ 
sion,” which denotes that 9.2 percent of the 
rubber molecules have been eliminated by 
crystallization. 

In general, the percentage crystalline material 
K is given by: 


K 


<Tam ,,, "0cr 


too. 




( 2 ) 


The tension in stretched rubber is thus caused 
by the amorphous phase only. Only these i^ole- 
rules have'a possibility to return to their most 
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Flo. 6. Existence of Lrysialli?dtion in stretched vul¬ 
canised rubber (see reference a of Table I) at 55 percent 
elongation. 

probable position; as soon as they have entered a 
crystal lattice, this possibility no longer exists. 

If the test piece, after cooling to —10°0, is 
heated again, the tension at 20°C corresponds to 
that of the point Z (see Fig. 5). On passing Z, a 
higher degree of crystallization still exists, but 
this situation is not stable and is therefore left 
out of account. It denotes, however, the necessity 
to consider always the history of a given piece of 
rubber if its crystallization is to be measured. 

Only if it is certain that at the initial point A 
the rubber is wholly amorphous, exact data about 
the degree of crystallization are obtained, for the 
transition point may appear also when at higher 
temperatures the rubber is still partly crystal¬ 
lized. In those cases only an increase in degree of 
crystallization is found and the total amount of 
crystalline material may be higher. 

It is, however, rather simple to prove the 
presence of the wholly amorphous state above 
the transition point. If the rate of cooling is 
augmented, the “crystalline part” of the tension- 
temperature line becomes curved—for crystal¬ 
lization takes time—while the "amorphous part,” 
if wholly amorphous, remains straight. In this 
way it has been proved that, in cases as pictured 
in -Fig. 5, the test piece must have been wholly 
amorphous at 70°C. 

Theoretically the ^“crystalline part” of the 
tension-temperature curve cannot be straight, 
as crystallization is dependent on time, but as 
this relation is logarithmidd, it suffices to meas¬ 
ure with the velocity described in Section 3 to 
get a line that cannot be distinguished from a 

Straight one.. 

^ With x-ray measurements below 300 percent 

a#* . 


elongation, no crystallization is observed in 
natural rubber pure gum mixtures. By means of 
the method described above, however, the ex¬ 
istence of crystallization effects can be shown, 
and the amount of crystalline material can be 
calculated at elongations as low as SO percent. 
The degree of crystallization is then naturally 
very small, about 1 percent, but the effect is 
unmistakable, as is shown in Fig. 6. 

As yet it has not been possible to control all 
factors influencing crystallization at lower elonga¬ 
tions. Sometimes crystallization occurs, but in 
other cases it may not happen at the same or 
even higher elongations. An example of this has 
already been given in Fig. 2A. The degree of 
crystallization found varies also in separate 
cases. But this is not considered essential at this 
stage of the investigations. Stress can be laid 
on the conclusion that at these low elongations 
a distinct, though very small, crystallization 
effect occurs. Whether at 50 percent elongation 
an exact degree of crystallization can be deter¬ 
mined at all is not certain, as it is possible that 
this degree varies according to circumstances, 
and factors depending on the laws of probability 
may also play a part. 

The degrees of crystallization, calculated from 
25 measurements on a natural rubber pure gum 
mixture (different vulcanizates, but always the 
same mixture and cure), are given in Fig. 7 as 
well as in Table I. 

As soon as the rubber is elongated, crystalliza¬ 
tion sets in, but up to 250 percent not more than 


Table I. Percentage crystalline material in stretched vul¬ 
canized rubber 0 at increasing elongation. 20°C. 


Percent 

elongation 

Percent 

crystalline 

material 

Percent 

elongation 

Percent 

crystalline 

material 

50 

1.4 

347 

8.6 

55 

1.3 

350 

9.5 

97 

0.5 

357 

9.2 

100 

0.5 

385 

19.6 

120 

0.9 

390 

12.6 

200 

0.9 

392 

17.7 

205 

0.8 

397 

19.3 

250 

2.0 

400 

16.0 

300 

4.3 

420 

23.8 

342 

9.7 

480 

27.4 

342 

8.3 

492 

24.5 

345 

10.4 

495 

22.8 

345 

7.5 




‘ Composition. Crepe rubber 100, dtphenytguanidine 03, me 
bensothiasole 03. sulphur 1.75, sine oxide 5.0. stearic acid 13, 
naphtylairtine 1 0. Cure 20 minutes at U2°C in a prfss 
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2 percent is crystallized. Above 300 percent 
elongation the crystallization increases rapidly, 
till at'300 percent a maximum of about 27 
percent drystalline material is reached. By ex¬ 
trapolating the curve of Fig. 7 to 600 percent 
elongation, the maximum degree of crystalliza¬ 
tion can be estimated to be about 30-32 percent. 
So evei* in that case the amorphous phase 
predominates. 

Presuming that at 600 percent elongation, 30 
percent of the stretched rubber is crystallized, 
it is possible to gain complete insight in Fig. 3B. 
When passing at 20°C from the extrapolated 
upper part of the curve to the lower part, the 
tension decreases from 148.4 to 122.7 kg/cm 2 , 
that is, with 17.4 percent. If the upper part had 
represented the wholly amorphous state, the de¬ 
crease would have been 30 percent. So 17.4-100/ 
30.0 =*58 percent of the crystalline phase was 
melted by heating at 100°C during an hour. 

Of course in such a calculation this exactness 
has no sense, but the conclusion may be drawn 
that rather mbre than half of the crystalline 
phase will be melted in an hour and that it will 
take at least another hour to reach the wholly 
amorphous state. Unfortunately most samples 
cannot stand this, so 600 percent is about the 
natural limit for this sort of investigation. Per¬ 
haps an improvement can be made by heating 
the unstretchcd sample at 100°C and then 
elongating it; these experiments will l>e done in 
due course. 

7. INFLUENCE OF TEMPERATURE ON DEGREE 
OF CRYSTALLIZATION 

As the relation between tension and tempera¬ 
ture is linear, a tension coefficient at constant 
elongation, {da/dT)^ can be calculated from 
these measurements. As long as the rubber is 
amorphous, the value of this tension coefficient 
depends on the elongation only. Below the 
transition point the tension coefficient increases, 
for the increasing degree of crystallization causes 
an additional decrease in tension. The “crystal¬ 
line tension coefficient” is therefore dependent 
on time in the same way as the crystallization 
itself. 4 

The degree of crystallization can be calcu¬ 
lated from the tension coefficients and the 
transition temperature as follows: 


32 

Ptrctnt 
crystalline 
material 24 

\ 16 

8 


O too 200 300 400 500 

.__ Ptrctnt alongatlon 



Fig. 7. Percentage crystalline material in stretched vulcan¬ 
ized natural rubber (see reference a of Table I) at 20°C. 


From Fig. 5 it can be seen that the tension 
of the transition point, <rT„ is given by: 


<rr, = 0T um+Cdaam/dTO/XT,-- T), (3) 


as well as by : 

fjT t = <r r , cr + (dffer/dT) L (T„ — T) , (4) 

where ar. am and <t t .ot are, respectively, “amor¬ 
phous” and “crystalline” tensions at a tempera¬ 
ture T and (da Hm /dT) l and ( da CT /dT)L are the 
tension-coefficients for the wholly amorphous 
and partially crystallized rubber, respectively. 

If the values for <TT,* m and ar.cr, derived from 
Eqs. (3) and (4), are substituted in Eq. (2), 
we get: 

[(d(r w /ar),-(dWdr)j(r.-r) 4AA 

Kt = -100, (5) 

OT t — (d<Um/dT) l{Tb—T) 

from which the percentage crystalline material 
Kt can be calculated at any temperature T.* 
Equation (5) can be written xy+ax+by—c** 0, 
which is an equation of a hyperbola. As can be 
seen from Fig. 8, in practice the relation between 
K t and T is approximately linear, as long as 
short ranges are considered. 

The amounts of crystalline material have been 
calculated for the elongations 357 (the case 
represented in Fig. 5) and 492 percent; the 
results are given in Fig. 8. 

The straightness of the tension-temperature 
curve has been proved down to — 10°C. Below 
this temperature, calculation of Kt from Eq. (5) 
will have little or no physical meaning. In die 
first place* the rate of crystallization diminishes 
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Fig. 8. Percentage crystalline material as a function of 
temperature. Natural rubber pure-gum vulcanizate (see 
reference a of Table I). 


at decreasing temperature so strongly that for 
this reason alone it is doubtful whether the 
percentages represented by the dotted part of 
the curve will ever be reached at all. Secondly 
Eq. (5) is only valid as long as the “crystalline 
part” of the a—T curve remains straight as well 
as continuous. Any change in modification will 
cause a break in the <r—T curve. This makes an 
extrapolation below the temperatures of the 
measurements without physical significance. 

The degree of crystallization appears to be 
strongly dependent on temperature. While at 
room temperature (20°C) the maximum per¬ 
centage crystalline material may be estimated to 
be about 30 percent, at zero degrees this maxi¬ 
mum may be 45 percent and at — 10°C even as 
high as 50 percent. The highest temperature at 
Which crystallization in stretched rubber exists 
appears to be about 80°C, a conclusion that can 
be derived also from Fig. 4. Above 60°C the 
amount of crystalline material remains below 10 
percent, provided the situation is stable. Of 
course, if stretched rubber is heated rather 
rapidly, higher degrees may temporarily occur, 
but then the system is not in equilibrium. 

8. COMPARISON WITH X-RAY MEASUREMENTS 

Quantitative measurements of the crystal¬ 
lization in stretched vulcanized rubber by means 
of the x-ray method have been done by Field 8 
and by Goppel.* Both investigators compared 


»J. E. Field 
crystalline aa< 
robber, ” ' 


I. “An x-ray study of the proportion of 
ms amorphous component*' in stretched 
«, Phys. 12, 13 (1941), 
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robber,” J. App. Phys. 12, 23 (1941), 
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the intensities of the diffuse rings in the dia¬ 
grams of amorphous and partly crystallized 
rubber, while also measurements of the intensities 
of the diffraction spots were done. 

It lies beyond the scope of this paper to discuss 
these investigations in full. As it happens, how¬ 
ever, the results of Field and of Goppel show a 
large difference: while the former finds at 500 
percent elongation and at room temperature a 
degree of crystallization of 65-70 percent, the 
latter measures 25-30 percent, which is in ac¬ 
cordance with the results of the thermodynamical 
method described above. 

The work of Goppel was carried out inde¬ 
pendently of that of thq author and most of it 
at an earlier date. His results as given in Fig. 9 
are obtained on the same mixture on which the 
thermodynamical measurements have been done, 
but also various other pure-gum mixtures have 
been investigated, 10 and it appeared that the 
differences between them were small. 

Results of both x-ray investigations, as well 
as the results obtained with the thermodynamical 
method, have been collected in Fig. 9. 

There is a close agreement between the results 
of Goppel and those of the author, while the 
data given by Field diverge very considerably. 
It is most unlikely that this is caused by the 
comparatively small differences in mixture and 
cure, but it is not yet possible to state the exact 
cause of this phenomenon. 

Various arguments can be advanced for the 
existence of not more than a moderate amount of 
crystalline material in stretched vulcanized rub¬ 
ber. It is unlikely that an entangled knot, with 
primary valency bonds between the molecules, 
can be stretched in such a way that a great 
amount of regularity is gained. As soon as 
certain parts of the chains have entered into 
crystal lattices, other parts are hindered in 
their movements and less able to do the same. 
The primary valency bonds caused by the vul¬ 
canization arise while the rubber is unstretched; 
by stretching some of these bonds may break, 

10 The results of Goppel and of the author have been 
obtained on the vulcanizate, defined in note a "of Table I. 
The data of Field have been derived from his Figs. 10 and 
11. Compound B : smoked sheet 100, zinc oxide 2, sulphur 2, 
P.P.D. 2, cure 10 minutes at 260°F (127°C). Compotmd C: 
smoked sheet 100, zinc oxide 1* sulphur 2, zimate 1, cute 20 
minutes at 260°F. 
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but others will not. It is in contravention of 
probability that the irregular network can be 
transferred in a system of crystal lattices; so 
crystallites can be formed only to a limited 
amount. 

The thermodynamical measurements can only 
be compared with the two x-ray investigations 
mentioned. One is in close agreement with them, 
the other diverges largely. A third, if possible 
independent, measurement of the degree of crys¬ 
tallization will be required to make certain 
where the truth lies. 

9. GENERAL PICTURE OF STRETCHED 
VULCANIZED RUBBER 

The author is inclined to believe that the 
lower figures for the amount of crystalline ma¬ 
terial in rubber are right. This leads to the 
assumption that stretched vulcanized rubber is 
composed of an amorphous phase with up to a 
third part crystallized material. The existence 
of crystallization is important as an indication 
on regularity; but it is doubtful whether crystal¬ 
lisation , in itself, is of paramount importance for 
the tensile strength of rubber. 

Immediately after the elongation begins, orien¬ 
tation of the rubber molecules occurs. This 
orientation will be one of the main causes of 
the formation of a high mechanical firmness 
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Fig. 10. On the mechanism of break. 


during the elongation. Crystallization, though 
directly important for certain other properties, 
is only an incidental phenomenon and it is not 
even certain whether the existence of crystallites 
adds to the tensile strength or not. At any rate 
a high tensile strength is very easily possible 
without any crystallites playing a role, also in 
pure-gum vuleanizates. At temperatures up to 
10(M40 o C vulcanized rubber keeps its tensile 
strength completely, 1112 while certainly under 
these circumstances no crystallization is present. 

Of equal importance with regard to the tensile 
strength may be the way the secondary forces 
between the molecules decrease at increasing 
mutual distance. If this function is favorable, 
a high tensile strength may occur even at medium 
orientation. 

It is not likely that the primary valency 
bonds in vulcanized rubber are decisive for the 
tensile strength. They are, of course, important 
with regard to plastic flow, but it is unlikely 
that, on stretching, they are responsible for 
equal parts of the tension. So in the region shortly 
before break these primary bonds may be broken 
one after another, if the combined secondary 
energies between two chain-parts, drawn parallel, 
are higher than the energy of the primary bond 
concerned. (Compare Fig. 10.) 

The tensile strength will be caused mainly by 
secondary forces, added systematically along the 
chains. This addition is possible for secondary 
forces only. 1 * The crystallites may exert addi¬ 
tional forces on the surrounding amorphous 
phase and thus add to modulus and tensile 
strength, in the same way as carbon black in 

11 A. van Rossem and H. van der Meiiden, “Studies on 
the physical properties of rubber. I. Influence of high 
temperature on the stress-strain curve of vulcanized 
rubber,” J. Soc. Chem. Ind. 45, 67T (1926). 

** A. A. Somerville and W. F. Russell, “Effect of temper¬ 
ature on tensile properties of vulcanized rubber,” Ind. 
Eng. Chem. 25, 1096 (1953). 

“ See also G. Briegleb, Zwischenmotekulare Krifte und 
Molektflstntktur. Sammtung chemisdier und dkemtidi* 
technischer VertrSge, New edition, No. 37 (1937). 
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Perbunan does, but it is equally possible that 
this effect—if it exists at all—is overcompensated 
by the partial elimination of rubber molecules by 
the crystallization (which causes, as has been 
shown above, a decrease in elastic tension). Of 
course the crystallites in themselves are firmly 
bound together, but this is of no importance to 
the tensile strength, as they are embedded in 
amorphous material. This may be the most 
important conclusion from our measurements 
about the degree of crystallization: when deter¬ 
mining the tensile strength the forces are applied 
on an amorphous phase and not on a bundle of 
crystals. 

This vision on the situation in stretched vul¬ 
canized rubber is strengthened by various phe¬ 
nomena, observed on synthetic rubbers, 5 with 
and without carbon black. Synthetic rubbers 
with very weak pure-gum mixtures show a 
normal high tensile strength when carbon black 


is added: secondary forces must play a role. 
Lightly swollen rubber 14 has lost most of its 
mechanical firmness; after evaporation of the 
swelling liquid the original tensile strength is 
completely restored. This phenomenon can only 
be explained by presuming secondary forces to 
be responsible for the tensile strength. 

More could be said about this, but that 
would carry us much too far. It does not lie 
within the scope of this article to discuss all 
physico-chemical aspects of the rubber molecule, 
but only to draw attention to the fact that a 
relatively low degree of crystallization is likely 
to exist and leads to an essentially different 
picture of stretched rubber from that of a high 
degree. The picture, corresponding with a low 
degree of crystallization, agrees better with 
phenomena observed on synthetic rubbers. 


11 A swelling of 5-10 volume percent will be enough. 


Letters to the Editor 


On Plane Rotations in n Dimensions 

Peter T. Land&blkg 
London , England 
October 11.1945 

T HIS note is intended as a contribution to the discus¬ 
sion of the “Representation of Rigid Rotations’* 
which has recently been taking place in this journal. 1 The 
main formula (Eq. (1) below) derived by Professor Benedikt 
is an operational equation and will be shown in this note to 
be a three-dimensional statement of equations known to 
hold in n dimensions. Use will be made of the concepts and 
nomenclature of modern algebra. 1 

Consider a linear space y n of finite dimensionality n (£ 3 ) 
and defined over a non-modula field ff. Elements of y», i.e., 
vectors, will be denoted by small Greek letters (8 is reserved 
to denote a variable angle), operators by capital Latin 
letters, and elements of ff by small Latin letters. In 71 the 
ordinary vector product (x) of two vectors is assumed to be 
defined. 

Let any vector m be roasted through a variable angle 8, 
yielding a vector a#, subject to the requirement that cm and 
all a#'s are Co-planar. Let the point about which ao is 
rotated be specified by a radius Vector p relative to a fixed 
origin 0. The end points of cm and a# may then be specified 
relative to 0 by radius vectors r 

pj jafeifc-** MMSU, ,W„. 
6 # . 


respectively. Further, let p be perpendicular to the plane 
defined by the a*’s. Then Professor Benedikt has shown 
that for 

pe^e^pot ( 1 ) 

1 ? being the unit vector parallel to p ami in a positive direc¬ 
tion relative to the rotation. 

Consider now any linear space y n > Let an orthog¬ 
onal normalized basis fejo) be given in y n such that 
cm may be expressed in terms of cm and cso, p in terms of 
(cm 1(^*3, 4, •••, n). The n dimensional analog of Eq. 
(1) may then be obtained by assuming ao to be fixed but 
re-expressing it in terms of a new basis |e^| obtained by 
rotating cio, cm through (— 8). The expression for ao in 
terms of {cj*) will obviously be the same as the expression 
for a$ in terms of {c,o|. If 8 is continuously variable and 
the field of all*complex numbers, a group of unitary opera¬ 
tors U{8) (these reduce to real orthogonal operators in the 
case of the real field) may be supposed to induce the 
transformation (syoI-H«jri- If Y be an anti-symmetric 
operator, U{8) may be represented in the form e 9Y , the 
latter expression being defined by the exponential series. 1 

• It is not necessary to invoke this property of unitary matrices if some 
equation of the type •*$ «■ £/(0)«yo is assumed possible. For it then follows 
from the nature of the problem that the £/(0)’s have the property 

whence U(0) has an exponential representation. This Is in fact merely a 
discussion of the representations of a one-parameter continuous ^pelian 
troup, 
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Hence 
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whence 

p«6* y p. 


Therefore, 

PS-e^Po. 

(2) 

Defining ^ 
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we also have 
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stresses are equal. But a vapor-liquid interface is not a 
homogeneous phase, and, as a consequence, the principal 
stress normal to the interface may differ from the other two 
stresses. 

Surface tension y may be defined as 

yf(*t-<r,)ds, (1) 

where at and <r f are the tangential and normal stresses, re¬ 
spectively, and the integration is taken over the thickness 
of the transition layer. 

From a consideration of the equilibrium of a portion of 
the transition layer, the following well-known formula is 
readily obtained, 

Y[(l/n)+(l/r«)]-A (2) 


Equations (2) and (3) hold in n dimensions. In yi, Y is 
easily identified from (3) as the operator yx so that (2) 
reduces to (1) in this rase. 


Letter to the Editor 

Gerald Pickett 

Kan so* Stale College, Manhattan . Kansas 
October 5. 1045 


T HE purpose of this letter is to call attention to the 
trend of many contemporary writers to regard 
surface tension as something not quite real, and to present 
a few arguments against this view. For example, in dis¬ 
cussing properties of liquid surfaces Glasstone 1 states “The 
tendency for a liquid to contract may be regarded as a 
consequence of its possession of free energy, ... As a 
result of the tendency to contract a surface behaves as if 
it were in a state of tension." Adam* is more positive that 
surface tension docs not really exist, that it only serves as a 
mathematical device. He says, “The essential mechanism, 
. . . of the production of the free surface energy, is the 
perpendicular inward attraction, exerted on the surface 
molecules by the underlying ones, there is no need to 
speculate how this can be transformed into a surface 
tension parallel to the surface, for the surface tension docs 
not exist as a physical reality, and is only the mathematical 
equivalent of free surface energy." 

The writer believes that surface tension is real, as real as 
any stress that may exist in a solid, liquid, or gas, and is 
concerned that progress in research may be hampered by 
the contrary view. A few arguments in favor of the writer’s 
view follow. 

For simplicity, consider only the surface tension of 
liquids at liquid-gas interfaces. For surface tension to exist 
points within the surface layer must have unequal principal 
stresses. Of course it is well known that at any point within 
a homogeneous liquid or gas at rest, the three principal 


» Glasstone. Textbook of Physical Chemistry (D. Van Nostrand Com¬ 
pany, New York, 1940). p. 473. _ _ KT 

• Adam, Physics and Chemistry of Surfaces (Oxford Press, New 
York, 1930). p. 6. (See also second edition, 193S and third edition, 1941). 


where r x and fs arc the principal radii of curvature of the 
interface, and p is the difference in the normal stress on the 
two sides of the interface. 

The validity of Eq. (2) is not questioned by those who 
deny the reality of surface tension; they merely derive it 
from consideration of energy (see page 13 of reference 2) 
rather than from the equilibrium of a free body. 

The writer will agree that for many if not most problems 
of interfaces the concept of surface energy will lead more 
directly to a solution than will the concept of surface 
tension just as many problems in mechanics are more 
simply solved by considering energy relations than by 
analysis of free bodies. For example, the lateral vibration 
of a bar could be studied by either energy methods or by 
methods based on free-body considerations. It might be 
argued (falsely) that there was no real longitudinal stress in 
the vibrating bar, since the motion and consequently the 
inertia forces are in a lateral direction. It is only from free- 
Ixxly analysis that one finds that longitudinal stress must 
accompany the lateral vibration of a bar. And from a free- 
body analysis of the transition layer between vapor and 
liquid, however thin that layer may be, one must accept the 
reality of surface tension. 

Not only is surface tension in the transition layer be¬ 
tween the homogeneous liquid and vapor phases real, but by 
making simplifying assumptions in regard to inter-particle 
forces; i.e., treat all forces as though'they were Van der 
Waals forces between non-polar molecules, the thickness of 
the transition layer and the distribution of stress within it 
can be theoretically determined. An approach in this 
direction was made by Hulshof* who showed that to a first 
approximation 


c/dp\* Cp&p 

*' "'" 2 W ~2 a**’ 


(3) 


where p is density and 

c-£m*)dz. 


where ^(s) is the attraction between a semi-infinite body of 
the material of unit density and a body of the material of 
unit mass located z distance from the semi-infinite body. 


165*(1901)*' * UebeT °** r fb‘ch*nspannung," Ann. d. Physlk (41 4, 
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On a Novel Form of Refrigerator 

Jenny E. Rosenthal 
Long Branch . New Jersey 
October 30. 1945 


T HE September, 1945 issue of the Journal of Applied 
Physics contains a letter by Moody 1 criticizing “A 
Novel Form of Refrigerator" by Roebuck.* In addition to 
showing the flaws in analysis and design of the apparatus, 
the .letter brings up several other points, which it is 
proposed to try to clarify in the following remarks. 

As shown by Moody, Roebuck f s machine is of awkward 
construction and cannot possibly make use of high speeds 
of rotation. In a subsequent publication it will be shown 
how a device can be designed so as to overcome these 
difficulties. For the present it will be assumed without proof 
that proper design makes it possible to raise the peripheral 
speed of rotation of the centrifuge at least to the value of 
1300 ft./sec. given by Stodola. s 

According to Kapitza 4 the efficiency of a turbine-like 
cooling device rests on the fact that the gas enters the 
cooling chamber at high density. If the compressor is ex¬ 
ternal to the turbine, then it is impractical to attain the 
high density by high pressure, hence Kapitza has to intro¬ 
duce the gas into the turbine at a low temperature. In a 
centrifuge, where a compressor and cooling expansion 
chamber can constitute a single rotor unit, it is practical to 
introduce the gas into the rotor at moderate pressures and 
hence into the expansion chamber at high pressure with 


1 A. M. G. Moody. J. App. Phys. 16, 551 (1945). 

* J. R. Roebuck. J. App. Phyg. 16, 285 (1945). 

* A. StodoJa, Steam and Gas Turbines (McGraw-Hill Book Company. 
Inc.. New York. 1927), p. 405. 

4 P. Kapitza, U. S. patent 2 280 585. 


accompanying high density. However, this high pressure 
can only be attained by rotating the centrifuge near the 
limit set by Stodola. Hence the need for a good mechanical 
design mentioned above. 

While unsatisfactory mechanically, Roebuck’s device is 
nevertheless based on a sound underlying principle, which 
is different from that utilized in the Nernst gas turbine or 
in the device patented by Kapitza. Roebuck’s reference to 
an article by Beams 6 reveals a fundamental fallacy in his 
conception of the operation of his cycle. Beams refers to an 
altogether different cooling effect, namely the cooling 
action of air jets external to the rotor. 

As pointed out by Kapitza, 4 the gas expansion turbine 
proposed by Nernst is ineffective because no provision is 
made to introduce the gas into the device at high density. 
When gas at high density is used in a properly designed 
device constructed on the same principle as Roebuck’s, the 
device functions as both a gas expansion and a hydraulic 
turbine, which makes use of centrifugal force. As mentioned 
before, Kapitza's device requires the introduction of a gas 
at a low temperature, a requirement which limits the range 
of usefulness of the device; although very efficient as a 
single stage unit, Kapitza’s device is not constructed to 
give a large temperature change. Also, as pointed out b> 
Moody, a single stage centrifugal unit cannot achieve a 
large temperature drop even if it runs at peripheral speeds 
near the limit set by Stodola, because the gas must expand 
under a pressure differential added to that attained 
through centrifugal force. This additional pressure differ¬ 
ential is achieved by introducing the gas into the rotor at a 
different pressure from that existing at the exhaust. 

1 J. Beam*. Science in Progrrxs (Yale Uni verm ty Press. New Haven. 
1940), Second Series, p. 246. 


Erratum: Secondary.Emission of Pyrex Glass 

□. App. Phys. 16, 453 (1945)1 
C. W. Mueller 

George Eastman Laboratories of Physics , Massachusetts Institute of Technology , 
Cambridge , Massachusetts 

T ABLE I erroneously gave a very early composition of Pyrex brand glass. 
The composition tested was: 

Table I. 


SOCk 80.5 NajO 3.8 

B& 12.9 K«0 0.4 

_AIA 2.2_ 
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Elastic Limit for Dynamic Loading 

jf V. Bargmann 

School 4f Mathematics, The Institute for Advanced Study , Princeton , 
New Jersey 

AND 

H. F. Ludloff 

Department of Aeronautical Engineering , York University , iV*w 

York , ATflv York 
November 25, 1945 

I N dealing with dynamic processes, one is often con¬ 
fronted with U>c problem whether the elastic limit of 
materials can be characterized by a critical stress value, 
such as exists for static loading. In the case of transversal 
impact of a mass, striking upon the center of a simply sup¬ 
ported beam, there are definite theoretical indications that 
the elastic limit is rather determined by a critical impulse, 
Jl l F(t\)dt i, where Fit) is the contact force between striking 
mass and beam. Fit) itself as well as local stresses may for 
short instants rise far beyond values that are permissible in 
statics. 

Recent experiments yield precise time records of the 
center deflection y e (t) of a beam under impact loading. If 
the deflection of the beam is considered as forced vibration, 
it is evident that there must be a unique relation lietween 
the deflection of the beam and the contact force producing 
it. While the derivation of ydt) from a known Fit) is a 
routine calculation, the inverse problem involves Laplace 
transforms and “convolution” of functions. To provide a 
rigorous method for the experimental determination of 
F(/)-curves, we have solved the following problem: 

Assume as experimentally known the center deflection of 
a simply supported beam with mass Af and fundamental 
frequency oj: 


y(0 




Hence 





vis) 

Ms) 


can be evaluated by complex integration, if the zeros of 
Ms) are known. 

(2) One can show that 


r/ f \ Pfinh r-binfl 

l6 W f»Lcoshr-hco8rJ , 

where £ «t($/2«)L 

The zeros of L(s) can be computed from simple transcen¬ 
dental equations with any required accuracy; the asymp¬ 
totic values are Sk~±uo(2k+i) 9 , for integer Jk2=l. The 
asymptotic expression for ** yields sufficiently accurate 
values, even for $i. 

(3) Since at the start of the impact F(0"0, we may 
assume y(0)*/(0)««/'(0); but y”'f*0. Then 


and 




After exchanging integrations and upon evaluating the 
residues according to standard methods, one obtains: 


2 (»+«.**) 
L * 4 ** v 

X/; sin 


which solves our problem. For all practical purposes: 
“0; fth* m (2ifc-f 1), 1. The series converges, as can be 

seen by partial integration, at least as 2 

(4) We arc particularly interested in the transmitted 
impulse: 


What is the contact force between striking mass and beam 

F{t)7 


Solution: 
(1) Put 


2 

n odd 


sin n*dt 
»* 


K{t), 


then 


Let 


><o« wS mK{f ~ tl)dt " 

*(*)- £r«-9W. 


then: 

n (s)~L(s)-*(s), i.e„ *(s)-i(s)/L(s). 


£F{h)dli~Mo, i|~ £y(h)dh 

+~2f t ‘ «m &*,•%,.>'(<•)*.}• 

T *k* J 

Also here the series converges, at least, as 2 •— 1 more ^ 

y'it) and fjyititfti, respectively, can be obtained more 
accurately from records than y"it) and y(0» respectively. 

Example: For a contact force Fit)**t, we have the 
deflection: 


y(t) m 2 U —=-sin 

' M» nodd n'<*\ J 

Inserting this in our inversion formula, we get: 




which equals /. 
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Here and There 


New Appointments 

Dr. Ivan A. Getting has been appointed associate pro¬ 
fessor in the department of electrical engineering of the 
Massachusetts Institute of Technology. During the war he 
was head of a division of the Radiation Laboratory at the 
Institute and directed research and development in the 
general held of the applications of radar to gunnery and 
associated problems. 

Dr. Ira S. Bowen, professor of physics at the California 
Institute of Technology, has been appointed director of the 
Mount Wilson Observatory. He succeeds Dr. Walter S. 
Adams, who retired January 1, 1946, after serving as 
director since 1923. 

Chester A. Snell, until recently associated with the 
Chemical Development Division, Aluminum Company of 
America, has joined the staff of Foster D. Snell, Inc., 
consulting chemists and engineers, Brooklyn, New York. 

Paul I). Zottu of Newton Centre, Massachusetts, for¬ 
merly chief engineer of Thermex Division, the Girdler 
Corporation, Louisville, Kentucky, has entered the field of 
consulting industrial electronic engineering. 

The British Columbia Industrial and Scientific Research 
Council has announced the appointment of three physicists 
to its staff. Dr. S. E. Maddigan, formerly head of the 
Division of Physics and Electro-chemistry at the Chase 
Brass and Copper Company, has been appointed Director 
of the Council. Dr. A. C. Young, who was with the Physics 
Section of the National Research Council of Canada during 
the war, has been appointed head of the Council’s Physics 
Division, and Dr. H. F. Batho, recently assistant professor 
of physics at the University of Manitoba, has been ap¬ 
pointed Associate Research Physicist. 

A. C. Menzies has been appointed Controller of Research 
and Development for the firm of Adam Hilger, Ltd., optical 
instrument makers of London. 

Guggenheim Awards 

Among the 36 recipients of fellowship awards announced 
in October by the John Simon Guggenheim Memorial 
Foundation were the following: Dr. Harold F. Blum, 
Principal Biophysicist, Naval Medical Research Institute, 
Bethesda, Maryland; Dr. Roy Overstreet, Assistant Soil 
Chemist, Division of Soils, University of California; Walter 
H. Pitts, staff member, Mediation Laboratory, Massa¬ 
chusetts Institute of Technology; Dr. Charles Kittel, 
Supervisor, Submarine Operations Research Group, U. S. 
Navy; Dr. Lindsay Helmholz, Assistant Professor of 
Chemistry, Dartmouth College. 

National Research Council Fellowships 

} Science reports thfc announcement of the National Re- 
Coun^)^.fcilow«hips(n mathematics, astronomy, 
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physics, chemistry, geology, paleontology, physical geog¬ 
raphy, zoology, botany, agriculture, forestry, anthropology, 
and psychology will be available for the year 1946-1947. 
These fellowships are awarded as a rule to persons under 35 
years of age who are citizens of the United States or Canada, 
and who have met all the requirements for the doctor’s 
degree. Applications must be filed on or before December 31 
on forms obtainable from the Secretary of the Fellowship 
Board in the Natural Sciences, National Research Council, 
2101 Constitution Avenue, Washington 25, D. C. A hand¬ 
book describing the fellowships (stipends, conditions, and 
tenure) will be furnished upon request. 

Dr. Jeffries Honored 

Dr. Zay Jeffries of the General Electric Company has 
been awarded the 1946 John Fritz Medal for ‘leadership in 
the solution of problems affecting the production, conserva¬ 
tion, substitution, and scientific appraisal of metals and 
alloys.” 

Annual Meeting of A.S.H.V.B. 

The Council of the American Society of Heating and 
Ventilating Engineers has announced that the fifty-second 
annual meeting of the Society will be held January 28 30 at 
the Hotel Commodore in New York City. 

Activities at Polytechnic Institute of Brooklyn 

A symposium on ‘‘The Application of Polymer Chemistry 
of Textile Fibers” was held at the Polytechnic Institute of 
Brooklyn on November 24 under the chairmanship of Dr. 
Milton Harris. A series of eight seminars on ‘‘Recent 
Progress in Biochemistry,” beginning in November, 1945, 
is being held at the Institute during the current academic 
year, and a series of fifteen seminars on alternate Saturdays, 
also beginning in November, is dealing with the newest 
developments in the scientific investigation of the chemistry 
of high polymers and the recent practical applications of 
polymers in the plastics industry. 

Material Handling Society Organized 

In Pittsburgh on October 8 a group of men interested in 
material handling voted to form a Society. Objectives for 
the Society include: furthering the application of good 
material handling practices; encouragement of an inter¬ 
change of ideas among the members; promotion of educa¬ 
tion and training in the science and practice of practical 
coordinated material handling; arranging for the collection 
and dissemination of information relating to all phases of 
material handling. Temporary Chairman is T. O. English, 
Aluminum Company of America. Temporary Secretary is 
Richard Rimbach of Materials Publishing Company. 
Further information may be obtained from Mr. Rimbach 
at 1117 Wolfendale Street, Pittsburgh 12, Pennsylvania. 

Organization of Applied Spectroscopy Society 

The Society for Applied Spectroscopy has been formed, 
by a group of practicing spectroscopists working in the 
New York metropolitan area. Meetings are held the fiftt 
Tuesday evening of each month and consist of eithdf a 
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lecture by some prominent speaker or a symposium on a 
general topic. At its first two meetings the Society heard 
lecturS tjy Dr. O. S. Duffendack of the North American 
Philips Company and Dr. G. H. Dieke of Johns Hopkins 
University. Among the topics to be covered in symposia at 
coming meetings are: types of excitation, types of equip¬ 
ment, measurement of radiant energy, absorption spectra, 
and spectroscopic nomenclature. Membership in the Society 
is open to anyone having an interest in applied spectros¬ 
copy. 'Fhoee interested can obtain more information from 
the Secretary, Cha'fas L. Guettel, Driver-Harris Company, 
Harrison, New Jersey. 

Meeting of Optical Society 

The winter meeting of the Optical Society of America 
will be held at the Hotel Statler in Cleveland, Ohio, on 
March 7-0, 1946. 

Industrial Research Institute at Chattanooga 

The Industrial Research Institute has been established at 
the University of Chattanooga “to provide the following 
contract services on a non-profit basis to Chattanooga, the 
South, and the Nation: research for industry; fundamental 
studies in pure and applied science; the training of scientists 
and skilled workers; the maintenance of an up-to-date 
science library with reference service." Director of the new 
Institute is Dr.~Raymond B. Seymour. 

Columbia University Honored for Atomic Research 

Science reports the recent presentation by the War 
Department to Columbia University of a scroll in recogni¬ 
tion of its contribution to research on the atomic bomb. It 


was accepted for the university by Dr. George Pegram, 
chairman of the University Committee on War Research 
and dean of the graduate faculties. Dr. Nicholas Murray 
Butler,* president emeritus of the university, gave the 
closing address at the ceremony. He singled out for special 
commendation Dean Pegram; Dr. Harold Clayton Urey, 
professor of chemistry; Dr. Enrico Fermi, professor of 
physics; and Dr. John R. Dunning, professor of physics. 


Technical Translations 


The R. T. P.’s translations listed below are available 
from the Durand Reprinting Committee in care of Cali¬ 
fornia Institute of Technology, Pasadena 4, California. 

These were selected for reprinting from the British 
Ministry of Aircraft Production R. T. P. List No. 123. 


2503 

2506 

Scdow, L. I. 

2507 
K. L. 

2508 

Heilbing, F. 
2511 

Busemann, A. 

2516 

2517 

Fischer, H. 


2518 

Zeerleder, A. 

2519 

Posch!, Th. 
2523 
Roos, H. 


The Lorin Noule for Aircraft Propulsion (Focke-Wulff 
Flugzetigbau. O.m.b.H. Bremen). (40 pages) 

Planing on a Water Surface (T.W.F. No. 4-5. 1940). 
(28 pages) 

Pieno-Electric Microphone of Small Dimensions 
(Z.V.D.I. Vol. 87. No. 25/26. June 26. 1943. p. 406). 
(1 page) 

Development of the Weibel Welding Process for Aircraft 
Construction (Junkers. Nachtrichten. Vol. 14. No. 7/8 
July-Aug.. 1943, pp. 53-59). (8 pages) 

Laval Norules for Uniform Super-Sonic Flow (Z.V.D.I. 
Vol. 84. No. 45. 9.11.40. pp. 857-862). (9 pages) 
German De-Icing Technique (Reports on development, 
devices, etc.). (8 pages) 

The Role of Inhibitors in the Electrolytic Percipitation 
of Metals (Part II-Part I, see R.T.P. Trans. 2213). 
(Kolloid-Zeitschrift, Vol. 106, No. 1—Jan. 1944, pp. 
50-62). (16 pages) 

Testing of Aluminum Castings (Die Giesserei. 9.1.42* 
pp. 7-10). (6 pages) 

On the Increase of Stress in a Plate with Circular Holes 
and Under 7'ension (5 pages) 

New Equipment of the Junkers Research Station 
(Luftfahrtforschung. Vol. 13, No. 2, pp. 67-70, 
20.2.1936). (7 pages) 


New Booklets 


Interchemical Review , summer issue, 1945, features an 
article on oriental lacquer work and a discussion of scientific 
research by Vannevar Bush. Published quarterly by the 
Research Laboratories of Interchemical Corporation, 432 
West 45th Street, New York 19, New York. 

North American Philips Company, 100 East 42nd Street, 
New York 17, New York, has issued a new 8-page booklet 
entitled Fine Wire of Special Materials. It brings the reader 
up to date on manufacturing methods and problems con¬ 
nected with wires 0.002" to 0.0007" diameter and smaller. 


Crystal Research Laboratories, Inc., 29 AHyn Street, 
Hartford, Connecticut, has published a new catalog de¬ 
scribing various types of crystals manufactured by the 
Laboratories, and their possible usages, both in the com¬ 
munication and industrial fields. 8 pages. 

Industrial Research Institute, Inc., 60 East 42nd Street, 
New York 17, New York, has released for distribution 
outside the membership of the Institute a monograph on 
Organization of Technical Research in Industry . 16 pages. 
Copies may be obtained without charge from the Institute. 
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ELECTRON MICROSCOPE SOCIETY OF AMERICA 


T HE Electron Microscope Society of America held its 
third annual meeting November 30-December 1 at 
the Frick Chemical Laboratory of Princeton University. 
Over two hundred people attended. In addition to the 
announced program of papers, abstracts of which are 
printed below, the following papers were presented in 
discussion: 

H. C. Hicklk and H. S. Davidson. Imperial Paper and Color Cor- 
poration , Dispersion Methods 

S. F. Kern. Celanese Corporation of America, Silica Replica Techniques 
Applied to Fibers 

N. Davidson and R. F. Baker. RCA Laboratories, Shadow Casting 
Technique in Electron Microscopy 

James Hillier, RCA Laboratories , Further Improvements in the 
Resolving Power of the Electron Microscope 

The following officers were elected: 

President, David Harker. General Klectric Research Laboratory 
Vice President, L. Marton, Stanford I'niversity 
Secretary-Treasurer, John Turkevicli, Princeton Tniversity 
Director, James Hillier. RCA Laboratories 
Director, Ralph W. G. Wyckoff, National Institute of Health 


1. Formal Opening of Meeting. James Hillier, Presi ¬ 
dent , 


2. Welcoming Remarks. Hugh S. Taylor, Dean of 
Graduate School, Princeton University. 


3. A Brightness Meter for Use on Electron Microscopes. 

F. W. Cuckow, National Physical Laboratory, Teddington, 
Great Britain, (Time: 10 min.)—High contrast plates are 
normally used on electron microscopes and a brightness 
meter was first used simply as an exposure meter to ensure 
consistent results. The “reduced beam angle” technique 
leads to improved picture sharpness and involves visual 
focusing at a high screen intensity followed by a slight 
reduction of objective lens current and then exposure at 
the lower intensity consequent on reduction of beam angle. 
It has been shown that this procedure can be reduced to 
a routine giving consistently good results provided that 
the high and low intensities are both set by reference to 
the brightness meter and that the objective lens current 
is reduced by a pre-determined amount. 


4. Measurements on Image Distortion in the RCA Type 
EMU Microscope. Robert G. Picard, RCA. Victor 
Division, Camden, New Jersey, (Time: 15 min.)—A dis¬ 
cussion of the lens system of .the type EMU microscope. 
The magnification range and distortion studies and 
qjpeasurements throughout tifoe range will be shown. 


5. A Study of Distortion in Electron Microscope Pro¬ 
jection Lenses. James Hillier, RCA Laboratories, Prince¬ 
ton, New Jersey . (lime: 15 min.)—'The “first-order” theory 
of distortion in electron microscope projection lenses is 
presented and is shown to agree with experiment to within 
thoesperiittental error. It is shown to be possible to obtain 
s of correction of distortion by the proper 


combination of two electron lenses. An experimental 
double-gap pole-piece for a magnetic projection lens and 
the distortion patterns obtained with it are also described. 

6. New Accessories for Electron Microscopes. Perry C. 

Smith, RCA Victor Division, Camden, New Jersey, (Time: 
15 min.)—A new design of vacuum unit wherein various 
materials may be evaporated or sputtered; a new design 
of vacuum gauge wherein pressures from atmospheric to 
better than 10" 4 mm Hg may be measured; an electron 
spray device for replenishing electrons to specific materials 
while under electron bombardment in diffraction studies; 
and a mechanical film spreader for fabricating films for 
supporting electron microscope specimens will be de¬ 
scribed. 

7. The Preparation of Powdered Materials for Electron 
Microscopy. Mary C. Schuster and E. F. Fullam,* 
Interchemical Corporation, New York, New York, (Time: 
15 min.)—The basic problems involved in the preparation 
of powdered materials for electron microscopy are dis¬ 
cussed, with special reference to effecting and maintaining 
an adequate dispersion of ultimate particles. Various tested 
methods are described for forming thin films of clear 
resins, and for mounting dispersed powders on these films. 
Procedures are also given for dispersing and mounting 
powders suspended in resin solutions. The properties and 
applications of various resins and solvents are described, 
and electron micrographs are shown of several types of 
mounts. 

8. Specimen Mounting Techniques for Inorganic Chem¬ 
icals. James Hillier, RCA Laboratories, Princeton, New 
Jersey, (Time: 15 min.)—The mounting of inorganic 
chemicals for observation in the electron microscope is 
discussed and a number of techniques are described. 

9. A High Speed Microtome for the-Electron Micro¬ 
scope, Ernest F. Fullam* and Albert E. Gesslkr, 
Interchemical Corporation , New York. (Time: 20 min.)— 
Recognizing the need of a relatively simple method for 
making thin cross sections suitable for the electron micro¬ 
scope, a high speed microtome was designed after the one 
built by O'Brien and McKinley. The knife, a piece of 
razor blade mounted on a wheel rotating at 57,000 r.p.m. 
moves at speeds up to 1100 feet per second. It is able to 
make cross sections from (0.1 to 1 micron thick) suitable 
for stereoscopic electron micrographs of animal tissue, 
rubber, rayon, Lucite, Nylon, and other materials. A 
number of sectioning techniques were developed for use 
with the instrument. One of these employed the use of 
volatile solid embedding material and their eutectic 
mixtures to support the sample while being cut and the 
sections during their collection. Such materials have the 1 
advantage that they require no solvent extraction from 

- y 

* At present at General Electric Company. Schenectady. New Ywk. 
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the sections with the resulting solvent removal difficulties. 
A number of cross sections of different materials are shown 
indicating the possibilities of the apparatus in many fields. 

10. The Form of Particles of Nickel Produced by the 
Carbonyl Process. F. W. Cuckow, National Physical 
Laboratory , Teddington , Middlesex, Great Britain. (Time: 
10 min.)—Electron microscopical examination of (car¬ 
bonyl) nickel powders consisting of particles a few microns 
in diameter has revealed two types of powder consisting 
respectively of (a) a mixture of irregularly shaped and 
cube shaped particles, each with rough surfaces, and (b) 
characteristically shaped particles with smooth surfaces. 
The form of the smooth surfaced particles could not be 
determined until evidence from the electron microscope 
was combined with evidence from the light microscope. 
It was then inferred that the smooth surfaced particles 
were single crystals in the form of icositetrahedra, probable 
indices of faces (544). 

11. Metal Shadowing of Preparations for Electron 
Micrography. Robley C. Williams and Ralph W. G. 
Wyckoff, University of Michigan , Ann Arbor , Michigan. 
(Time: 20 min.)—A technique is described for preparing 
objects for electron micrography by depositing obliquely 
onto them a thin him of metal. This procedure, which can 
be thought of as a form of surface staining, makes evident 
many details that cannot otherwise be clearly seen and 
also gives the resulting micrographs a' definite three- 
dimensional quality. Examples will be shown of photo¬ 
graphs of such “shadowed’* objects as purified viruses and 
other particles of macromolccular dimensions, replicas of 
such particles and replicas of surfaces of glass, crystals, and 
preparations of metallographic interest. 

12. A Shadow-Catting Adapter for the Electron Micro¬ 
scope. Thomas F. Anderson, Johnson Foundation , 
University of Pennsylvania , Philadelphia , Pennsylvania . 
(Time: 10 min.)—A device fitting on the specimen chamber 
door seat is described which permits the evaporation of 
metal onto the specimen in the high vacuum of the electron 
microscope itself. The specimen can be observed during 
the shadow-casting process to insure that proper thick¬ 
nesses of metal are obtained. Results are illustrated with 
bacteria and bacterial viruses. 

13. Metal Shadowing with Virus. D. Gordon Sharp, 
School of Medicine , Duke University , Durham , North 
Carolina . (Time: 15 min.)—Electron pictures showing 
marked three-dimensional properties have been obtained 
with virus by the method of metal shadowing. 1 Metal 
molecules deposited in vacuum by evaporation on the 
surface of electron microscope preparations are made to 
cast shadows of the virus particles. These preparations are 
then photographed in the electron microscope by trans¬ 
mitted electrons in the usual way. Examples of the work 
done in this way will be shown together with conventional 
electron micrographs of the same materials. 

1 R. C. Williams, and R. W. G. Wyckoff, Proc. Soc. Exp. Biol, and 
Med. 58.285 (1945). 


14. Report of the Committee on Resolving Power. 

(Time: 45 min.) 

15. Recent Developments in the Field of Electron 
Microscopy (Invited paper). Ralph W. G. Wyckoff, 
National Institute of Health , Bethesda , Maryland . 

16. A Study of Oxide Films Formed on Metals and 
Alloys by Electron Microscopy and Diffraction. R. T. 
Phelps and Earl A. Gulbranskn, Westinghouse Research 
laboratories , Pittsburgh , Pennsylvania . (Time: 20 min.)— 
Highly polished samples of metals and alloys are oxidized 
at controlled conditions of temperature and time in a 
furnace attached to a diffraction camera. Diffraction 
patterns by the reflection technique are obtained on the 
samples before and after oxidation at the temperature of 
oxidation, also at room temperature after cooling. The 
thin oxide films, 100 to 400A thick, are stripped from the 
oxidized metal by chemical or electrochemical means for 
examination by transmission electron microscopy and dif¬ 
fraction. Electron micrographs reveal the following infor¬ 
mation concerning the oxide film: (1) particle size, (2) 
particle size distribution, (3) particle shape, (4) uni¬ 
formity of film thickness, and (5) type of micrograph. 
Diffraction patterns are used to identify the composition 
of the films and to indicate approximate particle sizes. 
Complete agreement between reflection and transmission 
diffraction patterns is not expected in the films containing 
more than one metal or more than one oxidation state of a 
metal. Inherently the two methods sample the film dif¬ 
ferently. 

17. An Electron Diffraction Study of Oxide Film Forma¬ 
tion on Metals and Alloys. Earl A. Gulbransen and 
J. W. Hickman, Westinghouse Research Laboratories , East 
Pittsburgh , Pennsylvania. (Time: 20 min.)—The reflection 
method is applied to the study of the oxidation read ion 
of metals with air or oxygen atmospheres. The experiments 
arc carried out “in situ’* over the temperature range of 
200 to 700°C and over a wide time range. Existence charts 
of the oxides formed are plotted as a function of time and 
temperature of the oxidation reaction. These charts are 
used to correlate the structure with the protective nature 
of the oxide film. The factors influencing the formation of 
a particular oxide are briefly discussed. 

18. Investigation of Etched Metallic Surfaces by Elec¬ 
tron Diffraction and the Electron Microscope. R. D. 
Heidbnreich,* L. Sturkey and H. L. Woods, The Dow 
Chemical Company , Midland , Michigan. (Time: 20 min.)— 
A method of rinsing metal surfaces immediately after 
etching is described which produces surfaces that are 
“clean** as far as electron diffraction is concerned. Ex* 
amples of the method are presented including magnesium 
alloys, steel and copper alloys. The combined technique of 
electron microscopy and electron diffraction proves to be 
very sensitive to minute amounts of secondary phases and 

* Now at Sell Tetephorie Laboratories. Inc., Murray Hill, New 
Jeney. 1 
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impurities in etched metals. The decomposition of mar¬ 
tensite at 200°C is shown to produce a colloidal mixture 
the slow etching component of which is Fe>N. At 400 e C 
the slow etching component is the usual Fe*C. The nitride 
formed at 200°C can be converted to the carbide by further 
heating at 350°C. The position of these results relative to 
the earlier x-ray diffraction work is discussed. In the case 
of an aluminum-copper alloy, the usual etchants are not 
satisfactory due to the re-deposition of the copper on the 
etched surface as polycrystalline metal. Pure aluminum 
can be etched to produce clean surfaces. Difficulty with 
small amounts of impurities in copper alloys is illustrated 
by /9-brass containing 0.0005-0.001 percent Ag. When 
etched in an acetic-nitric acid reagent, the silver impurity 
is dissolved and then precipitated onto the etched surface 
in the form of spherical particles about 1000A in diameter. 
Electron micrographs and electron diffraction reflection 
patterns for beryllium copper are shown although a 
systematic study of this system has not l>cen completed. 
The possibilities for research on metals using these tech¬ 
niques are discussed not only from the standpoint of 
metallurgical structures but from that of studying the 
formation of surface films in various atmospheres. 

19. The Application of the Electron Microscope to the 
Study of Metals (Invited Paper). David Harker, Re¬ 
search Laboratory , General Electric Company , Schenectady f 
New York . (Time: 60 min.) 

20. An Application of the Electron Microscope to the 
Study of Animal Cells (Invited Paper). Keith R. Porter, 
The Rockefeller Institute for Medical Research , New York , 
New York . (Time: 60 min.). 

21. Micrographs of Insect Wings. E. F. Burton, De¬ 
partment of Physics , University of Toronto , Toronto , On¬ 
tario, Canada . (Time: 10 min.) 

22. An Investigation of Transverse Striations and 
Myosin Filaments in Muscle. C. E. Hall, M. A. Jakus 
and F. 0. Schmitt, Massachusetts Institute of Technology , 
Cambridge , Massachusetts . (Time: 20 min.)—Electron 
microscope specimens of striated muscle were obtained 
by fragmenting fixed muscles in a blender. This treatment 
tends to split the fibre bundles into their constituent fibrils 
(myofibrils) along natural cleavage boundaries. Electron 
microscope examination of such fibrils permits a more 
detailed description of the transverse striations previously 
observed with the light microscope and provides additional 
information on other structures below light microscope 
resolution. The fibrils consist chiefly of parallel myosin 

* filaments ranging in width from 50 to 250A. The filaments 


extend continuously through the anisotropic and isotropic 
bands and pursue a straight course in both extended and 
contracted states. Electron micrographs were also made 
of myosin filaments obtained by extracting fresh muscle in 
weakly alkaline salt solutions after the method of Edsall. 
Statistical measurements were made of lengths and widths 
of filaments from rabbit, frog, lobster, scallop, and clam. 
Lengths vary from 500 to 20,000A and show significant 
variations from one animal form to the next. Widths range 
from 50 to 250A and show relatively little variation between 
forms. 

23. The Structure of the Trichocysts of Paramecium. 

Marie A. Jakus, Massachusetts Institute of Technology , 
Cambridge , Massachusetts . (Time: 15 min.)—The minute 
size of trichocysts makes them a suitable object for electron 
microscope investigation. Extruded trichocysts can be 
readily obtained by stimulating electrically a natant 
paramecium on an electron microscope specimen grid. 
Each trichocyst is found to consist of a dense pointed tip 
and an elongated shaft which appears cross-striated in 
electron micrographs. It is suggested that the shaft con¬ 
sists chiefly of thin cylindrical membrane formed by the 
close packing of longitudinal fibrils, in phase with respect 
to a periodic axial pattern. The structure and chemical 
properties of this membrane are discussed. 

24. Electron Microscope Studies of the Structure of 
Chloroplasts, Chromoplasts, Leucoplasts Showing their 
Relationship to “Cellulose Particles,” Carotin “Crystals” 
and Colloidal Carbon. Edith A. Roberts, Vassar College , 
Poughkeepsie , New York . (Time: 10 min.)—The photo¬ 
graphs taken with the electron microscope would indicate 
that the granules of which the chloroplasts, chromoplasts, 
and leucoplasts are composed are the same as the “cellulose 
particles” of which cell walls are built, the bodies of which 
carotin “crystals” are composed and the same as those 
found in colloidal carbon. All these granules are made up 
of similar primary (0.5 m); secondary (0.25 m); tertiary 
(0.15 m); quarternary (0.05 m); quintary (0.02 m); and 
senary (0.01 m) units. 

25. Electron Microscope Studies of the Structure of 
Starch, Showing its Relationship to Plastid Structure. 
Mildred D. Southwick,' Vassar College , Poughkeepsie , 
New York . (Time: 10 min.)—Studies are made of the 
structural organization of starch grains from several genera 
of plants using the electron microscope. These starch 
grains are taken from varied storage organs—seed, fruit, 
root, or tuber. The structure of the starch grain is compared 
with that of the chloroplast and the starch bodies which 
appear in the chloroplasts of the same plant. 
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Problems in Non-Elastic Deformation of Metals * 

By Clarence Zener ** and J. H. Hollomon 

Research Division. Watertown Arsenal. Watertown. Massachusetts 


In this article an attempt is made to examine the goal! 
of current and of possible future types of research con¬ 
cerned with the non-elastic deformation of metals. It is 
found that an understanding of non-elastic deformation 
would be enhanced by research upon the following topics: 
1. The anelasticlty associated with the viscous behavior 
of grain boundaries and the at least temporary viscous 
behavior of slip bands. 2. The mechanics of the initiation 
and growth of twin bands. 3. The mechanics of the initia¬ 
tion and growth of slip bands, including the drop in 


resistance to deformation which accompanies the initial 
slip bands. 4. The mechanics of the segregation of solute 
atoms in solid solution, such as of carbon and nitrogen in 
iron. 5. The conditions under which strain hardening is 
not removed by recovery or by recrystallization, and 
hence under which a mechanical equation of state exists, 
i.e., under which a relation exists between strain rate, 
strain, stress, and temperature. 6. Variation of the heat of 
activation for plastic strain rate upon stress and upon the 
microstructure. 7. Anisotropy introduced by deformation. 


I N all fields of investigation it is advisable now 
and then to assess the potentialities of the 
various paths along which further research may 
profitably proceed. Such an assessment should 
be particularly valuable in the fields of plastic 
deformation and fracture of metals, because of 
the large number of variables involved in the 
types of experiments which may be performed 
and in the types of materials to be investigated. 
In this and an accompanying report, attempts 
are made to examine the goals of current and 
possible future types of research concerned with 
the non-elastic deformation and fracture of 
metals. 


L INTRODUCTION 


In an idealized metal the stress-strain relation 
consists of two parts, elastic and plastic. The 


* The statements or opinions in this article are those of 
the authors and do not necessarily express the views of the 


Ordnance Department. , _ , , .. . , ... 

** Now at the Institute for the Study of Metals, Uni¬ 
versity of Chicago, Chicago, IHinois. 


essential feature of the first part is that of 
reversibility, i.e., the uniqueness of the relation. 
This relation is usually, but is not necessarily, 
regarded as linear. The essential feature of the 
second part is the presence of a permanent set. 
Thus in Fig. 1 the path ABB' is traced in loading, 
B'A' is traced in unloading, while the permanent 
set A A' remains. The slope of the stress-strain 
relation in the plastic region is usually, but is 
not necessarily, positive. 
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Fig. 2. Typical stress-strain relation of an actual metal in 
the pre-plastic region. 

No real metal possesses an ideally elastic 
region. Even though a definite yield stress may 
exist below which no permanent set occurs, the 
strain is a function of the past history of the 
stress as well as of its instantaneous value. A 
stress-strain curve in the pre-plastic region may 
thus be like that represented in Fig. 2; the 
recovery takes place gradually after the re¬ 
moval of the load. If the observations cease 
before the hysteresis loop is essentially complete, 
the observer will deduce that the metal has 
acquired a permanent set, and has thus behaved 
plastically. That property of a solid in virtue of 
which stress and strain are not uniquely related 
in the pre-plastic range has been called anelas- 
ticity. An appreciation of anelastic phenomena 
is therefore essential to a complete understanding 
of plastic deformation. 

The plastic part of the stress-strain curve in 
Fig. 1 is idealized in two respects. Firstly, in the 
case of alloys the curve as observed is often 
jagged, consisting of “serrations.” Secondly, the 
curve for a real metal approximates that in Fig. 
1 only if certain parameters are maintained con¬ 
stant during the test, such as strain rate and 
temperature, parameters which under many 
conditions of strain do not remain constant. 

No intrinsic difficulties prevent one from 
deducing the elastic part of the idealized stress- 
strain curve under any stress pattern from the 
^simple tensile test, provided Poisson’s ratio is 
also measured. Similarly, one may predict the 
plastic portion of the idealized stress-strain 
curve for an arbitrary stress pattern,from data 
obtained in simple tension, upon taking Poisson’s 
ratio equal to J. Such predictions are not however 
akisupcessful as in the elastic case. 


From the above brief introduction it is clear 
that the non-elastic behavior of metals cannot 
be described in simple terms except under very 
special conditions. In order to understand the 
multitudinous ways a metal may respond to the 
application of stress, it will be necessary first to 
understand the details of deformation on a 
microscopic scale. 

The physical origins of anelasticity have re¬ 
cently been reviewed by one of the authors. 1 The 
origins are of two general types. The first type is 
associated with some sort of diffusion induced by 
applied stresses, e.g., thermal diffusion, atomic 
diffusion, magnetic flux diffusion. The second 
type is associ.ited with isolated regions which 
behave in a viscous manner. Whatever the 
origin of the anelasticity, Boltzmann 2 has shown 
how one may predict the behavior of the speci- 
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Fig. 3. Illustration of initiation of dislocations. 

1 C. Zener, “Anelasticity of metals,” Trans. A. I. M. E, 
(in press). 

1 L. Boltzmann, “Zur Theorie der elastische Nachwirk- 
ung,” Ann. d. Physik 7, 624 (1876); also Sitz. Wien Afoul. 
[2] 70, 275 (1874). T 
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men under any conditions of loading from 
observations made upon the response when a 
fixed load is suddenly applied. 

A detailed description of one microscopic 
mechanism for plastic deformation in crystal 
lattices was first given by Orowan 3 based upon 
suggestions of Polanyi. According to this de¬ 
scription, plastic deformation takes place in two 
stages. In the first stage lattice distortions of a 
particular type are produced in the vicinity of a 
region of low shear resistance. These distortions 
are known as dislocations. Their mode of genera¬ 
tion is illustrated in Fig. 3. In the second stage 
the dislocations are propagated through the 
lattice. This propagation is hindered by any type 
of lattice disturbance, such as other dislocations 
(which hindrance gives rise to strain hardening), 
precipitates, grain boundaries, etc. 

A second possible mechanism of plastic defor¬ 
mation is by the formation of twins. No satis¬ 
factory dynamic theory has yet been advanced 
as to how such twin formation occurs. 

If these four mechanisms, diffusion, viscous 
flow in isolated regions, dislocations, and 
twinning, are the only mechanisms for non¬ 
elastic behavior of metals, it must be possible to 
interpret all observed types of non-elastic 
behavior, and the influence thereon of micro- 
structure, in terms of one or other of these 
mechanisms. 

H. ANBLASTICITY 

Viscous flow in isolated regions may, on the 
other hand, cause deviations of more than 100 
percent from perfect elasticity. Viscous flow may 
be expected in regions where the atoms are 
arranged in an amorphous, or non-crystalline, 
manner. Thus the atoms on the two sides of 
grain boundaries cannot be aligned with one 
another, and so such boundaries might be 
expected to behave in a viscous manner. The 
profound effects of viscous slip upon the stress- 
strain relation may be seen from Fig. 4. This 
figure has been constructed from the recent work 4 
of W. A. West of this laboratory. One practical 
problem of great importance in which viscous 
slip at grain boundaries may play a dominant 

3 E. Orowan, “Zur Kristallplastizitat," Zeits. f. Physik 

89,605,614,634 (1934). . , 

4 W. A. West, “Elastic after-effects in iron wires from 
20°C to 550°C, M communicated to A. I. M. E. 



Fig. 4. Anelastic behavior of an iron wire due to viscous 
flow at grain boundaries, after experiments of West 
(reference 4). 

role is stress relaxation at elevated temperatures. 
Thus in the example of Fig. 4, 60 percent of the 
stress was relaxed by a recoverable anelastic 
deformation associated with grain boundary slip, 
not more than 6 percent by plastic deformation. 
Another problem of even greater practical im¬ 
portance in which viscous slip at grain boundaries 
may play a dominant role is creep at elevated 
temperatures when close tolerances must be 
maintained. Thus with the iron specimen from 
which the data of Fig. 4 were taken, ten minutes 
at 500°C would more than double the strain 
under conditions of constant stress. At least 95 
percent of this additional strain would be of the 
recoverable anelastic type associated with grain 
boundary slip. 

Rosenhain 5 recognized the importance of 
viscous grain boundary slip in the 1910's, and 
performed many experiments demonstrating the 
existence of such slip. In spite of the above-men¬ 
tioned practical importance of this phenomenon, 
no experiments have been performed during the 
intervening 30 years to measure in any metal 
the relation between rate of slip across the grain 
boundary and the stress which causes such slip. 
This complete absence of experimental data is 

3 W. Rosenhain and D. Ewen, “Intercrystalline cohesion 
in metals," T. Inst. Metals [2], 8, 149 (1912); also Intro¬ 
duction to Fkysical Metallurgy (Constable and Company, 
London,il9l5);pp. 255-264. , $ 
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due to the fact that nearly all physical testing 
of metals, especially in this country, has been, 
and is still being, done with an entire disregard 
of the microstructure of the metal. This pro¬ 
cedure is a reflection of the lack of faith in the 
ability of physical science to predict the gross 
mechanical behavior of metals in terms of the 
mechanical behavior of the individual con¬ 
stituents, a faith to which the present authors 
adhere. 

Until an atomistic interpretation of all non¬ 
elastic effects is forthcoming, it will be useful to 
have certain phenomenological concepts regard¬ 
ing the mechanical behavior of microscopic ele¬ 
ments larger than atomic dimensions. Such a 
concept is, for example, that of viscous grain 
boundaries. Another concept which may prove 
of value is that of viscous slip bands, a concept 
which may be studied by anelastic measure¬ 
ments. 

It was recognized as early as 1900 that plastic 
deformation was confined to slip bands, 6 that 
such deformation introduced anelastic phe¬ 
nomena, such as mechanical hysteresis, and that 
this anelasticity was removed 7 by annealing at 
temperatures as low as 100°C. Rosenhain 8 pointed 
out in 1905 that these effects of plastic deforma¬ 
tion indicated that the material in freshly 
formed slip bands behaved as if it were disor¬ 
ganized, i.e., in a viscous manner, and that upon 
aging this material gradually assumed the order 
of the surrounding matrix. During the inter¬ 
vening 40 years no experiments have been per¬ 
formed for the purpose of further elucidating the 
mechanical behavior of freshly formed slip bands. 
Many observations have been made upon special 
aspects of the anelasticity introduced by plastic 
deformation. These have been reviewed in 
reference 1 It is not to be expected, however, 
that such observations can contribute to an 
understanding of the mechanics of deformation 
until they are interpreted in terms of the 
"mechanical properties of the constituent slip 
bands. 

•J. A. Ewing and W. Rosenhain, “Experiments in 
micrometallurgy—effects of strain," Phil. Trans. Roy. 
Soc. 193, A353 (1900). 

y J. Muir, "Recovery of iron from overstrain," Phil. 
Ttans. Rpy. Soc. 193, A1 (1900). 

t 9 W. Rosenhain, "Deformation and fracture in iron and 
stsU^ Iron and Steel [23 70, 139 (1906). 
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m. MECHANISM OF PLASTIC DEFORMATION 

Plastic deformation in metals, that is, per¬ 
manent deformation, may occur by two distinct 
mechanisms: deformation by twinning and 
deformation by slip. In any particular case 
deformation may proceed by any combination 
of these two types. 

Two adjacent parts of a crystal separated by 
a plane are said to be twins when their crystal¬ 
lographic axes are different but are so related 
that each part is the mirror image of the other 
part with respect to their common plane. The 
crystallographic relations between known twins 
are given by Schmid and Boas® and by Barrett. 10 
Twinning is deformation through the formation 
of twins. The final configuration may be thought 
of as having been attained by a homogeneous 
simple shear parallel to the common plane. 
Twinning is not associated with any lattice dis¬ 
tortion. 

Deformation by slip is said to occur whenever 
strain is confined to narrow bands which are not 
twins of the adjacent region. The orientation of 
the slip bands, as well as the direction of slip, 
are observed to have certain crystallographic 
relations with the parent lattice. These relations 
are given by Schmid and Boas 11 and by Barrett. 12 
The material within the slip band has in general 
the same orientation as the parent lattice, but 
suffers considerable fluctuation from region to 
region. 

Temperature and rate of strain are the primary 
factors which determine in what manner a 
crystalline material will deform. As the tem¬ 
perature increases, or the rate of deformation 
decreases, the resistance to deformation by slip 
decreases rapidly, resistance to deformation by 
twinning decreases less rapidly, if indeed it 
decreases at-all. Stress gradient is another factor 
which has some influence in determining the 
manner in which deformation will occur. A 
macroscopic deformation may be thought of as 
the superposition of many small deformations, 
the smallest possible deformation being called an 

9 E. Schmid and W. Boas, Kristallplastizitat (Verlags- 
buchhandlung Julius Springer, Berlin, 1935), p. 100. 

10 C. S. Barrett, Structure of Metals (McGraw-Hill Book 
Company, Inc., New York, 1943), p. 312. 

11 Reference 10, p. 90. *■’ 

“ Reference 10, p. 289. 
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elementary deformation. Each elementary’ defor¬ 
mation is essentially confined to a limited region. 
To a first approximation only the average of the 
stress throughout the region is important in 
determining whether an elementary deformation 
will occur. In deformation by twinning and by 
slip the lateral dimensions of the region are 
comparable to the crystal size. Whether stress 
localization favors slip over twinning, or vice 
versa , is not at present known. Composition is 
another factor which has some influence over the 
type of deformation which occurs. Thus the 
addition of silicon to iron raises the resistance 
to deformation by slip relative to the resistance 
to deformation by twinning. 1 * Whether this 
effect of silicon is common to all solid solutions 
is not known at present, nor is the relative effect 
of insoluble precipitates known. 

A. Twinning 

As was probably first observed by Chalmers 14 
in his experiments upon tin, deformation by 
twinning is a discontinuous process on a macro¬ 
scopic scale, in other words, the region of an 
elementary deformation is of macroscopic dimen¬ 
sions. It would be antipicated that under condi¬ 
tions of a uniform stress a critical shear stress 
would exist for the initiation of a twin. Actually, 
however, the conditions for the initiation of a 
twin appear to be so structure sensitive that in 
no case has a reproducible resolved critical shear 
stress for twin formation been obtained in work 
upon single crystals. Unlike deformation by slip, 
deformation by twinning may start in a local 
region of high stress concentration and propagate 
for a long distance through regions which were 
under no stress prior to deformation. (See Fig. 47 
of Schmid and Boas.) One might suspect that 
this ability of twins to be set off by local stress 
concentrations would render the critical resolved 
shearing stress for twin initiation sensitive to 
surface irregularities. This possible effect of 
surface irregularities has not been investigated. 

Once a twin band has been formed, the band 
may grow continuously by the propagation of the 

“ C. S. Barrett, G. Ansel and R. F. Mehl,'"Slip, twinning 
and cleavage in iron and silicon ferrite,” Trans. Am. Soc. 
Metals 257702 (1937). , . . , f . „ 

14 B. Chalmers, “Twinning of single crystals of tin, 
Proc. Phys. Soc. (London) 47, 733 (1935). 


twin interfaces. Thus the twin bands of recrystal¬ 
lized alpha-brass grow broader as the grains 
grow. No studies have been made upon the 
dependence of the velocity of these interfaces 
with the various parameters, such as with stress 
and temperature. 

Phase transformations by lattice shear have 
many features in common with twinning. Ex¬ 
amples are the formation of martensite in steel 
and of martensite-like structures in beta-brass. 
Any progress in understanding the "mechanics of 
one phenomenon will aid in the understanding of 
the other. 

B. Slipping 

As a first approximation, deformation by slip 
may be regarded merely as the slipping of one 
set of planes upon another. This picture is suf¬ 
ficiently accurate to predict the planes and 
directions of slip. If one plane be regarded as 
uniformly slipping over another plane, the poten¬ 
tial energy of the system will undergo a periodic 
fluctuation. The amplitude of the fluctuation 
will be least for planes of closest packing, both 
because the atoms are closest together in these 
planes and because these planes are the furthest 
apart. Similarly, the fluctuation will be least 
along those directions in which the atoms are 
most closely packed. Thus the picture of simple 
slip interprets satisfactorily the observation that 
the planes of easiest slip are the planes of closest 
packing, and that the direction of slip is the 
direction along which the atoms are closest. 

The concept of a homogeneous slip of one 
plane of atoms over another cannot however be 
correct. Such slip would require for an unalloyed 
crystal a shearing stress several orders of mag¬ 
nitude larger than is actually observed. Polanyi 11 
was apparently the first to realise how this dif¬ 
ficulty could be resolved through the introduc¬ 
tion of a certain type of lattice distortion, known 
in English as “dislocations.” These dislocations 
will move through the lattice, and thereby result 
in a net macroscopic strain, under a considerably 
smaller stress than would be necessary to cause 
two planes to slip over one another in a homo¬ 
geneous manner. The full effectiveness of dis- 

11 M. Polanyi, “Ober eine Arte Gitterstorung, die einen 
Kris tall plastisch tnachen konnte," Zeits. f. Phyaik 59,660 
(1934). 
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Fig. 5. Example of validity*of mechanical equation of 
state for a plain carbon steel at low temperatures. (Tensile 
tests.) 

locations in reducing the resistance to slip can 
be appreciated only by a consideration of the 
thermal energy of the lattice. The fluctuations 
in the thermal energy will, given time, give rise 
to a unit slip when the stress by itself is not 
sufficient to cause slip. Such fluctuations in 
thermal energy would not aid one plane of atoms 
to slip homogeneously over another plane, for 
the probability of a large enough fluctuation 
would be too small. Thus suppose E is the 
directed kinetic energy which the system must 
have in order to aid the stress in producing a unit 
slip. The probability that at any given time the 
system possesses directed kinetic energy' equal or 
greater than this amount varies as exp (— E/kT ). 
The thermal fluctuations can therefore be of 
significance orily when E is not many orders of 
magnitude greater than A7\ therefore only when 
a unit slip occurs in a comparatively small 
volume, as in the case of dislocations. 

If the only effect of temperature upon plastic 
deformation is through the introduction of energy 
fluctuations, it must follow that at a constant 
stress the strain rate will be higher the higher the 
temperature, or, conversely, the stress necessary 
to produce a given strain rate will be lower the 
,higher the temperature. At sufficiently high 
tefyteratures additional effects occur, such as 


grain growth, spheroidization of precipitates, 
etc., and, if the prior deformation is sufficiently 
large, recovery with or without recrystallization. 
At lower temperatures when such additional 
effects do not occur it might be expected, as was 
pointed out by Ludwik, 18 that a mechanical 
equation of state exists which relates stress s, 
strain €, strain rate c, and temperature T. Such 
an equation may be written symbolically as 

5=5(e, c, T), (1) 

or as 

e = 6(«,S,r). (2) 

The existence of a mechanical equation of state 
would imply' that the stress necessary' to produce 
a given strain rate at a given temperature 
depends only upon the strain and not upon the 
temperature or strain rate at which the prior 
strain occurred. According to Taylor’s concept, 17 
a discontinuous change in temperature would not 
produce a discontinuous change in stress, only a 
discontinuous change in rate of increase of stress 
with strain. In order to determine whether a 
mechanical equation of state exists, experiments 
have been performed in this laboratory in which 
the temiKTaturc was suddenly changed during 
the determination of a stress-strain curve. The 
results, presented as Fig. 5, show that the stress 
is independent of the temperature at which 
prior deformation occurred, and therefore indi¬ 
cate that a mechanical equation of state does in 
fact exist (at least at low temperature), and 
therefore that, at the temperature of the test, 
the only influence of temperature is through the 
introduction of fluctuations in thermal energy. 

Both deformation by twinning and by slip are 
processes characteristic of crystals. Hence any 
kind of disturbance of the crystalline structure 
would be expected to raise the resistance to 
deformation by twinning and by slip. This is 
indeed the case. Such disturbance may be due to 
prior plastic deformation, to grain boundaries, 
to soluble impurities, to insoluble impurities, etc. 
The increase in resistance to plastic deformation 
by prior deformation has been investigated 
theoretically by Taylor 17 using the concept of 

16 P. Ludwik, Element* der technolojischen Mechanik 
(Verlagsbuchhandlung Julius Springer, Berlin, 1909). : 

17 G. I. Taylor, “Mechanism of plastic deformation of 
crystals, Part One,” Proc. Roy. Soc. 145A, 392 (19347. 


Journal of Applied physics 




dislocations. Although Taylor’s theory must be 
regarded as a milestone on the road leading to 
understanding strain hardening, it was based 
upon assumptions too naive to allow it to pass 
the test every physical theory should meet, the 
prediction of new phenomena. No more recent 
analysis has eliminated the undesirable assump¬ 
tions,* e.g., the assumptions of inpenctrable 
barriers and of parallel dislocations of indefinite 
length. The increase in resistance to plastic 
deformation caused by grain boundaries has 
likewise been investigated theoretically by 
Taylor. 18 While his analysis reproduces precisely 
the difference between the stress-strain curves 
of aluminum single crystals and of aluminum 
polycrystalline specimens, it does not provide an 
explanation of the frequently observed vari¬ 
ation 19 * 20 of resistance to deformation with grain 
size in polycrystalline material. Taylor assumed 
in essence that the effect of the restraints imposed 
by adjacent grains extended uniformly through 
the grains* while the above-mentioned observa¬ 
tions indicate that the effect of the restraints is 
confined more or less to the vicinity of the grain 
boundaries. No modifications have as yet been 
made of Taylor’s theory to take account of the 
localization of the effects of the restraints. A cor¬ 
relation has been found by Gensamer 21 of the 
increase in resistance to plastic deformation 
introduced by solute atoms and the difference in 
size of the solute and solvent atoms. A correlation 
has been found by Gensamer and his collabo¬ 
rators 22 of the increase in resistance to plastic 
deformation introduced by insoluble precipitates 
and the mean free path between these pre¬ 
cipitates. As yet no satisfactory’ theory has 
interpreted these two types of correlations. 

Although, on the whole, deformation raises 
the resistance with respect to further deforma- 


«G. I. Taylor, “Plastic strain in metals,” J. Inst. 
Metals 62,307 (1938). .. . . 

it C. A. Edwards and L. B. Pfeil, “Tensile properties of 
single iron crystals and the influence of crystal size upon 
the tensile properties of iron,” J. Iron and Steel Inst. 112 , 

10 w. A. Wood, “X-ray studies of gram size in steels of 
different hardness values,” Phil. Mag. 10 , 1073 (1930). 

11 M. Gensamer and C. E. Lacy, Trans. A. S. M. E. 32, 
gg f 1044 ) 

* M. Gensamer, E. B. Pearsall, W. S. Pellini, and J. R. 
Low, “Tensile properties of pearUte, 'hainite and spheroi- 
dite,” Trans. Am. Soc. Metals 30, 983 (1942). 


tion, the same cannot be said of each element of 
deformation. A slight deformation may in fact 
momentarily lower the resistance with respect to 
further deformation. Thus a lower stress is 
required to propagate a slip band than to initiate 
it. Further, in many cases a lower stress is 
required to initiate a slip band adjacent to one 
already formed than to initiate the original band. 
This momentary lowering of resistance to further 
deformation by a small deformation gives rise to 
a diversity of phenomena. Thus when a constant 
stress is applied to the specimen, elongation may 
occur in a step-wise fashion. On the other hand, 
when the over-all strain rate is maintained 
constant, the stress may undergo a series of dis¬ 
continuous jumps. Whether each jump is asso¬ 
ciated with a single slip line, or with a series as 
in the case of Duralumin, depends to a great 
extent upon the elasticity of the system. Thus 
the elastic strain in the specimen and test 
machine may be only sufficient to produce a single 
slip band, or it may be sufficient to produce a 
whole series of slip bands. In spite of a large 
number of experiments in which discontinuous 
yielding has been observed and studied,* no 
satisfactory theory has been presented which 
accounts for the momentary drop in resistance 
upon yielding, and the attendant phenomena. 
The ideas advanced by Orowan* concerning the 
origin of dislocations may form the basis for 
such a theory. According to these ideas, the dis¬ 
locations originate in some weak region of the 
lattice, represented by the thatched area in Fig. 
3. As may be seen in illustration b of this figure, 


* Drop in Load on Yielding in Mild Steel: J. H. Wick- 
steed, Proc. Inst. Mech. Eng., p. 26 (1886). Serrations in 
Mild Steel: A. Le Chatelier, Revue de Metallurgie 6 , 914 
(1909). Discontinuous Yielding in Copper: Andrade, 
Proc. Roy. Soc. 84, 1 (1916). Serrations in Duralumin: 
A. Portevin and F. Le Chatelier, Trans. A. S. Steel Treat. 
5, 457 (1924); R. Anderson, Proc. A. S. T. M. [2] 26, 349 
(1926); N. Dawidcnkow, Zeits. f. Physik 61, 46 (1930). 
Discontinuous Yielding in Alpha Brass: G. Sachs and H. 
Shoji, Zeits. f. Physik 45, 776 (1921); W. Raster, Zeits. f. 
Metallkundo 19, 309 (1927); M. Classen-Nekludowa, J. d. 
Russ. Phys. Ges. 60 (1928). Discontinuous Yielding in 
Rock Salt: M. Classen-Nekludowa, J. d. Russ. Phys. Ges. 
59 (1927); Obreimow and Schubmkoff, Zeits. f. Physik 
41, 907 (1927); A. Jofffc, The Physics of Crystals (McGraw- 
Hill Book Company, Inc., New York, 1928); M. Classen- 
Nekludowa, Zeits. t. Physik 55, 555 (1929); N. Dawiden- 
kow, ibid. 61, 46 (1930). Discontinue Yielding in Zinc 
and Cadmium Crystals: E. Schmid and Valouch, Zeits. f. 
Physik 75, 513 (1932); R. Becker and E. Orowan, ibid. 
79, 566 (1932); E. Orowan, ibid. 89, 605 (1934). g. 
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Fig. 6. Example of stress-strain relation when stress is 
temporarily maintained constant. 


after one pair of dislocations has been formed 
and has propagated away from its origin, the 
weak region has become extended. A smaller 
stress will now be required to form a new pair of 
dislocations. The formation of dislocations thus 
becomes a cataclysmic phenomenon. 

Discontinuous yielding is especially marked in 
mild steel and in dural. In each case the phe¬ 
nomenon may be related to a state of super¬ 
saturation, in iron with carbon and/or nitrogen, 
in aluminum with copper or zinc. Thus the dis¬ 
continuous phenomenon disappears when all the 
carbon and nitrogen are removed from the iron, 
and becomes much less marked in aluminum 
after aging. It looks as if in these cases the 
phenomenon is associated with the presence of 
flake-like regions in which the solute atoms have 
either become especially highly concentrated, or 
have precipitated. Such flake-like regions appear 
commonly to precede visible precipitation, and 
presumably arise from the circumstance that 
such a distribution decreases the strain energy 
of the system. 2 * These flakes will act as restraints 
with respect to the passage of dislocations. Once 
a dislocation has crossed a flake, thereby sepa¬ 
rating it into two halves, the flake offers no 
further resistance to dislocations along the same 
plane. Many problems relating to this phe¬ 
nomenon remain to bH solved. For example, the 
phenomenon does not occur in single crystals of 
iron, but it does in single crystals of aluminum 
alloys. Again, the theory of the formation of con¬ 
centration flakes has not yet been developed. 


■N. 


F. Mott and F. R. N. Nabarro, Proc. Phys. Soc. 
n) S3, 86 (1940). 


IV. GROSS FEATURES OF PLASTIC 
DEFORMATION 

A. Mechanical Equation of State 

The assumption of a mechanical equation of 
state leads to many interesting qualitative pre¬ 
dictions. As an example, suppose a specimen is 
strained isothermally at a constant rate until a 
strain e 0 is reached; the stress is then maintained 
constant for a long interval of time, and straining 
is then resumed at the initial rate. A plot of the 
observed stress-strain curve obtained under such 
conditions is given in Fig. 6. While the stress is 
maintained constant the strain is increasing at a 
rate given by Eq. (2), and hence the stress neces¬ 
sary to resume straining at the original rate is 
also increasing in accordance with Eq. (1). 
Stress-strain curves of this type have in fact 
been observed by Hanson and Wheeler. 24 As a 
second example, we shall consider that the load 
rather than the stress is maintained constant, an 
example which has been discussed in detail by 
Ludwik. As may be seen from Fig. 7, the sudden 
application of a load will give rise to an initially 
large strain rate, a strain rate which gradually 
decreases, reaches a minimum at a strain E 0 , and 
thereafter increases. The diagram of strain vs. 
time will therefore look as depicted in Fig. 7, the 
inflection in the curve corresponding to the initi¬ 
ation of necking. 

The strain vs. time relation depicted in Fig. 
7 is precisely of the type encountered in 
creep tests. In spite of the fact that Ludwik’s 
work was published over 40 years ago, the uni¬ 
versal interpretation of the constant creep rate 
portion of the creep curves is that it represents a 
balance between the rate of strain-hardening and 
of softening by recovery or by recrystallization. 
A decision as to which interpretation of creep 
curves is correct could be reached by experi¬ 
ments in which the temperature was varied 
during the test, e.g., by straining 1 percent at 
room temperature, heating to the temperature 
at which creep tests are made, cooling back to 
room temperature, and Anally determining if the 
hardening introduced by the initial small strain 
has been reduced. It is to be particularly em- 


14 D. Hanson and M. A. Wheeler, “Deformation ,of 
metals under prolonged loading. Part I. Flow and fraedire 
of aluminum, J. Inst. Metals 45, 1 (1931). 
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phasized that the determination of a str ess 
function Sr{t, i) at a series of temperatures by 
experiments performed at constant strain rates, 
as discussed by Nadai,” does not establish the 
existence of a mechanical equation of state. In 
order that such a function represent a mechanical 
equation of state it is necessary for the additional 
observation to be made that the stress required 
for further deformation is not lowered with time 
as the strain is maintained constant. 

Two approaches have been followed in an 
attempt to establish the form of the mechanical 
equation of state for metals. Since neither 
approach has been entirely successful, it will be 
of profit to examine them in some detail in order 
to discern along what path further research may 
be successful. 

The first approach was indicated by Becker” 
in 1926, and was further elucidated by Orowan* 
in 1936. Here attention is focused upon the 
shearing stress which an elementary region must 
possess in order that it undergo plastic deforma¬ 
tion. Suppose So is the net shearing stress neces¬ 
sary for deformation, and 5 is the macroscopic 
shearing stress. Then thermal fluctuations must 
provide the additional stress (S 0 —S). If V is the 
minimum volume in which the stress So must 
exist in order that deformation occur, then the 
strain rate will be given by 

*=/o exp [- V(So- S)*/2Gm. (3) 

The second factor is the probability that a given 
region will at any time have a thermal shear 
stress of magnitude greater than So—S. The 
first factor / 0 may be thought of as being com¬ 
posed of the following factors 

/o=weo/r, (4) 

where n is the number of effective regions of 
volume V per unit volume, «o is the mean strain 
induced by a unit plastic deformation in one 
region per unit volume, and r is the mean time 
an elementary region must possess the shearing 
stress So before a shear deformation occurs 
therein. In his discussion of Becker s piechanical 
equation of state, Orowan has pointed out that 


* A. N adai, Plasticity (McGraw-Hill Book Company, 
Rekryatalliaation,” Zeits. f. tech. Phyeik 7, 547 (1926). 
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Fic. 7. Derivation of strain-time curves according to con¬ 
cept of mechanical equation of state. 

So is of the same order of magnitude as the 
macroscopic shear stress needed to induce defor¬ 
mation at room temperature. From this obser¬ 
vation Orowan concluded that deformation was 
confined, at any one instant, to locales of high 
stress concentration. 

The second approach was initiated by Condon* 7 
in 1938, and expanded by Kauzmann** and by 
Dushman” and collaborators. Here attention 
is focused upon the activation energy necessary 
for an elementary , slip process. If Qo is the 
activation energy in the absence of an externally 
applied stress, when a stress 5 is applied, the 
activation energy is assumed to be lowered by 
an amount proportional to 5, thus 

Q(S)-Qo- VS. 

*» E. U. Condon, Trans. A. I. M. E. 131, 410 (1938). 

M W. Kauzmann, “Flow of metals from the standpoint 
of the chemical-rate theory,” Trans. A. I. M. E. 143, 57 
(1941). 

M S Dushman, L.. W. Dunbar, and H. Huthsteiner. 
“Creep of metals,” J. App. Phys. 15, 108 (1944). 
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Fig. 8. Application of mechanical equation of state to 
pure aluminum /o» 2.2 X10 1 . (Data after Dushman et al. 
(reference 28).) 


The corresponding mechanical equation of state 
is therefore 

«=/oexp [—(Qo— VS)/kT~\, (5) 

where the two factors have the same interpreta¬ 
tion as in Becker’s equation. 

Equations (3) and (5) are equivalent only 
when 5«So, i.e., only when the stress necessary 
to produce deformation is much less than that 
necessary to produce deformation at the ab¬ 
solute zero temperature. Orowan has pointed out 
that 5 and So are of the same order of magnitude, 
therefore the two equations cannot be regarded 


as equivalent. A closer analysis into the details 
of an elementary slip process shows that both 
equations can only be approximations of the 
more general equation 

€=/oexp [—(?(S)//?7']. (6) 

In the Becker approach the assumption is im¬ 
plicitly made that the probability that the 
thermal stress attain a certain value in a locale 
is independent of the stress due to external 
forces. In view of Orowan’s concept that the 
external forces produce very high stresses in the 
locales susceptible to .slip, the strict validity of 
this assumption is questionable. In the Condon- 
Kauzmann-Dushman approach the assumption 
is explicitly made that the activation energy may 
be regarded as a linear function of the stress. 
Again in view of Orowan’s concept, this assump¬ 
tion is questionable. Thus a linear correction to 
the heat of activation does not take into con¬ 
sideration that the stress changes the positions 
of the potential valleys and peaks as well as their 
heights. 

In their application of Eq. (5) to experimental 
data, Kauzmann and Dushman found it neces¬ 
sary to assume that V varied with temperature, 
a variation for which no satisfactory interpreta¬ 
tion was evident. As evidence of the validity of 
Eq. (6), Figs. 8-9 are presented, the data for 
which were taken from Dushman. 

In their recent investigations upon the influ¬ 
ence of changes in strain rate and in temperature 
on the strength properties of steels, the authors 80 
concluded that the stress at a given strain 
depended upon strain rate and temperature only 
through the single parameter P defined by 

P=(i/f 9 )e-**T. (7) 

It is of interest jo determine under what con¬ 
ditions this conclusion is compatible with the 
general mechanical equation of state. Suppose 
one is interested in a range of strain rates and 
in a range of temperature in which the stress 
level is near So. Upon letting AS represent the 
difference between 5 and So, one obtains from 

10 C. Zener and J. H. Hollomon, “Effect of strain (fete 
upon'plastic flow of steel,” J. App. Phya. 15, 22 (1944^. 
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Eq. (6) 

fs T RT/Q'(So) {In (/,/«) - Q(So)/RT). (8) 

In the range of strain rates and temperature in 
which the stress level is near 5 0 , the second 
factor contains two large terms which nearly 
cancel each other. A given change in temperature 
will hence produce a much greater relative 
change in the'second factor than in the first 
factor. The effect of changes in strain rate and in 
temperature therefore enters primarily through 
the parameter P of Eq. (7) with Q taken at So* 

In spite of the vast amount of experimental 
work upon creep which has been carried out, and 
is still being carried out, especially in this 
country, no attempts have been made other than 
by Dushman to establish mechanical equations 
of state. No experimental evidence therefore 
exists regarding the influence upon the constant 
/o and uj>on the activation energy function Q(S) 
of the various metallurgical variables, such as 
dissolved elements, precipitates, grain size, etc. 
Further, no theoretical considerations have been 
advanced since the early work of Orowan which 
gives a more detailed picture of the mechanism 
of plastic deformation and of the influence of 
thermal energy thereon. 

A mechanical equation of state can exist only 
under conditions where the metal does not 
undergo significant changes with time at zero 
strain rate. Thus it must not soften through re¬ 
covery or through recrystallization. The smaller 
the prior strain the higher is the temperature 
needed to reduce the strain hardening. The 
agreement of the experimental observations 
reproduced in Figs. 8 and 9 with the predictions 
of an equation of state indicate that for the 
metals used strain hardening was not significantly 
reduced by recovery or by recrystallization under 
the conditions of the experiment. An under¬ 
standing of the conditions under which a 
mechanical equation of state is applicable will 
require the development of a theory of recovery 
and of recrystallization. 

B. Strain Hardening 

As has been previously mentioned, resistance 
to deformation usually increases with deforma- 



STRESS 

Fig. 9. Application of mechanical equation of state to 
an aluminum alloy with 2 percent magnesium./o«2.5X 10 # . 
(Data after Dushman et al. (reference 28).) 

lion. Thus in Eq. (1), the stress S increases with 
the strain E. The precise manner in which the 
tensile stress increases with the tensile strain, 
at constant strain rate and temperature, has 
been discussed in a recent paper. 11 It appears 
that, in the absence of discontinuous yielding, 
the stress may be represented as a power function 
of the strain up to strains as large as 0.4. Thus 

S=So-(«/«o) m 


where So is the stress at some arbitrary strain e 0 . 


,l J. H. Hollomon, 'Tensile deformation,” Metals Tech. 
(June, 1945). 
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The variation of the constants So and tn upon 
the metallurgical variables has been rather 
exhaustively studied in the case of iron and steel. 
Thus in the absence of precipitates, the addition 
of soluble alloys” raises So without essentially 
altering the strain hardening exponent m. On the 
other hand, in steels where the strength arises 
primarily from insoluble carbides, the strain 
hardening exponent is inversely proportional to 
So for any given carbon content. It is not known 
at present whether similar relations are true for 
other metals. 

C. Generalized Stress and Strain 

In the previous part of this paper it has been 
implicitly assumed that stress and strain referred 
to uniaxial tensile conditions. A discussion will 
now be given of the problems which arise when 
the stress system is of a more complex type. 

Von Mises 83 has indicated the path along which 
the laws for uniaxial tension may be generalized 
to include the most general type of stress 
system. A certain invariant function Sr of the 
stresses plays the same role in determining the 
rate of strain as does the tensile stress in the case 
of uniaxial tension. This function is so defined 
that Sr 2 is proportional to the elastic shear 
strain energy. Thus 

Sr*~H(Y y - z B y + (Z, - x x y + (x £ - Y v y } 

+3(F,*+Z, 2 +X y 2 ). (9) 

The type of strain due to a generalized stress 
system is of the same type as if the specimen 
were amorphous, thus 

i„=MX,-(Y v +Z M )/2\, 

with analogous equations for and i BB having 
the same factor X, and 

€y« = 3X Y I, 

* 9 

with analogous equations for i BX and i xy . The 
generalized mechanical equation of state may 


■ C. £. Lacy and M. Genaamer, "Tensile properties of 
alloyed ferrites," Trans. Am. Soe. Metals 32, 88 (1944). 

*R. von Mises, "Mechanik def Fasten Korper in 
ptotiscbdefoiraablen Zustand,” Nadir. Gesellsch. Wis- 
sepfdi. sur Gottingen, Math-Phys. Klasse, 1913. 


therefore be written in the following manner: 

i,*={X x -(Y v +Z B )/2)Sr'fo 

Xexp l~Q(Si)/RTl, (10) 

with analogous equations for i yB and i BB , and 

k va = SX VB Sr l fo exp [-Q(S/)ARr|, 

with analogous equations for k BX and i xy . 

In the case of uniaxial tension it was seen that 
strain hardening could be taken into account by 
regarding / 0 and Q as functions of the strain. 
The same procedure may be followed in the 
case of a general type of stress. Before this can 
be done, however, it is necessary to have a 
measure of strain in a general type of deforma¬ 
tion. In obtaining this measure, two steps must 
be taken. Firstly, the method must be determined 
of combining strain increments associated with 
increments of deformation. Secondly, strain incre¬ 
ments must be defined in terms of increments of 
deformation. The first question has been an¬ 
swered by following a suggestion of Ludwik 16 
that the strain increment associated with a given 
increment of deformation be computed using as 
a reference configuration the configuration of the 
system before that particular increment of 
deformation. Thus if during an increment of de¬ 
formation in uniaxial tension the length changes 
from l to l+dl % the strain increment associated 
therewith is dl/l % irrespective as to what prior 
deformation the specimen had undergone. Lud¬ 
wik pointed out that the total strain is then 
simply the sum of all the strain increments. Thus 
if the gauge length changes, during a uniaxial 
tension, from h to / 2 , the total strain associated 
therewith is In (/ 2 //i). A satisfactory measure of 
a strain increment is an invariant function of the 
strain components which is proportional to Sr 
in an isotropic elastic medium. Such a function, 
dtu is defined by 

dtr 1 *= i { (dtn -*„)*+(<fc„-<fc*,) 2 + (de xx —(U yy y j 

+1 (de y , 2 + dt BX + dtgj ). (11) 

From the previous equations in this section it 
may be verified that the strain defined in this 
manner satisfies the following equation 

< 

Woex P [-G(.S/)/2jr]. (ia6 
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The quantities / 0 and Q are to be regarded as 
functions of the strain €/. 

Equations (10) to (12) form a self-consistent 
scheme of a general mechanical equation of 
state. The outstanding problems relate to how 
well this scheme represents the behavior of 
actual metals, and to what deviations therefrom 
are tOibe ascribed. 

One consequence of the general equation of 
state is that when the temperature and the 
strain rate are held constant a general strain 
hardening function exists of the type 

*S/ = 5/(€j). (13) 

Nadai and Davis 34 have performed experiments 
designed to check this equation. Thus they 
measured the stress Si as a function of strain tj 
under various types of stress pattern. They 
found that at small strains below 0.2, this equa¬ 
tion was in fact satisfied, but that at larger 
strains deviations became appreciable. 

In the establishment of the general mechanical 
equation of state in terms of the invariant func¬ 
tions e/ and Si , it was implicitly assumed that the 
material was initially, and remained, isotropic. 
It is to be expected that anisotropy will be 
introduced by plastic deformation, and that 
this anisotropy will be greater, the greater the 
deformation. The amount of anisotropy intro¬ 
duced by a given deformation will, however, very 
likely depend upon the microstructure. As an 
example, logarithmic strain hardening curves 
taken in tension and in torsion are compared for 
steels of two types of microstructure in Figs. 10 
and 11. As might be expected, the steel which 
has the greatest anisotropy of structure, pearlite, 



Fig. 10. Correlation of tensile and torsional tests by 
means of concept of generalized stress and strain (tempered 
martensitic steel). 


“ A. Nadai and E. Davis, “Plastic behaviw of metals in 
the strain hardening range, J. App. Phys. 8, 205 (1937). 
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Fig. 11. Correlation of tensile and torsional tests by 
means of concept of generalized stress and strain (pearlitic 
steel). 

shows the greatest apparent strain anisotropy. 
A further understanding of plastic deformation 
under general types of stress pattern must 
therefore involve an evaluation of the anisotropy 
introduced by deformation, and of the modi¬ 
fication of the mechanical equation of state by 
this anisotropy. 

It has been implicitly assumed that the strain 
and strain components in the above equation 
refer only to the plastic, i.e., permanent, defor¬ 
mation. The elastic strain components are 
deducible from the elastic equation, thus 

(Cxi)elutlc = { Zt-vtfy+Z.) } . (14) 

The total strain components are therefore the 
sum of the elastic and plastic components, thus 

(€jx) total ~ (^*j?)rliiatio“f~€xjr. (IS) 

One could therefore obtain a set of equations for 
the time derivatives of the total strain com¬ 
ponents by using the relations analogous to Eq. 
(14) for the elastic part, and Eq. (10) for the 
plastic part. This has in fact been done by 
Prandtl” and Reuss.** Two factors tend to 
invalidate such an equation when the stress 
pattern is changing under conditions where the 
elastic strain is comparable to the plastic strain. 
Firstly, the anelasticity of actual metals would 
render ambiguous the distinction between elastic 
and plastic strains. Secondly, the Bauschinger 
effect of actual metals is very marked for plastic 
strain comparable to the elastic strains, but 
becomes negligible for much larger plastic 

*L. Prandtl, Proc. 1st. Int. Cong. App. Mech. p. 43 
(1924). 

"E. Reuse, Zeits. f. angew. Math. u. Mech. 10, 260 
(1936), 
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strains, as has been vividly demonstrated by 
Sachs and Shop. 17 Prager* 8 has applied the 
Prandtl-Reuss equation to a case of relaxation 
of residual stresses by deformation, the total 
strain being comparable to the elastic strains. 
Instead of placing the blame for lack of agree¬ 
ment of theoretical prediction with observation 
upon the anelastic and Bauschinger effects, 
Prager applied an empirical rule (which he 
claims is derived from the “Hencky-Nadai 

17 G. Sachs and H. Shoji, “Zug-Druchver&uchc an Mes- 
singkristallen,” Zeits. f. Physik 45, 776 (1927). 

,# W. Prager, “Exploring stress-strain relations of 
isotropic plastic solids, J. App. Phys. 15, 65 (1944). 


Theory”) relating plastic strain and total strain 
which agreed with the experimental data. 
Analysis of his rule shows that it leads to dif¬ 
ferent results when the plastic deformation takes 
place intermittently or continuously, contrary to 
all experience. In opposition to Prager's view¬ 
point, the authors believe an adequate under¬ 
standing of the mechanics of small plastic 
deformations will be obtained only through a 
study of the basis of the anelastic and Bau¬ 
schinger effects, not through attempting to find 
empirical formal relations between the stress 
pattern and the elastic and plastic strains. 


Problems in Fracture of Metals* 

By J. H. Hollomon and C. Zener 

Research Division , Watertown ArsenaU Watertown , Massachusetts 


In this report a review is made of the possible types of 
future research which might lead to an understanding 
of the fracture of metals, and hence to an increase of the 
strength level to which metals may be raised without 
danger of fracture. It is found that an understanding of 
fracture would be enhanced by research upon the following 
topics: 1. The effects of the following variables on the 
virtual fracture stress: (a) Strain; (b) strain rate; (c) tem¬ 
perature; (d) stress distribution; (e) structure; (f) me- 

I. INTRODUCTION 

HE strength or hardness of our present-day 
metals cannot be further increased by 
known methods without inducing susceptibility 
to brittle failure. Therefore, practical increases in 
strength can only be accomplished through an 
understanding of the problems relating to frac¬ 
ture. Many features of the dynamics of crack 
propagation are imperfectly understood, such 
as the factors which determine the velocity and 
direction of propagation. An understanding of 
these features would not, however, lead to an im¬ 
provement in the useful strength of metals, since a 
fractured metal member has failed, irrespective of 
the precise path or velocity of the crack. This 
paper will, therefore, be confined to the problems 
relating primarily to the initiation of fracture* 

* The statements or opinions in this article are those of 
the authors and do not necessarily express the views of the 
Ordnance Department. 


chanical history (i.e., fatigue). 2. A comparison of the 
fracture characteristics of metallic crystals with those of 
non-metallic crystals, such as rocksalt. 3. The hindrances 
of plastic deformation by sharp stress gradients. 4. The 
introduction of stress concentration by: (a) Non-metallic 
inclusions; (b) precipitates; (c) slip bands; (d) twin bands; 
(e) grain boundary deformation. 5. The effect of reversal 
of stresses upon the properties of slip bands. 


n. GROSS FEATURES OF FRACTURE 

It has long been known that metals which are 
ductile under one set of conditions may break 
brittlely under other conditions^ Thus metals 
frequently are ductile at moderate temperatures 
in simple tension, but are brittle at low and at 
high temperatures or under a more complex 
stress system. It would be highly desirable to 
have a consistent scheme by. means of which, 
from measurements made under one set of con¬ 
ditions, the fracture properties under other con¬ 
ditions could be predicted. Such a scheme was 
presented by Ludwik 1 in 1909. The cardinal 
feature of Ludwik’s contribution was the recog¬ 
nition that the stress at fracture of a ductile 
material is the fracture stress of the material 
after having suffered its final strain, and not of 
the original material. In his scheme Ludwik con- 

1 P. Ludwik, Elements der Techndogischen Mechqiik 
(Berlin, 1909). 
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sidered two functions of strain, as represented m 
Fig. IgOne function is the flow stress, defined as 
the tensile stress necessary to produce further 
plastic deformation. The other function is the 
virtual fracture stress, defined as the tensile 
stress which would be required to fracture the 
material if further plastic deformation did not 
occur. A metal deforms plastically under tension 
as long as the flow stress is less than the virtual 
fracture stress. Fracture occurs at that strain at 
which the flow stress curve crosses the virtual 
fracture stress curve. The advantage of Ludwik’s 
scheme is that it resolves the influence upon 
fracture of the several variables such as stress 
pattern, temperature, strain rate, into the in¬ 
fluence of these variables upon the flow stress 
and u]>on the virtual fracture stress. Its success 
depends upon how well the reliance of these two 
stress functions upon the several variables may 
be determined. The disadvantage of Ludwik’s 
scheme, a disdavantage which has prevented its 
general adoption, is that the virtual fracture 
stress can be measured directly only at one 
strain, namely the strain at fracture. Only es¬ 
timates may be obtained for strains other than 
this final strain. 

The most straightforward method of estimat¬ 
ing the virtual fracture stress curve was used 
first by Davidenkov and Wittman 2 and later by 
the authors. 3 This method is applicable to all 



Fig. 1. Representation of fracture according to Ludwik. 

*N. Davidenkov and F. Wittman, “MgAanical 
analysis of impact brittleness, Tech. Phys. U.S.S.R. 4, 
3-17 (1937). „ _ .. . ,, , 

• J. H. Hollomon and C. Zener, “Conditions of fracture 
in steel,” Trans. A.I.M.E. 158, 283 (1944). 



Fig. 2. Alternative method of estimating-fracture 
stress curve. 

metals which deform appreciably at room tem¬ 
perature but which break brittlely at some low 
temperature. In this method specimens are 
deformed various amounts at room temperature, 
the temperature is then lowered, and they are 
then broken without further deformation. The 
fracture stress measured at the low temperature 
is then plotted as a function of the strain at room 
temperature. An estimate of the virtual fracture 
stress curve at room temperature is then ob¬ 
tained by assuming it to be parallel to the curve 
measured at the low temperature. The method is 
illustrated in Fig. 2. The method could be further 
improved by making the fracture measurements 
at a series of low temperatures, and thus at least 
partially justifying the undesirable assumption. 

Pearlitic steels (containing lamellar carbides) 
and some age-hardenable alloys are brittle at 
low temperatures, and their virtual fracture 
stress curves may be obtained in this manner. 
Typical results for a pearlitic steel are shown as 
Fig. 3. All specimens deformed more than a few 
percent at room temperature broke with prac¬ 
tically no further deformation at the low tem¬ 
perature. A specimen undeformed at room tem¬ 
perature, however, first exhibited an upper and 
lower yield point at the low temperature (Fig. 4) 
and actually fractured at a lower stress than it 
had withstood before it deformed. It can only be 
concluded, therefore, that at least for this type 
of steel* the virtual fracture stress curve has the 

* Confirmatory experiments have been performed on 
specimens of similar steels. 
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Fig. 3. Effect of prior deformation on fracture stress 
(at — 190°C). (Pearlitic steel.) 


form illustrated in Fig. 5. It is of particular 
interest that the estimated virtual fracture stress 
may be only slightly higher than the flow stress 
at very small strains. Any change of variables 
which raises the flow stress relative to the virtual 
fracture stress is apt to embrittle the metal. 

As previously mentioned, the method de¬ 
scribed above cannot be used to estimate the 
virtual fracture stress curve of those metals that 
are not brittle at low temperatures. For such 
metals, one would have to utilize some other test 
conditions under which the metals fractured 
without deformation. As yet, no test conditions 
have been found which are as suitable in em¬ 
brittling metals as is lowering the temperature 
(as in the case of pearlitic steels). 

The virtual fracture stress curve may be highly 
anisotropic. The most common example of anisot¬ 
ropy occurs in the rolling of metal plates. The 
rolling of these plates raises the virtual fracture 
stress in the rolling direction, lowers it in the 
transverse direction. In an earlier paper 4 one of 
the authors pointed out that longitudinal frac¬ 
tures of certain steel* could be interpreted only 
in terms of an anisotropic effect of deformation 
on the fracture stress* The tensile strain, as 
already pointed out, raises the tensile stress 
required to fracture the specimen on a plane 
perpendicular to the axis. In order that a tensile 

t 4 J. H. Holtomon, “Temper-brittleness,’’ communicated 
tq Am. Soc. Metals. 

84* * 


specimen can fracture longitudinally, the stress 
required to fracture a metal on a plane parallel 
to the axis must decrease sufficiently for the 
circumferential stress induced by necking to 
fracture the metal. Conversely, compression will 
lower the tensile stress required for fracture upon 
subsequent deformation in a direction opposite 
to the compression strain. Examples of such 
effects of compression arc frequently found in 
bending. Thus, a specimen which has undergone 
a certain amount of bending, and which is 
capable of continued bending in the same direc¬ 
tion, may break brittlely when an attempt is 
made to unbend it. The anisotropy of the virtual 
fracture stress may also be visibly demonstrated 
by pulling specimens in tension that have 
previously been twisted plastically. Swift 5 found 
that if the specimens had been sufficiently 
twisted prior to pulling, fracture occurred along 
a helical surface, rather than across the plane of 
maximum tensile stress, namely the transverse 
plane. Although many examples of anisotropic 
virtual fracture stress are known, no quantitative 
study has as yet been made of anisotropy. Thus, 
no measurements have been made to determine 
the relation between the virtual fracture stress 
and the reduction in cross section in rolling. 

Under many conditions constraints prevent 
plastic deformation in one transverse direction. 
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Fig. 4. Illustration of the towering of the fracture stress by 
initial deformation (pearlitic steel tested at j-190°C). 

9 H. W. Swift, "Tension®! effects of torsional overstrain 
in mild steel/’ J. Iron and Steel 140, 181 (1939). 1/ 

Journal of applied Physics 


140 

ISO 






yiq 


)e J*APruM 



ISO 

1 





110 

J 





•w 

SO 

1 






STRAIN (ARSmtARY UNITS) 




Many experiments have been performed to deter¬ 
mine the effects of a single transverse stress on 
the fracture stress. In order to interpret these 
experiments it is necessary to permit only the 
stress distribution to vary. Frequently in such 
tests other factors such as the strain to fracture 
varies as the stress distribution is changed. Sup¬ 
pose, for example, thin hollow tubes are loaded 
by means of a longitudinal tension and an 
internal pressure. Because of the presence of the 
transverse stress, the tensile stress required for 
plastic flow is raised and unless the virtual 
fracture stress curve is identically affected the 
strain to fracture will also change as illustrated 
in Fig. 6. Furthermore, as the circumferential 
tension in the hollow tubes becomes larger than 
the longitudinal tension, the fracture may change 
from transverse to longitudinal. Because of the 
anisotropy, the fracture stress may be altogether 
different in the new direction, and more im¬ 
portant, it may depend differently upon strain. 
Experiments of Siebel and Maicr 6 on tensile tests 
of hollow cylinders under internal pressure indi¬ 
cate that a single transverse* stress has no effect 
upon the virtual fracture stress, provided the 
assumption is made (hat in their single phase 
materials the virtual fracture stress was inde¬ 
pendent of strain. Indirect evidence also exists 
that the transverse stress associated with such 
restraints does not influence the virtual fracture 
stress. Thus, the brittle failure of pearlitic steels 
in the notched-bar impact test can be interpreted 



Fig. 5. Proposed shape of virtual fracture stress curve 
(for pearlitic steels). 


•E. Siebel and A. Maier, “Effect of multiaml sti^s 
states on the ductility, ” Zeits. f. V. D. Ing. 77, 1345-1349 
(1933). 



Fig. 6 . Possible effect of transverse stress on flow curve 
and fracture strain (if virtual fracture stress is unaf¬ 
fected). 


only by assuming that a single transverse stress 
has much less effect upon the virtual fracture 
stress than upon the flow stress. 7 It would l>e 
highly desirable to have direct evidence upon the 
variation of the virtual fracture stress with a 
single transverse stress. 

Under less frequent conditions a biaxial trans¬ 
verse tension is present. By testing tensile 
specimens having circumferential notches of 
various depths and radii, Kuntze, 8 McAdam, 9 
and Sachs 10 have attempted to evaluate the in¬ 
fluence of a biaxial transverse tensile stress upon 
the virtual fracture stress, called by them the 
“technical cohesion strength.” In their measure¬ 
ments the average longitudinal stress at fracture 
is taken as the fracture stress. The interpretation 
of the variation of this stress with variations in 
testing conditions is usually extremely difficult. 
As discussed by these workers, the effects of the 
three separate variables, strain, stress complex, 
and \ariation of stresses throughout the speci¬ 
men, may be reflected by these measurements. 
In one case Sachs and his collaborators were able 

7 J. H. Hollomon, “Notched-bar impact test,” Trans. 
Am. Soc. Min. Met. Eng. 158, 298-327 (1944). 

•W. Kuntze, for survey and bibliography, see D. T. 
McAdam, Trans. Am. Inst. Min. Met. Eng. 150, 311 
(1942). 

9 D. J. McAdam, “Technical cohesive strength of metals 
in terms of the principal stresses," Metals Tech. (Decem¬ 
ber, 1944). References given to prior work. 

10 G. Sachs, J. D. Lubahn, and E. J. Ebert. “Effects of 
notches of varying depth on the strength of neat treated 
low alloy steels," Trans. Am. Soc. Metals, 34, 517-544 
(1945); 6. Sachs and J. D. Lubahn, “Effect of triaxiality 
on the technical cohesive strength of steels," A. S. M. E. 
preprint, 1945. 
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Fig. 7. Dependence of fracture stress upon biaxial tension 
(after data of Sachs (reference 10)). 

to obtain the same strain (0.026 to 0.028) with 
several notch depths and notch radii. In this 
case the strain variable was absent. If it is 
assumed that the stress distribution is essentially 
constant throughout the unnotched region with 
notches of various depths and radii, then the 
observed change in fracture stress may be re¬ 
garded as a reflection of the triaxiality of stress 
(ratio of transverse to longitudinal stress). Their 
results are reproduced as Fig. 7. The self- 
consistency of the data may be seen from the 
close agreement of the measured fracture stress 
with the computed flow stress at fracture. The 
rise of the virtual fracture stress with biaxial 
tension, as demonstrated in Fig. 7, confirms the 
earlier conclusions of McAdam and his col¬ 
laborators. The constancy of the strain to frac¬ 
ture implies that in this particular case the 
virtual fracture stress rises just as rapidly with 
biaxial tension as does the flow stress, and hence 
that a biaxial tension has no embrittling effect. 
This conclusion is in marked disagreement with 
current ideas upon the influence of triaxial 
stresses. Investigation of the type given by Sachs 
should therefore be further pursued. 

Fracture in steels is mpst apt to occur under 
impact conditions at low temperatures. Both a 
lowering of temperature and an ^crease in the 
rate of strain are known to raise the flow stress 
of all steels. Experiments 1 have indicated that 
the virtual fracture stress of all steels likewise 
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rises with a lowering of the temperature, but 
not quite as rapidly as does the flow stress. It 
is the resulting relative rise of the flow stress 
with respect to the virtual fracture stress that 
leads to brittle failure in the case of pcarlitic 
steels. Because of the relatively small effect of' 
changes of strain rate obtainable with the usual 
type of testing machines, combined with the 
relatively large scatter in fracture measurements, 
no conclusions can as yet be drawn upon the 
influence of strain rate upon the virtual fracture 
stress. 

Nearly brittle fracture of metals is also likely 
to occur at high temperatures under certain 
conditions. As was first observed by Rosenhain 
and Archbutt, 11 these conditions are such as to 
favor grain boundary slip. Under these condi¬ 
tions the virtual fracture stress may be considered 
as decreasing with time, although the accom¬ 
panying strain may be negligible. This concept 
of the virtual fracture stress decreasing with 
time suggests interesting experiments which have 
as yet not been performed. Thus, if after the 
virtual fracture stress of a specimen is lowered 
by the application of a stress at an elevated 
temperature, the specimen is lowered to room 
temperature without removing the stress, the 
virtual fracture stress should stay lowered, and 
may thus result in brittle fracture at room tem¬ 
perature. 

III. MECHANISM OF FRACTURE 

It has long been recognized that the observed 
fracture stress of metals, in fact of all crystalline 
substances, is at least two orders of magnitude 
lower than the intrinsic fracture stress as com¬ 
puted on the basis of the forces between atoms. 
The only way to reconcile this divergence 
between observed and theoretical fracture stress 
is through the assumption that at any one 
instant the material fractures only in localized 
regions, regions in which the stress is much higher 
than the average applied stress. 

Stress concentrations in localized regions were 
first investigated in detail by Inglis. 12 He pointed 
out that the tensile stress at the base of a notch 

11 W. Rosenhain and S. L. Archbutt, “On the inter- 
crystaHine fracture of metals under prolonged application 
of stress,” Proc. Roy. Soc, 95, 55 (1919-20), 

11 C. E. Inglis, “Stress in a plate due to the presence of 
cracks and sharp comers,” Trans. Inst, Naval Architects 
55, Pt. 1, 219 (1913). 
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may be much higher than the average tensile 
stressgthroughout the specimen, the stress con¬ 
centration being given by l+2(a/p)», where a 
is the depth of the notch, p the radius of curva¬ 
ture at the base of the notch. Joflfe" and his 
collaborators have found that the discrepancy 
between the usually observed fracture stress of 
rocksalt crystals and the theoretical fracture 
stress may be accounted for entirely in terms of 
surface notches in the form of small surface 
cracks. By immersing these specimens in water 
and thereby continually dissolving away the 
surface, they were able to raise the actual 
fracture stress by a factor of 400. Under these 
conditions the fracture stress is in fact very 
nearly equal to the theoretical value. 

Well-prepared metal specimens appear to be 
free of surface defects of the type found in 
dry rocksalt crystals. Their weakness with 
respect to fracture must be blamed upon defects 
within the material itself, for once deformation 
(in tension) has proceeded to such an extent 
that necking has commenced, fracture begins in 
the interior of the specimen and propagates 
outwards. That fracture should commence in 
the interior of the necked specimens is under¬ 
standable in view of the analysis by Bridgman 14 
of the stress system within a necked region. 
In this stress system the tensile stress is .a 
maximum along the axis, a minimum at the 
surface. It would be expected that metal crystals 
of the same degree of purity as Joff6’s rocksalt 
crystals would manifest the same relatively high 
fracture stress. As yet no experimental work has 
been done to check the correctness of this view¬ 
point. 

The relatively low fracture stress of actual 
metals may most readily be interpreted in terms 
of the presence of micro-cracks within the metal 
itself. Starting from the observation that a crack 
will propagate only if the total free energy of 
the system is lowered by the propagation, 
Griffith 11 deduced that a circular crack of a 
given radius a will propagate only when the 
tensile stress normal to the crack exceeds a 


u A. Joffl, "Plastizitat und Festiekeit der Kristalle,’’ 
Proc. 1st Int. Cong. Ap. Mech., Delft (1924.) 

14 P. W. Bridgman, “Stress distribution at the neck of a 
tensile specimen,“ Trans. Am. Soc. Metals 32, 553 (1944). 

“A. A" Griffith, “Phenomena of flow and rupture in 
solids,” Phil. Trans. Roy. Soc. 221, 163 (1920). 


certain critical value 5. Griffith’s formula is: 

5=(«rG/ca)». (1) 

Here <r is the surface energy per unit area, G is 
the shear modulus, and c a constant of the order of 
magnitude of unity. Griffith developed his 
theory, and obtained experimental confirmation 
of it only for amorphous substances. The re¬ 
sistance to plastic deformation of such substances 
increases rapidly as the temperature is lowered, 
so that at sufficiently low temperatures, room 
temperature for ordinary glass, a crack may 
propagate unaccompanied by any plastic de¬ 
formation. In amorphous substances, therefore, 
where the new surface produced by crack 
propagation has not undergone plastic deforma¬ 
tion, the appropriate value of surface energy a 
in Eq. (1) is very nearly the surface energy of 
the substance in the molten state. This surface 
energy may be readily measured. The situation 
is more complex in the case of crystalline sub¬ 
stances. On one hand the resistance to plastic 
deformation of crystalline substances increases 
relatively slowly with temperature, so that such 
deformation cannot usually, be eliminated en¬ 
tirely merely by lowering the temperature. On 
the other hand, the laws of plastic deformation 
obtained by macroscopic measurements are not 
applicable when the stress varies appreciably in 
a distance less than the linear dimensions of a 
single crystal. A stress greatly in excess of the 
macroscopic yield stress will not necessarily lead 
to plastic deformation if the stress is confined to 
a sufficiently localized region. No investigation 
has as yet been made to determine under what 
conditions a sharp crack will propagate without 
any attendant plastic deformation. If plastic 
deformation does occur, the energy associated 
with it must be added to the surface energy a 
in order that Eq. (1) be applicable. 

Although the ambiguity which now exists 
regarding the proper value of the surface energy 
a prevents the quantitative application of Eq. 
(1) to metals, the qualitative aspects of Griffith’s 
ideas may be used to correlate many diverse 
fracture phenomena. 1 * These phenomena are 
associated with the reorientation and distortion 
of the micro-cracks by deformation. Figure 8 

14 C. Zener and I. H. Hollomon, “Plastic flow and rup¬ 
ture of metals,” Trans. Am. Soc. Metals 33,163 (1944). 
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Fig. 8. Reorientation of micro-cracks by deformation. 

illustrates how an initially random distribution 
of micro-cracks acquires a highly anisotropic 
distribution by deformation. Thus in tension the 
cracks are elongated along the tensile axis, are 
shortened in the transverse direction. The critical 
tensile stress necessary to cause some of the 
micro-cracks to propagate, and thus lead to 
rupture, is raised by deformation when the stress 
is longitudinal, lowered by deformation when the 
stress is transverse. The most common example 
occurs in the rolling of plate, where the fracture 
stress is raised in the rolling direction but reduced 
in the transverse direction. Another example 
occurs in the usual tensile tests of certain steels 
in which the tensile strain is found to raise the 
fracture stress perpendicular to the axis of the 
specimen but to lower it on a plane parallel to 
the axis. In fact, as mentioned earlier, the 
fracture stress with respect to transverse tension 
may become so low that the transverse tensile 
stress within the neck of a tension specimen 14 
causes the specimen to rupture longitudinally 
rather than transversely. The most spectacular 
example of the influence of micro-crack reorien¬ 
tation upon fracture occurs when a specimen is 
first plastically twisted and then pulled in 
tension. The spiral-type crack which is observed 
is just of the type which one would predict from 
an examination of reorientation effects. 1 * 

Although the reorientation effects of the 

tuicro-cracks are readily understood, considerable 

* ± 


uncertainty exists regarding the nature and 
origin of the micro-cracks. Inclusion of non- 
metallics, such as iron oxides and sulphides in 
steel, no doubt gives rise to stress concentration, 
and might, for certain purposes, be considered 
as the micro-cracks responsible for fracture. It 
is thus known that the “dirtier" the steel, i.e., 
the more non-metallics it contains, the worse are 
its fracture properties. It is also known that hot 
working introduces reorientation effects that are 
not removed by heat-treatment involving re¬ 
crystallization of the matrix; reorientation 
effects are thus interpretable only in terms of the 
non-metallic inclusions. The fracture properties 
cannot, however, be described entirely in terms 
of the non-metallic distribution, for it is known 
that the structure of the matrix also has a 
marked influence upon the fracture stress. Thus, 
in steel, the tempered martensitic structure 
(spheroidal carbides) has a higher fracture stress 
at small strains 3 than a pearlitic structure 
(lamellar carbides) having the same resistance 
to plastic deformation; for a given type of 
structure the fracture stress is higher the smaller 
the carbide particles. The matrix itself must, 
therefore, contain origins for stress concentra¬ 
tion. The stress concentration at any point 
within the matrix is then the product of two 
stress concentration factors, that arising from 
the dirt and that arising from the matrix itself. 
As yet no experimental study has been under¬ 
taken from which the relative magnitude of these 
two factors may be ascertained. 

Considerable uncertainty exists as to the 
origin of the stress concentrations within the 
matrix itself. If the matrix contains precipitated 
particles, such as carbides in steel, these par¬ 
ticles will be a source of some stress concen¬ 
tration. The stress concentration factor will 
depend upon the shape and size of the particles. 
Thus, as previously mentioned, plate-like par¬ 
ticles give rise to higher stress concentrations 
and, therefore, lower fracture stresses than 
spheroidal particles. Evidence will shortly be 
presented by one of the authors (JHH) that the 
larger the size of the carbide particles, the higher 
the stress concentration factor associated there¬ 
with. The data are not sufficiently complete, 
however, that precise relations can be derived. 

Quite apart from the presence of precipitated 
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>> particles, the matrix acquires stress concentra¬ 
tions through the very act of plastic deformation. 
As first pointed out by Orowan, 17 stress concen¬ 
trations arise at the edges of slip bands. One of 
the authors 18 has cited examples of fracture that 
can be interpreted only through the assumption 
that such stress concentrations may increase with 
time under a constant applied stress, just as if 
the slip bands behaved in a viscous manner. It 
might be expected that such stress concentration 
would be larger the larger the lateral extent of 
the slip bands, and therefore, the larger the 
grain size. As yet this influence of grain size per se 
has not been demonstrated. It is generally recog¬ 
nized that steels of small grain size have better 
fracture properties than steels of large grain size. 
In steels, however, the grain size has a marked 
effect upon the manner in which the carbides 
precipitate, and so the direct effect of grain size 
cannot be determined. The stress concentration 


associated with plastic deformation has the 
unique property that it is not present until 
after some plastic deformation has occurred. It 
is thus expected that the fracture stress of well- 
annealed specimens would be higher before than 
after a slight plastic deformation. The data pre¬ 
sented above as Figs. 4 and 7 may be regarded as 
further confirmation of the viewpoint that the 
virtual fracture stress of the undeformed material 
may be very high. Further corroboration that 
fracture stress is intimately related to plastic 
deformation may be found in the observation 
that the fracture stress varies with strain rate 
and with temperature in approximately the same 
manner as does the resistance to deformation. 
No experiments have so far been undertaken to 
determine just how large a stress an undeformed 
specimen would sustain without fracturing. 

► That stress concentrations are built up through 
plastic deformation itself gives rise to the pos¬ 
sibility that the fracture properties may be 
modified through alterations in the conditions of 
test. An example has recently been described by 
Bridgman. 18 He found that when two identical 
specimens are deformed in tension by the same 
amount, one under atmospheric pressure and 
one under high pressure, the latter will suffer 


17 E. Orowan, “Zur Kristallplastizitat,” Zeits. f. Physik 
89, 60S, 614, 634 (1934). . . A T . 

« C. Zener, “Anelasticityof Metals” (mpnnt, A.I.M.E.). 
11 P. W. Bridgman, Rev. Mod. Phys. 17, 3 (1945). 


much more additional deformation under at¬ 
mospheric pressure than the former specimen, 
and hence has a considerably higher fracture 
stress. It appears as if the high pressure prevents 
high stress concentrations from opening micro¬ 
cracks. Initial deformation at an elevated tem¬ 
perature might have the same effect provided the 
temperature is not so high that recovery or 
recrystallization occurs. At the higher tem¬ 
perature a smaller stress would be required to 
produce the same extension as at room tem¬ 
perature, and hence fewer micro-cracks might be 
formed. Experiments to demonstrate this effect 
of the temperature of prior deformation upon 
fracture properties have not yet been performed. 
Possibly the formation of twin bands can give 
rise to greater stress concentrations at their 
edges than the formation of slip bands, for some 
experiments indicate that twin bands may be 
associated with brittle failure. 20 

As early as 1920 Rosenhain 11 and his. col¬ 
laborators presented convincing evidence that 
grain boundaries behave in a viscous manner, 
and therefore that low rates of deformation and 
elevated temperature favor slipping at the 
boundaries, and that this slipping leads to 
premature fracture. Although not explicitly 
stated by Rosenhain, it is evident that the 
premature fracture arises from stress concen¬ 
trations caused by the grain boundary slip. 
Unfortunately the concept of the viscous be¬ 
havior of grain boundaries has not been ex¬ 
tensively utilized by students of metals in this 
country. As a consequence no advance has been 
made during the intervening twenty-five years 
towards an evaluation of those factors that 
influence the stress concentration arising from 
the viscous slip at grain boundaries. Many inter¬ 
esting experiments which have not as yet been 
carried out are suggested by this concept. For ex¬ 
ample, the stress concentration induced by apply¬ 
ing a stress at a high temperature can be frozen in 
by cooling to room temperature before removal 
of stress, and the metal thereby embrittled. 

While a specimen may be able to sustain a 
certain stress for an indefinite time, it may 
fracture if the stress is alternately reversed and 
reapplied a large number of times. This fracture 

20 N. Davidenkov, Dynamic Tests of Metals (in Russian), 
1936. 
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Flo. 9. Representation of stress pattern in matrix adjacent 
to a freshly formed slip band. 

by an alternating stress, called fatigue, has been 
known for over 80 years. The practical im¬ 
portance of fatigue has led to the accumulation 
of a multitude of data for various metals relating 
the number of cycles necessary for fracture to 
the peak applied stress under various conditions. 
In this country little work has been undertaken 
for the purpose of finding the mechanism of 
fatigue failure. At the National Physical Labora¬ 
tory in England, an extensive descriptive study 
has been made of the initiation and propagation 
of fatigue cracks in single crystals and in poly¬ 
crystals. The early work, including the pro¬ 
gressive changes in the hysteresis loops, has been 
reviewed by Moore and Kommers. 21 The de¬ 
scriptive work in the National Physical Labora¬ 
tory initiated by Ewing 22 and collaborators, and 
continued by Gough and collaborators, upon the 
initiation of fatigue cracks, and upon their rela¬ 
tion to slip bands, has been reviewed by Gough. 28 
No attempt has been made to interpret the 
observed results in terms of the micro-structure, 
other than through the concept of attrition 
introduced by Ewing and Humfrey, 22 according 
to which the slip bapds become more and more 
disorganized as the cyclic stressing proceeds. 

A cursory analysis of the stress pattern in the 

* H. F. Moore and J. B. Kommers, The Fatigue of Metals 
(McGraw-Hill Book Company, Inc., New York, 1927). 

*J. A. Ewing and J. C, W. Humfrey, ‘"Fracture of 
metals under repeated alterations of stress/' Phil. Trans. 
Roy. Soc. 200, A241 (1903). 

*H. J. Gough, “Crystalline structure in relation to 
failure of metals—especially by fatigue,” Proc. A. S. T. M. 

2, 3 (1933). 


neighborhood of a slip band leads to a qualitative 
interpretation of the salient features of fatigue. 
Such a stress pattern is illustrated in Fig. 9 for 
the case after a slip band has formed but before 
the applied stress is removed. The shear stress 
in the regions on either side of the slip bands has 
become partially relaxed. On the other hand, 
the shear stress has become highly concentrated 
in the region immediately adjacent to the ends 
of the slip bands. The high tensile stresses asso¬ 
ciated therewith lead to the formation of a small 
crack, as indicated in Fig. 8. This crack will not 
propagate outside of the zone of high stress con¬ 
centration, for its size is too small to be propa¬ 
gated by the applied stress. Since the dimensions 
of the zone of the high stress concentration are 
comparable to the width of the slip band, the 
length of the crack will likewise* be comparable 
to the width of the slip band. When the applied 
stress is now reversed, those regions in which the 
stress had formerly relaxed will now have a 
higher stress than the applied stress. If the 
original slip band is not susceptible of further 
deformation, the adjacent region will now slip 
in the opposite direction, again partially relieving 
shear stress in adjacent regions. Each successive 
alteration of stress thus increases the width of the 
slip band, and hence also the length of the cracks 
at edges of slip bands. When the cracks have 
attained sufficient length, the specimen fractures. 

The above description of a slip band under 
fatigue conditions shows that the slip band must 
necessarily broaden. This has in fact been ob¬ 
served. 15 The above description also indicates 
that the progress of fatigue is intimately associ¬ 
ated with residual stresses in the region sur¬ 
rounding the slip bands. If these stresses could 
be relieved by some process, the contribution to 
fatigue of all prior slipping could be eliminated. 
It appears that the harmful effects of over¬ 
stressing, and their elimination by under¬ 
stressing, are explicable in terms of these residual 
stresses. The above description in fact suggests 
a multitude of experiments that have not as yet 
been undertaken. Examples are: the measure¬ 
ment of fracture stress before fatigue failure as a 
function of number of stress reversals; elimina¬ 
tion of harmful effects of prior fatigue by appli¬ 
cation of a set of reversals of slowly decreasing 
amplitudes. * 
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Some Integral Equations of Potential Theory 

By H. Bateman 

California Institute of Technology , Pasadena , California 


1. INTRODUCTION 

I NTEGRAL equations arise either directly or 
methodically The direct formulation of a 
problem by means of assumed or recognized 
principles frequently involves integration and 
may lead to an integral equation in which the 
unknown function has a simple physical meaning. 
When, for instance, use is made of the super¬ 
position of effects, one of the factors in the ele¬ 
mentary law may be known while the other is 
unknown and is to be found from the equation 
set up. For example, one factor may be a force 
and the other a density. 

When an integral equation arises methodically 
in the analysis of a problem, the unknown func¬ 
tion or functions may be auxiliary and needed 
only for the ultimate expression of the physical 
quantities. When it happens that the auxiliary 
functions do have a direct physical meaning, the 
method gives the principles for a direct treat¬ 
ment. One fruitful method is to introduce all the 
supplementary conditions when definite integrals 
involving arbitrary functions are used to repre¬ 
sent suitable types of solution of the partial 
differential equations of a problem. 1 


2. INVERSE PROBLEMS 

In the theory of attractions either the law of 
force or the nature of the attracting matter may 
be sought from observations or field data. 
Progress has generally been obtained by making 
assumptions and analyzing their consequences in 
an endeavor to account for the facts. A simple 
consequence of the Newtonian law of attraction 
between particles was used, for instance, by 
Joseph Priestley in a deduction of the law of force 
between electrified particles from a known 
property of an electrified conductor. This is 
pointed out by Whittaker. 2 The effect of a con¬ 
ductor in modifying the action of a charged body 

1 H. Bateman, Report, British Assoc. Adv. Sci., Shee- 
field, 4060407 (1910)* M , 

* E. T. Whittaker, History of the Theories of Aether and 
Electricity (University Press, Dublin, 1910), p. 50. 


also provided an inverse problem in which the 
aim was to find the induced surface distribution 
of electricity on the conductor which was re¬ 
garded as responsible for the effect. This problem 
was ultimately formulated as an integral equa¬ 
tion. 

Problems in the theory of attractions relating 
to the figure of the earth were ultimately 
formulated as integral equations. For the history 
and terminology of these problems reference may 
be made to Bulletin 78 of the National Research 
Council and particularly to the article of W. D. 
Lambert.* When it is desired to derive the form 
of the geoid from the gravitational field of the 
earth, an integro-differential equation is derived 
whose solution is not unique as was noted by 
Brillouin 4 and other writers. Mineo 6 made the 
solution unique by adding certain assumptions. 
When these arc of the type used by Stokes, the 
integral equation is of Fredholm’s type and had 
been noted previously by Signorini. 6 Tables for 
determining the form of the geoid and its indirect 
effect on gravity are provided by Lambert in the 
chapter mentioned and in a later work in which 
he collaborated with F. W. Darling. 7 A Fredholm 
equation was found also by Idelson 8 who used 
the potential of a simple layer (the disturbing 
layer) in an equation of Helmert. For the equa¬ 
tion of Fredholm the well-known methods of 
Neumann, Fredholm, Hilbert, and Schmidt are 
available. One good feature of these methods is 
that (he inversion formulae generally involve 
integrations rather than differentiations which 
are hard to make accurately when data are few 

8 See W. Lambert, The Shape and Size of the Earth 
(Nat. Acad. Sci., Washington, l). C.), Chapter IX. 

4 M. Brillouin, Comptes renduh 180, 987-992 (1925); 
181, 749-752 (1925). 

* C. Mineo, Palermo rendus 51, 293-303 (1927). 

• A. Signorini, Acc. dei Lincei [5] 20, 154-160, 219-222 
(1911). See also N. Moisseiev, Gerlands Beitr. z. Geophys. 
42, 279-290 (1934); B. Saltykov, Acad. Sci. USSR, 
Comptes rendus (Doklady) \T} 16, 133-140 (1937); 
Jahrb. Fortschritte Math. 63, 407 (1937). 

1 W. D. Lambert and F. W. Darling, U. S. Coast Geod. 
Surv., Spec. Pub. 199, 137 (1936). 

8 N. idelson, Gerlands Beitr. z. Geophys. 40, 24-28 
(1933). 
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and inexact, yet the numerical work with the 
inversion formulae is often very great. 


3. DATA ON A VERTICAL LINE 

Joachimstahl 9 in 1861 sought a law of force 
such that the potential of a uniform distribution 
of matter along a line may be an assigned func¬ 
tion of the distance of an attracted particle from 
the line. His equation resembled Abel’s integral 
equation and was solved by a known inversion 
formula. Beltrami 10 also made a clever use of the 
inversion formula for Abel’s equation to solve a 
mixed problem of potential theory in which a 
symmetrical potential has given values over a 
circular disk and the normal derivative is zero 
over the part of the disk’s plane outside the disk. 
This is really a particular case of the problem of 
Dirichlet—to find a potential function, regular 
in a region, from assigned values on the boundary 
of the region—the surface values assigned on the 
two faces of the disk being such that the desired 
potential function is symmetrical about the 
plane of the disk. 

Dhar 11 discussed Joachimstahl*s problem and 
formulated a second problem with vertical line 
data in which the aim was to find a rectilinear 
layer symmetrical about a point 0 on the carry¬ 
ing line and such that, with the Newtonian law 
of force, the attraction at a point P is an assigned 
function/(A) of the distance OP( = A), when OP 
is normal to the line. The integral equation for 


•F. Joachimstahl, J. rcine angew. Math. 58, 135-137 
(1861). 

10 E. Beltrami, Acad. Sci. Bologna, Mem. [4] 4, 211- 
246 (1882), Operc, v. 4, 45-67. An account of Beltrami’s 
work is given m A. G. Webster, Partial Differential Equa¬ 
tions of Mathematical Physics , edited by S. J. Plimpton 
(G. E. Stechert and Company, New York, 1933), second 
edition, pp. 368-375. For a good account of the theory of 
Abel's integral equation see M. B6cher, An Introduction to 
the Study of Integral Equations (Cambridge University 
Press, Ne* York, 1909). In the case of Joachimstahl's 
equation 

f(k , r F{f)dr 

Jk (r 1 —A*)l' 

the inversion formula, * 


F(r)—( 

is derivable from the results mentioned by B6cher by a 



- - surveyi- r - 

of Volterra type," Indiana University Studies 14, Nos. 76, 

7 r( 1927 ). 

»8.-C. Dhar, Bull. Calcutta Math. Soc. 10, 151-156 
(1^18-1919). 
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the linear density F(t) is 

f{h) - 2 h C (3.1) 

Jo 


and is of a well-known type because J/(A) can 
be regarded as the value on the line of sym¬ 
metry OP of a symmetrical potential V whose 
value on the plane (2 = 0) normal to OP is 
F(r)/r , where r is the distance from 0 . The 
integral is then a special case of the integral of 
Poisson for the solution of the Dirichlet problem 
for a region bounded by a plane. The inversion 
formula 


F(t) = (t/ 2t) f f(it cos a)da (3.2) 

Jo 


is sometimes useful but requires a continuation 
of /(A) to complex values of A and, perhaps, a 
derivation from the data of the derivatives of 
the function /. A similar remark applies when 
use is made of power series in ascending or 
descending powers of A and the associated series 
of Legendre functions. The data must be plentiful 
and accurate to permit a determination of the 
derivatives or series. 

The use of vertical line data has been de¬ 
veloped by some members of the Gulf Research 
and Development Company and a partial 
account of some of the methods that are used 
by this and other companies is given in papers 
of Evjen 12 and Hughes. 18 

The inversion formula 



~ hx zdz f J*{zt)F(t)dt 
Jo 


(3.3) 


makes the determination of *F{t) depend on the 
solution of integral equations of well-known 
types, Jq{w) being the Bessel function of zero 
order. A practical method of solving the equation 
with exponential integral is developed in this 
paper. 


4. IMPROVEMENTS IN OBSERVATIONAL 
METHODS 

A description of some of the instruments used 
in gravity work is given in Bulletin 78 already 
mentioned, but the invention of instruments of 


u H. M. Evjen, Geophys. 3, 72-95 (1938). 

“ D. S. Hughes, Geophys. 7, 169-178 (1942). S 
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precision during the last 25 years has placed 
much^more valuable equipment within the reach 
of men interested in observations of gravity. The 
invention by Baron Roland von Edtvds 14 of a 
torsion valance and of a more general apparatus 
permitting a determination of the curvature of 
the lines of force of the weight field of the earth 
did much to arouse interest in accurate observa¬ 
tions and in fiuvity methods of geophysical 
prospecting for, as is remarked for instance by 
Roever, 16 local irregularities, such as minerals 
and mountains, may produce curvatures much 
larger than those given by the potential function 
whose level surface is the standard spheroid of 
geodesy. A brief history of the development of 
the gravity method of prospecting for oil is given 
by Eckhardt. 18 It seems that this work started 
in Europe about 1915 and in the United States 
about 1924. The subject is discussed also by 
Shaw and Lancaster Jones. 17 An instrument like 
the Eotvds balance but much smaller was used 
by Jones and Davies 18 for gravity measurements. 
It was thought that a handy instrument would 
facilitate observations giving valuable informa¬ 
tion concerning the shape and dimensions of 
buried anticlines. Many other instruments em¬ 
bodying pendulums or springs have been devised 
for measurements of gravity. An account of some 
of these has been given by Hoskinson. 19 

Eckhardt says that in the period 1930-1935 
the torsion balance began to be superseded by 
the gravimeter. For the evolution of this instru¬ 
ment reference may be made to the papers of 
Skeeters, 20 Mott-Smith, 21 Hammer, 22 Neuman, 21 


14 R. von E6tv6a, Konferenz der Erdmessung, Budapest 
1, 337-395 (1906). Ann. d. Physik 68, 11-66 (1922). See 
also W. Haubold, Zeits. f. Geophysik 8, 446-453 (1932). 

11 W. H. Roever, “The Weight Field of the Earth,’* 
Washington University Studies, new series, Science and 
Technology, No. 11 (1940). 

16 E. A. Eckhardt, Geophys. 5, 231-242 (1940). 

17 H. Shaw and E. Lancaster Jones, Proc. Phys. Soc. 
London 35, 151-166, 204-212 (1923). 

18 J« H. Jones and R. Davies, Roy. Astronom. Soc. 
Geophys. Suppl. 2, 1-32 (1928). 

11 A. J. Hoskinson, Trans. Am. Geophys. Union, 44-45 
(1936). 

» W. W. Skeeters, Mines Mag. 29, 304-309 (1939); 31, 
127-129,472,495 (1941). , o t „ f 

11 L. M. Mott-Smith and F. W. Mott-Smith, Petroleum. 
Eng. 10, 85-86, 89-90, 92, 94, 96-97 (1939); L. M. Mott- 
Smith, World Petroleum 11, 64-67 (1940). 

”S. Hammer, Geophys. 4, 184-194 (1939). 

»G. Neuman, Zeits. Bohrtechmker 58, 33-37, 53-58 
(1940). 


Bruckshaw, 24 Welch, 28 Clewell, 28 Fenwick, 27 Mc¬ 
Collum and Brown, 28 Heiland, 29 and many others. 
In 1937 Stubbe and Schmidt 80 compared the gra¬ 
vimeter with the torsion balance and concluded 
that the latter was preferable, but Thyssen, 81 who 
can speak with some authority, disagrees. For 
other types of balance or observing instrument 
references may be made to papers of Duffield, 82 
Soler, 83 Vening Meinesz, 84 Lancaster Jones, 88 
Tomaschek and Schaffemicht, 86 Holweck, 87 and 
numerous papers by A. Schleusner, S. v. Thyssen, 
and others. 38 


5. HORIZONTAL LINE DATA 

Although some of the inverse problems of 
potential theory had been stated and partially 
solved before 1930 when many workers became 
interested in geophysical prospecting, the actual 
use of the methods of integral equations was 
delayed because the data were not sufficiently 
accurate. With the advent of instruments of 
precision the situation was somewhat changed, 
and some members of the staff of the Gulf 
Research and Development Company began to 
study a very simple integral equation in order to 
acquire some skill in the solution of inverse 
potential problems. A solution of this guiding 
integral equation in the form of a double integral 
of Fourier type was obtained by H. M. Evjen 
but was not regarded as suitable for purposes of 
calculation. Evjen then wrote to the present 
author to ask if his method was new and if an¬ 
other method of solution was available which 
would involve, say, only one integration. 

14 J. M. Bruckshaw, Proc. Phys. Soc. London 53, 449- 
465, discussion 465-467 (1941). 

“G. I. Welch, Rev. Sri. Inst. 12, 179-181 (1941). 

78 P H. Clewell, Geophys. 7, 155-168 (1942). 

77 W. H. Fenwick, Mines Mag. 32, 504-507, 509 (1943). 

78 E. V. McCollum and A. Brown, Geophys. 8, 379-390 
(1943). 

» C. A. Heiland, Geophys. 8, 119-133 (1943). 
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As a matter of fact a solution of the desired 
type had been found by Chester Snow 89 in 1923. 
He had obtained the integral equation (with a 
restriction on the unknown function, which was, 
in his case, odjd) in a spectroradiometric analysis 
of radio signals. Snow derived the solution also 
in the form of a double integral but reduced this 
to a single integral and extra terms by an opera¬ 
tional method. The result was found also by 
means of Cauchy’s theorem and some remarks 
were made on numerical methods. 

In a reply to Evjen’s letter the present author 
gave a method of analytical continuation which 
led naturally to the simple form of solution. This 
method seems to be of wide application in 
inverse potential problems in which the assigned 
function is analytic in the sense of Weierstrass 
(capable of continuation by means of power 
series) as it presumably is on account of the 
properties of a regular potential. On this account 
I have ventured to dedicate this description of 
subsequent developments to the Gulf Research 
and Development Company and to Dr. Evjen 
in particular as his letter 40 provided the stimulus 
which led to the development of the method now 
to be discussed. 

6. THE GUIDING EQUATION 


The assigned values of f(x) may tie used to 
construct a potential 


W(x, F)-( 1/t) f 


(Y-ymdy 
(: x-ty+(Y-y )*’ 


( 6 . 2 ) 


which is regular for Y>y and such that 
W(x, y ) =/(*). The potential W(ae, K) is identical 
with F(x, Y) for Y>y\ but when Y<y, the 
integral on the right does not represent V{x, Y) 
but a different potential which has the value 
—/(*) when Y=y. As the particular example 

f(x) = cos (mx), 

W(x, Y)—er m < r ~*i cos (tnx) Y>y 
W{x, Y) = -er*T-a cos ( mx ) y<y (6 ‘ 3) 


indicates, the derivative W y (x , F) is continuous 
when F=y, and so the correction which must be 
added to W(pc , Y) to give V(x , Y) must have a 
zero derivative for F=y. Within the region of 
analyticity of this correction term 


V(x , Y)=f(x+iY-iy)+f(x~iY+iy) 



(Y-y)mdt 

(*-/) 2 +(F-;y) 2 ' 


(6.4) 


Since V(x t Y)-+F(x) when F—»0, we have 
Snow’s inversion formula 


The integral equation mentioned in the intro¬ 
duction is 


/(*)« 


: 0A) f 

J -QO 


yF(t)dt 

(x-ty+y*' 


( 6 . 1 ) 


where y is a fixed positive quantity, f(x) is an 
analytic function supposed to be determined 
from observation and presumably of the right 
type for representation by such an expression, 
and F(t) is the function to be determined. This 
function is required to be such that the integral 
exists and represents a potential V(x, y) regular 
for y>0 which is the solution of the Dirichlet 
problem for the half-plane. The properties of this 
•Integral of Poisson are well known. To fix ideas 
we shall suppose that F(t) and F'(t) are finite 
and continuous for. all real values of t, but a 
case in which F(t) is piece-wise continuous will 
be considered later. «' 


" C. Snow, Sci. Pap. Bur. Stand. 19, 231-261, No. 477 
(1923) 

«f^M. Evjen, letter dated July 18, 1930. 


F(x) =f(x-iy)+f(x+iy) 



yf(t)dt 

(x-ty+y*’ 


(6.5) 


the correctness of which may be checked by 
direct substitution, if a change in’ the order of 
integration is permissible. My friend Stephen O. 
Rice 41 of the Bell Telephone Laboratories has 
checked the formula with the aid of Cauchy's 
theorem. 


7. THE CONJUGATE EQUATION 
The conjugate of the guiding equation is 


g(x)'- 


■( 1 /w)f 

•'—00 


(x—t)F(t)dt 

C x-ty+y *’ 


F(±«e)»0. (7.1) 


The integral on the right represents a potential 
function U(x, y) regular for y> 0 which is the 
conjugate of V(x, y). In the region Y>y, V{x, Y) 


41 Stephen 0. Rice, letter dated August 30, 1945. 
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may be represented by Poisson’s integral 


U(x, F)«(1/t) 



(Y-y)g(t)dt 
(*-<)*+( F-y) 2 ’ 


(7.2) 


The continuation of this into the region F<y 
(or that part in which the added term is ana¬ 
lytically continuable) is 

U(x, Y)°=g(x+iY-iy)+g(x-iY+iy) 

1 f* (F-y)g(i)d< 

ir J_»(*-0 2 +(K-y) s ' (,) 


To find F{t) we write down the conjugate 
potential 

V(x, Y)=ig(x+iY-iy)-ig(x-iY+iy) 

j r (x-t)g{t)dt 

T J_oo (x-t) 2 +(Y-y) 2 ' 


zero being apparently the appropriate value of 
an additive constant. For F=0 this gives the 
inversion formula 


When linear combinations of the functions 

u n (o) =*sin (»+l)a sin n “ ! a, 

v H (a) « cos (n+l)a sin n ~ l a 

are used to form the complete set of orthogonal 
functions, 

1, cos 2a, sin 2a, cos 4a, sin 4a, cos 6a, 

sin 6a, • • ■, (8.5) 

it is seen that linear combinations of f (n) (x), 
g (n) (x ) over various values of n will give the 
Fourier constants of F(*+ycota) and so by 
Fej6r’s theorem give a practical way of deter¬ 
mining this function whenever it is continuous 
over the infinite range with F(db*>)=0. For 
Fej6r’s theorem see Whittaker and Watson. 42 

9. GENERALIZATION OF THE GUIDING 
EQUATION 

Consider a potential V(x, y) defined for the 
region R outside a curve C by the integral 


F(x)=*ig(x-iy)-ig(x+iy) 



{x-t)g(t)d t 

(x-t) 2 +y 2 ’ 


(7.5) 


which may be tested by putting F(t)= sin (m/), 
g(x)= — e~ mv cos (wjc). it may be checked by 
direct substitution and a change in the order of 
integration. 


8. SOLUTION BY MEANS OF 
ORTHOGONAL FUNCTIONS 

When the function g(x) is derived from f(x) 
by means of the known formula 

r 00 Sif)dt 

g(*) = (l/ir)P (8.1) 

*/_«, x—t 

in which the P before the integral indicates that 
the integral has its principle value, a method of 
solution is possible in which use is made of the 
expressions for the derivatives of f(x) and g(x) 

/ (n> (a;) * (n \/vy n ) f F(x+y cot a) 

Jo 

Xsin (n+l)a sin n ~ 1 ada, (8.2) 

(*) ~ — (n !/iry n ) f F(x+y cot a) 

Jo 

Xcos (n+l)a si n n ~ l ada. (8.3) 
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V(x t y) * f G»[>, y, u(t ), «r(0]F(0*» (9.1) 
Jc 


which solves the problem of Dirichlet for the 
region R when V has the assigned value F(t) at 
the point x — u(l) f y~v{t) of the curve C . When 
y has a fixed positive value such that the point 
( x , y) is outside C for all real values of x, the 
equation 

/(*) * fGnO, y, E®. v(t)lF(t)dt (9.2) 

Jc 


may be regarded as an integral equation for the 
determination of F(t). The potential F(x, Y) 
may be defined for Y<y and for the exterior of 
C by the expression (6.4) and its analytical con¬ 
tinuation. When x — u(T), y=v(T) this gives the 
inversion formula 


F(T) =Ku(T)+iv(T) -iy]+/[w(D -iv(T)+iy] 

[v{T)-y-]fMt 


+ (!/») 


S' 




(9.3) 


A simple case in which the function G„ is known 
is that in which C is the circle **+^*“ 0 *. An¬ 
other case in which G n is known is that in which 
the region R lies outside the wedge bounded by 

* Whittaker and Watson, Modern Analysis (Cambridge 
University Press, New York), Chap. IX. 


* 



the lines 0=0, B^r+pr (p> 0). It should be 
noted that in the latter case there are two dif¬ 
ferent paths of analytical continuation of the 
correction term. One path leads to the upper face 
of the wedge, the other path leads to the lower 
face of the wedge. This feature is particularly 
noticeable when the wedge reduces to a double 
line y=Q, x>0. Generally the function f(x) has 
different values at points with equal x but on 
opposite sides of the line. When, however, the 
two values of f(x) are equal but of opposite sign, 
the potential V(x, y) is an odd function of y and 
is zero for y = 0, x<0. This case will be discussed 
by another method in Section 1. 


10. OBSERVATIONS ALONG A CURVE 

Conformal representation may be useful in 
reducing this case to that already considered but 
other methods are available. When the curve is 
the circle r=a (r and 0 being polar coordinates), 
the problem of analytical continuations may be 
stated as follows: A potential V, regular for r>a t 
has the value /(0) at x=a cos 0, y=a sin 0 and 
is given by Poisson's integral 

(r*— a 2 )f(u)du 

-—- ———;— . ( 10 . 1 ) 

o r*+a 2 —2(x cos u+y sin u)a 

For r<a this integral represents the regular 
potential with the value — f(B) at x=acos0, 
y=asin0. How, then, can a potential V which 
is regular in a region R including the whole 
exterior of the circle and part of its interior, 
including the boundary, be continued from the 
outside to the inside? The appropriate correction 
is in this case 


C(r, 0)»/[0+i log (r/a)] 

+/[0-i log (r/a)], (10.2) 

and is suitable for the solution of the integral 
equation which arises when V(x, y) gives the 
rtion of the Dirichlet problem for the region 
outside a curve C lying entirely within the circle 
r«a. When C is a circle, r*=b; the integral 
equation and its solution can be easily written 
down but the result will not be given here 
because it may be derived by conformal repre¬ 
sentation from the solution of the guiding equa¬ 
tion.' Atterio 4 * has recently given a proof, not 

• L. Aiuerio, Portugaliae Math. 2, 173-176 (1941). 


depending on conformal representation, that a 
potential assuming analytical values on a 
segment of an analytic curve can be extended 
analytically across that curve. The proof 
depends upon the analytical character of the 
solution of an integral equation of Fredholm's 
type which gives the density of the double layer 
used in the representation of the potential 
function. 

11. GENERALIZATIONS OF THE PROBLEM 
OF DIRICHLET 

Interest in the integral equations of potential 
theory was much stimulated by the work of Karl 
Neumann 44 on the solution by means of series of 
some integral equations furnished by the problem 
of Dirichlet and the related problems when use 
was made of potentials of simple or double layers 
for the representation of the desired potential. 
The introduction by Henri Poincar6 46 of a 
parameter X into these problems was an im¬ 
portant extension because it led to his surmise 
that the solution in series could be expressed as 
the ratio of two entire functions of X, and this led 
Fredholm 46 to seek explicit expressions for these 
two functions. The work was ably continued by 
Plemelj 47 and others and good accounts of the 
progress along these lines arc in books on poten¬ 
tial theory such as those of Kellogg 48 and of 
Sternberg and Smith. 49 In the case of Neumann's 
equation and a vast number of others, the data 
or assigned values are at points on the line or 
surface carrying the distribution to be deter¬ 
mined. When the data are “free air values," that 
is, at points not on covered surface, the integral 
equation is of the first kind, and the observed 
function is not arbitrary but is restricted by a 
large number of linear conditions which are often 
hard to formulate fully. When, however, the data 
are of the required type, the nature of the type 


44 K. Neumann, Akad. Wiss. Wien 22, 264-326 (1870); 
Untersuchungen tiber das logarithmische und Newton'sche 
Potential (B. G. Teubner, Leipzig, 1877). 

44 H. Poincarl, ThSorie du potential Newtonian (G. Can 6 
et C. Naud, Paris, 1899). 

44 1. Fredholm, Acta Math. 27, 365-390 (1903). 

47 J. Plemelj, Monats. Math. Physik 15, 337-411 (1904); 
18, 180-210 (1907). 

41 0. D. Kellogg, Potential Theory (Verlagsbuchhandlung 
Julius Springer, Berlin, 1929). , 

49 W. T. Sternberg and T. L. Smith, The Theory off 
Potential and Spherical Harmonics (The University df 
Toronto Press, Toronto, 1944). 
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of inversion formula to expect is indicated by 
SnoW^s series. 


/?(*) = 2 E[(-y*)»/(2«)!]/<*»>(*) 

n—0 



yfm 
t x-ty+y 2 


(iu) 


for the solution of the guiding equation. It will 
be noticed that in addition to an integral involv¬ 
ing the observed function f(x) there is also a 
series involving f(x) and its derivatives. This 
feature will be useful in the treatment of the 
problems in three dimensions. 


12. TH£ PROBLEMS IN THREE DIMENSIONS 

In space of three dimensions the guiding equa¬ 
tion is 

00 

f(x, y) = ( 1/2 t) J J zF(s, t)dsdUr\ (12.1) 

where 

r*=+(*— s ) a +(y - 1 ) 5 , 

and z is a fixed positive quantity. The integral 
on the right is the well-known solution of the 
Dirichlet problem for the region z>0. It is the 
potential of a double layer over the plane and 
can also be interpreted as the z component of 
force due to a simple layer on the plane. 

For the region Z>z there is a similar integral 


the inversion formula 


F(x, y)~ 2 £ [* ,n /(2»)!](— y) 

R «0 

oo 

- (1/2t) J Jzf(s, t)dsdt/r*. (12.4) 


When in particular, 

f(x, y) = cos (nty)f(x ), 

F(x, y) =cos (my) F(x) 

there is a simplification and the formula becomes 


/(*) = ( 1/x) j’°°Ki(mr)F(s)ds, 

r*=z*+(x-s)\ (12.5) 

oe 

F(x) = 2 L [z 2 "/(2n)!](w 2 -7) 2 )»/(x) 


where 


-(1 /*)f‘Ki(mr)f(s)ds, (12.6) 


Ko(mu)= f cos (m/)rft/(«*4-/ l ) J , 

v 0 


Ki(x) = -nKo(x), D=d/dx. 


(12.7) 


It should be mentioned that S. O. Rice, 41 in the 
letter already mentioned, has obtained a solution 
of the equation corresponding to (12.5) with 
A'o(wr) in place of A'i(fwr). 


TF(x, y, Z) = (l/2ir) J* J* (Z—z) 

. Xf(s,t)dsdt/R\ (12.2) 

where 

= «) 2 +(^—^) 2 +(y—0 2 - 

For Z>z we have X(x, y , Z) = V(x , y, Z) where 
V is the potential regular for Z> 0 with the 
value F when Z=0. For Z<z the integral W is 
not equal to V and so by analogy with Snow’s 
formula and our previous method, we introduce 
a correction in the form of a series and write for 
0 <Z<z 


13. THE USE OF LAPLACIAN INTEGRALS 


Let us now consider the equation 


/(*)=(!/*) r 

Jo 


yF(u)du 

(x+u)*+y*' 


x>0, y> 0. (13.1) 


This differs from the guiding equation because 
(1) the double layer covers only half the x axis, 
namely the part for which x<0 and (2) because 
f(x) is assigned only for positive values of x . It 
should be noticed that the notation is not quite 
the same as that of Section 6. When a change in 
the order of integration is valid there is an 
equivalent formula 


V(x 9 y, Z) * 2 53 [(2—s) 2n /(2»)!] /# = f F(u)du f e~ ix+u)t sin (yt)dt 9 

J o J 0 

X(-V t )*f(x,y) + W(x,y,Z), (12.3) 

where V*«d*/d**+a*/d;y*. For Z=0 this gives 
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f e~ xt sin (yt)dt f er ut F(u)du, (13.2) 
Jo •'o jrt 



which indicates that (13.1) may be replaced by 
two integral equations of Laplace’s type 


f(x) = f e~ rt sin ( yt)G(t)dt , 
Jo 

G(l)= f e~ ut F(u)du. 

Jo 


(13.3) 


If sin ( yt)G(t ) and F(u) are required to be con¬ 
tinuous, the solutions of these equations, when 
existent, are unique. Lerch’s theory indicates 
also that a knowledge of f(x) for positive integral 
values of x or for a set of values in arithmetical 
progression is sufficient to determine sin ( yt)G{t) 
and consequently the values of/for non-integral 
values of x. It should, then, be possible to derive 
these latter values directly by a formula of 
interpolation. 


14. A FORMULA OF INTERPOLATION 
FOR LAPLACIAN INTEGRALS 


A formula which is particularly suitable for 
this interpolation has been recommended by the 
author 40 and by Erd£lyi. M It is 


m 


Co Ci(l-x) c»(l-*)(2-x) 
x x(l-Hc) x(l+x)(2-+x) 


The coefficients c„ are found by giving x the 
values 1, 2, 3, ••• in turn, thus /(l)=c 0 , 
/(2) = Jco—fi/6, and it is found that generally 

(2»+1)P„(1-2E)/(1), (14.2) 


where P„(z) is the polynomial of Legendre of 
order n and E is an operator of a distributive 
nature such that £* changes /(l) into/(s+l). 
The series found by expressing each term in the 
formula of interpolation as a Laplacian integral 
is in this case 

(1/ir) sin (yt)G(t) - £ c*P»(l - 2<r‘), (14.3) 

II—0 


qgfj this can be used effectively to provide values 
of G{t) for t— 1, 2, 3, • • • with the aid of a table 
of P„(l —2er l ) for 1 = 1,2, 3, • • •. Table I covers 
the ranges »=0(1)10, t; 1(1)20 with 15D, and an 
attempt is being made to extend it to higher 


m H. Bate man, Proc. Nat. Acad. Sci. 25,262-265 (1939). 
See and E. Htlle, Compoaltio Math. 6,93-102 (1938). 

, J. London Math. Soc. 18, 72-77 (1943); 

‘Phil. M;#»n] 34, 533-537 (1943). 


values of n. The table was calculated from the 
tables of the exponential function of the Mathe¬ 
matical Tables Project of New York sponsored 


Table I. P„(l-2e-'). 


/\» 

l 

2 

1 

0.26424 11176 57115 

-0.39526 4947608978 

2 

.72932 94335 26775 

+0.29788 21339 12729 

3 

.90042 58632 64272 

.71615 01028 52814 

4 

.96336 87222 22532 

.89211 89424 35010 

5 

.98652 41060 01829 

.95984 47175 84062 

6 

.99504 24956 46667 

.98516 43522 14122 

7 

.99817 62360 68891 

.99453 36973 78988 

8 

.99932 90747 44195 

.99798 78994 43633 

9 

.99975 31803 91827 

.99925 96325 55358 

to 

.99990 92001 40475 

.99972 76127 88347 

11 

.99996 65965 98420 

.99989 97914 68939 

12 

99998 77115 75293 

.99996 31349 52388 

13 

.99999 54793 41186 

.99998 50108 31834 

14 

.99999 83369 42562 

.99999 81645 86638 

15 

.99999 93881 95359 

.99999 81645 86638 

16 

.99999 97749 29651 

.99999 93247 89028 

17 

.99999 99172 01246 

.99999 97516 03747 

18 

.99999 99695 40041 

.99999 99086 20123 

19 

.99999 99887 94407 

.99999 99663 83222 

20 

.99999 99958 77693 

.99999 99876 33078 

\« 

3 

4 

1 

-0.35023 61643 16206 

0.13449 18185 76736 

2 

-0.12412 92757 10654 

-0.38184 10855 26292 

3 

+0.47444 95488 03890 

+0.21049 90508 35291 

4 

.79015 33279 25199 

.66302 65464 69307 

5 

.92050 05158 57439 

.86928 43716 52798 

6 

.97043 89956 51009 

.95097 58060 24902 

7 

.98908 23471 09798 

.98183 70921 66184 

8 

.99597 78237 65385 

.9933008703 23373 

9 

.99851 95392 12762 

.99753 31743 53326 

10 

.99945 52626 75587 

.99909 2186895476 

11 

.99979 95879 58828 

.99966 59910 88756 

12 

.99992 62705 84296 

.99987 71191 50522 

13 

.99997 28762 00388 

.99995 47938 71677 

14 

.99999 00216 76114 

.9999833694 87847 

15 

.99999 63291 74961 

.99999 38819 62012 

16 

.99999 86495 78283 

.99999 77492 97645 

17 

.99999 95032 07525 

.99999 91720 12610 

18 

.99999 98172 40250 

.99999 96954 00426 

19 

.99999 99327 66444 

.99999 98879 44074 

20 

9999999752 6*5157 

.99999 99587 76928 

l\n 

5 

6 

1 

0.34415 78146 74583 

0.05464 80014 52797 

2 

-0.40197 48761 18927 

-0.21928 12946 63080 

3 

-0.0383898178 26693 

-0.23878 90479 34199 

4 

+0.51760 76040 90602 

+0.36166 4000803395 

5 

.80722 55650 05097 

.73556 67348 63206 

6 

.92691 92142 65318 

.89844 75100 59999 

7 

.97281 77378 76441 

.96204 89278 14871 

8 

.98995 97324 16840 

.98595 77710 19097 

9 

.99630 09031 20756 

.99482 31816 62974 

10 

.99853 09031 20756 

.99809 40684 77302 

11 

.99949 90075 52514 

.99929 86457 16643 

12 

.99981 56815 57053 

.99974 19589 36336 

13 

.99993 2191190691 

.99990 50683 10682 

14 

.99997 50542 83629 

.99996 50760 84201 

15 

.99999 08229 50036 

.99998 71521 41840 

16 

.99999 66239 47428 

.99999 52735 27981 

17 

.99999 87580 19044 

.99999 82612 26878 

18 

.99999 95431 11656 

.999999360340948 

19 

.99999 98319 16113 

.99999 97646 82563 \ 

20 

.99999 99381 65392 

.99999 99134 31550 s 
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by the National Bureau of Standards. It is 
thought that this and similar tables may be 
useful for the tabulation of functions defined by 
definite integrals which are hard to compute 
directly but have simple Laplace transforms. 

The convergence of the Legendre series may 
be improved by a simple device. Thus the equa¬ 
tion 

G(/)= f e~ ui F(u)du (14.4) 

Jo 


may be replaced by 


h(t ) =G(f+c) = 



■e~ cu F(u)du, 


(14.5) 


and if c is positive the Legendre series for e~ eu F(u) 
derived from h(t) generally converges more 
rapidly than the series for F(u) derived from 


Tabi.k I ( continued ). 


l \» 

7 

8 

1 

-0.26817 48023 26647 

-0.18068 47715 50211 

2 

+0.04744 04893 23003 

+0.25688 19941 18463 


-0.36640 21347 36359 

-0.40970 70706 13055 

4 

+0.20339 42382 48305 

+0.05093 82503 44370 

5 

.65573 61016 54870 

.56931 56160 02127 

6 

.86577 13712 05337 

.82913 21271 95702 

7 

.94956 00489 40862 

.93538 52422 93312 

8 

.98129 90110 20097 

.97598 81367 27241 

9 

.99310 05569 44491 

.99113 36665 21429 

10 

.99745 91437 72468 

.99673 38012 46168 

11 

.99906 49156 19968 

.99879 78289 73036 

12 

.99965 59526 47257 

.99955 76642 75112 

13 

.99987 34254 13111 

.99983 72627 20031 

14 

.99995 34349 14456 

.99994 01308 03434 

15 

.99995 28695 40755 

.99997 79751 50830 

16 

.99999 36980 39790 

.99999 18974 83377 

17 

.99999 76816 36173 

.99999 70192 47002 

18 

.99999 91471 21310 

.99999 89034 41751 

19 

.99999 96862 43423 

.99999 95965 98696 

20 

.99999 98845 75400 

.99999 98515 96945 


9 

10 

1 

0.14819 38218 87370 

0.23699 54125 74554 

2 

0.31162 84080 67464 

0.20063 77685 73120 

3 

-0.3714640496 78268 

-0.26611 53241 48726 

4 

-0.08810 26036 60170 

-0.20710 75794 20539 

5 

+0.47800 57810 98811 

+0.38358 79739 59843 

6 

.78879 97720 45136 

.74507 07436 35930 

7 

.91956 30995 25272 

.90213 67456 08779 

8 

.97003 04866 29698 

.96343 20474 31386 

9 

.98892 32382 79290 

.98647 00901 33615 

10 

.99591 80856 76644 

.99501 21261 41743 

11 

.99849 73991 57471 

.99816 36412 25220 

12 

.99944 70956 31578 

.99932 42487 54669 

13 

.99979 65804 68941 

.99975 13789 98542 

14 

.99992 51637 84321 

.99990 85338 98542 

15 

.99997 24689 76435 

.99996 63510 22666 

16 

.9999898718 59350 

.99998 7621168393 

17 

.9999962740 59447 

.99999 54460 73600 

18 

.99999 86293 02282 

.99999 83247 02917 

19 

.9999994957 48383 

.99999 93836 92485 

20 

.99999 98144 96182 

.99999 97732 73114 


0(t). When the product e~ iu F(u) has been 
derived by means of the Legendre series, the 
function F(u) may be deduced with the aid of 
the table of exponential functions already cited. 

Equation (14.3) indicates that the series on 
the right should have zeros at the zeros of 
sin (yt). When the series is convergent or sum- 
mable by the Cesaro method, the equations 
found by putting l — 1, 2, 3, • • • in turn may be 
regarded as included among the numerous linear 
conditions that f(x) must satisfy in order that 
it may be expressible by a definite integral of the 
form (13.1). The relations derived from the series 
may be used as a check on the accuracy of the 
observations or may be used to check the tabular 
values of a function represented by an integral 
of type (13.1). In particular, if F(t)=r, we have 
f(x) — tan -1 (y/x) and if y=l the coefficients c» 
may be calculated with the aid of the table of 
inverse tangents published by the Mathematical 
Tables Project mentioned previously. When t—r 
and 


M = 1 -2e-' = 0.91357 21634 72. 

we have 


P 2 0i) =0.75192 11468, P,( M ) - 0.53584, 
P 4 (m) = 0.29273 5162. 

In using such a check it is probably advisable to 
improve the convergence of the Legendre series 
by the device already mentioned. The formula 
of interpolation for Laplace integrals and the 
table of Legendre functions may be useful in 
some problems of geophysics in which integral 
equations of Laplace's type occur. It may be 
mentioned that one such equation was used by 
Keck and Colby 52 in working out a method for 
deriving the depth dependence of earth con¬ 
ductivity from surface potential data. 

When the series of Legendre functions is used 
to solve Eq. (3.3), an equation of type 


2F(t)=thc» r*P»(l 

n~0 j 0 


— 2e~‘)Jo(?t)dz 


(14.6) 


is obtained, each term of which can be found 
when the expansion of the Legendre function is 
used. 


*» W. G. Keck and W. F. Colby, J. App. Phys. 13, 179- 
188 (1942). 
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IS. SOME PROBLEMS OF ANALYTICAL 
CONTINUATION 


When the solution F(u) of (13.1) has been 
found, the function /(*) may be continued to 
negative values of x by means of the formula 


/(-*)-( 1 /t) 


f 


yF(u)du 

(*—«)*+?*’ 


(15.1) 


the formula of interpolation being unsuitable 
for this purpose. The function /(—x) can also 
be found directly by solving the integral equation 


J "- yf(u)du 

. 


'(I/*)/’ 

Jo 


yf(—ti)du 
o (x+u)+y 


0<x, (15.2) 


which expresses that the function F(x) derived 
by means of Snow’s inversion formula (with an 
appropriate change of notation) is zero for 
positive values of x . 

It is sometimes possible to continue a function 
defined by a Laplace integral to negative values 
of x by means of the equations 

i 

e~ xt cos ( yt)F(t)dt 

a i f cos (xt)er<“[iF{ — it) —iF(it)~]dt 

J o 



-i f" sin (xt)er“lF(it) + F(-it)yt, (15.3) 

Jo 


J er* 1 sin (yt)F(t)dt 
o 

J* cos {xt)e~ vt [_F(it) it) ~]dt 

f° sin (xl)er^[iF(—it) -iF(it)Jdt, (15.4) 
Jo 


in which F(s) is supposed to be an analytic 
fuifttion regular when the real part of % is not 
negative and having a suitable form at infinity. 
These equations are readily derived by means of 
Cauchy's theorem. The equation holds for 
positive values of x and positive values of y but 
whereas the integrals on the left may diverge 
for *V;0. the integrals on the right may exist 
dhd gmtShe desired analytical continuation. 


16. POTENTIALS WITH AXIAL SYMMETRY 


The equation 

/(«)- f"[(a+o)*+r*]-‘F(o)do 

Jo 

= f e~“Jo(rt)dt f e~*‘F(a)da, z >0 (16.1) 

s/o */n 


can, when the foregoing change in order of inte¬ 
gration is Valid, be solved with the aid of two 
successive inversions of a Laplace integral. For 
some values of r it may be possible to continue 
the function/(s) to negative values of z and apply 
a method of solution to be sketched in Section 17. 
Some progress in the continuation of Laplacian 
integrals involving Bessel functions has been 
made elsewhere by an extension of some work of 
King 41 and Muskat. 54 The results are included in 
the general formula (extending that of Pekeris) 

f er**Jo(rt)f(t)dt 
Jo 

-(l/») r *o(r/)[cos {zt)\m +/(-*)} 

Jo 

+ sin (zt) {/(it) -f(-it )} ]<ft, 

real (/)>0, (16.2) 


in which J{t) is an analytic function regular in 
the half plane. This formula and those of Section 
15 are included in a more general formula in¬ 
volving Bessel functions as indicated by the 
author. 56 Integrals of the present type in which 
there are no sources above the plane « = 0 are of 
interest in aerodynamics, geophysics, and many 
other subjects. Reference may be made in par¬ 
ticular to the work of Theodore von K&rm&n and 
others 55 on the distribution of pressure over an 
airship in which .use is made of a line of sources 
on the axis of the ship. When the second form of 


“L. V. King, Proc. Roy. Soc. London A139, 237-277 
(1933). 

* M. Muskat, Physics 4, 129-147 (1933). 

“H. Bateman, Monats. Math. Physik 48, 322-328 
(1939). 

M Theodore von K&rm&n, Aachen Abhandlungen, No. 6 
(1927). See also O. Fuhrmann, Theoretische und expert- 
mentelle Untersuchungen an Ballonmodellen , Diss. Got¬ 
tingen (Verlagsbuchnandlung Julius Springer, Berlin, 
1912); H. Fdttmger, Zeits. f. tech. Physik 9, 26-39 (1928); 
F. Weinig, Zeits. f. tech. Physik 9, 39-43 (1928); H. Lerbs,. 
Werft, Reederei, Hafen 9, 263-266 (1928). 
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integral is used with a fairly general type of 
function G{t) in place of Jo m e~ at F(a)da there may 
be sources on circles with the z-axis as line of 
centers. 

It may be of interest to form an idea of the 
equipotential surfaces and streamlines in the 
whole jield of Eulerian flow round the airship 
though this type of flow is not applicable in the 
rear of the ship for the flow is useful for finding 
the actual flow in the boundary layer. We shall 
suppose, then, that observations are made in 
front of the ship where the flow is almost exactly 
of the Eulerian type. If the velocity potential <t> 
and stream function V' are given by 

<t>= Uz+ f e^Joir^G^dt—Uz+^s) 

Jo 

for a fixed r, (16.3) 

^ = |£/r*-r f e-*‘/i(rt)G(f)d< = JC/r*+g(z) 

Jo 

for a fixed r, (16.4) 

we have two Laplacian integral equations for the 
determination of G(t) when f(z) and g(z) are 
known. When use is made of the Legendre series 
for the solution, the derived values of Jo(r/)G(I), 
Ji(rt)G(t) should be zero at zeros of Jo(rt), 
respectively, and so observational values of /(z) 
and g(z) may be checked. 

17. INFINITE LINE OF SOURCES 

When sources extend to infinity in both direc¬ 
tions, the integral equation 

r Q0 

C(z-o)*+r*]-‘F(a)da (17.1) 


integrals 

V- J"[(z-a)*+r*]-»-‘F(o)da, (17.3) 

and these integrals can likewise be expressed 
linearly in terms of the derivatives of V with 
respect to s for s—0. Now if 



( z—a)F(a)da 
(z—a)*+r* 


-V,-b*Vi-(r*/S)Vt - (17.4) 


the function g(z) can be regarded as a known 
function of z when the series converges. The 
function F(a) can then be derived from g(z) by 
means of the inversion formula of Section 7. 

The expression for V for R>r has the form of 
an integral involving the function K»(mR) 
— Koimre"), the integration being with respect 
to m. We need, then, an expansion of this func¬ 
tion in powers of s. Now if W—K 0 (mre’) we have 

dW/ds=mre'K o' (wtre*), 

d % W/ds % = (mrV) *Kd "(mr«*)+(mre*)2Co'(mre*), 

d-W/ds" = pn-iiR 1 ) W+q n -,(R*)dW/ds, 

where p n ~i(x), q n -t(x) are polynomials of degrees 
not exceeding » —1, n— 2, respectively. These 
polynomials satisfy recurrence relations and can 
be calculated step by step so the «th derivative 
of W can be found when W and dW/ds are 
known and it follows that the »th derivative of 
the potential V for R=r can be found from the 
values of V and dV/dR for R = r. 


18. FOURIER ANALYSIS 


i* harder to eolve. It ie easy to write down an . ‘J 04 T ' do " e " found i " ,< * raI 

integral which represents a potential V(R, s) dons o type 

having the value /(z) for R=r and regular for r* 

R>r. To continue this potential into the region /(*) “F(*)+(1/2 t)J k(t)dt 
R<r we follow the plan of Section 10 and seek 

an expansion of V in powers of the quantity x f" c08 [*(*_«)]F(«)d» (18.1) 

J*Iog (R/r). Writing J_« 


F(z,i?)- J"c(z-a)*+rV‘]-*F(o)da, (17.2) 

the derivatives of V with respect to s can. when 
s«*»0, be expressed linearly in terms of the 


in a discussion of the equilibrium of an infinitely 
long elastic cylinder with given surface displace¬ 
ments. With the abbreviation C* cos t(x—u) the 


•" 0. Tedone, Acc. dei Lincei, [5] 13, 232-240 (1940). , 

101 


Volume 17, February, iww 



solution used was 


to be convergent but other restrictions are per¬ 
missible when Lebesgue integrals are used. 


where 


F(*)»(1/t) T/ZW r C -A*)du, 

J —x Z —00 


//(/*)= 


1 


2+k{t)+k(-l) 


(18.2) 

(18.3) 


With Snow’s* symbolical method 

F(x)**2m-D*)f(x), where D=d/dx. (18.4) 

In the case f(x) — M-g(x), k(t) = M-h(t), where 
M is a large positive number, the limit M— 
gives the solution of an integral equation of the 
first kind 5 ® 


g(x) = (l/2v) f*h(t)dt fV F(u)du, (18.5) 

- HC ( 18 .6) 

In particular, if 

*(0«8-» ,,, f (18.7) 


19. AN INTEGRAL EQUATION OF CRYSTAL 
THEORY 

When M is kept finite and k(i) has the same 
form as before, Tedone’s equation becomes 

/•» yF(u)du 

and his solution takes the form 

F( * ) - <1/2 ' I £t+K 5l£c-/Wfc ( lM) 

The integral equation in this case includes one 
used by Hulth6n M in work on the exchange 
problem for crystals. To get a solution more 
suitable for computation we write 

1 Me -* 1 * 1 

-1-, (19.3) 

1 + l + Me~ vU * 


the equation becomes the guiding equation of 
Section 6, 


*(*)-(!/») 


£ 


yF{u)du 

(x—uY+y*' 


(18.8) 


and the solution is found in the form 


F(*) = (1/t) 


m: 


C • f(u)du (18.9) 


given by Snow and Evjen. When, moreover, use 
is made of the identity 

«» l,l *2 ch(yt)-er»w, 


the integral involving the hyperbolic cosine may 
be evaluated by the symbolic method and the 
solution obtained in the form of a simple integral 
with additional terms. 

It must be emphasized that when use is made 
of the Fourier analysis the function F(u) must 
be^restricted more, perhaps, than when use is 
made of Poisson’s integral directly. Evjen, for 
instance, required 


F(x)=/(x)-Aff G(M, x—u, y)f(u)du, (19.4) 

J —oo 


where 


G(M, *,j)-(lAr) f 

•Jo 


x p — yt 


■a/**) r 

•Jo 


0 1 

c~“ 


l+Me~ v 


cos (xt)dt y> 0 
(19.5) 

cos (xv/y)dv. 


For sufficiently small values of (x/y) there is an 
expansion 

G(M,*,y)«(t/Mxy)I>(l, —M) 

-(*/y)V(3, -M) 

+(*/y)V(5, —M) -], (19.6) 

where 

00 

<t>(s •*) — £ n~‘s n (19.7) 

n*l 

is the function studied by Appell, 50 Jonquiire,* 1 
Truesdell,®* and others. The function has been 
used in geophysical work by King. 5 * 


£ 


| F(u) | du and 


0 


\F(u)\du 


99 Wfceh this result was sent to S. 0. Rice, he remarked 
ip a tetfrt&eference 41 > that there is a slight simplification 
when th ttpoaential form of Fourier’s integral is used. 


10 L. Hulthln, Arkiv Mat. Astronom. Fysik A26, No. 11 
(1938). 

W P. Appell, Comptes rendus 87, 690-692, 874-878 
(1878). 

01 A. Jonqui&te, Bull. Soc. Math. Franc# [2] 17,142-152 J 


(1889), Stockholm Acad. Ofversigt 257-268 (1889). 
"A. Truesdell, Ann. of Math. 46, 144-157 (1945). 
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Here and There 


Lewis J. Green have resumed their work in the Department 
of Mathematics at Case. 


New Appointments 

Dr. William A. Shurcliff of Washington has been ap¬ 
pointed technical consultant in the Bureau of Industry of 
the New York State Department of Commerce. 

Edmund S. Winlund is the new RCA Victor Industrial 
Electronics Engineer for the Pacific Region, with head¬ 
quarters in Los Angeles. 

C. W. Handley and P. D. Ries have been selected as 
technical specialists by National Carbon Company, Inc., 
to help expand the company's technical service facilities 
applying to projector carbons and other lighting carbon 
products. 

Dr. Emilio Scgri has been appointed professor of physics 
at the University of California at Berkeley. 

Drs. Dana P. Mitchell and Norman F. Ramsey, Jr., of 
Columbia University, have been promoted to the rank of 
associate professor of physics. 

Dr. Louis B. Slichter, professor of geophysics, Massa¬ 
chusetts Institute of Technology, will become professor of 
geophysics, University of Wisconsin, with the opening of 
the second semester in January. 

Five new vice presidents have been announced by RCA 
Victor Division of Radio Corporation of America: Meade 
Brunet, J. B. Elliott, Joseph H. McConnell, J. W. Murray, 
and L. W. Teegarden. 

Dr. John A. Tiedeman, formerly associate professor of 
physics at Woman's College, University of North Carolina, 
has been appointed director of the Education Department 
of Ansco Division of General Aniline and Film Corporation. 

Professor Marcel K. Newman has been appointed As¬ 
sociate Professor of Mechanical Engineering in the College 
of Applied Science, Syracuse University. 

Dr. Lise Meitner, the Austrian physicist, has joined this 
month the faculty of the Catholic University of America, 
where she is visiting professor. 

Back to Former Poets 

Joseph Kaplan, professor of physics, University of 
California at Los Angeles, has returned to his post after five 
years of service in the Army Air Forces. 

Dr. Robert S. Shank land, on leave for the past three 
yean to the Office of Scientific Research and Development, 
has returned to his position as head of the Department of 
Physics at Case School of Applied Science, and Drs. 
Robert Rinehart, Charles C. Torrance, Paul Guenther, and 
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National Academy Appointment 

Science reports that Dr. Detlev W. Bronk, professor of 
biophysics and director of the Eldridge R. Johnson Founda¬ 
tion of the University of Pennsylvania, has been appointed 
foreign secretary of the National Academy of Sciences. By 
virtue of this appointment, Dr. Bronk also becomes 
chairman of the Division of Foreign Relations of the 
National Research Council. 

Michigan Society of Spectroscopy 

The Michigan Society of Spectroscopy has elected new 
officers for the second year of its existence. New chairman 
is G. A. Nahstoll of the Ford Motor Company; Secretary is 
Virginia Sink of the Chrysler Corporation. 

Nuclear Physics Program at Harvard 

The president and fellows of Harvard College have voted 
to establish a committee to develop a program in nuclear 
physics at the university. The corporation has further voted 
to allocate the sum of $400,000 to the committee to spend 
within a period of five years in developing the program. 

Lighting Handbook 

Plans for publication of a lighting handbook, most 
comprehensive and informative work of its kind ever 
attempted, have been announced by the Illuminating 
Engineering Society. The handbook, long contemplated by 
the Society as a major post-war project, will contain five 
hundred pages of text prepared by outstanding authorities 
in their respective fields. Every phase of lighting, from the 
pure physics of light to specific lighting recommendations 
for stores, offices, homes, factories, and even for juke boxes 
and television studios, will be covered. The latest authori¬ 
tative information on light sources, as well as on the 
measurement and control of light, will l>e included. The 
handbook will be released October, 1946 and will be sold 
and distributed through official I.E.S. channels. Robert W. 
McKinley, electrical engineer, has l>een engaged as editor. 

Necrology 

Dr. Eugene Cook Bingham, professor of chemistry at 
Lafayette College, died on November 6 at the age of 56. 

National Academy Awards 

Among the awards given by the National Academy of 
Sciences on November 16 were the following: 

Cyrus B. Comstock Prize, awarded every five years for 
the most important discovery or investigation in electricity, 
magnetism, and radiant energy. Prize of $3,000 for the 
period 1938 to 1943 was awarded to Donald W. Kerst, 
Department of Physics, University of Illinois, "for his 
pioneer work in connection with the development of the 
betatron and the results which he has obtained with this 
new and powerful scientific tool." < ^ 
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The gold Public Welfare Medal, for eminence in the 
application of science to the public welfare, was awarded 
for 1945 to Vannevar Bush, Director of the Office of 
Scientific Research and Development, Washington, D. C., 
“in recognition of his outstanding service in bringing to 
bear the scientific and engineering talent of this country 
upon problems of research connected with the war effort.” 

Nobel Prizes 

The 1945 Nobel prize in physics has been awarded to 
Professor Wolfgang Pauli of the Institute for Advanced 
Study at Princeton, New Jersey, for his work on the 
“exclusion principle,'* which deals with regulation of 
electrons in the outer shell of atoms and molecules. The 
1944 prize in chemistry has been awarded to Professor 
Otto Hahn, Germany, an authority on radioactivity, for 
his discovery of a method of breaking the heavy atom 
nucleus. Artturi Wirtanen, of Finland, biochemist, has re¬ 
ceived the 1945 award in chemistry for his discoveries 
relating to food chemistry. 

Atomic Energy Forum at Cleveland 

On November 27 the Cleveland Physics Society, Case 
School of Applied Science, and Western Reserve Uni¬ 
versity sponsored a forum on the control of atomic energy. 
It was attended by more than 500 scientists in the Cleve¬ 
land area. Main speaker was Dr. W. H. Zinn, nuclear 
physicist from the University of Chicago. At the end of the 
meeting the following resolution was passed almost 
unanimously by the audience; 

"RESOLVED, that the Government of the United States be urged to 
take rapid, effective steps to make the United Nations Atomic Energy 
Commission a reality. Further, that all effort be made to secure inter¬ 
national cooperation resulting in free exchange of scientific information 
among all countries and unhampered inspection by United Nations 
experts to insure that such information is not misused. Also, that the 
Government of the United States be urged to take such legislative steps 
as will avoid compromising either atomic or nuclear research in this 
country or the establishment of an adequate international policy. 
Further, that this resolution be submitted to all government officials 
immediately concerned. 

Revised Fulbright Bill 

Hearings on the revised Fulbright Bill, S. 1243, to 
establish an Office of Technical Services within the De¬ 
partment of Commerce, consolidating several similar or 
related scientific agencies of the Government, began 
December 12. The revised bill had been drafted to conform 
to recommendations of various agencies of the Government 
and private organizations that might be affected by or 
interested in the proposed legislation. Among these were 
Wk Departments of Commerce and Agriculture, the Office 
of Scientific Research and Development, the National 
Inventors Council, the Smaller War Plants Corporation, 
and Office of Production Research and Development. 

Crystallographic Society 

The Crystallographic Society organized at Harvard Uni- 
vtr^t/aod Massachusetts Institute of Technology in 1939 
/is phutalpg. to resume its activities, which were suspended 
* during tiSewar. Thp Society concents itself with the science 
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of crystallography and its applications to fields such as 
physics, chemistry, metallurgy, ceramics, and biology and 
is not restricted to the classical phases of crystallography 
commonly associated with r mineralogy. In 1940 the 
Society initiated the idea of launching a Journal of 
Crystallography. More recently, plans have been discussed 
by several societies for starting a new international Journal 
of Crystallography to replace the Zcitschrift ffir Kristal- 
lographie, which is no longer published. Since there is no 
other journal devoted exclusively to crystallography, the 
Society takes an active interest in this new development. 

A meeting to be held at Smith College is tentatively 
planned for March 21-23, 1946. Those wishing to present 
papers are requested to send title and brief abstract to 
Professor M. J. Buerger, Massachusetts Institute of 
Technology, Cambridge 39, Massachusetts. Ten invited 
papers have been arranged. 

All those wishing to renew membership or to become 
members of the Society or who desire further information 
may write to William Parrish, Acting Secretary-Treasurer, 
The Crystallographic Society, Philips Laboratories, Inc., 
Box 39, Irvington, New York. Membership fees have been 
set at $1 for 1946. A new memliership list will be compiled 
January 31, 1946. 

Society for Quality Control 

On October 3 and 4, 1945, the Organizing Committee for 
a National Quality Control Society met at Pittsburgh, 
Pennsylvania, and established the Society for Quality 
Control. It is the intent of the Society “to serve all those 
interested in quality control, giving particular attention to 
the needs of those engaged in manufacture and inspection.” 
The Society plans “to publish material that will be of help 
to quality control people everywhere, material that will 
help them sell and apply quality control methods.” 

Edward M. Schrock and Ralph E. Wareham were 
unanimously elected president and secretary-treasurer, 
respectively. Dues of the Society were set at $5, of which $3 
will be returned to the local chapter. At present there are 
fourteen chapters. Payment of dues to the Society will 
make a person a member of the chapter in his geographical 
area. Dues should be sent to Mr. Wareham at 305 East 43d 
Street, New York 17, New York. 

Dr. W. D. Coolidge Honored by Chile 

Dr. William D. Coolidge, formerly Vice president and 
director of research of the General Electric Company, who 
is now touring South America, has been awarded the 
“Orden al Merito” of the Chilean Government. 

Division of High-Polynler Physics 

The Division of High-Polymer Physics of the American 
Physical Society held its secon^ .regular meeting at 
Columbia University, New York?City, January 24-26, 
1946, as one of the features of the general, annual meeting 
of the parent society. On the pn&gram of the Division 
meeting were approximately 25 papers on rubbers, plastics* 
and other high-polymeric materials, covering both tW 

analysis of physical behavior and experimental techniques. 

* 
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The Bulletin of Mathematical Biophysics 
t March, 1946 

Th« Biophysics of Borne Mental Phenomena: II. Anxie¬ 

ties and Wationi— N.. Rashevsk/ 

Chain Processes and Their Biophysical Applications: Part II. The Effect 
of RecoTery — I. Opatowski 

A Contribution to the Mathematical Biophysics of Cell Growth and 
Shapes: □. — Richard Rungs 

A Theory of Membrane Permeability: II. Diffusion in the Presence of 
Water-Plow— Ingram Bloch 

The Neural Mechanism of Logical Thinking— N. Rashkvsky 

Volume 8, Number 1—The University of Chicago Press, Chicago, 
Illinois. 

Fellowships in Cancer Research 

Fellowships in cancer research, administered by the 
Committee on Growth of the National Research Council, 
are open to citizens of the United Slates who possess M.D. 
or Ph.D. degrees. They are designed to provide oppor¬ 
tunities for training and experience in research for men and 
women who are fitted for scientific investigation, basic or 
clinical (including research in biophysics). The fellowships 
are intended for recent graduates who, as a rule, are not 
more than thirty years of age. 

Applicants for these fellowships may plan to enter any 
field of research pertaining broadly to the problem of 
cancer. Candidates will be favored who desire to obtain 
thorough experiehce in one of the basic sciences. 

The annual stipends are determined by individual 
circumstances and by cost of living in the location of study. 
The usual amount is from $2000 to $3000 per annum. The 
fellowships are granted for one year, but they may be 
renewed. Fellows are usually chosen at annual meetings of 
the Committee on Growth in February, and applications 
to receive consideration at these meetings must be filed on 
or before January 1. During 1945-46, interim applications 
will be considered. Appointments may tiegin on any date 
determined by the Committee. 

Further particulars concerning these fellowships may be 
obtained on request from Executive Secretary of the Com¬ 
mittee on Growth, National Research Council, 2101 
Constitution Avenue, Washington 25, D. C. 

Radiation Laboratory Technical Series 

Publication of the largest series of books on physics and 
electrical engineering ever undertaken in the United States 
has been arranged by the Massachusetts Institute of 
Technology for the Office of Scientific Research and De¬ 
velopment, according to an announcement by James R. 
Killian, Executive Vice President of the Institute. The 
Radiation Laboratory Technical Scries, comprising twenty- 
eight titles and a General Index, reports the results of five 
years* wartime work on radar. The purpose of the series is 
to make available to science, industry, and the public 
generally the results of the immense developments in 
electronics and in microwave theory and technique during 
the war years, which, once secret, have now widely been 
declassified. These will be of inestimable value in peace¬ 
time research in physics, biology, and other natural 
sciences, as well as providing the engineering foundation for 
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post-war industrial developments in television, communica¬ 
tions, and electronics. 

Work reported in the series required the expenditure of 
about 20,000 technical man-years in the various radar 
research and development establishments, Dr. Killian re¬ 
vealed. “For the first time/* he said, “the technical litera¬ 
ture of a large subject is being created all at once, on a 
uniform basis. Emphasis in the series will not be on radar 
itself, but rather on the basic techniques which underlie 
many phases of electronics in addition to radar/* 

Publication of the series will be handled by an agreement 
between Massachusetts Institute of Technology, acting for 
the Office of Scientific Research and Development, and the 
McGraw-Hill Book Company, which is undertaking the 
publication. This arrangement is expected to serve as a 
model for the publication of other scientific work done with 
public funds under OSRD contract, now that the need for 
wartime secrecy no longer exists where this information is 
of general interest and can desirably appear In book form. 
Royalties on the sale of the books will be paid to the U. S. 
Treasury. 

Plans for the series have been under way since late 1944, 
when it became clear that the end of the war was not far 
off. Intensive work has been carried on since June, Manu¬ 
script is now being prepared at the rate of nearly 400 pages 
per day by 187 authors under the direction of nine editors. 
Illustrations are being drawn by more than a hundred 
artists and draftsmen. 

Books of the series are being written chiefly by staff 
members of the Radiation Laboratory, wartime radar re¬ 
search center maintained at the Massachusetts Institute of 
Technology by OSRD contract, but will include the results 
of work on radar done in British development establish¬ 
ments and in industrial laboratories l>oth here and in 
England. Several British scientists have come to the 
Massachusetts Institute of Technology to cooperate in the 
preparation of the series. 

Summaries of the scope and contents of the series show 
that it covers several fields of the greatest scientific and 
engineering importance. Some of these are: precise timing 
techniques; new methods of cathode-ray tube display; 
generation, transmission, and radiation of high-power 
microwaves; and broad-band amplifier techniques. Present 
titles planned for the series follow: 

The generation of high power microwaves is dealt with 
in a book on Microwave Magnetrons which presents the 
theory of operation of these oscillators as well as practical 
design considerations and operating techniques. Low Power 
Microwave Tubes deals principally with the properties of 
reflex klystrons and lighthouse tubes when used as oscil¬ 
lators, amplifiers, rectifiers, and mixers. Production of 
accurately timed pulses having various waveforms at high 
and very high peak powers is treated in Pulse Generators . A 
theoretical and practical treatment of pulse transformers is 
also included in this book. 

Transmission line and wave guide techniques are dis¬ 
cussed exhaustively. The Theory of Guided Waves develops a 
basic theory of electromagnetic waves in wave guide. This 
theory draws from conventional field theory, circuit theory, 
and transmission line theory, but is directed to the solution 
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of problems of importance in the microwave region. 
Maximum use of engineering concepts is made. A Waveguide 
Handbook collects the analytical results given by the theory 
and presents all available numerical and experimental 
results in graphic form, chosen to be most convenient for 
practical circuit design. The Principles of Microwave 
Circuits develops a generalization of low frequency network 
theory and of the impedance concept. The properties of 
wave guide circuit elements and devices are developed and 
discussed in terms of this generalization. Microwave Trans¬ 
mission Circuits treats from a practical point of view the 
same general matters. Design principles for connectors, 
rotary joints, and other wave guide and transmission line 
devices will be discussed, and examples of successful designs 
given. The Techniques of Microwave Measurements describes 
in detail the methods for measuring power and attenuation 
at high and low level, standing wave measurements, means 
for accurate determination of wave-length and frequency, 
r-f spectrum Tind pulse shape, and other means of measure¬ 
ment peculiar to the microwave field. 

Microwave Antenna Theory and Design provides a com¬ 
prehensive survey of theory and design techniques for 
microwave antennas, a full discussion of antenna measure¬ 
ment methods, and an indication of special methods used in 
antenna production. Propagation of Short Radio Waves in 
the Troposphere collects and summarizes the very extensive 
wartime investigations of the propagation characteristics of 
radiation at frequencies too high to be affected by the 
ionosphere. The theory of atmospheric refraction, the 
meteorology of the refraction problem, and the experi¬ 
mental approach to the refraction problem will be followed 
by a treatment of matters which include target properties, 
ground and sea clutter, and molecular absorption. 

Crystal Rectifiers discusses the theory, properties, manu¬ 
facture, and use of the silicon and germanium point contact 
rectifiers which have been developed for use as microwave 
converters and other circuit applications. Microwave Re¬ 
ceiving Circuits deals with the problem of frequency con¬ 
version and duplexing. Means of automatic frequency 
control for a local oscillator are discussed, and designs of 
mixers and duplexing assemblies are described. 

A series of works on the design and application of 
vacuum tube circuits is opened with the Components Hand¬ 
book which describes the properties of available wire, 
resistors, capacitors, inductors, instrument motors, po¬ 
tentiometers, and other circuit elements. Emphasis is 
placed on the specifications which components meet and on 
features of performance which are not usually given in 
other publications. The book includes the results of inde¬ 
pendent measurements of important properties of various 
^ype* of commercial components. Cathode Ray Tubes 
describes methods for using such tubes, with emphasis on 
good focus, freedom from distortion, and reliable operation. 
It includes discussions of focusing and deflection magnets 
and coils, the properties of fluorescent screens, and methods 
of constructing auxiliary apparatus such as projectors, 
magnetic shields, light Alters* and the like. 

1|» books follow which analyze the fundamental 
'flWftj Ufco f basic circuits useful in the various branches of 
Vacuum Tube Amplifiers deals with circuits 
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which can be treated theoretically by linear circuit analysis. 
It seeks to analyze completely many types of amplifiers, 
especially those of high gain, wide band pass, or large 
dynamic range. Constructional details of special amplifiers, 
and rigorous critical discussions of amplifier sensitivity will 
be given. Waveforms discusses basic circuits which include a 
non-linear element. These and other circuits for the 
generation and shaping of the form of current and voltage 
waves arc analyzed with the help of the cathode-ray 
oscillograph. The wave forms described make possible radar 
and television displays, and permit the precise measurement 
of time and position. A treatment of their generation is 
followed by discussions of their manipulations, such as 
modulation, analysis, and frequency division. 

Then follow those books whose object it is to present 
design techniques for synthesizing from the basic circuits 
and components just described the complex instruments 
required to fill various functional demands. Electronic 
Instruments deals with devices for the purpose of precision 
time measurement, data transmission, and mathematical 
computation. It emphasizes instrument function, gives 
details of engineered circuit designs, and recommends 
preferred equipment types where possible. Cathode Ray 
Tube Display Circuits shows how cathode-ray tubes may be 
combined with electronic circuits to provide a wide variety 
of measuring and precision data display devices. Applica¬ 
tions of such devices include the precision measurement of 
time intervals shorter than one ten-thousandth of a 
microsecond, and the plotting of several functions of 
several variables simultaneously in any of several coordi¬ 
nate systems, as well as special devices suitable for radar 
and television use. 

The use of electrical and other time-variable indications 
in automatic control devices is discussed in Automatic 
Control Systems. Basic principles for the design of electrical 
and mechanical feedbacks control systems are developed in 
detail, and application is then made to a series of automatic 
control problems, including those which have arisen in 
automatic radar range and angle tracking. 

Microwave Receivers describes many different types of 
complete receiving systems, suitable for radar, television, 
relay telephony, and repeat-back devices. Examples are 
chosen to illustrate actual design techniques. Signal 
Thresholds in Interference offers an analysis, both theo¬ 
retical and experimental, of the factors affecting the per¬ 
ception of desired signals in the presence of various types of 
interference, principally receiver noise. 

An outline of'the general principles of design of radar 
systems is presented in a volume entitled, Radar Systems 
Engineering . It is intended as a basic treatise and reference 
book for anyone interested in making any application of 
radar. 

The applications of radar to problems of air and sea 
navigation, including airport and harbor traffic control, are 
discussed in a volume entitled, Radar Aids to Navigation. 

In the book, Loran , a comprehensive treatment is made 
of the principles and engineering design of this war-born 
long range navigational aid. ? 

The final book is a general index providing cross refer¬ 
ences among the various books of the technical series. r 
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Symposium on Molecular Spectroscopy and 
? Molecular Structure 

A conference on Industrial and Chemical Infra-red 
Spectroscopy will be held at Mendenhall Laboratory of 
Physics, Ohio State University in Columbus, Ohio June 13- 
15, 1946. This meeting will be sponsored jointly by the 
Physics departments of the University of Michigan and the 
Ohio State University. 

The conference will be a part of a larger symposium on 
Molecular Spectroscopy and Molecular Structure to be held 
at the Ohio State University beginning Monday, June 10 
and extending to June 15. 

More complete details on this symposium will be pub¬ 
lished in a later issue of the Journal. Inquiries concerning 
the infra-red conference may be directed to Professor 
Harald H. Nielsen, Mendenhall Laboratory or to Dr. 
Norman Wright, Dow Chemical Company, Midland, 
Michigan. 

Naval Ordnance Laboratory 

The Charles H. Tompkins Company, of Washington, has 
begun work in preparation for the construction of the main 
buildings of the Naval Ordnance Laboratory’s new research 
center at White Oak, Maryland. The contract, totaling 
$4 ,813,000 was awarded the Tompkins Company for con¬ 
struction of a group of structures which will include the 
administration building, the photographic laboratory, 
spherical field laboratory, long field laboratory, officers’ 
quarters, Marine barracks, and a portion of the roads which 
will connect the numerous units in the 938-acre area at 
White Oak. 

A total of 50 permanent buildings is planned for the 
research center which the Naval Ordnance Laboratory will 
use for the peacetime continuance of scientific experiments 
in connection with underwater ordnance. More than a 
dozen of the smaller buildings have already been completed, 
and a $300,000 boiler plant—which will supply steam for 
heating and for process work in the main laboratory—will 
be ready within a few weeks. Cost of the entire project will 
be approximately $15,000,000. 

Included in the buildings now in operation are six 
magnetic laboratories, which are located in a remote section 
of the White Oak property away from all local media of 
interference. They contain no properties which would tend 
to create disturbances during experiments, and are devoid 
of red brick—which contains iron oxide—and reinforced 
concrete—which requires the use of iron rods. Downspouts, 
radiators, and nails are all of copper. 

One of these magnetic buildings, the Quiet Laboratory, 
has no electric lights, water pipes, or other ordinary 
facilities which could in any possible way interfere with the 
work of the men who will be probing into the mysteries of 
magnetic weapons and counterweapons. Another structure 
in this group has a temperature control room for producing 
immediate temperature variations of between minus 80 and 
plus 180 degrees Fahrenheit. 

The new Laboratory was planned by the Navy Depart¬ 
ment's Bureau of Ordnance in collaboration with Captain 
W. G. Schindler, USN, Officer-in-Charge of the Naval Ord¬ 


nance Laboratory, and Captain R. D. Bennett, USNR, its 
technical director. Captain Schindler came to the Labo¬ 
ratory’s present headquarters, at the Navy Yard in 
Washington, two years ago after a brilliant career as 
Ordnance Officer in a carrier squadron in the South Pacific. 
He made numerous sorties as rear seat gunner in an SBD 
dive bomber, and is credited with being the first American 
to shoot down a Japanese plane in aerial combat. Captain 
Bennett, internationally known for the development of 
cosmic-ray measuring equipment, is a former professor of 
electrical engineering at Massachusetts Institute of 
Technology. 

Most of the construction details for the gigantic labora¬ 
tory were handled through the Bureau of Yards and Docks, 
but in NOL’s own offices were prepared the unique labora¬ 
tory features designed to provide the technical staff with 
the world’s most modern equipment for the development of 
the various projects which the Laboratory will inherit. 

Architects are Eggers and Higgins, of New York City, 
with Taylor and Fisher, Baltimore, associates. 

Naval Ordnance Laboratory has long been the Navy’s 
headquarters for the design and development of underwater 
weapons and countermeasures. It was established in 1918 
as a mine laboratory, but because of the country’s "peace 
economy” program only a skeleton staff was retained for 
the next two decades. When Germany introduced the 
magnetic mine at the beginning of World War II, the 
Laboratory immediately began to expand its activities to 
include the development of depth charges, bomb fuzes, 
projectile fuzes, pyrotechnics, and numerous other items as 
well as mines. Perfection of degaussing equipment, which 
was to protect our ships from lurking enemy magnetic 
mint's, was one of the first tasks assumed by the Laboratory 
after the dark months of 1940. 

Until the last days of Japan's resistance, most of the 
I-aboratory’s work was restricted from public attention be¬ 
cause of security regulations. Announcement of the mining 
of the Inland Sea and other strategic Japanese waters first 
turned the spotlight on NOL, and finally the Navy an¬ 
nounced that it was this research center that had developed 
all the mines which were used in the history-making 
Mockade. In addition, the Laboratory had perfected the 
parachutes which eased the deadly missiles into the water 
from an altitude of 10,000 feet. 

Another of the Naval Ordnance Laboratory’s outstanding 
contributions which was withheld from the public until the 
cessation of hostilities was the development of the 40-mm 
fuze. Through this device the Navy’s guns were able to 
destroy enemy aircraft with greater accuracy, and at the 
same time the U. S. taxpayer was given considerable help 
in the cost of producing the ammunition. NOL’s technical 
experts are credited with having effected a saving of 
$236,820,000 in the three years that the new fuzes were in 
production. 

More than a thousand scientists and technicians will 
make up the peacetime staff of the Laboratory. Nearly one 
hundred of the scientific personnel have already moved to 
the new workshops at White Oak, with others following as 
the various buildings are completed. The entire staff is 
expected to be transferred by the late summer of 1946. 
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Federation of Atomic Scientists 


The following statement has been prepared regarding 
the aims of the newly formed Federation of Atomic Scien¬ 
tists: 

We f the undersigned representatives of the Associations 
of Scientists who have worked on the atomic bomb, hereby 
agree to form a united group, to be known as “The Federa¬ 
tion of Atomic Scientists," in order to carry out more 
effectively the common aims of the separate organizations. 

Each of the six Associations shall retain its identity and 
independence of action. The Federation will provide a 
central office and staff for the purpose of aiding and co¬ 
ordinating the activities of the several member Associa¬ 
tions. 

The component organizations were founded to achieve 
the following aims: 

(1) To study the implications to our nation and to the world of the 
liberation of nuclear energy. 

(2) To create a realization of the dangers that this nation and all 
civilization will face if the tremendous destructive potential of 
nuclear energy 1 b misused. 

(3) To help establish an atmosphere of world security in which the 
beneficial possibilities of nuclear energy may be developed. 

(4) To study the relation between national legislation and the 
establishment of an adequate international policy. 

. . . and to give all possible publicity to the following 
convictions: 

(1) That a continuing monopoly of the atomic bomb by the United 
States is impossible. 

(2) That there can be no specific defenses against the destructive 
effects of the atomic bomb. 


(3) That in view of the existence of the atomic bomb, no nation can, 
in this new age, feel secure until the problem of the control of 
atomic power is solved on a world level. 

The council of the Federation will consist of those 
delegates of the component associations who are in Wash¬ 
ington at any given time. It is intended that one such 
member from each association should be present in Wash¬ 
ington at all times and two will frequently be present. 
There will be a central office which will act primarily as 
headquarters for the Associations. It will also serve as 
an information and speakers’ bureau and will handle 
contacts with other groups which hold view’s similar to 
our own. 

The Washington office shall be made available to all 
scientists' organizations in America which find it necessary 
to have the same information that we are to supply to the 
Associations. Many of these newly formed groups have 
the same aims and purposes as our own organization. 

Signed by representatives from: 

Association of Oak Ridge Scientists at Clinton Laboratories 

The Atomic Scientists of Chicago 

The Association of Los Alamos Scientists 

The Association of Manhattan Project Scientists, New York City Area 
The Atomic Production Scientists, Oak Ridge 
The Atomic Engineers, Oak Ridge 

The Federation of Atomic Scientists may be reached by 
calling National 5818, Washington, D. C. Its street address 
is 1621 K Street, N.W., Washington 6, D. C. 


New Booklets 


National Patent Council, new organization devoted to 
the interests pf small manufacturers, is issuing an 8-page 
monthly bulletin called Competitor . It is published at Gary, 
Indiana. The December issue reported progress to date in 
enrolling new support for the campaign. 

The National Research Bureau, Inc., 415 North Dearborn 
4fereet, Chicago 10, Illinois has issued for distribution a list 
of some of the engineering and manufacturing problems 
which have been solved by the Bureau. Correspondents 
may order copies of the Bureau’s reports on any listed 
problems. The Bureau also offers a list of new Masters’ 
theses which are available for distribution. Such theses will 
be supplied only on microfilm. 


American Instrument Company, 8030 Georgia Avenue, 
Silver Spring, Maryland, publishes an 8-page bi-monthly 
paper entitled Aminco Laboratory News , which is “devoted 
to the application of scientific instruments to modern 
laboratory technique, engineering, materials testing, and 
production control." 

The Senate Subcommittee on War Mobilization has 
issued a monograph on Wartime Technological Developments, 
a supplement to the previous volume of the same name. 
Like that volume, this monograph was compiled and 
digested by the Bureau of Labor Statistics, U. S. Depart¬ 
ment of Labor, from items published in trade and technical 
journals. There are 839 technical advances included in the 
volume. 
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Calendar of Meetings 


Ftbniify 

23 

25-28 

25-28 

25-March 1 

March 

7- 9 
27-JO 

April 
1- 4 

3- 5 

8 - 12 
12-13 

17-19 


American* Mathematical Society, New York, New York 
American Institute of Mining and Metallurgical Engi¬ 
neers, Chicago, Illinois 

Technical Association of the Pulp and Paper Industry. 
New York. New York 

American Society for Testing Materials, Pittsburgh, 
Pennsylvania 


Optical Society of America, Cleveland, Ohio 
American Association for the Advancement of Science, 
St. Louis, Missouri 


18-20 American Philosophical Society, Philadelphia, Pennsyl¬ 

vania 

25- 27 American Physical Society, Cambridge, Massachusetts 

26- 27 American Mathematical Society. Chicago, Illinois 

26- 27 American Mathematical Society, New York, New York 

27 American Mathematical Society, West Coast 

28-May 1 American Ceramic Society, Inc., Buffalo. New York 

May 

6-10 Society of Motion Picture Engineers, New York, New 

York 

10-11 Acoustical Society of America, New York, New York 

27- 29 American Geophysical Union, Washington, D. C. 


June 

American Society of Mechanical Engineers, Chattanooga, 17-20 
Tennessee 

Society of Automotive Engineers, New York, New York 20-23 
American Chemical Society, Atlantic City, New Jersey 
American Physical Society, Southeastern Section, Atlanta. 24-28 
Georgia 

American Society of Civil Engineers, Pliiladelphia, 24-28 
Pennsylvania 


American Society of Mechanical Engineers, Detroit, 
Michigan 

Society for the Promotion of Engineering Education, St. 
Louis, Missouri 

American Institute of Electrical Engineers, Detroit, 
Michigan 

American Society for Testing Materials, Buffalo, New 
York 


Errata 


On the Representation of Rigid Rotations 

[J. App. Phys. 16, 571 (October 1945)] 

H. SCHWRRDTFEGER 

T HE last line of footnote 2 must read: “scientifiques 649 (Paris 1938)." 

In line 15 of section 2, two different symbols are used for the exponential 
function (exp P and e p ) in one and the same formula. 


On Maximum Gain-Band Width Product in Amplifiers 

[J. App. Phys. 16, 528 (September 1945)] 

W. W. Hansen 

D R. Henry Wallman of M.I.T. has pointed out that there are certain con- 
tradictions in this article. Specifically, in the right column of page 529, 
one finds “Second, Wheeler’s four-terminal result is also the best possible for a 
single stage.” This statement, which occurs also in the conclusion, conflicts 
with the correct result of Bode, which is given in the abstract and on page 533. 

The opportunity for this carelessness on my part arose because I did not 
see Bode’s important work until my article was in press and, while modifying 
some of my statements, I failed to correct them all. 
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Calculation of the Output from Non-Linear Mixers 

Harry Stockman 

Cruft Laboratory, Harvard University, Cambridge, Massachusetts 
(Received October 6, 1945) 

The exact mathematical treatment of non-linear mixers of the type used in very-high 
frequency and ultra-high frequency superheterodynes is difficult. If, however, the non-linear 
element is simplified to the extent that it is fully described by a plotted current-voltage 
characteristic, several ways of determining the output become evident. Some of the most funda¬ 
mental methods are described in the following, and their shortcomings pointed out. The 
methods are then tried out on a “guinea pig'* characteristic and the results critically compared 
with respect to accuracy, amount of labor, required mathematical tools, and other factors. It is 
found that no “best" method exists and that all methods require simplifying assumptions and 
approximations that frequently lead the converter designer to consider practical measure¬ 
ments, or special methods, such as the one provided by the frequency conversion diagram 
technique. 


T HE conventional frequency converter has 
two essential parts; the non-linear element 
and the local oscillator. The action of the non¬ 
linear element or mixer is to combine the in¬ 
coming wave Ca of angular velocity A with the 
local oscillator wave tB of angular velocity B so 
that one or more product terms result. Each 
product term yields a sum and a difference com¬ 
ponent, and the output circuit is arranged to 
emphasize the current, voltage, or power of a 
selected sum or difference component, the 
angular velocity C of which is determined from 
the relation C= \pA±qB \, where p and q are 
any integers. The desired output current is in 
the following indicated ic• 

The mixer may be linear when operated with 
zero oscillator voltage, but if so is made non¬ 
linear by the application of the oscillator voltage. 
A rigorous and general mathematical treatment 
of the non-linear device is more difficult to carry 
out and apply when the operation is “Class B" 
or “Class C, M and when the frequency is very 
high. To make a mathematical treatment pos¬ 
sible a number of factors, which control the 
behavior of the non-linear element, must be left 
m of consideration. Accordingly the results of 
the mathematical investigation will not tell the 
full story, and the interpretation of the results 
must be done with utmost care. 

FUNDAMENTAL CONSIDERATIONS 

The'^following treatment is built upon the 
'Assunvdhn that the non-linear element of 


interest is fully described by a single current- 
voltage or te-characteristic. This te-characteristic 
may be a tube characteristic, issued by the tube 
manufacturer, or a curve obtained from measure¬ 
ments on an available physical mixer. In both 
cases there will be certain errors in the current 
and voltage coordinates, and these errors arc 
magnified in the readings taken from the curve. 
Fundamentally there are a number of mathe¬ 
matical methods that can be applied to find the 
resulting output from a given input. Some of 
these methods lose their meaning, however, if 
the primary information is too inaccurate. One 
way of getting around this difficulty is to assume 
that the plotted te-characteristic is exact, i.e., 
entirely free from error. Several limiting curves 
representing various amounts of error can then 
be plotted, and the calculation procedure re¬ 
peated for each one of them. A comparison of 
the results gives information about the intervals 
of variations that can be expected in particular 
variables, for example the maximum and mini¬ 
mum value of conversion transconductance. 

One fundamental idea in the treatment of 
non-linear devices is to investigate the given, 
plotted characteristic for the purpose of obtain¬ 
ing its equation in the explicit form *=/(«). This 
idea seems to leave out of consideration “Class 
B" and “Class C” operation, as *=»/(«) is an 
analytical function. If, however, the device is 
provided With a small artificial current in the 
non-conducting interval of the variational volt¬ 
age, the non-analytical function of a “Class 
or “Class C" mixer can be transformed into aH 
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analytical one. Such a transformation is actually 
of practical importance as will be shown later. 

Another way of obtaining the desired output 
component is to make a conventional Fourier 
analysis of the output current wave. This method 
has several limitations that will be pointed out 
in the text. Still another method involves that 
the “mixer-local oscillator” combination is 
treated as a unit, the variational transcon¬ 
ductance of the unit varying periodically with 
the oscillator frequency. When encountering this 
periodic transconductance the incoming voltage 
yields the well-known amplitude-modulation 
pattern in the output, indicating the generation 
of one or more product terms. This method is of 
considerable practical value. 

The following methods are centered on the 
non-linear element itself, and apply to the types 
of single input low-ohmic -mixers, that have 
recently become of importance in the very-high 
frequency and ultra-high-frequency field. The 
mixer may be considered as operating with short- 
circuited output, but the treatment applies as 
well to mixers which have a load impedance of 
the same value for all frequencies. The given 
^-characteristic is then with advantage trans¬ 
formed into a dynamic ie-characteristie. The 
treatment given is not extended to mixer circuits 
with load impedances of general type, but it is 
well to remember that in the conventional cir¬ 
cuit, with the load impedance existing at one 
frequency only, the voltage drop across this 
impedance may be treated as part of the applied 
voltage. 1 -* Another case that permits a simplified 
treatment is the high impedance mixer, as here 
the load impedance may be neglected in series 
with the comparatively large average value of 
the plate resistance. 

CURVE-FITTING METHODS 

Some useful methods of determining the equa¬ 
tion **=■/(«) for a given ie-characteristic are 
described below. The final form of this equation 
depends very much upon the method employed. 
If this form is not explicit in the desired current 
component, there remains the procedure of 
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Fig. 1 . The “measured** characteristic and its first 
derivative, illustrating operation in “Class A’* and “Class 
C.” The error curve refers to the “log-log straight line** 
method. 

developing such an explicit expression 
ic~F(Ea, Eb> A, B). 

This procedure may involve as much labor as 
the “curve-fitting” procedure itself. 

Before going into a discussion of methods we 
will study an assumed ^-characteristic to be used 
later as a “guinea pig.” This assumed charac¬ 
teristic is shown in Fig. 1 and represents a 
somewhat idealized diode tube. Actually we 
know the equation for this characteristic, which 
is, in milliamperes and volts, 

i = c\(e+b) +Ci(e+b) i +Cz(e+b)* t ( 1 ) 

=0.50(0+0.50)+O.7O(0+O.5O) 2 

+0.01(0+0.50)*. (2) 

The variational voltage applied around the 
Q-point is 

A 0 * Ca +0B “ ^Xmu COS i4l + £jira*x COS Bt f (3) 

where the maximum values are 0.10, respectively, 
0.90 volts, the angular velocities A = 2t 30 10* 
and 3 = 2* 27 10 8 , and the operation “Class A" 
with the Q-point coordinate £*,= +1.00 volt. 
The fundamental operation output will then b^ 

nf 



of frequency 3 10* c.p.s. Expanding the paren¬ 
thesis by means of the binomial 

theorem and collecting proper terms, we obtain 
the final result 

ic — EAmmxEn ID AX [Va+3cj(2? M +6)] 

Xcos (.A —5)/, (4) 

which yields the output current 0.0670 ma peak 
value. (Formula (4) may be directly obtained 
from the expansion in the appendix with k i ss C 2 y 
ki-c%, and Jfc^O.) 

The conversion transconductance is defined as 

i Cm ax small values 
* F F -o * ^ 

-C'Amax -Ticmax — U 

(in absolute current and voltage values) and 
becomes 670 ^mhos. The obtained numerical 
values are in the following treated as being exact 
so that a comparison can be made between 
the numerical results obtained with different 
methods. The methods to be presented follow. 

a. i = f(e) Obtained on the Assumption that the 
Given Characteristic Follows a Square-Law , 
a %-Power Law or Similar Law , Making 
Possible a log-log Straight-Line Plot . 

This method is mainly of interest for ie-charac- 
teristics without sharp bends, utilized in “Class 
A” operation. Assuming an ^-characteristic that 
extends the amount b on the negative voltage 
side of the origin, we may write its unknown 
equation in the form 

;=/(*)=0.5£(*+&)«.» (6) 

In a log-log plot this equation has the form 

log *~a log (e+b)+ log 0.SK. (7) 

Reproducing the given curve in a log-log plot 
we may obtain an almost straight line. A sub¬ 
stituted straight line has the intercept in the 
qprigin log 0.5K and the*lope 

“[log*] log *i—log i% 

Qf SOB -ir- - i . . i f Q J 

<£log («+&)] log (e-f6)i-log (e+b)t 

where subscripts 1 and 2 indicate points on the 
straight line. Thus the numerical values of K 

a—2 this becomes the important case of a parabola 
and tMfactor OlS then makes the constants identical with 
spec>^9^fivatives. 


and a can be obtained and the equation ***/($) 
determined. The method becomes impractical in 
cases where **/(«) cannot be expressed by the 
simple form (6). 

Proceeding from (6) to determine the desired 
output current ic for fundamental operation we 
will avoid the simple case of a equal to 2 and 
treat the more general case of a unequal to 2. 
Selecting a 0-point with the positive coordinate 
See we obtain for a small voltage variation Ae 
around the 0-point the variational current 

Ai= -i Q +0.5K(E ee +b+Ae)*. (9) 

The parenthesis is then expanded by means of 
the binomial theorem for the variational voltage 
Ae given by (3), and all terms containing the 
product cos At cos Bt collected. The result of 
these operations becomes 

ic = 0.2SKa(a — l)£ i 4max-EBmAx[(^w + 6)°'“ 2 
+0.125(a - 2) • (a - 3) ( E ce +b )*~ 4 
X (fiylmax + fismax) + ' * * ] COS (A — B)t. (10) 

The output current for harmonic operation is 
obtained in a similar way by collecting terms for 
the proper higher-order product term. The more 
terms we include in the expansion the less 
become the amplitudes, which indicates as a 
first approximation that harmonic operation is 
less efficient than fundamental operation. 

Applying method (a) to our practical example, 
we reproduce the given ^-characteristic in Fig. 1 
on log-log paper and obtain after rough calcu¬ 
lation K = 2.5 and a = 1.7. 4 Using Eq. (10) we 
find the desired output current to be /rm» 
«0.060 ma, and the error to be —10 percent. 
Repetition of the procedure will reduce the error 
to the more permissible value of a few percent. 

We may use the same “guinea-pig* * charac¬ 
teristic to investigate “Class C” operation, but 
in this case there is no equation available, the 
result of which may be used as the exact answer 
for determining the error in various graphical 
methods. For “Class C” operation we may locate 
the 0-point at the coordinate j5 C c* —2.00 volts 
and use an oscillator amplitude of EamAx^.OO 
volts. It is understandable that method (a) is 
not suitable for “Class C” operation, for even if 

4 Maximum values are in the figures indicated by mentis 
of an eyebrow above the symbol. ) 
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Fig. 2. Method of ex¬ 
tending the ^-character¬ 
istic to make possible the 
application of the vari¬ 
able-coefficient method 
with four points for “Class 
C M operation. 


we extend the characteristic into the non¬ 
conducting interval to obtain an analytical 
function, it would be most unlikely that the 
resulting curve should be of such form that it 
with advantage could be represented by the 
simple formula (6). 

b. i = f(e) Written as a Power Series , the Constants 
of Which are Determined by the Methods of 
Variational Coefficients . 

We start out with the unknown equation, 
introducing for simplicity the symbol v to 
describe the variational coordinate measured 
from the cut-off point. Then in series represen¬ 
tation 

*“/(»)*»»”, (ii) 

n—1 

or , v 

i = kiv+k2v z +hv i +* • •, ( 12 ) 

where ku fea, Jfca, • • • are the coefficients to be 
determined by means of the variational coef¬ 
ficient method. The power series method is much 
more general than the previous method and also 
handles characteristics with sharp bends. The 
procedure is to select on the given te-charac- 
teristic a number of points, which, particularly 
in case of a sharp-bend curve, have to be carefully 
grouped—a matter of experience. An equation 
system is then written down with as many equa¬ 
tions, and as many terms in each question, as 
there are points on the ie-characteristic. This 
provides a linear equation system in k t the i- and 
e-values being read off from the given curve. The 
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solution of the equation system is generally 
simple, but may require accurate computation 
if small differences between large quantities 
occur. It is recommended that the calculated 
curve is plotted on top of the given curve so that 
unpermissible wiggles can be checked. The ac¬ 
curacy of the final result does not necessarily 
increase with an increased number of terms, as 
the equation will simultaneously become of 
higher order and therefore somewhat more dif¬ 
ficult to handle, particularly with reference to 
small differences. It must also be realized that a 
vaguely known curve does not justify a large 
number of terms unless the previously mentioned 
stunt of assuming the curve free from error is 
made use of. 

This method may also be used for the treat¬ 
ment of “Class C” operated devices, if a non¬ 
vanishing current is assumed in the non-con¬ 
ducting region of the variational voltage. We 
will study such a case with reference to the 
given or “measured” ^-characteristic reproduced 
to the right in Fig. 2. The (?-point is located at 
— 2.00 volts. The sum-voltage Ba+Sb, with 
PAm&x — 0.10 volts and = 3.00 volts, is 

applied around the Q-point. Choosing arbitrarily 
1 percent of the maximum current as artificial 
current value in the cut-off point, we arrive with 
an assumed straight-line current distribution to 
the result shown, one hundred times magnified, 
in Fig. 2. Choosing more or less arbitrarily four 
points along the total ^-characteristics, and 
counting v from the new cut-off point, we can 
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write down the equation system, 

*1 = *l®l+*,t'l*+A»Vl* + *4®l 4 ,'| 

it^k lVt+ktvf+ksvf+kiVt*, 
it - kiv»+kfflf+ka>t'+k t vt*, 

U^kiVt+ktVf+kffif+ktVi*.) 

From the graph we read off the ei-values (—4.50, 
0.00447), (-2.00, 0.02040), (+0.20, 0.7000), and 
(+1.00, 2.36000), which are given with an 
accuracy justified by the assumption that the 
given curve is exact. As the equation system is 
linear in k we obtain after straightforward com¬ 
putation work the results *i=—0.130, *,= 
+0.244, *,= -0.101, and * 4 = +0.012. For 
checking purposes the resulting curve has been 
roughly plotted in Fig. 2, and it is seen that the 
agreement between the given and the computed 
characteristic is quite good. Thus we can accept 
as a working empirical equation 

t= —0.130»+0.244»*—0.101i/ s +0.012t+ (14) 

Introducing here 

v-V+E A max COS At + Eumux cos Bt, (15) 

where V =3.20 volts, expanding the terms in (14) 
and collecting and grouping terms we obtain 
(see Appendix with (S cc +b) = V) 

ic = 3*,F 

+6 *4(F*+*e‘ max max )] COS (A — B)t y (16) 

which yields the numerical value /c«nax = 0.052 
ma. This is the intermediate frequency output 
for fundamental operation, “Class C.” The con¬ 
version transconductance is approximately 520 
/imhos. 

To provide figures for the table in the latter 
part of the discussion calculations were as well 
carried out for the “Class A ” case. The result 
is /cmax* 0.0663 ma, the error being — 1 percent. 

^ i=*f(e) Written as a Power Series , the Constants 
of Which are Determined by the Method of 
Taylor's Series 

In this method we determine the coefficients 
as derivatives in the Q-point, and it follows that 
if there is a sharp bend in this point or anywhere 
cbedn the interval so that the function becomes 
noft'%^ytical, the derivative cannot be deter¬ 


mined and the method breaks down. Thus the 
method applies to smooth curves only, and is 
restricted to “Class A " operation, as an arti¬ 
ficially extended ie-characteristic for “Class C” 
operation scarcely fulfills the requirements on a 
smooth curve. (The extended curve in Fig. 2 
would yield second and higher-order derivatives 
of zero value.) 

Generally we may write Taylor series for a 
single input device 



where d/de operates upon i. For two variables 
and Ae 2 , so applied that 

Ae = A«i+Ae2, (18) 

we obtain 

Af = aA«i+6A« 2 +rAei 2 +r/AeiAe 2 

+/A«2 2 +gA£i 3 + • • *. (19) 

The coefficients in this series have the values 

di d 2 i 

a = y w — y 

de i de\de<i 

_di _ 1 dH 
det ^ 2 def 
1 dH 1 dH 

C ~2dej’ g ~6deS’ 

( 20 ) 

where several numerical identities occur as we 
deal with one current-voltage function only. 
(Partial derivatives arc used unconventionally 
to indicate that the evaluation is made in the 
@-point). For fundamental operation and with 
the variational voltage (18) expressed by (3) the 
useful i-f output becomes 

dH 

At =-1- : - Eaomx cos At-Eumxx cos Bt, (21) 

de ide t 

so that 

1 dH 

*0®” ——EAmmxEBmn COS (^4 ~ B ) t . (22) 

2 deidet 

By plotting the slope and measuring the slope 
of the slope of the given te-characteristic in 
Fig. 2 we obtain d*t/deide,= 1.50 ma/volts 1 , so 
that with =*0.10 volt and -Ebb..* **0.90 

volt the result becomes /cmw® 0.0675 ma. ’^he 
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error in this result is approximately +1 percent, 
which is better than what can generally be ex¬ 
pected from a slope-of-the-slope method (the 
error may easily have amounted to 5 or 10 
percent). 

In more complicated applications the following 
treatment may prove useful. We will write the 
total instantaneous current, with d/de operating 
upon the current *, 

*=/(«)=/(&«)+ E-:(7-Ae) i. (23) 

•-ittlvde / 

Here f(S cc ) is the direct-current component pro¬ 
duced in the @-point by the bias voltage E rc . 
Rather than to expand (23) we will make use of 
(he following transformation 

(d/de )Ar 

f(e) = f(£ cc +Ae)=e /(£’„), (24) 

which can be proven by series exjjansion. We 
obtain for Ae = Ae\+Ae i9 


(d/0«i)A«i (d/de 2 )Ae 2 - 

i = e e • f(Ece ). 


(25) 


Thus the current is generally obtained as the 
product of two factors, each one with an ex¬ 
ponent which is a specified derivative of the 
given current-voltage function evaluated in the 
Q-point. As Aci and Ae 2 are both cosinusoidal, 
the e-functions become periodical and can be 
expanded in Fourier series with Bessel function 
coefficients. These steps will not be carried 
through as the following method involves prac¬ 
tically the same developments (see Eqs. (27) 
and (28)).* 


d. Empirical Equation Written as an t-Series and 
Developed in Fourier Series with Bessel - 
Function Coefficients 

As an alternative to the previously given power 
series, we may use the €-series 
00 

-, (26) 

flwal 

where, as before, the coordinate is counted from 
the cut-off point. For a smooth “Class A" 
characteristic of roughly exponential form this 
series can with advantage be utilized as equation. 


• A. C. Bartlett, “Calculation of modulation products,” 
Phil. Mag. 16, 845 (1933) and 17, 628 (1934). 
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Two terms involve four coefficients to be deter¬ 
mined. Again “Class C” operation would neces¬ 
sitate artificial extension of the given ie-charac- 
teristic, only feasible in the few cases where the 
resulting characteristic remains essentially ex¬ 
ponential. 

It is desirable that the series in (26) be trans¬ 
formed into a new series, in which the product 
terms appear in more obvious form, so that the 
sum and difference frequency components can 
be quickly identified. The final series will be 
explicit in the desired current component only 
if the applied voltages are independent of current. 
The variational voltages in a modern u.h.f. 
diode converter circuit sometimes depend upon 
various current components in such a way that 
the problem becomes complicated beyond en¬ 
gineering consideration. 1 - 2 

If the applied voltage is of form (15) we may 
write down a general term m in expansion (26) 

A m c“ m r = A * ffhnE 4max <*t»§ At . fflmKBm*x con Bt ^ (27) 

To expand a factor of the form t* co 'we may 
make direct use of the relation 

—2^/j^-^ cos 2o)t—Jt cos 4«/-f • • • j 

+2 j\ji Q cos ut — Jt cos 3«H— • J, (28) 

where Jo(k/j) is the Bessel function of the first 
kind and 0th order and J,(k/j) the Bessel func¬ 
tion of the first kind and Kth order, k/j, or rather 
jk with proper sign, being the argument. Using 
mathematical texts and tables for the Bessel 
functions, we proceed to express each one of the 
last two factors in (27) by means of (28) with 
m=* 1, m = 2, etc. Carrying out these steps and 
grouping and collecting terms for fundamental 
operation, wc obtain 

ic *■ Icmtx cos (A - B)l , (29) 

where 

Icmtx *— 2[i41 & lV jJ lOttlExmax) jJ 

+A i(./®*Eaiiu*)// iC/®*-Ei>mtt)D* (50) 
Applying this method to our practical example 
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Fig. 3. Obtaining an empirical equation for a measured 
fe-characteristic by means of single period Fourier analysis 
in terms of voltage. 


we will find that if all factors are known the 
procedure mainly simplifies to the use of tables 
of Bessel functions. We may, however, run into 
considerable difficulties when trying to determine 
the coefficients Au A*, •• -a\ f a*, • • *. Limiting 
ourselves to two terms in the practical example 
we will here employ a graphical method for deter¬ 
mining the four coefficients by replotting the 
given ^-characteristic with logarithmic current 
axis. If this construction is carried out it is 
found that the resulting curve bends downwards 
so that if we approximate its initial part with a 
straight line of the form 

log ft« 0.4343aii>+log A i, (31) 

we shall have to subtract the ordinates for a 
second similar line, covering the upper part of 
the given characteristic. Carrying out the 
graphical work and reading off the constants for 
the two straight lines we obtain for the given 
practical application the approximate values 

4i*0.40, ai*1.35, -0.04, and a,* 1.97. 

HJMng formulas (29) and (30) we obtain Icm*% 
ftia. The error in the answer is —25 per¬ 


cent and is representative for the inaccuracy 
that can be expected in applications where the 
given ie-characteristic is not essentially of 
exponential form. 

e. i=f(e) Obtained by Means of the Trigonometric 
Polynomial Method 

Let us consider the given characteristic in 
Fig. 3 for the general case of “Class or “Class 
C” operation. Applying the sum-pattern 
around a chosen Q-point we may select a voltage 
interval — E to +E and treat this interval as a 
single period of a repeated wave. 6 By means of 
“single period 1 ’ Fourier treatment we can then 
determine the equation for the extended ^-char¬ 
acteristic, or rather the path of operation between 
—E and +/J, and thus obtain, with the voltage 
coordinate e expressed by a = (x/Z£)e, 

00 

i =/(a) *s b Q +£ (b n cos na +a n sin na ). (32) 

Here n “ 1 

1 r* r 

b n = — I f(a) cos nada t (33) 

X J-T 

1 r +r 

a n = I /(a) sin nouia . (34) 

x J-t 

Making use of the relation a = (x/£)e, where 

e = E cc +E A m*x cos At+E Bm *x cos Bl, (35) 

(with Ece indicating the bias voltage), we may 
solve for i in (32) and write out a series expansion 
with terms of type cos (amplitude-cos argument) 
or sin (amplitude-sin argument),*so that we with 
advantages can use Bessel functions for the 
amplitudes. Thus the desired product term can 
be quickly determined by means of a table of 
Bessel functions, and the work involved is 
actually less than what would at first be surmised 
from (32). 

The reason why a comparatively large number 
of terms must be employed is the sudden jumps 
in the curve, causing oscillations in the empirical 
curve. Professor W. L. Barrow has shown a 
method 7 by means of which the number of terms 

1 A. JPreisman, Graphical Constructions for Vacuum Tube 
Circuits (McGraw-Hill Book Company, Inc., New York, 
1943). 

7 W. L. Barrow, “Contribution to the theory of non¬ 
linear circuits with large applied voltages," Proc. L’R.E. 
22, 981 (August, 1943). * 
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can be reduced. He extends the ^-characteristic 
to become part of an artificial, smooth charac¬ 
teristic that approaches a sine wave or cosine 
wave in shape, and then utilizes only the part of 
the curve covered by the variational voltage. No 
computation work with reference to the trigo¬ 
nometric polynomial method has been carried 
out, as reference (7) contains extensive calcula¬ 
tions that closely resemble the ones we should 
have to go through in such a treatment. 

OTHER METHODS 

/. Conventional Fourier Analysis of the Total 
Output Current , the Function i=f(e) Re¬ 
maining Unknown 

If we project the sum-pattern /i 4 m axCOSi4/ 
+i? 0 mBx cos Bt on a given ^-characteristic, we 
obtain a distorted sum-pattern, such as the one 
shown to the right in Fig. 4. It is assumed that 
A and B are related in such a way that {A —5), 
A, B f and ( A+B ) are all component values in 
one and the same harmonic series, (A — B) being 
the fundamental. Only in special cast's would 
practical A and B values fulfill such a require¬ 
ment. This means that (A—B) is generally not 
the fundamental, so that Fourier analysis per¬ 
formed with (A—B) as fundamental becomes 
erroneous. The true fundamental is in the general 
case some component | pA dtqB | with particular 
numerical values for the integers p and q . As an 
example assume that A and B are related by an 
irrational number such as VZ. Performing the 
stunt of approximating V2 to 1.4 we may trans¬ 
form the problem and write 10.4 = 145, meaning 
that the cycle will close after 14 cycles of A (or 
10 cycles of 5), so that a repeating wave is 
obtained that can be analyzed in conventional 
way. Such a transformation may, however, 
increase the amount of labor beyond engineering 
considerations. In other applications we may be 
able to change the numerical value of A or B 
until a repetition cycle of small enough period 
is produced. 

When the method applies, the output current 
is of the form 

* 

i(t) **6o+5- (fin cos nu )<+o» sin nut), (36) 

n—1 

where a coefficient such as b n is conventionally 
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written 

2 n+TIt 

b „—— I i(t) cos nutdt. (37) 

T J-Tlt 

To determine such a component wc may, for 
example, perform a graphical integration. For 
the simple case of fundamental operation with 
A —B = C, (37) takes the form 

2 p+Tli 

b\=— I »(/) cos Ctdt. (38) 

T J-Tlt 

Superimposing a unit amplitude cosine way, and 
employing a planimeter or counting squares, we 
obtain the integral above in agreement with Fig. 
4 , and thus find 6 1 = 2 y, where y is the height of 
a rectangle of the same area as is indicated by 
the planimeter. The coefficient Oi is obtained in 
a similar way (or is conveniently arranged to 
have zero value), whereafter Icaux !m (bi , +ai , )l. 

Theoretically at least the Fourier analysis can 
be applied directly to the ^-characteristic 
without the necessity' of plotting the output 
wave. This harmonic analysis procedure, so 
practical when applied to sine-wave driven 
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power amplifier tubes, 8 * 9 * 10 seems not very at¬ 
tractive for sum-pattern operated converters. 

Using conventional Fourier analysis in the prac¬ 
tical example, “Class A" operation, we obtain 
f Coin = 0.09 ma. The error in this value is very 
high, +35 percent, because of the approximative 
nature of the graphical integration. An accurate 
value is hard to obtain in this example, as we 
deal with a small difference between large plus 
and minus areas. 

g. Treatment When the A-Wave Only is Applied 
to the Non-Linear Element, the ie-Charac - 
teristic of Which is Replaced by a B-Wave 
Controlled Instantaneous Characteristic 

A frequency converter may be defined as a 
device with periodically varying transadmittance, 
the periodicity of the variation determining the 
frequency of each possible output component. 
Neglecting the out-of-phase component we may 
develop the transadmittance as the transcon¬ 
ductance gm(t) in a Fourier series with the 
fundamental frequency B/2t, the local oscillator 
voltage being 


conductance and the applied variational voltage, 
so that, leaving any existing bias voltage out ot 
consideration, we obtain 

** (gm0+(gml) max cos Bt)Ex max cos At, (42) 

which yields the difference frequency term 

lc = $(gml)max-££i4max COS (A ““B)t, (43) 

With an A -wave amplitude of 0.10 volt, formula 
(43) yields Jcwx* 0.0665 ma. The error here is 
less than —1 percent, which is a permissible 
value. 

“Class C” operation requires a more elaborate 
analysis. The slope curve is now discontinuous 
and again we employ Fourier analysis to find the 
desired conductance harmonic (counting the 
fundamental as the first harmonic). The graphical 
integration method described under Section 
(/) may be used, or wc may employ conven¬ 
tional schedule analysis. Using the Chaffee 
harmonic analysis 9-point method 910 we obtain 
for fundamental operation 

(gml)max = i[5 1 + 35 2 + 5 4 ], (44) 


On — iVfimnx COS Bt. (39) 

Thus 

00 

gm(0 =* 0 +Z (bn cos nBt+a n sin nBt). (40) 
»—1 

The transconductance g m (t) will contain har¬ 
monics even if the applied oscillator voltage, as 
in (39), is free from harmonics. The coefficients 
in this series are defined in conventional manner. 

Applying this method to our practical ex¬ 
ample, we obtain for “Class A" operation, with 
the Q-point at plus one volt and = 0.90 

volt, a slope (g»,i)m.* *■ 1.33 ma/v. As the slope 
curve happens to be almost a straight line, there 
will be a negligible amount of harmonics in the 
variational conductance. Thus, with b 0 -g m o in 
(40), 

gm(t) - gmi+(gml)u*x COS Bt. (41) 

Fundamentally the resulting variational current 
is obtained as the product of the variational 


'E. L. Chaffee, Theory of ThermionU Vacuum Tubes 
(McGraw-Hill Book Company, Inc,, New York, 1933). 

* Et L. Chaffee, “The operating characteristic* of pow 
tabes/' j. App. Phy*. 9,471 (June, 1938). 

JtE. L. Chaffee, “Power tube characteristic*,” 

11, No. 6 (June, 1938). 


power 

Else¬ 



where the ordinates Si, St, and have the 
respective values 2.12, 2.67, and 0 ma. Using 
formulas (42) and (43) we then obtain /cm.* 
= 0.056 ma. (The graphical integration method 
gave the answer 0.057 ma, and proved to be the 
slower method of the two.) 

CONCLUSIONS 

There are other methods and combination of 
methods that could be considered but the pre¬ 
sented material is sufficient to shed light on the 
questions of interest. Table I gives the com- 

Tabi.k I. 


Error in 


Method /Cnwxintna percent 


a. log-log straight-line plot 0.060 —10 

b. variational coefficients 0.0663 — 1 

c. Taylor series coefficients 0.067S +1 

d. c-series, Bessel coefficients 0.05 —25 

/. Fourier analysis of output 0.09 +35 

g. variational conductance 0.0665 — 1 


putation results obtained with the various 
methods. t 

The error values have been calculated with 
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0.0670 ma as the correct value, obtained for the 
test or “guinea pig” characteristic from Eq. (2). 

When comparing the results, the writer con¬ 
cludes that the natural form of the unknown 
mathematical expression for the studied charac¬ 
teristic and the actual shape of this characteristic 
favors certain methods and handicaps others. To 
make this point more clear, suppose we started 
out to investigate a characteristic that happens 
to be fairly exponential in its form. Two €-terms 
would then describe this characteristic with good 
accuracy, and method d gives an error of only a 
few percent, while some of the other methods 
with tabulated errors of the order of one percent 
may give very large errors. As another example, 
assume that the form of the characteristic, in 
amplitude and frequency values, was very 
suitable for investigation by means of Fourier 
analysis. Then method / may give an error of 
only a few percent, while (if the input voltage 
effects the transconductance variation) a method 
like g may give a large error. More enlightening 
examples could be brought up if we extended the 
discussion to the treatment of discontinuities, 
such as sharp bends. 

The judgment of the proper method becomes 
still more difficult if the discussion is extended 
to harmonic operation and to problems concern¬ 
ing loading conditions (to the extent we can cope 
with such problems). Further, there is no sharp 
definition of what is meant by the “best method,” 
for there are many factors that enter into the 
comparison, for example accuracy of final result, 
amount of labor involved, level of required skill, 
type of required skill, type of computation equip¬ 
ment required, possibilities of extending the 
method, etc. It follows that a successful com¬ 
parison of different methods can only be made 
if the scope of the work, and the nature of the 
judgment, is clearly specified from the beginning, 
and in addition the computation work is carried 
far outside the limits indicated by this paper. A 
number of “guinea pig” characteristics must be 
employed and a number of operating conditions 
must be studied. Actually, the serious inves¬ 
tigator must be prepared to have at hand a 
computation office to take care of the landslide 
of calculations that result from a general ap¬ 
proach to the problem. 
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The above discussion concerns mainly “Class 
A ” operation. The extension of the treatment to 
“Class B” and “Class C” operation brings up a 
number of additional questions. The computation 
work for one analytical method, the variational 
coefficient method, and one graphical method, 
the variational conductance method, has here 
been carried out. The former gives a fundamental 
operation output current of 0.052 ma and the 
latter for the same quantity 0.057 ma. The error 
in one, considering the other correct, is only 5 
percent, which is a good result, considering the 
straightforward manner of computation. Some 
of the presented methods may not apply at all 
to *Class C” problems, while others can be made 
to apply, for example by means of the mathe¬ 
matical stunt of adding an artificial current in 
the non-conducting region. (A comparison of 
“Class i4” and “Class C” operation from the 
computation values in the practical example 
would not be fair as we are not making the most 
of the “Class C” operation.) 

To summarize the most important points,* 
there does not exist any one particular method to 
determine i-f output current and conversion 
transconductance, which method is general, 
quick, accurate and reliable. This is particularly 
true as most converters operate in “Class B” or 
“Class C.” There are, however, certain methods, 
such as the variational conductance method, 
which for many applications yield a fairly 
accurate answer in a short time, and such a 
method is therefore used more frequently than 
other methods. The bottleneck in the use of the 
various methods is that we in complicated cases 
are forced to deal with so strongly simplified con¬ 
ditions that the close connection between our 
computation results and the true characteristics 
of the physical device are obscured. There are 
many factors, which have a bearing on the 
result, and if all these factors were included in 
our calculations, the problem would become too 
complicated for a straightforward theoretical 
treatment. 

It is therefore natural that direct measurement 
methods are sometimes preferred for computa¬ 
tion methods, and the experienced converter 
designer frequently finds himself involved in ex¬ 
tensive practical measurements, in which mathe¬ 
matical investigations of the type presented in 
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this paper are coming in here and there merely 
as aids in the development work. 

It is at this point the Chaffee Conversion 
Diagram Method calls for attention, as this 
method may be worth consideration between 
all-out calculations and all-out measurements. 
The conversion diagrams encourage systematic 
investigation and describe important relations 
under practical operating conditions for the non¬ 
linear element. Thus some of the resistive and 
reactive properties of the nonlinear element, 
which are very difficult to take into account in 
calculations, may be automatically taken into 
account by a conversion diagram. Useful curves, 
such as the i-/ output power as function of the 
oscillator voltage, can be directly plotted from 
the diagrams. The writer will not in this con¬ 
nection carry the discussion of the conversion 
diagram method further. For an estimation of 
its value as a tool for the converter designer the 
reader is referred to the references . 11 " -14 
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APPENDIX 

Obtain the desired product term from the 
power series expansion in ( 12 ). 

The given expansion is of the form 
00 

t = £ k»v n =*kiV+kiD i +ktifi+kiV l + • • •, (12) 

n—1 

where we will neglect higher order terms. Intro¬ 
ducing v**(e+b) we obtain the series 

i=Mo+M 1 e+M i e t +Mtf*+M 4 fi*+---, (12.1) 
where 

Mi=‘ki+2kJ)+3ktb t +4kJ> t + • • •, etc. 
Introducing 

e — See+EAmtx COS At+EBuutx COS Bt (12.2) 

in ( 12 . 1 ) we obtain, among other terms, 

♦ *■••• •\-E.AamE.BmtdiMr\-3MtEcc 

+6Mt(S C e t +iEAmt.iL + iEBmiix) 3 

Xcos (A-B)t, (12.3) 

so that the desired difference-frequency current 
becomes, with the M-coefficicnts expressed in k 
and b, 

ic—E a max EBm»x[.ki+3k»(Ecc-\-b) 

+6*4 {(J„+6)*+i£L«+i£L«} ] 

Xcos (A-B)t. (16) 

This final expression is made use of in different 
ways in the text. 
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Filmless Sample Mounting for the Electron Microscope 

John H. L. Watson* 

Skawtnigan Chemicals Limited , Shawtnigan Falls, Quebec 
(Received November IS, 1945) 

A method is described for supporting airborne particles upon thin glass fibers where they 
build up in chains and may be examined in the electron microscope. With no supporting mem¬ 
brane, the contrast and resolution are increased in the micrographs. The specimens are par¬ 
ticularly useful for stereoscopic studies. A special reference is made to the study of carbon 
particles mounted in this fashion The carbons examined are formed by pyrolysis of acetylene 
and occur naturally in pronounced chains. Reproducible particle size data for the carbons can 
be secured by measurements made on individual particles at X200,000. Evidence for the 
crystalline nature of this carbon is rendered visible in the micrographs. 


T HE thin supporting film upon which electron 
microscope samples are mounted for exam¬ 
ination in the instrument causes some scattering 
of the electrons. This scattering in the film results 
in lowered contrast and less than optimum 
resolution in the image. If it ip possible to 
eliminate the supporting film in some cases and 
to mount the samples directly in the vacuum, 
the possible contrast and the practical resolution 
can be increased. 1 This is especially important 
when dealing with particularly minute particles 
of low atomic weight where the amount of 
scattering in the specimen itself may be of the 
same order as that in the film. This present 
discussion is the result of experiments designed 
to support such samples in free space. The 
methods have already proved useful in several 
problems and may suggest applications to others 
working with electron microscopes. 

The first step in the method consists hi sup¬ 
porting several fine fibers across the mouth of the 
usual electron microscope specimen holder. These 
can be cemented in place with rubber cement or 
metallic paint, or they can be held mechanically 
by the pressure of the cap. Fibrous materials 
which have been found useful for the purpose are 
glass, rubber, and asbestos. Glass wool fibers of 
a range of sizes down to one micron diameter are 
obtainable. Rubber fibers of even smaller 
diameter can be made by drawing out rubber 
cement.** The production of tough resinous 

* The method described was noted first when the author 
was with the electron microscope laboratory of the Uni¬ 
versity of Toronto. 

1 James Hillier, A.S.T.M. Symposium on new methods 
forjJwrride size determination in the subsieve range, p. 91 

** Dunlop rubber cement. 
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fibers of cross-sectional diameter less than one 
micron may provide a source of the finest fibers 
usable in the mounting process here outlined. 

The holder with the fibers attached is plugged 
into a rubber tube leading to the source of the 
fine particles which are to be mounted upon the 
fibers. The source material, which may be a dry 
powder, a suspension, or a true solution is 
atomized to form an aerosol which is drawn past 
the fiber by a suitable pumping arrangement. 
As the airborne particles go past, many of them 
are caught and a deposit, usually in a chain-like 
form, begins to build up. It is interesting to note 
that the ‘new fibers’ composed of the collected 
particles, themselves, act as very efficient and 
perhapsjnore efficient collectors than the original 
fibers. The obvious tendency of the particles 
mounted in this way to form chains can be seen 



Fig. 1 . Particles from a dispersion of methylene blue 
caught upon the fibers of a thin piece of lens paper. 
X 4,700 (university of Toronto). 
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Fk. 2 \ stereo¬ 

scopic pair of a disper¬ 
sion of Shawmtgan car- 
l>on black supported in 
free space X 22,000 
(Shawimgan Chemi¬ 
cals Ltd ) 


in Figs. 1 and 3. The speed past the fiber, the 
collecting period, and the size of the fiber affect 
the density of the deposit. 

Many variations of this general method can 
be employed. The author has used thin lens 
paper (rice paper) for mounting particulate 
samples by drawing the aerosols through the 
paper, Fig. 1. The particles caught in the lens 
paper are of methylene blue which were atomized 
from a true solution in water. Thin asbestos 
paper will also serve. 

The mounting obtained by the above methods 
has been found to be remarkably stable during 
mechanical handling if ordinary care is exercised 
and may be used for all electron microscope 


techniques without harmful effects to tht 
specimen. Electrical charging of a specimen sc 
supported is sometimes a problem. Usually, quite 
sufficient intensity and contrast for focusing can 
be achieved without any charge effect being 
noticed. If charge ‘bulges* do appear, or if speci¬ 
men deterioration does take place, a 200-mesh 
specimen screen (without a film) put either undet 
or over the fibers before or after the mounting 
of the sample will dissipate the charge almost 
completely. It is wise in general to start with low 
beam and condenser current and to raise each 
carefully for focusing. 

Muoh can be learned with this method of the 
actual way in which the particles build up the 



Fig. 3. Electron micro¬ 
graph and diagrammatic 
representation of sodium 
chloride crystals caught 
upon a rubber fiber. 
X 2,300 (University of 
Toronto). 
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Fig. 4. Shawinigan carbon black. X30,000 (Shawinigan Chemicals Ltd.). 


one upon the other. The amount of depth in the 
object is much greater than that present in a 
sample mounted upon a film and excellent stereo¬ 
scopic micrograph pairs can be obtained. Figure 
2 is a stereoscopic view of carbon particles sup¬ 
ported in free space. The tendency of the 
material to charge up electrically is useful for 
studying it three dimensionally, because dif¬ 
ferent sections of the specimen can be made to 
move relatively to each other by slight variations 
of intensity. The structure of apparent aggre¬ 
gates can thus be studied visually at first hand 
on the screen of the microscope. 

Figure 3 shows a deposit of small crystals of 
sodium chloride caught upon a rubber fiber; a 
diagrammatic representation is also shown of 
how these crystals when caught build up into 
a chain.* 

THE USE OF THIS METHOD WITH COLLOIDAL 
CARBON SPECIMENS 

Carbon micrographs often lack contrast and 
sufficient resolution. Indeed, the finer carbon 

*E. F. Burton, Nature 132, 540 (1943). 
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blacks are extreme tests for the electron micro¬ 
scope. In order to achieve sufficient image 
contrast with them, it is often necessary to use 
an objective diaphragm. No diaphragm was used 
in obtaining any of the micrographs presented 
here. The Shawinigan carbon black has a well- 
known chain structure, a property important for 
its use in battery manufacture and in the 
production of thermally and electrically con¬ 
ductive rubbers. This structure is illustrated in 
Figs. 4 and 5. The chains are stretched out in 
space from the supporting fiber with contrast 
and resolution which. allow a very accurate 
measure of particle size distribution to be made, 
where it might not otherwise be possible to do 
so. Of course only those particles projecting 
beyond the edge of the fiber can be counted. A 
sufficient number of particles can be counted in 
the chains, and those caught immediately at the 
fiber can be disregarded. It will be observed that 
both large and small particles are caught and 
there is little likelihood of sampling taking place. 
The plates are projected upon a screen at 
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Flo. 5. Shawinigan carbon black. X30,000 (Shawinigan Chemicals Ltd.). 


X200,000, and the carbon particles are classified, 
as they are counted, into ranges of 50A. With the 
electron microscope, it is not feasible to count all 
the particles along the whole fiber but a number 
of fields give a satisfactory result. It has been 
fouild that ten good exposures taken at random 
of two preparations of the same sample give 
reproducible results for that sample. 

Figures 4 and 5 .are both micrographs of col¬ 
loidal carbon black produced by the pyrolysis of 
acetylene. The most definite evidence for the 
crystalline nature of carbon black has come 
from x-ray and electron diffraction studies which 
have suggested that a single acetylene carbon 
black particle consists of a cluster oi'pseudo- 
crystals (or parallel layer groups) some 40 to 50A 
in length and 20 to 30A in height, these in turn 
being composed of thin carbon platelets (or 
ultimate graphite layers) lying parallel to and 
equidistant from each other but randomly 
oriented about the perpendicular to their 
surfaces. 3 

. _ 

1 J. N. Mrgudich and ft. C. Clock, Electrochem. Soc. 
29, 329 (1944). 
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In these electron micrographs the crystalline 
nature of the carbon is made manifest. At loca¬ 
tions A there arc crystals which appear to be 
thin platelets, lying in a “flat” position, i.e., 
with their flat faces approximately perpendicular 
to the direction of the electron beam. At loca¬ 
tions marked B the crystals appear to be “edge- 
on” to the beam. Over the micrographs positions 
of the crystals intermediate to these two ex¬ 
tremes can be noted. Figures 6 and 7 are en¬ 
largements of portions of-Figs. 4 and 5, respec¬ 
tively. Those few locations marked are repre¬ 
sentative of many such crystalline 6ccurrences. 
The high chemical purity of the black leaves 
little doubt that these crystals are actually 
carbon. 

The edge-on position provides an effectively 
thicker sample to scatter the electrons, and con¬ 
sequently the apparent “rods” in the micro¬ 
graphs have good contrast. In the flat position 
however the crystals offer much less scattering 
power and the contrast is less. From measure¬ 
ments made on the rods the crystal thicknesses 
are anywhere from 30 to 100A. Therefore the 
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Fig. 6 Enlarged portion of Fig 4 X 100,000. 



Fig. 7. Enlarged portion of Fig. 5. X 100,000. 
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Fig. 8. Glass fiber supporting carbon black. X 10,000 
(Shawinigan Chemicals Ltd.). 


scattering in these thin crystals is probably of the 
same order or less than that in the usual thin 
collodion or Formvar film. Thus, if a specimen 
of the carbon were mounted upon a film in the 
usual way, the crystals in the flat position would 
be practically invisible for lack of contrast In 
addition their corners would be rounded off suf- 
ficieimy to appear as curves owing to lack of 
resolution. The crystalline appearance would 
accordingly be lost. 

Several observations can be made on the ap¬ 
pearance of the carbon specimen in the micro¬ 
graphs. The first is the occurrence of very thin 
crystal forms at A and B mentioned above. The 
second is the presence of much thicker particles 
than those at A or B which possess hexagonal 
shape as at C, and the fact that many of these 
thicker particles have straight-line rather than 
curve boundaries. Thirdly, it is to be observed 
that in general the particles have diverse shapes 
which appear to be oval or spherical as well as 
angular. As a fourth observation it is to be 
noted that many of the edge-on crystal forma¬ 
tions present a curved appearance as at D . 
Fifthly the average longest dimension of the 
particles in this sample is about 500db25A, and 
in some cases their thickness may be as low as 
30A. 

In order to offer an explanation for the first 


observation it seems that a slight difference 
between the particle structure as observed here 
and that suggested by Biscoe and Warren 4 must 
be advanced. There may be piles of the carbon 
platelets which are oriented in a symmetric 
rather than a random fashion about the common 
perpendicular to the surfaces. This will not only 
be true of the thinnest particles as at A and B 
but will be true of thicker particles as at C. 

To account for the second observation it is 
necessary to conclude that quite large, hexagonal 
carbon platelets (and consequently pseudo¬ 
crystals) can occur frequently, if the platelets 
are arranged symmetrically in the pseudo-crystal 
and one such pseudo-crystal makes up a particle, 
then the particle will appear to be hexagonal. 
On the other hand several such pseudo-crystals 
arranged at random would give a particle with 
random shape. This would explain the occurrence 
of straight-line edges on some of the particles and 
the general lack of definite particle shape. Lack 
of resolution would obscure many of these ob¬ 
servations and the particles would appear to be 
spherical or oval. At times a thin pile of platelets 
projecting from the main mass can be noted and 
the crystalline nature recognized. 

The fourth observation would suggest that the 
carbon scales piling up to form the pseudo¬ 
crystal do not always build up to the same depth 
over the whole surface. The resolution however 
is not such as to render the carbon “steps’* 
visible, and a curved appearance results. 

These observations tend to support the con¬ 
tentions of Schoon and Koch 6 and Von Otto 
Ruff.® They also follow to a large extent the 
conclusions of Biscoe and Warren and offer a 
picture of carbon particle structure which is more 
compatible with x-ray and electron diffraction 
evidence than the idea of carbon black as a pure 
sphere or oval. 

This crystalline appearance has been noted so 
far’only in acetylene carbon blacks and to the 
greatest extent in those produced by a method 
of thermal decomposition. The occurrence of this 

4 J. Biscoe and B. E. Warren, J. App. Phys. 13, 364 
(1942). 

• Th. Schoon and H. W. Koch, Kautschuk (January, 
1941). 

1 Von Otto Ruff, Zeits. f. Elektrochem. angew. physik. 
Chem. 44, 333 (1938). 
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crystalline habit may account not only for the 
higher conductivity of the acetylene blacks but 
may be a factor also in the formation of their 
strong structure. However, it is to be noted here 
that all acetylene blacks, produced by different 
processes, do not have the same appearance in 
electron micrographs nor are they at all identical 
in other properties. Acetylene black as such has 
been compared with blacks formed from other 
raw products. Such comparisons have little 


meaning unless the method of preparation of the 
acetylene black is clearly specified. 

It is hoped that this mounting technique or 
adaptations of it will prove useful in further 
investigations of this and other carbon blacks. 
The author is indebted to the Plant Research 
Department of the Shawinigan Chemicals Lim¬ 
ited and to the Physics Department of the 
University of Toronto for permission to reproduce 
the micrographs. 


Investigation of Secondary Phases in Alloys by Electron Diffraction 
and the Electron Microscope 

K. n. Hkidenreich,* L. Sturkey, and H. L. Woods 
The Dow Chemical Company , Midland , Michigan 
(Received October 15, 1945) 

The application of electron diffraction reflection methods and the electron microscope to 
investigations of metallurgical structures is reported. It is shown that these instruments can 
>ield valuable information concerning very small amounts of secondary phases and impurities 
in metals. Thus, for example, when martensite decomposes at 200°C, the slow etching com¬ 
ponent is highly dispersed FejN. The decomposition at 400°C yields the usual Fe*C. Further, 
the FejN formed at 200°C transforms to Fe*C when annealed at 350°C. Other examples are 
presented. The successful application of these instruments is dependent upon the production of 
clean, etched surfaces. Surface preparation is discussed ami a satisfactory technique for rinsing 
etched surfaces is described. In some alloy systems, the etching reaction may result in the re¬ 
deposition of a component onto the etched surface. In the case of a /3-brass containing 0.0005- 
0.001 percent silver, the silver is deposited in the form of spherical particles about 1000A in 
diameter. Aluminum alloys appear to offer a serious problem in discovering satisfactory etchants 
due to the position of aluminum in the electromotive series relative to copper, silver, etc. 


INTRODUCTION 

HK physical and chemical properties of 
metallic alloys are well known to l>e in a 
large measure dependent upon the distribution 
and nature of a secondary constituent in the 
crystals of the base metal. The detection and 
identification of these secondary phases and 
structures is often difficult and tedious using 
x-ray and light microscopic methods and in 
many instances is nearly impossible when the 
concentration of such phases is very small. 

In x-ray studies of alloys where information 
concerning precipitated phases is desired, the 
energy diffracted by the minor phase may con¬ 
stitute only a small fraction of that diffracted by 

•Now at Bell Telephone Laboratories, Inc., Murray 
Hill, New Jersey. 


the matrix crystals. If this precipitate is very 
highly dispersed or amounts to less than about 
S percent of the total diffracting material it may 
not contribute to the final pattern. 

It has been found that by using the electron 
microscope and a refined electron diffraction re¬ 
flection method in close conjunction, information 
concerning very small amounts of secondary 
phases and impurities can be readily obtained. 
If an alloy is etched so that the minor con¬ 
stituents are left protruding above the matrix 
crystals (provided no extraneous material is de¬ 
posited on the surface), a very small amount of 
included material can yield a strong electron 
diffraction pattern without an interfering pat¬ 
tern of the matrix. 

In the past, electron diffraction has been 
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applied chiefly to studies of polishing and grind¬ 
ing and to the structure of corrosion films, etc. 
There is reason to believe that with suitable 
surface preparation methods, electron diffraction 
techniques may be of great value in investiga¬ 
tions where a minor phase plays an important 
role. 

The success of this method of investigation of 
metallurgical structures is dependent upon the 
production of clean, etched surfaces. The usual 
metallographic techniques result in surfaces that 
bear oxide or hydroxide films or reaction products 
remaining on the surface after etching. 

The first part of this paper will be concerned 
with obtaining satisfactory surfaces while the 
remainder will deal with some of the results 
obtained with several alloys. 

SURFACE PREPARATION 

In preparing metal surfaces for combined in¬ 
vestigation by electron diffraction and electron 
microscopy several considerations are of major 
importance: 

(1) The removal of all distorted and frag¬ 
mented metal in the surface layers produced 
during grinding and polishing. 

(2) The reduction of the quantity of corrosion 
products remaining on the etched surface below 
the minimum necessary to produce appreciable 
electron scattering. 

(3) Selectivity of the etchant for the various 
metallic constituents so that minor phases are 
left standing in relief on the surface. 

The distortion of the surface regions by the 
usual metallographic preparations has been in¬ 
vestigated by means of x-ray 1 and electron dif¬ 
fraction studies. 2 Electron microscope' evidence 8 
in the case of rocksalt is consistent with the 
assumption of fragmentation and of the forma¬ 
tion of a polish or Beilby layer during mechanical 
polishing. Optical investigations 4 with polished 
copper likewise bear out these conclusions. In 
view of these phenomena it was concluded that 
mechanical grinding and polishing introduced 

1 H. C. Vachcr, J. Research Nat. Bur. Stand. 29, 177 
(1942). 

* G. P. Thomson and W. Cochrane, Theory and Practice 
of Electron Diffraction (The Macmillan Company, New 
York, 1939), Chap. XIII, sec also, Reference 9. 

* R. D. Heidenreich, J. Opt. Soc. Am. 35, 139 (1945). 

4 H. Lowry, H. Wilkonson, and D. L. Smare, Phil. Mag. 
22, 769 (1936). 


grave complications in this type of investigation 
if sufficient metal were not removed chemically 
during etching. This objection is readily over¬ 
come by the use of electrolytic polishing methods. 

As a result, the procedure consisted in abrading 
the metal specimens through 4/0 metallographic 
paper and then eloctrolytically polishing with 
no further mechanical disturbance. Electrolytes 
and conditions for most metals have been pub¬ 
lished. 8 Electrolytically polished surfaces often 
tend to be wavy and not very satisfactory for 
light microscopy. For electron microscopy, how¬ 
ever, such surfaces are quite acceptable due to 
the great depth of focus of the electron micro¬ 
scope and the fact that the area of the field 
viewed is small compared to the ripples that may 
occur in the polished surface. 

After polishing, the metal surface is etched by 
a selective chemical reagent. The type and rate 
of attack of a metal crystal are determined by 
several factors such as the reagent used, tem¬ 
perature, concentration, phases present, and the 
behavior of the reaction products. 'The deposition 
or adsorption of reaction products or of a Specific 
material present in the reagent may greatly alter 
the type of attack. 6 - 7 

The most critical step in obtaining clean sur¬ 
faces is that of immediate rinsing after removal of 
the specimen from the etching solution. A se¬ 
quence of rinses has been worked out whereby the 
etching solution is finally displaced by an inert 
liquid without deposition of foreign materials. 
For several alloys, the following sequence yields 
clean surfaces after etching: 

Etchant 

i 

Rinse I 50:5Q methanol acetone with J to 

| 1 percent formic acid 

Rinse 11 Methanol-acetone 

i 

Rinse III Clean, dry benzene. Dry in blast 
of clean, warm air. 

The success of the rinsing procedure for various 
metals depends upon the use of rinses in which 

• For a review see O. Smeckal, Metal Progress, 729 
(April, 1945). 

• C. H. Desch, Chemistry of Solids (Cornell University 
Press, Ithaca, 1934), Chap. V. 

7 H. Mahl and I. N. Stranski, Zeits. f. physik. Chemie 51, 
319 (1942). 
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any metallic compounds formed are soluble and 
arc hence not precipitated onto the surface. In 
all cases, clean, freshly distilled solvents should 
be employed. 

The results are not indei>endent of the etching 
reagent' used. Reagents which stain the surfaces 
are to be avoided as well as those which tend 
to passivate or form insoluble films. For ex¬ 
ample, in the cast' of steel s]x»cimens, nitric acid 
is not satisfactory probably due to a thin film 
(amorphous) formed tluring etching which par¬ 
tially obscures the underlying metal and yields 
poor diffraction patterns. Ferric chloride in 
hydrochloric acid, on the other hand, gives 
excellent results. 

It will be found that some alloy systems will 
require considerable investigation in order to 
discover the proper etching reagent since the 
common reagents may result in one or more of 
the constituents being dissolved and then re¬ 
deposited on the surface in a different form 8 
This is particularly true of aluminum-copper 
alloys and impurities in several copper alloys as 
will be shown. 

EXAMINATION OF SURFACES 

The electron microscope examination of the 
etched surfaces was carried out using the poly¬ 
styrene-silica replica method after electron dif¬ 
fraction reflection patterns had been obtained 
from the surfaces. 8 The* necessity of employing 
a replica is a disadvantage but, nevertheless, 
the replicas and electron diffraction patterns 
make it possible to deduce considerable infor¬ 
mation concerning the surface structures. All 
micrographs were taken with an RCA, Type B 
electron microscope*. The electron diffraction 
apparatus employed in this work had a 75-cm 
plate-specimen distance and a well-collimatecl 
parallel incident beam of 40 kv electrons. 

The relation between the electron diffraction 
patterns and the electron micrographs is of 
immediate interest. The diffraction patterns are 
determined by the crystal structure and orienta¬ 
tion of those surface protuberance's which exhibit 
a thickness normal to the incident beam suffi¬ 
ciently small to allow transmission. Thus, corners, 

• Cf. J. H. Hollomon and J. Wulff, Trans. A.I.M.E. 143, 
93 (1941). 
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Fig. 1. Filed of surface contours*on an electron diffrac¬ 
tion reflection pattern (a) and electron microscope image 
of a surface replica (b). Onl> the diffracted beams are shown 
leaving the surface in (al. 


edges, and thin peaks that can be seen in the 
electron micrographs art* to be considered as 
possible diffracting regions of the surface. Figure 
1 illustrates the approximate relation between 
the image and the diffraction pattern based on 
the topography of an etched surface. 

The interpretation 9 of electron diffraction pat¬ 
terns which, on the basis of x-ray experience, 
would indicate preferred orientation is to be 
made with particular caution. In many cases, 
the crystallographic etch attack results in certain 
crystal faces having a toi>ography such that 
they do not contribute to the diffraction pattern. 
This point has been discussed by Johnson and 
(iram 10 for etched tungsten and molybdenum 
and is thought by the authors to be a general 
consideration in the case of pure metals. Two- 
phase systems are not so likely to give difficulty. 

EXAMPLES 

Several alloy systems to which the surface 
preparation methods outlined have been applied 
will serve as examples of the kind of information 
that can be obtained. The illustrations each con- 


1 Cf. general discussion on '‘Structure of metallic coat¬ 
ings, films and surfaces,” Trans. Faraday Soc. 31, 1043 
(1935). 

10 R. P. Johnson and W. R. Gram, Phys. Rev. 62, 77 
(1942). 
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Fig. 2. Electron micrograph and dif¬ 
fraction pattern from magnesium single 
crystal containing 1.5 percent manga¬ 
nese. The manganese particles are plate¬ 
shaped and arc preferentially oriented 
in the magnesium crystal. 


sist of an electron micrograph (silica replica) and 
sometimes an electron diffraction reflection pat¬ 
tern from the same surface. Reflection patterns 
are often difficult to reproduce so that the rings 
arc easily visible. Measurements of the radii of 
the diffraction rings are made on the original 
negatives and in some instances tables of dhu 
values are included for comparison with x-ray 
standards. Identification is generally accom¬ 
plished by such a comparison. 

MAGNESIUM ALLOYS 

Although this work was initiated by research 
with magnesium alloys, the etching methods and 
results will not be included here. The technique 
for magnesium is sufficiently unique and the 
results extensive enough to warrant a full paper 
devoted to this subject alone which will appear 
elsewhere. One example will suffice. 

Figure 2 shows an electron micrograph and 
electron diffraction reflection pattern from an 
etched single crystal of magnesium containing 
1.5 percent manganese. The manganese is in 
the form of plate-shaped particles precipitated 
along certain crystallographic planes* of the 
crystal. The individual particles cannot be re¬ 
solved with a good light microscope and hence 
their shape and arrangement cannot be deter¬ 
mined. The electron diffraction pattern in Fig. 2 
is that for a-Mn with preferred orientation. The 
preferred orientation indicated by this pattern 
is not a result of preferential etching but is 


* The etched surface is the basal plane and the particles 
are oriented along the three principle directions. 


indicative of the relation between the particles 
and the matrix crystal 

STEEL 

The lesults obtained with a plain carbon steel 
have been briefly reported. 11 They are of con¬ 
siderable interest and value both from a theo¬ 
retical and practical viewpoint The additional 
information obtainable by combined electron 
diffraction and electron microscope studies on 
properly prepared surfaces is clearly illustrated. 

The steel employed in this series of heat treat¬ 
ments analyzed 0.9 percent (\ 0.15 percent Si, 
and 0 0056 percent N for the major constituents. 
The surfaces were prepared by abrading through 
4/ 0 metallographic paper, electrolytically polish¬ 
ing in sulfuric-phosphoric acids, 12 and then etching 
in a methanol solution containing 2 percent 
HC1 and 1 percent FeClg. The etching times 
were 30 sec. for pearlitic structures and 60-90 
sec. for martensitic specimens. The standard 
sequence of rinses enumerated in a previous 
section were employed. As stated, nitric acid 
etchants are not recommended and the use of 
picric acid is questionable. 

The results for this steel when heat treated to 
produce fine pearlite are seen in Fig. 3. 

The micrograph shows the usual lamellar 
structure and the electron diffraction pattern is 
that for polycrystalline, orthorhombic FesC. The 
pattern for FesC is to be expected since the 


11 R. D Heidenreich, L. Sturkey, and H. L. Woods, 
Nature (in press). 

u R. I. Imboden and R. S. Sibley, Metal Finishing, 592 
(November, 1942). 
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etchant attacks the a-Fe more rapidly, leaving 
the cementite lamellae standing in relief. For the 
sake of completeness, Table I lists the d^i 
values for Fe>C compared with values obtained 
from measurements on the electron diffraction 
pattern. 

The structure of pearlite is much better under¬ 
stood than is that of martensite and for that 
reason martensite is of greater interest here. 
Martensite is the body-centered tetragonal prod¬ 
uct obtained when austenite transforms at low 
temperatures and is produced by quenching the 
steel from 850°(' into ice water. Martensite is 
quite unstable and decomposes at temperatures 
as low as 100°C. The decomposition products 
are of special interest since they apparently are 
dependent upon the temperatuie at which the 
reaction proceeds. 1 * It was generally thought 
that decomposition below 300°C yielded a highly 
dispersed carbide phase, the particles of which 
were sufficiently strained b> the stresses set up 
during precipitation that no satisfactory x-ray 
pattern could be obtained. 1 * Above 300°(\ the 
product was established to be FeaC b> x-ra> 
methods. 

The surface of martensite, etched and rinsed 
as described, is seen in Fig. 4. The api>earanrc 



Fig. 3. Electron micrograph for hnc pearlite in a 0.9 
percent carbon steel etched in HC1 —FeCl*. Rockwell 
C. 29. 


11 M. Arbusow and G. Kurdjumow, J. Phys. U.S.S.R. 5, 
2-3, 101 (1941). 

14 C. S. Barrett, Structure of Metals (McGraw-Hill Book 
Company, Inc., New York, 1943), p. 479 (further references 
will be found here). 


Table I. Comparison of electron diffraction results from 
sample of Fig. 3 with x-ray standard of FetC. 


lvalues 


{hkl) x-ray* ED 


112 

2.39 

2.41 

200 

2.265 


121 

2.1151 


210 

2.07 


022 

2.04 j 

2.08 

211 

1.98 

1.99 

113 

1.875 

1.86 

212 

1.766 


004 

1.69 


221 

1.645 


130 

1.593 

1.595 

131 

1.55 


114 

1.512 


311 

1.415 


231 

1.335 

1.34 

015 

1.31 


232 

1.262 


140 

1.23 


313 

1.22 

1.22 

2*3 

1.165 

1 16 

142 

1.156 


400 

1.133 


006 

1.127 

1.125 

3*1, 240 

1.112 

1.102 

242 

1.058 


413 

0.995 


(150, 216) 

0 987 

0.980 


Relative intensities 
x-ray ED* 


medium 

weak 

medium 

medium 

strong very strong 

medium 

strong strong 

weak 

weak 

very weak 
weak 

very weak 

weak 

weak 

medium medium atronfe 

very weak 

very weak 

medium 

medium 

strong strong 

strong 

strong 

strong 

strong 

medium 

medium 

strong 


• \ ray values taken from A Weslgren and G Phrflgmen. J. Iron 
Steel Inst. 105. 241 (1922) 

6 FD -Electron diffraction reflet turn 


seems to be consistent with the present theory 
of martensite formation. 15 The dark regions in 
the micrograph of Fig. 4 should appear down 
and arc probably due to untransformed austenite. 
The diffraction pattern is not only weak, but the 
rings are broader and more diffuse than generally 
found by x-ray diffraction. 15 This can be taken 
to indicate a crystal with heterogeneous internal 
stresses exhibiting no sharply defined lattice 
spacings but, rather, rf-values fluctuating about 
an average. (See Table II.) 

When the specimen of Fig. 4 is annealed J hr. 
at 200°C, the martensite plates decompose into 
the colloidal mixture seen in Fig. S. The slow- 
etching component is not Fe*C as often assumed 
but is clearly identified with hexagonal Fe*N 
from the reflection pattern. Table III lists the 
dkk 1 values. Further heating for 4 hr. at 200°C 
does not change the appearance, diffraction pat¬ 
tern, or hardness. 


11 Reference 14, p. 483. 

14 E. Ohman, J. Iron Steel 


Inst. 123, 445 (1931). 
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Table HI. Electron diffraction results from sample of 
Fig. 5 compared with x-ray standard of FeiN. 





Relative intensity 


x-ray 

ED* 

x-ray 

ED 

020 , no 

2.38 A 


8 


002 

2.19 

2.18 A 

10 

Strong 

111, 021 

2.09 

2.09 

40 

Very strong 

112,022 

1.61 

1.61 

10 

Strong 

130, 200 

1.375 

1.38 

10 

Strong 


1.240 

1.23 

10 

Strong 


1.160 

1.157 

8 

Strong 


1.140 


4 

Weak 


1.095 

1.10 

1 

Weak 


• ED ■Electron diffraction reflection. 


Fig. 4. Results on the same steel as Fig. 3 after heating 
at 850°C and quenching into ice water where the trans¬ 
formation austenite-*martensite occurs. The diffraction 
pattern is weak and diffuse but is characteristic of marten¬ 
site. Etched in HC1—FeCli. Rockwell C. 64. 


The decomposition reaction at 200°C has been 
suggested 11 to be 

martensite 90n o r 
Fe + Csoln. + NHoIn. -►FesN+t\oln. 


Table II. Electron diffraction results from etched 
martensite compared uith x-ra> standard of a-Fe. 


dkkt 


( hkl \ x ray ED 


110 

2.01A 

2.0-2.1A 

200 

1.425 

1.4-1.5 

211 

1.164 

1.1 1.2 

220 

1.508 


310 

0.902 

0.9 

222 

0.823 


321 

0.763 


411 

0.677 



Relative intensity 
x-ray ED 


40 Broad, diffuse rings 
8 
15 
4 
2 
1 
3 
1 


« ED - Election diffraction reflection. 



Fig. 5. Decomposition of martensite by annealing i hour 
at 200°C. The slow etching pha^e is Fe*N (or isomorphous 
with FeiN). Etched in HCl-FeCli. Rockwell C.58. 


The nitrogen analysis gives some idea as to the 
small amount of the nitride phase that would be 
present. The greater part of the carbon must 
reside in a-Fe, probably as solid solution. 

If the specimen of Fig. 4 is annealed i hr. at 
400°C\ the result is that of Fig. 6. A colloidal 
mixture is again produced but the slow etching 
component is now FeaC as ascertained by elec¬ 
tron diffraction. When the specimen of Fig. 5 is 
further heated £ hr. at 350°C, the patterns indi¬ 
cate that a mixture of Fe*N and Fe*C is pro¬ 
duced. The appearance is illustrated in Fig. 7. 

The decomposition reaction at 400°C is sug¬ 
gested to be 

martensite 4 qqo(- 
Fe + Caoln. + Nsoln.- ►FejC + Nsoln. 

Figure 7 indicates that the following reaction 
also may occur 

350°C 

FeaN+Cwin.-►Fe*C+N i0 i„. 

It appears from these preliminary results that 
the observations of Arbusow and Kurdjumow 11 
are accounted for by the formation of FeiC 
above 300°C and the formation of Fe«N below 
300°C. The behavior of steel specimens from 
which the nitrogen has been thoroughly removed 
would be of great interest. The possibility of a 
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carbide phase isomorphous with Fe»N should not 
be ignored. 

The hardness of this series of specimens was 
determined and the values can be crudely corre¬ 
lated with the dimensions of the "particles” or 
"blocks" formed in the decomposition. The 
hardness is plotted against "block size" in Fig. 8 
although caution should be used in drawing any 
general conclusions from the data. The result 
does seem to be consistent with the observations 
of Barrett 17 and may bear an interesting relation 
to W. L. Bragg’s 1 * theory of the strength of 
metals. 

ALUMINUM ALLOYS 

Preliminary experiments on the etching of an 
aluminum-copper alloy indicate that consider- 



Fi(>. 6. Decomposition of martensite by annealing J hr. 
at 400°C. The slow etching phase is now the usual FeiC. 
Etched in HH—FeCl*. Rockwell C. 47. 

able work may be required in order to find a 
suitable etchant. Pure aluminum can be etched 
in hydrochloric acid and rinsed as with mag¬ 
nesium or steel and will yield good diffraction 
patterns for Al. An aluminum-copper alloy, how¬ 
ever, when etched with the common reagents 
(HC1, HF, HNO*, and mixtures) does not pro¬ 
duce the desired result. In all cases the diffraction 
pattern obtained was that for polycrystalline 


» C. S. Barrett, Metals Tech. 10 (Sept. 1943). 
>• W. L. Bragg, Nature 149 , 511 (1942). 


Flo. 7. Transformation of Fe*N (formed by heating 
martensite J hour at 200°C) to FeiC by further heating 
i hour at *50°C. Etched in HCl-FeCl,. Rockwell 
C. 52. 


copper with sometimes a trace of CuO. It seems 
likely that as both the aluminum and copper 
dissolved in the reagent the copper was re¬ 
deposited as a result of the relative positions of 
the two metals in the electromotive series. This 
behavior produces a surface which may have 
little or no re.semblance to the structure of the 
bulk metal and so makes the combined diffrac¬ 
tion and microscopic technique of little value 
from a strictly metallurgical viewpoint. From the 
standpoint of corrosion studies and film forma¬ 
tion, numerous cxjjeriments suggest themselves 
wherein information can be obtained using these 
methods. 



BLOCK SIZE IN MICRONS 


Fig. 8. Rough correlation between “particle** or "block** 
dimensions in neat treated steel with Rockwell C hardness 
values. 
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Fig. 9. Electron micrograph and diffrac¬ 
tion pattern from commercial copper sheet 
etched in ammonium persulfate. The pat¬ 
tern is that for pure copper and exhibits 
arcing. The arcing is attributed to the etch 
attack rather than the orientation of the 
sheet. 


COPPER ALLOYS 

Inasmuch as the electron microscope and 
electron diffraction constitute sensitive tech¬ 
niques of investigating minute amounts of new 
phases, it would seem natural to apply them to 
studies of age-hardening alloys. Beryllium copper 
is an excellent example of an age-hardening 
alloy, and the work on copper was pointed 
toward an investigation of this system. Only 
the first experiments have been carried out, 
however. 

There are several common etchants for copper 
and its alloys. Ammonium persulfate is satis¬ 
factory for pure copper and produces surfaces 
that yield strong diffraction patterns. The prepa¬ 
ration for the commercial sheet shown in Fig. 9 
consisted in electrolytically polishing in a phos¬ 
phoric acid electrolyte, etching in a 10 percent 
solution * of ammonium persulfate in distilled 
water, rinsing in distilled water and then through 
rinses 1, II, and III. This surface is very rough 
on a micro-scale and for this reason possesses 
many sharp peaks that serve as diffracting 
centers. The reason for the etch structure of 
Fig. 9 has been briefly discussed by Barrett. 19 It 
would appear that the copper grains consist of a 
mosaic of rods about one micron long and a few 
tenths of a micron in diameter. It is evident that 
the orientation of the rods is related to specific 
directions in the copper crystal. The dimensions 
of the “etch blocks" are not independent of the 

19 C. S. Barrett, Structure of Metals (McGraw-Hill Book 
Company, Inc., New York, 1943), p. 223. 


etchant employed and therefore should be viewed 
cautiously until the matter has been well in¬ 
vestigated. 

The diffraction pattern of Fig. 9 shows the 
rings breaking into spots due to the grain size 
of the sample. In addition, there is arcing of the 
rings which was first thought to indicate preferred 
orientation as might be expected in rolled sheet. 
When this same sheet was deformed and cold 



Fig. 10. Electron diffraction pattern of the same copper 
sheet as Fig. 9 after cold working and annealing. The grain 
size has increased but the arcing is still about the same as in 
Fig. 9. 
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Fig 11. Results for /9-brass containing 0.0005-0.001 per¬ 
cent silver. The pattern obtained is that for polycrystalline 
silver, the particles ot which can be seen m tne micrograph 
as a result of being transferred to the silica replica. Etched 
in acetic-nitric reagent from which zinc displaces silver. 


worked and then annealed, the pattern of Fig. 10 
was obtained. The* grain size has increased but 
the arcing is About the same as in Fig. 9. It 
appears that the etch attack is the chief factor 
in determining the arcing of the rings as pre¬ 
viously discussed. 

With certain reagents, metallic impurities in 
GOpi>er and brass may be deposited on the 
surface as shown b\ Holomnn and WulfT. 8 An 
example of this is the 0-brass of Fig. 11. This 
sample was electrolytically polished, etched in 
glacial acetic-nitric acids (5:2), rinsed in dilute 
ammonium hydroxide, distilled water, and then 


the usual rinses. This etchant was employed 
because it did not tend to stain the surfaces. 
The diffraction pattern from the etched surface 
was that for metallic silver, however. When the 
silica replica was examined it was found to be 
contaminated with black particles which had 
been transferred from the original surface to the 
replica. A spectroscopic analysis of the original 
sample indicated 0.0005 to 0.001 percent Ag 
from which it was concluded that, during etching, 
colloidal silver particles about 1000A in diameter 
had been deposited on the surface. A subsequent 
0-brass made from electrolytic copper and high 
purity zinc did not present this difficulty but 
gave a good pattern for body-centered brass. 
The transfer of foreign particles from a metal 
surface to the silica replica has been observed 
many times. 

The final example, beryllium copi>er, has not 
been subjected to a systematic investigation due 
to two difficulties. The first of these is the 
deposition of an impurity metal (less than 0.01 
percent) during etching in the acetic-nitric re¬ 
agent. This problem is not encountered in the 
use of ammonium persulfate but the type of 
etch structure makes it difficult to follow the 
aging process. The second difficulty has been the 
failure to produce a complete solid solution of 
beryllium in copper. A Cu-2 percent Be alloy 
was chill cast and then solution heat treated 
100 hr. at 820°C and quenched.* The diffrac- 


* Specimens J" in diameter and ft" thick. 


Kk. 12 Electron micrograph and dif¬ 
fraction pattern for beryllium copper (2 
percent Be) quenched after 100 hours at 
820°C. The spots are due to the copper 
solid solution while the rings are ascribed 
to both Cu and the intcrmctallic com¬ 
pound, CuBc, which has not entirely dis¬ 
solved upon solution heat treatment. 
Etched in ammonium persulfate. 
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Fig 13. Results for the same specimen as Fig. 12 after 
annealing 24 hours at 300°C. The compound is now densely 
precipitated and its diffraction pattern is that for CuBe 
with a trace of copper due to the matrix. 


pattern (spots) for copper but also several rings 
due to the compound CuBe. Fig. 12 shows the 
micrograph and diffraction pattern. 

If the specimen that yielded the results of 
Fig. 12 is aged 24 hr. at 300°C in order to 
heavily precipitate the compound, the result is 
that of Fig. 13. The particles of CuBe are evident 
in the micrograph. The pattern is that for 
polycrystalline CuBe with a trace of copper, as 
would be expected. The mechanism of age hard¬ 
ening 20 in this alloy cannot be studied, however, 
until a solid solution completely free of CuBe is 
attained. When such a solid solution is produced, 
a sequence of samples annealed for various 
lengths of time should yield some valuable in¬ 
formation on which to base a theoretical study 
of age hardening. 


tion patterns from the surface etched with am- BSee _ A> Guinier and P . Jacquet( Nature 15Si 69s 
monium persulfate show not only the expected (1945). 
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The paper is concerned mainly with the flow of viscous on the moving sphere and the torque on the set of fixed 

liquid between the outer surfaces of two equal spheres spheres in terms of the radius of the spheres, the velocity of 

placed in an infinite body of the liquid so that the “mini- rotation, and the viscosity of the liquid; they involve as a 
mum separation’* of the surfaces (the distance apart at the parameter the minimum separation of the moving sphere 
points of closest approach) is small compared with the from the fixed spheres, and elimination of this gives the 
radius; one sphere is held at rest, the other rotates at con- relation between the measurable quantities, load, and 

stant speed about an axis which does not pass through the torque, which could provide a basis for the use of the 

center of the fixed sphere. The assumption is made that the instrument as a viscometer. It is found that the torque is 

surfaces are separated by a continuous film of liquid to a very slowly varying function of the load, being approxi- 

which the classical theory of hydrodynamical lubrication mately proportional to the logarithm of the load. Further, 
can be applied —that is, “boundary lubrication” and actual if it is assumed that the hydrodynamical theory of lubrica- 

contact between the surfaces are excluded; the partial tion is valid only for films whose thickness is greater than 

differential equation (the Reynolds equation) for the some agreed minimum, then the expression for the load on 

pressure distribution in this film is set up, and it is shown the moving sphere, into which the minimum separation 
that with a suitable choice of boundary conditions a solu- enters, provides a criterion for the range of conditions (of 
tion can be found in very simple form. From this solution which the load is much the most important) within which 
are deduced the total force exerted by the liquid on the the theory does in fact apply to the instrument. Numerical 
moving sphere and the torque, about the axis of rotation, examples are considered, and it is shown that, with 
of the forces acting on the fixed sphere. The results are allowance for wide departures from the standard size and 
applied to the particular case of the four-ball lubricant speed of operation of the instrument, the maximum load 

testing instrument, in which a sphere is made to rotate which can be supported by the moving sphere in the 

about a vertical axis, under axial load, in the central space hydrodynamical regime cannot be expected to exceed a few 

formed by a set of three equal spheres held stationary so as hundred grams weight; for loads of greater order the 

to touch one another with their centers in a horizontal standard continuous-film theory cannot hold, and the 
plane; the whole set of spheres is immersed in the lubricant forces on the spheres are no longer determined by the 
to be tested. The relations finally obtained express the load viscosity of the liquid. 


INTRODUCTION under pressures so great (of the order of 10 4 

I N the last few years a great deal of attention kg wt./cm«) that it is not to be expected that the 
has been given to the properties of lubricants lubricated surfaces are separated by the con- 
under condition" of “extreme pressure,’’ that is, tinuous film which characterizes hydrodynamical 
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Fig. 1 . (A) Elevation and (B) plan of the 4-ball instru¬ 
ment. Ci, Cj, Ct are the center*, of the stationary spheres 
and C« that of the rotating sphere. 

or “thick film" lubrication. The literature of the 
subject has many references to the Boerlage 
four-ball testing instrument. 1 

The instrument seems to have become a stand¬ 
ard piece of apparatus in this field, but at the 
same time it seems that the interpretation of the 
measurements made with it is not always certain. 
There is an obvious question which must present 
itself in any general discussion of the theory of 
the apparatus, and which should be amenable to 
theoretical investigation; this is, can the instru¬ 
ment behave in any circumstances according to 
the laws of hydrodynamical lubrication, and if it 
can, what Is the range of operating conditions 
over which this is possible? There seems to be no 

1 G. D. Boerlage, Engineering 136, 46 (1933). O. Beeck, 
1. App. Phys. 12,512 (1941). D. Clayton, Inst. Mech. Eng., 
Discussion on Lubrication 2, 282 (1937). R. Schnurmann, 
gnjfiQMrfNt 567 (1940). 

'm 


published investigation of this point; the present 
paper attempts a treatment based only on 
classical hydrodynamical theory. 

We may recall here that the four-ball instru¬ 
ment consists essentially (see Fig. 1) of a set of 
three equal spheres held rigidly in a fixed cup so 
as to toRCtt',onQ another with their centers in a 
horizontal pbutet with a fourth sphere rotated 
under load about a vertical axis in the central 
space of the fixed spheres; the whole is immersed 
in the lubricant to be tested, Itatails of tjftne 
methods of use with great loads (Which 1 ate not 
really relevant to our present purpose) are given 
in other papers. 1 We base this investigation on 
two fundamental assumptions; first that the 
spheres are not deformed by the load, and 
second, that the flow of liquid around and be¬ 
tween the spheres obeys the classical equations 
of viscous flow, in particular that a continuous 
film in the hydrodynamical sense (as distinct 
from the “boundary lubrication” sense) is formed 
between the moving sphere and each fixed sphere. 

We attack the problem indirectly by first 
developing the relation between the thickness of 
this film at its thinnest part (the “minimum film 
thickness," say) and the load applied to the axis. 
Suppose we find a relation W — W(k<>) between 
the load W and this minimum thickness h B — 
involving of course all the parameters of the 
problem—the radius of the spheres, the angular 
velocity of the rotating sphere, and the viscosity 
of the liquid. Suppose also that we have reason 
to believe that a film of thickness less than some 
value d does not behave as a lubricating film in 
the hydrodynamical sense; then we may deduce 
that the assumption of hydrodynamical lubrica¬ 
tion ceases to hold for loads exceeding the value 
W(d) corresponding to the thickness h B =d. Con¬ 
versely we may deduce that for loads less than 
this value there will be in fact lubrication of the 
hydrodynamical type. We have thus a criterion 
for the range of application of the classical theory. 

A complete and rigorous investigation of the 
problem would involve the solving of the full 
equations for the flow around the spheres, and 
with a geometry so complicated no success could 
be expected from such an undertaking: indeed 
it was shown by Lamb 1 that even the apparently 

* H. Lamb, Hydrodynamics (Cambridge University 
Press, London, 1932), p. 589. 
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simple problem of a sphere rotating in an infinite 
body of liquid is intractable if the velocity ex¬ 
ceeds a very small value. To bring the problem 
within the scope of reasonably simple analysis 
we make the following further assumptions: 

A. The flow in the immediate vicinity of the 
moving sphere and any one of the fixed spheres 
is unaffected by the presence of the other 
spheres. 

B. The film formed between the moving sphere 
and any fixed sphere is sufficiently thin for the 
standard assumptions of classical film-theory to 
hold; that is, 

(a) the inertia terms in the equations of motion can be 
neglected, 

(b) the pressure can be regarded as constant across the 
him, and 

(c) rates of change of velocity measured across the him 
are much greater than those measured in any other 
direction. 

There is also the over-riding assumption, implied 
in the use of the hydrodynamical equations, that 
the only relevant physical property of the lubri¬ 
cant is its viscosity; and we shall take this as 
constant throughout the film. 

With these assumptions the problem is reduced 
to the solving of the Reynolds equation for the 
flow between one pair of spherical surfaces, that 
is, the partial differential equation for the 
pressure distribution in the film. The general 
outline of the investigation is then as follows: 
First (§§1, 2) the Reynolds equation is set up 
and the boundary conditions are obtained. It is 
then shown that with a suitable choice of 
boundary conditions there is a very simple 
solution which is computed as a numerical 
function. From this we deduce (§4) the total 
load supported by the film; and a further 
analysis (§5) leads to the expression for the 
viscous-frictional torque exerted on the station¬ 
ary sphere. Finally we apply these results to the 
particular case of the four-ball instrument and 
derive the criterion for the range of working 
within which we may suppose hydrodynamical 
lubrication to occur. 

The final conclusion is that the usual condi¬ 
tions of heavy loads are far outside this range, 
as is to be expected, so that in these circum¬ 
stances the relevant property of the lubricant is 
not its viscosity. The results have other points 



Fig. 2. Geometry of the 2-sphere system considered. 


of interest, however; for example, the instrument 
could be used as a viscometer, for which purpose 
it would have the advantage of permitting wide 
variations in the working conditions, including 
the rate of shear; the relations obtained here 
provide a basis for the calibration of the instru¬ 
ment for that purpose. 8 It was partly to this end 
that the determination of the torque was made. 
Also there is the point of mathematical interest 
that the investigation leads to an exact solution 
of the Reynolds equation, which is very seldom 
possible; it has in fact been stated 4 that the 
equation cannot be solved in finite terms if the 
boundaries of the flow have curvature in two 
directions. 

1. THE PRESSURE EQUATION 
(REYNOLDS EQUATION) 

In Fig. 2, Ci, C* are the centers of two spheres 
of radius a ; the first sphere rotates with angular 
velocity w about the line MCi (which in the four- 
ball machine is vertical) and the second sphere 
is at rest; the inclination of MC\ to CiCj is 
taken as an arbitrary angle a whose value in the 
final application will be deduced from the 
geometry of the instrument. 

1 It would be necessary to make a series of calibrations 
with liquids of widely differing viscosities to allow for 
possible changes in the dynamical pattern of the flow. 

4 See, for example, R. 0. Boswell, Film Imbrication 
(Longmans Green and Company, New York, 1928). 
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The coordinate system Oxyz is chosen so that 
(a) 0 is the mid-point of C\Ct, (b) 0* coincides 
with the line of centers CiCt, and (c) the axis 
MC\ lies in the plane zx (in the figure, M lies 
on Ox). 

Let p be the pressure and v the fluid velocity 
at any point; let the thickness of the film at 
any section be 2h, and let the minimum thick¬ 
ness be 2ho. Thus in the figure 2VPi = iVPj = A, 
OA i = OA i=ho and P\Pi have coordinates (x, y, h ) 
and (x,y, —h), respectively. 

By assumption A, p is a function of x and y 
only, and the whole treatment of the problem 
depends on the partial differential equation in x 
and y satisfied by p. The derivation of this 
equation is a standard piece of analysis, but as 
we shall need in a later section some of the 
intermediate equations we may conveniently in¬ 
dicate here the main steps in the process. 

If the fluid velocity v has conqionents u, v, w, 
then the assumption B permits us to reduce the 
general equations of motion to 

dp 9*11 dp 3 s v dp 

— n —-, — n--,-o. (1) 

9x dz* 9y 3z* dz 

Let the velocity of the general point Pi on the 
surface of the moving sphere have components 
U, V, W. Every point on the second sphere has 
zero velocity, so we can write the boundary 
conditions for these equations 

at z=°h u=U v=V w=W; 
at z= — k u — 0 ti = 0 w = 0. 


for v> between the limits —h and h so that 


f (—+—V=- f 

J-h\dx dyJ 


* dW 

—dz =* — W, 
dz 


we shall have eliminated the velocities u, v, w and 
derived an equation for p alone. We obtain 


i( h . d l) + l( h , d 2) 

dx\ dx/ dy\ by l 


=inW+inh 


(-+-), 

\dx dy / 


(4) 


which is the Reynolds equation, in rather more 
general form than is usually quoted. 

So far the argument has been quite general 
and Eq. (4) holds for any system of the type we 
arc considering; we must now obtain the ana¬ 
lytical expressions for h, U, V, W which relate to 
our particular problem. 

The expression for the film-thickness h is 
easily obtained, for if (x, y, h) is any point on 
the upper (moving) sphere, the distance from 
the center of the sphere is a, and so 

#*+y*+(0+Ao—A)*=o 2 , (5) 

which defines h. 

It is convenient to use the variable 

a+ho—h-Z. (5a) 

Then 

**+/+£*=o*, (5b) 

and the derivatives of h, which we shall need, are 


Hence by integration with respect to z 

z+h z i —h i dp 

- - U+ -, 

2 h 2n 9x 

( 2 ) 

z-M z t —k i 9p 

v=- V+ -. 

2 h 2fi dy 

Now the flow must satisfy the continuity equa¬ 
tion div v=0 

9u dv dw 

i.e., —+—=0. (3) 

dx dy dz 

If we substitute for u and v the values given by 
(2) and then integrate the resulting equation 


dh 

dZ 

X 

(5c) 

dx 

dx 

~z’ 

dh 

9Z 

_ y 

<5d) 

dy 

~~dy 

~ z 


The velocities U, V, W are most readily de¬ 
rived by a vector method. Let i, j, k be the usual 
unit vectors along the coordinate axes; then 
(Fig. 2) the vector angular velocity of the 
sphere is 

u=tf(sin cd+cos ok), 

and if r is the vector C\P\ the velocity of Pi is 
«A r. Now 
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so 


Ui-\r V}+Wk=>u(sin ai+cos ak)A(*i+yj—Zk), 

and equating the coefficients of i, j, k on the two 
sides of this equation gives the required ex¬ 
pressions: 

U * —uy cos a, 

V—u(x cos «-f 2 sin a), (6) 

W=uy sin a, 

from which we have 

dU dV uy 

—=0, —--sin a. 

dx dy Z 


Substitution of these values in (4) gives as the 
fundamental equation for the problem 


d 2 p d 2 p 3 / dp dp\ 
—I-1—( *—Hy— ) 

dx 2 dy* 2 h\ dx dy I 


3pu sin a 
2 h* 



(7) 


We can at once simplify the form of this equation 
by changing from Cartesian coordinates x, y to 
polars r, 0 defined by 


x-r cos 0, y = rsin0. 


The transformed equation is 

d*p /I 3r' 

\dp 1 d*p 

-h( —1— 

)~+- 

dr 1 \r Zhj 

' dr r 2 d0 2 


3uw sin a / h\ 

»-(1-|r sin 0, (8) 


2A* V 2/ 

where 


h — 

o+Ao—2, 2**a s — r 2 , 

and a most important point is that h and Z are 


functions of r only. 

In this as in most problems it is of great 
advantage to work in terms of dimensionless 
variables; a little algebraic manipulation shows 
that if we define the dimensionless quantities 
P, II, so by the relations 

P=r/(2aAo)*, n*^/jp«sina(2a//to) 1 , So = h t /a, 
the equation can be written 

d*n an 1 am 

—+L—+-sin 0, 

dp* dp p* d0 2 


where L, M are functions of p only, given by 
Z '*~ + 7t — o —(9a) 

p (1-2 jop*)‘ 

I 1 l+*>+(l-2jqP*) t r 

U l+Jo+p* J 

X[2-(1+jo)(1-2j«p*)*]. (9b) 

If finally we regard Jo = ho/a as a small quantity, 
and in (9a, b) neglect j 0 in comparison with unity, 
we obtain the simpler forms 


1 6p 

L=-+-, 

P 1+P* 


(9c) 


A/ = 


P 

(t+P*) , ‘ 


(9d) 


In this last case we can write the equation in 
the form 

am /i 6p \an 

—+(-+—I— 

dp* \p 1+p*/ dp 


i am p 

-1---sin a, (10) 

p* do* (1+P S )» 


which is remarkable in that it is completely free 
from all the parameters of the problem: all these 
have been absorbed into the dimensionless vari¬ 
ables II, p. This single equation therefore covers 
all possible values of a, p, a, u; but in dealing 
with this form we must remember that the 
original Eq. (9) has a singularity' at r=»o (where 
2*0) so the range of p must be restricted to 
correspond to a range of r stopping well short of 
this point. This is, of course, quite in accordance 
with physical ideas; for at all points on the circle 
r=a the tangent planes to the two spheres are 
parallel to the z axis (to put it less formally, the 
surfaces are diverging infinitely rapidly) and well 
before this the film will have become thicker than 
the basic assumptions will permit. 

2. BOUNDARY CONDITIONS 

Before we can make any use of the pressure 
equation we must ascribe to p a set of boundary 
conditions, and it is here that the real difficulty 
of the problem is met. We are dealing with an 
elliptic equation for p in the two independent 
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Fig. 3. Geometry of the complete journal bearing. 
S, 0 are the centers of the journal and the bearing, 
respectively. 

variables jc, y (or the equivalent variables r, 6) 
and general theory tells us that to obtain a unique 
solution we need to know the values of p at all 
points of a closed curve in the xy plane. The 
possibility of finding a solution in reasonably 
simple form is intimately bound up with the 
choice of this curve and of the set of values of p 
along the curve. 

The difficulty arises because the film has no 
definite boundaries defined a priori by the 
geometry of the apparatus, but merges gradually 
into the main body of the fluid where the as¬ 
sumptions A and B are not valid. This is not to 
say that the problem is not defined physically: 
strictly the boundaries are the free surface of the 
liquid, the inner surface of the cup, and the four 
spherical surfaces; and the problem is defined by 
the obvious conditions of pressure and velocity at 
these surfaces. But in view of the small chance of 
finding a strict solution we must look for an 
alternative set of conditions for our simplified 
system, relying on general physical principles in 
making our choice. 

An obvious condition is that in the main body 
of the liquid, and in fact everywhere except in the 
immediate vicinity of the point of closest ap¬ 
proach of the two spheres, the pressure must be 
practically atmospheric; if, therefore, we choose 
the atmospheric value as the zero of pressure the 


solution for p must reduce to very small (nu¬ 
merical) values everywhere except in this region, 
that is, for all except small values of r. This can be 
idealized to the statement 

£=0 for f>r«, 

where r<> is some value considerably less than a, 
and suggests that for the boundary condition we 
might take 

p=0 for r=fo, O<0<2x, 

i.e., the vanishing of P on a circle of radius r<>. 
This however is not a suitable condition; for the 
equation for p has what we may call "skew 
symmetry" about the origin: if in (7) we replace 
x, y by —x, — y we merely change the sign of the 
right side. We get the same effect by replacing 0 
by 0+x in (8) or (9). If therefore the set of 
boundary values has the same property, the 
whole solution will itself have this property; that 
is, in polars, if in the region 0<9<x the solution 
is p=p(r, 6 ) then in the region x<0<2x the 
solution will be p—p{r , 0+x) = —p(r, 0). Since 
the suggested set of values has in fact this 
property, the use of this condition will lead to a 
solution in which positive and negative values of 
equal magnitude appear in pairs; the immediate 
conclusion, that the resultant load supported by 
the film is zero, is unacceptable, and not less so is 
the implication that in half the film the liquid is 
in a state of negative pressure. 

At this stage we can profit from a glance at the 
theory of the complete journal bearing, the 
geometry of which is shown in Fig. 3. The 
classical treatment of Sommerfeld* deals with a 
bearing of infinite length (so that no flow in the 
axial direction need be considered) and effectively 
solves the Reynolds’ equation corresponding to 
the flow in the annular space between the two 
cylindrical surfaces, with the condition that the 
pressure and its derivatives are continuous and 
periodic functions of the angular coordinate 
the striking feature of the solution is that it gives 
positive pressures in the region APB(0<4><r) 
and equal negative pressures in the region 
A QB (x < <(> < 2x) . This prediction of negative pres¬ 
sures has led to much criticism of Sommerfeld’s 
work; and it seems to be generally agreed that his 
premises depart seriously from the truth in that 

* A. Sommerfeld, Zeits. f. math. Physik SO, 97-155 (1904). 
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they make no provision for the replacement of the 
lubricant which is forced out of the ends of any 
real bearing, however long; in practice a bearing 
is connected to a source of the lubricant so that 
the leakage is continuously replaced. A rigorous 
treatment incorporating this feature would re¬ 
quire a strict solution of the Reynolds’ equation 
taking into account both radial and axial flow, 
and this seems to present insuperable mathe¬ 
matical difficulties; but an approximate solution 
developed by Morgan and Muskat* suggests that 
the introduction of a source does in fact suppress 
the negative pressures. A less sound but much 
simpler treatment has been given by Gumbel; 7 
this writer, having assumed the connection to a 
source at atmospheric pressure, say at the point 
of maximum film-thickness </>= 0, then neglects 
the axial flow and suggests three |>ossible em¬ 
pirical conditions to determine p: 

I. The pressure falls to zero at the section of 
minimum thickness and remains zero until the 
position of the source is reached (traveling round 
the bearing in the direction of rotation of the 
axle), i.e., p = 0 when ^ = x, and for x<0<2x. 

II. The pressure has its maximum value at the 
section of minimum thickness and is zero between 
that point and the position of the source, i.e., 
dp/dd> =0 when <£=x, and p— 0 for x<^<2x. 

III. p and dp/d<p vanish simultaneously (the 
position at which this occurs being determined by 
the two conditions) and p = 0 between this point 
and the position of the source. 

What Gumbel assumes is in effect that the 
lubricating film breaks from the moving surface 
either at or just beyond the narrowest section; 
the first two suggested conditions imply a dis¬ 
continuity in either p or dp/d<p\ the third is a 
little less drastic but no less arbitrary in essence. 
Nevertheless Giimbel, using these as working 
hypotheses, finds that the numerical solutions 
corresponding to the different possibilities do not 
differ seriously amongst themselves and arc in 
reasonable agreement with experimental ob¬ 
servations. He therefore concludes that his treat¬ 
ment, if not well founded logically, does at least 
give useful numerical results. A further applica¬ 
tion of what is effectively Gtimbers third condi- 

• F. Morgan and M. Muskat, J. App. Phys. 9,393 (1938). 

T L. Gttmbel, Zeits. f. tech. Physik 3,94 (March, 1922). 


tion has been made by Peppier* in a study of the 
lubrication between the outer surfaces of a pair of 
cylinders—e.g., a pair of rollers—and he too finds 
good agreement between theory and observation. 

If we compare the two problems—the flow 
between the spheres and that in the cylindrical 
bearing—we see that they have one feature in 
common, namely that they both deal with the 
flow in a channel of which a large part is diver¬ 
gent in the direction of flow; and as it is a general 
result of the classical theory of viscous flow that 
negative pressures are associated with divergent 
flow, we have here the fundamental reason for 
our difficulty. The essential feature of Morgan 
and Muskat’s solution is the introduction of the 
source, and clearly the conditions of the present 
problem do not permit this; hence we are led to 
try the application of Gtimbel’s empirical treat¬ 
ment. Here the main flow is along the y axis and 
we may suppose that the film breaks from the 
moving surface along the x axis (since this is the 
position of narrowest section); in polars, along 
the lines 6 =*, 0 = 2 *. Further, relying upon 
Giimbel’s results, we may choose from the condi¬ 
tions 1, II, III the one which gives the simplest 
solution, and we find that this is condition I. We 
therefore take the boundary conditions as— 

p= 0 for 0=x, 0 = 2x; 0<r<r 0 , ... . 

p= 0 for r=r 0 , x<0<2x, ' & 

where r 0 is yet to be determined. Thus we investi¬ 
gate the solution of the pressure equation over a 
semi-circular region of the xy plane, and effec¬ 
tively neglect any contribution to the pressure 
from the flow in the diverging region. 


3. SOLUTION OF THB PRESSURE EQUATION 

The actual solution of the Reynolds equation 
(9) with the boundary conditions (11a) is easily 
seen to be 

n^gsinF, (12) 


where g is a function of p only defined by the 
differential equation 


dp* 


,/g 1 

+L- gs 

dp p* 




(13) 


with the boundary conditions 

g=0 when p*0, p = pt. 

• K. O. Peppier, V.D.I. Forsch tings. 391 (1938). 
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Table I. Solutions for g. a 

p 

GiXlO* GtXlO* 

gX10» 

GiXlO* GtX10 s 

*XJ0» 

0 

0 

0 

0 

0 

0 

0 

0.1 

0 

10 

-10 

0 

10 

-10 

2 

1 

19 

-18 

1 

19 

-18 

3 

3 

28 

-24 

3 

28 

-25 

4 

6 

36 

-29 

6 

36 

-30 

5 

11 

43 

-31 

11 

43 

-32 

6 

16 

48 

-31 

16 

48 

-32 

7 

22 

53 

-30 

22 

53 

-31 

8 

27 

57 

-29 

27 

57 

-30 

9 

32 

61 

-28 

33 

61 

-28 

1.0 

38 

63 

-24 

38 

63 

-25 

1.1 

43 

66 

-23 

43 

66 

-23 

1.2 

47 

68 

-20 

48 

68 

-20 

1.3 

51 

70 

-18 

52 

70 

-18 

1.4 

55 

71 

-15 

56 

71 

-15 

1.5 

58 

73 

-14 

59 

73 

-14 

1.6 

60 

74 

-13 

62 

74 

-12 

1.7 

63 

75 

-10 

64 

75 

-11 

1.8 

65 

77 

-9 

67 

76 

-9 

1.9 

67 

77 

-8 

69 

77 

-8 

2.0 

69 

78 

-7 

71 

77 

-7 

2.0 

69 

78 

-7 

71 

77 

-7 

2.2 

72 

80 

-6 

74 

80 

-6 

2.4 

75 

82 

-5 

76 

82 

-6 

2.6 

77 

83 

-4 

79 

83 

-4 

2.8 

79 

84 

-3 

81 

84 

-3 

3.0 

80 

85 

-3 

82 

85 

-3 

3.2 

82 

87 

-2 

85 

87 

-2 

3.6 

84 

88 

-2 

86 

88 

-2 

3.8 

85 

89 

-2 

88 

89 

-1 

4.0 

86 

90 

-2 

89 

90 

-1 

4.2 

87 

91 

-1 

90 

91 

-1 

4.4 

88 

91 

-1 

90 

91 

-1 

4.6 

89 

92 

-1 

91 

92 

-1 

4.8 

90 

92 

0 

92 

92 

0 

5.0 

91 

93 

0 

93 

93 

0 


■ g is defined by g -Gi +XG* with X chosen so that g -0 when p -5 0. 
The three-decimal values given above have been obtained by rounding 
off the original four-decimal values. 


For this function satisfies both the partial differ¬ 
ential equation and the boundary conditions, and 
is therefore a possible solution. The general 
uniqueness theorem then tells us that this is the 
only solution. 

All that remains now is to find the solution of 
Eq. (13), and although there seems to be no 
simple closed analytical form for the function 
g(p) a numerical solution is very easily con¬ 
structed. 

This function can be expressed in the form 
^“Gi-fAG*, 

where Gi is any solution of the equation 

1 

Gi"+LGi'- Gi=M (13a) 

P* 

(dashesdenoting differentiation with respect to p), 
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and G* is a suitably chosen complementary func¬ 
tion, that is a solution of 

1 

Gt”+LGi’ -Gi=0, (13b) 

p* 

and X is a numerical constant to be chosen later. 
With the forms of L, M given by (9a) and (9b) 
it is readily seen that: 

(a) The only solutions for G\ and Gj which are 
finite at p=0 must vanish at this point; near p=0 
they have the forms 

g,=m;i-&*+•••]. 

G*=p[l —JpH-]• 

( b) Neither Gi nor G» can vanish for any other 
value of p. Therefore if g=Gi+AG* we have at 
once g=0 for p=0, and we can find X so that g = 0 
for p = po [in fact, X= —Gi(p#)/G*(po)]. The 
problem is now reduced to the integration of 
Eqs. (13a), (13b) with the conditions 

Gi = 0, Gi = 0 at p=0, 

Gt = 0 , Gt =1 at p= 0 , 

which can be carried out by standard technique. 

Since there is a choice of two forms for the 
functions L, M two distinct integrations were 
made, one with the approximate forms of (9c), 
(9d) and one with the “exact” forms of (9a), (9b) 
taking ho/a — 1/200—this should rank as rather 
a large value, as we shall see later. These numer¬ 
ical results are given in Table I, and it is at once 
clear that the error of the approximation is 
negligible. But the most important property of 
the functions Gi and Gt revealed by the numerical 
solutions is that they quickly attain virtually 
constant values; more particularly, their values 
remain sensibly constant for p>5. It follows that 
for any given value of X the function g=Gi+AG* 
is itself sensibly constant for p>5. Therefore if 
we take for p 0 any value not less than 5, we shall 
have, with X= —Gi(po)/G»(po), g=0for p~po. In 
other words, although the quantity po is not 
formally defined its choice need cause no diffi¬ 
culty. The value chosen for the solution of 
Table I was p 0 =5.0. 

A little reflection shows that this lack of 
sensitivity to the exact position of the boundary 
is to be expected on physical grounds. For in the 
immediate vicinity of the region of closest ap- 
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proach of the two spheres—which is the only 
region we consider—the pressure must fall off 
very rapidly with increasing distance from the 
actual point of closest approach, and therefore so 
long as we ensure that the boundary is in the 
region where the pressure has fallen to a small 
value, the exact position cannot have any great 
effect on the solution. 


4. TOTAL LOAD SUPPORTED BY THE FILM 

Since the pressure p does not vary through the 
thickness of the film the total load supported is 
simply the integral of p over the xy plane. 

Thus, 


load P—j" j' pdxdy= n: prdrdd 

( 2a\* r 2v r” 

—j *2ahoj J II pdpdO 


= 12 Ka 2 n<a sin a(2 a/h 0 ) k since II = g sin 0 , 


where 


pg(p)dp. 

n 


From the solutions given in Table 1 we find 

for so-=1/200, K= 0.057, 

So=0, K =0.053 (the approximate case). 

Clearly there is no jx)int in keeping many 
decimals in a quantity such as K, so we may take 
as a round value K— 1/20 and write the final 
result as 

P— faV<>> s * n a(2a/ho)K (14) 


four-ball apparatus, and this section gives a 
derivation of the corresponding relation for the 
pair of spheres considered in the preceding sec¬ 
tions. It cannot be claimed that the result ob¬ 
tained here gives anything more than an Indi¬ 
cation of the leading term of the required relation. 
For on the one hand we can take into account 
only the conditions in the region where the flow 
is converging, since we know nothing of the 
conditions in the diverging region; and on the 
other, the unknown dimension ro (of which the 
expression for the load was found to be effectively 
independent) appears explicitly in the final ex¬ 
pression. Nevertheless the result should show the 
essential features of the relation. 

The problem is to find the viscous-frictional 
torque on a curved surface immersed in a body of 
liquid whose motion is essentially three-dimen¬ 
sional ; this is necessarily rather complicated, and 
after various attempts to construct an approxi¬ 
mate solution it was decided that the only 
satisfactory method was to use the fundamental 
tensor-relations for the shear-stress in the liquid. 
Only the final expression for the torque is needed 
here, and it would serve no useful purpose to give 
at this stage the rather heavy algebra of the 
derivation; but as no explicit treatment of the 
general case was found in the standard textbooks 
the analysis is given in an Appendix. 

If T is the torque about the axis of rotation 
exerted by the fluid on the stationary sphere, we 
find the approximate relation 

r/§TaV> = i+£loK« ^-^-ljsin*a, 


It is from this equation alone that we derive 
our criterion for the range of validity of the 
classical theory; but it is convenient to postpone 
this until we have obtained the corresponding 
relation for the torque exerted by the viscous- 
frictional forces, and have applied both results to 
the particular orientation of spheres found in the 
four-ball instrument. These topics are dealt with 
in the next two sections. 

5. TORQUE ON THE STATIONARY SPHERE 

As was explained in the Introduction it was 
considered desirable to obtain the expression for 
the torque exerted on the stationary sphere in the 


and if we put log, (a/Ao) =>2.3 logu> (a/Ao), 
r/$Ta*/uw= (i — sin* a) 

+2.3 sin* a logio (1$) 

6. APPLICATION TO THE FOUR-BALL 
INSTRUMENT 

To derive from the foregoing results the ex¬ 
pressions for the load and torque for the four-ball 
instrument we have only to determine the angle 
a between the axis of the rotating sphere and the 
line joining the center of this sphere to the center 
of any one of the fixed spheres. 
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(17) 



W=3P cos 


6 /2o\* 

a=-a*uu{ — I. 

5 \hJ 



Fig. 4. Geometry of the 4-ball instrument. 

The geometry of the system is shown in Fig. 4. 
It is clear that the vertical axis of rotation must 
pass through the centroid G of the triangle 
formed by the centers C\, C», C* of the fixed 
spheres. 

Then 

2v3 

C\G— — a, 

3 

and so, from the triangle C«GCi, 

2>R / a 

sin a»GCj/CiC«=—a j 2(o+io)“(l)*'-• 

3 / a+fto 

Since Ao<5Ca, we may take 

sina»(i)*, cosa^d)* (a”35° 16'). (16) 

The load P determined in §4 acts along the line 
of centers CiCa ; by symmetry therefore the total 
load supported by the three spheres has zero 
horizontal component and the vertical compo¬ 
nent is 3 P cos a. Thus the total load on the axis 


The total torque on the axis is, by (15) and (16), 

r=3r=§xov[—^+0.77 logx« (18) 

If now we eliminate a/ho from these relations, 
we get the relation between T and W 

2 r /6V2 1 

T/\ra % \us>— — -(-1.54 logio I W r — a i nw I, 

15 ' 5 (19) 

showing that if experimental values of T and 
W are found and T/a*nu is plotted against 
log (W/atpu), then the points should lie on a 
straight line. 

The sizes of the quantities involved are best 
shown by a numerical example. In applying the 
relations we must remember that all quantities 
are presumed to be given in absolute units, so 
that if a is measured in centimeters, o> in radians 
per sec., and n in e.g.s. units (poises) then W will 
be given in dynes and T in dyne-centimeters. 

The usual size of instrument corresponds to 
spheres of 1-cm diameter, so a = J; for a rather 
viscous lubricant we may take m— 10 e.g.s. 
units at moderate temperatures. Let us take 
u — N r.p.m. = 2xiV/60 radians per sec. and 
ho/a = 10~ n (so that A 0 = J10~" cm). 

A normal speed of rotation is 1500 r.p.m. and 
with this value we find (rounding off the nu¬ 
merical coefficients) 

W= 500X 10»'* dynes - 0.51 X 10-» g wt., 

r«720» —125 dynecm = 0.74» —0.13gem. 

By taking different values for n we obtain a 
series of related values of load and torque corre¬ 
sponding to a series of film-thicknesses ho’, the 
results for the range 2<»<6 (i.e., for film- 
thicknesses ranging from 5X 10~* to 5X10 -7 cm) 
are given in Fig. 5. 

It is now clear that no great loads can be sup¬ 
ported by the apparatus if the conditions of 
film-lubrication are to be fulfilled. There is a 
lower limit to the thickness of the film, fixed by 
the size of the irregularities of the surfaces, for 
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which a value of the order of 10~ 4 cm has been 
suggested. With this value and even the rather 
viscous oil considered above, the load W cannot 
greatly exceed 50 g wt.; even if the speed were 
raised to 3000 r.p.m., the permissible load would 
rise only to about 100 g wt. Evidently a load of 
the order of a kilogram represents a virtual im¬ 
possibility for an instrument of this size under 
conditions of fiim-lubrication, unless it can be 
established that this regime can be maintained 
with film-thicknesses of the order of 10~* cm. It 
is quite certain that under the usual conditions 
of operation—with loads of 20 to 1000 kg—there 
can be no hydrodynamical lubrication; this is 
of course only what was expected, but the 
investigation has provided the criterion from 
which we can deduce the range of conditions in 
which the behavior of the apparatus obeys the 
laws of hydrodynamical lubrication. 


APPENDIX. TORQUE ON THE 
STATIONARY SPHERE 

The stress at any point in a viscous liquid has 
six independent components which form a sym¬ 
metrical tensor of the second rank. This tensor is 


* = -pI+nT, 

where I is the unit tensor and T is the shear- 
stress tensor, and these can be conveniently 
written in “dyadic” form 


/=ii+jj+kk, 


du 


T =2 1-u+I 
dx 



(jk+kj), 


where ijk are as before the unit vectors along the 
coordinate axes.’ 

The force on a surface of unit area whose 
normal has the direction of the unit vector n is 
itself a vector and is given by the scalar product 
of n with the stress tensor in the form 


F„ = '*'-n=« -pn+nT-n. 

Now if a force F is applied at a point P whose 
position vector with respect to a fixed point M 
is r, the moment of F about M is rAF; and if 
through M there passes a fixed axis whose direc¬ 
tion is the unit vector t then the torque about 

• C. E. Weatherbum, Advanced Vector Analysis (G. Bell 
and Sons, London, 1928), p. 149. 



Fig. 5. Numerical values for load (IF) and torque (7") for 
varying minimum film-thickness (Ao). 


this axis is trAF. Thus if for F we take the 
hydrodynamical force F», we have the general 
result that the torque y about the axis t of the 
force exerted by the liquid on the unit area at 
the point r is 

y = trAF B = tr /\(-pn+nT-n), 

where it is understood that the pressure p and 
the stress-tensor T are evaluated at the point r. 

The resultant torque T of the force exerted 
on the surface 5 in the liquid is then simply the 
integrahof y 

i.e., T = JydS 

taken over the surface S. 

This result is perfectly general; in any par¬ 
ticular case we have only to substitute the 
appropriate values for t (given by the position 
and direction of the axis), r, n (given by the form 
and position of the surface), and p, T (given by 
the velocity distribution of the flow). 

We are interested in the torque, about the 
axis of rotation of the moving sphere, of the 
force exerted by the liquid on the fixed sphere; 
we therefore choose for t, r, n the following values 
(Fig. 2 >- 

MCi is the axis of rotation of the moving 
sphere and P 2 the general point (*, y, —h) on the 
fixed sphere. 

Then 

t=*sin ai+cos ak, 

r-MP»=[*+(o+Ao) tan aji+y}-hk. 

The surface being spherical, the normal at any 
point has the same direction as the radius drawn 
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to that point; therefore, 

an—CjPj—tfi-f yj+Zk. 

Evaluating the triple product we find 

7“C yF,+ZF„) sin a 

+{xF v —yF x ) cos a+2hFy sin a, 

where F x , F y , F, are the components of F„. 

In order to evaluate the tensor components, 
we need explicit forms for the pressure p and 
the velocity derivatives du/dx, etc. The Eqs. (2) 
and the continuity Eq. (3) together determine 
these latter; all except (dw/dx), ( dw/dy) are 
given immediately, and for these we have first 
to determine w by integration of dw/dz with the 
condition w=0 when 2 = — A, and then to differ¬ 
entiate these with respect to x and y in turn. 
Putting z— —A in these expressions then gives 
the values required. Since 

aF„=an- — (xi+yj+Zk)/> 

+p(xi+yj+Zk)-T, 

= Fj+F y }+F,k t 

we can now express the force components as 
functions of x and y and hence also the torque y ; 
the algebra is straightforward but rather heavy, 
and the final result is 

(a) 

IZh 

-y = (x*+y*) cos* a+2(a+h 0 )x cos a sin a 

fUM 

(o*+**)+^l-j)y*+2*zjsin*a 

(a) 

2A 1 / dp dp\ 

—I x - y — 1 cos a 

/xa> V dy dx / 

(b) 



(b) (b) 

4A* dp 4h*Zy 

-sin ad-(V s £) sin a (A) 

pu dy a*nu 

(the indications "a" and “b” will be explained 
later). 


We have now to integrate this expression over 
a suitable area of the spherical surface; if we 
introduce the plane polar coordinates r, 0 as in 
§2 we have for the element of area the expression 

dS=rdrde/(l-r l /a*)*, 

and the limits for the integration are x<6<2v, 
0<r<ro. Alternatively we can use a pair of 
angular coordinates 0, 0, where 0 is defined as 
before and <f> by the relation r=a sin 0. The limits 
are now *■<#<2*, O<0<0#, where ro=a sin </><,, 
and the clement of area is 

dS=a* sin <f>dOd<f>- 

The first set of coordinates is more convenient 
for dealing with the terms in y which involve p 
explicitly, and the second for the other terms. 
We have also the relations 

Z=rt+Ao—A = (a*—r 2 )*=fl cos <t>, 

r=p(2ah 0 ) i 

( 2 a\» 

p=%fiu sin a^—y g(p) sin 6, 

the function g being given numerically (Table 1). 

Examination of the terms of (A) shows that 
those marked (a) vanish identically on integra¬ 
tion and that those marked (b) lead to expressions 
which arc of higher order in h/a than the re¬ 
mainder, and which may therefore be neglected 
since this is a small quantity and we want only 
the leading term in the expression. Thus we have 
to integrate only the terms 

x i +y i /a J +Jy ! \ 2A dp 

— , (-1- 2 I sin 8 a, - —sin a. 

hZ V. hZ / , pw dy 

The integration is straightforward and the re¬ 
sult is 

V/\xa l pu = 1 —cos 0o—log cos 0o 
+sin* a[2(l—cos 0 O ) 

-f i(l —cos 0o—log cos 0 O ) 

+log (1 +j 0 —cos 0o) /So cos 0«] 

p*gdp, 

0 

where all logarithms are to the base e. 
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The leading terms of this expression can be 
written 

r/|*ttViM=i4+(Iog a/ht+B) sin* a, 

where 

A = 1 —cos ^o—log cos <t>o 
B = 2(l—cos 0o)+i(l — cos^#—log cos ^o) 

p'gdp. 

o 

From the values of g(p) in Table I we find 

J r M 

1 p*grfp=—12X(—0.098) = 1.2 approx., 

n 

but we cannot hope to determine the values of 
the terms involving cos0o with any precision, 
since we have no precise knowledge of the value 
of 0o. However we can obtain a rough estimate 
by the following argument. 0 O is defined by 
a sin 0o=fo, where r 0 measures the extent of the 
region to which the film-theory may be applied. 
This dimension is determined by the thickness A 
of the film, and there is the relation 

A = a+A 0 — (a 2 — r 2 )* = a+A 0 —a cos 0. 

If we can say that the theory can be applied 
for thicknesses up to a value A m , then we can 
take for 0 O the value given by 

cos <£o = 1 — (Am — Ao) /a. 

We cannot say tbit this maximum permissible 
thickness has a definite value, since the value 
must depend upon the particular conditions pre¬ 
vailing; but we may not unreasonably suppose 
it to be considerably greater than the greatest 
value (10~ a cm) of Ao considered here, so that 0 O is 
effectively independent of A 0 , and cos0o —1 
—Am/a. If as a working hypothesis we assume 
that Am is not less than about a millimeter, we 
have the figure 0.1 as an indication of the order 
of lower limit of hm/a (since the radius a is of 
the order of unity) and 0.9 for the upper limit 
of cos 0o. 


There is also the relation sin 0 o »»ro/a f and the 
analysis given in the preceding pages makes 
considerable use of the assumption that fo is 
considerably less than a (since the exact equation 
for the pressure has a singularity at r»a). We 
may suppose r 0 /a<|, and hence it is suggested 
that cos 0o> i(3)* = 0.866. 

These arguments are very specious, but they 
suggest that the order of the constants A , B will 
be given by taking a value in the region of 0.9 
for cos 0o; if we tabulate the values for a few 
values of cos 0 0 we get 


COS 00 

A 

B 

0.95 

0.1 

-1.7 

.90 

0.2 

-0.9 

.85 

0.3 

-0.3 

.80 

0.4 

+0.1 


so we shall not be seriously in error if we choose 
the round values 


A = h B--1. 

Thus we have the result that the torque is a 
linear function of log a/A 0 having approximately 
the form 

I 1 l\ra*\u* = l +£log„ ~ 1 j sin 2 a. 

This indicates a very slow variation with a/A 0 
and it is for this reason that the expression for 
7 was evaluated in full; it is difficult to ensure 
that a “leading term" type of argument applied 
early in the calculation does not neglect terms 
which are in fact significant. 
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Thib is a general method of applying infra-red absorption spectroscopy to the analysis of 
multicomponent hydrocarbon mixtures in the liquid phase. The procedure is calibrated by 
measuring optical densities of synthetic standard samples. A constant thickness cell is used for 
both standard and unknown samples. Two procedures for converting optical densities to con¬ 
centrations are described. Examples are given for four- and five-component mixtures. Data are 
presented to show the reproducibility of repeated measurements of optical density on the same 
sample, and results are given to show the agreement between the infra-red analyses and the 
known composition of synthetic mixtures. 


INTRODUCTION 

GENERAL method of applying infra-red 
absorption spectroscopy to the analysis of 
multicomponent hydrocarbon mixtures in the 
liquid phase has been developed and has been 
applied to two particular mixtures, one con¬ 
taining four components and the other five com¬ 
ponents. It is an empirical method based upon 
analytical curves prepared from absorption 
measurements of pure samples of the com¬ 
ponents to be found in the unknowns and of 
binary mixtures of these components. 

A number of papers on the application of 
infra-red absorption spectroscopy to analytical 
problems have been published. Most of these 
have been concerned with the analysis of binary 
mixtures. However, two papers have described 
methods for the analysis of more complicated 
mixtures. Brattain, Rasmussen, and Cravath 1 
have described a method for analyzing multi¬ 
component mixtures in the vapor phase. This 
method is most useful when the components are 
in the vapor phase under normal conditions of 
temperature and pressure, but can also be used 
with considerably more difficulty when the com¬ 
pounds are liquids under normal conditions. A 
method for analyzing a multicomponent mixture 
in the liquid phase has been described by Nielsen 

1 R. Robert Brattain, R. S. Rasmussen, and A. M. 
Cravath, J. App. Phys. 14, 418 (1943). 


and Smith 2 and the analysis of a three-component 
mixture has been discussed as an example. This 
method can be used onlyover concentration ranges 
for which deviations from Beer’s law are negligible. 

The procedures described in the present paper 
are used for multicomponent mixtures in the 
liquid phase and are applicable even though the 
concentrations of any of the components of the 
mixture vary from 0 to 100 percent. 

The absorption of monochromatic radiation as 
it traverses an absorbing liquid is expressed by 
Beer’s law. 

acx = logio (/o//), (1) 

where I is the intensity of the radiation trans¬ 
mitted by x centimeters of liquid containing a 
concentration c of the absorbing materials; J 0 is 
the intensity of the radiation impinging on the 
liquid; and a is a constant of proportionality, 
known as the absorption coefficient, a is constant 
for any monochromatic radiation regardless of 
the values of c, x y or Jo. 

For a mixture of two or more non-associating 
components, all of which selectively absorb 
somewhat over the whole infra-red region, Beer’s 
law takes the following form for monochromatic 
radiation; 

Jo 

(cLiCi+a&r • • • +a n O* m l°gury» (2) 

*J. Rud Nielsen and Don C. Smith, Ind. Eng. Chem. 
Anal. Ed. 1$, 609 (1943). 
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where a is the absorption coefficient of material 
(1) and Ci its concentration in the cell of thick¬ 
ness x ; as, &*• • -a n and c 2 , • -c n are the corre¬ 
sponding values for materials 2, 3* • -n. 

In actual practice, however, Eq. (1) and, 
therefore, Eq. (2) does not hold exactly. This is 
shown experimentally by the fact that a curve 
of log Io/I as a function of concentration with a 
constant thickness cell is not a straight line. 
This results from the fact that no spectrometer 
produces a monochromatic image at the re¬ 
ceiver. Instead, there is produced an image con¬ 
taining a wave-length band AX. 

Equation (3) is obtained by combining Eqs. 
(1) and (2). 

Jo Jo Jo Jo 

Log — - log —+log ~+ • • +log~. (3) 

1 1 1 1 2 in 

The terms 

Jo Jo Jo 

logy*, log--, ---log- 

il i2 i» 

are the values obtained for materials 1, 2 • •» 
at the chosen spectral position. In other words, 
the equation states that the optical density of a 
mixture is equal to the sum of the optical 



l T 


Fig. 1. An assembled cell used to obtain the infra-red 
absorption of liquids. 



Fig 2 Unassembled parts of a cell used in measuring the 
infra-red absorption of liquids. 


densities of the individual components of the 
fixture Equation (3) does not contain the ab¬ 
sorption coefficient and, therefore, is not subject 
to the same limitations as are (1) and (2). 

DEVELOPMENT OF ANALYTICAL PROCEDURE 

The problem in the work described here, as 
well as in the work of others, has been to de¬ 
velop a method of applying absorption spec¬ 
troscopy taking into account these limitations of 
Beer’s law. The fundamental problem of quan¬ 
titative analysis in absorption spectroscopy is the 
determination of the log J 0 /J values with suf¬ 
ficiently high accuracy, and the conversion of 
these values to percent concentration of the 
components in the mixture. 

Absorption Cells 

In the present work, optical densities are 
measured with a University of Michigan infra¬ 
red spectrophotometer* 4 equipped with a sodium 
chloride prism. Two cells are used. The back¬ 
ground cell, consisting of a single salt plate \ n 
thick, is used to determine Jo values. The absorp¬ 
tion cell, shown in Fig. 1 and Fig. 2, is a modi¬ 
fication of a cell described by Randall.* The 
frame which holds the salt plates is designed par¬ 
ticularly for use with the University of Michigan 
instrument. 

Starting from the left, each piece in Fig. 2 
goes on top of the previous one. The salt plates 
of the absorption cell are J" thick. They are 
separated by a platinum shim, the thickness of 

1 H M. Randall and John Strong, Rev. Sci. Inst. 2, 5S5 
(1931). 

4 Robert A. Oetjen and H. M. Randall, unpublished 
thesis, University of Michigan, 1941. 

• H. M. Randall, Rev. Sci. Inst. 10, 195 (1939). 
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Fig. 3. A record of the interference fringe pattern obtained 
with a cell 0.152 mm thick. 

which determines the thickness of the absorbing 
layer of sample. For the work described here the 
shim is 0.152 mm thick. The positions of the salt 
plates and the shim are determined by the dowl 
pins in the cell supports. Two rubber washers 
separate the salt from the stainless steel housing. 
After the cell is assembled, a mercury seal is 
established by introducing mercury into the 
trough in the lower plate through a hole which 
extends through the upper salt plate, rubber 
washer, and support. The liquid to be examined 
is introduced through one of the two holes on 
the side of the upper plate. Rubber pads are 
pressed over the holes to seal them without 
putting pressure on the contents of the cell. This 
method of sealing makes it possible to use the 
cell in an evacuated source box. The cell can be 
taken apart, cleaned, and reassembled in less 
than 10 minutes. However, it can be refilled in 


less than two minutes by expelling the liquid 
with an air syringe and filling with an eye 
dropper. 

In order to use the present method success¬ 
fully, it is important that the thickness of the 
absorption cell remain constant. The two salt 
plates are ground flat with corundum in ethyl 
alcohol, and polished on a piece of white felt 
stretched over a piece of plate glass. Titanium 
oxide is used as the abrasive for polishing, and 
ethyl alcohol is used to wet the titanium oxide. 
The finished plates are examined with an optical 
flat and sodium light, and if they are not flat 
within four diffraction fringes (i.e., 0.0012 mm) 
the process is repeated. The plates_are examined 
frequently to determine whether^ cleaning has 
caused deviation from flatness. 

The cells are supported in a tube directly in 
front of the salt window at the entrance slit of 
the spectrometer. The notch in the frame of the 
cell locates it in a given fixed position in front of 
the slit. The cells are handled by means of a 
knurled rod screwed into the upper plate. 

The thickness of the cell is determined by the 
interference fringe method as described by Smith 
and Miller.' (See Fig. 3.) Repeat measurements 
made several months apart show the thickness to 
be 0.152±0.0005 mm. 

Spectral Positions 

The approximate spectral positions at which 
optical densities are determined arc selected from 
the records of the spectra of the pure components 
in the region from 3 to 13.5m. (See Fig. 4.) 

In order to obtain high resolution for these 
records the spectrograph is operated with narrow 
slits and slow rotation of the prism. The source 
of light is a Nemst glower. The light beam is 
interrupted by means of a shutter having a 
period of 3.8 seconds, and the output of the 
thermopile is amplified by a Firestone amplifier. 7 
The recording galvanometer is five meters from 
the camera drum. The spectra are recorded in 
small sections with constant slits, and an over¬ 
lapping of these sections of spectrum occurs 
whenever the slit widths are changed. Table I 
gives the maximum theoretical resolution ob- 

' Don C. Smith and Elmer C. Miller, J. Opt. Soc. Am. 
34, 130 (1944). 

7 F. A. Firestone, Rev. Sci. Inst. 3, 163 (1932). 
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Fig. 4. The absorption spec¬ 
trum of 2,2 dimethylbuune in 
the region 2.5 to 1 3.5 m 
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tainable with the slit widths necessary to get 
half scale deflections with this amplifier. 4 Ac¬ 
tually the resolution realized with the instrument 
is somewhat less than the theoretical value. 

In the analysis of an n component mixture it 
is necessary and sufficient to determine log h/I 
values of the mixtures at n different spectral 
positions. When a procedure is being developed 
for a given mixture, the spectra of the pure 
components are examined and n positions are 
selected in such a way that a different component 
contributes a maximum amount of absorption at 
each position. It is desirable but not necessary 
that at each wave-length position the absorption 
of one component be greater than that due to 
any other component; and further, that the com 
ponent showing major absorption be different 
at each of the n wave-length positions. The 
spectral positions which yield most accurate 
analyses are those at which the absorption of one 
component is large compared to the sum of the 
absorptions of all other components (assuming 
all components arc present in concentrations 
similar to those in an unknown mixture). In 
general, this condition is found at the position 
of maximum absorption of a band for one com¬ 
ponent. 

There are some other factors to be considered 
in the selection of these wave-length positions. 
For example, in order to reduce the time neces¬ 
sary to make an analysis, it may be desirable to 
select bands near each other. It may be desirable 
to select positions which are outside of the water 
vapor region. If one thickness of the absorption 


cell is to be used, the selection of the wave-length 
positions may depend upon the intensities of the 
bands; however, as far as possible, thinner ab¬ 
sorption cells should be used when the bands are 
strong, and thicker ones should be used when 
the bands are weak. The selection of these 
positions is often complicated by the fact that 
several bands interfere with one another. This 
difficulty can be minimized by using the nar¬ 
rowest slits permitted by the sensitivity of the 
receiver and the available amplification of its 
output. 

Determination of log I 0 /I Values 

For the measurement of log h/I values, the 
thermopile in the spectrometer is connected 
directly to a galvanometer with a sensitivity of 
one-tenth microvolt per millimeter at one meter. 

Table I. Theoretical resolution of the spectrograph. 


X 

At i ual 

Hilt widths* 

hffeitive 
slit widths 

X 

d\ 

dn 

B- 

dX 

2m 

0.04 mm 

0.0097m 

208 

640 

3 

0.04 

0.0117 

257 

440 

4 

0.05 

0.0128 

314 

560 

5 

0.06 

0.0118 

424 

640 

6 

0.07 

0.0117 

514 

800 

7 

0.08 

0.0117 

600 

960 

8 

0.09 

0.0117 

686 

1080 

9 

0.11 

0.0127 

711 

1160 

10 

0.13 

00130 

768 

1240 

11 

0.16 

0.0140 

787 

1560 

12 

0.20 

0.0163 

738 

1720 

13 

0.24 

0.0183 

711 

1800 

14 

0.35 

0.0238 

589 

2080 

15 

0.55 

0.0339 

443 

2240 


* These slit widths produce half scale deflection. 
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Table II. Resolution for operating conditions. 


Spectral 

position 

X(m) 

Actual slit 
widths 
(mm) 

Effective slit 
width Cm) 
(d\) 

Actual 

resolution 

A/dA 

Prism 

resolution 

BdnldX 

8.23 

0.55 

0.071 

116 

1100 

8.55 

0.60 

0.075 

114 

1120 

8.88 

0.70 

0.092 

96 

1152 

10.50 

0.90 

0.085 

123 

1400 

11.28 

1.10 

0.096 

117 

1600 

9.13 

0.7 

0.080 

114 

1168 

10.31 

09 

0 088 

117 

1336 

11.89 

2.2 

0.100 

119 

1704 

12.30 

1.3 

0.116 

107 

1752 


The scalc-to-galvanometer distance for the 
present work is five meters. With this system it 
is necessary to use wider slits and therefore to 
accept lower resolution than that realized with 
the amplifier, but the accuracy of measurements 
is much better. The actual resolutions for the 
slit widths used are shown in Table II. 

When the procedure for a given mixture is 
developed, the slit widths for each spectral 
position are set to give approximately 400-mm 
deflection when a non-absorbing material (back¬ 
ground cell) is in the light path. Of course, after 
the necessary calibrations have been made for 
the analysis of a particular mixture, the same 
slit widths must always be used for this analysis. 

After the proper slit widths have been selected, 
the spectral positions arc re-examined under the 
conditions which would be used in making the 
analyses, that is with wide slits and very slow 
rotation of the prism. These records for the 
hexanes are shown in Fig. 5. The upper line on 
each of the records shows the deflection of the 
galvanometer for the background cell. The 
bottom lines in the figures show the zero posi¬ 
tions, and displacements along these lines in the 
vertical direction represent zero shift. The ab¬ 
sorption curves lying between the background 
curve and the zero lines are as designated. Cor¬ 
rect log /o// values can be obtained only if (1) 
the deflection of the galvanometer is a known 
function of the energy striking the thermopile 
and ‘(2) all energy reaching the thermopile lies 
in the selected wave-length interval. In the 
present case, all tests have shown the galva¬ 
nometer system to be linear. However, the 
energy reaching the thermopile actually includes 
some energy in addition to that from the wave¬ 


length interval, AX. This wave-length interval is 
determined by the slit width and the region of 
the spectrum for which the spectrometer is set. 
The radiation in this wave-length interval which 
passes through the absorption cell and strikes 
the thermopile is the radiation which should be 
measured. Any other energy which causes a 
change in the galvanometer deflection (or other 
measuring instrument) when the shutter is 
opened is called false energy and its effect must 
be taken into account. 

Most of this false energy is probably due to 
scattering from various parts of the spectrometer 
of radiation in the region 1 to 4/i which is the 
region of maximum intensity incident on the 



Fig. 5. Portions of the spectra of the five hexanes. 


Curve 

no. Component 

11 «• hexane 

12 3 methylpentane 

13 2,3 dimetnylbutane 

14 2 methylpentane 

15 2,2 dimetnylbutane 


Position 
of band 
1128 m 
10 50 
8 88 
855 
8 23 
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entrance slit This energy interferes mostly at 
long wave-lengths (6 to 15m) where the true 
energy is small and the slits are wide. When 
working above 7 m most of the false energy can 
be cancelled out by using a mica shutter which 
transmits most of the radiation up to 5 m but 
none above 7 m. In this case the radiation below 
5m always passes into the spectrometer and is 
therefore included in the “zero" readiijg. Only 
the radiation of wave-lengths greater-than 7 m is 
interrupted by the mica shutter. However, this 
method does not cancel out all the false energy; 
therefore, more refinement is necessary. A 
method of making partial correction for the re¬ 
maining false energy has been established by 
using a piece of Cellophane which has two regions 
of 100 percent absorption, one at 9.15m and one 
at 1 1.90m, and obtaining the difference in the 
galvanometer deflections when the cells are in 
the light path with, first the Cellophane, and 
second the mica shutter. The amount of false 
energy when the background cell is in the light 
path is different from the amount when the 
liquid cell is in, but is practically the same for 
all liquids used in the liquid cell. It is propor¬ 
tional to I 0 at any given wave-length and there¬ 
fore can be expressed as a percent of io. The 
false energy values at the two bands in the 
spectrum of the Cellophane film have been 
plotted on a graph showing wave-length versus 
false energy and a straight line has been drawn 
between the points. (See Fig. 6.) Curve (1) is 
for the background cell and curve (2) is for the 
liquid cell with any of the nine pure components 
in it. At every spectral position and given slit 
width, Io is made the same for all observations. 
Therefore, the false energy corrections can be 



Fig. 6. False energy as a function of wave-length. 


converted to mm deflection and subtracted from 
the I and 7 0 values obtained, as shown in Table 
III. 

With the equipment used in this work there is 
some zero drift and the intensity of the light 
source is not perfectly controlled. For this reason 
the procedure in making a measurement at a 
given spectral position consists of making three 
readings as follows: (a) with the absorption cell 
alone in the light path, ( b ) with the cell plus a 
mica shutter in the light path, and ( c) with the 
absorption cell again alone in the light path. 

The averaging of (a) and (c) in general cancels 
out the zero drift and the subtraction of this 
average from ( b) gives (ft). This number is 
proportional to the difference in the energy which 
falls on the thermopile with the two shutter 
positions. In other words, (ft) is proportional to 
the energy which is interrupted by a mica 
shutter. A similar value (L) is obtained with the 
background cell. Then because the source may 
have changed its intensity during this interval 
of time, a value similar to (ft), called (m), is 
again obtained, (ft) and (m) are then averaged 
to give (ft). This should, in general, cancel out 
any errors due to slow changes in the source, 
(ft), therefore, is / plus the false energy F and 


Table III. False energy corrections for each spectral position and slit width. 


Principal absorber 

M*> 

cm" 1 

Slit widths 
(mm.) 

19 (mm) 

False energy 
correction 

It (mm) I (mm) 

2,3 dimethylbutene— 1 

9.13 

1096 

0.70 

320.0 . 

0.5 

0.5 

2,3 dimethylbutene—2 

10.31 

970 

0.90 

345.0 


1.5 

2,2,3 trimethylbutene 

11.89 

841 

1.30 

390.0 

3.5 


Methylpentenes 

12.30 

813 

1.40 

375.0 

4.0 

3.5 

2,2 dimethylbutane 

8.23 

1215 

0.55 

450.0 

0.5 

0.5 

2 methylpentane 

8.55 

1170 

0.60 

420.0 

0.5 

mim 

2,3 dimethylbutane 

8.88 

1126 

0.70 

495.0 

0.5 

K M 

2 methylpentane 

10.50 

952 

0.90 

430.0 


K9 

n hexane 

11.28 

886 

1.10 

430.0 

•,-^Ka 

2.5 
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Table IV. Standard deviations of log /§// values for two 
samples. 


Sample 223 

Sample 756 

0.549 

0.549 

0.153 

0.154 

.550 

.554 

.153 

.154 

.548 

.545 

.153 

.150 

.548 

.547 

.152 

.151 

.548 

.548 

.150 

.150 

.549 

.548 

.152 

.149 

.547 

.544 

.149 

.153 

.551 

.548 

.155 

.148 

.550 

.546 

.153 

.147 

.552 

.548 

.145 

.150 

.551 

.552 

.149 

.151 

.547 

.550 

.150 

.150 

.549 

.550 

.151 

.152 

.546 

.551 

.151 

.149 

.548 

.548 

.149 

.151 

Average 

Max. dev. from 

.548 


.151 

the mean 

.004 


.006 

Std. dev. 

.0022 


.0023 


(L) is / 0 plus the false energy' F 0 . These obser¬ 
vations are written in a data sheet as follows: 


* Absorption cell 

Background cell 

Shutter 

Shutter 

Shutter 

Shutter 

Shutter 

Shutter 

open 

dosed 

open 

open 

closed 

open 

(«) 

(4) 

(c) 

(d) 

M 

(/) 

(e) 

<*) 

U) • 





The values of Iq+F q and I+F are obtained from 
the above readings in the following manner: 

rw+wi ,, rw+</n 
w-[—J-w. (*>-[——J-w. 


(L)-/.+F., (»)-/+F. 

F and Fo are the false energy values which are 
subtracted to determine Jo and I (see Table III). 

It is essential in this method that changes in 
optical densities due to unavoidable changes in 
the two cells fye known. It is, therefore, desirable 
to have a standard absorbing material which can 
be checked daily. This check is made with a 
"pure" sample of 2,2,3 trimethylbutene at 1 1.89m 
at the beginning and end of each day. When the 
log Jo /I deviates from the standard value 
(0.600) by more than 0.003, all values of log h/I 
determined on that day are corrected by adding 
or subtracting the indicated amount. 


Reproducibility in Determining log I 0 /I Values 

Thirty determinations of log h/I values at one 
spectral position for two samples have been 
made over a period of three months. These values 
are listed in Table IV. 

The standard deviations for the two sets of 
data are essentially the same even though the 
amount of absorption differs. For this particular 
case a change of 0.002 in log h/I represents a 
change of 0.3 percent in the concentration of the 
component sought. For a cell twice as thick it 
would represent 0.15 percent, for one-half as 
thick, 0.6 percent. Likewise the deviation in 
terms of percent concentration would be more 
or less, depending on whether the principal 
absorber absorbs more or less at this wave-length. 

Analytical Curves 

in making infra-red analyses it is necessary to 
convert values of log h/I to concentrations. The 
conversion may be made by means of analytical 
curves each of which shows log h/I as a function 
of concentration of a particular compound. In 
the present work with liquids, the data for such 
a curve are obtained by measuring log It/1 with 
binary mixtures in the absorption cell. 

The amount of absorbing material in the path 
is varied by using a cell of constant thickness and 
diluting the absorber with one of the compounds 
which has a high transmission at the wave-length 
in question. Three series of binary mixtures were 
made for the four-component mixture and four 
series were made for the hexane mixture. These 
solutions have concentrations as shown in Table 
V. It will be seen that for the four-component 
problem, one of the components of all the mix¬ 
tures is 2,3 dimethylbutene—2. This was se¬ 
lected because it absorbs strongly at only one 
of the spectral positions. At all the other positions 
it absorbs very little. In the case of the hexane 
series 2,2 dimethylbutane was selected as the 
common component. 

The preliminary analytical curves are obtained 
by plotting, for each spectral position, a curve 
showing percent concentration of the material 
diluted, which is. 100 percent in the "a” solution 
(Table V), versus the log/o/J for each of the 
binary mixtures (a through h) in the series. For 
the four-component problem, this means three 
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Table V. Compositions of binary mixtures used for analytical curves. 


Mixture 

series 

no. 

Components 

a 

b 

c 

Amounts by percent volume 

d e 

/ 

t 

k 

1 

Methylpentenes 

Four component mixtures 
100 64 32 

16 

8 

4 

2 

0 


2,3 dimethylbutene-2 

0 

36 

68 

84 

92 

96 

98 

100 

2 

2,3 dimethylbutene— 1 

100 

64 

32 

16 

8 

4 

2 

0 


2,3 dimethylbutene—2 

0 

36 

68 

84 

92 

96 

98 

100 

3 

2,2,3 trimethylbutene 

100 

64 

32 

16 

8 

4 

2 

0 


2,3 dimethylbutene—2 

0 

36 

68 

84 

92 

96 

98 

100 

11 

Normal hexane 

Hexane mixtures 
100 80 

60 

30 

15 

7 

4 

0 


2,2 dimethylbutane 

0 

20 

40 

70 

85 

93 

96 

100 

12 

3 methylpentane 

2,2 dimethylbutane 

100 

80 

60 

40 

20 

10 

5 

• 


0 

20 

40 

60 

80 

90 

95 

100 

13 

2,3 dimethylbutane 

100 

80 

60 

40 

20 

10 

5 

0 


2,2 dimethylbutane 

0 

20 

40 

60 

80 

90 

95 

100 

14 

2 methylpentane 

100 

80 

60 

40 

20 

10 

5 

0 


2,2 dimethylbutane 

0 

20 

40 

60 

80 

90 

95 

100 


curves at each of the four spectral positions, and 
for the hexanes, four curves at each of the five 
spectral positions. 

The final analytical curves are obtained from 
these preliminary curves by a procedure which 
will now be described. First, the final analytical 
curve of the component which has the least 
absorption at the spectral position being con¬ 
sidered is drawn as a straight line from the (0.0) 
point to the point at 100 percent concentration. 
This is illustrated by Fig. 7 which is a graph of 
the preliminary and final analytical curves at 
9.31^ for the four-component mixture. At this 
spectral position 2,2,3 trimethylbutene (C, Fig. 7) 
is the least absorbing pure compound. The con¬ 
tribution of this component to the log /*// 
value of the binary mixtures of this compound 
with 2,3 dimethylbutene—2 is determined from 
this final curve for 2,2,3 trimethylbutene. This 
contribution (lower C curve, Fig. 7) is subtracted 
from the preliminary curve of the binary mixture 
of these two components (upper C curve, Fig. 7) 
at a convenient number of points. These dif¬ 
ferences are the contribution to the log /«/1 
values of 2,3 dimethylbutene—2 in each binary 
mixture and, when plotted against the concen¬ 
tration of 2,3 dimethylbutene-2, represent the 
final analytical curve of this component. As 2,3 
dimethylbutene—2 is the common component 
in binary mixtures of each of the other com¬ 
pounds, the final analytical curves for the 
remaining two compounds can be obtained by a 


scries of subtractions similar to that described 
above. (Subtract difference between upper and 
lower C curves from upper A and D curves to 
obtain lower A and D curves). In this way an 
analytical curve for each of the components in 
the four-component mixture has been obtained 



Fig. 7. Analytical curve* at 9.31*. Curve* with drdee an 
preliminary curves. 

A. 2dimethylbutene—I 

B. 24 dimethylbutene—2 

C. 244 trimethylbutene 

D. methylpentcae 
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at each of the four spectral positions (16 curves). 
For the hexane mixtures there are five curves at 
each of five spectral positions or a total of 25 
curves. 

After the analytical curves are obtained, it is 
possible to analyze mixtures which contain any 
or all of the components in any possible concen¬ 
tration. To do this, it is necessary only to obtain 
the log h/I values at all the spectral positions 
(», if an « component mixture) and to convert 
them to concentrations by use of one of the two 
methods described below. 

Two Methods of Converting Optical Densities 
to Concentrations 

One method of converting optical densities to 
concentrations is a method of graphical approxi¬ 
mation. In this case the analyses are arrived at 
by successive approximations based upon the 
final analytical curves. (See Fig. 7.) This method 
presupposes that the optical density of the 
mixture is equal to the sum of the optical den¬ 
sities of the component parts of that mixture as 
expressed in Eq. (3). 

In converting optical densities to concentra¬ 
tions by this method, the log h/I value at one 
spectral position is applied to the analytical 
curve of the material which has its major ab¬ 
sorption at that wave-length, and the first ap¬ 
proximation of percent concentration for that 
component is read from the curve. The log h/I 
value at a second spectral position is corrected 
by subtracting the contribution of the first com¬ 
ponent at this wave-length. The corrected 
log h/I value is applied to the analytical curve 
of the material which has its major absorption 
at this position to obtain the first approximation 
for this component. The log h/I value at a third 
spectral position is corrected for the contribution 
of the first and second components and the cor¬ 
rected log h/I value is applied to the appro¬ 
priate curve to obtain the first approximation 
for this third component. This procedure is con¬ 
tinued until the first approximation is obtained 
for all components of the mixture. Successive 
approximations are obtained by repeating this 
ttjtocess for each component, always using the 
fittest approximate concentration of the other 
components. This is continued until two con¬ 


secutive sets of approximations are the same. 
The last set of values is the analysis 'of the 
mixture. 

The analytical curves can be used graphically, 
as just described, or they can be used to obtain 
mathematical expressions to make the same ap¬ 
proximations. In this paper the latter will be 
called a method of applied corrections. The 
analytical curves, in general, are not straight 
lines (see Fig. 7). However, a straight line drawn 
between the points on the curve corresponding 
to concentration *> 0 and concentration=50 per¬ 
cent does not deviate far from the analytical 
curve at any point. Each of these straight lines 
is represented by an equation such as (1). The 
slopes of the straight lines are the approximate 
absorption coefficients, so that the optical 
density (log h/I) of a mixture at a given 
spectral point can be written from Eq. (2) as: 

(log h/I)\=biCi+biCt+bic-\ - bn t c n , (4) 

where 6, ; , 6* • • • n„ ( are the slopes of the straight 
lines referred to above for components 1, 2* • 
at wave-length A,-, and c,, Cf • -c n are the con¬ 
centrations. There is one of these equations for 
each of the 1, 2, 3 - • wave-lengths. 

For the four-component mixtures the equa¬ 
tions are: 



0.01442c,+0.00270c, 



+0.00840c»+0.00499c 4 , 
0.00193c,+0.00391c* 

+0.00136c,+0.00601c 4 , 
0.00155c,+0.00082c* 

+0.00622c,+0.00757c 4 , 


(5) 



0.00080ci+0.00125c, 

+0.00092c,+0.02792c 4 , 


where the A’s and c’s are as follows: 

A,—9.1 2m Ci is the concentration of 

2,3 dimethylbutene— 1, 
Aj»10.31/x Ci is the concentration of 

2,3 dimethylbutene—2, 
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X»“ 11.89/t ci is the concentration of 

2,2,3 trimethylbutene, 
X<«12.30/t Ci is the concentration of 

methylpentenes. 

With considerable effort the above four equa¬ 
tions can be solved for the concentrations, giving 
Eqs. (6). 

ci - 76.28 (log jj -52.72 (log jj 

+1.335 (log jj -0.7350 (log jj . 

Ci — —32.10 (log jj +304.o(log jj 

—55.45 (log j) -45.47 (log j), 
ci = -14.48 (log jj -12.52 (log 

+ 17u(log j)-41.67 (logy), 
n= -0.2710 (log -11.69 (log jj 

—3.214(log j?) +39.19(log j). 



Fla. 8. Correction curves for four-component mixture 
(6) used with method of applied corrections. (See Fig. 7 for 
explanation of A, B, C, and D.) 

Equations (6) are used in connection with a 
series of correction curves which are obtained in 
the following manner: the differences between 
the log (/<>//) values las obtained from the 
analytical curves and the straight lines men¬ 
tioned above are plotted against the concen¬ 
trations of each component at each wave-length. 
For the four-coni|>onent mixture, these are shown 
in Fig. 8. 


Table VI. Results of analyses of synthetic mixtures of four components. 


Sample no 

2,3 dimethylbutene -1 
Actual Spec. 

2,3 dimethylbutene—2 
Actual Spec. 

2.2 J trimethylbutene 
Actual Spec. 

Methylpentenes 
Actual Spec. 

U-l 

25.0% 

25.2% 

25.0% 

23.2% 

25.0% 

25.7% 

25.0% 

24.9% 

U-2 

30.0 

30.4 

20.0 

18.5 

30.0 

31.4 

20.0 

19.9 

U-3 

20.0 

20.1 

30.0 

29.3 

35.0 

36.9 

15.0 

15.1 

U-5 

33.3 

33.2 

33.3 

33.9 

33.3 

33.6 

0.0 

0J0 

U-6 

33.3 

34.0 

33.3 

33.5 

0.0 

0.0 

33.3 

33.3 

U-7 

0.0 

0.0 

33.3 

34.0 

33.3 

34.3 

33.3 

33.6 

U-8 

33.3 

33.5 

0.0 

0.0 

33.3 

34.3 

33.3 

33.7 

O-l 

25.0 

24.6 

25.0 

23.9 

25.0 

24.4 

25.0 

25.2 

0-2 

12.5 

11.5 

62.5 

63.5 

12.5 

11.2 

12.5 

12.3 

0-3 

42.0 

42.8 

18.0 

17.3 

20.0 

19.0 

20.0 

19.4 

0-4 

36.0 

35.6 

18.0 

16.9 

26.0 

25.1 

20.0 

20.5 

0-5 

33.3 

33.6 

33.3 

31.9 

33.3 

32.6 

0.0 

0.0 

0-6 

33.3 

33.6 

0.0 

0.0 

33.3 

33.5 

33.3 

33.0 

0-8 

33.3 

33.1 

33.3 

33.0 

0.0 

0.3 

33.3 

33.0 

0-9 

50.0 

50.7 

0.0 

0.0 

50.0 

50.1 

0.0 

0.0 

0-10 

0.0 

0.0 

0.0 

1.1 

50.0 

49.7 

50.0 

49.9 

0-11 

2.5 

1.9 

3.0 

3.0 

90.0 

88.8 

4.5 

4.9 

Av. dev. 

0.36% 

0.72% 

0.77% 

0.25% 

Max. dev. 

1.0 


1.8 


1.9 


0.6 
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Table VII. Results of analyses of synthetic mixtures of live components. 


2,2 dimethylbutane 2,3 dimethylbutane 2 methylpentane 3 methylpentane 

Sample no. Actual Spec. Actual Spec. Actual Spec. Actual Spec. 


h hexane 
Actual Spec. 


H-l 

20 .0% 

20.4% 

20 .0% 

19.8% 

20 .0% 

19.2% 

20 .0% 

19.6% 

20 .0% 

!*■»% 

H-2 

10.0 

10.4 

10.0 

10.1 

10.0 

9.7 

10.0 

9.6 

60.0 

59.2 

H-3 

5.0 

5.4 

5.0 

5.3 

5.0 

5.0 

55.0 

54.0 

30.0 

28.4 

H-4 

2.5 

2.8 

52.5 

51.8 

2.5 

2.2 

27.5 

27.1 

15.0 

15.1 

H -5 

1.2 

1.6 

26.3 

25.9 

51.2 

50.3 

13.8 

13.1 

7.5 

7.8 

H-6 

50.6 

50.7 

13.1 

13.3 

25.6 

24.7 

6.9 

6.8 

3.8 

4.4 


Av. dev. 0.33% 0.32% 0.54% 0.50% 0.60% 

Max. dev. 0.4 0.7 0.9 1.0 1.6 


To make an analysis the log (Io/I) values of 
the mixture are determined at each of the 
selected spectral positions and are substituted 
in Eqs. (6). The first approximate concentrations 
are obtained from these equations. The cor¬ 
rection to be applied to the experimentally de¬ 
termined log (Jo/1) at each wave-length position 
is determined by subtracting the sum of the 
values obtained from the correction. These new 
log (Io/I) values are then used in Eq. (6) and 
second approximate concentrations are deter- 
mined. This process is carried on until the con¬ 


centrations are the same for two consecutive 
approximations. The last set of values is the 
analysis. In the present work, three approxima¬ 
tions have been sufficient. 

DISCUSSION OF DATA 

In order to check the methods, synthetic 
mixtures have been made and analyzed. The 
results are shown in Table VI for the four-com¬ 
ponent mixture and in Table VII for the hexanes. 
It will be seen that in no case does the analysis 
obtained deviate from the actual composition 


Table VIII. Comparison of results by two methods. 


2,3 dimethylbutene—1 2,3 dimethylbutene —2 2,2,3 trimethylbutene Methylpentenea 

Graphical Graphical Graphical Graphical 

Sample approxi- Applied approxi- Applied approxi- Applied approx- Applied 

lio. mation correction mation correction mation correction matlon correction 


0-3 

20.1% 

19.8% 

29.3% 29.1% 


36.9% 37.0% 

15.1% 

15.1% 

0-4 

35.6 

35.5 

16.9 16.6 


25.1 24.7 

20.5 

20.4 

0-5 

33.7 

33.6 

32.2 31.9 


32.5 32.6 

0.0 


0-11 

2.0 

1.9 

2.9 3.0 


89.2 88.8 

5.0 

4.9 



Table IX. Data showing the effects of extraneous elements. 





2,3 dimethyl- 

2,3 dimethyl 2,2,3 trimethyl- Methyl- 

2 methyl 

Octene 

Sample 


butene-1 

butene -2 

butene 

pentene 

butene —2 

cut 


As made 

33.3% 

33.3% 

33.3% 

0.0% 

0.0% 

0.0% 


Analysis 

33.2 

33.9 

33.6 

0.0 

Assumed Absent 

U-5 









As made 

32.5 

32.5 

32.5 

0.0 

2.5 

0.0 


Analysis 

33.4 

35.8 

28.1 

2.4 

Assumed Absent 


As made 

0.0 

33.3 

33.3 

33.3 

0.0 

0.0 


Analysis 

0.0 

34.0 

34.3 

33.6 

Assumed Absent 

U-7 









As made 

0.0 

32.5 

32.5 

32.5 

0.0 

2.5 


Analysis 

0.0 

33.5 

33.5 

32.6 

Assumed Absent 


As made 

33.3 

0.0 

33.3 

33.3 

0.0 

0.0 


Analysis 

33.5 

0.0 

34.3 

33.7 

Assumed Absent 

U-8 









As made 

31.5 

0.0 

31.5 

31.5 

2.5 

2.5 


Analysis 

35.9 

0.0 

34.4 

34.0 

Assumed Absent 
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by more than 2.0 percent of the total mixture. 
The average error for all components in all 
mixtures shown in the two tables is 0.5 percent. 

All the synthetic mixtures have been analyzed 
by the graphical approximation method, and 
some have been analyzed by both methods. 
Results obtained by the two methods for four 
samples are compared in Table VIII. 

The complete analysis of a four-component 
mixture can be made in 45 minutes with the 
method of graphical approximations, and in 30 
minutes with the method of applied corrections. 

It should be pointed out that the presence in 
the unknown mixture of compounds for which 
analyses are not made will cause large or small 
errors depending upon whether the extraneous 
materials absorb strongly or weakly at any of 
the spectral positions. It has been found in the 
case of the four-component mixture that many 
of the unknowns submitted for analysis have 
contained two extraneous compounds. Synthetic 
mixtures including 2.5 percent of each of these 
components were prepared and analyzed, as¬ 
suming the extraneous components absent. The 
results of this study arc shown in Table IX. It 


will be noticed that these concentrations of the 
extraneous components cause errors up to 4.0 
percent in the analyses. If the approximate 
amount and effect of the extraneous components 
can be determined, and they frequently can, 
errors such as those shown in the example can 
be eliminated or at least minimized by making 
appropriate corrections. 

SUMMARY 

A method has been described for analyzing 
multicomponent mixtures of hydrocarbons in the 
liquid phase by means of their infra-red absorp¬ 
tion spectra. A constant thickness absorption 
cell is used, and analytical curves are established 
on the basis of synthetic binary mixtures of the 
different components in the multicomponent 
mixtures to be analyzed. Two procedures for 
using the analytical curves to convert optical 
densities to concentrations by means of suc¬ 
cessive approximations have been described. 
Four- and five-component mixtures are com¬ 
pletely analyzed in less than 45 minutes per 
sample and the average error is 0.5 percent of 
the total sample. 
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Wide Range Static Strength Testing Apparatus lor Glass Rods* 

T. C. BAKEKf AND F. W. PRESTON 
Preston Laboratories, Butler, Pennsylvania 
(Received November t, 1945) 

By adapting an electro-dynamic loudspeaker, an apparatus was assembled to test the 
strength of glass rods in flexure. This apparatus will apply the stress in 2 to 3 milliseconds 
and permit static loading for times as short as 0.01 second. Using an additional long time 
loading apparatus, which simultaneously tested eighteen rods, it was possible to run static 
fatigue tests on glass rods from 1000 seconds to 86,400 seconds. The method of testing and 
errors due to the apparatus are discussed. 


INTRODUCTION 

HENEVER an attempt has been made to 
measure the strength of glass, it has been 
found that the rate of application of the stress 
greatly affects the results. If the load applied to 
the specimens is increased continuously, it is 
found that the specimens that arc loaded slowly 
break at much lower stresses than those which 
are loaded rapidly. If the load is applied by incre¬ 
ments, with definite time intervals between each 
addition, the specimens which are loaded with 
long waits between steps break at much lower 
stresses than those loaded with short waits be¬ 
tween the steps. Moreover, a specimen under 
constant load may survive several hours before it 
breaks. This apparent weakening of glass with 
increased time of loading has herein been denomi¬ 
nated “fatigue." Since engineers commonly use 
the term “fatigue” to mean failure under oscil¬ 
latory or repeated loads, we may denote the 
fatigue dealt with here as “static” fatigue, and 
the other kind as “dynamic” fatigue. 

Naturally it is important to know, for both 
theoretical and commercial reasons, what the 
real nature of fatigue is. The theoretical questions 
are: what is the strength of glass for very long 
loading periods, and does its instantaneous 
strength approach the value suggested by mo¬ 
lecular theory? The commercial questions are: 
what safety factors should be allowed for bottles 
containing pressure, and what impact stresses 
will a glass object stand? Although there had 
been considerable speculation on these questions, 
the data were so limited as to make no generaliza¬ 
tion really sound. The object of this work was the 

* This apparatus was developed at the Preston Labora¬ 
tories in 1938 and 1939 for a project sponsored by the 
Hartford-Empire Company. 

t Present address: Libbey-Owens-Ford Glass Company, 
Plaskon Division, Toledo, Ohio. 


extension of the data by several orders of 
magnitude to both shorter and longer times. 

Probably the most relevant data would show 
how long a specimen survives at a given stress. 
Unfortunately, to answer this question directly 
with experimental methods would be too tedious, 
but the inverse question, whether or not the 
specimen survives a given length of time at a 
predetermined stress, lends itself readily to ex¬ 
perimental technique. After sufficient data had 
been collected to answer this question, plotted 
curves would provide the answer to the original 
question. Accordingly, the method finally decided 
upon was to load the test specimen for a definite 
interval of time at a predetermined stress. If the 
specimen survived the test, it would be loaded at 
an appreciably higher stress and the test repeated. 

Round glass rods were chosen as the only satis¬ 
factory test specimens because of their availa¬ 
bility in several compositions, and because they 
have no cut or ground surfaces toconfusc the issue. 

When a constant load is to endure for only 0.01 
second, the problem of applying the load and 
removing it is far more difficult than when the 
load is to be held constant for hours, because for 
the brief application the load must be built up 
with great speed and without producing oscilla¬ 
tion. Therefore, two types of apparatus were 
designed: a short time loading apparatus that 
would apply the load for periods ranging from 
0.01 second to 100 seconds, and a long time 
loading apparatus that would apply the load for 
periods ranging from 1000 seconds to 24 hours 
(86,400 seconds). 

DESCRIPTION OF APPARATUS 
The Short Time Loading Apparatus 

The short time loading apparatus is essentially 
a dynamic motor consisting of a modified radio 
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loudspeaker. Instead of the usual voice coil, an 
armature or moving Coil assembly was developed 
which would withstand the loads that had to be 
applied. 

A schematic diagram of the apparatus is shown 
in Fig. 1. A glass rod (1) is supported by two 
knife edges (2). A wire bail (3) is looped over the 
middle of the glass rod and is connected to two 
lugs (4) on the armature (5). An oversize field 
coil (6) which is actuated by a 12-volt storage 
battery (7) produces the magneto-motive force 
of a central field magnet (8). The magnetic 
circuit is carried from the central magnet through 
a shell (9) to the air gap (10), in which the 
armature (5) is freely suspended from the rod. 
When the key (11) is closed, the armature is 
actuated by the current flowing from the battery 
(12) of about 120 volts. The current is regulated 
by a resistance (13) and is measured by an 



Fiu. 1. Schematic diagram of the quick-loading apparatus. 

ammeter (14). Forces up to 30 lb. can be pro¬ 
duced momentarily by the armature. 

Details of the Dynamic Motor 

An eighteen-inch dynamic loudspeaker was 
used as the basis of the dynamic motor. The size 
of the field coil was practically doubled to provide 
a much stronger magneto-motive force. The 
magnetic air gap was operated at approximately 
10,000 gauss for the smaller armatures, and as 
low as 7,000 gauss for the larger ones. In Fig. 2 
the rod is shown in position to be tested. Several 
armatures were designed for different purposes. 
For the 0.01-, 0.1-, and l-sec. loading durations 
the requirements were light weight and large 
damping coefficient to permit quick action with¬ 
out overtravel. The time interval was so short 
that the motor coil could carry large currents 



Fig. 2. A rod in position to^be tested. 


without overheating. However, for the 10-second 
and 100-second periods the chief requirement 
was that the coil should not overheat, necessi¬ 
tating a larger motor coil and greater weight, yet 
the time of application of the load could be much 
longer so that smaller damping coefficients and 
greater weight could be tolerated. The load could 
be satisfactorily applied by reducing the circuit 
resistance by hand, thus bringing the current to 
its correct value in approximately } second. 

Figure 3 shows a cross-sectional diagram of one 
side of the armature. An aluminum form serves 
as a frame and a spool. The wire bail to the rod is 
fastened at the hole (1) in the lug (2). A stiffening 
ring (3) prevents the form from collapsing due to 
the pull of the wire bail. A motor winding (4), 
which carries the current from the 120-volt 
battery, consists of a double layer of No. 28 
wire. The damping winding (5) is made of several 
turns of fine, uninsulated, aluminum wire. How¬ 
ever, the damping winding is insulated from the 
aluminum spool and from the motor winding by 



Fio. 3. Crow section of voice coil. 
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Fig. 4. Trip scale for calibrating the dynamic motor 


a layer of insulating enamel. It was possible to 
thicken the spool and omit the damping winding 
in the design of some of the armatures. 

The operation of the dynamic motor depends 
upon the fact that a force is exerted on a wire 
carrying current in a magnetic field. This force is 
given by F=*BII, where F is the force, B is the 
flux density in gauss, l is the length of conductor 
in the field, and I is the current flowing through 
the wire, in e.g.s. electromagnetic units. Thus the 
force is directly proportional to the current in the 
motor winding. As long as there are approxi¬ 
mately the same number of turns of wire in the 
magnetic field, the force will be substantially 
constant for small displacements of the armature. 
In practice, the armature can be displaced over a 
range of A inch while the force remains constant 
to percent. The quick-loading armature 
designed for 0.01-second loading produces a force 
of 3 pounds per ampere. 

When the motor winding moves across the 
magnetic field, a back e.m.f. is developed. This 
back e.m.f. is given by E*Blv, where E is the 
electromotive force in e.g.s. electromagnetic 
qnits, / is the length of conductor in the magnetic 
fleld, B is the flux density, and v is the velocity. 


Thus, when the coil moves, it is possible to de¬ 
termine its velocity by means of an oscillograph 
and so tell whether it is behaving as it should. 

The damping of the armature is due to the 
counter currents induced in the ring and damping 
winding by the motion of these conductors in the 
magnetic field. By definition, the coefficient of 
damping is k = F/v where k is the damping 
constant, v is the velocity, and F is the force pro¬ 
duced in opposition to the velocity. By combining 
this with the formulas F**BII, and E = Blv, it 
turns out that k=B*PI/E **B*P/R. Here R is the 
electrical resistance of the conductor in the 
circuit. In the present case the damping constant 
k depends on three factors: the damping due to 
the aluminum spool, that due to the motor 
winding, and that due to the damping winding. 
Each of these factors can be computed from the 
formula 1k—B^P/R. The coefficient of damping in 
the spool is the most difficult to determine be¬ 
cause the path of the current extends beyond the 
boundaries of the uniform magnetic field. The 
currents in the damping winding and in the 
motor winding, on the other hand, are confined 
within the part of the field where the geometry is 
relatively simple. The three separate coefficients 
have to be added together to obtain the total 
damping. When an armature is made, a good 
estimate of the actual value of the coefficient can 
be obtained by studying the voltages across the 
motor coil with the aid of an oscillograph, as will 
be explained later. Corrections can be made by 
adding to or subtracting from the damping 
winding enough wire to give the desired coefficient. 

The contribution of the motor winding to the 
damping constant is rather small if the circuit 
resistance stays fairly large. With a field strength 
of 10,000 gauss, and with 50 ohms in the circuit, 
the contribution is 4 lb./sec., and with 20 ohms 
in the circuit the contribution is 10 lb./sec. The 
circuit resistance was usually at least 20 ohms. 
This variation of 6 lb./sec. will change the total 
damping coefficient by only 3 or 4 percent. 

A preload is applied to the armature by passing 
a small current through the motor coil in order to 
take the slack out of the wire bail. This preload 
puts a maximum stress upon the specimen of 
around 1000 to 2000 lb./sq. in. This is sufficiently 
below the breaking stress at any of the durations, 
and under any of the conditions where it is used, 
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that it causes no appreciable fatigue. This matter 
will be discussed more fully later. 

Several armatures were designed for quick 
loading, because none is effective for more than a 
small range of rod sizes. For example, to test the 
rods that vary in diameter from 0.210 inch to 
0.230 inch, a coil assembly was designed which 
has a damping coefficient of 168 Ib./sec. and 
which weighs 23 grams. 

For the 10- and 100-second loads a six-layer 
coil was designed which provides adequate loads 
at current values low enough to prevent over¬ 
heating. The additional weight and reduced 
damping of this coil offer no problem at the 
relatively slow loading rates appropriate for these 
long loading periods. 

Calibrating the Dynamic Motor 

In order to measure the force exerted by the 
armature, a trip scale is mounted with the center 
of one pan over the motor coil. Figure 4 shows the 
trip scale in position. The wire bail of the arma¬ 
ture is attached below the empty pan, and the 
opposite pan is loaded with a ten-pound weight. 
The empty pan is held down by hand, keeping 
the armature in its working range, while the 
current is increased until the coil just supports 
the ten-pound weight. Such determinations can 
be made to about J percent accuracy with an 
ammeter readable to about J percent of full scale. 
A better ammeter would be of no value as there is 
sufficient damping and friction in the dynamic 
motor to make finer readings uncertain. With a 
satisfactory ammeter only one calibration point 
is necessary, since the relation between the cur¬ 
rent through the motor coil and the force exerted 
by it is as linear as can be measured, if the field 
magnet is properly saturated. Of course, the 
current through the field coil must be kept 
constant or the calibration will change. 

The Timing Device 

The timing device which was designed to time 
the 0.01-second, 0.1-second, and 1.0-second inter¬ 
vals appears in Fig. 5. It consists of a 100-lb. 
pendulum mounted on a heavy frame and has a 
period of 2 seconds. The pendulum is released by 
a magnet and is caught at the end of its swing 
by a latch. At the start of the swing a limit switch 
is closed to energize the field magnet; at the end 
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Fig. 5. The timing device. 

of the swing another limit switch breaks the field 
coil circuit when the test cycle is complete. 

The 0.01-second and 0.1-second intervals are 
controlled by means of a cam on the pendulum 
bob, which closes a pair of contacts in the middle 
of the swing. At the end of the interval another 
cam opens the contacts, and the resulting arc is 
blown out with a powerful jet of CO s . The arc 
is greatly diminished in about 0.0001 second, but 
it takes about 0.001 second to blow it out. 
Without the blast of CO-. it is nearly impossible 
to put out the arc at all because the contacts open 
only J inch and currents up to 6 amperes at 120 
volts d.c. have to be interrupted. The timing 
cams are calibrated by observing the oscillograph 
pattern and making the indicated adjustments. 

The 1.0-second interval is timed by having the 
pendulum close a switch in the middle of its 
forward swing, and open it on the return swing. 
Since the pendulum has a 2-second period, this 
interval is one second. 

The 10- and 100-second intervals are timed by 
a stopwatch. A slidewire rheostat shown in Fig. 2 
and indicated by ( 13 ) in Fig. 1 is operated by 
hand to apply and release the load. 
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Fig. 6. The electrical control circuit. 


Accessories to the Apparatus 

Before many tests had*'been made, it became 
evident that a great deal of accessory apparatus 
was necessary. While the current in the loading 
circuit is being adjusted preparatory to a test, a 
dummy resistance is substituted for the motor 
coil in order to protect the latter from over¬ 
heating. This resistance has to be switched in 
when the current is adjusted and out when a rod 
is tested. The control resistance becomes heated 
during the loading current adjustment, so that an 
a.c. current must be supplied to it between times 
to keep it warm and maintain its resistance con¬ 
stant. The CO* used to blow out the arcs of the 
timing contacts is turned on and off with an 
electric valve, because otherwise the flow would 
qufckly dissipate the supply. 

ft was soon found that the manual switching 
arrangement was too complicated. Turning the 
wrong switch could easily cause an accident or 
spoil the test. For example, the pendulum bob 
had to be released when testing but not when 
calibrating. An interlocking circuit was finally 
{Mvad which was relatively foolproof and which 
reduced the switching procedure to a minimum. 
This circuit is shown in Fig. 6, and is described 
below. 


it has been found that a catnoae-ray osciuo- • 
graph is indispensable. The timing cams are 
adjusted with the oscillograph, and the trace of 
every test is watched on the oscillograph screen 
to be sure that everything goes correctly. By 
watching the voltage developed across the motor 
winding as indicated by the oscillograph it is 
possible to tell whether the load goes on smoothly, 
whether the armature sticks, whether the rod 
breaks, or whether the contacts arc excessively. 

Operation of the Apparatus 

Because of the fact that the rods to be tested 
vary in diameter, the experimental procedure is 
somewhat complicated. First it is necessary to 
construct a chart giving the relationship between 
the maximum fiber stress of the rod and the cur¬ 
rent through the motor winding for every rod 
diameter. Each rod is carefully measured for 
maximum and minimum diameter and then is 
oriented in the apparatus so that the maximum 
fiber stress will come at one end of the mini¬ 
mum diameter. 

Referring to Fig. 6 the sequence of ojierations 
is as follows: the knife switch (55) is closed to 
energize the field magnet, and the manual switch 
(53) is set on “calibrate”; the start button (51) 
is pressed, and the current indicated by the 
ammeter (A 2) is set to the proper value (as given 
by the stress vs. current table) by adjusting the 
control resistance (Rl). Finally, to test the 
specimen, the switch (53) is set on “test,” and 
the start button (51) is pushed again. At this 



Fig. 7. Theoretical curve of load of 0.01-second duration 
for rods 0.230 and 0.210 inch in diameter. 
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point it may be helpful to trace on Fig. 6 the 
sequence of part of the resulting operations. 

Closing (SI) energizes the coil of relay (1) 
which causes an open contact (Cl) of this relay to 
close and energize the coil of relay (2). Other 
contacts (Cl) open to turn off the a.c. supply 
maintaining the temperature of the control re¬ 
sistance (/Jl) and close to make the moving coil 
circuit ready for closure of the timing contacts 
(TC). The coil of relay (2) being energized by 
closure of contacts (Cl), the contact points (C2) 
open in the pendulum release circuit, allowing the 
pendulum to fall. Thus the pendulum bob is 
released, and by closure of the open contacts (Cl) 
of relay (1) the preload controlled by ( R2) is 
turned on, the C0 2 valve is opened, and the 
timing contacts ( TC ) become operative. The 
pendulum bob swings down and operates the 
timing contacts (TC). This energizes the moving 
coil (MC) of the armature from the 120-volt 
battery, and loads the specimen. At the end of its 
swing, the pendulum bob operates a limit switch 
(54) which shuts off the apparatus while the 
pendulum is caught by a mechanical latch. In the 
meantime the operator watches the oscillograph 
to see that everything has functioned properly. 
If the rod has not broken, the pendulum is reset, 
the current adjusted for a higher stress, and the 
whole procedure repeated. 


Dynamics of Quick Loading 

In order to get some idea of the accuracy of the 
measurements it is necessary to study the loading 
mechanism as a vibrating system. Since most of 
the mass is in the armature and most of the 
compliance is in the rod, the problem may be 
treated as a vibrating system with a single degree 
of freedom. The differential equation becomes: 


d 2 y dy 

m - Vk —h sy = 

dl 2 dt 


F, 


where y is the displacement of the center of the 
rod, m is the effective mass of the whole system, k 
is the damping constant, s is the stiffness of the 
rod at its center, and F is the suddenly applied 
force. The load F is applied at / = 0, so the equa¬ 
tion is subject to the boundary conditions: 

y«0 and dy/dt = 0 when /=0. 



Fici. 8. Theoretical armature velocity curve during applica¬ 
tion of (he load. 


The solution of the equation becomes: 

F F 

y = - g-kllim CQg 

S S COS 0 

which is plotted for two rod diameters in Fig. 7. 
Then 

dy F to 

— =- e -ktiim s ; n u f t 

dt s cos 1 # 


which is plotted in Fig. 8. In these equations: 



As shown in Fig. 7, the displacement is mini¬ 
mum at 1=0 and passes through a maximum at 
2.8 milliseconds or, in general, at t=x/u>. 

Likewise, as seen in Fig. 8, the velocity passes 
through a maximum followed by a minimum, and 
these occur at /-( r/2-#)/u for the maximum 
and / = (3x/ 2-#)/o» for the minimum. 

These correspond to the maximum and mini¬ 
mum e.m.f.’s across the motor coil as indicated 
at D and G in Fig. 9, which is described later. 

The ratio between the overtravel, i.e., the 
excess displacement over that for the steady load, 
and the steady load displacement is r' *“ ♦. The 
ratio of the minimum velocity to the maximum 
velocity is also r r *»“ *. Therefore, because the 
voltage induced in the moving coil is proportional 
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Fig. 9. Oscillograph trace pro¬ 
duced during a 0.01-second 
test. 


to its velocity, er r *•“ * must equal the ratio of the 
departures from the steady load voltage at D 
and G in Fig. 9. By measuring this ratio in the 
actual tests, the amount of overtravel and the 
damping coefficient can be readily computed. 
It turns out that for 2 percent overtravel, 
k *= 1.20(ms)*. For a range of rod sizes to be tested 
with an armature of given mass and damping 
coefficient, the largest diameter is determined by 
the condition that there should be no more than 
2 percent overtravel. The smallest diameter is 
determined by not allowing the duration of the 
load to be decreased by more than 10 percent for 
the 0.01-second test. 

Originally it was intended to load the rods in 
one millisecond, which would require the use of 
rods greater than 1 inch in diameter, with a 
4-inch span between supports. Unfortunately, 
the rather surprising increase of strength of glass 
in the shorter time ranges completely overtaxed 
th< equipment with the larger rods. It would 
haw required a larger field magnet, much higher 
d.c. voltages, and a general redesign of the appa¬ 
ratus. So we have had to use rods 0.220±0.010 
inch in diameter with a 5-inch span, and to be 
consent with loading the rods in 2 to 3 milliseconds 
instead of the one millisecond originally planned, 
’‘tamreyier, as one can see from Fig. 7, the time the 
itxjs arc under stresses between 80 percent and 98 
percent of the full loads is not too great. 

A typical armature designed for measuring 


rods of approximately 0.220-inch diameter has 
the following constants: 

m = 0.051 lb., k = 168 Ib./sec. 

It turns out that this coil causes a momentary 
2 percent overtravel on rods of 0.230-inch diame¬ 
ter, and it can be used with rods*of 0.210-inch 
diameter without decreasing the time of full 
loading by more than 10 percent. Figure 7 shows 
a theoretical loading curve for rods 0.230 inch 
and 0.210 inch in diameter. The constants of the 
system with the 0.230-inch diameter rod are: 

m = .060 lb., Jfe = 168 lb./sec., 

and 

5= 194,000 lb./sec.*. 

The mass constant is increased over the mass 
of the armature by the effective mass of the rod. 

The constants for the rod 0.210 inch in^diame- 
ter become: 

m - .059 lb.; * = 168 lb./sec., 

and 

5 = 135,000 lb./sec.*. 

In Fig. 8 is a theoretical curve of the velocity 
of the armature for a rod 0.230 inch in diameter. 
It turns out that this pattern is closely followed 
when the velocity is studied in the cathode-ray 
oscillograph. 

Oscillograph Patterns 

Since the velocity of the armature produces an 
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e.m.f. given by 

E^Blv, and since v^dy/dt, * 

then 

Fu 

E ® Bl - ■ g -ktlim gin ^ 

J cos 1 4 

and we should expect the voltage developed 
across the armature to have this e.m.f. as one 
component. The other component is, of course, 
the IR drop across the coil. Accordingly, when 
the oscillograph is connected to read the voltage 
across the armature, a pattern is given as shown 
in Fig. 9. The line ABCDIJKL is a trace of the 
oscillograph in a 0.01-second test. AM is the 
IR drop due to the preload current; HP is the 
IR drop due to the full load current. The voltage 
DN is the maximum e.m.f. due to the velocity. 
The load comes on at about F, and the overtravel 
occurs in the region between F and G. The time 
the load is on is between Fand /. If a rod breaks, 
a pattern results as shown by the dotted line STli 
It is thus quite easy to determine from the 
oscillograph pattern whether the load has been 
properly applied, how long the load was on, 
whether the rod broke, and whether or not any 
deleterious accident, such as the armature 
sticking, took place during the test. It is some¬ 
what difficult to estimate the amount of overtravel 
by increasing the scale, because the IR drop is 
considerably larger than the e.m.f. due to velocity 
in the 2 percent overtravel region. It is found 
easier to use an auxiliary winding of a few turns 
of No. 40 wire around the outside of the armature 
when damping coefficients are being estimated by 
the ovcrtravel. 

Accuracy of Tests 

The quick-loading device is able to apply a 
load in 2 to 3 milliseconds, maintain it for 10 
milliseconds, and then remove it in J millisecond. 
Even when a range of rod sizes is tested, the error 
in timing the load is less than ±5 percent, and 
the overtravel is less than 2 percent. Since the 
overload is on for only about 10 percent of the 
time it is doubtful that a 2 percent overload 
would cause as much as 1 percent difference in 
the results, because of the rapid increase of 
strength of glass with shortening of duration of 
loading. An added factor in favor of accuracy is 



Fig. 10. Crosi, section of the long time loading device. 

that, when a large number of rods are tested, 
several will not be overloaded, because they are 
on the low side of the diameter range. Therefore, 
for the 0.01-second test, the average result can 
be relied upon to at least 1 percent as far as the 
overloading is concerned. 

The overload will not be serious in the 0.1- 
second and 1-second tests, because it will occur 
for only about 1 percent and 0.1 percent of the 
total time under load. The manner of application 
of the 10- and 100-second loads makes over¬ 
loading in these tests impossible. Thus it is safe to 
say that 1 percent accuracy for the load and 
±5 percent accuracy for the timing of the load 
are available for all the short-time loading points. 

The Long Time Loading Device 

The problem in the long time loading device 
was to test several rods simultaneously so that 
the length of time and expense of the tests would 
be kept to a minimum. Figure 10 shows a cross- 
sectional diagram of the apparatus. Two knife 
edges (1) are fastened to stiff channels (2), and 
support a rod (3). A central knife edge (4) is 
attached to a container (5) holding sand. When 
the rod breaks, the container falls on the angles 
(7) which are supported on a different frame from 
the channels. In this way, when a rod breaks, the 
fall of the container does not create a shock that 
would seriously affect the other rods still on test. 
The apparatus is in three tiers, each simultane¬ 
ously testing six rods. It is thus possible to 
conduct tests on 18 rods at a time. The apparatus 
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is located in the basement where the vibration 
conditions are quite satisfactory r as no heavy 
machinery or railroads are in the vicinity. Tests 
with dial indicators have shown no serious 
vibration present. 

A table was constructed giving the load versus 
the extreme fiber stress for every rod diameter. In 
making a test, the diameter of the rod is meas¬ 
ured, and the load is determined from the table. 
The container is then filled with sand to make up 
the proper load and a special levering device is 
used to apply the load gently. In general, an 


accuracy of 1 percent could be attained in 
manuring the load and its duration. The 1,000-, 
10,000-, and 86,400-second tests were made with 
the long-time loading device. 
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Fatigue of Glass under Static Loads 

T. C. BAKERf AND F. W. PRESTON 
Preston Laboratories , Butler , Pennsylvania 
(Received November 1, 1945) 

Static loading tests were run on glass and porcelain rods & inch in diameter for times 
ranging in duration from 0.01 second to 24 hours, by using specially designed apparatus. It was 
found that glass can support for 0.01 second about 3 times the stress that would break it in 
24 hours. The effects are generally the same for all glassy materials. Porcelain showed the 
effect somewhat less than glass. It appeared that adsorbed moisture and gases reduced the 
strength. 


INTRODUCTION 


I T has been recognized for many years that 
glass fatigues* under a perfectly steady load, 
breaking unexpectedly and without apparent 
cause under a stress it has long endured. There¬ 
fore, in measuring the mechanical strength of 
glass, the duration of the test must be specified as 
well as various other circumstances, some of 
which are discussed in this paper. 

Whereas most glassware gets broken by impact, 
that is, by loads whose duration is measured in 
microseconds and which vary widely even in so 


(short a time, yet some glassware is subjected to 
.^Constant loads of long duration—for instance, 
*soda, champagne, and beer bottles, aquarium 
windows, gauge glasses, and so on. An under¬ 
standing of the relation between short time 
strength and long time strength is therefore 
Important. 


. .‘This use of the term “fatigue" appears to us perfectly 
Nkgftimate, though it is not ute same as the usual engi¬ 
neering usage. If necessary, our fatigue may be distin¬ 
guished as “static" fatigue, and the engineering usage as 
adynamic" or “vibration" fatigue. 

T Present address: Libbey-Owens-Ford Glass Company, 
Ptaskon Division, Toledo, Ohio. 


This relationship has already been worked out 
roughly over a substantial range of loading 
intervals by several experimenters, so that from a 
strictly practical point of view there is reason to 
believe we know enough to risk no hazards to the 
public. The interest, accordingly, shifts to the 
nature of “static” fatigue, and to such questions 
as whether the glass has any strength at all under 
an exceedingly long loading. If the strength after 
a great period is not zero, what is the value of it, 
and what is the meaning of it? On the other hand, 
we have reason to suspect that at loads of very 
short duration the strength may be very great. Is 
it theoretically infinite, or is it finite? If the 
latter, how great is it, and can any clear meaning 
be ascribed to it? Or is the question somewhat 
meaningless, in view of the inertia effects which 
make “steady” loads of very short duration 
inconceivable? 

At first we had hoped our investigations would 
shed some light on these theoretical questions, 
but as more evidence accumulated all our beliefs 
as to the nature of fatigue in glass tended to 
change, and we felt much less inclined to specu- 
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late on the strength of glass and the ultimate 
effects of fatigue until the concept of strength 
was more precisely defined and the nature of 
fatigue was more thoroughly understood. Our 
initial feeling was that fatigue was due to the 
thermal effects at the tip of a flaw. The highly 
stressed bonds at that point were supposed to 
break when their momentary energies grew 
greater, due to the random shuffling of the 
thermal energies between the atoms. If this were 
the case, the cause of fatigue would be the same 
for long and short durations of load, and so we 
could expect a correlation between time and 
breaking strength. One might then assume that, 
if we had data encompassing a few orders of 
magnitude, we could extrajxJate to both longer 
and shorter times with reasonable safety. How¬ 
ever, as our work progressed it soon became ap¬ 
parent that atmospheric conditions were a factor 
in the fatigue of glass and that the phenomenon 
was so complicated that we could have little 
justification for extrapolation to either shorter or 
longer times, except as mere speculation. 

The data presented are therefore disap¬ 
pointingly restricted, from the viewpoint of de¬ 
termining ultimate “strength” of glass. On the 
other hand, certain practical questions are 
answered as to the reliability of testing pro¬ 
cedures, and at the same time a sounder under¬ 
standing of the nature of the phenomenon has 
emerged, which may lead to a valuable line of 
research. 

These tests were designed to investigate the 
phenomenon of strength decay, or fatigue, of 
glass in its normal condition, that is, with the 
amount of surface damage ordinarily present in 
commercial glasses, rather than the fatigue in 
glass having specially prepared, pristine surfaces. 
Glass samples were used, therefore, which had 
light surface damage easily visible under a micro¬ 
scope, which made their strengths comparable to 
that of commercial glassware. It is quite possible 
that all the breaks started at these flaws, and so 
the flaws in glass may be an essential part of the 
phenomena that we have studied. Other effects 
noticed in glass fibers, or other glass objects 
having pristine surfaces, may bear no simple 
relationship to the results obtained in the pres¬ 
ence of large flaws. 

Since it is not possible to experiment for an 


indefinitely long time and report the results to 
the present generation, and since there are, on 
the other hand, practical difficulties in experi¬ 
ments for an infinitesimal time, we are limited to 
a range of duration which is not extremely 
extensive in “powers of ten” (orders of magni¬ 
tude). From this relatively restricted range, we 
may perhaps hazard good guesses as to what 
might happen at somewhat shorter and some¬ 
what longer periods of loading. The validity of 
our guesses depends on how accurately we can 
plot a curve of strength versus duration of load 
over the accessible range. 

In the work herein reported, this range has 
been considerably extended beyond that of previ¬ 
ous investigators. The extension is Largely at the 
short duration end. This direction was chosen by 
one of us (T.C.B.) as offering more immediate 
promise than the other, because experimental 
conditions can be more readily kept constant for 
a brief time than for a long time. For instance, 
conditions such as temperature and humidity are 
important. Further, a lot of experimenting can be 
done in a matter of weeks or months at the short 
time end, while only a little can be done in many 
years at the other. 

The essence of the short time loading experi¬ 
ments is the use of “electromagnetic loads,” 
which can be very powerful while substantially 
free of inertia, so that the loads can be applied in 
0.003 second without significant overtravel or 
oscillation. The quick-loading apparatus was 
described in a previous paper 1 in which its details 
and accuracy were discussed. This apparatus was 
not used for experiments lasting minutes or hours, 
since gravity provides a more convenient steady 
force. For these longer periods of testing, the 
essence of the set-up is the simultaneous testing 
of many specimens under conditions as constant 
as possible in respect to temperature and 
humidity. 

The tests were made in flexure on &-inch glass 
rods, the simplest method experimentally. The 
shortest practical duration was about 0.01 second 
with our apparatus. Theoretically, somewhat 
shorter times are practical in making tests in 
direct tension on- fibers, but the experimental 


1 T. C. Baker and F. W. Preston, “Wide range static 
strength testing apparatus for glass rods," J. App. Phys. 17, 
162 *1946). 
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difficulties were believed to be greater and apt to 
introduce more error. The longest tests lasted 24 
hours. It is clear from the shape of the curves that 
little more would have been learned by extending 
the time to ten days, or even to one hundred or 
one thousand days. Furthermore, since each 
specimen must be tested at several successively 
greater loads, such tests would have taken many 
years to complete, even if experimental conditions 
could have been maintained constant. 

It is not unthinkable that the curve may yet be 
extended, experimentally, farther than we have 
gone, but it seems at present unlikely that much 
practical, or even theoretical, information could 
be acquired thereby. Therefore, in the belief that 
the subject has reached a measure of complete¬ 
ness, we present an accoufit of some of our 
experiments. 

EXPERIMENTAL PROCEDURE 

Because the strength of glass seems to be a 
function of its previous history of exposure both 
to the atmosphere and to mechanical contact, 
special precautions had to be taken in order to 
keep constant the effects of handling, adsorbed 
moisture, etc., in measuring the variation of 
breaking stress with changing duration of the 
load. Ideally, the controlled experimental pro¬ 
cedure should start during the manufacture of 
the glass canes from which the rods were cut. 
Unfortunately, that was impossible. Our experi¬ 
mental procedure was constrained to begin after 
the glass reached the laboratory, which naturally 
left uncertain the previous history of the canes. 

The initial step was to select canes that met 
certain specifications as to diameter and taper, 
and cut them into rods six inches long. These rods 
were then distributed among six or eight samples, 
ofe25 rods each, and their diameters were meas¬ 
ured and recorded. The rods were next set aside 
for a week or two so that any recent mechanical 
damage would tend to reach equilibrium, and the 
rods • would have a chance also to come to 
eauilibrium with the laboratory atmosphere. 
Finally, the rods were broken in the strength- 
apparatus. 

Selection of Canes 

In order to get comparable test samples, glass 
canes were used, whenever possible, which had 



been made at the same time. After being cut into' 
four-foot lengths the canes were sent to the 
Hartford-Empire Company to be annealed, where 
special precautions were taken to prevent extra 
damage during the annealing process. The 
annealed canes were then individually wrapped 
in tissue paper and sent to the Preston Labora¬ 
tories. There each cane for a test lot was ex¬ 
amined, and only those which met the following 
specifications were used. 

Specifications for Cane 

Taper per foot: leas than 0.005 inch 

Out of roundness: less than 0.005 inch 

Diameter: 0.220±0.010 inch 

Radius of curvature of axis: greater than 5 ft. 

Canes showing unusual abrasion were rejected. 

Each cane was cut into six-inch lengths, or 
rods, and these were distributed among either six 
or eight samples, depending on whether the cane 
was three feet or four feet long. The method of 
distribution was as follows: the first rod from the 
first cane was put into the first sample, the 
second rod was put into the second sample, and 
so on. The second cane was distributed by putting 
the first rod into the second sample, the second 
rod into the third sample, and so on, until the 
last rod was put into the first sample. The subse¬ 
quent canes followed out the progression. This 
method of distribution meant that each sample 
contained a rod from each cane, and each con¬ 
tained approximately the same number of rods 
cut from the ends and the middle of the canes. 
Thus 25 four-foot canes would make eight samples 
of 25 rods each, 25 three-foot canes would make 
six similar samples. 

Care of Teat Samples 

As the canes were cut, the six-inch rods were 
put into wooden blocks having twenty-six num¬ 
bered holes bored 1 inch deep. Only twenty of 
these specimens were used for the tests, the other 
rods being saved for spares. For example, if an 
accident occurred in the test on one rod, the rods 
taken from the same cane were discarded from 
all the other samples, and a complete set of 
spares was substituted. Great care was used in 
handling the rods during and after cutting, be¬ 
cause new damage inflicted during subsequent 
handling could destroy the homogeneity of the 
specimens. 
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The ends of the rods were measured for maxi* 
mum and minimum diameter, and a scratch was 
made at one end to indicate the direction of the 
minimum diameter of the rod. The central 
minimum diameter of the rod was estimated to 
be the average of the minimum diameters at both 
ends, and was recorded on the data sheet, next to 
the specimen number. In testing each individual 
rod the apparatus was adjusted to produce the 
appropriate stresses in accordance with special 
tables showing, for each value of load, the appa¬ 
ratus adjustment in terms of rod diameter. 

The Apparatus 

The rods were tested in cross bending, with a 
five-inch span. The load was applied by a single 
central knife edge. The two typos of apparatus 
for testing the rods have been described in the 
previous paper. Briefly, one consisted of a 
modified dynamic loudspeaker to apply the loads 
of short duration (0.01 sec. to 100 sec.), and the 
other was a multiple loading device designed to 
accommodate numerous rods for the 1,000-scc. to 
24-hour tests. 

The load was applied to the rods as quickly as 
possible, left on for a predetermined time, and 
then removed as quickly as |X>ssible. The load 
was applied in two or three milliseconds and re¬ 
moved in J millisecond in the 0.01-, 0.10-, and 
1.0-second tests. In the 10- and 100-second tests 
about } second was required to apply and to 
remove the load, and in the tests of 1000 seconds 
and over about four or five seconds were required. 
For the short time loading tests, tables were 
constructed giving the maximum stress in a rod 
as a function of the current through the armature 
of the dynamic loudspeaker, for all values of rod 
diameter. In making the tests, each rod was 
removed from the sample holder and placed in 
the testing apparatus with the minimum diame¬ 
ter in the direction of the load. This assured that 
the maximum fiber stress would be applied at the 
end of the minimum diameter. The rod was then 
tested at the minimum breaking load or at one 
loading interval below that. If the rod did not 
break, it was tested at an appreciably higher 
stress, the increment depending on the average 
strength. ' 

In the case of the long time loading apparatus 


the procedure was very similar, except that 
instead of the moving coil used in the electro¬ 
magnetic loading a two-gallon can filled with 
sand was used to supply the load. 

The Loading Increment 

Glass “fatigues” under constant load, and 
unless it recovers promptly upon the removal of 
that load (a matter that is not certain), the 
breaking of the glass at a given load might be 
affected adversely by any previous loadings, even 
though these might be of less intensity. Experi¬ 
mental evidence had been accumulated in the 
past, however, that when step-wise loading is 
used, previous, lower loads had very little or no 
influence if they were 10 percent or so below the 
breaking load. Thus if our increments of loading 
are 10 percent or more above previous loadings, 
we can ignore the effects of the latter. For good 
measure, it might be well to make the increments 
of the order of 20 percent. 

On the other hand, if we use large increments 
the statistical data will fall into very few class 
intervals and the average will be uncertain. 
However, it was determined that, when we had 
five class intervals, the error would probably be 
quite a bit less than that from other sources. 
Accordingly, the loading increment chosen was 
500 lb./sq. in. for samples whose averages were 
between 3000 and 6000 lb./sq. in.; 1000 lb./sq. in. 
for samples whose averages were between 6000 
and 12,000 lb./sq. in.; and 2,000 lb./sq. in. for 
samples whose averages were over 12,000 lb./sq. 
in. The strength was generally found to vary over 
a 2 to 1 range for any sample. Thus in a sample 
with 12,000 lb./sq. in. average strength some 
specimens would break at about 8000 lb./sq. in. 
and some at about 16,000 lb./sq. in. This resulted 
in five class intervals for the data, using steps of 
2000 lb./sq. in. 

If a rod survived a test at 14,000 lb./sq. in. and 
broke at 16,000 lb./sq. in. it would be recorded as 
having broken at 16,000 lb./sq. in. Obviously, it 
could have broken at a load anywhere between 
14,000 and 16,000 lb./sq. in., and on the average 
would break at 15,000 lb./sq. in. Therefore, it 
was necessary to apply the usual statistical cor¬ 
rection for the magnitude of the class interval. 
When the loading increment was 2000 lb./sq. in. 
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RESULTS OF VARIOUS STATIC LOADING TESTS 



Fig. 1. I. Disannealed Pyrex, dry; I(, Disannealed Pvrex, 
scratched, wet. 

the correction would be —1000 lb./sq. in. When 
the loading increment was 1,000 lb./sq. in., then 
the correction would be —500 lb./sq. in. 

Special Precautions 

Special precautions were necessary to keep the 
temperature and atmospheric conditions as con¬ 
stant as possible during the tests. The room 
temperature was kept as near 75°F as possible. 
The rods were placed near the apparatus previous 
to the test so that thermal strains would not be 
introduced when the rods were inserted in the 
apparatus. A few minutes before the test the rod 
was wet with water at room temperature, and 
water was applied to the rod whenever it became 
dry during the successive loadings. 


The results herein reported were obtained from 
tests run on five glasses and three porcelains. 
These are presented in Table 1, which gives, for 
each loading period, the average breaking strength 
of 20 to 25 specimens. The results for the various 
glasses are plotted in Figs. 1 and 2, and the results 
for the porcelains are plotted in Figs. 3 and 4. 
All results are corrected for the loading incre¬ 
ments, as described in the preceding section. 

Lot T consisted of Pyrex rods which had already 
been cut to length, since there were no long canes 
available at the time of the tests. In that respect, 
this constituted an exception to our usual pro¬ 
cedure. The rods were rather strongly disan¬ 
nealed, with a surface compression of 2000 to 
4000 lb./sq. in., the average of several rods being 
about 3000 lb./sq. in. Moreover, as these were 
our first tests and the effect of moisture was not 
appreciated at that time, the Pyrex rods were 
tested dry. Various difficulties, including the fact 
that no really reliable average for the surface 
compression could be taken, greatly reduced the 
accuracy of these results. 

Lot 11 was made up of the same type of disan¬ 
nealed Pyrex rods as used in lot I except that 
they were scratched circumferentially with a 
medium grade of emery. By this time the effects 
of humidity had been detected and the rods were 
tested wet. 

Lot 111 consisted of samples made from four- 
foot, annealed, machine-drawn, soda-lime canes 
which were unusually straight and round and 
made an excellent stock for selection of samples. 


Table I. Average breaking stress in pounds per square inch for various durations of load. 


'/ 

4 

Lot Material 

Teat Wet 
or Dry 

0.01 

sec. 

0.1 

see. 

1.0 

sec. 

10 

Dec. 

100 

sec. 

1000 

Dec. 

86,400 

sec. 

Ratio 
of 0.1. 
sec. 
to 24. 
hour 
test 

Ratio 
of 0.01. 
sec. 
to 24- 
hour 
test 

I Disannealed Pyrex 

Dry 

24,600 

19,600 

17,100 

15,900 


12,800 

11,300 

1.7 

2.2 

II Disannealed 

Wet 

12,900 

10,600 

9000 

8250 


S750 

5050 

2.1 

2.5 

, scratched Pyrex 











IU * Annealed soda- 

Wet 

19,900 

15,900 


10,500 


7950 

6450 

2.4 

3.1 

lime glass 











vfV Annealed 

' lead glass 

Wet 


19,000 

14,900 

11,200 


# 9400 

7950 

2.4 


\ T Fused silica 

Wet 


23,880 


19,800 

15,660 

14,280 

11,740 

2.0 


VI Porcelain Type A 

Dry 

15,800 

13,900 

12,300 


9700 


9100 

1.53 

1.74 

VII Porcelain Type B 

Dry 

15,400 

13,500 

11,900 

9900 

9400 

9100 

8900 

1.52 

1.73 

VIHf * Porcelain Type C 

Dry 

10,900 

9400 

8400 

6900 


6000 

5900 

1.59 

1.85 
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Their composition was very close to that of bottle 
glass. Considerable care was taken in annealing 
and preparing comparable samples, and when 
certain check tests were run, the average strengths 
agreed to better than one percent, indicating 
excellent uniformity of the samples. These rods 
were tested wet. 

Lot IV was composed of glass rods containing 
approximately SO percent lead by weight. The 
glass was unusually soft and easy to scratch, and 
the resulting damage on some rods made the 
tests somewhat erratic. These rods were an¬ 
nealed, and the tests were conducted with the 
rods wet. 

Lot V consisted of rods made from silica-glass 
canes three feet long. As the rods were apparently 
free of stress, no special annealing treatment was 
given them. All rods were tested wet. 

Lot VI was composed of porcelain rods* of the 
following composition, fired at cone No. 9. 

22 percent Kentucky Ball Clay 
25 percent Florida Kaolin 
37 percent Canadian Feldspar 
10 percent Pennsylvania Flint 
6 percent Water 

The rods were tested dry because the effect of 



Fig. 2. III. Annealed soda-lime glass, wet; IV. Annealed 
lead glass, wet; V. Fused silica, wet. 


moisture on the strength of porcelain is con¬ 
siderably less than on the strength of glass. The 
possible errors caused by not testing wet are 
probably less than two or three percent. 

* Porcelain rods used in these experiments were supplied 
by George Aderhold of the Saxonburg Potteries, Saxonbutg, 
Pennsylvania. 


Lot VII had the same composition as lot VI 
but the porcelain was fired at cone No. 10 instead 
of cone No. 9. These rods were also tested dry. 




Fig. 4. VII. Porcelain, type B, dry; VIII. Porcelain, 
type C, dry. 

Lot VIII consisted of porcelain rods of the 
following composition, fired at cone No. 12: 

50 percent Canadian Feldspar 
10 percent Florida Kaolin 
30 percent Kentucky Ball Clay 
10 percent Water 

The rods were tested dry. 

Of the results shown in Table I, those for soda- 
lime glass, lead glass, and fused silica may be 
considered most reliable. In the case of the Pyrex 
glass the records are ambiguous regarding the 
amount of the correction that was applied for the 
disannealing present in the rods. The amount of 
surface stress in the porcelain rods due to 
disannealing could not be determined, so some 
error from this cause may be present in these 
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data also. The rods of lots I1I-V, however, were 
known to be free of any disannealing stress and 
these data, therefore, do not include the possi¬ 
bility of such an error. 

DISCUSSION OF ERRORS 

At the present time, an exhaustive treatment 
of the errors in the fatigue testing of glass is quite 
impossible, because of the entanglement of the 
variables, which cannot as yet be independently 
investigated. However, a partial list of the 
factors will be given so that the reader may be 
assisted in evaluating the results. 

1. Errors in Apparatus 

In a previous paper the »Jrors involved in 
applying the load and the errors of timing the 
duration of load were discussed. In general it was 
felt that these errors were not greater than 
±5 percent. 

2. Errors in Measuring the Rod Diameters 

This error was not large because the diameters 
could be measured to 0.0005 inch, or \ percent. 
Such an error would lead to only f percent error 
in the applied stress, and since it was a statistical 
error it would practically disappear in the aver¬ 
age for twenty rods. 

3. Errors Due to Single Knife Edge 

Since the rods were measured in cross bending, 
with a 5-inch span and single knife edge loadings 
a certain amount of error existed when the rod 
did not break exactly underneath the knife edge. 
At a quarter-inch away from the central loading 
point the stress would be 10 percent less than at 
th^center. This changing stress caused a peculiar 
tyjpe of error to enter the results, because the 
lorig time loads nearly always broke the rod 
exactly under the knife edge, whereas under the 
short time loads the rod often broke as much as 
J r iach away from the central point. This would 
te&d to a correction upwards in the short time 
kxength, because the portion under highest 
slieas was not broken, and therefore would have 
broken only at a still higher stress. Scratched rods 
nearly always broke under the knife edge, even in 
short time tests. The effect seems also to be a 

lito 


function of the number and kind of flaws, It is 
estimated that this error could reduce the aver¬ 
age by as much as 5 percent in the short time 
loads. 

4. Error Due to Scattering of the Data 

The strength of the strongest rod in a sample 
might be twice as great as the weakest one. This 
scattering of the data resulted in a standard 
deviation for the individual rods that was about 
10 percent of the average of the sample. The 
standard deviation of the average of 20 to 25 rods 
would be about 2 to 2.5 percent of the average. 
It would appear from the foregoing that the 
average strengths of different samples could be 
expected to agree to only 5 percent, and differ¬ 
ences of as much as 8 percent would not be 
infrequent. On the other hand, actual check tests 
indicated that the procedure of preparing the 
samples had led to a strong correlation between 
them and that generally the average strength 
from sample to sample agreed to one percent or 
better. Unfortunately, insufficiency of data pre¬ 
vents an accurate computation of the correlation 
coefficient; and there is no assurance that the* 
averages of 20 to 25 rods might not differ by as 
much as 5 percent due to purely statistical 
fluctuations. 

5. Errors Due to the Loading Increments 

The choice of the loading increments involved 
a compromise between two errors. One error 
would be that caused by the weakening of the rod 
from previous loading, and would become greater 
as the increment was made smaller. The other 
error would be due to an insufficient number of 
statistical class intervals, and would increase as 
the increments were made larger. This latter 
error is fully described in books on statistics 2 so 
that it need not be discussed here, except to state 
that it would probably be less than one percent 
in the average, when a loading increment of be¬ 
tween 10 and 20 percent of the average is used. 

The weakening effect of the previous loading 
has not been fully investigated. Some tests were 
made which indicated that a loading increment 

•See, for example: G. U. Yule and M. G. Kendall, An 
Introduction to the Theory of Statistics (Charles Griffin and 
Company, Ltd., London, 1940) Chap. 6. 
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of 10 percent of the average or more, would cause 
less than a one percent decrease in the average 
strength. 

6. Errors Due to the Atmospheric Conditions 

Considerable data were obtained indicating 
that moisture and possibly gases affect the 
strength of glass. The specimens were tested wet 
after the phenomenon was discovered, but even 
then the presence of gases such as CO* possibly 
affected the results from one to five percent, the 
greater effect being for the longer load durations. 

7. Errors Due to Temperature 

Evidence has been obtained showing that tem¬ 
perature has a profound effect on both the 
strength and the fatigue of glass. It turns out that 
even small changes such as occur indoors will 
cause a change in the strength of glass amounting 
to one or two percent. 

8. Errors Due to Storage of Rods 

Since it was impossible to make all the tests at 
the same time, some of the rods were stored 
longer than others while the atmospheric condi¬ 
tions changed. There was some evidence that 
when rods were stored in a dry atmosphere for 
some time they did not have the same strength as 
rods stored in a damp atmosphere, even though 
they were tested wet in both cases. This resulted 
in another possible error of one or two percent in 
the final averages. 

9. Combination of Errors 

Considering these errors as a whole, it is esti¬ 
mated that the results cannot be considered 
accurate and controlled to more than ±6 percent. 
Moreover, it must be appreciated that certain 
types of error will tend to distort or bias the data, 
making the short time strengths appear less than 
they should be in comparison with the long time 
strengths, or.wee versa. Therefore, any generaliza¬ 
tions that depend upon an accuracy of better 
than 10 percent in the results, or series of results, 
should be treated with extreme caution. 

DISCUSSION OF RESULTS 

Since a primary objective of this work was to 
investigate the fatigue in commercial glassware 


under normal conditions of temperature and 
humidity, the data are limited to normally 
scratched glass tested either wet or in an atmos¬ 
phere of high humidity. As the difference in the 
strength of glass between 30 percent humidity 
and completely wet is only about 5 percent, the 
results are quite comparable. The surface con¬ 
dition of the rods was similar to the normally 
scratched and abraded condition found on bottles 
and window glass. Scratches, chatter marks, and 
percussion cones could be easily seen under a 
50-power microscope. 

Amount of Fatigue in Glassy Materials 

The fact most apparent from the data is that 
all of the glassy materials tested exhibit the 
phenomenon of static fatigue to a marked degree. 
In the case of the soda-lime rods the 0.01-second 
strength is 3.1 times the 24-hour strength. The 
ratio of the 0.1-second strength to the 24-hour 
strength is between 1.7 and 2.4 for all the glasses 
tested. The corresponding ratios for porcelain 
ranged from 1.52 to 1.59. 

Nature of Fatigue Curves 

The plotted curves giving the relationship 
between the breaking strength and the logarithm 
of the duration of test show that there is a rapid 
decrease in strength up to a minute or so, and a 
very slow decrease from then on. The relationship 
between the strength and the logarithm of the 
duration of load is not linear, as has been previ¬ 
ously supposed.* At present there is some ques¬ 
tion as to whether or not the curve is truly a 
monotonic decay, with steadily decreasing slope 
and steadily increasing radius of curvature, as we 
go to longer times. There remains a possibility, 
within the limit of accuracy of the tests, that 
there may be several points of inflection, implying 
deviations from our drawn curves. 

Effect of the Condition of the Surface 
upon Fatigue 

The condition of the surface has a profound 
effect on fatigue as well as upon the strength of 
the glass. Scratched glass loses much less strength 
in a given time interval than does unscratched 
glass. However, the percent loss of strength is 
roughly the same. This may be seen by comparing 

'A. Smekal, Ergebr. d. exakt. Naturwins. IS, 106-188 
(1936). 


VOLUME 17, MARCH, 1946 


177 



the tests on the scratched and unscratched Pyrex 
rods. The decrease for the scratched rods was 
7850 lb./sq. in. and the decrease for the un¬ 
scratched rods was 13,300. Yet the ratios of the 
0.01-second strength to the 24-hour strength were 
2.5 and 2.2, respectively. Unfortunately, this is 
all the data that are available for the comparison 
of scratched with unscratched rods, and the 
variable annealing stresses that existed in these 
rods as well as the different moisture conditions, 
tended to obscure the results. 

That badly damaged glass fatigued in the same 
ratio as less damaged glass was borne out by the 
fact that the percent standard deviation of a 
sample of each kind tested at 0.01 second was ap¬ 
proximately the same as that of s. sample tested 
for 24 hours, although the strengths had changed 
by a factor of 3.1 to 1. Thus in the case of the 
soda-lime glass the standard deviation for the 
0.01-second test, in which the average was 8500 
lb./sq. in., was 800 lb./sq. in. In both cases the 
Pearson coefficient of variation was approxi¬ 
mately 10 percent. Thus the stronger rods lost 
more strength than the weaker ones, yet they 
lost it in the same ratio. On the other hand, the 
fact that the rods broke under the central knife 
edge in long duration tests, but tended to break 
at some distance from it during the short dura¬ 
tion tests, indicates that strong glass (i.e., glass 
with little surface damage) has a greater per¬ 
centage loss of strength than weak glass. For it 
may be argued that in the short time tests some 
flaws made the rods weaker than other flaws did 
and the rods would break at 10 percent less stress. 
If these flaws were only } inch away from the 
central knife edge, the rod would break there. 
Then if the minor and major flaws reduced the 
strength in the same ratio, we should get the 
breaks in about the same way on the long time 
tests.'/fc'he fact that this does not happen indi¬ 
cates that the minor flaws must cause a greater 
fatigue rate in order to originate the breakage on 
the long time tests. 

) 

Effect of Chemical Composition 

the loss of strength of glass is con¬ 
nected with surface damage, which cannot be 


accurately standardized between different glasses, 
it is difficult to make accurate judgments con¬ 
cerning the effect of chemical composition upon 
fatigue. Apparently the short time to long time 
strength ratios are about the same for all glasses 
studied. The results on the disannealed Pyrex 
rods have to be discounted because of the 
impossibility of applying a good correction for 
annealing stresses. We are left, therefore, with 
the results for silica glass, lead glass, and soda- 
lime glass as being perhaps accurate enough to 
judge this point. The ratio between the 0.10- 
second test and the 24-hour test is 2.4 in the last 
two cases, so no distinguishable difference is 
evident. The ratio however is only 2.0 in the case 
of the silica glass, so there is some evidence that 
silica glass fatigues slightly less than soda-lime or 
lead glasses. 

In the case of the porcelains there is no question 
that they fatigue much less than the glass, as the 
ratio of the 0.10-second test to the 24-hour test 
ranges from 1.52 to 1.59. However, so little is 
known about the nature of fracture in porcelains, 
or aggregates in general, that it would be futile 
at this time to try to explain the fatigue in 
porcelain in terms of the fatigue phenomenon in 
glass, although they are probably closely related. 

SUMMARY OF RESULTS 

The results have corroborated previous investi¬ 
gations showing that the strength of glass depends 
on its surface damage, on the time it is under 
load, and upon atmospheric conditions. As the 
work progressed it became evident that these 
factors were interdependent in a complicated 
way. Nevertheless, to an accuracy of about 10 
percent we can be assured that glass has about 
three times the strength under our briefest loads 
that it has under long time loads; that the 
relative loss of strength with time is about the 
same for lightly damaged and badly damaged 
glass surfaces, although the absolute strength 
varies radically with the damage; and Anally, 
that chemical composition has only a small effect, 
if any, on fatigue. 
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The Effect of Water on the Strength of Glass 

T. C. Baker! and F, W. Preston 
* Preston Laboratories , Butler , Pennsylvania 
(Received November 1, 1945) 

The strength of glass was measured in various surrounding media. It was found that glass 
is 20 percent stronger when dry than when wet, and two to two and a half times as strong 
when baked in vacuum than when tested wet (on tests of ten seconds duration). Apparently, 
the chief cause of the loss of strength, as compared with that in vacuum, is moisture, but gases, 
especially COs, seem to have some effect. It was found that fatigue of glass disappears when 
the glass is tested in a vacuum. 

Autoclaving tests showed that glass is rapidly etched by water at higher temperatures, and 
that even silica glass is considerably attacked. It appears that the attack of water on glassy 
surfaces produces gels, and this attack goes on inside the flaws, thus considerably complicating 
the problem of the strength of glass. 


INTRODUCTION 

HE previous two papers 12 have shown that, 
under the conditions of the experiments 
therein described, there is a precipitate fall in 
the breaking strength of glass, including fused 
silica, and of porcelains in the first few milli¬ 
seconds of loading, and a slower but steady fall 
with the lapse of further time. They have also 
shown that moisture seems to have something 
to do with this, so that the breakage of glass can 
perhaps not be understood simply in terms of 
stress, strain, and elastic constants; rather docs 
“strength,” as we usually measure it, involve 
the properties of the surrounding medium, per¬ 
haps a reaction with the surrounding medium, 
and so pass out of the field of engineering and 
even of physics into the domain of physical 
chemistry. 

There have, indeed, both prior to the experi¬ 
ment detailed below and also between the time 
of the experiments (cl937-39) and the present 
(1945), appeared several papers by other investi¬ 
gators on the effect of the surrounding medium. 
Milligan,’ for instance, found that exposing 
freshly cracked glass to water vapor or alcohol 
vapor considerably reduced its strength. He 
found that moistening a freshly scratched piece 

t Present address: LibbejMDwens-Ford Glass Company, 



of glass reduced its strength 20 percent or more, 
and immersing the freshly scratched glass in dry 
paraffin oil increased the strength about 20 
percent. Initial experiments of the authors indi¬ 
cated that changes of the relative humidity of 
the atmosphere would affect the results of 
strength measurements by 5 percent or more. 
It was thus evident that the surrounding medium 
played a very important part in tests for the 
strength of glass. 

So it appeared desirable to investigate the 
effects of the surrounding medium on the strength 
of glass in greater detail than had been done 
heretofore. It was hoped that the studies would 
shed light on the causes of fatigue and possibly 
lead to a more complete understanding of the 
phenomenon of breakage. 

Accordingly, the glass specimens were tested 
after they had been put into various solutions, 
and after they had been dried in desiccators; 
they were even tested in vacuum. Unfortunately, 
the results of the tests were generally not clear 
cut, and often it was not possible to duplicate 
them, so the general picture became more com¬ 
plicated with every new experiment. At the time 
the work was stopped a great many loose ends 
remained, and our understanding of the strength 
of glass had not become sufficiently fixed so 
that we could feel sure of our ground. Neverthe¬ 
less, from a study of our data, in combination 
with that available in the literature, a general 
picture of the strength of glass began to emerge, 
indicating a much greater complexity than is 
usually supposed. 
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First of all. commercial glass has tiny flaws in 
its surface which can easily be seen with a micro¬ 
scope. After the flaw is made, water and gases 
enter it and radically change the nature of the 
surfaces and alter the physical and chemical 
conditions at the tip of the crack. If the glass at 
the flaw is under tensile stress, the water vapor 
affects the bonds at the tip of the flaw, causing 
great weakening. If the flaw is allowed to stand, 
the water vapor forms thin gels on the surfaces 
and rounds out the tip of the flaw, causing an 
increase in strength. There is reason to believe 
that complete equilibrium was not established 
in any of our experiments. 

The “strength” of glass began to appear to 
have little meaning as a physical constant of the 
material. It might be more correct to say that 
the phenomenon of rupture is due to several 
causes, including tensile stresses at the surface of 
the glass, the time during which the tension is 
applied, the nature and depth of the flaws, and 
the penetration of atmospheric or other reagents 
into the inside of the flaws. It is obvious that a 
great stress in itself would be a sufficient condi¬ 
tion to break the glass, yet there exists evidence 
that atmospheric and weather conditions also 
would cause some flaws to extend to the point of 
rupture. 4 So it is doubtful that any one single 
cause is an essential element in the breakage. 

With such a complicated picture to investigate 
it becomes apparent that controlled tests are 
particularly difficult. Many of the factors cannot 
be truly controlled, such as the size and orienta¬ 
tion of a flaw, so it is not surprising that effects 
should occur that could not be duplicated. For 
this reason much of the data in this paper has 
been included not to prove points finally but 
me&ly to indicate the nature of effects, so that 
finre research on this problem will be on a 
sounder basis. 

The strength of ordinary commercial glass 
depends primarily on the size, depth, and orienta¬ 
tion of the tiny cracks and flaws on its surface. 
Those flaws cause the strength to be reduced 
'^j&nja theoretical strength of several million 
.pounds per square inch to one that varies be¬ 
tween 2000 lb./8q. in. and 20,000 Ib./sq. in. in 

A. Silverman and L. G. Ghering, "Deterioration of 

* Whiskey bottles,” Glass Ind. [9] 19, 339 (1942). 


glassware whose surface has been damaged by 
abrasion and impact. The effects of the surround¬ 
ing medium upon the strength, therefore, can 
only be comparative. So, in our experiments, 
two or more samples of about 25 glass rods each 
were tested under different conditions and the 
ratio of their strengths determined. 

Any surrounding medium seems to lower the 
strength by a certain ratio below the vacuum 
strength, rather than to subtract a fixed amount 
from the vacuum strength. For example, if the 
strengths of two comparable samples were ob¬ 
tained, one in vacuum and the other in air, and 
the strength in vacuum was 20,000 lb./sq. in. 
and in dry air 10,000 lb./sq. in., the ratio would 
be 2.0. Two other somewhat stronger samples 
tested in vacuum and dry air might have 
strengths of 30,000 and 15,000 Ib./sq. in., and in 
this case also the ratio would be 2.0. This rule, 
that the surrounding medium affects the strength 
by a ratio, seems to be approximately true of all 
our studies on fatigue of glass as affected by 
the surrounding medium. 

APPARATUS 

The apparatus used to measure strengths of 
glass rods in the following experiments was the 
quick-loading apparatus described in a previous 
paper. 1 When it became necessary to measure 
the strength of glass in vacuum, the quick¬ 
loading apparatus was put into a vacuum 
chamber. Otherwise the rods were tested out in 
the open air after they had been treated accord¬ 
ing to the various procedures described. 

The vacuum strength-testing apparatus in¬ 
cluded a vacuum chamber, consisting of a bell 
jar resting on a cylindrical steel shell, in which 
the entire quick-loading apparatus was placed. 
A glass rod is supported by two knife edges five 
inches apart. A wire bale is looped over the glass 
rod and connects to the armature which hangs 
freely in a magnetic air gap. A field coil produces 
the magnetic field in the air gap. This field coil 
was covered with cement to prevent outgassing 
when the vacuum was drawn. On either side of 
the glass rod were added two heater coils con¬ 
sisting of chromel wire wrapped around porcelain 
rods. An easily removable furnace shield pre¬ 
vented radiation from the heater coils from 
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Table 1. 


warming the bell jar too much while the rod was 
being baked out. A glass window at the end of 
the furnace shield permitted observation of the 
rod during the test. The shield had several 
openings to the main chamber so that there was 
no doubt of its having the same vacuum as 
that in the main chamber. The vacuum chamber 
is enclosed by a large bell jar resting on a steel 
cylinder which has a flat bottom welded to it. 
The vacuum chamber is evacuated through an 
outlet leading to a McLeod gage and a diffusion 
pump. 

PROCEDURE 

The procedure for testing the strength of glass 
rods was described in a previous paper. 8 

Briefly, a table was constructed which gave 
the stress in terms of the current through the 
armature coil for every rod diameter. The diam¬ 
eter of each rod was measured before inserting 
it into the quick-loading apparatus. A minimum 
stress was put on the rod for a given length of 
time; if the rod did not break, it was then stressed 
at a higher level for the same length of time, and 
so on until it broke. The stress was increased in 
steps of 2000 lb./sq. in. if the average strength 
was greater than 12,000 lb./sq. in., and in steps 
of 1000 lb./sq. in. if the average strength was 
less than 12,000 lb./sq. in. Preliminary experi¬ 
ments enabled the operator to tell which in¬ 
crement to use. The average breaking stress of 
each sample of rods was corrected, as explained 
previously, 8 by subtracting one-half the incre¬ 
ment from the average. 

The procedure in testing glass rods for strength 
under vacuum was to insert the rod in the quick¬ 
loading apparatus, put the furnace shield into 
position and, after placing the bell jar on top 
of the iron cylinder, start the mechanical vacuum 
pump. Because of the large volume of the test 
chamber, the mechanical pump was operated for 
a half-hour or so before it became feasible to 
start the diffusion pump. After an hour and a 
half the vacuum would be down to 1 micron or 
less, at which time the rod would be baked out at 
about 350°C for 10 minutes. After baking out, 
the rod was allowed to cool for one hour because 
it lost heat very slowly. Even at the end of an 
hour, when the rod was tested for strength, the 
temperature of the rod was about 80°C. 


Temp. Time Dura- 
Test of bake of bake tion 

No. Pressure out out of test Average strength 

1 0.05 micron Hg 350°C 10 min. 10 sec. 24,700 lb./sq. in. 

2 0.2 micron Hg 350°C 10 min. 10 sec. 23,800 lb./sq. in. 

3 0.1 mm Hg 350°C 10 min. 10 sec. 18,900 ib./sq. in. 

4 760 mm (wet) 10 sec. 12,100 lb./sq. in. 


RESULTS 

Results of the Vacuum, Drying, and 
Autoclaving Tests 

The strength of glass rods was measured under 
various degrees of vacuum with different heating 
treatments. These tests were aimed at discover¬ 
ing the effect of vacuums, and the effect of heat¬ 
ing plus vacuums, upon the strength and fatigue 
of glass of various chemical compositions. In 
general, comparisons were made between the 
average strengths of twenty rods. In this way a 
series of twelve experiments was carried out on 
comparable samples to determine the effect of 
various treatments on “strength.” 

Experiment I—Variation of Vacuum, 
Soda-Lime Glass 

Soda-lime rods approximately two years old 
were made into four comparable samples of 
approximately twenty rods each. The rods had 
been stored part of the time in an unheated 
warehouse and had been alternately moist and 
dry, causing a slight amount of weathering or 
bloom to form on their surfaces. Three of the 
samples were tested under vacuum as described 
above. The fourth sample was tested wet under 
atmospheric pressure with no heating. The re¬ 
sults are shown in Table I. 

From these results it can be seen that the 
strength is greatest in the highest vacuum. The 
strength of the glass when tested in the 0.05- 
micron vacuum is greater than the strength 
when the glass is tested wet at atmospheric 
pressure by a factor of 2.04. The tests are limited 
to ten-second duration. It is probably significant 
that the strength at 0.05 micron is slightly greater 
than at 0.2 micron, but since the probable error 
of the results is around 250 lb./sq. in. from 
statistical fluctuations alone, this conclusion will 
have to be treated with reserve. 
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Table II. 


Test 

No. 

Pressure 

Temp, 
of bake 
out 

Time 
of bake 
out 

Dura¬ 
tion 
of test 

Average strength 

! 

0.1 micron Hg 

350°C 

10 min. 

10 sec. 

44.300 Ib./sq. in. 

2 

0.1 mm Hg 

350°C 

10 min. 

10 sec. 

32,200 lb./sq. in. 

3 

10 mm Hg 

350°C 

10 min. 

10 sec. 

29.200 lb./sq. in. 

4 

760 mm Hg (wet) 



10 sec. 

17,700 lb./sq. in. 


the presence of fresh phosphorous pentoxide. 
The third sample was tested wet, at atmospheric 
pressure. The results are shown in Table IV. 

From these tests it can be seen that the ratio 
between the strength in vacuum and the strength 
wet is only about 1.5. The effect is apparently 
markedly less than on glass rods. 


Experiment II—Variation of Vacuum, 
Pyrex Glass 

Four comparable samples of carefully handled 
Pyrex rods were tested by the same procedure 
as used for the soda-lime rods in experiment 1. 
The results are shown in Table II. 

The strength is greatest in the highest vacuum 
and is less as the vacuum is reduced. In this 
experiment on Pyrex glass the strength in the 
0.1-micron vacuum is 2.50 times the strength 
wet in the atmosphere. 

Experiment III—Silica Glass 

This experiment was made on two comparable 
samples of silica glass rods. The procedure was 
the same as above. The results are shown in 
Table III. 

These tests show that for silica glass the ratio 
between the strength of rods baked out in 
vacuum and the strength of those tested wet is 
only 1.67 on the ten-second test. 

Table III. 

Temp. Time Dura- 
Teet of bate of bake tion 

No. Pressure out out of test Average strength 

1 0.05 micron Hg 350°C 10 min. 10 sec. 27.900 ib./eq. in. 

2 760 mm Hg (wet) 350°C 10 min. 10 sec. 16,700 lb./sq. in. 


^ Experiment IV—Porcelain 

Hn order to see whether or not a similar effect 
is obtained with porcelain, strength tests were 
made on three comparable porcelain samples. 
For the first sample the procedure was to bake 
<^it the test specimens in a vacuum for 10 minutes 
find allow them to cool for an hour to about 
before testing. On the second sample the 
rods were dried for one week in a desiccator in 
the presence of phosphorous pentoxide, then 
taken out of the desiccator and quickly tested 
in the test chamber at atmospheric pressure in 


Experiment V—Effect of Heat. Soda-Lime Glass 

There was some question as to whether or not 
heating had much effect upon the strength of 
glass rods under vacuum. This test was made to 
compare the strength of glass rods under vacuum 


Table IV. 


Teat 

No. 

Atmosphere 

Temp, 
of bake 
out 

Time 
of bake 
out 

Dura¬ 
tion 
of test 

Average strength 

1 

0.01 micron 
vacuum 

350°C 

10 min. 

10 sec. 

10.400 lb./sq. In. 

2 

Dried in 
desiccator 



10 sec. 

7400 lb./sq. in. 

3 

Wet 



10 sec. 

6950 lb./sq. in. 


with and without baking out. Since from the 
time the vacuum pumps were started to the time 
of test on the baked-out rods was about four 
hours, the sample that was not baked out was 
kept under vacuum for that time also. The 
results (Table V) were obtained on three com¬ 
parable samples of 20 soda-lime rods. 

These tests clearly showed that the strength 
was greatest on the 10-second tests when the 
rods were baked out in vacuum. 

Experiment VI—Effect of Vacuum on Fatigue, 
Soda-Lime Glass 

In order to study the effect on fatigue of 
different levels of vacuum, four comparable 
samples of soda-lime glass rods similar to those 
in experiment I were used. These rods had been 
stored in an unheated warehouse and had visible 


Table V. 


Test 

No. 

Pressure 

Temp, 
of bake 
out 

Time 
of bake 
out 

Dura¬ 
tion 
of tart 

Average strength 

1 

0.1 micron Hg 

3S0*C 

10 min. 

10 sec. 

25,950 lb./aq. in. 

2 

0.1 micron Hg 

None 


10 sec. 

21,900 lb./aq. in. 

3 

760 mm Hg (wet) 



10 sec. 

12,900 lb./aq. in. 


m 
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evidence of weathering on their surfaces. The 
results are shown in Table VI. 

These results indicate that there is no fatigue 
when the rods are baked out at 0.1 micron of Hg 
vacuum, but there is considerable fatigue at 
0.1 mm of Hg vacuum. The fact that the 
strength of the rods on the 0.1-second tests was 
greater for the lower vacuum than for the higher 
vacuum seems hard to explain, especially since 
the results could not be duplicated in experiment 
VII which was performed on another batch of 
soda-lime rods of the same chemical composi¬ 
tion. However, when Test No. 3 was being con¬ 
ducted, it became evident as soon as a few rods 
had been tested that the data were going to be 
very different from that of Test No. 1, and the 
apparatus was carefully checked without dis¬ 
covering anything unusual. There was no doubt 
of the increased stress the rods were bearing; 
this was shown by the amount of bending they 
underwent before breaking. Moreover, check 


Table VI. 


Teat 

No. 

Pressure 

Temp, 
of bake 
out 

Time 
of bake 
out 

Duration 
of test 

Average strength 

1 

0.1 micron Hg 

300°C 

10 min. 

0.1 sec. 

25,900 lb./sq. in. 

2 

0.1 micron Hg 

300°C 

10 mm. 

10 sec. 

25,900 lb./sq. in. 

3 

O.l mm Hg 

300°C 

10 min. 

0.1 sec. 

32.200 lb./sq. in. 

4 

0.1 mm Hg 

300°C 

10 min. 

10 sec. 

21,600 lb./sq in. 


tests with a few remaining canes were run at 
conditions of Test 3, which confirmed the above 
results on this batch of rods. 

Experiment VII—Effects of Vacuum and Heating 
on Fatigue 

In order to investigate the peculiarities noticed 
in experiment VI, Tests 1 and 3, a series of tests 
was made on a new batch of soda-lime rods of 
the same chemical composition as those used in 
experiment VI. These rods were only a few 
months old and showed no signs of weathering 
at the time the tests were made. Various heat 
treatments were used to see if there was any 
indication of the effects found in experiment VI. 
The results are shown in Table VII. 

These tests confirm the results of experiment 
VI in that tlfere is practically no fatigue when 
the glass is baked out at high vacuum. The 
tests do show however that the increased strength 


Table VII. 


Teat 

No. 

Nature of 
treatment 

Pressure 

Duration 
of test 

Average strength 

1 

Heated 15 minutes 
at 0.01 micron 
using P«0» 

0.01 micron 

10 sec. 

25,520 lb./sq. in. 

2 

Heated 15 minutes 
at 0.01 micron, 
no desiccator 

0.01 micron 

10 sec. 

25,330 lb./sq. in. 

3 

Heated 15 minutes 
at 0.1 mm; then 
again at 0.01 mi¬ 
cron 

0.01 micron 

0.1 sec. 

25,809 lb./sq. In. 

4 

Heated 15 minutes 
at 0.1 mm. tested 
cool 

0.1 mm 

0.1 sec. 

25,619 lb./sq. in. 

5 

Heated 5 minutes 
at 0.1 mm 

0.1 mm 

0.1 sec. 

25,050 lb./sq. in. 

6 

Heated 10 minutes 
at 0.1 mm, held 

1 hr.; heated 19 
minutes 

0.1 mm 

0.1 sec. 

23,050 lb./sq. in. 

7 

No heating 

0.1 mm 

0.1 sec. 

25.250 lb./sq. in. 


on Test 3 of experiment VI was not a repeatable 
phenomenon on the newer rods, and that the 
0.1-second strength at lower vacuum was prac¬ 
tically the same as that at higher vacuum. It is 
our opinion that weathering had formed gels in 
the cracks that had very much influenced the 
strength tests in experiment VI. 

Experiment VIII—Effect of Dried Air 

In order to get some idea as to whether or not 
gases other than water vapor affect the strength 
of glass, four comparable samples of soda-lime 
rods were prepared. In the first test the rods of 
sample 1 were baked out and tested in vacuum 
as before. In the second test the rods of sample 2 
were baked out at 0.01 micron and allowed to 
cool for 1 hour, then the air was allowed to enter 
after it had been dried by bubbling through two 
stages of concentrated sulphuric acid. After a 
period of half an hour, the rods were tested for 
strength. The third test, with sample 3, was the. 


Table VIII. 


Test 

No. 

Pressure 

Temp, 
of bake 
out 

Pressure of test 

Duration 
of test 

Average strength 

1 

0.01 micron Hg 

soo-c 

3)1 mieron 

10 see. 

21,600 Ib./«q. In' 

2 

0.01 mieron Hg 

300*0 

700 mm after 
♦ hour 

lOeee. 

88,600 lb./eq. in. 

3 

0.01 mieron Hg 

3O0*C 

760 mm after 
84 bourn 

10 see. 

22,000 lb./eq. in. 

4 



760 mm wet 

10 see. 

12^00 lb./sq, In 
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Table IX. 


Test 

No. 

Relative 

humidity 

Duration 
of test 

Average strength 

1 

0 

100 sec. 

11,300 lb./sq. in. 

2 

30% 

100 sec. 

10,200 lb./sq. in. 

3 

100% 

100 sec. 

9,800 lb./sq. in. 


same as the second except that the rods remained 
in the dry air atmosphere for 24 hours before 
testing. The rods of sample 4 received no heat 
treatment and were tested wet at atmospheric 
pressure. The results are shown in Table V1U. 

Apparently even dry air causes some reduction 
in the strength of glass, as can be seen from a 
comparison of Test 1 with Tests 2 and 3. How¬ 
ever, it is possible that slight amounts of moisture 
were able to come through the drying apparatus 
and of course there must have been some SO, 
and HjSO, gases present. 

'Experiment IX—Effects of Dry Storage 

It was thought advisable to obtain compara¬ 
tive figures on the strength of "dry” glass rods 
as compared with glass under average atmos¬ 
pheric conditions and as compared also with 
thoroughly wet glass. The "dry" rods were dried 
in a desiccator for a week in the presence of 
P,0, before testing. The results are shown in 
Table IX. 

An increase of strength of about 15 percent 
above the strength when wet is indicated when 
rods are dried in a desiccator, and an increase 
of about 5 percent when the relative humidity is 
around 30 percent. However, this work was not 
too carefully controlled and is included merely 
to show approximately what can be expected. 

a 

eriment X—Effect of CO„ Soda-Lime Glass 

A few tests had indicated that some factor 
other than water was a weakening agent. We 
suspected CO, because it is known that CO, in 
*weak solution will dissolve silica more than will 
plain water. Four comparable samples were 
IMfed. Each sample was put into a different liquid 
for two hours previous to testing and kept wet 
with the liquid during test. The liquids used 
were distilled water, distilled water carbonated 
at room temperature, distilled water with aatu- 

\H 


rated Ca(OH),, and distilled water with normal 
NaOH. It was felt at this time that the differ¬ 
ences of strength observed were due more to 
differences of fatigue rates rather than to a 
fundamental lowering of the "strength.” There¬ 
fore the rods were tested for 100 seconds duration 
in hopes that differences would be more apparent. 
The results are shown in Table X. 

There is some indication that the CO, is an 
additional weakening agent besides the water. 
If so, the rest of the data might be explained on 
the basis that the CO, that is normally in the 
air was kept away from the flaws. However, 
until more carefully controlled tests are available 
it will not be possible to be absolutely sure about 
the effect of CO,. 

Experiment XI—Effect of Etching by 
Water Vapor 

Since the attack of water on glass appeared to 
be the chief cause of fatigue and the chief 
weakener of glass, some studies of the effect of 
water upon glass at an elevated temperature 
were tried. A high pressure autoclave allowing 
use of steam up to 1000 Ib./sq. in. was used to 
make the tests. It was found that under pro¬ 
longed treatment at pressures as high as 800 
lb./sq. in. all glasses, including silica glass, 
were attacked severely by water. The soda-lime 
glasses were attacked the most, Pyrex glasses 
next, and silica glass least of all. The attack was 
similar to etching with hydrofluoric acid. In the 
case of the soda-lime glasses a very thick jelly- 
like layer formed on the surface. Since the etching 
was similar to that of hydrofluoric acid, one would 
expect the rods to get stronger when autoclaved. 
Unscratched silica rods and rods scratched with 
coarse emery were autoclaved at 700 to 800 
lb./sq. in. for twenty-four hours and then re¬ 
moved and tested for strength (Table XI). «. 


Table X. 


Test 

No. 

Liquid surrounding rod 

Duration 
of test 

Average strength 

1 

Distilled water 

100 sec. 

13,400 !b./iq. in. 

2 

Distilled water satu¬ 
rated with COi 

100 sec. 

13,150 lb./aq. in. 

3 

Saturated solution of 
Ca(OH)s 

100 sec. 

13,950 lb./aq. in. 
0 

4 

Normal solution of 
NaOH 

100 sec. 

13,750 lb./aq. in. 
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Table XII. 


From these tests it is immediately evident 
that autoclaving can increase the strength of 
silica glass, probably by etching out the flaws. 

Tests similar to those on the silica rods were 
made on soda-lime glass rods. In this case the 
rods were autoclaved for four hours at 600 lb./ 
sq. in. then removed and tested wet in the quick¬ 
loading apparatus. The results are shown in 
Table XII. 

These tests on soda-lime rods showed that 
their strength also could be increased by etching 
in an autoclave. 

Experiment XII 

Some further tests were made on the breaking 
strength of rods in an autoclave. A glass rod was 
supported by knife edges and loaded centrally 
with a heavy metal weight. The whole apparatus 
was put into the autoclave and the steam pres¬ 
sure was applied for about one hour. Then it 
was observed whether or not the rod had broken. 
When the rod did not break in the autoclave, it 
was next tested in the open and found to be 
very much stronger than comparable rods that 
had not been autoclaved. But such rods as did 
break in the autoclave broke at unusually low 
stresses of 2000 Ib./sq. in., and even less, com¬ 
pared with about 5000 lb./sq. in. for the lowest 
breaking strength of comparable rods when 
tested for 24 hours in the open. It would appear 
therefore that glass can fatigue very much more 
in an autoclave than in ordinary atmospheric 
conditions. 

Discussion of Results of Vacuum Tests 

These experiments on the strength of glass in 
a moderately high vacuum show clearly that the 
strength of glass is much greater in vacuum than 
when the glass is wet and in the open, and that 
fatigue is greatly reduced or entirely eliminated 
by vacuum treatment. 

The increase in strength due to baking in a 


Table XI. 


Test No. 

Time 

autoclaved 

Steam 

pressure 

Duration 
of test 

Average strength 

Scratched 

2-Scratched 
Unscratcbed 
4-JLJascratched 

24 hour* 

0 

24 hours 

0 

700-800 

700-800 

10 sec, 

10 sec, 

10 sec. 

10 sec. 

30,000 lb./sq. in. 

8000 lb./sq. in. 
54/XX) lb./sq. in. 
19,000 lb./sq. in. 


Test 

Duration 
of auto- 

Pressure of 

Duration 


No. 

chiving 

autoclave 

of test 

Average strength 

5 

4 hours 

600 lb./sq. in. 

10 sec. 

27,400 lb./sq. in. 

6 

0 

10 sec. 

13,000 Ib./sq. in. 


vacuum is shown by experiments I-IV. The ratio 
of the vacuum strength to the wet strength is 
2.5 for Pyrex, 2.0 for soda-lime glass, 1.7 for 
silica glass, and 1.5 for porcelain. Thus it would 
appear that this effect is dependent somewhat on 
chemical composition. The fact that it is rela¬ 
tively low for porcelain and silica glass (which 
are chemically resistant) would suggest that the 
effect is correlated with the chemical attack of 
moisture or gases at the tip of the crack. 

It is quite evident that glass fatigues very 
little, if at all, in a high vacuum. Tests 2 and 3 
of experiment VII show that the strength is 
25,800 lb./sq. in. on the 0.1-second test and 
25,300 Ib./sq. in. on the 10-second test. Also, 
Tests 1 and 2 of experiment VI give the strength 
as 25,900 on both the 0.1-second and 10-second 
tests in high vacuums. The fact that there was 
very little fatigue at high vacuums was evident 
from observations with a cathode-ray oscillo¬ 
graph of the times required to break the rods. The 
rods generally broke as soon as the load came on 
or not at all; only occasionally was there definite 
evidence of delayed breakage. However, unless 
the rods were baked out at 350°C or more, at 
high vacuum, there was considerable evidence of 
fatigue. It would therefore appear that fatigue is 
caused primarily by the action of water vapor 
and adsorbed gases acting in the flaws. It is very 
doubtful that even heating the glass up to 
350°C or more removed all the water vapor 
from the flaws, since they were in the neighbor¬ 
hood of 0.005-inch deep in the glass used and 
probably only a few Angstrom units wide at the 
tips. Too little theoretical knowledge is available 
to estimate the length of time required to evacu¬ 
ate the water vapor under those circumstances. 
It is possible that the most sensitive test of the 
presence of water vapor in the tip of a flaw is the 
occurrence of fatigue in strength tests. 

There is considerable evidence that the 
"strength” of glass is a much more complicated 


Yoimat ir, march, mm 


18$ 



matter than is generally realized. Such evidence 
is apparent in a comparison between the tests in 
experiments VI and VII. In both cases the rods 
were of the same composition. The rods in 
experiment VI had been stored for a few years, 
some of the time in an unheated warehouse, and 
showed slight weathering. These rods showed a 
strength of 32,200 lb./sq. in. on the 0.1-second 
test in a 0.1-mm vacuum, as compared with 
25,900 lb./sq. in. for rods baked out in a vacuum 
of 0.1 micron. Careful checks were made so 
there was no doubt of the phenomenon, yet it 
was unrepeatable in experiment VII on glass 
that was not so old and had been stored in a 
heated room most of the time. 

The only hypothesis to., explain these rather 
erratic results seems to be that gels form in the 
flaws which strengthen the glass but have much 
greater fatigue rates than glass. When the glass 
is thoroughly baked out, the gels crack or lose 
their strength to an extent that makes them a 
negligible factor. 

The chemical attack of water on glass at 
elevated temperatures and pressures was shown 
in experiments XI and XII. It was somewhat 
surprising to see the rapidity of attack of water 
on silica glass at steam pressures around 700 to 
800 pounds per square inch. That the flaws were 
etched out and that the strength of the glass 
was increased was clearly demonstrated. It was 
surprising to find that the process of fatigue could 
be remarkably speeded up at these temperatures, 
so that glass fatigues to much less than its 24- 
hour strength in a matter of an hour or possibly 
only a few minutes. These results strengthen 
our feeling that the process of fatigue is essen¬ 
tially a chemical attack. 

The chemical attack upon glass by moisture is 
-extensively discussed in the literature and sum- 
umarized by Morey.* That a chemical attack 
inside the flaws should decrease the strength of 
glass is not surprising, as one would expect the 
borfds under the greatest tension to be those 
-yno 3 t ready to rupture and combine to form new 
N compounds. This chemical attack will of course 
yjkpend on two factors, the first being the ability 
of the water to penetrate to the tip of the flaw 
and the second being the chemical durability of 

*G. W. Morey, The Properties of Gloss (Reinhold 
Publishing Corporation, New York, 1938), Chap. V. 
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the glass. The fact that all cracks are pretty 
much alike dimensionally as well as the fact that 
all glasses, including silica, are attacked by water 
probably accounts for the similarity of strength 
between glasses at room temperature. That there 
are differences in the amount of fatigue in glasses 
of different compositions and that the ratio 
between the strength of glass in vacuum and the 
strength of glass wet is different for different 
glasses indicate that there is a partial correla¬ 
tion between chemical composition and fatigue 
of wet glass. It was found* that silica appears to 
fatigue less than soda-lime and Pyrex, and the 
Pyrex appears to fatigue even more than soda- 
lime if one takes into account the fact that the 
samples of Pyrex glass had an initial com¬ 
pression. Then of course in the vacuum work 
just cited the ratio of the vacuum strength to 
the wet strength was greatest for Pyrex, with 
soda-lime following and, finally, the ratio for 
silica glass was least of all. In general, Pyrex 
glass is considered to be more chemically durable 
than soda-lime, hut this is not necessarily true 
when the attacking medium is basic in nature. 
In a flaw there is no reason for the alkali to be 
leached out. Since probably the attack in both 
Pyrex and soda-lime glass is basic in nature the 
correlation with chemical durability seems to 
hold. 

These tests on the strength of glass under 
different conditions of the surrounding medium 
give considerable insight into the ultimate ques¬ 
tions pertaining to the fatigue of glass under 
constant load. Specifically, it seems to be neces¬ 
sary to distinguish between glass in which the 
flaws are of recent origin and glass in which 
the flaws have existed for some time and have 
been exposed to the atmosphere. 

In the first case the glass has a definite strength 
under high vacuum no matter what the duration 
of the load (at least to the extent covered in 
our tests). When even slight amounts of moisture 
are present the glass loses strength with duration 
of load, although this loss is slight in moderate 
vacuum. As the humidity is increased, the loss 
of strength with duration of load becomes greater, 
that is, as the absolute vapor pressure of the 
water is increased a condition arises where fatigue 
is very rapid. Thus it appears that when the 
duration of load is decreased the strength of 
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glass approaches its vacuum strength. This sug¬ 
gests that in extrapolating fatigue curves to 
shorter times it would be unjustified to go to 
durations which yield strengths greater than the 
vacuum strength. Moreover, we should expect 
the fatigue curves, now extended experimentally 
only to 0.01-second duration, to level off as the 
duration of load is decreased to around 0.0001 
second. In all probability the extrapolation of 
the present fatigue curves to shorter times is 
not legitimate. 

In the second case, where the flaws have had 
time to weather and gels have formed inside 
them, the picture of the short time strength is 
too complicated to permit any definite statement. 
The short time strength probably is determined 
more by the strength of the gels than by the 
strength of the glass. Some glass may act like 
freshly scratched glass and some may show 
behavior characteristics similar to the weathered 
glass of experiment VI. The very short time 
strength can be equal to or greater than the 
vacuum strength, depending on the gels. 

In the middle range of durations of load (from 
0.01 second to perhaps several years) the decay 
of strength with time of wet glass at room tem¬ 
perature and atmospheric pressure may be repre¬ 
sented by the equation 

5=[Ci/log C 2 /]+C,. 

This equation may be regarded as empirical, 
and other empirical formulae fit the results 
equally well. One such equation is discussed by 
Preston and Glathart in the fourth paper of 
this series, entitled “The Fatigue Modulus of 
Glass." 6 

Under “atmospheric" conditions, it is likely 
that there is very little difference in fatigue 
between glass with weathered flaws and glass 
with fresh flaws. But this may depend on the 
way we define “fatigue"; see the paper of 
Preston and Glathart mentioned above. 6 

If however the conditions of the atmosphere 
are changed the picture is greatly altered. As the 
temperature and water vapor pressure are in¬ 
creased the fatigue is rapidly accelerated until 
at pressures of a few hundred pounds of steam 

• F. W. Preston and J. L. Glathart, J. App. Phys. 17,189 
(1946). 


a decline in strength takes place in a few minutes 
that might take hours or years at room tem¬ 
perature. However, if the glass is not broken the 
flaws will etch out in a few hours and the speci¬ 
men will become very much stronger than before. 
Ultimately, the attack of the steam will destroy 
the glass rods completely and so we may con¬ 
sider the strength to be zero for glass subjected 
to 1000 lb./sq. in. steam pressure for a week 
or two. 

If a glass rod were under constant load and 
surrounded by water at room temperature, it is 
exceedingly probable that its strength would 
behave in a manner similar to that of glass 
subjected to elevated temperatures in an auto¬ 
clave. For fairly high stresses the tips of the flaws 
would tend to round out without much extension 
and the glass would eventually become stronger. 
Ultimately, the glass would dissolve and be 
destroyed by the water, but many thousands of 
years would be required in the case of chemically 
resistant glasses. 

It is a moot question as to what will happen 
to glass under load at room temperature in a 
dry atmosphere (relative humidity between 1 
percent and 50 percent). There is evidence of 
chemical attack on most glasses under these 
conditions. The glass will fatigue in about the 
same way as it does when it is wet. Therefore, 
it is likely that for many glasses the ultimate 
results will be the same. Under high stresses the 
flaws will extend until breakage occurs. Under 
low stresses of about 1000 to 2000 lb./sq. in. the 
attack of the water will tend to round out the 
flaws and the glass will slowly get stronger. On 
the other hand, crystalline material may form, 
in the case of some of the less durable glasses, 
tending to force open the flaws and progressively 
extend them. In such a case the strength of the 
glass is zero for durations of load as short as a 
few years. 4 

CONCLUSIONS 

In high vacuum, thoroughly baked out glass 
can be said to have a tensile strength fairly inde¬ 
pendent of the time of loading, at least for the 
shorter durations of load. If glass is exposed to 
moisture it rapidly loses strength under stress. 
In ten seconds the strength can decay to i or § 
of the vacuum strength, and it may decay to \ 
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the vacuum strength in 24 hours. This strength 
decay appears to be caused by a chemical attack 
in the flaws of the glass by water and possibly 
by some gases such as CO 2 . 

It therefore appears that for very short dura¬ 
tions of load the strength of freshly scratched 
glass approaches the high vacuum strength. For 
moderate durations of load ranging from 0.01 
second to probably several days or so the 
strength of wet glass or glass under humid 
conditions approximately obeys the relationship 

S-ZCi/hgCfi+C*, 

where 5 is breaking stress, / is time, and Ci, C 2 , 
and Ci are arbitrary constants. For longer dura¬ 
tions of load, several years or more, the chemical 
composition is so important as to be the con¬ 
trolling factor in strength, but there is reason 
to believe that at low stresses the flaws can etch 
out and the glass actually become stronger, in 
the case of chemically resistant glasses, so that 
glasses that survive for years may survive for 
several millions of years. Inevitably of course the 
chemical attack of the atmosphere will disin¬ 
tegrate the glass to a point where the strength 


is zero, in the case of silica glass in probably 
billions of years. 
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The Fatigue Modulus of Glass 

J. L. Glathart and F. W. Preston 
Preston Laboratories , Butler, Pennsylvania 
(Received November 1, 1945) 

The decline in the breaking strength of glass with an increase in the length of time it is 
under stress has been noted by various experimenters. Based on the experimental results of 
T. C. Baker, an empirical relationship is obtained which indicates that the reciprocal of the 
breaking stress is a linear function of the logarithm of the duration of the stress. Certain 
implications of this relationship are discussed. 


I. INTRODUCTION 

ARIOUS experimenters have shown that a 
glass specimen may sustain a certain static 
stress momentarily but will ultimately fail under 
the same stress, with the mere passage of time. 
No complete theoretical basis for this effect has 
as yet been established, although Murgatroyd 1 
has recently proposed a 1 ‘viscous pocket" theory 
for the constitution of glass which, he states, is 
capable of accounting qualitatively for the ob¬ 
served decrease in strength with time. 

The object of the present paper is to present an 
empirical relation which fits the strength-time 
curves of all the glasses for which adequate 
experimental data are available. Some of the 
implications of this relation are discussed. 

II. THE STRENGTH-TIME RELATION 

In another paper* T. C. Baker has given his 
experimental results of the fatigue effect in fused 
silica, three kinds of commercial glasses, and 
three porcelains. His results are summarized in 
Table I. 

The total range of durations of stress is seen to 
be from 0.01 second to 24 hours (86,400 seconds), 
a range of nearly ten million to one. This is a 
tremendous range, and it becomes virtually 
necessary to plot it on a logarithmic base. The 
various ranges of strengths, however, are rela¬ 
tively small, from 23,880 to 11,740 Ib./sq. in. in 
the case of fused silica, for instance, and from 
19,900 to 6,450 lb./sq. in. in the case of soda-lime 
glass. It is natural to plot this on a linear or 
arithmetical scale. This method of plotting, / 
against log/, was the one adopted by Smekal* 

1 J B. Murgatroyd, J. Soc. Glass Tech. 28,406 (1944). 

* T. C. Baker and F. W. Preston, “Fatigue of glass under 
static loads," J. App. Phys. 17, 170 (1946). 

• A. Smekal, Ergeb. d. exakt. Naturwiss. 15, 106 (1936). 


who, over a smaller range of durations, reported a 
linear relationship. This came about, as James 
Bailey pointed out later, 4 because Smekal inad¬ 
vertently misplaced some of his points by a factor 
of ten. Had they been correctly plotted, his line 
would not have been straight. 

Baker adopted the same rather natural method 
of plotting, and obtained very definitely curved 
lines for all of his materials, the curvature being 
the more obvious because of his longer range of 
time intervals. Baker, with commendable cau¬ 
tion, refused to indulge in any speculation re¬ 
garding the strengths of his materials beyond the 
experimental time range, but warned that any 
point on any of his curves might be in error by as 
much as ±10 percent. * 

The Preston Laboratories have received vari¬ 
ous inquiries and suggestions regarding this 
matter of the fatigue of glass, especially since the 

Table I. Average breaking stress in pounds per square inch 
(and its reciprocal)* for various durations of load. 


Material 

0.01 

■60. 

0.1 

sec. 

1.0 

sec. 

10 

see. 

100 

uec. 

1000 

see. 

86,400 

■ 00 . 

Diaanoealed 

24,600 

19,600 

17,100 

16,900 


12,800 

11,800 

Pyrex (dry) 

(4.06) 

(5.10) 

(5.86) 

(6.30) 

— 

(7.81) 

(8.85) 

Scratched 

12,000 

10,600 

9,000 

8,260 

_ 

6,760 

5,060 

Pyrex (wet) 

(7.76) 

(9.43) 

(11.11) 

(12.12) 

— 

(lV.4) 

(19.8) 

Annealed 

19,000 

15,900 

_ 

10,600 

— 

7,960 

6,460 

soda-lime 
{daea (wet) 

(6.08) 

(6.29) 


(9.63) 

—— 

(12-58) 

(15.60) 

Annealed lead 

_ 

19,000 

14,900 

11,200 


9,400 

7,960 

g)aa (wet) 

— 

(5.26) 

(6.71) 

(8.93) 

— 

(10.63) 

(12.58) 

Fused silica 

_ 

28,880 

^.. 

19,800 

15,660 

14,280 

11,740 

(wet) 

— 

(4.19) 

— 

(5.06) 

(6.89) 

(7.00) 

(8.52) 

Poroelain A 

16,800 

18,900 

12,800 

_ 

9,700 

_ 

9,100 

(dry) 

(6.34) 

(7.20) 

(8.18) 

— 

(10.32) 

— 

(11X0) 

Poroelain B 

16,400 

13,600 

11,900 

9,900 

(10.10) 

9,400 

9,100 

8,900 

(dry) 

(6JW) 

(7.41) 

(8.40) 

(10.64) 

(11.00) 

(11X3) 

Porcelain C 

10,900 

9,400 

8,400 

6,900 

_ 

6,000 

5,900 

(dry) 

(9.17) 

(10.64) 

(11.91) 

(14.50) 

— 

(16.87) 

(16.95) 


* Reciprocals an giro in parenthesis, and are to be multiplied by KT*. 

4 J. Bailey, private communication. 
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publication of the Philadelphia lecture,® and 
the matter has recently been considered by 
Murgatroyd and Haward.* In view of this inter¬ 
est, it seems desirable to discuss Baker’s curves a 
little more fully with respect to whatever em¬ 
pirical information may be obtained from them. 

We have known for some time that if 1//, the 
reciprocal of the breaking stress, is plotted 
against log t a straight line can be drawn which, 
for every one of Baker’s materials, passes within 
the "possible error” he assigned to his values. A 
note to this effect appeared in Nature. 1 This 
relatiolPhas also been noted by Haward,® whose 
observations reached us after the note in Nature 
had been published. 

Figures 1 to 8 show the straight lines that 
result when Baker’s values are plotted in this 
way. Figure 9 is a similar plot of some previous 
data reported® from this laboratory, which were 
obtained on plate glass laths of dimensions 
16"X2"Xi", considerably larger than Baker’s 
round rod specimens. Although they cover a 
much shorter time range, these data are included 
because they were cited by Haward.® 

In the case of two materials, fused silica and 
soda-lime glass, this reciprocal relationship is so 
exact that nearly every point lies on the straight 
line. In the case of the Pyrex glass and the lead 
glass the fit is also quite good, but the points for 
<he porcelains deviate considerably, although 
.even in these cases straight lines can be drawn 
pvithin the errors assigned. The discussion pre- 

‘F.W. Preston. J. App. Phys. 13,623 (1942). 

• R. N. Haward, Comment on Murgatroyd's paper. See 
reference 1, p. 427. 

T F. W. Preston, Nature 156, 55 (July 14, 1945). 

• F. W. Preston, J. Am. Cer. Soc. 18, 220 (1935). 
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DURATION OF STRESS IN SECONDS 


Fiu. 2. Disannealed Pyrex glass, scratched, wet. 



sented in this paper will apply more particularly 
to the four glasses, Pyrex, soda-lime, lead, and 
silica. 

Since the straight lines fit so well in these cases, 
it is natural to inquire as to their equations, and 
whether any theoretical basis can be found for 
them. We find that if there is any theoretical 
basis at all it is expressed in terms of concepts 
such as “weakness,” rather than strength, and a 
"fatigue modulus.” 
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Fig. 7. Porcelain, type B t dry. 




Fig. 5. Fused silica, uet. Fig 8. Porcelain, type C, dry. 



It is more or less inevitable, also, that we 
should speculate on the extrapolation of the 
curves, to time intervals both longer and shorter 
than were attained in Baker's experiments. There 
is a practical necessity for speculating on the 
longer times, and fortunately there is no apparent 
reason why the curves should not continue as 
straight lines to times far beyond anything of 



Volume i7, march, im6 


191 



technological interest. At the short time end 
things are more complicated. 

HI. EXTRAPOLATIONS 

The various curves (straight lines) which repre¬ 
sent Baker's results are expressed by equations 
of the form 

l/f—a+m log /, (1) 

where / is the breaking stress, t is the time, and 
a and m are constants. Each line is thus defined 
by its slope d(l/f)/d(\og t) and by the point (/ 0 ), 
where the line intersects the time axis. 

With such materials, once the fact that they 
plot to straight lines is conceded, the question 
arising in the mind of the experimenter—or 
reader—is apt to be: “how far can the curves be 
extrapolated at each end with any confidence?" 

(a) The Long Time End 

The equation above would make the strength 
zero at infinite time. This is psychologically 
satisfying, and, furthermore, is required by some 
theories of strength which have been recently 
developed. Otherwise stated, it means that even 
a slight stress will break the glass if only it lasts 
for a sufficiently long time. 

There seems to be nothing in the physics of 
long time loading that would cause us to deny the 
possibility that the straight-line law holds more 
or less indefinitely, provided temperature and 
humidity are constant and there is no physical 
change in the specimen other than changes which 
operate during our relatively brief loading inter¬ 
vals. The straight-line relation holds from 0.01 
second to nearly 10* seconds, a range of time 
durations of 10 7 to 1. Our experiments end at a 
duration of one day, but there seems no reason 
why we should expect any departure from the 
linear relation if we extend the time range by a 
factor of 10*, that is, from one day to three years, 
or even by a factor of 10 4 , that is, up to thirty 
years. This is much longer than most bottles last, 
and for most of their lives they are not under 
1 ^Atfess. There are not many examples of plate 
glass, or other kinds of glass, that are expected to 
last, under stress, for so great a length of time. 

If the curve were extended to the right, beyond 
one day, as far as we have determined it experi¬ 


mentally to the left, that is, in the ratio of 10 7 
to 1, we arrive at a period of 30,000 years, or 
roughly the time that has elapsed since the 
maximum of the last (“Wisconsin") glaciation, 
and several times as long as all recorded history. 

In Table II below we take the strength at the 
end of one day of stress as unity and calculate, 
for fused silica and soda-lime glass, the pro¬ 
portionate strengths at several other longer 
durations, on the assumption that this linear 
relationship holds indefinitely as we move to the 
right. 

(b) The Short Time End 

The strength-time equation would make the 
strength infinite for some very brief, but not 
infinitesimally short, duration (/<>). This point is 
obtained by extending the straight line of the 
graph to the left until it intersects the time axis. 
The values of to for the various materials tested 
are shown in Table III. 

This threshold time, t Qt is obtained from the 
equation of the curve and its value depends, 
therefore, on the way the straight line is drawn 
among the experimental points. It is interesting 
to note, however, that for all those glasses which 
were tested wet, the value of / 0 is in the neighbor¬ 
hood of 1 microsecond, whereas its value for those 
materials which were tested dry is very much 
less. However, other factors than moisture are 
involved, of course. For example, porcelains A 
and B t which had identical compositions but 
different firing temperatures, have nearly the 
same value of / 0 , whereas porcelain C, of different 
composition, has a t Q value 20 to 40 times as 
large. 


Table II. Extrapolation at the long time end 


\Duratlon 
Mater ial\ 

Infi- 

10» 10* 2X10* nite 

1 day t year years years years time 

Fused silica 
Soda-lime glass 

1.0 0.82 

1.0 0.80 

0.68 0.57 

0.65 0.55 

0.50 0 

0.46 0 

Table III. The threshold time. 

Material 

<o(sec.) 

Material 

fo(sec.) 

Soda-lime glass 
Lead glass 

Fused silica 
Pyrex (wet) 

5.0X10”* 

10.2X10”* 

0.2X10”* 

0.4X10”* 

Pyrex (dry) 
Porcelain A 
Porcelain B 
Porcelain C 

0.0085 X10”* 
0.00004X10”* 
0.00008X10”* 
0.0016 X10”* 
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Table IV. Theoretical strengths at short durations. 


VDuration 

Matenai\ 

io-» 

sec. 

10 » 
sec. 

io-< 

sec. 

I0-* 

sec. 

10“« 

*ec. 

Fused silica 
Soda-lime glass 

28.200 

19.900 

37.000 

28.800 

50,700 

51,300 

80,700 

232,000 

196.000 

w 


At present, to is merely a mathematical ab¬ 
straction. It could not be even remotely ap¬ 
proached experimentally with such a set-up as we 
were using. Yet on our logarithmic scale it is not 
very far beyond the short time end of the 
experimentally determined curve. In fact, for 
some of the materials it is much closer to the left- 
hand end of the experimental curve than this 
left-hand end is to the right-hand end, so the 
extrapolation, considered as a mathematical 
operation, is not too extravagant. 

Physically, however, Baker probably carried 
the curve toward the short time end as far as it 
can be carried unless some totally different and 
much smaller set-up can be devised. Possibly 
some arrangement using a silver plated glass fiber 
supported on a short span in a magnetic field, and 
deflected by the discharge of a condenser through 
the silver plating, might serve to reach shorter 
time intervals. 

Let us assume that by some means or other the 
curve could be extended, experimentally, to 
shorter times, and that it did, in fact, continue 
straight for some distance. The calculated 
strength values of fused silica and soda-lime glass 
at several shorter times are shown in Table IV. 

The behavior of glass under very high stresses 
cannot be expected to parallel its behavior under 
moderate stresses, because we cannot expect 
Hooke’s law to be obeyed at extreme strains. It 
seems not inconceivable that the straight-line 
law might apply fairly well until stresses of a 
million pounds per square inch are reached, with 
a resulting strain or extension of 10 percent in the 
length of the fiber. But it is scarcely likely that 
it could apply at stresses of ten million pounds 
per square inch, a figure equal to Young’s 
modulus as calculated for small strains. 

At the short time end the inertia of the ma¬ 
terial becomes an important factor and makes 
experimentation impractical, by any method as 
yet envisaged, much beyond the point to which 
Baker carried it. 

Thus, for more reasons than one, the shape, or 


even the physical reality, of the curves beyond 
Baker’s short time values must remain doubtful 
for the present, although the theoretical impli¬ 
cations may make us wish to find means of 
extending them in that direction. This might be 
accomplished by totally different techniques, 
perhaps by impact testing, as hinted by Baker. 

IV. THE CONCEPT OF “STRENGTH” OF GLASS 

From the empirical equation 

f<t 0 /f=\og< (///•). (2) 

which can be deduced from Baker’s experimental 
results, it can be seen that the strength / is not 
a constant of the material but that it depends 
upon a variable (time, t) and on two constants of 
the material (or at least of the specimen). One of 
these is / 0 , which is the maximum duration of 
stress for which the strength is theoretically infi¬ 
nite, and the other is/«fo, which is the strength of 
the glass for a duration of stress et 0 , where 
e = 2.718, the base of natural logarithms. 

We may tentatively call to the “threshold 
duration.” It is the least interval of time in which 
a tensile stress, however large, can rupture the 
material (or the specimen). In our experiments on 
glass it is of the order of a microsecond, and in 
this time a crack can be propagated no more than 
60,000X 10“ # inches = x * 6 inch, and the stress pulse 
no more than $ inch. These dimensions seem to 
bear no relation to the ultimate structure of the 
material, but they are comparable with the 
shortest dimension of the specimen (0.22 inch), 
or with the shortest dimensions of an effective 
crack. They may even correspond somewhat 
closely with the radius of the smallest “mirror” 
(initiation ci*ack) that can be produced under 
infinite stress. This in turn may be, and probably 
is, a function of the size of the specimen, and not 
a true constant of the material. Obviously, the 
mirror on a fine fiber has to be smaller than 

inch. 

If to is a property of the specimen rather than 
the material, then so is «/ 0 , and likewise, pre¬ 
sumably, is the strength at this time interval, 
or f'to. 

Equation (2) above merely expresses an 
equality of ratios; it describes the “fatigue,” but 
it says nothing about strength itself. The strength 
at one duration is expressed only in terms of the 
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strength at some other duration, not in terms of 
the physical constants of the material, or the 
dimensions of the specimen. Until to and feto can 
be so described, the equation is limited in exactly 
the same way as the experiments upon which it is 
based. 

By differentiation of (2) we get 



This eliminates to from the picture but does not 
simplify things very much. The reciprocal of the 
breaking stress, that is, 1//, may l>e called the 
“weakness” of the specimen; it is the area that 
must be assigned to carry unit load, if the 
specimen is to last out th time interval t. If this 
is denoted by w t then 

1 1 

and —=Wr/ 0 . (4) 

„ / /*«. 

So 

dw/dt=wet 0 (l/t). (5) 

The rate of increase of weakness, dw/dt, we may 
call "fatigue.” If so, Eq. (5) shows that fatigue is 
a property which varies inversely with the 

duration of stress. 

Equation (2) may now lie written 

///o = e“ ,/ ”“«, (6) 

and wc then have, from Eq. (5), 

dt to 

—=—(7) 
dw Wet 0 

t is the “Iastingness,” or endurance, of the speci¬ 
men and is here expressed in terms of w, the area 
assigned to carry unit load. 

We may write, finally 

1 dt 1 

-'/«*. ( 8 ) 

t dw W«o 

Jhis says that the relative gain in endurance (as 
compared with the previous total endurance), 
due to unit increase in assigned area, is a constant 
of the material, or at least of the specimen. 

In other words, if we want to increase the 
endurance by 1 percent we must add a constant 
number of square inches of cross-sectional are«i to 


Table V. Fatigue modulus. 


Material 

Modulus 

in.Vlb. 

Material 

Modulus 
in.*'lb. 

Pyrex (dry) 

3.0X10“* 

Fused silica 

3.2X10“* 

Pyrex (wet) 

1.6X10’* 

Porcelain A 

3.3X10“* 

Soda-lime glass, 

6.5X10“* 

Porcelain B 

2.4X10“* 

Lead glass 

5.7X10’* 

Porcelain C 

5.9X10“* 


carry unit load. The area, dw, to be added is 
inversely proportional to the "discriminant 
strength," /.i 0 , since, from Eq. (8), fetoXdw is 
tonstant for a given value of dt/t. 

If, instead of talking about a 1 percent incre¬ 
ment in the life of the specimen, we define 
"fatigue” as that number of square inches that 
must be added to the cross-sectional area in order 
to double the life of the specimen, then 6t—t in 
Eq. (8) and 

Sw = wci 0 = 1 //./«. (9) 

1 n this case, 5 w is the fatigue in square inches per 
pound of load. 

For the various glasses tested the Sw values in 
in.yib. arc given in Table V. 

It should he understood that Sw is to be de¬ 
duced from Eq. (8), not ascertained by de¬ 
termining experimentally what area must be 
added to a specimen to increase its life from, say, 
one minute to two minutes. Sw is a kind of 
“modulus," in the sense that Young’s modulus E 
is “that stress which would double the length of 
the specimen.” In practice, we do not try to 
double the length of the specimen. Rather, we use 
a small increment of length, assume Hooke’s law, 
and deduce E from the equation 

( l/L)(dL/df) = l/E . 

This compares with our Eq. (8) 

(1/0 (dt/ dw) = 1 /wet 0 . 

Subject to this understanding, it seems we can 
say: Fatigue is that number of square inches that 
must be added to the cross-sectional area assigned 
to carry unit load (one pound) in order to double 
the life of the specimen. 

V. PHYSICAL CONSIDERATIONS 

The above discussion consists merely in the 
manipulation of the mathematical symbols in an 
attempt to interpret the straight-line relationship 
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derived from Baker’s curves in terms of concepts 
which may find further application in this field. 

There are other considerations however, some 
of which have been outlined. Another is the 
inherent unlikeliness that the lines representing 
the soda-lime glass and the silica glass actually 
cross one another to the left of the observed 
points, which would mean that the soda-lime 
glass becomes stronger than fused silica for 
stresses of sufficiently short duration. It seems 
more likely that, if the curves have any physical 
reality when extrapolated far to the left, they do 
not remain straight, but presumably flatten 
rapidly and become asymptotic to the time axis. 

In all probability, this means in turn that our 
experimental straight-line relationship “in the 
visible” is itself only an approximation, even 
though it seems an extraordinarily good one in at 
least some of the instances. 

Haward’s theory* leads to an equation 

S(e p 'i*-e)-kt, 

where S is the applied stress, I is the time required 
for the glass to break under this stress, and Po 
and k are constants. For 1=0, this yields S=P a , 
that is, the strength is not infinite, as would be 
required if our straight line held indefinitely. 

On the other hand, Murgatroyd’s viscous 


pocket theory 1 implies a relation identical with 
our Eq. (1). It is obvious that much more 
theoretical work needs to be done on the matter 
of the meaning of the “strength” of glass and on 
the relation of strength to time. 

CONCLUSIONS 

The ordinary concepts of “strength” do not 
apply to glass, at any rate not to glass as we 
know it, exposed to the earth’s atmosphere and 
to atmospheric moisture. Under such normal 
conditions the “life” or “endurance” of a stressed 
glass specimen depends on the cross-sectional 
area which we assign to carry unit load. The 
greater the area we assign, the longer the life of 
the specimen, the life, or endurance, varying 
exponentially with the assigned area. 

This permits the calculation of a certain 
constant, which we have called the “fatigue 
modulus,” which describes the behavior of the 
specimen under the particular conditions of the 
experiment. 

However, in all probability, this modulus is not 
so much a property of the substance of the 
specimen as it is a function of the surrounding 
atmosphere or, more accurately, of the conditions 
obtaining at the surface of the specimen. 
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This paper deals with the heat input to hollow cylindrical metal cores subjected to induction 
heating. The rigorous expression for the heat input, valid for the whole frequency range, is 
developed and is presented by Eq. (27) of this paper. It is shown in an example how the equa¬ 
tion is used for numerical computations. Existing approximate formulas for the low frequency 
and the high frequency range are checked by means of the rigorous equation; the maximum 
deviation between the rigorous and approximate equations is about 10 percent. 


1. THE PROBLEM 

S a result of the growing number of practical 
applications of induction heating of metals, 
many papers have been published that present 
the theory of induction heating and its usefulness 
in solving practical problems. One of the chief 
applications of the theory involves the calcula¬ 
tion of the heat input to a metal core surrounded 
by a coil carrying alternating current. In the 


case of a solid core rigorous equations are usually 
given, from which arc deduced the simplified 
equations that hold with good approximation, 
if the frequency is either higher or lower than 
certain critical limits. 

When hollow cores are discussed, the rigorous 
equations referring to that case are not given. 
It is occasionally pointed out how these may be 
obtained, but the final equation is not presented. 
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the annulus is 


Instead, only the approximate equations for 
frequencies above and below certain limits are 
given. This type of treatment can be found, for 
instance, in papers by Greig, 1 Wall, 2 and Baker,* 
as well as in a book by Warren. 4 

While the approximate equations just referred 
to seem to be sufficient for practical purposes, 
it appeared to the author that a presentation of 
the rigorous equations would be valuable for the 
following reasons: 

(1) The practical importance of the problem 
certainly justifies knowledge of the rigorous 
solution. 

(2) A reliable check on the validity of ap¬ 
proximate solutions can best be made by means 
of the rigorous solution. 

(3) It might well happen that certain variants 
of the hollow-core problem will be found for 
which the approximate solution is not applicable, 
in which case the knowledge of the rigorous 
solution would prove valuable. 

The complete solution for the heat input to 
hollow cores in induction heating processes is 
presented in the following. First, a development 
of the equation is given, and next a numerical 
application is presented. 


2. SOLUTION OF THE DIFFERENTIAL EQUATION 

For the following analysis, the unit length of a 
hollow cylindrical metal core that is located 
coaxially within a coil is considered. An annulus 
of the metal of radius r and thickness dr is now 
considered. If the magnetic held parallel to the 
axis of the core is II (instantaneous value), then 
the total flux <p within the radius r is 



( 1 ) 


Wlftere p, the magnetic permeability, drops at the 
igfaer radius of the core from its value for the 
nietal to unity. The electromotive force E along 
the circumference of the annulus is (with t = time) 


( 2 ) 

lie current density G along the circumference of 

„_j~Greig, World Power 2S, 246 (1936). 

WaU, Engineer 173, 209 (1942). 

• R. M. Baker, Trane. A.I.E.E. 63, 273 (1944). 

4 A. G. Warren, Mathematics Applied to Electrical Engi¬ 
neering (Chapman ft Hall, London, 1941). 


G**E/2vpr, (3) 

where p—electrical resistivity. Finally, the gra¬ 
dient of the magnetic field intensity H is 


dII/dr=-4rG. (4) 


These four equations contain four variables: 
II, 0, E, and G as functions of r and t. Elimination 
of three of the four permits the setting up of the 
differential equation for any one of the four. 
For II, one has: 


SHI 1 SII 4rp SII 
6r 2 r Sr p it 


( 5 ) 


Since the alternating current in the coil is 
sinusoidal, H can be replaced by where II 

now stands for the complex amplitude and 
/“frequency of the alternating current. Simi¬ 
larly, dH/dt can be replaced by 
Equation (5) then takes the form 


where 


dHI 1 dll 
dr 2 r dr 


— ikHI - Q , 


A s = 8xV//p. 


( 6 ) 

( 7 ) 


In the following II stands for r.m.s.-value 
instead of amplitude; the form of Eq. (6) is 
obviously not affected by this change. The solu¬ 
tion of Eq. (6) can be found from the solution* 
of the differential equation of the general form: 

d % y 1 dy 

-1- \-me tn y = 0 

dx* xdx 


(m and n — constants), whose solution is: 
y=Zn(mh' nli x), 

where Zo is the sum of two Bessel functions of 
the first and third kind, both of zero order and 
each multiplied by an arbitrary complex con¬ 
stant. Substituting —k* for m and r/2 for n, the 
solution of Eq. (6) becomes 

H=ZS h kir), (8) 

in which Zo, as stated before, is the sum of /o 
and 27o (1> , Bessel functions of the first and third 
kind, each multiplied by a constant It is con¬ 
venient to introduce the so-called modified Bessel 

• E. Jahnke and F. Emde, Tables of Functions (Dover 
Publications, New York, 1943). 
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functions according to the definitions 

/,(*)-/,(**) 

and 

K 0 (x) «-//«<»(**). 

2 

so that Eq. (8) becomes 

H=AIo(Mr)+BKo(Mr), (9) 

where A and B are the complex constants of 
integration. 

By using Eq. (9), the other essential variables, 
namely the current density G and the electro¬ 
motive force E can be computed. Since both are 
sinusoidal and have the same frequency / as II, 
the form of Eqs. (3) and (4) is not changed if G 
and E from now on stand for the complex 
r.m.s. values, instead of instantaneous ones. 
From Eq. (4): 

MA MB 

G=-Jo '(Mr) - Ko'(Mr), (10) 

4t 4t 


The total flux within the air space, <fe>, is then 
A*ir Hb. Further: dfo/dt t‘2ir*/&*ij». But this must 
be equal to — £», where £ 5 , the e.m.f. at r<*b, is 
given by Eq. (11), if r is replaced by b. Hence, 
the second boundary condition yields the equa¬ 
tion: 

A^h'(Mb) - (s/i)2r*fbIo(Mb) j 

+B^K 0 '(Mb) - ( v '*)2t*/6A‘o(*‘W) J * 0. (14) 

The constants A and B can be evaluated in 
terms of Ho, a, and b from Eqs. (12) and (14). 
At this stage of the calculation, it is convenient 
to replace the Bessel functions by their real and 
imaginary components. The following notations 
are customary: 

I(M) =btr x+t bei x 

and 

K 0 (M) =*ker x+i kei x. 


where the prime indicates differentiation after 
the argument. Further, from Eq. (3): 

MrpA MrpB 

E=- 1 o'(Mr) - K a '(Mr). (11) 

2 2 

Eqs. (9)—(11) give the essential variables as 
functions of the radius r within the metal part 
of the hollow core. 

3. COMPUTATION OF THE CONSTANTS 
OF INTEGRATION 

The next step is the evaluation of the con¬ 
stants of integration A and B from the boundary 
conditions. The two boundary conditions are: 

(1) For r *0 (a *= radius of the outer surface of 
the hollow cylinder), H assumes the value H a 
which is the field inside the coil that is unaffected 
by the metal core. 

(2) For radii from zero to b (b —inner radius 
of the hollow cylinder) the field is constant and 
equal to Ho, the value that obtains from Eq. (9) 
for r=b. The first condition yields the equation: 

Ho-AIo(Ma)+BKo(i'ka). (12) 

The second condition can be expressed in the 
following manner. First, Ho is written: 

Ht—A Io(Mb) +BKo(Mb) . (13) 


The corresponding differential forms are: 
I o'(fix) —i~i ber' x+fl bei' x 
Ko'(M) ker' *+** kei' x. 


In order to obtain A and B in convenient 
forms, the following notations are introduced: 


u-berka, 
v—bei ka, 
w**ker ka, 
z=kei ka, 

p=2 bei' kb—kb ber kb, 
q= —2 ber' kb—kb bei kb, 
i = 2 kei' kb—kb ker kb, 
t= —2 ker' kb—kb kei kb. 


(IS) 


Evaluation of the constants A and B can now 
be carried out. The result is: 

(s+it) 


A =>//<r 


and 


B=II& 


(n+iti)(4+t/) - (p+iq)(w+i*) 
~(P+iq) 


( 16 ) 


( 17 ) 


(u+iv)(s+it) — (p+iq)(w+iz) 

Both complex constants can be written as: 

AmAr+iAf ( 18 ) 

B-Br+iB t , ( 19 ) 


and 


Volume 17, March, ims 


197 



where the four real constants are given by Eqs. 
(16) and (17); numerical computation of these 
four constants is carried out according to stand¬ 
ard methods. 

It is easy to verify that for b»0 , the solid 
core, B, becomes zero. The result for H in Eq. (9) 
is then given by the Jo function alone. 1 

It may be added that the present treatment 
holds not only for the case of a hollow metallic 
cylinder, but also for the general case of a solid 
core surrounded by a solid cylinder of another 
material, fa is then not simply PrHb, but a more 
involved function of b and the constants of the 
solid core, as known from the equations valid for 
the solid cylinder. Since fa is still linear in Ht, 
Eq. (14) will have the same general form, and 
only the second terms ip the expressions (15) 
will be correspondingly more‘involved. 

4. CALCULATION OF THE HEAT INPUT 

The heat input into the hollow cylinder is 
calculated from the current density—Eq. (10)— 
in conjunction with Eqs. (18) and (19). The heat 
input per unit length W is given by its value 
I G|*p for unit volume, integrated over the cross- 
sectional area of the cylinder: 

W = 2xpjT | G | x rdr. (20) 

In order to solve this integral, it may be con¬ 
veniently written in the form 

W=2rpf GOrdr , (21) 

in which G is the conjugate complex value of G. 
This integral can be solved by making use of 
the?following general integral relation in which 
f^And Z p denote two different Bessel functions 
of yth order, both the sum of two functions of 
the first and third kind: 

JX P (ox)Z p (fix)xdx 

/ * fixY,(ax)Zr-i((3x)-axY^ x (ax)Z p (fix) 

ct'-p 

Herfi a and ® are constants. 

, 1?8 


Y p (ax ) is now identified with G, Z p (fix ) with 0 , 
and x with r of Eq. (21). The four functions 
appearing on the right-hand side of the above 
equation, as well as a and /9, can then be easily 
evaluated, as follows. 

Concerning Y p (ax), it is given by Eq. (10), or, 
recalling the general relation 

Z,'(*)--Z,(») 

by 

HA HB 

Y p (ax) --/i(*‘*f)+- K,(Hr). (10a) 

4x 4r 


From this it follows that p<= 1 and «=** k. 

Expressing Y p (ax) in the form of tabulated 
functions, Eq. (10) is converted, by using the 
form of It as given in Section 3, into: 

kA 

Y p (ax) — - {ber' kr+i bei' kr) 

4t 

kB 

- (ker' kr+i kei' kr ). (22) 

4t 


Concerning Z p (f} x), or G, it should be recalled 
that the conjugate value of any function is given 
by replacing all i’s occurring in it by —Hence, 
from (10a) it follows that /3 = (—1)*4 and from 
( 22 ): 

kA 

Z p (fix) =- (ber' kr—i bei' kr) 

4 r 

kB 

- (ker' kr—i kei' kr), (23) 

4x 


where A and 5 are given by Eqs. (18) and (19) 
with — i instead of i. 

As to y p _i(<Mc), Eq. (10a) is used in replacing 
7i by It and K i by K 0 . It then follows that 


Yp-iicac) 


kA 

=—(t* ber kr—(—i)l bei kr) 
4r 


and 

Zp-itfx) 


kB 

H- (i* ker kr—( — i)* kei kr) 

4r 

kA 

m —[(—»)* ber kr—i * bei kr~] 


(24) 


kB 

H-[(-*)* ker kr-i»kei *r ]. (25) 
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Equations (22) to (25) represent the four 
functions to be substituted into the numerator 
of the right-hand side of the general integral 
given above. The denominator is given by 


occur in four combinations as follows: 

A r *+A t'—K, 
Br'+Bi'-X, 


a'-p-lik*. 


ArB r +AiB % **)l, 


( 26 ) 


In carrying out the substitution indicated, the 
four constants A„ A„ B„ and B, are found to 


ArBt—AiBr^V. 

With these quantities, the heat input Wbecomes: 


W 


L* 
8 » 6 


kre(ber ber'+bei bei') -\-kr\(ker ker'+kei kei') +krp(ber ker'+bei kei' 

+ber' ker+bei' kei)+krv(bei ker'—ber kei'+bei' ker—ber* kei) 


( 27 ) 


where, for sake of simplicity, the argument kr 
after each function is omitted. 

It can be seen that, for the solid core for which 
B = 0, only the first of the four terms within the 
bracket remains, giving the known solution for 
this case. 

5. NUMERICAL CALCULATION OF A SPECIAL 
CASE OF HOLLOW CORE 

In order to show the use of Eq. (27), a numeri¬ 
cal example treated by R. M. Baker 1 will be 
discussed. That author calculated the heat input 
by means of two approximate equations and a 
check of these, as explained in Section 1 of the 
present paper, can now be carried out by using 
the rigorous solution as given. It will be shown in 
the course of this section that the approxi¬ 
mate equations are in good agreement with the 
rigorous one. 

For low frequencies, characterized by the condi¬ 
tion that the depth of current penetration is larger 
than the wall thickness, Baker uses the formula 

61.8 XIO-**/^*/,*#** 

W= -, 

/>*+15.5 X 

where W, the heat input per unit length, is given 
in watts/cm and t K , the wall thickness, is meas¬ 
ured in cm, p is measured in ohms cm, and 
p = 1 (non-magnetic metal). 

For high frequencies, characterized by the 
condition that the depth of current pen'etration 
is smaller than the wall thickness, the formula 

tF»7.92X10-«a(/p)W 

is used. At the frequency where the two calcu¬ 
lated curves cross they are smoothed into one. 

In order to check the two approximate equa¬ 


tions, one of the cases calculated by Baker was 
recalculated by means of the rigorous Eq. (27) 
developed in Section 4 and valid for the whole 
frequency range. This special case refers to a non¬ 
magnetic metal (p = 1), an outer diameter of the 
cylinder of 10 cm (a=5), and a wall thickness of 
1 millimeter (6 = 4.9). p is taken as 7 X 10~* ohm 
cm ( = 7X10'' e.m.u.). Since the heat input is 
proportional to Hq* according to all the equations 
used, W/H<? is calculated. A frequency range 
from 300 to 50,000 is covered. 

Before giving the results of the complete calcu¬ 
lation, the computation will be shown in detail 
for one particular frequency. A frequency very 
close to the crossing point of the two approximate 
curves is selected, i.e., 17,900. From Eq. (7) we 
then have 6 = 14.2, which gives 6o=71.20 and 
66 = 69.78. 

The first step is the evaluation of the sixteen 
Bessel functions involved for 6 a and 66 as argu¬ 
ments. For arguments up to 10, the functions 
have been tabulated previously. 4 They are some¬ 
times found under the real and imaginary parts 
(Re and Im) of the respective J and H m func¬ 
tions. It is useful to remember the following 
identities: 


ber x=Re Jt(flx), 


kerx= —/wjy 0 <°(***); 
2 


bei * = —Im Jo(i { x ), 


!*'*=— Relh w (#x ); 
2 


her’ x = —Re tVi(*bt), 


6er'*=-/mtW > (t**); 

2 


bei' x**Im i*/i(»br), 


T 


kei' *=- Re ,<»(*»*). 
2 
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For at^umen ts larger than 10, tables do not 
exist, but there are asymptotic formulas that 
permit the computation. The eight formulas are 
listed below. Let 

F-s***/( 2x#)» F' — (r/(2*)) ler* 1 * 

and 

?=#/(2)*+t/8 ^=#/(2)*—t/8. 

Then: 

ber x — FQl +0.088/#) cos p 

+(0.088/#+0.070/#*) sin *], 

bei x—F[( 1 +0.088/#) sin p 

— (0.088/#+0.070/#*) cos *], 

ber’ x — FQ1 —0.265/#) cos 

— (0.265/#+0.117/#*) sin *], 

bei' x— F[(l —0.265/#) sin ^ 

— (0.265/#+0.117/#*) cos *], 

Jfeer x — F'Q(1 —0.088/#) cos ^ 

— (—0.088/#+0.070/# ! ) sin *], 

kei #=+'[—(1 —0.088/#) sin <p 

- (-0.088/#+0.070/#>) cos *>], 

ifeer' # * — (1 +0.265/#) cos p 

+(0.265/#-0.117/#*) sin *], 

kei' #-=F , [( 1+0.265/#) sin p 

+(0.265/#-0.117/#*) cos *]. 

Using these formulas, the following data are 
obtained for the particular frequency mentioned 
above: 

ka—71.20 

ber- 0.3033 X10* 1 ker- 0.01800 X10~*' 

bei— —0.1070X10* 1 kei- -0.00920 X10~* 1 

ber' -0.3068X 10« ker' - -0.01936X10"’ 1 

bei' -0.1587X10** kei'- -0.006165 X10-* 1 

J kb-69.78 

r ber- 0.03220X10« ker- 0.04800X10-* 1 

bei- -0.1246X10*' kei- 0.02828 X10"* 1 

6er'—0.1106X10*' ker'- -0.01429X10-*' 

r bei'- -0.06443X10*' kei' - -0.05414X 10-*>. 

, The next step is the evaluation of the eight 
quantities given by Eq. (15), by means of which 
A and B from Eqs. (16) and (17) are calculated. 
'The four components shown in Eqs. (18) and (19) 



Fig. 1. Heat input as function of the frequency for a 
special case of a hollow cylinder. Solid line calculated from 
Eq. (27); dotted line calculated by R. M. Baker from 
approximate formulas. 

arc then in the present case: 

A,— 2.823 X 10 - "i/o, 

A, =0.8252 XlO-* l i/o, 

B r =- 1.609 Xl0*»i7„, 

B, - 0.8668 Xl0*‘//„. 

These data permit evaluation of the four 
quantities shown in Eq. (26), and in this manner 
all magnitudes occurring in Eq. (27) are known. 
In the present case the result is 

W=1.43XlO-*//o* 

in watts/cm, if H 0 is measured in e.m.u. 

The calculation was carried out for five selected 
frequencies and the result of the complete calcu¬ 
lation, representing the heat input as a function 
of frequency, is shown in Fig. 1. The solid line is 
calculated from Eq. (27), the dotted line is 
Baker’s curve. As can be seen, the two methods 
are strictly identical below the frequency for 
which the depth of penetration is equal to the 
wall thickness; for higher frequencies the approxi¬ 
mate formula gives values slightly higher than 
those from the rigorous equation. For still higher 
frequencies the two curves merge again; it can be 
shown that for depths of penetration markedly 
less than the wall thickness Eq. (27) degenerates 
to the second of the approximate formulas given. 
The highest frequency for which computation 
was made is 4000 kc (not shown in Fig. 1); W, 
according to both equations, is 20.9 watts/cm. 
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INTRODUCTION 

I N a series of papers 1 the effect of hydrostatic 
pressure on the tensile properties of a large 
number of different steels has been investigated. 
The pressure effects on all these steels fell ap¬ 
proximately into a one-dimensional pattern, the 
behavior being determined by a single parameter, 
the hardness or the absolute magnitude of the 
yield point at atmospheric pressure. In spite of 
the great ostensible variety of the steels, they 
were, nevertheless, restricted to a range of only a 
few percent in any of the conventional alloying 
elements, and to a hardness range below 50 
Rockwell C. In the present investigation two 
different series of steels were used falling outside 
the previous limits. The first of these comprised 
four stainless steels running up to 18 percent Cr 
and 10 percent Ni; the second was a series of 
five different hardnesses of a carbon steel, 
running from 48 to 63 Rockwell C . 

In anticipation of the results, it was found 
that two of the stainless steels fall markedly 
outside the previous pattern, but the others fell 
approximately within it. 

In addition to the measurements on the steels, 
qualitative measurements were made on several 
other materials. 

In the discussion, the new results of this paper 
and previous unclassified results are surveyed 
together. 

APPARATUS AND METHODS 

The apparatus and method for making the 
tensile tests have been fully described in the 
previous communications; only a brief charac¬ 
terization will be made here. The tensile speci¬ 
mens, of an over-all length of 1 inch and a 

1 Eight Reports to die Watertown Arsenal by P. W. 
Bridgman, from March, 1943 to December 21, 1944, 
numbered No. WAL 111/7, No. WAL 111/7-1, etc., 
through No. WAL 111/7-7. See also P. W. Bridgman, Rev. 
Mod. Phys. 17, 3-14 (1945). There are also several reports 
by P. W. Bridgman to the N.D.R.C., on which the con¬ 
fidential classification had not yet been lifted at the time 
of writing. 


diameter varying about a mean of 0.1 inch, de¬ 
pending on the absolute strength, are completely 
surrounded by a fluid in which pressures up to 
30,000 kg/cm* may be produced and maintained 
during stretching. The specimen is stretched by 
a forked yoke driven by the piston with which 
pressure is produced. The tension on the speci¬ 
men is measured within the pressure chamber by 
the change of resistance of a “grid,” in this way 
avoiding errors from the friction of the piston. 
Simultaneous measurements were made of hydro¬ 
static pressure, tension on the specimen, and 
elongation of the specimen, for progressively 
increasing elongations. The elongation can be 
determined with adequate accuracy only in the 
range of plastic flow, after reaching the maximum 
load. The parameters singled out for determina¬ 
tion from the complete data and presented in 
the following are: maximum load, load at 
fracture, reduction of area at fracture, and 
character of the fracture—all as functions of the 
pressure. In many experiments stretching was 
not pushed to fracture; for these the .final loads 
were determined instead of the load at fracture. 

In calculating the stresses from the data the 
change of geometrical configuration due to 
necking is so large that it was necessary to make 
allowance for the distribution of stress across the 
neck. This was done by methods which have been 
outlined in several papers.* The stress system at 
the neck of a tension specimen can be analyzed 
into the sum of three stress systems. The first 
of these is the hydrostatic pressure in the ambient 
liquid; the second is a tension along the axis of 
the specimen, constant across the section, called 
the “flow” stress in the following; the third is a 
variable hydrostatic tension (three equal com¬ 
ponents of principal stress) varying from zero at 
the outer surface of the neck to a maximum on 
the axis according to a formula given in detail in 

' P W. Bridgman, Tran®. A.S.M.E. 32, 553-574 (1944); 
Metal® Technology, Technical Publication No. 1792 of 
Am. Inst. Min. Met. Eng. (Dec. 1944) with supplement in 
April, 1945; Wat. Ars. Report, No. WAL Ill/M. 
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the references. It follows that the “flow" stress 
is not equal to the average tension across the 
section (total tensile load divided by the actual 
area of the neck), but is less than it. The factor 
by which it is less will be called the “correction 
factor." In the following work the correction 
factor varied through an extreme range from 1.0 
to 0.7. 

THE MEASUREMENTS 
1. Stainless Steels 

Measurements were made on four different 
varieties of stainless steel. For these I am in¬ 
debted to Dr. A. L. Feild of the Rustless Iron 
and Steel Corporation. The designations, com¬ 
positions, and heat treatments are given in 
Table I. 

The material was supplied in i-inch rods. 
These had been drawn to approximately the final 
size, then annealed and pickled. After this they 
were given a final cold drawing pass with further 
reduction in cross-sectional area of 5 percent. 
The final hardnesses on the Rockwell B scale 
were 87, 93, 95, and 93, respectively, for H-26, 
H-50, H-29, and H-88. 

Seven runs were made on each of these four 
steels at pressures ranging from atmospheric to 
25,000 kg/cm 2 . In four of these runs, including 
the run at atmospheric pressure, the test was 
carried to fracture, and in the three others it 
was stopped short of fracture. The purpose of 
the latter runs was to obtain points on the strain 
hardening curve comparatively free from the 
error introduced by the disturbing local flow 
which is very likely to occur in the moment of 
fracture. 

These steels fall into two groups, of markedly 
different properties. At atmospheric pressure 
H-26 and H-50 break in the fashion normal for 
a fpel of high ductility, with a reduction of area 
of about 78 percent. Necking starts, as is normal, 
at a strain of about 0.2. Under pressure these two 
steels show an increase of ductility so large that 

/ Table I. 





STRAIN 

Fig. 1 . The flow stress as a function of strain (natural) 
for four stainless steels. An / on a number of points indi¬ 
cates the occurrence of fracture. 


the maximum pressure was not pushed beyond 
19,000 kg/cm 2 , the reduction of area at this 
pressure being so extreme that error is introduced 
by deviations from geometrical regularity be¬ 
cause of finite grain size. The two other steels, 
H-29 and H-88, break with the same reduction 
of area at atmospheric pressure, but the character 
of the stress-strain curve is quite different, since 
the elongation is much greater and necking does 
not start until a strain of 0.65 is reached. Under 
pressure the increase of ductility is not nearly 
as large as for the two other steels, and pressure 
could be raised to 25,000 without enough re¬ 
duction of area to introduce error from geo¬ 
metrical irregularity. 

Because of the much greater reduction of area 
before necking starts, the contour of a tension 
specimen of H-29 or H-88 has a different shape 
from the other two or from the other steels inves¬ 
tigated previously. Since the shape of the con¬ 
tour determines the correction for stress dis¬ 
tribution across the neck, the shape of the 
contour, that is, the radius of curvature of the 
contour at the neck, was measured for all speci¬ 
mens of all four steels. The curve of a/R (radius 
of curvature of the contour at the neck divided 
by the radius of the cross section at the neck) 
against strain was normal for H-26 and H-50, 
but for H-29 and H-88 it lies below the normal 
curve in the initial stages, cutting the axis at a 
strain of 0.65 instead of at 0.2, and approaches 
coincidence with the normal curve at a strain 
of 3.5. The corrections for the stress distribution 
in H-29 and H-88 were determined by utilizing 
these special measurements of a/R . 

The results are reproduced graphically. In 
Fig. 1 is shown the flow stress in terms of the 
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Fig. 2. The hydrostatic pressure at fracture as a function 
of the strain at fracture for four stainless steels. 


strain; the concealed variable is the hydrostatic 
pressure, which in general is greater for the larger 
strains. An / written against some of the points 
indicates that the specimen was fractured during 
the test. In general the scattering of the points 
is somewhat greater for the fractures; this is due 
to distortion in the process of fracture, which 
may be considerable at the largest strains. Within 
experimental error the relation between flow 
stress and strain is linear in the present range. 
More accurate measurements under especially 
favorable conditions have shown that the curves 
are slightly concave toward the axis of strain. 

In Fig. 2 is shown the pressure at fracture 
against the strain at fracture. In accordance with 
the great majority of previous results, the rela¬ 
tion is assumed to be linear, and is so shown. 
The strain at fracture can be determined with 
some accuracy, however, and instances have 
already been found in which the relation is 
almost certainly not linear within experimental 
error. It is therefore not at all impossible that the 
relation for H-88 should be represented by a 
curve concave toward the pressure axis. 

In Fig. 3 is shown the flow stress at the 
maximum load (that is, at the point where 
necking starts) as a function of the pressure of 
pulling. For all four steels this flow stress 
increases linearly with pressure, by some 3 
percent per 10,000 kg/cm* for H-26 and H-50, 
and by some 13 percent for the same pressure 
increment for H-29*and H-88. The former rate, 
3 percent, is somewhat less than for most steels 
previously investigated; the latter rate, 13 per¬ 
cent, is distinctly higher. Except for a factor 
constant with respect to pressure, the “flow 


stress at maximum load" is the same as the 
technical "tensile strength." The factor to 
reduce from flow stress to tensile strength is 
0.83 for the first two steels and 0.52 for the 
second two; this factor is determined by the 
strain at which necking starts, the “tensile 
strength" being calculated on the original cross 
section. 

The fracture of all four stainless steels roughly 
follows the same pattern previously found. At 
atmospheric pressure the fracture is of the con¬ 
ventional “cup-cone" type. With increasing pres¬ 
sure the tensile part of the fracture (bottom of 
the cup) becomes progressively less in extent 
relative to the total cross section, and eventually 
disappears, the fracture becoming all shear above 
a certain pressure. In the lower part of the 
domain of completely shearing fracture the sur¬ 
face of shear is conical; at higher pressures this 
multiplies into a double cone, and at still higher 
pressures the shearing fracture shifts to a single 
distorted plane. These features are all present in 
the stainless steels. In Fig. 4 is shown the ratio 
. of the area of the tensile part of the fracture to 
the total area of the fracture as a function of the 
hydrostatic pressure prevailing at the moment 
of fracture. The fracture becomes all shear at a 
lower pressure for the two steels H-26 and H-50 
than for the two others, H-29 and H-88. The 
intermediate episode of shearing fracture on 
single or multiple conical surfaces is confined to 
a comparatively narrow pressure range, and was 
definitely observed for only one specimen, most 
of the shearing fractures being on a single dis¬ 
torted plane. The general character of the 
fracture was always more irregular and coarsely 
granular than for ordinary carbon steels. 
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Fig. 3. The flow stress at the maximum load (i.e., at the 
beginning of necking) as a function of the prevailing 
hydrostatic pressure for four stainless steels. 
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2. Steels of Hardness Greeter then Rockwell 
C 48 

1 am greatly indebted to Captain John H. 
Hollomon, who had the specimens prepared at 
the Watertown Arsenal under his direction. The 
specimens were all made from the same bar of 
high carbon steel. They were heat-treated by 
holding at 1525°F for 30 minutes and then 
quenching into oil at room temperature. They 
were then drawn in batches of ten to five dif¬ 
ferent temperatures so chosen as to give median 
hardnesses of 48, 51, 56, 60, and 63. 

These experiments followed a number of 
unsuccessful attempts to demonstrate an effect 
of hydrostatic pressure on the ductility of tool 
steels of hardnesses greato** than 60. The pre¬ 
liminary attempts had encountered brittle failure 



PRESSURE AT FRACTURE, kg/CM* 


Fig. 4. The ratio of the area of the tensile part of the 
break (bottom of the cup) to the total area as a function 
of the pressure at which the break occurs for the four 
stainless steels. The two groups H-26, H-50 and H-29, H-88 
are so nearly equal that a single line is drawn to represent 
the average behavior of the two. 


at the shoulders of the test specimen because of 
stress concentration. After a number of trials the 
shape of the specimen shown in Fig. 5 was 
arrived at. The specimens were rough finished 
at the Arsenal to the shape shown and heat- 
treated. They were finished to final dimensions 
at Harvard by grinding; 1 am greatly indebted 
to the skill of Mr. Charles Chase for this opera¬ 
tion. The minimum diameter of the finished 
specimen was varied somewhat with the absolute 
strength of the steel; it was so chosen as to 
demand approximately the same maximum load 
for all heat treatments. The hardness of each 
specimen was determined on the flats ground on 
the ends as indicated. From each batch of ten, 
the four or five were selected whose hardness was 
closest to the median. Since the primary object 
of these measurements was to determine how 
much ductility was imparted by pressure, these 
specimens were all pulled to fracture at pressures 
ranging from atmospheric to a maximum of 
28,000 kg/cm ! . The strain at fracture at at¬ 
mospheric pressure as a function of hardness is 
shown in Fig. 6. 

The same sort of measurements were made on 
these as on the stainless steels. 

In Fig. 7 is shown the flow stress at fracture 
as a function of the strain at fracture. The error 
from distortion in the act of fracture is much 
less for these hard steels than for the softer 
steels, and Fig. 7 therefore gives essentially the 
strain hardening curves. The points are some¬ 
what more scattered than for the softer speci¬ 
mens. Again the relation is linear within the 



Fia. 5. The special shape of the tensile specimens of the hard steels. Diameters given provide for finish gr inding . 
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Fig. 6. The strain at fracture at atmospheric pressure of 
the hard steels as a function of the Rockwell C hardness. 


limits of error. Two atmospheric points for 
hardness 63 lay distinctly out of line with the 
others and are not plotted; it is probable that 
there was some surviving stress concentration 
effect here. Only a single experiment under 
pressure was made on the 63 group, at 24,000 
kg/cm*. A slight but measurable ductility was 
found, the strain at fracture being 0.06. In view 
of the very small ductility at this pressure it did 
not seem worth while to try for measurements 
on this hardness at lower pressures. 

In Fig. 8 is shown the hydrostatic pressure at 
fracture as a function of the strain at fracture. 
Again the relation seems to be linear within 
experimental error. The lines drawn in Fig. 8 
are the best lines through the points of each 
group. Doubtless if a larger number of measure¬ 
ments had been made, lines would have been 
found more uniformly spaced in terms of the 
hardness. A vertical line in Fig. 8 means zero 
effect of pressure on ductility. The rapid decrease 
of pressure effect on ductility with increasing 
hardness in this hardness range is noteworthy. 



group. 


In Fig. 9 is shown the flow stress at maximum 
load as a function of the hydrostatic pressure at 
fracture. Since the hydrostatic pressure at 
fracture was only slightly higher than the hydro¬ 
static pressure at the time of maximum load, 
this is practically a graph of flow stress at 
maximum load against the prevailing hydro¬ 
static pressure. The factor for reducing from 
flow stress to tensile strength is 0.82 for all the 
specimens of Fig. 9. As in the case of Fig. 3, the 



Fig. 8 . The hydrostatic pressure at fracture as a func¬ 
tion of the strain at fracture for the hard steels. The 
numbers on the lines indicate the average Rockwell C 
hardness of the group. 

flow stress at maximum load increases somewhat 
with increasing pressure. The increase is greater 
on a percentage basis for the harder heat treat¬ 
ments. 

In Fig. 10 is shown the ratio of the area of the 
tensile part of the fracture to the total fractured 
area as a function of the pressure. At atmospheric 
pressure the tensile part of the fracture occupies 
a progressively greater part of the total area as 
hardness increases, the fracture of the steel of 
hardness 63 being practically all on a single fine 
grained tensile plane except for a very narrow 
rim of shear around the edge. As usual, the tensile 
break disappears at high pressure. The pressure 
at which it disappears is practically the same for 
all the hardness groups except the hardest, which 
differs abruptly from the others. The multiple 
shearing fracture does not often appear in the 
harder steels, but at the lower end of the hardness 
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range is more common. The most common type 
of shearing break is on a single distorted plane; 
this is always highly burnished. In a couple of 
instances there were also fissures on longitudinal 
planes. 

3. Tensile Properties under Pressure of 
Other Materials 

In addition to the tests on the two series of 
steels just described, other sorts of material were 
examined, chiefly from a qualitative point of 
view and primarily to determine whether duc¬ 
tility is imparted to all sorts of material by 
pressure. 

A number of experiments were made on gray 
cast iron. This was the ordinary gray cast iron 
of commerce, fine grained.^nd without obvious 
imperfections. Several experiments were first 
made in which the specimen was given the con¬ 
ventional shape of most of the previous speci¬ 
mens. These tests all gave negative results, the 
specimen fracturing under pressure with a clean 
tensile break and no evidence of plastic flow. 
Two specimens were then tried with the special 
shape shown in Fig. 5 to avoid any effects of 
stress concentration. These were both pulled at 
29,000 kg/cm*. One was exposed directly to the 
action of the pressure transmitting liquid, iso¬ 
pentane, whereas the other was copper plated in 
order to prevent penetration by the liquid into 
any pores that there might be. Both experiments 
gave the same completely negative result, clean 
fracture perpendicular to the axis of the speci- 



9. The "average longitudinal stress," which in this 
mmk the same as the flow stress, at the maximum load 
as a function of the hydrostatic pressure for the hard 
steels. The numbers on the lines indicate the average 
Rockwell C baldness of the group. 
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r 

Fig. 10. The ratio of the area of the tensile part of the 
break (bottom of the cup) to the total area as a function of 
the pressure under which the break occurs for the hard 
steels. The numbers on the lines indicate the hardness 
group. 

men, with no measurable reduction of diameter. 
It is perhaps, natural to ascribe the negative 
results to the microscopic grains of pure graphite 
known to be present in this material. 

For unity of presentation, certain results with 
other materials which have already been de¬ 
scribed elsewhere will be referred to again here.* 
Tension tests under pressure on specimens of the 
conventional shape were made on aluminum, 
copper, bronze, and brass. The ductility of all 
these is markedly increased by pressure. In 
general it is not possible to push the strains to 
such extreme values without loss of geometrical 
regularity with these materials as with the steels. 
The cross section is likely to become dominated 
by a single crystal grain, so that the section 
becomes rectangular or square, with the result 
that the stress at the section becomes inhomo¬ 
geneous and the determination of the stress- 
strain relation is thwarted. No serious attempt 
was made to And whether this effect was due to 
abnormally large grains in the virgin material or 
whether large grains were developed by the proc¬ 
ess of straining under pressure; my general irp- 
pression in the case of aluminum and copper was 
that it was the latter. 

Qualitative measurements were also made on 
a number of other materials that could not be 
readily fashioned into the conventional tensile 
specimens. These materials were made into 
slender rods, approximately 1 cm long and 0.8 
mm in diameter, supported near the two ends 

* P. W. Bridgman, Rev. Mod. Phys. 17, 3-14 (1945). 
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and subjected to a push at the center by a blunt 
wedge. Stops so limited the travel of the wedge 
that ductile materials were bent to a maximum 
angle of 135°. The experiment consisted in ex* 
posing the rod to the bending action of the wedge 
under hydrostatic pressure and observing whether 
there was any measurable difference between the 
amount of bending in the neighborhood of the 
fracture (if there was a fracture) as compared 
with atmoqoheric pressure. The apparatus was 
first tried with rods of a 1.S0 C tool steel, 
hardened glass hard and drawn to various tem¬ 
peratures. At 29,000 kg/cm* the undrawn speci¬ 
men broke with no appreciable bending, but all 
the others received the whole 135° bend without 
fracture. Of these the specimen drawn at 200°C 
broke at atmospheric pressure with no appreci¬ 
able bending and the one drawn at 275° broke 
after bending through a slight angle. Repetition 
of the same experiment at 25,000 kg/cm* showed 
a rather rapid falling off of the pressure effect, 
the specimen tempered at 200° now breaking 
after bending only 40°. 

At 29,000 gray cast iron broke with no .appre¬ 
ciable bending, thus checking the result by the 
other method. 

Other materials tested by the same method 
were: antimony, tellurium, bismuth (all in the 
single crystal condition), borax glass, hard 
rubber, and limestone. A rod of bismuth was 
recovered after an exposure at 15,000 per¬ 
manently bent without fracture to an angle of 
80°; whether the difference between 80° and 
135° was due to elastic recovery was not inves¬ 
tigated. Antimony, arsenic, and tellurium might 
be expected to show some ductility in analogy 
with bismuth, but loading of these three ma¬ 
terials at 29,000 resulted in clean transverse 
fractures with no trace of any bending before 
the occurrence of fracture. Hard rubber was 
recovered after exposure to similar conditions 
unfractured and with a set of 10°; this set 
entirely disappeared and the rod became straight 
again on standing 12 hours at room temperature 
at atmospheric pressure. The elastic limit of 
hard rubber is thus obviously markedly raised 
by pressure. The borax glass was from the .same 
source as that which Birch and Dane 4 had used 

4 E. B. Dane and F. Birch, J. App. Phys. 9, 669-674 
(1938). 


in measuring' the effect of pressure on viscosity 
at j elevated temperatures. This glass deforms 
at atmospheric pressure with measurable ve¬ 
locities at temperatures as low as 300°; it might 
therefore be expected to show some measureable 
deformability under pressure at room tempera¬ 
ture. No evidence of any bending before fracture 
was found, however, at a pressure of 29,000. 
Doubtless time effects are of importance here; 
the load was applied at such a rate as to reach 
the maximum deformation in a time of the order 
of a minute. 

Limestone was of special interest because it 
had already been extensively investigated in the 
experiments of Griggs and of Balsley.* They 
found marked plasticity under compressive 
stresses in combination with hydrostatic pres¬ 
sure and also in simple tension, but much less 
ductility in bending. The pressures that could be 
reached in the present experiments were higher 
than those attained by Griggs and by Balsley, 
and the external conditions were somewhat more 
uniform, so that a positive result might perhaps 
be expected. The fracture was, however, com¬ 
pletely brittle at pressures up to 29,000 kg/cm* 
when the test was performed in the regular way. 
It is known from the experiments of Birch and 
Bancroft* and others that the behavior of rocks 
under pressure is in many cases qualitatively 
altered if the pressure transmitting fluid is 
prevented from having access to the interior of 
the specimen by jacketing it with a suitable 
covering. The experiments were therefore re¬ 
peated, encasing the limestone in a heavy sheath 
of lead or copper or steel, and bending under 
29,000. The lead and copper jackets were prob¬ 
ably completely successful; the specimens were 
markedly bent, and there were no obvious flaws, 
but the tests were not entirely conclusive because 
the specimens were broken on attempting to re¬ 
move the jackets at atmospheric pressure. In the 
case of the steel jacket, both the jacket and the 
specimen broke brittlely with no obvious perma¬ 
nent deformation. The conclusion would there¬ 
fore seem to be that the limestone is capable of 
receiving permanent deformation in tension 

• D. T. Griggs, J. Geol. 44,544-571 (1936); Am. Mineral. 
23, 28-33 (1938); Bull. Geol. Soc. Am. SI, 1002-1022 
(1940). J. R. Balsley, Trans. Am.Geophys. Union, Part II, 
519(1941). 

* F. Birch and D. Bancroft, J. Geol. 46, 113-141 (1938). 
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without fracture at pressures as high as 29,000. 
The extension of this conclusion to ordinary 
limestone is complicated by the fact that there 
is a polymorphic transition in the neighborhood 
of 25,000 so that the plasticity demonstrated 
above is plasticity of another modification than 
that existing under normal conditions. 

In the endeavor to acquire further under¬ 
standing of the effect of pressure on the me¬ 
chanical properties of glass hard steel, another 
type of purely qualitative experiment was per¬ 
formed which has been previously made for 
other materials. If a thin ring of hard rubber or 
glass is slipped over a tightly fitting solid steel 
core and then exposed to hydrostatic pressure in 
a medium in which ring and core are both totally 
immersed, the ring will be snli£, just as if it had 
been expanded by driving a tupp into it. The 
simplest explanation is that the steel core, 
because of its much lower cubic compressibility, 
forces the ring to be stretched beyond the dimen¬ 
sions that it would normally assume under the 
hydrostatic pressure. This suggests that, for 
brittle materials, the normal zero from which to 
figure the extension which will produce brittle 
tensile fracture is the configuration which the 
material would assume under the mean equiva¬ 
lent hydrostatic stress of the total stress system. 

The corresponding experiment was made with 
a 1.50 C tool steel by fitting a thin ring of the 
steel in the glass hard condition over a Carboloy 
core. The two were ground together with a 
slight taper, and were pushed snugly together, 
so that the steel ring was under a slight initial 
tension. The ring with core was then exposed to 
a pressure of 29,000 kg/cm 2 . On releasing 
pressure, not only was the steel ring unbroken, 
but it was still a tight fit on the core, showing 
that it had received no appreciable plastic set. 
If ulbthe elastic constants of Carboloy, as well 
as <f cubic compressibility, are assumed to be 
aboqt one-third the corresponding constants of 
steel, which has never been proved by direct 
experiment but which is not unplausible, it may 
be calculated that at the maximum pressure the 
stenting was strained by about 2.5 X 10~ 2 beyond 
llferiitnensions which it would normally have 
haqrunder a pure hydrostatic pressure of 29,000. 
This stretch is far beyond the elastic limit or 
fracture point at atmospheric pressure, and 
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STRAIN 


Fig. 11 . The flow stress as a function of strain (strain- 
hardening curves) for all the steels of this paper and 
various 1045 steels previously described in Watertown 
Arsenal reports. 

would demand a tension of approximately 
750,000 p.s.i. So large an effect of hydrostatic 
pressure on the elastic limit has not been found 
previously for the softer steels. It may be, 
therefore, although this conclusion should be 
confirmed by other methods, that the com¬ 
paratively small effect of pressure on the duc¬ 
tility of very hard steels is compensated by a 
large effect on the elastic limit. 

Special attention was given to an investigation 
of the effect of pressure on the tensile properties 
of Carboloy. The interest in this lies in the fact 
that Carboloy containers, immersed in a medium 
carrying a high pressure, successfully withstand 
an internal pressure of more than 100,000 
kg/cm 1 . 7 The interiors of such containers are 
subject to large tensile strains and stresses, so 
that a large effect of pressure is indicated, Car¬ 
boloy under normal conditions being brittle and. 
with comparatively little strength in tension. 
The method used was the bending of slender 
rods, as before. No measurable plasticity in 
bending was imparted to a rod of grade 999 
Carboloy by a pressure of 29,000 kg/cm*. A 
special grid of greater sensitivity was then con¬ 
structed and with this it was found that the 
bending force required to produce fracture at 

7 P. W. Bridgman, J. App. Phy». 12, 461-469 (1941). 
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Fig. 12. Collected results for the steels of this paper and 
of a previous Arsenal report for the pressure at fracture as 
a function of the strain at fracture. 

27,000 was at least threefold, and perhaps con¬ 
siderably more, greater than at atmospheric 
pressure. This very notable increase of strength 
must be an important factor in the functioning 
of the high pressure containers. The behavior is 
qualitatively the same as indicated in the last 
paragraph for hard steel. 

DISCUSSION 

In Fig. 11 are collected various results of the 
previous and the present investigations for flow 
stress versus strain for different grades of steel' 
(that is, the strain hardening curves). The five 
lines designated by A2 , AS , A 6, A7, and ^48 are 
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STRAIN AT NUCTVM 

Fio. 13. Various significant stresses as a function of the 
strain at fracture for stainless steel H-29. 


taken from the Watertown Areenal reports, and 
refer to various heat treatments of a 1045 steel. 
The two groups of similar stainless steels are 
each averaged to give a single line. The lines of 
Fig. 11 form approximately a fan shaped family 
of non-intersecting lines, the slope of the line 
being higher the higher the absolute value of the 
stress, with the exception of the stainless steels 
H-29 and H-88. For these two steels the slope 
of the strain hardening line is higher than would 
be expected from the tensile strength at atmos¬ 
pheric pressure. That is, these two steels harden 
at an abnormally rapid rate. 

Figure 12 shows a similar collection for dif¬ 
ferent steels of the curves for pressure at fracture 
as a function of the strain at fracture, that is, the 
effect of pressure on ductility. The two undesig¬ 
nated lines are for the Watertown steels, which 
fall into two groups with respect to the property 
shown in Fig. 12. Again all the steels of this 



Fig. 14. Various significant stresses as a function of the 
strain at fracture for stainless steel H-50. 

paper and two of the stainless steels fall into the 
same family of curves as the steels previously 
investigated, the increase of ductility under a 
given increment of hydrostatic pressure being 
greater the lower the absolute tensile strength. 
Again the two stainless steels H-29 and H-88 are 
exceptions. Their increase of ductility under 
hydrostatic pressure is abnormally low. Thus for 
these two steels a high rate of strain hardening 
with increase of strain goes with a low increase of 
ductility with increasing pressure. 

The data of this paper bear on the question of 
the best criterion of rupture in the present range 
of conditions. In the fifth Arsenal report it was 
found that for the steels of those reports the 
mean hydrostatic tension (one-third the sum of 
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the three principal stresses, abbreviated in the 
following as S) was approximately constant at 
fracture. In Figs. 13-16 data are shown with 
respect to fracture for four representative steels 
of this paper, that is, stainless steels H-50 and 
H-29 and the groups of hardness 48 and 60. In 
these figures the lines of flow stress, F, and of 
hydrostatic pressure at the instant of fracture 
taken as positive, P, were first drawn as func¬ 
tions of strain. Next, from the line of flow stress 
was drawn the curve of “hydrostatic tension," 
HT, on the axis of the specimen. This hydro¬ 
static tension is the second of the three com¬ 
ponents of the complete stress system described 
above. It was computed from the flow stress by 
multiplying by a somewhat complicated function 
of a/R which has been given in detail in the 
papers describing the corrections for stress dis¬ 
tribution at the neck. This function of a/R may 
be expressed as one definite function of strain 
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Fig. 15. Various significant stresses as a function of the 
strain at fracture for the specimens in the 48 hardness 
group. 


for all normal steels, and as another function of 
strainjbr the two abnormal stainless steels. In 


both Apes the conversion from a function of a/R 
to a function of strain was made with the use of 
empirical data. The function converting flow 
stress into “hydrostatic tension" is highly non¬ 
linear j«n the strain. It is a first empirical result 
that in the case of all steels, normal and abnormal 
r>Rfc&/ th$ curve for HT versus strain obtained 
witP&ie'use of this highly non-linear factor is 
linear within limits of error. It is a second em¬ 
pirical result that in all cases the line for HT 



Fig. 16. Various significant stresses as a function of the 
strain at fracture for the specimens in the 60 hardness 
group. 


rises approximately parallel to the line for F. 
Next, the two lines for F and HT were combined 
to give the line for F+HT . This is the axial stress 
at fracture that would be found on the axis of 
the specimen if there were no hydrostatic 
pressure. Inspection of the figures shows that in 
all cases it increases rapidly with strain. If the 
hydrostatic pressure is subtracted from F+IIT 
the actual stress Z M on the axis at the instant of 
fracture will be obtained. This line is also shown 
in the figures. Finally, the line for the mean 
hydrostatic tension (5= l F+IIT—P) was con¬ 
structed. 

This method of representing the results is 
somewhat different from any that I have em- 



Fig. 17. Various significant stresses as a function of the 
strain at fracture for the steel A-5 of the fifth Arsenal 
report. 
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Fig. 18. Various significant stresses as a function of the 
strain at fracture for the steel A-7 of the fifth Arsenal 
report. 

ployed before. Two of the steels previously 
examined in the Arsenal reports are therefore 
analyzed in the same way, and the results shown 
for A 5 in Fig. 17 and for AT in Fig. 18. These 
figures correspond exactly to the four figures 
just described for the steels of this paper. 

In all six figures, 13 to 18, it is to be noted 
that the lines have physical significance for the 
conditions of the present experiments only for 
strains at which fracture occurs, that is, for 
strains to the right of the point where the line 
for P crosses the zero axis. To the left of this 
point fracture is formally indicated when the 
specimen is exposed to a hydrostatic tension 
instead of a pressure. What the actual physical 
behavior would be under such a tension is for 
the present conjectural. 

A valid criterion for fracture will be repre¬ 
sented by a horizontal line in the figures. Of the 
various lines in the figures it is obvious at a 
glance that the lines for Z t and S come nearest 
to meeting this requirement. It also appears that 
5 does not stand up as well as a criterion for the 
steels of this paper as it did previously for the 
two Arsenal steels AS and AT. In this connection 
too much weight should not be given to the 
apparently large failure for the steel of hardness 
60, since the entire experimental range of strain 
was only 0.0 to 1.0 and the experimental error 
is therefore higher than for the others. The 
criterion that Z t is constant shows up as well on 
the average for the four steels of this paper as the 
criterion S. It is distinctly poorer for AS and A7 t 
however, so that on the whole it is not very 


good. The physical significance of the criterion 
of constant Z 9 is that rupture occurs at a definite 
fiber stress, irrespective of the other stress com¬ 
ponents, and therefore irrespective of the com¬ 
ponent of elastic stretch in the same direction. 
This criterion has been used with some success 
by other investigators as a criterion of fracture 
in a limited range of conditions. However, in the 
wider range of conditions of this paper it would 
seem to have little physical significance, par¬ 
ticularly when it is considered that under pres¬ 
sure the fracture loses its tensile character and 
becomes entirely shearing. The criterion defi¬ 
nitely fails for such phenomena as the “pinching- 
off” effect. 8 The physical significance of the 
criterion that 5 be constant is that fracture 
occurs when the average volume distension 
reaches a critical value. There would seem to be 
some physical plausibility in such a criterion, 
but the data of this paper, as well as considera¬ 
tions which 1 have already advanced in other 
papers, show that it cannot be the sole deter¬ 
mining factor in fracture. However, it seems to 
me that this must contain an important aspect 
of the mechanism responsible for fracture. 

Of the various criteria which have been sug¬ 
gested for fracture, it is obvious that no criterion 
in terms of strain only can possibly be valid 
under present conditions in view of the enormous 
strains that can be reached under high pressures 
without fracture. Of the simpler criteria in terms 
of stress, it is obvious that the maximum shearing 
stress criterion cannot be valid. The maximum 
shearing stress is simply $F, and inspection of 
Figs. 13-18 shows that F and therefore $F in all 
cases rises rapidly with strain, so that this 
criterion cannot be general. A physical argument 
could be made for the condition that F+/iT 
should be constant at fracture, since this has 
the physical significance of maximum tensile 
fiber stress calculated from a state of uniform 
hydrostatic pressure as the zero. This criterion 
however, evidently fails by a wider margin than 
any other indicated by the figures. Or, since the 
total component of hydrostatic stress on the 
axis, where fracture begins, is HP—P, a similar 
argument could be made for the reasonableness 
of the criterion that F should be constant at 


• P. W. Bridgman, Phil. Mag. 63-80 (July* 1912). 
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fracture. This criterion is also evidently wide of 
the mark. 

It is probably worth while calling attention 
to the fact that for all the steels the value of 5 
at the lowest strain at which fracture occurs is 
approximately the same, namely 10,000 kg/cm 1 . 

SUMMARY 

The tensile properties of the two stainless 
steels with low nickel content fall into the same 
pattern as the carbon or low alloy steels pre¬ 
viously investigated. Two stainless steels with 9 
and 10 percent nickel content fall outside the 
previous pattern in that necking starts at an 
abnormally high elongation, they strain harden 
as an abnormally rapid rate, and the increase of 
ductility under pressure is abnormally low. The 
carbon steels with Rockwell C hardness in the 
range 48 to 63 all fall in the previous pattern, 
the rate of strain hardening being greater and 
the effect of pressure on ductility being less the 
greater the hardness. Even the steel of hardness 
63 shows a measurable ductility under a hydro¬ 
static pressure of 24,000 kg/cm 2 . 

A search is made for a possible criterion of 
rupture by plotting various relevant stresses 
against the strain at fracture. No criterion 
emerges good under all conditions. The constancy 
of the mean hydrostatic tension (one-third the 
sum of the three principal stress components) 
remains the best criterion over the whole range 
of conditions, but in certain circumstances it 
may show considerable variation, and its margin 
of superiority over the criterion that the total 
fiber stress in the direction of fracture, Z t , be 
constant at fracture, is not impressive. The 
maximum shearing stress criterion for fracture 
fail* by a wide margin. No criterion of fracture 
in ottm of strain components only can possibly 
be Jrolid. Certain other plausible criteria on the 
stress components are also found not to hold. 

In addition to the generalizations obtained 
from previous work, namely that the strain 
hardening curves are linear in the strain and that 
Aha,ductility is a linear function of the hydro- 
w^Hc^ressure, two new empirical results emerge 
from the present method of plotting. These are: 


first, that the component of hydrostatic tension 
on the axis of the specimen arising from necking 
is a linear function of the strain at fracture and, 
second, that the line of hydrostatic tension 
versus strain is approximately parallel to the line 
of flow stress versus strain. 

With regard to other metals than steel, 
aluminum, copper, bronze, and brass show an 
even greater effect of pressure on ductility than 
do the mild steels. These four metals were tested 
in the form of conventional tension specimens. 
The tensile properties of a number of other 
materials were tested by bending slender rods 
under pressure. Results were obtained in this 
way on hardened tool steels in various tempers 
in line with those obtained with the conventional 
tension specimens. Antimony, arsenic, tellurium, 
borax glass, cast iron, limestone (uncovered), and 
Carboloy showed no measurable plastic defor¬ 
mation before breaking by bending under hydro¬ 
static pressure. Bismuth shows large plastic 
effects. Hard rubber acquires great plasticity and 
also shows prominent time effects. Limestone, 
when covered, will take permanent plastic 
deformation in bending under hydrostatic pres¬ 
sure, but the interpretation of the results is 
obscured by a polymorphic transition which 
takes place under pressure. Although Carboloy 
showed no plasticity in bending, it showed a 
bending strength under 29,000 kg/cm 2 more than 
three times greater than that at atmospheric. 
Another type of experiment pointed to a similar 
very large increase of the elastic distortion which 
glass hard steel will support without fracture in 
a medium under hydrostatic pressure. In general 
comment on the bending experiments, it would 
seem that because of the complicated nature of 
the conditions the results are not susceptible of 
as straightforward an interpretation as are the 
conventional tension tests. This is pointed by the 
fact that carboloy will show plasticity in simple 
compression under pressure although it shows no 
plasticity in bending. The same thing is indi¬ 
cated by the marked difference of plasticity of 
limestone in simple tension and in bending. 

I am much indebted to Mr. L. H. Abbot for 
making the readings and manipulating the pres¬ 
sure apparatus. 
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Letter to the Editor 

Grorge G. Brock 

157 South Harrison Street, East Orange, New Jersey 
December 22, 1945 

I N 1937 Woodyard published in the Proceedings of the 
LR,E, a paper in which he described the use of an 
oscillator as frequency discriminator. Recently the growing 
interest in circuit arrangements permitting frequency dis¬ 
crimination without amplitude sensitivity has brought 
about such developments as the “Ratio Detector.*’ 

The circuit described here is essentially an oscillator 
which falls in step with an incoming signal. The differential 
plate-current of the two halves of the tube is the dis¬ 
criminator output (Fig. 1). 

This circuit lends itself to many other applications like 
f.i. frequency modulation, frequency stabilization, fre¬ 
quency modulation phonograph pick-up, etc. 

A more complete paper on the theory and experimental 
results with this circuit will be published shortly. 



Here and There 


New Appointments 

Philip Nolan, who has spent the past three and a half 
years in fire control optics and infra-red research and de¬ 
velopment in the Navy's Bureau of Ordnance, recently 
joined the staff of the Farrand Optical Company, Inc., of 
New York as its chief physicist. 

School and Society reports that G. W‘. Fox, professor of 
physics, Iowa State College of Agriculture and Mechanic 
Arts (Ames), has been appointed technical adviser to 
General Douglas MacArthur. Dr. Fox will spend about 
three months in Japan making recommendations as “to 
which scientific activities should be encouraged . . . and 
which, if any, discouraged.'* 

After more than three years of war research with the 
Office of Scientific Research and Development and the 
U. S. Navy Bureau of Ordnance, George M. L. Sommerman 
has become associate professor of electrical engineering at 
The Technological Institute of Northwestern University. 

Three new appointments were recently announced by the 
National Bureau of Standards. Hugh L. Dryden is now 
Assistant Director of the Bureau, Ferdinand G. Brickwedde 
is chief of the Heat and Power Division, and Robert Simha 
has become a member of the Division of Organic and 
Fibrous Materials with special responsibility for the coordi¬ 
nation of fundamental research on the molecular properties 
of high polymers. 


Necrology 

Dr. Parke Benjamin Fraim, associate professor of physics 
at the Polytechnic Institute of Brooklyn, died January 13 
at the age of 59. 

Professor Harry Bateman, mathematician at California 
Institute of Technology, died in Utah on January 21 while 
on the way to New York, where he was to have been 
honored for outstanding work with Albert Einstein and 
other leading scientists. Professor Bateman was to be 
made a Fellow of the Institute of Aeronautical Sciences 
and receive a medal for his contributions to aeronautics. 
He had held full professorships in three fields—mathe¬ 
matics, physics, and aeronautics—and was the author of 
many standard higher mathematics texts. At his death 
he was 63 years of age. 

Physicist Honored in Chicago 

Dr. Glenn T. Seaborg, co-discoverer of plutonium and 
elements 95 and 96, who is “on loan” to the Metallurgical 
Laboratory of the University of Chicago, has been named 
the outstanding young man of Chicago for 1945 by the 
Chicago Junior Association of Commerce. Dr. Seaborg has 
been on leave from the University of California for the 
past four years. He discovered plutonium in 1940. The 
announcement of his discovery, with three co-workers, of 
elements 95 and 96 was made last November. Dr. Seaborg, 
who is 33, has been in charge of the research at the Uni¬ 
versity of Chicago for separating plutonium in amounts and 
purity required for war purposes. He has also been pri¬ 
marily responsible for the chemical separation procedures 
which were used in connection with the manufacture of plu¬ 
tonium at Clinton, Tennessee, and Hanford, Washington. 
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Technical Translations 


The R. T. P.’s listed below are available from the 
Durand Reprinting Committee in care of California Insti¬ 
tute of Technology, Pasadena 4, California. 

These were selected for reprinting from the British 
Ministry of Aircraft Production R. T. P. List No. 122. 


2478 

Hohenemker 

2480 

Stableln, W. 


2481 

Heuvelink, H. 

2492 

Deuker. E. A. 

2493 

Deuker. K. A. 

2494 

Pinchinger, A. 

2495 

Schmidt. F. R. 


2497 

Volkersen. O. 

2498 

Jegorow, G. 

2499 

Hiedemann, E. 

2500 
Lutz, O. 

2501 

Chwalla. E. 
Novak. A. 


Plant Tests on Steel Tubes under Combined Tension and 
Torsion. (Z.A.M.M.. Vol. II. No. 1. February. 1931. 
pp. 15-19.) (5 pages) 

Measurement of the Characteristics of Frequency- 
Modulated Oscillations. (Elek triache Nachrichten- 
Technik.. Vol. 4. April. 1943, No. 20, pp. 102-111.) 
(12 pages) 

The Testing of Graduations of Theodolites and Uni¬ 
versal Instruments. (Ztschr. f. Instrumentenkunde. 
Vol. 45, February, 1925, pp. 70-84.) (15 pages) 

On the Stability of Elastic Shells Pt. I. (Z.A.M.M.. 
Vol. 23. April. 1943, No. 2. pp. 81-100.) (26 pages) 
The Stability of Elastic Shells Pi. II. (Z.A.M.M.. Vol. 
23. June. 1943, No. 3, pp. 169-179.) (13 pages) 
Oscillations in Gas Columns. (Forschung, Vol. 6, No. 6, 
November-December, 1935. pp. 273-280.) (12 pages) 
The Induction and DiscMfrge Process and Limitations of 
Poppet Valve Operation in a Four-Stroke Aero Engine . 
(Luftfahrtforschung, Vol. 16, No. 5, 20.5.1939, pp. 
251-275.) (45 pages) 

Rivet Load Distribution in lap Joints of Constant Cross- 
Section under Tension. (Heinkel Werke, Rostock L. F. 
F.. Vol. 15. No. i. 20.1.38. pp. 41-47.) (14 pages) 
Measurement of Direction Velocity and Pressure in a 
Three Dimensional Current. (Luftfahrtforschung. Vol. 
19, No. 9. 20.10.42. pp. 326-330.) (10 pages) 
Physical-Chemical Effects of Supersonic Waves. (Archiv 
f. d. Eisenhuttenwesen, Vol. 12, No. 4, October, 1938, 
pp. 185-193.) (17 pages) 

Graphical Determination of Wall Temperature during 
Heat Transfer. (Forschung. Vol. 6, No. 5, 1935, pp. 
240-244.) (7 pages) 

The Theory of One-Sided Web Stiffeners. (Der Stahlbau. 
Suppl. to Bautechnik. Vol. 10. No. 10, May 7, 1937, 
pp. 73-76.) (10 pages) 


Bulletin of the Atomic Scientists of Chicago 

The Atomic Scientists of Chicago have published several 
issues of the first volume of their Bulletin, an eight-page 


printed leaflet. Thus far articles have appeared under the 
following headings: 


Technical Feasibility of Atomic Energy Controls 
General Groves on the Future of the Atomic Bomb Projects 
The Federation of Atomic Scientists 
Denver Conference on Atomic Energy 

UNO Faces the Problem of Atomic Energy Control * 

Structure of the UNO 

British Public Opinion and the Atomic Bomb Menace 

The Atomic Scientists Back the McMahon Bill 

The Atomic Scientists and the Federation of American Scientist# 

The Distribution of Uranium in Nature 

UNO Creates Atomic Energy Commission # 

U f 

In addition, the Bulletin always carries several cottupns 
under the heading “Congressional News.” / 

The Bulletin has l>een featuring a series of arjpcles on 
“Control Problems.” Thus far it has included the following: 
general survey of the control problem, control of uranium 
mining, and control of a gaseous diffusion plant. The 


Bulletin is published at 1126 East 59th Street, Chicago 57, 
Illinois. 


New Firm of Consulting Physicists 

Paul Rosenberg Associates, consulting physicists, have 
announced the opening of offices in New York City. Work 
will be done in radar, ultrasonics, television, optics, nu¬ 
clear physics, and general physics. The head of the firm, 
Paul Rosenberg, has recently completed four years* work 
at the Radiation Laboratory of the National Defense 
Research Committee at the Massachusetts Institute of 
Technology. 


Dr. Meitner Arrives 

Dr. Lisa Meitner, who is credited with establishing the 
mathematical data and equations in the breakdown of the 
uranium atom, arrived in New York from Stockholm on 
January 25. She came to the United States to join the 
faculty of the Catholic University of America in Wash¬ 
ington. 


New Booklets 


*kheology Bulletin for December 1945, publication of The 
Society of Rheology, has the following table of contents: 


Bibliography of Books on Viscosity, VUcometry and Rheology 
Society of Rheology Annual Meeting Abstracts 
Rheology Progress Abstracts (covering apparatus and methods, cellu¬ 
lose, clays, fibers, foams, general, ink, paints, petroleum products, 
plastics, polymers, proteins, theory) 


Westinghouse Newsfront for January 1946, published by 
Westinghouse Electric Corporation, Pittsburgh 30, Penn¬ 
sylvania, features articles on devices used in radar, re¬ 
search into the causes of rust and corrosion, industrial use 
of high frequency “cooking," and the value of electricity 
in increasing production, efficiency, and comfort on Ameri¬ 
can farms. 


Radio Company, 275 Massachusetts Avenue, 
iosfosi 39, Massachusetts, has issued a 68-page Postwar 
Supplement to its Catalog K t now in the fourth edition. 
. ThBfSupptanent brings atl editions completely up to date. 


Jarrell-Ash Company of 165 Newbury Street, Boston 16, 
Massachusetts, has issued a 16-page catalog of spec typo¬ 
graphic equipment for research in spectroscopy and for 
spectrochemical analysis in metallurgy, mineralogy, agron¬ 
omy, chemistry, medicine, and other fields. 
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A New Electrolytic Selenium Photo-Cell 1 

A. von Hippel, J. H. Schulman, and E. S. Rittnrr 
laboratory for Insulation Research , Massachusetts Institute of Technology , Cambridge , Massachusetts 

(Received December 20, 1945) 

A new electrolytic selenium photo-cell is described and its characteristics given as a function 
of operating voltage, temperature, external resistance, and time. Data are included indicative 
of its response to unmodulated, modulated, and monochromatic light; comparison is made 
with cells of similar type or possessing similar characteristics; and a method of compensating 
for the dark current of photo-cells is shown. 

An electronic circuit is also described which can greatly improve the voltage output of the 
photo-element. It is generally applicable to photo-conductive and photo-voltaic cells. 


INTRODUCTION 

PROCESS of electroplating metallic sele¬ 
nium has recently been developed in this 
laboratory. 2 In the course of that research it was 
found that electrolytic selenium photo-cells of 
excellent sensitivity and relatively high imped¬ 
ance could be produced. These characteristics 
made it desirable to investigate in detail the 
performance of the new photo-elements in order 
to determine their usefulness in war equipment. 
The results of this study are presented below. 

DESCRIPTION OF PHOTO-CELL 

The electrolytic photo-cell consists of a metal 
electrode, completely coated with metallic sele¬ 
nium, immersed in an aqueous solution of an 
electrolyte, preferably selenium dioxide, together 
with an auxiliary electrode of a noble metal-like 
platinum, or a second selenium-coated electrode. 
The particular model of the glass-enclosed cell 

1 This research was carried out under contract OEMsr 
561 with Division 16, Section 16.4, of the National Defense 
Research Committee, and finished by June 10, 1943. 
Publication has been delayed because of the war. 

1 To be published elsewhere. 


employed in the major part of our experimental 
work is illustrated in Fig. 1. On the application of 
a small external d.c. voltage making the auxiliary 
electrode the anode, the cell becomes immediately 
sensitive to light incident upon the selenium 
cathode. The cell so employed as a photo¬ 
conductor exhibits essentially instantaneous and 
linear response to light. With a selenium dioxide 
electrolyte and an applied e.m.f. of 2 v the cell 
possesses a short circuit sensitivity of the order of 
1000 /xamp./lumen and a dark current of 0.2- 
2.0 /zamp. (total cathode area = 2 cm 2 ). 

The most important factors controlling the 
quality of the cell are (1) the composition of the 
electrolytic solution and (2) the nature of the 
selenium coating on the cathode. The first may 
impose a limitation upon the useful life of the 
photo-cell; the second affects principally the 
short-circuit current and the voltage sensitivity. 

THE ELECTROLYTE 

Photo-sensitivity has been observed in cells 
containing a large number of different aqueous 
electrolytic solutions (Table I). In all of these 
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cases there appears to be an optimum voltage, 
below or above which either the sensitivity 
decreases or the short circuit current output vs. 
illumination deviates from linearity. Employ¬ 
ment of these solutions, however, results in the 
disadvantage that the light sensitive selenium 
surface is gradually destroyed on illuminating the 
cell either because of the evolution of HjjSe or of 
the dissolving of selenium by the locally high 
concentration of OH~ produced at the cathode in 
the case of salt electrolytes. 

tjfe the other hand, if sclenious acid is used as 
ele$rol> te, the sensitive cathode is not destroyed, 
the electrode reactions which occur upon illumi¬ 
nation being (1) at the cathode and (2) or (3) at 
the anode: 

(1 /H,ScO,+4( -) +4H+ - Se+3H a O; 

S^+3H*0 » H2SeOa+4H + +4( —) (for a Se 
anode); 

(3) JHiO»H + +iO*+(~) (for an inert anode). 
For this reason our detailed investigation of the 

$16 


properties of the photo-cell was confined to cells 
containing selenious acid solutions. 

The selenium dioxide employed was of the best 
grade commercially available, and its state of 
high purity was verified by spectroscopic analysis. 
The major impurity was Te, present in a concen¬ 
tration of 14 parts per million. All other metals 
found in the sample were present in concentration 
less than 2 parts per million. Despite this fact 
samples of selenium dioxide obtained from differ¬ 
ent companies and even different batches from 
the same manufacturer gave rise to cells of 
widely varying quality. Cells made with unsatis¬ 
factory samples of Se0 2 , for example, displayed 
abnormally high dark currents, or low sensi¬ 
tivities, or non-linearity and sluggishness of re¬ 
sponse. These differences in behavior would seem 
to be attributable to traces of impurities, unde¬ 
tectable spectroscopically, in the various lots of 
Se0 2 employed, as no correlation could be drawn 
between the spectroscopic analyses and the 
results obtained with varying Se0 2 lots. More¬ 
over, attempts to purify unsuitable samples have 
failed to improve the characteristics of cells made 
from them, yielding no clue as to the nature of 
these presumed impurities. It was therefore 
necessary to select for further studies a single lot 
of selenium dioxide which gave rise to cells of 
desirable characteristics. 3 Even with cells made 
from the same satisfactory solution and with 
electrodes plated simultaneously in the same 
plating bath, statistical fluctuations in cell char¬ 
acteristics were observed. Hence all data given 
below, except where noted, are representative of 
the average behavior of a minimum of five cells. 


Table I. Photo-sensitivity as function of electrolyte. 


Composition 

Short-circuit 

sensitivity, 

Dark current. 

Optimum 

operating 

voltage 

of solution 

/tamp. /lumen 

/tamp. 

(for Se anode) 

0.U/HC1 

510 

0.1 

1.0 

O.lAf H1PO4 

610 

0.2 

1.0 

o.ui/h*so 4 

620 

0.6 

1.0 

9.0Af H*S0 4 

680 

2. 

1.0 

0.33/ HjSOs 

540 

4 . 

0.55 

0.13/HAc 

500 

2. 

0.9 

8.73/HAc 

500 

2.5 

1.0 

O.lJlf Na*S0 4 

630 

0.5 

1.0 

0.13/ MgS0 4 

800 

0.3 

1.0 


1 This SeOt lot was obtained from the American Smelting 
& Refining Company. 
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The concentration of the selenious acid may be 
varied within wide limits without materially 
affecting the cell’s characteristics. Survey experi¬ 
ments showed that these limits extend from at 
least 4 to 60 weight percent Se0 2 . Since the 
eutectic of the system Se0 2 -H 2 0 lies at 57 
weight percent Se() 2 and -23°, this composition 
seems preferable if the cell is ever to be subjected 
to low temperatures. Most of the data were 
obtained on veils whose electrolyte concentra¬ 
tions were close to the eutectic composition. 

THE CATHODE 

Although there are several techniques available 
for coating a metal with metallic selenium, we 
have confined our attention to the electroplating 
method as being the simplest and the most 
satisfactory for our purposes. 

Metal electrodes can be electroplated with 
metallic selenium from a number of plating baths 
of which two were used in the present work: 
(1) the “standard” plating bath developed in this 
laboratory and (2) selenious acid solution (i.e., 
the cell solution itself) at elevated temperatures, 
100°. With the first of these baths, metallic 
selenium may be plated to large thicknesses with 
high current efficiency, remarkable speed, and at 
low voltage. The second operates with low cur¬ 
rent efficiency owing to hydrogen evolution at 
the cathode. Strong polarization occurs, voltages 
of the order of 30 volts being required to pass 
currents of the order of 30 /xamp. after plating 
has proceeded for only a few minutes. This latter 
bath is thus unsuited for the production of thick 
plates. 

The plates obtained from the two baths differ 
in appearance to the unaided eye and under the 
microscope. Bath (1) gives plates of about 4 
percent average reflectivity, the Se crystals 
presenting the aspect of a grass-like growth with 
the C-axis oriented preferentially normal to the 
surface of the electrode. Bath (2) gives a much 
finer grained plate of about 25 percent average 
reflectivity with no sign of crystal orientation. 
Plates from bath (1) are easily wetted by water or 
Se0 2 solution, those from bath (2) shed liquid. 
Corresponding to the above-mentioned re¬ 
flectivities, the former plates are very black in 
appearance, the latter a light gray. 


When Pt electrodes plated in bath (1) are 
formed into cells (2 v applied), the initially high 
values of photo-sensitivity and dark current 
decrease rapidly with time. 4 An equilibrium dark 
current of 0.2-2.0 /zamp. is attained within ten 
minutes to two days while a steady sensitivity of 
about 1000 /uamp./lumen is reached within a few 
days. This sensitivity is maintained over long 
periods of time, whether the cell is kept on 
voltage in the dark or stored on voltage under 
intense light. 

With Pt electrodes plated in bath (2) for 5-10 
minutes the situation is similar except for the 
fact that the equilibrium sensitivities are of the 
order of 500 /uamp. /lumen and are attained only 
after one to two weeks. By exposing such cells to 
strong illumination for several hours the original 
grey color of the cathode is altered to a deep 
black, of about 4 percent reflectivity. Micro¬ 
scopic examination of the cathode reveals that an 
orientated structure similar to that produced in 
bath (1) has been formed. The change in charac¬ 
ter of the cathode is accompanied by an increase 
in sensitivity to 1000 /xamp./lumen, and this 
sensitivity is thereafter maintained. 

Other metals, besides Pt, which have been 
found suitable for use as bases for the Se cathode 
include Fe, Ni, Mo, and stainless steel. Cathodes 
plated in bath (1) on these metals gave cells with 
initially low sensitivities which rose rapidly to 
their equilibrium values within 1-2 days. With 
Fe and Ni the final sensitivities were 800- 
900 /xamp./lumcn; with Mo and stainless steel 
the final sensitivities were 1000 juamp./lumen. 

All data given below refer lo a total cathode 
area of 2 cm 2 whenever the dark current is con¬ 
cerned but to a light sensitive area of 1 cm 2 . The 
back side of the cathode, which is not illuminated, 
can be coated, if desired, with an inert insulating 
layer such as polystyrene to reduce the dark 
current. 

THE ANODE 

The anode of the photo-cell may consist of any 
inert metal or it may be a duplicate of the 

4 The change in characteristics with time is so rapid 
initially that no attempt was made to measure photo¬ 
sensitivity until ten minutes after the application of 
voltage. The sensitivity of different cells at this stage varied 
between 1200 and 2400 /iamp/lumen. 
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Fig. 2. Open circuit e.m.f. vs. illumination. (Illuminated 
electrode more positive ) 

cathode. With an inert metal anode, oxygen is 
evolved; with a Se-plated anode, selenium dis¬ 
solves forming selenious acid—the reverse of the 
cathode reaction. If the cell is to be hermetically 
sealed, the evolution of gas is undesirable; hence, 
Se-plated anodes are to be preferred. In this cast', 
however, the selenium on the anode must be of 
sufficient thickness to last for the lifetime of the 
cell. For this reason plating of the anode is 
necessarily done in bath (1) from which thick¬ 
nesses sufficient for several years of operation 
may easily be plated. The further possibility 
exists in cells supplied with Se-plated anodes and 
cathodes of reversing the polarity at intervals, in 
which case the cell might be expected to have an 
indefinitely long lifetime. 

Cells with selenium anodes possess slightly 
higher sensitivities and dark currents at a given 
applied voltage than cells with platinum anodes, 
probably owing to the higher back e.m.f. of the 
celtfin the latter instance. 

$e electrodes made on a Pt, Mo, or stainless 
steel base are suitable for anodes; those made on 
a Ni or Fe base are apparently too porous for 
such U6e, the solution becoming contaminated 
witj* oxidation products of Fe or Ni which 
destroy the photo-cell. 

’ rf* OPERATING VOLTAGE 

The cell can be stored on open circuit without 
deterioration. The magnitude of the open circuit 


potential generated, when one of two selenium 
electrodes in selenious acid solution is illuminated, 
varies greatly with individual electrodes, but the 
general shape of the cell e.m.f. vs. illumination 
curve is indicated in Fig. 2. Without applied 
potential the photo-current observed on illumi¬ 
nating a short-circuited cell quickly decays. This 
is likewise true of cells operated with applied 
potentials of less than about 0.5 volt, although 
the magnitude of the photo-current first ob¬ 
served increases with applied voltage. With 
further progressive increase of operating voltage 
the short-circuit sensitivity can be measured and 
typical data obtained on one cell with a Se-anode 
arc shown in Fig. 3. It can be seen that a mini¬ 
mum potential between 0.55 and 1.0 volt must be 
applied to obtain linear photo-response. The 
maximum operating voltage that can be em¬ 
ployed without visible hydrogen evolution at the 
cathode is about 4 volts. 

The equilibrium values of the white light 
sensitivity attained with cells operated at differ¬ 
ent voltages are shown in Table II for both gray 
and black cathodes (platinum anodes used in all 
cases). The data show that there is little gain in 
sensitivity with increasing voltage above 2 volts 



Fig. 3. Short-circuit sensitivity vs. operating voltage. 
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when black cathodes are employed. On the other 
hand, the dark current and the noise level (to be 
discussed below) increase rapidly with the applied 
voltage. Hence operation of the cell at an applied 
voltage of 2 v represents a good compromise. 
Unless otherwise stated, all data reported below 
refer to this operating voltage. 

TEMPERATURE 

A lower limit upon the temperature to which 
the photo-cell can be exposed is imposed by the 
freezing of the solution. As mentioned previously, 
this limit is — 23° for a 57 weight percent solution 
of Se0 2 in water. No intrinsic upper temperature 
limit seems to exist below the boiling point of the 
solution, unless one is imposed by the particular 
cell housing employed. However, the dark current 
increases steeply with temperature (Fig. 4), while 
the light response, expressed as /i w ut — /«urk, re¬ 
mains constant within 10 percent over the 

Table II. 

Sennitivilv, .amp./lumen 

Applied voltage Gray cathode. Black cathodes 

2.0 450±100 1000±100 

.1.0 800±100 1100=1=100 

4.0 1250±100 1350±100 

temperature interval given. On replotting the 
data of Fig. 4 in the form log Id vs . 1 /T° K, a 
straight line is obtained (Fig. 4a), the slope of 
which indicates an activation energy of about 
0.38 electron volt for the conduction process. 
The variation of back e.m.f. with temperature 
may account for the slight deviation from the 
straight line at lower temperatures. 

COMPENSATION OF DARK CURRENT 
AND NOISE LEVEL 

In order to employ the photo-cell with feeble 
illumination where the corresponding photo¬ 
current might be considerably smaller than the 
dark current, it is necessary to compensate for 
the latter. This can be readily accomplished by 
employing the cell as one arm of a Wheatstone 
bridge as illustrated in Fig. 5. If Ri is made high 
compared to the sum of the resistances of the 
measuring instrument, Rq , and 7? s , and if the 
voltage across the cell is adjusted to be 2 volts, 
then the current output of the cell will be 



DEGREES CENTIGRADE 

Fig. 4. Dark current vs. temperature. 



Fig. 4a. Temperature dependence of dark current. 

identical with that shown in Fig. 7, where 
Rextomai^Ra+Ri- The bridge circuit might also 
be employed to compensate automatically for the 
temperature dependence of the dark current by 
replacing Ri by another photo-cell having a 
temperature dependence of dark current identical 
with that of the original cell. Another possibility 
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would be to employ a single cell with a common 
anode and two cathodes, replacing R 2 by the 
resistance between the anode and the added 
cathode. However, this scheme has the disad¬ 
vantage that if 1?3 is to be kept low, then Ri must 
be made low in order, to balance the bridge, 
resulting in the shunting of the meter and R* 
when off-balance current flows. 

It was found that fluctuations of the order of 
10~ 8 to 10~ 9 ampere exist in the dark current. 



Fig. 6 . Dark current fluctuations. A - cell No. 1. 
B t C 9 D«cell No. 2. 


Figure 6 gives typical photographic records of the 
deflections of a sensitive galvanometer used as a 
null-instrument in the bridge with two different 
cells operated at different voltages. It is evident 
that some cells may have very few disturbances 
and others many, and that the frequency and 
magnitude of the “noise" increases with voltage, 
the signal equivalent of the noise being 1X10“ 6 
— 1 X 10~ 6 lumen of unmodulated light. 

LIGHT RESPONSE 

Unmodulated Light 

The current output of the photo-cell with a 
Se-plated anode as a function of unmodulated 
illumination with various values of resistance in 



Fig. 7. Effect of illumination and external resistance on 
current output. 

the external circuit and with 2 volts always 
maintained across the cell in the dark is shown in 
Fig. 7> The decrease in output and departure 
from linearity that occur with large values of 
resistance result from the fact that the cell acts 
as a photo-conductor with external driving 
voltage. With increasing current this driving 
potential is reduced by the voltage drop across 
the external resistance, thus decreasing the cell’s 
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Fl(». 8. Effect of illumination and external resistance on 
voltage output (2 volts applied). 



sensitivity. Figure 8 represents the same data, 
recalculated in terms of the voltage output 
available across the external resistance, while 
Fig. 9 gives the power output as a function 
of external resistance for various values of 
illumination. 

Marked deviation from linearity does not 
occur until the voltage across the cell falls below 
a minimum value of the order of 0.6 volt. Conse¬ 
quently, the higher the voltage applied across the 
cell plus load, the higher will be the voltage 



Fig. 10. Effect of illumination and external resistance on 
voltage output (1 volt applied). 



Fig. 11. Effect of illumination and external resistance on 
voltage output (3 volts applied). 

available across the external resistance before 
attaining “saturation” (Figs. 8, 10, 11). 

If the voltage across the cell is kept sub¬ 
stantially constant by means of a feedback circuit 
such as that illustrated in Fig. 12, linearity of 
response results over a wide range of light in¬ 
tensities and external resistances (Figs. 13, 14). 
The elements included in the broken line in 
Fig. 12 are part of a bridge network that can be 
added to compensate for the dark current. The 
circuit, with minor modification, is generally 
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Fig. 12. Feedback circuit. 

£i«1.5v tfi—1500 u 10000 w /?**500w 

JSj*22.5 v /?i“ 100000 u) /? 4 ™Load rc- /?«** 10 megs. 

distance 

applicable to photo-conductive and photo-voltaic 
cells. 5 

Modulated Light 

Measurements on the frequency response of 
the electrolytic photo-element were made using 
white light, sine-wave modulated, of 150/z lumens 
peak value. The circuit consisted of a cell, 2-volt 
battery and 30,000-ohm resistor in series, the 
resistance serving to feed the signal into an 
amplifier coupled to a General Radio Sound 
Analyzer. Typical data on cells that were several 
days old, but which had already reached equilib¬ 
rium sensitivities to unmodulated light, are given 
in Table 111. 

A completely fresh cell compared at 80 



Fig. 13. Effect of illumination and external resistance on 
current output using feedback circuit. 

5 A discussion will be given elsewhere. 


cycles/second under similar conditions gives a 
signal output about three times as great and a 
noise level of about 1/x volt. An aging phe¬ 
nomenon occurs, however, as cells that have been 
stored on voltage for some months have a signal 
output only about one-tenth the value given in 
Table III at 80 cycles/second and a noise level 
of about 0.4/x volt, while the steady light 
sensitivity is not affected. 

Additional data on several cells have been ob¬ 
tained by W. L. Hole at the University of Michi¬ 
gan with square wave modulation of 46/* lumens 
peak. For freshly prepared cells response to a 30 
cycle/second signal was about one-sixth of that 
for the unmodulated signal (series resistance 
= 25,000 ohms), and the noise voltage amounted 



Fig. 14. Effect of illumination and external resistance on 
voltage output using feedback circuit. 

to about 5/* volts. Relative response to different 
frequencies of signal modulation are shown in 
Table IV. 

In addition it was ascertained that if the 
voltage across the cell is maintained at 2 volts, 
its response to weak, modulated signals becomes 
independent of strong unmodulated, background 
illumination. This can be automatically accom¬ 
plished by the feedback circuit already described. 
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4000 5000 6000 . 7000 8000 

XINA 

Fig. IS. Spectral sensitivity of A —Electrolytic selenium cell, B —Average eye. 


Spectral Response 

Constant energy spectral sensitivity data for 
the photo-cell (Fig. IS) were obtained by means 
of a double monochromator. An electronic regu¬ 
lator, which kept the light output obtained from 
the monochromator at constant energy by con¬ 
trolling the light input, permitted the automatic 
recording of the spectral response characteristic. 
It is of interest to note that the maximum in this 
characteristic corresponds to a quantum yield of 
about 0.9 electron per incident quantum. 

LIFE STUDIES 

Extensive studies on the life of the photo- 
element have been made with the following 
variations: platinum vs. selenium anodes; plati¬ 
num, molybdenum, and stainless steel bases for 
the’selenium; constant illumination and storage 
in the dark. At the time when the experiments 
were discontinued, cells containing platinum- 
base cathodes and either platinum or selenium on 
platinum anodes had maintained their original 
equilibrium sensitivity within about 15 percent 
for a period of six months. The same held true for 


one such cell with a platinum anode that had 
been stored in the dark for three months and then 
constantly illuminated with a 150-watt lamp at 
1-foot distance for three months. Cells with 
molybdenum-base cathodes and platinum anodes 
and stainless steel-base cathodes and anodes had 
maintained their high sensitivities during the test 
period of three months. 


Table III. Frequency response of electrolytic selenium 
photo-element. 


Frequency 

Signal output 

Notoe level 

sec. " l 

M volts 


0 (equivalent 
unmodulated 
signal) 

2800 

~0.5/i volt 

80 

36 

200 

19.5 


370 

7.2 


535 

5.8 




Frequency, sec." 1 

30 

90 

330 

Relative response, % 

100 

36 

10 
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COMPARISON WITH OTHER WORK 

A number of investigators 6-9 have dealt with 
electrolytic selenium photo-cells and have ob¬ 
served on illumination of the sensitive selenium 
surface the development of an e.m.f. as well as 
the appearance of a short circuit current that 
quickly decayed. Reinganum 10 has further ob¬ 
served that the cell’s sensitivity could be in¬ 
creased and appreciable currents drawn from it if 
the selenium surface were made the cathode with 
respect to the other electrode by means of an 
external battery. An optimum operating voltage 
was observed using electrolytes of HjjSOji and 
HC1 in agreement with our data of Table 1. A cell 
almost identical with that of Reinganum was 
later described by Rciff. 11 Sti|l more recently, a 
photo-voltaic cell, which we‘believe to be es¬ 
sentially similar to that of Reinganum, was 
described by Fink and Alpern. 12 This latter cell 
made use of a lead anode whose electrochemical 
counter jxrtential with respect to the solution 
employed happened to be of the right sign and 
order of magnitude so that an external battery 
was not required. The current sensitivity of the 
cell was of the order of ISO jiamp./lumen. 1 * 

Our cell differs from the earlier electrolytic 
selenium cells chiefly in that directly electro- 
deposited metallic selenium gives rise to a higher 
sensitivity and that the selenious acid permits a 
higher lifetime as well as hcrmetical sealing of the 
cell when a selenium-coated anode is employed. 
Its characteristics rival most closely those of 
present commercial selenium “barrier layer” type 
cells. Its main advantages over the latter type 
arc higher sensitivity, the possibility of making 
the active surface in practically any shape, and 
perhaps ease of manufacture. The need for an 
external voltage supply, the resulting dark cur- 
ren^and higher noise level, and the temperature 

Sabine, Phil. Mag. 5, 401 (1878); Nature 17, 512 

M. Minchin, Phil. Mag. 31 , 207 (1891); Ltimifcre 
616ctrique 48 , 543 (1893); Electrician 26, 361 (1891). 

• C. Kies, Das electrische VerhaUen des kristallinischen 
Selensgegen W&rme and Licht, Dissertation, Munich (1902). 

• A, A. C. Swinton, Phys. Soc. Proc. 27, 186 (1915). 

19 M. Reinganum, Deutsch. Phys. Ges. Ber. 4 , 590 (1906); 
Physik. Zeits. 7, 786 (1906); Physik. Zeits. 8, 293 (1907). 

sV,H. 1. Reiff, Electrician 60, 467 (1908). 

'MHC; G. Fink and D. K. Alpern, Trans. Am. Elec. Soc. 
62, 369 (1932). 

“Using an electroplated selenium cathode, we have 
obtained a current sensitivity in this type of cell as high as 
600 /amp./lumen. 

2^4 * 


(187S). 

T G. 


limit imposed by the freezing of the electrolyte 
are its main disadvantages. 

DISCUSSION 

The resistance of a selenium electrode cannot 
be greater than the order of 100 ohms judging 
from the over-all conductance of the plating bath. 
However, the apparent resistance of the electrode 
in the photo-cell is of the order of a megohm, even 
if liberal allowance is made for the polarization 
e.m.f. of the element. The conclusion seems 
inescapable that a high resistant layer is formed 
at the cathode by the passage of current. Con¬ 
sidering the electrolytes of Table I, the only 
likely electrode reaction at the cathode is the 
discharge of hydrogen ions. Hence, the layer may 
consist of an interstitial solid solution of hydrogen 
in selenium. 

The gradual stripping of the cathode in Veils 
containing acid electrolytes would result from the 
reaction 

2H+Si»-HsSe, 

and similarly the plating of selenium at the 
cathode in selenious acid solution by hydrogen 
ion discharge would be the consequence of the 
reaction 

H 2 Se0 8 +4H=Se+3H 2 0 

or 

H2ScOs+2H2Sc = 3Sc+3H 2 0. 

The rapid decrease in dark current with time 
after the initial application of voltage is indica¬ 
tive of the building up of the high resistant layer. 
The large photo-sensitivity observed initially 
probably represents a lowering of the volume 
resistivity of the selenium deposit under the 
influence of light. After the layer of high re¬ 
sistance has been established, the volume 
resistivity of the selenium is negligible in com¬ 
parison, and photo-currents observed at that 
stage probably represent a primary photo-effect. 14 

From a macroscopic viewpoint the presence of 
a thin layer of high resistance should give rise to 
an appreciable capacitance. The response of 4 the 
photo-element to modulated signals can be ex¬ 
plained on this basis. 

14 The quantum yield for a cell operated at 2 v is quite 
close to unity at 4000 and 5600A ana may slightly exceed 1 
at higher voltages. However, primary pnoto-currents 
corresponding to yields of 2 electrons per quantum have 
been observed for the F'-bands in the alkali halides and a 
similar situation may prevail here. 
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The experimental methods are described by which rec¬ 
tangular blocks are subjected to two-dimensional com- 
pressional stresses and at the same time flow is maintained 
two-dimensional with deviations of less than one percent. 
Within this range of flow a rather wide range of stress 
conditions is possible, so that the equations of plastic flow 
can be examined over a correspondingly wide range of 
conditions. It is found that two-dimensional flow is much 
more sensitive than three-dimensional flow to shearing 
instabilities initiated at the edges where there are singu¬ 
larities in the mathematical solution. By proper lubrication 
it is, however, possible to produce approximately homo¬ 
geneous deformations in two-dimensional compression at 
least up to shortenings to two-thirds the initial length. It 
is found that the transverse stress X x required to maintain 
two-dimensional flow is consistently higher than the 
theoretical value \Z z \ for some materials the excess above 
the theoretical value may rise to as much as 20 percent. 
This excess tends to be less in the early stages of flow, and 
does not tend to increase beyond strains of 10 percent. 
The failure of X x to l>c equal to \Z t indicates a failure of 
the fundamental condition of isotropy of flow; this failure 


may be demonstrated in other ways. The time rate of 
primary flow is studied at various points on the strain- 
hardening curve. The rate of flow rises rapidly as the stress 
increases above the limiting strain-hardening curve. The 
rate of increase of the rate of flow for a given displacement 
from the limiting curve is much greater in the early stages 
of flow. It is this which makes possible the calculation of 
the rate of propagation of a plastic disturbance from the 
parameters of the static strain-hardening curve. Beyond 
the early stages of flow new time effects begin to appear. 
The flow loses its smoothness and becomes more and more 
inclined to be jerky. At high strains, flow may not start at 
once when the load is increased, but there may l>c an 
initiation period during which flow is built up. The appli¬ 
cation of the results to*the generalized strain-hardening 
curve is discussed. In view of the failure of isotropy, 
strictly speaking, a generalized strain-hardening curve does 
not exist. Within the strain limits of this paper it is found 
that both the maximum shearing stress criterion and the 
“significant” stress-strain criterion apply with errors of the 
order of 10 percent, the maximum shearing stress criterion 
being on the whole perhaps somewhat better. 


INTRODUCTION 

HE stress conditions under which plastic 
flow has been studied up to the present 
have been usually restricted because of the ex¬ 
perimental inconvenience of applying stresses 
which are arbitrarily variable in different direc¬ 
tions. The most common method of realizing 
more than one arbitrary component of stress has 
been by the simultaneous application of longi¬ 
tudinal tension and internal hydrostatic pressure 
to thin tubes. By this method it is possible, 
within certain limits, to apply two arbitrary 
components of tensile stress. The plastic flow 
which can be produced in this way is limited to 
comparatively small values by the incidence of 
tensile fracture. Much larger strains could be 
realized without fracture under compressive 
stresses, but few, if any, such experiments appear 
to have been made, although it would seem that 
it would not be especially difficult to expose a 
tube to external pressure with simultaneous 
longitudinal compression or tension. It would, 
however, probably be necessary to use tubes of 
appreciable thickness in order to avoid buckling 


under the external pressure, and in this case the 
strains would not be homogeneous and the inter¬ 
pretation of the results would be complicated. 

In the following, experiments are described in 
which rectangular blocks are exposed to arbi¬ 
trarily variable compressive forces on two of the 
three pairs of faces, the remaining pair of faces 
being free from force. The stresses and the strains 
are homogeneous, and the mathematical inter¬ 
pretation of the results is especially simple, the 
experimental test block playing the role of the 
mathematical element of volume of the funda¬ 
mental equations. The compressive forces are 
applied by hard platens pressing against the 
faces. Obvious geometrical limitations arising 
from mutual interference of the platens impose 
rather definite restrictions on the strains. There 
are doubtless various ways of meeting the 
geometrical conditions. In the following the 
strain as well as the stress was kept two-dimen¬ 
sional, on the gross average. Since two-dimen¬ 
sional stress in general produces three-dimen¬ 
sional flow, restriction of the strain approxi¬ 
mately to two dimensions might appear to 
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Fig. 1. Section through the platens for simultaneous 
compression in two directions at right angles. The specimen 
is shown shaded. The Z blocks and the X blocks are pushed 
together by two independent hydraulic presses. 


seriously limit the part of the two-dimensional 
stress domain open to exploration. However, 
small deviations from a rigid two dimensionality 
in the strain were instrumentally feasible, which 
gave sufficient flexibility to permit a very con¬ 
siderable variation in the stresses, so that a very 
appreciable part of the total region of plastic 
flow under two arbitrary compressive stress 
components could be explored in spite of the 
geometrical restrictions. 

THE APPARATUS AND METHOD 

The direction of larger compressive stress will 
be denoted by z , that of minor compressive 
stress by x , and the direction of no stress by y. 
The corresponding stresses will be written as Z M , 
X xt and F v («0). The Z a stress is applied by a 
pair of opposing rectangular blocks, of indefinite 
length in the y direction and with a width in the 
x direction approximately equal to the x dimen¬ 
sion of the specimen. The X 9 stress is applied by 
two hard blocks of indefinite extent in both the 
z and the y direction; the distance between these 
two* blocks in the x direction must be kept not 
J^rJrom the initial width of the test block. The 
a&$ngement is indicated in Fig. 1. If the distance 
between the x blocks becomes less than the 
initial x dimension of the z blocks, these will be 
pinched and the measured stresses will be in 


error. On the other hand, if the distance becomes 
too great, the test block will flow plastically into 
the narrow channel between z and x blocks, de¬ 
stroying the homogeneity of both stress and 
strain. In the following experiments the initial x 
dimension of the test block was made 0.502 inch 
and of the z block 0,500 inch. During the experi¬ 
ment the distance of separation of the x blocks 
was kept between 0.501 and 0.504 inch; within 
these limits there was neither pinching nor ap¬ 
preciable plastic flow into the crevasse at the 
edge, which was only 0.002 inch wide at the most. 
The x component of force must be maintained 
in such adjustment as to keep the x dimension 
in these limits; a rather wide latitude proved 
possible in meeting these conditions. 

The z blocks and the x blocks were pushed 
together by two independent hydraulic presses. 
The press driving the z blocks was a standard 
press that has been used in much of my other 
work; it has a 3.5-inch plunger, a free space of 
10 inches between the rods, and is driven by a 
hand pump with capacity of 15,000 p.s.i. The 
x blocks were pushed together with a specially 
constructed press with 2.5-inch plunger. This 
press was machined from a single piece of steel 
4 inches in diameter and was compact enough 
to be mounted transversely in the 10-inch free 
space between the tie rods of the 3.5-inch press. 
Pressure was furnished by a second hand pump. 
This press was freely suspended from a point in 
the vertical line with its center of gravity, so 
that the whole press floated and could follow the 
motion of the specimen as it was plastically de¬ 
formed, without exerting any extraneous force 
on it. The maximum displacement of the x press 
was 0.002 inch in the x direction and 0.125 inch 
in the z direction. Pressure was led into it 
through copper tubing of 0.25-inch outside diam¬ 
eter and 0.062-inch inside diameter; the tube was 
made long enough to exert no appreciable con¬ 
straint. 

Two different methods of applying the loads 
were employed. In the first, the pistons were 
advanced by pumping until approximately the 
desired increment of strain was reached. Pump¬ 
ing was then stopped and time allowed to elapse 
until a steady state was approximately attained. 
This steady state was reached by a simultaneous 
further slight automatic change of both strain 
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and pressure. Since the flow in the z direction 
was, in general, many-fold greater than that in 
the x direction, most of the manipulations were 
connected with the z press. A fraction of a stroke 
on the pump of the x press at the beginning of 
the stop usually was sufficient, the pressure of 
the x press then automatically taking care of 
itself. The steady-state pressures were read on 
calibrated Bourdon gauges in the lines of the two 
presses. In the second method of applying load, 
measurements were made at controlled intervals 
of total load. This was accomplished by inter¬ 
posing in the lines leading to the presses two 
dead weight free piston gauges. Pressure was 
adjusted by setting the appropriate weight on 
the pan of the dead weight gauge, and pumping 
until the piston floated. Since the motion in the 
x direction was so slight, automatic rise or fall 
of the free piston of the x gauge was sufficient to 
maintain the load constant within the limits of 
x deformation. The motion in the z direction was 
sufficiently large, however, to demand frequent 
pumping to keep the z free piston floating. For 
the more rapid rates of flow in the z direction 
the sluggishness of response of the free piston 
gauge was great enough so that the load would 
have fluctuated within undesirably wide limits 
even if the piston were kept always floating by 
rapid pumping. Especial measures had to be 
taken to meet this condition. In the first place, 
the piston of the free piston gauge was made 
much looser than is convenient for normal 
operation. The most important modification, 
however, was to provide volume flexibility in the 
line to the z press by attaching a reservoir of 750- 
cm s capacity containing compressed nitrogen, 
obtained initially from a storage flask carrying 
1500 p.s.i. Up to pressures on the 3.5-inch piston 
of 1500 p.s.i., pressure was obtained from the 
compressed storage flask by admitting the 
requisite amount of gas through a valve. Above 
1500 p.s.i., the storage flask was cut off and 
pressure obtained by the hand pump. The 
maximum pressure on the 3.5-inch plunger was 
of the order of 7,000 p.s.i. A simple calculation 
showed that even under the most rapid plastic 
flow of these experiments inertia effects in the 
moving parts of the presses are inappreciable. 

The running dimensions of the test block in the 
z and x directions during the course of the ex¬ 


periment were measured by measuring the dis¬ 
tance of separation of the z and the x blocks. This 
was done with Ames dial gauges, mounted on 
yokes attached to slender rods straddling the 
specimen and passing through appropriate holes 
drilled in the blocks. Since the motion in the z 
direction was large, reaching a maximum of 0.25 
inch, it was sufficient to measure the z displace¬ 
ment with an ordinary guage, graduated to 
0.001 inch, with 1-inch total stroke. The x dis¬ 
placements, being much smaller, were measured 
with a jewelled gauge graduated to 0.0001 inch 
with total stroke of 0.2 inch. Any lagging of the 
gauge readings due to friction was eliminated by 
introducing into the whole system a very slight 
amount of mechanical vibration by pressing an 
electric razor against an appropriate member of 
the apparatus. Consistent differential readings of 
the x dimensions could be made to 0.00001 inch 
or even better if the pointer of the dial happened 
to be exactly on a division. 

Under stress, the dimensions of the test block 
differ from the dimensions indicated by the Ames 
gauges by the clastic distortion of the z and the 
x bloc ks. A special study was made of the elastic 
distortion by stressing hardened test blocks of 
various dimensions. Any correction of this sort 
was found to be unimportant. The method 
finally adopted for dealing with it was to obtain 
the elastic distortion at the maximum stress by 
comparing the Ames gauge readings with the 
micrometer dimensions of the test block after 
removing from the apparatus, and to distribute 
the maximum correction over the intermediate 
stresses in proportion to the load. 

The x blocks were made of tool steel, hardened 
to Rockwell C 67. In general the stress which the 
x blocks have to carry is one-half that of the z 
blocks. The z blocks were also at first made of 
the same tool steel as the x blocks. Their per¬ 
formance was later somewhat improved by 
setting in carboloy inserts. Carboloy can be 
highly polished so as to minimize the friction; 
furthermore, carboloy, being only one-third as 
deformable as steel, does not permit the test 
specimen to imbed itself to the same extent, so 
that the effective friction is reduced as the test 
specimen extends itself plastically along the 
platen, pushing its advancing edge up the incline 
of the depression in the platen. • 
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One of the objects of the experiments was to 
study the rates of flow for various combinations 
of stress. The “flow" understood here is the 
“primary" flow which occurs immediately after 
application of an increment of load and does not 
include such long range phenomena as elastic 
after-effects and creep. Of course, there is no 
sharp dividing line between these various effects; 
the time intervals involved in these measure¬ 
ments were not greater than the order of fifteen 
minutes. At first observations were made with 
manual recording and an ordinary watch, but 
these proved inadequate, and the final study of 
the rates of flow was made with photographic 
recording. The two Ames dial gauges were 
mounted side by side in the field of an Eastman 
Cine Special, for 16-mm film, so arranged that 
single frames could be exposed, either by hand 
operation for moderate rates of flow, or for more 
rapid rates by motor control, permitting up to 
a maximum of four exposures per second. The 
full opening,/: 1.9, was used, as well as maximum 
film speed, corresponding to 64 frames per second 
for normal operation, and one-quarter shutter 
opening. Illumination was by two suitably 
mounted 500-watt floodlights. 11 was necessary 
to use a film of high contrast, in which the ex¬ 
posure latitude was accordingly small; the film 
used was Eastman positive. I am much indebted 
to Mr. Paul Donaldson for skillful development 
of the film and advice with regard to photo¬ 
graphic details. The time was provided by a 
synchronous Telechron motor connected so as to 
give one revolution per second, the hand sweeping 
over a dial graduated to 1/100’s. The total 
number of revolutions (i.e., seconds) was counted 
by a conventional Veeder counter mounted so 
that it was also in the field of the camera. The 
current weights on the free piston gauges were 
altfb recorded photographically, suitable labels 
bdng placed manually in the field when the 
weights were changed. An additional check on 
the z load was obtained by also recording the 
stretch of the tie rods of the % press; this stretch 
gives the actual load on the specimen without 
the component due to friction of the ram. The 
A^ph of the tie rods was measured with an 
Ames 0.0001-jewelled gauge, connected to the 
tie rods through a lever giving fivefold multi¬ 
plication, so that changes of length of 0.000002 
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inch could be established. This corresponds to a 
Z t stress on the test specimen of about 2 kg/cm 2 . 
With the tie rod gauge it was possible to establish 
that there was perceptible sluggishness in the 
response of the stress to changes of load on the 
free piston gauge, in spite of the amelioration by 
the use of the gas reservoir. This sluggishness, 
however, was confined to the initial stages im¬ 
mediately after change of load when the rate of 
flow was high, and was therefore not a matter of 
importance. On the conclusion of a run, the 
specimen was removed and several photographs 
taken of it on the same film, as a matter of 
record. The film was then developed, transferred 
to a couple of spools which permitted it to be 
conveniently examined under a microscope, and 
the desired data read off from the film and 
recorded. The photographic record was sharp 
enough so that times could be read to a fraction 
of a hundredth of a second, and the Ames 
gauges to a tenth of their smallest divisions. 

THEORETICAL BACKGROUND 

The experimental procedure was guided by the 
accepted equations of plasticity; investigation 
of the validity of these equations was one of the 
principal objects of this work. We shall write 
these equations in the form for flow: 

€ x €y €* 

x x -](Y v +z z ) = y,-*(z,+x,) “z,- j(x7+ y v ) 

In these equations the x y y , and z axes are 
assumed to be the principal axes both of stress 
and of strain. This demands that the axes do not 
rotate in space during the straining process; this 
condition is obviously satisfied in the present 
experiments. The strains .are the “natural" 
strains, that is, € x = log c (///o)x. The usual sign 
convention will be followed; a tensile stress will 
be taken as positive and a strain of extension 
positive. Under the conditions of our experiments, 
Y y vanishes identically, so that the equations can 
be specialized as follows: 

€x i* 

X,-iZ, = Z.-iX z ' 

Furthermore, Z, is always larger numerically 
than X„. If we put Xx—aZ„ a will vary between 
zero and unity. Under these conditions i, always 
has the sign of Z,. The flow along the * axis 
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vanishes for a = J, has the same sign as i, for a 
greater than 0.5, and the opposite sign if a is 
less than 0.5. The ratio of the two velocities ex¬ 
pressed in terms of a is: €*/«,= (2a —1)/(2 — a). 

In the following experiments the conditions 
are investigated under which there is no flow in 
the x direction, and also, when there is such flow, 
whether the velocity of flow in the x direciton 
bears the theoretical ratio to velocity in the z 
direction in terms of a . These questions are to 
be investigated at various points on the strain 
hardening curve; it is conceivable that one 
relation might hold in the initial stages of flow 
and another in the later stages when there has 
been appreciable strain hardening. The basic 
physical postulate back of the above expressions 
for flow is the postulate of isotropy. One of the 
objects of the following experiments may there¬ 
fore be phrased : to find to what extent the basic 
assumption of isotropy is satisfied. 

It is obvious that if a varies arbitrarily during 
the straining process the flow equations cannot 
be simply integrated, and we may not write the 
conventional expression 

e x X x -\Z z 
e z Z t -\X' x 

In these experiments a did vary' during the 
straining process, so that the simple integrated 
form is not admissible. In general, it is obvious 
that no integrated form of the equations, in 
which the history of the variation of a or some¬ 
thing equivalent to it does not appear, can be 
better than an approximation. The mere existence 
of an integrated form of the flow equations 
obviously imposes restrictions. It is customary 
to suppose that not only are the restrictions met, 
so that the history of a does not enter the final 
equations for strains, but that there is such a 
simple connection between strains and stresses 
of different types that if the relation between 
strain and stress is known for one type of stress 
it may be inferred for other types of stress. 
Various suggestions have been made as to the 
nature of the generalized relation. One of the 
most recent, and also one of apparently wide 
applicability, is that the “significant” stress, 5, 
is a universal function of “significant” strain, i, 
for all types of plastic flow. The significant stress 


and strain are defined as follows: 

S = !§[(**- Y y )*+(Yy-Z.)*+(Z'-X')*l j* 

=Z,(1 -<*+«*)», (if F,-0, X t -aZ.) 

(if €**0, €y*= 

The curve which gives S as a function of 2 may 
be described as the generalized strain-hardening 
curve. One of the objects of the following experi¬ 
ments was to determine the generalized strain¬ 
hardening curve under the present conditions 
(i.e., strain approximately two-dimensional, with 
two-dimensional stress), and to find whether sig¬ 
nificant stress is indeed a universal function of 
significant strain by comparing with the plastic 
flow obtained under other conditions of stress, 
in particular under simple compressive* stress 
(X z = K„ = 0). 

Returning now to the rate of flow, we have so 
far considered only relative rates of flow in dif¬ 
ferent directions. There is also the more funda¬ 
mental matter of absolute rate of flow. To con¬ 
sider this question the flow equation must be 
expanded into the form : 

«x _ 

x r -\z.~ Z'-ycr*' 

A complete investigation of the phenomena 
demands that we find of what arguments <p is a 
function, and what is the value of the function 
for various values of its arguments, it is obvious 
physically that for points in the stress-strain 
plane below the strain-hardening curve <p must 
vanish identically, there being no plastic flow 
here, and that <p must be everywhere positive in 
a region above the stress-strain curve. The mere 
existence of a strain-hardening curve would seem 
to suggest that <p gets larger very rapidly as the 
distance from the strain-hardening curve in¬ 
creases. Too great displacement from the strain¬ 
hardening curve would lead into the domain of 
fracture, ip must then, at the very least, be a 
function of stress and strain. It is such a function 
that for every value of stress, within limits, 
there is some strain which makes ip vanish; in 
general, the larger the stress, the larger the cor¬ 
responding strain. In addition to being a function 
of stress and strain, ip may also well be a function 
of history. If it is not a function of history, as 
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Fig. 2. Typical deformation with high friction. 


perhaps we may assume provisionally as a first 
approximation, then v? = 0 is the equation of the 
strain-hardening curve. Considerations of sym¬ 
metry' demand that under these conditions the 
stresses and strains enter through their in¬ 
variants, or tp have the form ^{stress invariant 
—/(strain invariant)!. Comparison with the 
definitions for significant stress and strain shows 
that this is equivalent to <p\8— /(?)}. 

It was one of the purposes of the following 
experiments to get some indications as to the 
form of ^ and to find to what extent the above 
simple assumptions about its nature are justified. 

In actually carrying out the measurements the 
conditions are by no means as simple as in the 
ideal mathematical discussion above. The chief 
disturbing factor is terminal friction on the z 
faces. It is well known that in a simple com¬ 
pression test, with free lateral expansion, the 
specimen has a tendency to barrel out because 
of the frictional constraint on the ends. If friction 
is reduced by proper lubrication, barrelling dis- 
appears and the strain becomes homogeneous. 
Under our conditions, compression with one 
component of lateral flow prevented, the effects 
of terminal friction proved to be much larger, 
and were also much more difficult to eliminate. 
Th§ nature of the distortion can be made visible 
by scratching on the X surfaces of the virgin 
‘gp^cimen a rectangular grid, together with a 
cbtipTe of diagonals to make the distortion at the 
comers more manifest. Figure 2 is a photograph 
of the x face of a compressed specimen in which 
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the lubrication of the z face was not adequate. 
Part of the original y face has rolled up onto the 
z face, the edge still being, however, a more or 
less sharp right angle. This would suggest that 
there must be some sort of mathematical singu¬ 
larity at the edge. In fact, a moment’s considera¬ 
tion shows that in a compressed specimen flowing 
over the platen with friction there must be a 
mathematical singularity at the edge. For in the 
z face, because of friction, there is at the edge a 
non-vanishing tangential stress F„ whereas in 
the y face at the edge the tangential stress com¬ 
ponent Z y vanishes identically' merely because 
the surface is free. Here is a contradiction, 
because the conditions of mathematical equi¬ 
librium demand that everywhere F,=Z V . An 
exact mathematical characterization of the 
details of the singularity demanded to avoid this 
contradiction would depend in any particular 
case on the elastic deformation of the platen, 
and would doubtless be difficult to obtain. The 
general nature of the singularity, however, is 
probably the same whatever the details, and 
may be obtained from any particular solution. 
There is one particular solution in the literature 
due to Nadai. 1 Another particular solution, in¬ 
volving only very r simple mathematical func¬ 
tions, has been found by Westergaard, but has 
not yet been published. Both of these solutions 
agree that the singularity at the edge involves a 
shearing stress which is a maximum on the 
plane approximately bisecting the edge angle. 
In the present work there was frequently ob¬ 
served a region of maximum shearing distortion 
in a 45° zone; it is plainly' evident in Fig. 2. Slip 
in this zone gets started with great ease and 
propagates itself so as to amount to an essential 
instability. This instability may be favored by 
the geometry of the specimen. This sort of slip 
starts most easily if the x face is a square (z and 
y dimension equal). If the initial dimensions of 
the block arc in the proportion of 3:2, 45° slip 
is not inclined to start at first, but as the dis¬ 
tortion proceeds and the ratio of the sides passes 
through 1:1, diagonal slip is very likely to start. 
In fact, if the ratio of the y dimension to the z 
dimension is integral, a shearing pattern on 45° 
lines is very apt to develop; Fig. 3 suggests such 

1 A. Nadai, Zeits. f. Physik 30, 115 (1924). 
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patterns that have been observed for the 2:1 
and the 3:1 ratio. 

These regions of concentrated shear may be 
suppressed by suitable lubrication; the require¬ 
ments are much more difficult to meet than they 
are for ordinary simple compression. This seems 
natural, for we are here concerned with slip on 
a single set of planes, whereas in simple com¬ 
pression, cross slip on two interfering systems 
of planes is involved, with greater destruction of 
the microscopic structure. In the description of 
the detailed experiments the details of the 
lubrication will be described, and also the inves¬ 
tigations to find what error is introduced by the 
inhomogeneitics that actually occur. 

THE MEASUREMENTS 

Three types of measurements were made: 
those in which an approximately steady state 
was reached, those in which the velocity of flow 
was measured under constant load, and those 
in which the rate of flow was maintained constant 
and the stress determined as a function of strain. 

1. Approximately Steady-State 
Measurements 

These measurements embrace a determination 
of the strain-hardening curve, and a deter¬ 
mination of the ratio of X x to Z, (that is, of a) 
for vanishing flow in the x direction. This type 
of measurement was made first, and involved 
considerable preliminary work, the nature of 
which will be indicated. 

The original program called for a series of 
measurements corresponding to those already 
made in simple compression ; in these experiments 
the height of the block was reduced to \ its 
initial height in a single stage of compression, the 
block was then remachined back to its original 
proportions, and the process repeated seven or 
eight times until the total reduction was some 
twenty-fold. It was soon obvious that there 
would be great difficulties in carrying through an 
analogous program for two-dimensional com¬ 
pression because of the much greater tendency 
to distortion during compression. Even a single 
stage of compression with a reduction of height 
to | demanded much more perfect lubrication. 
A number of experiments were made to find the 
best lubrication. The method used successfully 
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Fig. 3. Schematic diagram showing the regions of maxi¬ 
mum shearing distortion of blocks compressea with friction 
on the bearings faces, with an integral ratio of height to 
breadth. 

for simple compression was the same as that 
used for the lubrication of the external conical 
surfaces of my high pressure containers, namely, 
two thicknesses of 0.002-inch lead foil smeared 
on all sides with a thin paste of colloidal graphite, 
glycerine, and water. The distortion with this 
lubrication proved undesirably large under 
present conditions. Other simple lubricants were 
tried: Scotch tape, stearic acid, lead oleate, gold 
leaf, cither alone or in various combinations with 
the lead foil, but were not satisfactory. A thin 
layer of soft solder applied with a soldering iron 
was not bad, but was not used for fear of 
annealing effects from the heat of the iron. 
Experience with the coat of solder was useful, 
however, in indicating that a plastic film tightly 
attached to the steel is desirable. If the film has 
not some sort of attachment it will be entirely 
squeezed out; this was the trouble with the lead. 
Various schemes were tried on the idea of a 
guard ring, that is, a separate layer of the same 
material in contact with the platens, the idea 
being that the deformation due to friction would 
be confined to the guard layer, leaving the central 
portion homogeneously strained. Any arrange¬ 
ment analogous to a guard ring proved, however, 
extraordinarily sensitive; it would either flow 
completely away from the central block or else 
embed itself in it, and the scheme was abandoned. 
The method finally adopted was to copperplate 
the z faces with a film of copper about 0.001 inch 
thick, and then put on top of the copper the 
sandwich of lead foil and graphite paste described 
above. Some difficulty was found in making the 
coppcrplating sufficiently adherent; the final 
technique was to start the plating in a cyanide 
bath and finish in an acid sulphate bath. The x 
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Ficj. 4. Typical distortion of a block compressed for the 
second time after refiguring. 

faces are not as sensitive to fription effects as are 
the z faces; for the x faces the simple lead foil 
sandwich was adequate. 

After the first compression, the equator was 
always bulged slightly, even with the best 
lubrication. Under the best conditions the strain 
at the equator might be two or three percent 
greater than at the ends^If now the compressed 
specimen is machined back to the original pro¬ 
portions and subjected to a second compression, 
the equator at the beginning of the second com¬ 
pression will be more strain hardened, so that the 
ends will start to flow first. It might be thought 
that this condition would be self-correcting, 
since an excess flow at the ends would harden 
them and the flow would be thrown back to the 
equator. Actually, however, initial excess flow 
at the ends is followed by the development of 
shearing instability and the block folds into a 
crease based on the equator, as shown by Fig. 4. 
It might appear that this sort of thing could be 
avoided by making the end friction somewhat 
greater on the second application, but this proved 
too jfensitive to manage, the second compression 
being almost certain to develop an instability like 
that of either Fig. 2 or Fig. 4, if the initial stage 
of compression was pushed as far as a shortening 
to f. It therefore proved infeasible to carry 
through the original program of pushing the 
strains to large values by the device of multiple 
c«taj )r£fisions with refigurings. If, however, the 
strain of the individual stages is kept to some¬ 
thing of the order of 10 percent, multiple com¬ 
pressions with refiguring can be carried out, and 
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runs were made on two different steels with six 
stages of compression with a total shortening to 
one-half. 

The extra labor of making six stages in order 
to reach a strain of 0.7 (shortening to one-half) is 
not justified, however, because in a single stage 
strains up to 0.4 (shortening to two-thirds) can 
be reached with no appreciable error from lack 
of homogeneity of flow, although the inhomo¬ 
geneity may be too great to permit a second 
stage of compression. The question of the' 
character of the inhomogeneities and the error 
that might be introduced by them was examined 
with some care. The nature of the plastic flow 
was studied with the help of a network of 
squares scratched on the x faces, as already 
indicated. After compression the squares are 
deformed, and a measurement of the deformed 
squares under a micrometer microscope gives the 
local deformations. If the end friction is too 
great, the sort of plastic flow indicated in Fig. 2 
is produced. The y face rolls up onto the z face 
at the edge, the angle at the new edge remaining 
coni|iarativcI\ sharp. The edges are, therefore, 
a region of infinite strain. From the edges a 
shearing cross is developed diagonally across the 
x faces; this shearing cross is marked by surface 
roughening of the steel, plainly visible in the 
photograph, and by great angular distortion of 
the squares. Based on the z faces are two tri¬ 
angular prismatic wedges which are pushed 
almost bodily into the remaining material. In 
this wedge the squares preserve nearly their 
original dimensions. At the center of the x face, 
where the shearing diagonals cross, the square 
is deformed to a rectangle, without angular 
rotation. 

If the deformation were homogeneous, the 
initial height being A 0 and the final height A, it is 
easy to see that a square would be deformed to 
a rectangle, the ratio of whose sides is (A/Ao) 2 . 
(For the height of the square is reduced in the 
ratio A/Ao, and the width is increased in the 
ratio Ao/A.) The deviation of the ratio of the 
sides of the deformed square from (A/Ao ) 2 may 
be taken as a measure of the failure of the 
deformation to be homogeneous. With good 
lubrication this ratio was found to have its 
theoretical value within experimental error. 
Thus, a block of soft Cr V steel compressed to 
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approximately two-thirds its initial height gave 
a ratio for the sides of the deformed square at the 
center of the x face of 2.23 against an (h 0 /h) 2 of 
2.28, and another block of the same steel under 
approximately the same compression gave 2.32 
and 2.33, respectively. On the other hand a 
specimen in which there was a well-developed 
shearing cross and marked Tolling at the edges 
gave for the ratio at the center of the x face S.01 
and at the base of the prismatic wedge 1.70, 
against an (h 0 /h) 2 of 2.19. 

Another method of measuring the failure of 
homogeneity, simpler and pot so detailed, but 
adequate for most purposes, is merely to deter¬ 
mine the ratio of the y dimension at the equator 
of the x face after compression to the average of 
the y dimension at the two ends of the x face. 
For good specimens this differs from unity by 
only a few percent. 

In determining the strain-hardening curves it 
is the average stresses and the average strains 
which are determined, and it might be suspected 
that these averages would be relatively insen¬ 
sitive to local deviations from homogeneity. It 
turned out as a matter of fact that the averages 
were so insensitive that one could practically 
disregard any inhomogeneities within the limits 
of compression mentioned. Thus, in one experi¬ 
ment with a soft Cr V steel, the lubrication on 
the z face was intentionally omitted so as to 
develop the maximum inhomogeneity. The com¬ 
pressed specimen had a strongly developed 
shearing cross, and the rolling at the edges was 
so great that 16 percent of the final ? face had 
originally been part of the y face. The strain¬ 
hardening curve for this specimen lay only 5 
percent below the average of the curves for 
several other specimens, the deformation of 
which was essentially homogeneous. It was a 
general result that, if anything, the average stress 
for non-homogeneous distortion is less than for 
homogeneous distortion. 

The general method of determining the strain¬ 
hardening curve with approximately zero velocity 
of flow in the x direction was as follows. The 
hand pumps were direct connected to the presses, 
without the intermediary of a free piston gauge, 
and the pressures were read from the corre¬ 
sponding Bourdon gauges. The dead spaces in 
the presses and connections were minimized so 


that a maximum pressure increment would be 
produced by a given increment of strain. A pre¬ 
liminary run was made to determine the approxi¬ 
mate values of the x pressure required for zero x 
flow corresponding to various z pressures and 
strains. Two observers took part in the final run; 
the function of one was to observe the x pressure 
gauge and of the other to perform the pumping 
and observe the z gauge. Both presses were first 
brought to pressures slightly below the initial 
plastic yield point. The x press was then raised 
somewhat, and the z pump then operated slowly. 
On passing the yield point the x pressure started 
to drop slowly, since it had been intentionally 
set too high, at the same time the x dimension 
decreasing. As the z pressure continued to rise 
with continued flow in the z direction, the drop 
of x pressure slowed down, ceased, and then 
reversed. Constant x pressure means zero 
velocity of x flow. The instant the x observer 
detected a reversal, the z pumping was stopped 
and the various readings recorded, thus obtaining 
the data necessary for a calculation of a point on 
the strain-hardening curve and for the simul¬ 
taneous values of X x and Z z which make « x 
vanish. The x pressure was then raised so as to 
be slightly “too high,” and the process repeated. 
After familiarity had been acquired, it was 
possible by cautious procedure to obtain from 5 
to 10 points on the strain-hardening curve in a 
total range of z strain of 0.4. This “familiarity” 
involved so choosing the increments of x pressure 
that the total flow in the x direction never passed 
the limits of 0.002 inch. No rigid time schedule 
was adhered to; the pumping was “slow,” which 
meant that from 5 to 10 minutes was used in 
giving an increment of strain of 0.05. The x 
Bourdon pressure gauge was graduated to 10 
kg/cm 2 ; it was constructed by the Soci6t6 
Genvoise in the early 1900’s, and had a very 
good multiplying mechanism, which gave read¬ 
ings with no perceptible back lash. It was 
possible to establish the point of reversal within 
1 kg/cm 2 or better. From the known dimensions 
of the dead space in the x press and the com¬ 
pressibility of the transmitting oil it is possible 
to calculate that a pressure increment of 1 
kg/cm 2 should correspond to a distortion of the 
specimen of approximately 0.000003 inch. That 
is, the pressure gauge should provide a sensitivity 
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in the detection of changes of the x dimension 
several times as great as that of the Ames 
0 .0001-inch gauge; this indeed proved to be the 
case. 

The effects of friction were very small. The 
pistons of the presses were packed with the 
minimum amount of packing, and special tests 
showed that friction was not more than 2 or 3 
percent under unfavorable conditions. Under the 
conditions of the experiment, the stress Z t is 
smaller than that calculated with no allowance 
for friction because the z piston is advancing, 
overcoming both friction and the stress Z„ 
whereas the stress X x is greater than that cal¬ 
culated with no allowance for friction, because 
the stress X x is advancing the x piston against 
friction and against the pressure of the x gauge. 
The calculations in the following were made with 
no allowance for friction. The corrected Z t and 
X x would be brought nearer together by a cor¬ 
rection for friction; the maximum such effect is 
somewhere of the order of S percent. 

The strain-hardening curves under conditions 
of zero x flow, with the simultaneous values of 
Xx were determined for the following materials: 
annealed “Solar” tool steel (typical composition: 
C 0.50, Mn 0.40, Si 1.00, Mo 0.50), eight dif¬ 
ferent blocks cut in various orientations from a 
bar of 2-inch round stock; annealed Cr V steel 
(typical composition: C 0.40, Mn 0.25, Si 0.20, 
V 0.22), one series on 6 blocks of various orien¬ 
tations and with various methods of lubrication, 
one series of six compressings with refiguring 
on the same block, and another series on another 
block for four compressings with refigurings; a 
stainless steel of unknown composition, six com¬ 
pressions with refiguring on a single block; a 
1045 steel provided by the Watertown Arsenal 
in the following heat treatments: austempered at 
650\;600°, 550°, 500°, and 450°, quenched and 
tempered at 650°, 550°, and 450°. Runs were 
madfe on one specimen of each of these heat 
treatments, or in a couple of cases on two or 
three. The initial dimensions of the specimens 
1750"; y, 0.500"; s, 0.502". The com- 
except for the multiple compressions 
ytth refiguring, were pushed to a reduction of 
he%&t of two-thirds. 

In addition to the data for two-dimensional 
flow, the strain-hardening curves in simple corn- 
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pression (X x = F„=0, «*=€„= — $«t) were also 
determined, either by special experiment or else 
taken from previous data. 

The results are shown graphically in Figs. 
5-13. 

An examination of the curves shows that uni¬ 
versally X x is greater by up to 20 percent than 
its theoretical value, £Z # . The discrepancy is 
greatest for the specimens austempered to the 
highest temperatures. Correction for friction 
would accentuate the discrepancy. In the initial 
stages of plastic flow X x tends to be equal to 
\Z t \ the discrepancy reaches its maximum in 
the neighborhood of a strain of 0.1, and beyond 
this there does not seem to be usually any 
marked tendency for the discrepancy to become 
accentuated. 

The result signifies, among other things, that 
the material is no longer isotropic after plastic 
flow in compression has taken place. In order to 
obtain some idea of the degree of failure of 
isotropy two other sorts of experiment were made. 
In the first of these, circular cylinders were cut 
from the compressed blocks with the axis of the 
cylinder along the original x direction, and then 
subjected to simple compression. If the material 
were isotropic, the section should remain circular 
on the second compression. Isotropy would 
hardly be expected, however, because one of the 
transverse dimensions is in the direction of 
previous maximum extension, whereas the trans¬ 
verse dimension at right angles to it is the direc¬ 
tion of previous maximum shortening. Since the 
new lateral deformation is an extension, it would 
be expected that the strain hardening to the 
new deformation would be a maximum in the 
direction of previous extension. This would mean 
that the cross section of the circular cylinder 
would become elliptical, with the minor axis 
along the previous y direction. The experiment 
was tried with the stainless steel and annealed 
Cr V. With the latter, the distortion was in the 
expected direction, the minor axis of the ellipse 
being the former y direction. The maximum 
transverse strain in this particular experiment 
was 0.095 and the minimum 0.072. There was, 
therefore, a failure of isotropy by 32 percent 
(0.095/0.072 = 1.32), produced by an initial two- 
dimensional straining of 0.7 (the specimen was 
cut from the sample subjected to multiple com- 
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STRAIN 

Fig. 5. Stress-strain relations for 1045 steel, austempered 
at 650°C. Reading from the top down, the first, third, and 
fourth curves relate to the block compressed, by suitable 
manipulation of X Xt so that flow in the x direction vanishes. 
The first curve plots Z„ the third X Xt and the fourth 
which by elementary theory should be equal to X x . The 
second curve is for another block with no lateral support. 



Fig. 6 . Stress-strain relation for soft 1045 steel, aus¬ 
tempered at 600°C. Reading from the top down, the first, 
third, and fourth curves relate to the block compressed, by 
suitable manipulation of X Xf so that flow in the x direction 
vanishes. The first curve plots Z *. the third X xt and the 
fourth \Z Mt which by elementary theory should be eaual to 
X x . The second curve is for another block with no lateral 
support. 



Fig. 7. Stress-strain relations for 1045 steel, austempered 
at 550°C. Reading from the top down, the first curve 
shows Z„ the second X xt and the third \Z% for a block 
compressed in such a way that flow in the x direction 
vanishes. This block was compressed in two stages; the 
points for strains greater than 0.2 are for the second stage, 
after the stress had been released, the block refigured, and 
again exposed to stress. The solid black disk shows a 
single poult for another block compressed without lateral 
support. 



Fig. 8 . Stress-strain relations for 1045 steel, austempered 
at 500°C. Reading from the top down, the first curve 
shows Z„ the second X xt and the third \Z % for a block 
compressed in such a way that the flow in the x direction 
vanishes. The solid black disk shows a single reading for 
another block compressed without lateral support. 



Fig. 9. Stress-strain relations for 1045 steel, austempered 
at 450°C. Reading from the top down, the first curve 
shows Z g , the second X xt and the third J Z» for a block 
compressed in such a way that flow in the x direction 
vanishes. The solid black disk shows a single reading for 
another block compressed without lateral support. 



Fig. 10. Stress-strain relations for 1045 steel, quenched 
and drawn back to 650°C. Reading from the top down, die 
first curve shows Z tt the second X x , and the third \Z% for 
a block compressed in such a way that flow in the x direc¬ 
tion vanishes. The solid black disk shows a single reading 
for another block compressed without lateral support. 
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Fig. 11. Stress-strain relations for 1045 steel, quenched 
and drawn back to 550°C. Reading from the top down, the 
first, third, and fourth curves relate to the block com¬ 
pressed, with suitable manipulation of X„ so that flow in 
the x direction vanishes. The first curve plots £„ the third 
X mt and the fourth \Z t . The second curve is for another 
block with no lateral support. 



Fig. 12 . Stress-strain relations for six different blocks 
of Cr V steel, X x being so manipulated that flow in the x 
direction vanishes. 



Fig. 13. Stress-strain relations for eight different blocks 
of <4 Solar" steel, X u being so manipulated that flow in the 
* direction vanishes. 

prefpion and refiguring). With the stainless steel, 
on .the other hand, the expected relations were 
exactly reversed, the major axis of the ellipse 
being along the previous y direction. In this case 
the maximum and minimum transverse strains 
were 0.0675 and 0.0535, denoting a failure of 
isotropy in the unexpected direction of 26 percent 
^(K0675/0.0535*1.26). In other respects, also, 
ttitf behavior of stainless steel in strain hardening 
is unlike that of the other steels investigated 
here; in particular, the relation between stress 



Fig. 14. Stress-strain relations in tension for small 
specimens of “Solar” steel cut in different orientations 
from a block previously strained in compression. Reading 
from the top down, the length of the first specimen is along 
the previous x direction (direction of previous zero strain), 
that of the second is along the previous y direction (direc¬ 
tion of previous extension), and that of the third along the 

P revious s direction (direction of previous compression), 
racture occurred at the final points of all curves. 



Fig. 15. Stress-strain relations in tension for small 
specimens of an annealed 1035 steel. The lower curve is 
for a virgin specimen. The three other curves are for 
specimens cut in various orientations from a block pre¬ 
viously strained in compression. The top curve is for the 
specimen cut with its length in the previous y direction 
(direction of previous extension strain), the second curve 
for the previous x direction (direction of previous zero 
strain), and the third for the previous z direction (direction 
of previous compressive strain). Fracture occurred at the 
final points of all curves. 

and strain shows much less curvature than for 
the other steels. 

In the second test for failure of isotropy, 
small tension samples were cut from the com¬ 
pressed blocks in three different orientations, and 
stretched to fracture. The results are shown in 
Figs. 14 and 15. Again there is very marked 
failure of isotropy. The strain hardening for 
tension is least in the z direction, that is, in the 
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direction of previous compression. Furthermore, 
the strain to fracture in tension is greatest in the 
z direction. Both of these features seem natural, 
and suggest that there is a small reversible com¬ 
ponent in plastic flow. The strain hardening in 
the other two directions is relatively different 
for the twd steels; the full situation is obviously 
complex. 

In addition to the experiments with steel, a 
single run was made with a block of commercial 
annealed copper. In the initial stages of plastic 
flow simultaneous values of Z, and X x were 
2,780 and 1,520 kg/cm 2 , respectively; at the end 
of the test when had reached a value of 0.404, 
the corresponding values were 3,860 and 2,110. 
Again, as with steel X x is somewhat more than 
onc-half Z a , indicating a failure of the perfect 
isotropy assumed in the equations. A marked 
difference between the behavior of steel and 
copper was that the steady state was reached 
more quickly with copper after pumping stopped. 


2 . The Velocity of Flow 

The use of photographic recording in measur¬ 
ing the velocity of flow has already been de¬ 
scribed. The velocity measurements were made 
at constant load; this demanded the use of the 
free piston gauges, as already indicated. With 
constant pressure on the x press, the stress X x 
is rigorously constant, because the area of the x 
face does llot change during flow. The z face 
does, however, increase in area as flow progresses, 
so that constant z load does not ensure constant 
Z t . The dependence of Z, on at constant z load 
may be calculated as follows. We have: 

Z,== load/section, section Xs=vol. 

Hence 

Z,= (load/vol.)s, 

(dZ 9 /dz) load 5=5 load/vol. = Z,/ s, 

€, = log (z/zo), 


and 


dz=zd€ a , 


(dZ t/de g ) load— Z§, 


The usual procedure was to keep the x load 
constant at some selected value, and determine 
the flow for successive increments in the z load. 



Fig. 16. Shows the general connection between stress 
and strain in determinations of rate of flow off the strain¬ 
hardening curve. 


Each increment of z load was suddenly applied, 
by suddenly opening a valve to the gas reservoir 
in which the requisite pressure had been pre¬ 
viously established. The initial stages of flow 
were comparatively rapid, and the camera ex¬ 
posures were made rapidly, at intervals of a 
second or less. The first exposure was made a 
fraction of a second after the application of load, 
as soon as it was safe to assume that inertia effects 
had vanished. As the flow slowed down, ex¬ 
posures were made at roughly equal increments 
of strain. Exposures were continued until the 
rate of flow in the z direction had dropped to 
something of the order of 0.0005 inch per minute. 
This procedure gives the velocity of flow at dif¬ 
ferent points on the inclined parts of the saw¬ 
tooth pattern indicated in Fig. 16. The slopes of 
the inclined part are given by dZ # /d€ # = — Z, 
(e z drawn positive in the diagram). Successive 
increments of z load were made in this way at 
constant x load until the total deformation in the 
x direction had reached its permissible limit; the 
x load was now increased sufficiently to reverse 
the direction of x flow, and the step-wise increase 
of the z load was resumed. This was continued 
until the total shortening was about 33 percent. 
The total number of z steps varied from 10 to 25, 
average somewhere around 15, with a total 
number of photographic exposures of several 
hundred. Not all the exposures were usually used 
in taking the record off the film. 

The flow phenomena of the following materials 
were studied: an annealed 1035 steel, five 
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Fic. 17. I*lot of all the observed ratios of rate of flow in 
the x direction to that in the e direction against the ratio 
of the "effective driving stresses” in these two directions. 
According to the elementary theory the points should lie 
on the dotted 45 s line. 


specimens in two-dimensional compression and 
one in simple compression; .anealed “Omega” 
tool steel, typical composition C 0.55, Mn 0.80, 
Si 2.30, V 0.25, Mo 0.50, P 0.015, S. 0.025, four 
set-ups with two-dimensional compression and 
one with simple compression; stainless steel, one 
specimen in two-dimensional and one in simple 
compression; five heat treatments of the 1045 
steel from the Watertown Arsenal, one specimen 
each in two-dimensional and in simple com¬ 
pression. 

The photographic record gives the strains and 
the times. The rates of flow were calculated from 
the record by dividing increments of strain by 
increments of time. These rates were then 
plotted in one way or another depending on the 
point at issue. The photographic record contains 
the material for determining the strain-hardening 
curve from the limiting readings when the steady 
state was approximately reached. The strain¬ 
hardening curves were calculated from the 
photographic data and compared with those ob¬ 
tained by the first method of procedure. The 
agreement by the two methods was within experi- 
meiitijl error; it is not worth while reproducing 
the details. 

Although principal interest in the measure¬ 
ments was in the e rates of flow, the photographic 
record also contains the material for a calculation 
of the x rate of flow, but with less accuracy than 
for the » rate. This permits a calculation of «*/«,. 

the corresponding values of X x and Z, are 
known, we have the material for a comparison 
of the actual value of «*/», with its theoretical 
value in terms of the stresses, or in terms of a. 
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in Fig. 17, i t /i t is plotted as a function of R 
C s (X x —iZ,)/(Z,—jtXt)2 for all the samples of 
steel for which e, could be determined with any 
accuracy. The wide scatter of the points is 
understandable in view of the very small x 
strains. The conventional equations of plasticity 
demand that these points all lie on the 45° line. 
In spite of the scatter of the points, it is obvious 
that the 45° line definitely does not represent the 
results. So far as they can be represented by a 
line, the line has a considerably smaller slope, 
and furthermore (lasses somewhat below the 
origin instead of through it. This agrees with the 
results of the first part, namely t z vanishes for a 
value of a somewhat greater than 0.5. No corre¬ 
lation could be found between the deviations of 
the points from a line and any other obvious 
single factor, such as grade of steel, location on 
the strain-hardening curve, or absolute value of 
the flow velocity. Only one point was found for 
which the sign of «,/*, was definitely “wrong” in 
terms of the stresses. This particular point is 
hard to explain by experimental error, the incre¬ 
ments of both t z and e, being too large to allow 
any chance for an error of sign. It may well be 
that the points actually should be scattered, and 
that the ratio *,/«, depends on some combination 
of parameters more complicated than any that 
were obvious. 

Much numerical material was collected for the 
velocity of primary flow, i„ and many curves were 
drawn. The maximum observed rate was 5X10~* 
sec. -1 ; the minimum was 0.00X10~‘. The 
material is too extensive and complicated to 



STRESS DISPLACEMENT 
FROM EQUILIBRIUM 

Fig. 18. Shows the progressive change in the character of 
the flow curves for increasing degrees of strain hardening. 
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attempt to reproduce in detail. There are, how¬ 
ever, certain outstanding approximate generali¬ 
zations. As seemed natural, the velocity of flow 
was found to increase rapidly with increasing 
distance from the limiting strain-hardening 
curve. To a rough first approximation the in¬ 
crease is exponential, that is, at points not too 
near the origin the logarithm of the rate is ap¬ 
proximately linear in terms of the displacement 
from the strain-hardening curve. This displace¬ 
ment may be taken in terms either of stress or 
of strain. The rate at which the rate increases on 
moving away from the strain-hardening curve is 
itself a strong function of location on the strain¬ 
hardening curve, being much greater in the early 
stages of deformation, that is, for small strains. 
The qualitative nature of the effect is suggested 
in Fig. 18, the successive curves being drawn for 
the successive steps indicated in Fig. 16. 

The abruptness of the rise of the rate in the 
early stages of plastic flow is suggested by the 
following example. The maximum strain rate 
measured in these experiments, 5X10 - ’ sec. -1 , 
was for Omega steel at a total strain of 0.04, 
where the equilibrium stress is 8600 kg/cm 2 . 
This rate was produced by a stress displacement 
from the equilibrium curve of 130 kg/cm 2 or 1.5 
percent. The rate just mentioned was the average 
over a time interval of 0.4 sec.; the initial rate 
must have been much higher. 

The curves of Fig. 18 have a linear envelope, 
which approaches the origin with a finite slope. 
If the displacement from the strain-hardening 
curve is measured in terms of normal distance, 
instead of along the stress axis, the drawing 
apart of the curves becomes even more marked 
than in the figure. The general order of magni¬ 
tude of the drawing apart of the rate curves may 
be suggested by a single example. For the 1045 
steel, austempered at 650°, the rate of flow was 
1.0X10 - * sec. -1 for a displacement from the 
strain-hardening curve of 13 kg/cm 2 in the early 
stages where the equilibrium stress was 5,800 
kg/cm 2 , whereas in the later stages, where the 
equilibrium stress was 11,000 kg/cm 2 , a displace¬ 
ment from the strain-hardening curve of 470 
kg/cm 2 , or 36 times as much, was necessary to 
reach the same rate of flow. The slope of the linear 
envelope shown in Fig. 18 depends markedly on 
the grade of steel, being less for the harder steels. 



Fk>. 19. Example, for soft "Omega" steel of regeneration 

of rate of flow, after drop from a high initial value. 

As an example, this slope was 2.7 X10“* cm 2 
set'. -1 kg -1 for the stainless steel, and 7 X 10~ T cm 2 
sec. -1 kg -1 for the 1045 steel tempered at 450°. 

No material difference could be found between 
the character of the rate curves for two-dimen¬ 
sional and simple compression. The very rapid 
increase in the rate of flow for slight displace¬ 
ments from the strain-hardening curve in the 
early stages of flow explains the possibility of 
approximately calculating the velocity of prop¬ 
agation of the plastic front from the statically 
determined stress-strain curve. The loss in the 
abruptness of the flow phenomena at higher 
strains, shown by the drawing apart of the 
curves in Fig. 18, would suggest that in a wire 
which had been previously severely strained the 
velocity of propagation could not be calculated 
from the stress-strain curve with as close a degree 
of approximation as for the virgin wire. 

The actual rate curves, as a general rule, have 
the smooth idealized configuration shown in Fig. 
18 over their entire extent only for the early 
stages of the strain-hardening curves, that is, 
only for small strains. For larger strains the 
smooth-rate curves are often interrupted by 
episodes with an abnormally high rate. This 
holds for both simple and two-dimensional com¬ 
pression. Figure 19 shows an example. The 
location of the episodes may be anywhere on 
the curve and would seem to be a probability 
affair. One is practically certain to find several 
of these episodes, if one waits long enough, in 
the region close to the strain-hardening curve 
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Fig. 20. Example, for soft “Omega” steel, of attainment of 

a relatively high rate of flow after a slow beginning. 

where the rate on the average is approaching 
zero. It was not at all uncommon for the strain 
to hang at a steady value, constant within 
0.00001 inch for one or two minutes, and then 
within 2 or 3 seconds increase by 0.001 inch. 

This flow in jumps is not contained in the 
conventional equations of plasticity, but is 
obviously a matter of considerable importance 
in its suggestions as to the mechanism of plastic 
flow. There would seem to be little doubt that 
it is a real phenomenon and not an artifact. One 
might be inclined, at first to think it an effect 
of friction. But it cannot be friction of the x face, 
because the jumps are shown equally in simple 
compression where the x face is free. Neither can 
it be friction on the piston of the press, because 
the effect occurs only when the specimen has 
received comparatively large strains. Similar 
effects are found in other circumstances. One is 
reminded of deep-seated earthquakes. The con¬ 
tinued internal fractures with self-healing which 
I have found when shearing is combined with 
high hydrostatic pressure are doubtless some¬ 
what similar. 9 

It would be interesting and important to 
establish whether a jump in the z flow is accom¬ 
panied by a jump in the x flow. The answer to 
this dfcestion could not be certainly found from 
the data, the absolute value of the x flow usually 
being too small. In two or three instances, how¬ 
ever, there were slight jumps in the x flow 
accompanying those in the z flow. The only con- 
clusidh that is justified is that there is no present 
evidence against supposing that jumps in the 
occur together, or in the theoretical 

ratio. 

*P. W, Bridgman, J. App. Phys. 8, 328 (1937); Proc. 
Am. Acad. 71, 387 (1937). 
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In addition to the flow in jumps there is 
another phenomenon sometimes found at the 
larger strains. On increasing the load suddenly at 
constant strain, flow is very likely not to begin 
at once, but the flow hangs and requires time to 
build up to its maximum rate. This is not an 
inertia effect, for it is found only in the later 
stages of flow, and the time intervals are too 
long. This effect was found only in the 1035 and 
Omega steels. An example is shown in Fig. 20. 
I have previously found a similar effect in 
tension. Tension specimens, pulled under hydro¬ 
static pressure to an elongation far beyond the 
elongation at fracture under normal conditions, 
and then repullcd at atmospheric pressure, may 
show a similar initial hanging of the flow. The 
mere existence of the effect shows that strictly 
the velocity of flow cannot be a function of stress 
and strain only, but must involve the history to 
some extent. The same conclusion, of course, 
could have been drawn from the existence of 
jumps in the flow. 

For the more rapid rates of flow, the rate is 
not sensitive to X x \ under the conditions of these 
experiments the regular sequence of curves 
indicated in Fig. 18 was usually not affected by 
a discontinuous change in X x . At the smaller 
rates, where the effect to be expected from a 
change of X x is more nearly of the same mag¬ 
nitude as the rate itself, the effect of changing 
X x is more easily exhibited, and in particular the 
paradoxical effect already suggested, namely 
that an increase of X x at constant Z, may 
increase the rate of z flow. Figure 21 shows for 
the 1035 steel the effect of an increase of X x in 



Fig. 21. Example, for 1035 steel, of the increase in flow 
velocity along s which may be brought about by an increase 
in X*. At excess stresses greater than 30 the value of X m 
was 4420 kg/cm*; below 30 it was increased to 5600. 
Z» was approximately constant at 8100. 
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increasing This increase of rate is contained 
in the equations of plasticity, as a consequence 
of an increase of the function <p due to an increase 
in the stress invariant part of the argument. Not 
all increases of X x bring about an increase of <p, 
but obviously any increase of X x from a value 
greater than \Z, to a value still greater than %Z, 
will result in such an increase; these are the con¬ 
ditions prevailing in Fig. 21. 

3 . Measurements with Constant Rate of Flow 

Since the results of these measurements were 
mostly negative, they may be dismissed with a 
brief description.’A constant rate of flow was 
maintained independent of the load by pumping 
liquid into the press at a constant rate. The 
primary source of motion was a ‘‘gerotor” gear 
pump, which is essentially an arrangement for 
injecting a constant amount of liquid per revolu¬ 
tion. The useful range of the pump is only a few 
hundred pounds per square inch, at higher 
pressure the leak back through the gearing be¬ 
coming serious. It was necessary, therefore, to 
interpose intermediate stages between the ge¬ 
rotor pump and the press deforming the speci¬ 
men. The gerotor pump was arranged to drive 
an 8-inch piston, which drove a 1-inch piston, 
which in turn drove the 3.5-inch piston of the 
press. With this arrangement the pressures were 
kept within the necessary limits. The gerotor 
pump was driven through variable speed pulleys 
and gears by a motor of such large capacity that 
its speed was practically unaffected by variations 
of pressure in the range. The data were recorded 
photographically as before. The running load 
was taken from the stretch of the tie rods of the 
press. 

Only simple compression was studied. Three 
different steels were examined, the 1045 steel 
tempered at 650°, 550°, and 450°. Each steel was 
examined at three rates of strain: 0.00212, 
0.00080, and 0.000157 inches per second, that is, 
a range of 13.5-fold. Within this range the 
existence of an effect could be detected in the 
expected direction; the stress-strain curve for 
the highest speed lay higher than for the lowest 
speed by something of the order of 4 percent at 
the highest strains. The accuracy was not suf¬ 
ficient, however, to permit any more detailed 


study. The sensitivity of the readings would 
have permitted this, but the results were made 
irregular by a comparatively large correction for 
the thermal expansion of the tie rods during the 
run by the heating of the flood lamps. It did not 
seem worth while to make the complicated modi¬ 
fications that would have been necessary to 
eliminate this source of disturbance, since the 
speed effect has been the subject of studies by 
other observers over a much greater range of 
speed and a wider range of conditions. One com¬ 
ment is ]>erhaps worth making: It would be 
expected from the results in Part 2 that the 
effect of speed on the stress-strain curve would 
be more marked at large strains than at small 
ones. 

THE GENERALIZED STRAIN-HARDENING 
CURVE 

The problem of deducing the strain-hardening 
curve for one type of deformation from measure¬ 
ments on another type of deformation has been 
much discussed and is one on which the present 
measurements have some bearing. The two types 
of deformation with which we are concerned are 
simple compression and two-dimensional com¬ 
pression. Three possibilities in the way of gen¬ 
eralizing the strain-hardening curve will be con¬ 
sidered. 

1. The maximum stress is a universal function 
of the maximum strain. The maximum stress is 
Z, and the maximum strain *, for both simple 
and two-dimensional compression. If this func¬ 
tion is the correct one, then Z, plotted against t, 
should give coincident curves for simple and 
two-dimensional compression. 

2. The maximum shearing stress is a universal 
function of the maximum shearing strain. For 
simple compression: 

Xg = Ty = 0, <9~€|r ”-*-§<#, 

Maximum shearing stress=$Z, 
Maximum shearing strain=$«, j ’ 

For two-dimensional compression: 

K„=»0; | X x \ <\Z .\, X , and Z, of same sign. 

«*=0; “<i> 

Maximum shearing stress=iZ,l 
Maximum shearing strain “i, (' 
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If this is the correct function, Z, plotted against 
1<« for simple compression should give the same 
curve as Z, plotted against c, for two-dimen¬ 
sional compression. 

3. The "significant stress," 8 is a universal 
function of the "significant strain," t. The 
definitions are as follows: 

S- {*[(*,- Y y )*+(Yy~Z.)*+&.-XJ'W, 

*=[f(«* 2 dV+«. s )]. 

For simple compression: 

S=Z„ «=*,. 

For two-dimensional compression: 

S=Z,(1-«+«*)», where X x =ctZ„ 

«=€,(4/3)‘=1.155*,. 

If this is the correct function, Z, plotted against 
c, for simple compression should give the same 
curve as Z,(l —a-(-o*)‘ plotted against 1.155 c, 
for two-dimensional compression. 

Under present experimental conditions there 
is one qualitative difference between the various 
criteria. If cither of the first two is correct, Z, 
plotted against «, for two-dimensional com¬ 
pression should give a curve passing smoothly 
without jump over any points where X, may 
be changed discontinuously. If, however, the 
third criterion is correct, there should be a jump 
in the Z. versus t, curves provided there is a 
jump in 8 on changing X x , for 8 versus I is 
smooth. The larger the jump in 8, the more 
critical should be the test. Now 8 as a function 
of X, or of a has a flat minimum in the neighbor¬ 
hood of a=J, so that any jumps of X x which 
keep it in the general neighborhood of i will not 
afford a sensitive test. It is for this reason that 
all the quasi-static measurements described 
under the heading on page 231 are not well 
adapted to bring out the distinction that we arc 
seekirig. The curves specially determined for rate 
of flow by photographic recording in some cases 
embraced changes of X x in a more favorable 
domain, and it is the limiting curves given by 
these rfieasurements that were used in comparing 
tbtiuthree criteria. It has already been mentioned 
that^he limiting strain-hardening curves deter- 
.mined in this way were the same as those ob¬ 
tained by the first method. 

As it turned out, the cases in which there were 

242k 


favorably situated jumps in X x did not permit 
a decision between the various criteria. In one 
instance, that of Omega tool steel, at a point 
where there was a jump in a from 0.45 to 0.72, 
there was a greater jump in the curve of 8 vs. I 
than in the curve of Z, vs. *„ the former jumping 
up by 5 percent and the latter jumping in the 
same direction by only 2 percent. The 1045 steel, 
tempered at 650°, gave two opportunities for 
comparison. There was one jump of a from 0.38 
to 0.68; at this point there was no discontinuity 
in the '8 curve, whereas Z, jumped down by 3 
percent. At a somewhat greater strain for the 
same material there was a jump down in a from 
0.64 to 0.50. The 8 curve now jumped down by 
2 percent, whereas the Z, curve was sensibly 
continuous. Various points of discontinuity in a 
for other steels did not permit a decision between 
a jump or an abrupt change in direction of the 
curves, the experimental points not being suf¬ 
ficiently closely spaced. On the whole it appeared 
that the tendency to a break of some sort was 
greater on the 8 curves than on the Z, curves. 

The data would appear, therefore, not to 
permit a clean-cut decision on the basis of the 
breaks in the curves, and the decision must be 
sought from a comparison of the whole general 
course of the curves. 

In making this comparison it is to be kept in 
mind that 8 and 2 are identically equal to Z, and 
*„ respectively, for simple compression. In an¬ 
ticipation, neither of the criteria are met within 
the limits of error of the measurements, and it 
becomes a question of choosing the one which is 
the best approximation. As regards the criterion 
that Z, is a universal function of c„ the Z, curve 
for two-dimensional compression consistently lies 
above that for simple compression for all the 
steels except the 1035 steel. For strains above 0.1 
the order of magnitude of the excess is 10 percent. 
For the 1035 steel the curves cross at a strain of 
0.07, and at a strain of 0.15 the curve for simple 
compression has risen to 10 percent above the 
curve for two-dimensional compression. For all 
steels the curve of 8 for two-dimensional com¬ 
pression lies below that for simple compression. 
The discrepancy between the curves may be 
either greater or less than for the Z, curves, but 
on the whole is inclined to be rather less, so that 
on the whole the 8 criterion is to be preferred to 
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the Z, criterion. With regard to the maximum 
shearing stress criterion, the curve for maximum 
shearing stress for two-dimensional compression 
consistently lies above that for simple com¬ 
pression, except for the 1035 steel. The dis¬ 
crepancies are again of the general order of 10 
percent, but detailed comparison would show 
that for the present selection of steels the maxi¬ 
mum shearing stress criterion is on the whole 
the best by a narrow margin. For the stain¬ 
less steel, either the significant stress or the 
maximum shearing stress criterion holds with 
much less error than for the other steels. In fact, 
the general behavior of the stainless steel is dif¬ 
ferent from that of the others; its strain-harden¬ 


ing curve, for example, is sensibly linear up to 
a strain of 0.5. 

All of the above remarks apply in the region 
of strains of moderate magnitude, say above 0.02. 
In the initial stages of flow, with the single ex¬ 
ception of the 1035 steel, the stress for two- 
dimensional flow is less than for the three- 
dimensional flow of simple compression. It is 
natural to associate this with an initial slip on 
a single set of slip planes in two-dimensional flow 
as contrasted with cross slip on systems of inter¬ 
fering planes in simple compression. 

1 am much indebted to Mr. Charles Chase for 
the skillful construction of the apparatus and 
assistance with the manipulations. 


A Method of Determining the Size of Droplets Dispersed in a Gas 

R. L. Stoker 

Western Precipitation Corporation , Los Angeles , California 
(Received November 20, 1945) 

A method applicable to determining droplet sizes in the interior of an already existing 
atmosphere of fog or mist is developed and described. The method makes use of the fact that 
if droplets strike a suitably coated surface without wetting the surface, a track of the contact 
area is formed. A criterion is derived and experimentally evaluated for relating the droplet 
diameter and the track diameter. An apparatus for utilizing this method is briefly described. 


I F a liquid droplet strikes a plane surface with¬ 
out wetting the surface, the droplet will 
undergo a deformation and momentarily, at 
least, will have a finite area of contact with the 
surface. If the surface had been previously 
coated with, for example, a thin layer of soot, 
the area of contact of the droplet would be 
indicated by a disturbance in the soot film which 
would be clearly visible under a microscope. The 
carbon particles of the soot have the advantage 
of being very small and arc not easily wetted. 

In order to utilize the above, it is necessary to 
have the relationship between the size of the 
soot disturbance and the size of the droplet 
producing the disturbance. As the basis of an 
analysis for determining this relationship the 
assumption is made that the only significant 
forces brought into play during the impact are 
the inertia forces and the forces due to the 
surface tension of the droplet. Thus, by this 
assumption, it is implied that such forces as 
those due to viscosity, gravity, and compressi¬ 


bility are of negligible importance. Therefore, 
since 

Ft varies as pdV, 

and 


F, varies as <rd t 

it follows that 


Fj/F 9 varies as pdv*/a. 

Hence, if only the above assumed forces are 
important in producing deformation of the drop¬ 
let during its impact with the soot-coated sur¬ 
face, then the last expression, which is known 
as Weber’s number, is a criterion of dynamical 
similarity for the phenomenon. Consequently, 
all dimensionless ratios of quantities related to 
the phenomenon are some function of the above 
Weber’s number. Thus, the ratio of the track 
diameter to the droplet diameter can be indi¬ 
cated mathematically by 

d! 

d 
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This functional relationship of the diameter 
ratio and Weber’s number was determined experi¬ 
mentally by allowing droplets of mercury and 
water of known diameters to fall from various 
measured heights onto a soot-coated glass surface 
and observing the tracks under a microscope. 
The velocity at impact was taken as the free fall 
velocity. The error in the value of Weber’s 
number due to this choice, which neglected air 
resistance, did not exceed 3 percent in anv test 
and the data are plotted without this correction. 

The diameter of the mercury droplets varied 
from 280 to 800 microns, and were measured at 
rest under a microscope. For these diameters the 
shape of the mercury droplets, while at rest on a 
flat glass surface, differed imperceptibly from 
spheres and thus this apparent diameter was 
taken as the diameter under free fall. The meas¬ 
ured mercury droplets were swept off the glass 
surface and fell a known distance to the soot- 
coated plate below. 


The diameter of the water droplets was com¬ 
puted from the weight of a known number of 
drops formed by a very fine tipped eye-dropper. 
Water droplets of about 1500 microns in diameter 
were obtained. In the weighing of a small^ number 
(usually ten) of these droplets it was necessary 
to make a slight correction for evaporation loss. 
The height of fall of water droplets was taken 
as the distance of the droplet center above the 
soot -coated glass just prior to leaving the eye¬ 
dropper. This fall distance was varied between 
one-half and two inches, and was also the range 
used with the mercury droplets. 

The following graph of the ratio of the track 
diameter to the droplet diameter versus Weber’s 
number was plotted from data which were ob¬ 
tained in the above manner (Fig. 1). All experi¬ 
mental points that were determined are included 
on the plot. Although reasonable experimental 
care was taken, no claim to less than ±2 percent 
error in the plotted results is justified. Never- 



2 * 


JOURNAL OF APPLIED PHYSICS 



theless, it appears that the plotted points define 
a relationship between the diameter ratio and 
Weber’s number that can be expressed by 


d' 

— = 0.77 
d 


/pdv 2 \'i* 


It is apparent from the graph that if Weber’s 
number is. about four, the track diameter is 
equal to the droplet diameter. This would exist, 
for example, if a water droplet, 5 microns in 
diameter, struck the coated plate with a velocity 
of approximately 25 feet per second. 


APPLICATION 

To apply the above it is more convenient to 
have the droplet diameter expressed in terms of 
a Weber’s number based on the track diameter. 
Thus, from the above equation, it can be shown 
that 

d' 

d = 1.25-. 

(pdV/<r) 1/# 

It is interesting to note that owing to the small 
fractional exponent in the last equation, the 
error in the value of the droplet diameter will 
not exceed one-sixth the error in the measured 
value of Weber’s number. 

If the liquid forming the droplets is a pure 
compound, its density and surface tension will 
probably be known or can be determined with¬ 
out undue difficulty. If, however, the droplets 
are not derived from a pure compound, the 
surface tension and density will depend upon the 
amount of evaporation that has occurred since 
their formation. The latter complicates evalu¬ 
ating Weber’s number, but in an actual case one 
is usually able to estimate these variables within 
reasonable limits and thereby retain fair accu¬ 
racy for the droplet diameter, since the error in 
droplet size is much less than the error in 
Weber’s number as was noted above. 



Fig. 3. Photomicrograph (200 X) of water droplet tracks 
on a soot-coated glass target. 


The velocity at impact can be determined and 
controlled by means of a sampling device as 
indicated in the schematic sketch in Fig. 2. The 
gas containing the droplets is drawn through a 
short length of straight pipe and then through 
an orifice, so that the central portion of the jet 
impinges against a soot-coated target plate. By 
metering the gas flow in the suction line and 
knowing the orifice diameter, the impact velocity 
can be calculated. 

The included photomicrograph, which is an 
enlargement of 200 diameters, shows water drop¬ 
let tracks on a portion of a J"Xi" soot-coated 
glass target (Fig. 3). The impingement velocity 
was approximately 25 feet per second, and the 
droplet temperature was 60°F. 

NOMENCLATURE 

Fi =» Inertia force. 

F 0 * Surface tension force. 

Density of droplet. 

Diameter of droplet. 
d *» Track diameter of droplet, 
v* Impingement velocity of droplet. 

<r~ Surface tension of droplet. 

Wn *» Weber’s number. 
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The Accuracy of Lumping in an Electric Circuit Representing Heat Flow in Cylindrical 

and Spherical Bodiesf 

Victor Paschkis* and Michael P. Heisler** 

Columbia University , New York t New York 
(Received Novcmlier 29, 1945) 

In using lumped resistance-capacitance circuits for studying heat conduction problems the 
influence of number and size of lumps is important. Several methods of lumping are conceivable 
for representation of cylindrical or spherical bodies and results of comparative tests show that 
equal geometrical size of lumps is most accurate. In the various lumps resistance and capaci¬ 
tance have to be in certain definite relationships, which are established in the paper. The 
influence of number of lumps is also investigated. 


F )R the solution of heat flow problems in 
solids, the electric analogy method has been 
used increasingly in recent years. 1 The method 
consists in building a resistance-capacitance cir¬ 
cuit representing the bodies subjected to heat 
flow, impressing on this circuit appropriate 
boundary conditions, and transforming the meas¬ 
ured electrical effects into their thermal counter¬ 
parts. The application of the electric analogy 
method is greatly facilitated by the use of a 
versatile arrangement of resistors, capacitors, 
switches, and equipment which permits the 
rapid setting-up of various circuits. One such 
arrangement is known as the heat and mass 
flow analyzer. 2 It consists, briefly, of IS equal 
capacitor banks, each bank comprising 6 trays 
with a total per bank of 41 capacitors of various 
sizes, between 0.1 and 20 microfarads (total 
capacitance per bank, 160 microfarads); and of a 
resistor network comprising a total of 115 sec¬ 
tions. Each section has four resistor decades of 
10 2 , 10*, 10 4 , and 10 5 ohms, respectively. Record- 

t This investigation has been made possible through a 
grant from the Engineering Foundation and has been 
carried out under the auspices of the A.S.M.E. Committee 
on Research through the agency of the A.S.M.E. Heat 
Transfer Division, Subcommittee on Heated and Cooled 
Enclosures. The authors are indebted to the above organi¬ 
zation fa*? its sponsorship and support. Publication assisted 
by the Eimest Kempton Adams Fund for Physical Research 
of Columbia University. 

* Victor Paschkis is Research Associate in Mechanical 
Engineering, Columbia University. He is in charge of the 
tKhnical and scientific work carried out in the Heat and 
Mass Flow Analyzer Laboratory. 

** Michael P. Heisler is Laboratory Assistant in the 
same laboratory. 

1 V, Paschkis and H. D. Baker, “Method for determining 
uA§tepy-state heat transfer by means of an electrical 
analog??*Trans. A.S.M.E. 64, 105-112 (1942). 

1 V. Paschkis, “Electrical analogy method for the in¬ 
vestigation of transient heat flow problems,” Industrial 
Heating 9,1162-1170 (1942). 


ing electronic voltmeters allow measurement of 
4 voltage-time curves simultaneously. A milli- 
ampere-minutemeter automatically integrates the 
current-time curve (equivalent to measuring the 
total heat flow, not merely the rate of heat flow). 

Solutions found on the heat and mass flow 
analyzer were compared repeatedly with mathe¬ 
matical solutions and direct thermal measure¬ 
ments and found to check closely. 3 However, 
there are inaccuracies inherent in the approxi¬ 
mation by lumping. In a previous paper, 4 the 
inaccuracy caused by lumping was studied for 
one particular case: namely, for a circuit repre¬ 
senting a slab or large wall of finite thickness 
but having no end effects, that is, a wall having 
heat flow in one direction only. 

The present paper deals with circuits repre¬ 
senting long cylinders and spheres. In such cir¬ 
cuits the resistance per unit length increases from 
the surface towards the center, and the capaci¬ 
tance per unit length decreases. 

Because of their importance it is particularly 
desirable to know how the number of lumps and 
the way of subdividing the total capacitance and 
resistance of the circuit influence the results. 
In a general way the following laws for the radial 
heat flow in cylinder and sphere can be stated. 

Cylinder: The resistance of a cylindrical shell 
per unit length (in radial direction) is propor¬ 
tional to the logarithm of the ratio of the radii 

* M. Avrami and V. Paschkis, “Application of an elec¬ 
trical model to the study of two-dimensional heat flow,” 
Trans. A.I.C.E. 38, 631-652 (Jim* 25, 1942). V. Paschkis, 
“Establishment of cooling curves of welds by means of 
electric analogy,” Welding Research Council of The 
Engineering Foundation, 8,462,-483, (October, 1943). 

4 V. Paschkis and M. r. Heisler, “Accuracy of measure¬ 
ments in lumped R-C cable circuits as used in the study of 
transient heat flow,” Elec. Eng. 63, 165 (1944). 
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limiting the shell; the capacitance is propor¬ 
tional to the cross-sectional area of the shell. 

Sphere: The resistance of a spherical shell is 
proportional to the difference of the inverse of 
the inside and outside radii; the capacitance is 
proportional to the difference of the third powers 
of the radii limiting the shell. 

It must be kept in mind that the capacitance 
mentioned here is the thermal capacitance, which 
is proportional to the volume of the body. The 
electric capacitance is a function of the surface 
of the body. However, in representing a section 
of a body, the electric capacitance used to 
represent its thermal capacitance is proportional 
to the volume of the lump in the same way as 
the thermal capacitance. 

Obviously the shell at the center has infinite 
resistance, and part of the work refers to methods 
of overcoming this difficulty. This characteristic 
rqakes it impossible to conceive of a steady-state 
flow radially through a solid cylinder or sphere, 
and therefore the influence of capacitor leakage 
as studied in part of the previous paper 4 could 
not be similarly analyzed for the present case. 

L PROBLEMS IN COMMON BETWEEN CYLINDERS 
AND SPHERES 

In working with lumped circuits, a body 
having evenly distributed electrical or thermal 
properties—capacitance and resistance—is re¬ 
placed by a body divided into sections or lumps 
in which capacitance is concentrated at the 
center of each lump and resistance along the 
axis of each lump. This sectionalized body is 
represented by the electric network of the heat 
and mass flow analyzer, and determining the 
influence of the method of lumping on the ac¬ 
curacy of the experimental results was the object 
of the present investigations. 

In slabs there are only two problems to be 
considered in lumping, the number of lumps and 
the influence of lumps of unequal thickness. The 
use of uneven lumps makes it possible to con¬ 
centrate limited experimental equipment on that 
part of the circuit which is considered to be the 
most important (e.g., near the surface, etc.). In 
each lump, however, the capacitance is always 
located in the center of the lump. In so arranging 
the capacitance, the following conditions are 
fulfilled: 



Fig. 1. Explanation of signs for lumping cylinders. 

1. Resistance and capacitance both are symmetric in 

reference to the center. 

2. The product of resistance X capacitance on one 9ide of 

the center is equal to the product of resistance 

Xcapacitance on the other side. 

In cylinders and spheres two additional diffi¬ 
culties arise: First, if the entire radius be divided, 
either equally or unequally, into a number of 
lumps, at what points in the lumps should the 
capacitors be placed? (See Fig. 1.) In Fig. 1, the 
capacitors are shown in the geometric center of 
the lump (n = rj/2). However, at least three other 
positions are defensible: placing the capacitor so 
that the capacitance on one side of the lump is 
equal to the capacitance on the other side; 
placing the capacitor so that the resistances on 
either side of the capacitor are equal; or putting 
the capacitor so that the values of the products 
of resistanceX capacitance are the same for either 
side of the lump. Second, whatever way of 
lumping is Selected, the first section next to the 
center offers additional problems. The center of 
the body has no capacitance, and the resistor 
connecting the center with the first capacitor is 
infinitely large, independent of the position of 
the condenser in the lump. This position, then, 
determines the resistance of the outside part of 
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Fig. 2. Cylinder. Comparison of theoretical results (solid 
line) with experimental results (curves a, b, c), for of/r 1 *0.4 
and four sections. “Equal d\—di" indicates that the sec¬ 
tions have equal thickness. “Equal di—di M indicates that 
the condensers are in the geometric center of each lump. 
“Equal RC" indicates that the products of resistance 
X capacitance on either side of the condenser in each section 
are equal. 


the lump (ri to r a —Fig. 1) and a minor change in 
position of capacitor Ci has a very large influence 
on this resistance. 

One way of overcoming the latter difficulty is 
to replace the solid cylinder or sphere by a 
hollow cylinder or sphere having a very small 
center hole. As soon as a center hole is provided, 
the resistance from this hole to the innermost 
condenser becomes finite. 

Experiments in which hollow cylinders were 
substituted for solid ones have revealed various 
shortcomings in this method. The use of such 
hypothetical hollow bodies can be avoided, how¬ 
ever, by a method of lumping based on finite 
difference equations. The mathematical basis for 
this procedure, as related to cylinders, was first 
piflfliriied by Jackson and co-workers. 1 The basis 

. B. Wi 


9 R. Jackson, R. J. Sarjant, J. 

D. R. Hartree, and J. Ingham, “Vai 
Steel,” paper No. IS (l r “ 
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for lumping of cylinders by the finite difference 
method is explained in Appendix I. This method 
also proved helpful in a similar development for 
the sphere. The basis for the lumping of spheres 
is explained in Appendix II. However, the 
method of lumping and problems of accuracy 
are numerically different for cylinder and sphere 
and will therefore be treated separately. 

In heating or cooling a body from its surface, 
the resistance to heat transfer between the sur¬ 
rounding and the surface enters the picture. It 
has been explained previously 4 that the severest 
test for an approximate solution is found in 
assuming that the surface of the uniformly 
heated body is subjected to a sudden change of 
temperature. Therefore, the experiments were 
carried out for this condition. 

All tests have been carried out so that voltage- 
time curves obtained with differently lumped 
circuits were compared with theoretically ob¬ 
tained curves. 

IL CYLINDER 

In working with the cylinder, the feasibility of 
assuming a hollow cylinder was first analyzed. 



sections. 


JOURNAL OF APPLIED PHYSICS 








Fig. 4. Comparison of theoretical results (line 1) with 
experimental results (curves 2-4); «//r*=*0.4; finite differ¬ 
ence method; 6J sections; equal and unequal lumping. 


In order to verify cxperiment.il results it was, of 
course, necessary to have the theoretical curve. 
The curves published in McAdams’ book on 
heat transmission (Gurney-Lurie charts) are not 
very accurate; therefore curves were calculated 
for af/r 2 = 0.2, 0.4, and 0.6 (a = thermal diffu- 
sivity, / = time, r=radial distance). Each of these 
three curves gives temperatures, expressed in 
dimensionless units, plotted against relative 
position “n” in the cylinder. The calculation for 
the point at the axis of the cylinder was checked 
against tables published by Schultz and Olsen,* 
and all points were compared with the values of 
T. F. Russell. 7 

The greatest number of these investigations 
was carried out for at/r*=0.4. Figs. 2-4 refer to 
this dimensionless time. Figure 2 compares differ¬ 
ent positions of the capacitors for one small 
assumed hole; the hole was 0.01 times the out- 

* F. C. W. Olsen and O. T. Schultz, Ind. Eng. Chem. 34, 
874 (1942). 

7 T. F. Russell, "Some Mathematical Considerations on 
the Heating and Cooling of Steel," special paper No. 14 
(1936), Iron and Steel Institute, London, England. 


side diameter. Therefore, the material neglected 
because of the hole is only 10~* times the entire 
material of the cylinder. The lumps were selected 
geometrically, that is, the distance from the 
outside diameter to the assumed hole diameter 
was divided into four equal parts. In each part, 
(he capacitor was placed first at the geometric 
center of the lump and then at a point such that 
(he products of resistance times capacitance on 
cither side of the capacitor were equal. The 
results are shown by curves a and b. In addition, 
a third test was run; the lumping in this case was 
based on finite difference equations; the results 
are shown by curve c. It is in the nature of this 
method that there is never a full number of 
lumps. Therefore, the two curves for the hollow 
cylinder with four lumps compare with the curve 
for 4% lumps for the finite difference method. 
From Fig. 2 it can be seen that near the center 
the differences arc quite appreciable and reach 
values more than 15 percent above the calculated 
values in the most unfavorable case. The two 
ways of positioning the condenser have no 
marked influence on the accuracy, but the 
method of finite differences is considerably better 
and is accurate to within 5 J percent at the center. 
Toward the outside all curves more nearly coin- 



Fig. 5. Cylinder. Percent difference of temperature at 
center between theoretical curve and experimental curves; 
ot/r*—0.4; finite difference method. 
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Fig. 6. Cylinder. Finite difference method. Temperature 
distribution curves with various numbers of sections com¬ 
pared with theoretical curve; at/r*-*0.2. 


cide. However, on a percentage basis the error 
seems to be almost constant and independent 
of the distance from the center. 

Having found the finite difference method to 
be satisfactory even with relatively few lumps, 
all further work was concentrated on this 
method. 

Figure 3 shows the influence of the number of 
lumps. It is apparent that with 8£ lumps the 
results are extremely good and will be in error 
in the order of magnitude of only 1 or 1J percent. 
An increase of number of lumps beyond 8J does 
not seem to have much influence very close to 
the center; with 20£ lumps the error becomes 
negative but of the same order of magnitude as 
with 81 lumps. However, at a radius of approxi¬ 
mately two-tenths of the outside radius the 
error with 201 lumps becomes zero. The influence 
of the number of lumps on the error is also 
k shown in Fig. 5, where the difference in dimen- 
sionHess temperature units, expressed as a per¬ 
centage of the theoretical value, is plotted versus 
th&'inthiber of sections. 

In many instances it is desirable to have un¬ 
even sizes of lumps in order to concentrate avail¬ 
able equipment at important points. Figure 4 


refers to such uneven lumping conditions. The 
actual lumping is shown in the sketch on the side. 
The total number of sections was always 6}. In 
one case the sections were of equal size (curve 2); 
in the other instances four larger sections were 
used together with two sections each one-half of 
the size of the large sections. In the tests of 
curve 3 the small sections were on the inside, and 
in the test of curve 4 they were on the outside. 
The differences between the three curves are so 
small as to be considered almost within meas¬ 
uring accuracy. It appears, though, that the 
small sections on the inside improve the accuracy 
somewhat; this is not surprising, because it is 
there that the resistance ratios differ most from 
the logarithmic theoretical values. In Figs. 6 
and 7, the influence of lumping for dimensionless 
times other than 0.4 were investigated. 

Figure 6 shows the curves for at/r 2 = 0.2, and 
it can be seen that the discrepancies between 
any of the three curves and the theoretical 
curve are very small indeed. All curves refer to 
the finite difference method and are distinguished 
by the number of sections used (4J, 6£, and 
8£ sections). Figure 7 refers to at/r 2 = 0.6 and 
compares the theoretical curve with the curve 
for finite differences, using 4£ sections. The error 
is again in the order of magnitude of 5 percent 
at the center, the same as had been found for 
at/r 2 = 0A. 



Fig. 7. Cylinder. Finite difference method. Temperature 
distribution curve for 4.5 sections compared with theoretical 
curve; at/r*— 0.6. 
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Fig. 8. Spheres. Temperature distribution curves. Rela¬ 
tive thickness zero at center; relative thickness 1 at surface. 
Theoretical curves (full lines) are compared with experi¬ 
mental results by finite difference methods and various 
numbers of sections as explained in legend. 


In conclusion it can be said that for cylinders 
the finite difference method yields satisfactory 
results, if 8.5 lumps and more are used. 

HI. SPHERES 

An investigation (Appendix II) shows that for 
spheres the finite difference method, based on 
equally sized lumps, still leads to the concept of 
a hollow sphere—a hole in the center. The 
capacity in the center turns out to be zero, and 
the resistance from the center to the next capaci¬ 
tance becomes infinite. If, therefore, the tem¬ 
peratures near the center are of interest, it is 
necessary to use many lumps. With 10.45 lumps 
(the fraction 45/100 is explained in the appen¬ 
dix), the point at 0.45/10.45* 0.041 X diameter 
is the one closest to the center. Temperatures 
closer to the center may be found by extrapo¬ 
lating from the point 0.041 X diameter and the 
next point farther out, that is, point 0.041 
+ 1/10.45*0.137Xdiameter. If such extrapola¬ 


tion is not sufficient, more lumps may be neces¬ 
sary. For example, with 20.45 lumps, tempera¬ 
tures at 0.45/20.45* 0.021 Xdiameter can be 
measured directly. 

In Fig. 8, results obtained with various num¬ 
bers of lumps are compared with the theoretical 
curves; relative thickness is plotted as abscissa 
and relative temperatures as ordinate. Three 
theoretical curves are shown, one each for 
t/RC(=*at/r 2 ) equal to 0.05, 0.10, and 0.15. The 
results obtained with various methods of lumping 
are shown grouped about each curve. 

With 8.45 lumps, the greatest observed dis¬ 
crepancy is 0.012 of the total ordinate scale of 
one. In cooling (f/2?C*0.15) this causes an 
error of 0.012/0.43 = 2.8 percent near the center. 
Other times and other positions are better. 
Close to the center there is an error even with 
10.45 sections; but with 20.45 sections no dis- 


f(h 



Fig. 9. Spheres. Temperature distribution curves. Rela¬ 
tive thickness 1 at surface. Theoretical curves (full lines) 
are compared with experimental results following different 
methods as explained by legend, doouid* is the outside 
diameter of the sphere; oithe diameter of the hole in 
the center. “Equal di-di" indicates that the sections have 
equal thickness. “Equal C" indicates that the capacitances 
on either side of the condenser are equal. “Equal R” indi¬ 
cates that the resistances on either side of the condenser are 
equal. 
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crepancy, even close to the center, can be 
detected. 

The influence of non-uniform lumping was 
next examined. If a limited number of lumps is 
to be used and results are desired particularly 
in one region, then it may appear useful to make 
the lumps unequal in size. Thus, two cases were 
investigated, and in each a total of 7 condensers 
(6.45 sections) was used. Instead of making each 
section 1/6.45 of the diameter, the size of each 
large section was made 1/5.45 of the diameter. 
One of the large sections was then divided into 
two smaller sections. In one experiment these 
smaller sections were located near the center, and 
in another experiment, near the surface. At 
early times (t/RC=0.05) the splitting of the 
section near the center does hot seem to give 
very good results, but with increasing time con¬ 
ditions become better. Subdividing on the out¬ 
side (near the surface) gives excellent results 
there, but the results near the center arc not 
much better than those obtained with the 4.45 
sections. 

In Fig. 9, results for lumping based on equal 
capacitance, equal resistance, etc., are compared 
with theoretical curves. In no case arc results as 
close as those obtained by the finite difference 
method. 

In conclusion it can be said that also for 
spheres the finite difference method yields satis¬ 
factory results; at least 6.45, preferably 8.45 
sections are recommended. 

APPENDIX I. FINITE DIFFERENCE METHOD FOR 

DETERMINING RESISTANCES AND CAPACI¬ 
TANCES IN EVENLY LUMPED CYLINDERS 

Figure 10 is a vertical section through a 
cylinder or sphere and shows (in the lower part 
of the figure) the wiring diagram of the equiva¬ 
lent circuit. In this case 6 condensers are shown, 
which would make m+l=«5. In the figure R 
stands for resistance, C for capacitance, and F for 
the potential at any one instant. 

The conductance 5 *■ l/R, time is denoted by t. 
By applying Kirchhoff’s law to point m for 0, 
it follows that 

(F m+ i-F m )-5 m+1 

- (F„ - F«-0 • S m +Cm-dVJdt. (1) 


For the center the equation becomes 

S l (V 1 -V 0 ) = C a dV 0 /dt. (2) 

Now, by way of approximation (using a con¬ 
cept originally introduced by Binder and E. 
Schmidt and applied to cylinders by R. Jackson 
and co-authors,* and apparently independently 
by Perry and Berggren 8 ), the following state¬ 
ments can be made, referring to a cylindrical shell 
other than at the center. (Sec Pig. 11.) 

The temperature increase (Q—S) at radius 
mAr can be calculated from: 


dV m 

dt 


1 


pc2m(Ar) 


-[(2>w+l)F M+l -4mF m 

2 

AV m 

+(2m —l)K m _,]=-, (3) 

At 


where pc is the volumetric specific heat. 

Now, for the center of the cylinder slightly 
other conditions prevail, because for m= 0 the 
line P—Q— U (Fig. 11) changes direction at Q. 
For the center (3) becomes: 


AV 0 4 

-——(F.-Fo) 

At pc(Ar) i 


(4) 


Equations (l) and (3) are equivalent, if 
Sm+l .S m + S m +l S m C m 

2m+l 4 m 2m — 1 2m(Ar) 2 pc 


From (5) it follows that the resistors in the 
various sections must be in the ratio 

RJR m+ t = (2m+\)/(2m-\). (6) 


i ! ; i ! 

*- Ar -4” Ar —J— Ar —Ar -4- A r 


m m+t 


* o r . f „ ^ ^ 


Fig. 10. Explanation of symbols. For finite difference 
method; cylinders and spheres. 


•R. L. Perry, and W. P. Berggren, ‘Transient heat 
conduction in hollow cylinders after sudden change of 
inner-surface temperature,” University of California Publi¬ 
cations in Engineering (University of California Press, 
Berkeley, California, 1044), Vol. 5, No. 3, pp. 59-88. 
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Fig. 11. Method of averaging temperatures in finite 
difference method. 


The approximate value of d V m /dr can be found 
by replacing the curve PU by a straight line; 
then: 

AF„ = (F m+1 -7,_ l )/2. (11) 

Finally r = mAr. By combining these equations 
with Eq. (9), Eq. (8) may be obtained. Equations 
(1) and (8) are equivalent, if 

Sm-i l Sm + Sm+1 S m Cm 

-=---. (13) 

m+1 2m m — 1 pcm(Ar)* 


In the thermal system the diffusivity 

( thermal conductivity \ 
specific heatXdensity/ 

takes the place of l/pc. 

If now the thermal times arc indicated by T, 
and the electric times by t, then the time ratio 
is given by 

t/T=CxRia/2{to)\ (7) 


APPENDIX II. FINITE DIFFERENCE METHOD FOR 
DETERMINING RESISTANCES AND CAPACI¬ 
TANCES IN EVENLY LUMPED SPHERES 

The procedure for spheres follows closely the 
one used for cylinders. The approximations ex¬ 
pressed by Eqs. (1) and (2) hold for spheres as 
well as cylinders. For spheres Eq. (3) should be 
replaced by Eq. (8) 

AF m _ 1 

At pcm(Ar ) 2 

X[[(fW-|-l) V m +i-2mVm-\-(m — l) Vm-i]- (8) 


This equation is found by transforming the basic 
equation 

dV l/d*F 2dVy 


dt 


1 i dF\ 

pc V dr * r dr / 


The rate of change is approximately 
A*F /UT (?S\1 
A r * \ Ar Ar / A r 

( Vm+l — F„) — ( F» — Fm-i) 

(Ar)* 

V m+ X-2V m +Vm-X 

(Ar)* 


(9) 


( 10 ) 


From (13) it follows that the resistors in the 
various sections must be in the ratio 

R m /R m - i = (w+l)/(w —1). (13a) 

It can be readily seen that, for m — 1, 

Rm/Rm+l= 00 . 

Hence the inside resistance becomes infinite, and 
as will be seen later, Co becomes 0. Therefore it 
is convenient to call = 1. Then 

Ri : i?*: R *: Rt : • • • = 1: J: \• • •. 

It can be readily seen that the series is formed by 
fractions, the numerators of which always equal 
one. The denominators increase by adding 2, 3, 
4, 5, etc.; the first denominator is 1, the next 
3 = 1+2, then 6 = 3+3, then 10 = 6+4, then 
15 = 10+5, etc. The resistance of a spherical 
shell is proportional to (1/d,) —(l/d 0 ), where d, 
and d a .are the inside and outside diameters, 
respectively. The ratio of resistance of the second 
to that of the third shell is 

1/Ar—l/2Ar * _3 
\/2Ar—\/$Ar~\ — \ l’ 

which is exactly the ratio found from Eq. (13a). 

From Eq. (13), it follows that the capacitors 
other than the one in the center must be in the 
ratio: 

Ci:C,:C«:C«:-1:4:9:16: * - 

Actually the capacitors should be proportional 
to the volumes of the shells, and should be 
located at the center of the shell. The question 
arises where the end of each section is. If the 
capacitor is to be at the mean radius, then the 
sectioning would be at 0.5r; 1.5r; 2.5r; etc. 

The volume of each shell is proportional to the 
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Table I. 


1 

2 

3 

4 

5 

6 

7 






Vol- 

Corapari- 






ume 

son of 






ratio 

volume 

Sec- 





from 

ratios 

tion 

Radius 


Difference 

Volume 

Eq. 

Col. 5/ 

No. 

mAr 

(mAr)» 

(mAr)« 

ratio 

(14) 

Col. 6 

1 

.5 

0.125 

3.25 




2 

1.5 

3.375 

12 25 

1 

1 

1 

3 

2.5 

15.625 

27.25 

3 77 

4 

0.942 

4 

3.5 

42.875 

s 

8.39 

9 

0.933 

11 

10.5 

1157.625 

363.25 

111.8 

121 

0.923 

12 

11.5 

1520.875 






difference of the third powers of the outside and 
inside radius. Table 1 shows £or some sections 
the radius, the third power of the radius, the 
difference of the third powers, the ratio based 
on these differences, the ratio as found from 
Eq. (13) and a comparison between the two 
ratios. 

Because the comparison of the volume ratios 
(Col. 6) does not appear to be very good, the 
capacitor was put on a radius other than the 
mean value. The results with the radii at 0.45, 
1.45, 2.45, etc., appear to be better, as may be 
seen from Table II. In order to determine the 
value of the center capacitor, Co, equations 


similar to (4) must be found. By writing Eqs. 
(10)—(12) for the center the expression (8a) 
replacing Eq. (4) is found. 


AV 0 6 

-— (Fi-Vo). 

At pc(Ar)* 


(8a) 


Table II. 
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3 

4 

5 

6 

7 






Vol- 

Compari- 






ume 

son of 






ratio 

volume 

Sec- 





from 

ratios 

tion 

Radius 


Difference 

Volume 

Eq. 

Col. 5/ 

No. 

mt* 

(mAr)» 

(m&r)* 

ratio 

(14) 

Col. 6 

1 

.45 

.091 

2.958 

1 

1 


2 

1.45 

3.049 

11.657 

3.94 

4 

0.985 

3 

2.45 

14.706 

26.357 

8.91 

9 

0.992 

4 

3.45 

• 

41.063 





11 

• 

10 45 

1141.17 

359.95 

121.6 

121 

1.003 

12 

11.45 

1501.12 






In order to determine the value of the center 
capacitor combine Eq. (2) with (8a): 

C 0 =pc(Ar) V 62?i. (14) 

As stated above the resistance Ri = <*>; hence 
Co = 0. 
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Determination of the Temperature Rise and the Maximum Safe Current through 

Multiconductor Electric Cables* 

Haig P. Iskenderian 

Federal Telephone and Radio Corporation, New York, New York 

AND 

William J. Horvath 
Navy Department, Washington, D. C. 

(Received November 29, 1945) 

A general method of calculating the temperature rise in multiconductor rubber insulated 
electric cables based upon the thermal constants of the cable has been derived. The predictions 
of the theory have been verified experimentally for a number of cables and values of the thermal 
resistivity conotants have been obtained as a function of size and composition of the cable. 

The results are used to predict the maximum safe current for different size cables to limit the 
temperature rise at the center to 25°C above an ambient temperature of 50°C. 


INTRODUCTION 

N the design of cable installations it is neces¬ 
sary to know the maximum current which 
can be sent through a given cable without 
raising its temperature to a value which would 
injure the insulation. In general the maximum 
temperature which the insulation will endure 
under continuous operation is known, and the 
problem becomes one of calculating the tempera¬ 
ture rise in the cable as a function of the current 
running through it. Previous work on this sub¬ 
ject 1 has been confined to cables containing one, 
two, or three conductors. The present investiga¬ 
tion develops the complete theory for a cable 
consisting of any number of rubber covered 
electric wires, all carrying the same current. 

Application of the theory depends on accurate 
knowledge of the radial and surface thermal 
resistivities. These have been obtained with con¬ 
siderable precision by measuring the temperature 
drops in experimental cables. The rubber insu¬ 
lation used in these cables is known to withstand 
continuous operation at 7S°C. The maximum 
safe currents have therefore been calculated for 
a temperature rise at the center of the cable of 
25°C over a 50°C ambient. 


* This work was done in the Spring of 1941 while the 
authors were employed by the Bureau of Ordnance, Navy 
Department. 

1 Report by S. J. Roach, published by the N.E.M.A. 
(January, 1938). 


I. THEORY 

The theoretical expressions are derived first 
for a cable made up of an infinite number of 
conductors distributed uniformly in a cylindrical 
insulating medium. In order to apply these 
expressions to actual cables it is necessary to 
take into account the variation of the thermal 
constants of the cable with the size and number 
of wires. Empirical relations for these constants 
have been established experimentally. The ex¬ 
cellent agreement between theory and experi¬ 
ment is adequate justification for this method 
of procedure. 

The temperature as a function of time may be 
obtained by writing the fundamental heat rela¬ 
tionship for an element of cylindrical shell of 
unit length and radii x and x+bx: 

Heat generated = Heat dissipated+Heat stored. 

\2irx/dT\ 

PRcuN^Jt^ - j —(—) 

2ic(x+&x)/dT\ ) 

----(— ) \dt+2TxAxSod 0 dT, ( 1 ) 

P \ dx / jr-f A* ' 

where 

I m current in amperes through each wire, 

Rtu * resistance in ohms per cm of each conductor, 

N x% *+a* “ number of conductors in a shell of radii 
x and *4-Ax, 

2tx&x 

rf* W 

(r is the radius of the cable in cm; n is the 
number of conductors in the cable), 
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.So-average specific heat of cable in watt sec./°C, 

Jo "average density of cable, 
r-temperature rise in °C, and 
p* radial thermal resistivity of the cable in °C/ 
watt/cm 

Substituting for N XtX +& x and noting that the 
second term in (1) is the differential of (2*x/p) 
• (i dT/dx ), we obtain: 



where, 

PKrufl 1 

a =-and 6=-. (3) 

TpSodo pSydo 

For the steady state dT/dt = 0 and (2) becomes 
by successive integrations: 

ax 2 

r.-r.-—. (« 

4 o 

where T x = the temperature rise at equilibrium, 
at a distance x from the center of the cable, and 
T c — the temperature rise at equilibrium at the 
center of the cable. 

The general solution of (2) must satisfy the 
following initial and boundary conditions: 


Thus our solution (5) becomes: 

ax 1 

T(x, t ) = £ AJoM exp (~a*bt) + T c -. (7) 

< 4 b 

The constants are obtained by making use of 
the boundary condition (II) and Eq. (7): 

ar * 

£ AiJ<>(a x r) exp (-afbO+Tc - 

< 4 b 

B ( ar\ 

— | £ A t a,Ji(a,r) exp (-a, J 6/)+—}• 
p\ ^ 2b \ 

Separating the variables this expression re- 


duces to 

B 

J o(a<r)- <*iJ i(a<r)=0 

(8) 

and 

P 


T 

aP B or / p B \ 

= 1—•— 1-1, 

4 b p 2b \4t tD/ 

(9) 

A C 


wherc a,- are the roots of Kq. (8). 

The relation (9) gives the maximum tempera¬ 
ture rise at the center of the cable. It may be 
written in the form of two equations: 


1=0 
T =0 


B dT-l 

(I) and T. -— , (II) 

P dX J X wmf 


T r = PR lu n —, 

4ir 


( 10 ) 


where B is the thermal surface resistivity in 
°C/watt/cm 2 . 

The solution may be expressed in the following 
form: 


ax 2 

T(x,t)=f(t)u(x)+T'-—, (5) 

4o 

where/(f) is a function of time only and u(x) is a 
function of radial distance only. 

By substituting (5) in (2) and by separating 
variables we obtain: 


and, 

? 


M* 


/(f)-Coexp (- a*bt) 

d*u 1 du 

—-|-+a s «—0 

dx* x dx 


( 6 ) 


where Co and a are constants. 

The second equation in (6) is Bessel’s equation. 


B 

T, = PRc U n —, (11) 

TD 

where T r = temperature rise in the cable from 
x = r to x = 0 and T, = temperature rise at the 
surface of the cable. 

From (10) to (11) the constants p and B may 
be found in terms of the radial and surface tem¬ 
perature rises, the power loss, and the diameter 
of the cable. Or, conversely, knowing p, B, D, 
and PRcuti of a cable, the maximum temperature 
rise, T e , may be computed. 

To evaluate the coefficients, A <, use is made of 
the initial condition (I) and Eq. (7): 


ax * 

A \J o(«i*) +AtJ t (atx) + • • •, etc. — — T e -\ -, 

4o 


256 


which yields by virtue of the orthogonality 
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properties of the Bessel functions: 


A, - 


2a,* 


[(*'|)Vo.V*][/ #( a.r ) ]* 

r T / ax*\ 

Xj xy — T 0 +—JJo(ajc)dx-, (12) 


carrying out the integration and substituting for 
a and b, we find for A ,: 


A t =- 


2a,* 


f PRcvitp 


JlVoOw)] 


T 


2 ira, 2 


'J o(a,r) 



Having determined the constants A , and a, of 
Eq. (7), we now have the complete solution for 
the temperature of the cable as a function of 
time and radial distance. 

The time variation of temperature at the 
center of the cable is of special interest. For this 
case Eq. (7) reduces to: 

7\0, t)—Ai exp (— ai 2 bt) 

+i4*cxp (—aj*6/) + - • •, etc.+7' c . (14) 


It will be shown in Part III that the coeffi¬ 
cients, A„ converge very rapidly and therefore 
(he above expression reduces to the form: 

r(0,0^r f [l-exp (-ai*W)]. (15) 


A comparison between Eq. (15) and the ex¬ 
perimental curves is made in Part III. 

n. EXPERIMENTAL PROCEDURE 

After considerable experimentation with ther¬ 
mocouple methods, it was found that the meas¬ 
urement of the change of resistance of the 
copper conductors gave much more reproducible 
results and consequently all measurements were 
made by this method. 

If the resistance is measured at some known 
temperature To and again at some other tem¬ 
perature Ti, then we may use the relationship 

Rti •■TJrofl+iSfT’i—7o)3 



to obtain the temperature difference Ti—To 



where Rt 0 is the resistance at a known tempera¬ 
ture, T 0 , Rti is the resistance at any other 
temperature, 7\, and jS is the temperature coeffi¬ 
cient of resistivity of copper = 1/ (234.5+ To ). 

The circuit used for the measurements is 
shown schematically in Fig. 1. A standard 
manganin resistor, R„ is placed in series with 
the cable so that all resistance measurements 
could be referred to this standard. Let Re,To be 
the resistance of one of the wires in the cable at 
the initial temperature T 0 . The ratio Rc.Ti/Rc.To 
in Eq. (16) may be obtained by voltage measure¬ 
ments as follows: 

From Ohm’s law. 


and 

hence, 


Vc,To~lTtRc,To 
Ve,To = lToR>,T 0 \ 
Fe.ro 

Rt.To- - R>,To, 

Vt.To 


(17) 


where F, I, and R have their usual meanings, 
the subscript, To, referring to the values of these 
quantities when the cable is at To degrees centi¬ 
grade, and the subscripts, c and s, to the cable 
and manganin resistance, respectively. 

Similarly 

Ve.Ti 

Rc,Ti= - Ri.Ti. (18) 

Ve.Ti 

Since the temperature coefficient of manganin 
is negligibly small, 

2?«,To“1?»,Ti; 
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in 5* 1^8 Jk 12 w loo jfo 3 oi 40 500 & *^53 # &J A 

** * ^ Time in Hours 

Fig. 2. Experimental Variation of cable temperature in a cable having 61 conductors of No. 3 wire 
when a current of 27 amperes flows continuously through it. 


dividing (18) by (17) and substituting the result 
in (16) yields: 


Tx- 


irVc § TiV$,ro 1 
To = 4 - 1 . 

Vi.T 1 Vc,To J 


m 


The expression (19) gives the temperature rise 
in terms of measurable quantities. The voltage 

Table I. Experimental data on cables 


No. of 
wire* 
in 

cablet 

AWG 

No. 

No.of 

l V 

c»H« 

Dimensions 
of oablee 

Length Diameter 
(cm) (cm) 

Current 

in 

amp. 

Total 7. Radial 

power temp, rise temp. 

in at center rise 
watts in °C in *C 

19 

1 

2 

375 

7.24 

57 

104 

20.5 

4.0 

37 

, 1 

3 

416 

10.04 

45 

135 

21.0 

5.7 

61 

1 

4 

415 

14.06 

37 

162 

21.8 

8.1 

19 

3 

2 

412 

6.48 

42 

100.7 

19.5 

4.3 

37 

3 

3 

417 

8.80 

33 

120 

20.9 

6.1 

61 

3 

4 

415 

11.20 

27 

134 

21.4 

7.7 

9! 

3 

6 

420 

13.12 

24 

160 

23.5 

9.5 

19 

6 

2 

414 

6.06 

27 

82 J) 

17.0 

4.1 

» 37 

6 

3 

420 

8.12 

22 

107.5 

20.0 

6.0 

61 

6 

4 

416 

9.52 

18 

115.3 

20.9 

7.8 

19 


2 

424 

4.44 

17 

77.0 

18.1 

4.1 

37 

9 

3 

421 

5.90 

14 

85.5 

18.7 

5.2 

«!> 

9 

4 

420 

7.78 

12 

97.0 

19.6 

6.5 

37 t 

V u 

3 

425 

4.14 

5.8 

58.2 

14.9 

3.6 

61 

15 

4 

422 

5.20 

5 

71.5 

16.6 

4.8 

61 

18 

4 

425 

4.80 

4 

96.8 

25.3 

6.6 
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drops across R c and R « were measured by means 
of a Rubicon type “B” potentiometer. 

The cables used in the experiment are listed 
in Table I. All were made up out of standard 
rubber covered wire which had a safe operating 
limit of 75°C. The cables were assembled in 
such a way that a given wire remained in the 
same layer throughout the length of the cable. 
A canvas sleeve was sewn over the assembled 
cable and this was painted with a coating of 
preservative paint. Subsequent measurements 
showed that the painting had no measurable 
effect on the results of the experiments. 

All the wires in the cable were put in series so 
that the current flowed back and forth through 
the length of the sample. Each sample was 
approximately 14 feet long, the ends being en¬ 
closed in two wooden boxes packed with insu¬ 
lating material. With this arrangement, ther¬ 
mocouples showed no appreciable temperature 
gradient along the length of the cable. This was 
essential since the resistance method yields an 
‘average value of the temperature in any one 
layer and not just the temperature at one point. 
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Since it would not be practical, especially in 
the larger cables, to measure the voltage drop 
across every wire, only four wires in each layer 
were selected for these measurements. The leads 
from these wires were run to two selector 
switches, Si and S2, and thence to two double 
pole-double throw switches, S3 and 5 4 , leading 
to the potentiometer. 5s served as a reversing 
switch, and 5 4 connected the potentiometer 
either to the manganin resistor or to one of the 
wires in the cable. 

The current was furnished by a d.c. motor 
generator set with four storage batteries “float¬ 
ing” across the output. Since the fluctuations in 
voltage across the cable were large (about J 
percent) a switch, 5 ft , was installed which dis¬ 
connected the generator from the cable, leaving 
only the batteries to furnish the current during 
measurements. This switch was thrown about 10 
minutes before every reading to allow the 
batteries to come to equilibrium. With this 
arrangement there was no difficulty in reading 
the voltage drops to within .01 millivolt. 

A complete run on a cable consisted of the 
following : 

1. The voltage drops V e ,To and V* % Tq were 
measured with reduced currents to prevent any 
heating during the measurement. T 0 was meas¬ 
ured by means of several Fe-Con. thermocouples 
imbedded in the cable. The “cold” junction of 
these couples was kept in air but its temperature 
could be read to 0.1°C. 

2. Readings were taken of Vc,T\ and Vb,ti at 
hourly intervals using only the center wire and 
one of the outer wires. With the aid of these 
readings the approach to equilibrium could be 
studied. 

3. When equilibrium had been reached, the 
voltage drops across the other wires were meas¬ 
ured and the temperatures were calculated by 
means of (19). 

The ambient temperature was read at half- 
hour intervals on several mercury thermometers 
located 3 or 4 feet from the cable. The air tem¬ 
perature as measured in different parts of the 
room agreed to within two-tenths of a degree, 
indicating a relatively draft-free condition. 

The over-all accuracy of the method was 
estimated to be between 0.2°-0.3°C. 


m. RESULTS OF MEASUREMENTS 

Measurements were made on the sixteen cables 
listed in Table I. The currents which were used 
were chosen rather arbitrarily to give a tempera¬ 
ture rise of 20°-25°C at the center of the cable. 
Several runs were usually made on each cable 
and curves were plotted showing the variation of 
temperature with time as well as the radial 
temperature distribution at equilibrium. Typical 
curves are shown in Figs. 2 and 3. From such 
curves as in Fig. 3 it is possible to obtain the 
surface temperature rise, T tf and the radial 
temperature rise, Tr . These have been listed for 
the test cables in Table I. 

From the measured values of the temperature 
rise and the power input, the values of the 
radial thermal resistivity, p, and the surface 
thermal resistivity, B may be calculated accord¬ 
ing to Eqs. (10) and (11). The resultant values 
for p are plotted in Figs. 4 and S which show 
the variation of p with size of wire and number 
of layers. Figure 6 shows the variation of B with 
the diameter D of the cable. The general shape 



Fig. 3. Temperature rise in each layer of the cable having 
61 turns of No. 3 wire (diameter 11.2 cm). 
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Fig. 4. Value of thermal resistivity, p, in degrees centi¬ 
grade per watt per centimeter, for wire cables. 



Fh$* 5. Values of thermal resistivity, p, in degrees cenli- 
, grade per watt per centimeter, for wire cables. 


of this last curve is quite similar to the one 
obtained by S. J. Rosch. 1 

By interpolation of these curves, the constants 
fo / all other cables may be obtained and the 
qiaximum safe current computed from: 


i_ _ —r. 


( 20 ) 



Fig. 6. Values of thermal surface lesistivity, B, in 
degrees centigrade per watt per square centimeter, for 
wire cables. 



Fig. 7. “Time constant” of cable vs. size of conductor. 
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Table II. Average temperature in cables. For a rise of 
25°C in cable and an ambient temperature of 50°C. 


Number of layers 2 3 4 5 

Average temperature (°C) 71.7 70.7 69.8 68.8 

This current will give a 2S°C rise in temperature 
at the center of the cable. Since we wished to 
allow for an ambient of 50°C, the resistance of 
the cable per cm R cu n had to be calculated for 
the average temperature of the copper which 
would exist at that ambient with the maximum 
current flowing. These average temperatures 
were found to be independent of the wire size 
and depended only on the number of layers. 
The values are listed in Table II. The currents 
were calculated from Eq. (20) using resistances 
from standard tables at the average temperature 
showp in Table II. The results of these calcula : 
tions are given in Table III for cables with 19, 
37, and 61 wires, corresponding to 3, 4, and S 
layers. Intermediate values may be obtained 
satisfactorily by interpolation. 

In order to compare the theoretical expression 
(14) with the actual time variation of the tem¬ 
perature at the center of the cable, the coeffi¬ 
cients A i , A* f and A * were calculated for several 
cables. They were found to converge very 
rapidly, and in the worst case (91 conductors of 
No. 3 wire) A\ differed from T e by only 4 
percent. The expression (IS) may therefore be 
used to get the temperature-time relation at the 


Table III. Maximum safe currents for cables. For a rise of 
25°C in cable and an ambient temperature of 50°C. 


No. of 
wires 
in 

cables 

AWG Amperes 
No. I 

Diameter 

of 

cable 

(inches) 

No. of 
wires 
in 

cables 

AWG 

No. 

Amperes 

Diameter 

of 

cable 

(inches) 

19 

0 

70.8 

3.16 

19 

6 

30.9 

2.38 

37 

0 

54.4 

4.43 

37 

6 

23.4 

3.20 

61 

0 

44.6 

5.70 

61 

6 

18.7 

3.75 

19 

1 

60.0 

2.85 

19 

7 

27.0 

2.02 

37 

1 

46.7 

5.95 

37 

7 

20.4 

2.83 

61 

1 

38.0 

5.54 

61 

7 

16.6 

3.64 

19 

2 

52.9 

2.66 

19 

8 

23.0 

1.73 

37 

2 

40.2 

3.72 

37 

8 

17.5 

2.42 

61 

2 

32.5 

4.79 

61 

8 

14.2 

3.11 

19 

3 

45.0 

2.55 

19 

9 

19.1 

1.75 

37 

3 

34.2 

3.46 

37 

9 

15.3 

2.32 

61 

3 

27.8 

4.41 

61 

9 

12.9 

3.06 

91 

3 

23.7 

5.17 









19 

12 

14.1 

1.47 

19 

4 

40.2 

2.36 

37 

12 

10.6 

2.05 

37 

4 

30.4 

3.30 

61 

12 

8.6 

2.64 

61 

4 

24.8 

4.25 









37 

15 

7.1 

1.63 

19 

5 

35.2 

2.23 

61 

15 

6.4 

2.05 

37 

5 

26.6 

3.12 





61 

5 

21.6 

4.02 

61 

18 

3.8 

1.89 


center of the cable: 

7X0, t) = Tel 1 -exp (-«iW)l (21) 

where ai=f((B/p),r) is a root of (8) and the 
value of b is given by b = l/pSodo> Sodo has been 
calculated from handbook values for the specific 
heats and densities of rubber, copper, and air by 
using the expression 
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1 

•SWo 1118 --C( a ^)eopper+ rubber 

A 

( dSd)utr In cable J* 

A - cross-section area of cable, 

specific heat in watt sec./deg. C, 
d-density in g/cm*, and 
a * cross-section area of constituents in cm*. 

Values of a x l b have been obtained for all the 
cables tested. The reciprocal of afb, the time 
constant, is plotted in Fig. 7 as a function of 
the diameter of the conductor. 

In Fig. 8 the experimental temperature-time 


curve for one of the larger cables is compared 
with the theoretical curve of Eq. (15). The 
agreement between the two is quite good and 
indicates that Eq. (15) may be used with 
considerable confidence to represent the tem¬ 
perature-time relationship at the center of a 
multiconductor cable. 
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A Computer for Solving Linear Simultaneous Equations 

Clifford E. Berry, Doyle E. Wilcox, Sibyl M. Rock, and H. W. Washburn 
Consolidated Engineering Corporation , Pasadena , California 
(Received November 16, 1945) 

The mathematical principles of the classical iterative method of solving linear simultaneous 
equations are discussed. Basic electrical circuits for setting up an analog of the mathematical 
relations are given, and a commercial model of a 12-equation computer is briefly described. 
The results of solving a number of problems on the computer are given to illustrate its accuracy 
and speed of operation. It is found that solving sets of 12 equations requires only 1/4 to 1/7 the 
time required by conventional methods. 


D URING the war a large number of mass 
spectrometers and infra-red spectropho¬ 
tometers were installed in petroleum refineries 
and research institutions. In the application of 
each of these instruments to analytical work there 
is the frequent necessity of solving linear simul¬ 
taneous algebraic equations, particularly in analy¬ 
sis of complex hydrocarbon mixtures. Often 
mixtures requiring the solution of eight or ten 
simultaneous equations for their analysis are 
encountered, and occasional mixtures may in¬ 
volve as many as twelve equations. As is well 
kftown, the labor involved in solving sets of this 
qfce is considerable, with the result that the 
present limitation on speed of analysis is often 
not the obtaining of the data, but rather its 
computation. It was this problem primarily 
which prompted the authors to develop the 
computer described in this paper. 

; A second factor influencing the development of 
a computer was the frequency with which simul¬ 
taneous equations are encountered in engineering, 
in physics, and in mathematics; for example, such 


equations occur in the study of electrical circuits, 
structures, aircraft flutter analysis, and statistics. 
Few computing devices have been available 
which rapidly yield solutions of engineering 
accuracy. The computer to be described will fill a 
need for such a device in many fields. 

The present computer, in common with most 
previously proposed computers, 1 "" 4 is of the 
analog type; i.e., certain physical quantities in 
the computer are used to represent, or are 
analogous to, the numbers involved. In the 
present computer the physical quantities in¬ 
volved are not voltage, current, or mechanical 
displacement, but are merely the ratios among 
certain resistances. This feature, together with a 
simple method of obtaining the summation of a 
number of quantities, contributes greatly to the 
simplicity and to the high inherent accuracy of 
the computer. 

BASIC MATHEMATICAL PRINCIPLES 

Before describing the details of the computer it 
is necessary to describe the mathematical method 
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upon which it is based. This method is known as 
the "Gauss-Seidel method” or the "Classical 
Iterative method.” 1 In it, an arbitrary solution, 
or an approximate solution if it is known, is used 
to compute a second approximation to the solu¬ 
tion, which is then used to compute a third, and 
so forth until a negligible difference exists be¬ 
tween successive approximations. These op¬ 
erations, although laborious by conventional 
methods, are extremely rapid in the present 
computer, as each step consists merely of ad¬ 
justing a circuit to a null, with the instrument 
itself remembering the previous approximation as 
long as necessary. 

t For three equations the method is as follows: 
Let the set of equations be defined by 


onXi+oisXj+OiiXj = m u 

(1) 

OiiXid'OjjXj-f-OjsJCj — nit, 

(2) 

oji*i+a«x 2 +a a »x* = wij. 

(3) 


In the following, a superscript on x (e.g., x (p) ) 
indicates the value existing at the end of the pth 
iteration. 

’ First cycle: 

a. The first equation is solved for x 1 (0) , using the 
trial values x 2 <0) and x* <0) which are arbitrary. 


*i (1) = (l/on)(*»i—' 

b. The second equation is solved for Xt (l) , using 
#i (1> and *,«*>. 

o»i*i a) +a**** (1) +a*»x» w — m%, ,c\ 

Xt W - (l/« M )(».-fl.Uf 1 W w 

c. The third equation is solved for x* ll> , using 
*i (U and Xj (1) . 

+a»*** (l) +o»»x» 0) = m», 

Second cycle: 

o'. onXi <2> '+aij£j (l) -|-oiix» <I> —»*i. (7) 

b'. —w*. (8) 

c'. ajixi® -I-OjjXj® +a S jX» (!> '= m 3 . (9) 

The primed term is the one solved for in each 
equation. This procedure is repeated until the 
variables remain the same on two successive 
cycles. On the electric computer, this means that 
a null is obtained on switching to any equation. 

For the general case, the method can be ex¬ 
pressed concisely in matrix notation as A iX (p) 
-M 2 X (p_1) — Mi, where 


A “square matrix of the coefficients = 


Oil • ' • Ol n 


On 1 " ‘ ‘ Onn 


Ai=A with all elements above the principal diagonal equal to zero* 


dii ■ -0 0 

• • * o,< 0 

0„l Onn 


At*=A with the principal diagonal and all elements below it equal to zero* 


0 o« 
0 0 


«u 


On—1,« 
0 



Xi 


m 

AT-column matrix of the unknowns — 

• 

, M —column matrix of the constant terms — 

• 


Xn 


m% 
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Convergence of the Method 

Whether or not the iterative method converges 
depends upon the coefficients a w , and upon the 
order in which the equations and variables are 
placed before solution is begun. A necessar> and 
sufficient condition for convergence of the method 
has been developed,* -8 but unfortunately it re¬ 
quires a large amount of computation to apply 
the criterion. More readily computed criteria 
may be deduced, but these are merely sufficiency 
criteria, and give no conclusive information. 

It is, therefore, fortunate that in a great many 
practical problems a satisfactory order of arrange¬ 
ment resulting in convergence is obvious upon 
inspection. The simple empirical rules used in 
obtaining this order are: 

1. An attempt i* made to put the equations in such 
order that 

a. coefficients on the diagonal are large, and 

b. those off the diagonal —particularly the post-diagonal 

coefficients—are small. 

When these rules can lie applied, the problem usually 
converges in a few cycles. 

2. In case rule (1) cannot be applied, a major coefficient 
in each equation is put on the diagonal. Then the order is 
adjusted until the product of each pair of diagonal elements 
is greater in absolute value than the product of the other 
two elements in the second-order determinant having those 
diagonal elements as the principal diagonal; i.e., 

> |a,(Iff) 

In this case, also, the smaller off-diagonal terms are placed 
in post-diagonal positions if possible. 

Once a satisfactory order for a given set of 
coefficients is determined, that order can be used 
for all problems involving those coefficients, since 
the conditions for convergence (but not the rate 
of convergence) depend upon coefficients a t , only 
and not on constant terms m 

JC-Method of Accelerating Solution 

•t'For cases in which convergence is slow and/or 
tHe optimum order is not immediately apparent, 
a direct method, called a /^-method, has been 
developed. In this method it is only necessary to 
go through the process once to obtain the final 
answer; that is, there are no successive approxi- 
tffations to be made. Although the details are too 
involved to give here, briefly the method is as 
jMtows:* The first two equations in the first two 

* It is hoped to publish the full details of this method at 
an early date. 


variables are solved, then the first three equa¬ 
tions in the first three variables, etc., until all 
equations in n variables have been solved. The 
coefficients of the successive sets of equations are 
those which each time include one more element 
of the principal diagonal of the matrix: 



The method of accomplishing the successive 
solutions directly, without recourse to a trial and 
error procedure, is to balance each equation not 
to a null, but to a previously computed portion, 
k» of the unbalance observed when switching to 
that equation. The purpose of solving suc¬ 
cessively more equations 2, 3, • • ■ to n, as out¬ 
lined above is to obtain k's which are functions of 
the a’s and are independent of the w's. 

The process requires precomputation of the k's 
but these can be readily calculated on the com¬ 
puter itself. There are w(» —1)/2 k's to be 
computed for n equations. Since these are func¬ 
tions of the a's only, time can sometimes be 
saved by utilizing this method when a number of 
solutions are to be made from the same coeffi¬ 
cients but with different constant terms. 

BASIC CIRCUITS 

From Eqs. (4) through (9) it is evident that the 
two basic mathematical operations to be per¬ 
formed are multiplications of pairs of numbers, 
and additions or subtractions of the quantities 
which result. 

Figure 1 shows the method for adding voltages 
which is used in the computer. In this, n equal 
impedances are connected to a common point O' 
at one end, and the other end of each is connected 
to one of the voltages to be added. The other side 
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of each voltage source is connected to another 
common point O, which may for convenience be 
ground. Then, applying Kirchoff’s laws to the 
circuit, the open circuit voltage between O' and 0 
is easily found to be 

^oe“ ! (l/»)(iEi+£t+>Ej+" • •+£„), (11) 

In other words, Eoc is proportional to the sum of 
the various source voltages. This is a general 
result, applying both to direct and alternating 
voltages, but it will be considered here only with 
regard to alternating voltages of the same phase 
and frequency, since the use of alternating current 
is found to havea number of practical advantages. 

In order that an addition circuit of this type 
yield an accurate sum, two conditions must be 
satisfied: (a) the n impedances comprising the 

< 2 !_ 


| Eoc 4&£| 

T 1 

0 

Fig. 1. Diagram of a circuit for obtaining a voltage pro¬ 
portional to the sum of a number of voltages. 

circuit must be accurately equal in impedance, 
and (ft), the internal impedances of the voltage 
sources must be negligibly small compared with 
the coupling impedahees. Both of these condi¬ 
tions can be met satisfactorily in practice. 

Figure 2 shows the circuit of a multiplying 
device, utilizing a pair of adjustable voltage 
dividers, or potentiometers, one supplying the 
other. If a voltage E\ is connected across the first 
I>otentiometer and its slider is set to the fraction 
a of the total resistance (taking into account the 
loading effect of the second potentiometer), then 
the voltage applied to the second potentiometer 
is aE t . If the slider of the second potentiometer is 
set at the fraction x of the total resistance, then 
the output voltage is Eo*=axEi. It should be 
noted that the second potentiometer, which may 
be called the x-potentiometer, is linear, whereas 
the a-potentiometer is non-linear because of its 
load. This feature is not particularly disadvan¬ 
tageous, because in the interest of the greatest 
possible accuracy it is desirable to set values on 
potentiometers not with reference to a calibrated 



Fig. 2. Diagram of a circuit for obtaining a voltage pro¬ 
portional to the product of two numbers. 

scale on the potentiometer itself, but rather with 
respect to a decade-type standard potentiometer. 

In order to accomplish such comparative 
measurements, a simple Wheatstone bridge cir¬ 
cuit is sufficient. Figure 3 shows a measuring 
circuit, in which the potentiometer to be set and 
an accurate decade potentiometer are connected 
in parallel to a common source. A null indicator 
of some sort is connected between their taps. It is 
plain that any fraction set on the decade can be 
transferred to the a-potentiometer by adjusting 
the a-potentiometer to a null, and that the 
loading effect of the x-potentiometer is thus 
automatically taken into account. 

With these simple circuits as a basis it is easy 
to build an analogous circuit representing one 
equation of the type of (1). Figure 4 shows a 
combined multiplication-addition circuit which 
represents 

a,i*i+a t *r 2 +a t atfaH-ba in x n =*/w t . (12) 

One half of a center-tapped transformer supplies 
a set of a-potentiometers in parallel, and between 
the tap and ground of each of these potentiome¬ 
ters is connected an ^-potentiometer. Across the 
other half of the transformer is connected a single 
potentiometer which represents the m, term. 
Recalling now the operation of a multiplying 
circuit, it is seen that the voltage between the 
arm of each x-potentiometer and ground has the 



Fig. 3. Diagram of a circuit for setting a ratio on a 
loaded potentiometer by using a standard decade poten¬ 
tiometer. 
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Fig. 4. Diagram of a circuit which is the analog of an equation of the type =* »i<. 


value 

Vax^dijXjZ, (13) 

and the voltage between the arm of the m- 
potentiomcter and ground is simply 

F m = (14) 

where the minus sign must be used because this 
voltage is opposite in phase to that in Eq. (9). If 
the arms of the x - and m-potentiometers arc 
regarded as voltage sources for a circuit of the 
type shown in Fig. 1, it is only necessary to con¬ 
nect them to a common point through equal high 
impedances in order to obtain a voltage pro¬ 
portional to the sum. This is accomplished in 
Fig. 4 by means of the resistors R. Thus the 
voftage between the junction point and ground 
in 'Fig. 4 is given by 

[1/(«+l)](a»i* i+a<jXj 

• • • +0i»*n~" W ,)(£). (IS) 

Now, any adjustment of the x-potentiometers 
which results in a value of zero for V n transforms 
Eq. (15) into Eq. (12), since the factors E and 
1) drop out. In other words, any set of 
^potentiometer settings which causes V n to be 
zero represents a solution for the particular 
equation in question. 


The method of extending the circuit of Fig. 4 
to sets of equations having any number of 
unknowns is obvious, since it is merely necessary 
to provide as many a- and ^-potentiometers, each 
in combination with its associated addition 
resistor, as unknowns. Likewise, there must be 
provided as many rows of a - and w-potentiome- 
ters as there are equations, together with means 
for switching each row as a group (representing 
the coefficients and constant term of one equa¬ 
tion) into the voltage source and the ^-circuits as 
indicated in Fig. 4. For simplicity, only one set of 
a-potentiometers has been shown in Fig. 4. 

The circuit shown in Fig. 4 is modified in the 
commercial computer in that two sets of addition 
resistors are used to permit positive and negative 
values to be handled; at the same time this 
eliminates the need for a center-tapped input 
transformer. The chief advantage of eliminating 
the transformer is that high accuracy is more 
easily obtained without the necessity of main¬ 
taining great precision of the center tap under 
varying load conditions on the two halves of the 
transformer. Figure S is a photograph of a 
commercial 12-equation computer designed ac¬ 
cording to the preceding theory. * 
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The operation of a computer based on such a 
circuit is extremely simple. The coefficients and 
constant terms are first set in by use of a com¬ 
parison bridge, as shown in Fig. 3. Then, with the 
a-potentiometers and w-potentiometer for the 
first equation switched into the circuit, the’first 
v-potentiometer is adjusted to give a null; the 
second set of a's and their associated m are 
switched into the circuit and the second x- 
potentiometer adjusted to satisfy the second 
equation, and so on. This sequence is repeated 
until all equations are found to be in balance. The 
x-potentiometers then read the values of the 
unknowns directly. 

ACCURACY 

The question of accuiacy is of piime impor¬ 
tance in determining the usefulness of any such 
computer as that described In engineering appli¬ 


cations one of the most useful criteria of accuracy 
is that the errors introduced by the computations 
(depending upon the problem) be either small 
compared with the errors inherent in the initial 
data, or at least be of the same magnitude as 
these errors. The initial data are normally the 
coefficients and constant terms of the equations. 
11 has been found possible to design a computer 
based on the foregoing circuits such that, in using 
data accurate to between two and three signifi¬ 
cant figures, the errors in the x values obtained 
on the computer are about one order of magnitude 
less than the errors inherent in the data. In using 
three to four place data the accuracy of the 
computer is of the same order of magnitude as the 
accuracy inherent in the data. 

A (omplete discussion of the subject of accu¬ 
racy in the solution of linear simultaneous 
algebraic equations is be\ond the scope of this 



Fig. 5 . Front view of a commercial 12-equation computer. The a- and m-poten tiome ters are 
carried on a switching turret operated by^the large handwheel. The m’s and the a's repre¬ 
senting one equation appear in the horizontal window and are automatically switched into 
the circuit when turned to this position. The bottom row of dials represents the x values. The 
knobs above the * dials control plus-minus switches, each corresponding to the x dial below 
it. The vertical row of push-buttons at the right is for presetting positive and negative m’s. In 
the center of the panel is a small cathode-ray tube nulf indicator, and to the left of this are the 
four dials of the decade potentiometer. The length of the panel is 32 inches. 
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Table I. Accuracy and time of electric computer solution of twelve simultaneous algebraic equations. The first 12 rows 
and columns are the coefficients of the equations to be solved; each column representing the coefficients of one variable, 
each row the coefficients of one equation. The m column contains the constant terms; the m * column the results of sub¬ 
stituting the electric computer answers in each equation. 


Equation Am 


No. 

X| 

Xi 

XI 


Xh 

xe 

XI 

¥« 

Xfl 

XIO 

xii 

XlS 

m m«r 

-m M -m 

(1) 

1.0000 

.1350 

.1070 

.0256 

.0065 

0001 

.0469 

.0239 

.0046 

.0101 

.0072 

.0086 

.1127 

.1122 

-.0005 

(2) 

0278 

1.0000 

.1044 

.1659 

.1770 

.0585 

.2129 

.1100 

.0248 

.0025 

.0328 

.0323 

.1484 

.1480 

-.0004 

(3) 

.0020 

.1573 

1.0000 

.0111 

.1853 

.1161 

.2273 

.1472 

.0921 

.1010 

.0687 

.0029 

.1748 

.1745 

-.0003 

(4) 

0015 

.1020 

.0318 

1.0000 

.7289 

.0030 

.0445 

.0088 

.0362 

.0020 

.0423 

.0036 

.1988 

.1984 

-.0004 

(5) 

.0050 

.0346 

.0301 

.0822 

1.0000 

.0199 

.0521 

.0123 

.0089 

.0328 

.0718 

.0042 

.1236 

.1232 

-.0004 

(6) 

.0216 

.1750 

.0429 

.0254 

.1242 

1.0000 

.1642 

.0094 

.0034 

.0154 

.0062 

.0062 

,0873 

.0873 

0 

(7) 

.0130 

.1370 

.0230 

.0209 

.0562 

.2318 

1.0000 

.0176 

.0028 

.0056 

.0044 

.0103 

.0668 

.0668 

0 

(8) 

.1834 

.2222 

* .2103 

.0739 

.1938 

.3345 

.2938 

1.0000 

.0424 

.0102 

.0053 

.0204 

.2598 

.2598 

0 

(9) 

.0724 

.0632 

.0943 

.1028 

.0072 

.0029 

.0423 

.4978 

1.0000 

.0018 

.0028 

.0183 

.1791 

.1791 

0 

CIO) 

.0474 

.1947 

.0610 

.0725 

.1880 

.0608 

.0222 

.1024 

.0621 

1.0000 

.0032 

.0216 

.0832 

.0831 

-.0001 

(11) 

.0683 

.0457 

.0241 

.0750 

.0139 

.0173 

.0034 

.1521 

.0583 

.4523 

1.0000 

.0347 

.1302 

.1300 

-.0002 

(12) 

.1124 

.0320 

.0238 

.0970 

.0908 

.0104 

.0085 

.0383 

.0326 

.0364 

.0121 

1.0000 

.2111 .2110 
Value of deter¬ 
minant 

Ttmes 

-.0001 

-.76978 

Correct x'h 

Electric 

.0820 

.0535 

.1145 

.1050 

.0070 

.0480 

.0320 

.1500 

.0680 

.0090 

.0725 

.1685 

To set matrix 
(Prorated over 
10 flotations) 

To net m's 

To balance 

3.6 min. 
3.0 min. 
2.0 min. 

computer x’s 

.0816 

.0532 

.1143 

.1050 

.0966 

.0481 

.0320 

.1502 

.0680 

.0090 

.0723 

.1685 

To read x‘s 
Total average 
time per solu¬ 
tion 

3.0 min. 

11.6 min. 

Ax 

—.0004 

-.0003 

-.0002 

0 

-.0004 

.0001 

0 

.0002 

0 

0 

-.0002 

0 

Time by con¬ 
ventional cal- 



cu la tor method 80 inin. 


paper. In general, however, each new set of 
coefficients must be separately investigated.** 9 
Some of the unknowns in a single problem may be 
accurately determined, while others may be very 
sensitive to small variations in either a's or m's. 
In routine calculation on a conventional calculator 
such as the Marchant, Friden, or Monroe, it is 
often necessary to carry a large number of 
decimal places* 9 during the solution of simul¬ 
taneous equations to obtain three or four figure 
accuracy in the answers, assuming the coefficients 
subject to no error. If coefficients are accurate to 
only four decimal places the unknowns may be 
accurate to only two or three decimal places, 
regardless of how many places are carried in inter¬ 
mediate steps. Generally, if upon substitution of 
the values of the unknowns back in the original 
equations, the resulting constant terms differ 
fitl&m the actual constant terms used by amounts 
comparable to the possible uncertainties in those 
constant terms, then the errors in the unknowns 
are those inherent in the data and no improve¬ 
ment can be made by any method of computation. 

The design of the commercial computer shown 
in Fig. 5 is such that numbers from 0.0000 to 
^P:1000 can be set to about dbO.OOOl, and numbers 
toni 0.1000 to 1.0000 can be set to one part in a 
thousand (or better) of the value being set. The 
values of the *’s can be read with the same 
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accuracy; however, the absolute accuracy of the 
*s, as pointed out before, depends in large 
measure upon the particular set of equations in 
question. 

There is a close connection between the inherent 
accuracy of solution and the nearness to singu¬ 
larity of the set of equations. When coefficients of 
two equations or of two variables in a set of n 
equations are proportional, the system has a zero 
determinant and is said to be singular. Two of the 
variables or relations are then dependent, and a 
unique solution for the n variables cannot be 
obtained. If the coefficients in two rows or two 
columns of the determinant are nearly pro¬ 
portional the system is nearly singular, and some 
of the x values will be very sensitive to changes 
in certain of the a’s and m' s. In this case more 
cycles of iteration will be required in the solution 
and the system may be said to have poor 14 lever¬ 
age.’’ The size of the determinant will usually be 
an index of this characteristic when the a’s arc 
positive. For example, consider two sets of 
equations: 

A B 

1.00*1+0.10***0.50, 1.00*i+0.90*,*0.50, 

0.10*i+1 . 00*2 = 0.50, 0.90*i+1 . 00*2 * 0.50, 
Determinant * 0.99; Determinant * 0.19. 

The leverage of system A is better than that of 
system B. 
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Table II. Accuracy and time of electric computer solution of equations used to analyze a C t through C* paraffin-olefin 

mixture from mass spectrometer data. 


Pen- /jo- .V-pen- Pro- AT-bu- Iso - Pro- I to. 

Maas tenes pentane tane pane Ethane tane butane Ethylene pene Butene-1 butene Butene-2 m Am 


70 

1.0000 

.0021 

.0032 

0 

0 

0 

0 

57 

.0017 

1.0000 

.3595 

0 

0 

.0580 

.0912 

72 

0 

.4727 

1.0000 

0 

0 

0 

0 

44 

0 

.1033 

.1619 

1.0000 

0 

.1437 

.1774 

30 

.0355 

.0316 

.0274 

.0810 

1.0000 

.0422 

.0067 

58 

0 

.1412 

.0500 

0 

0 

1.0000 

.2966 

43 

.0134 

.5920 

.9255 

.1507 

0 

.8076 

1.0000 

26 

.1446 

.0702 

.0903 

.1917 

.5226 

.1498 

.0667 

42 

.7143 

.9620 

1.0000 

.0708 

0 

.1836 

.6274 

41 

.4143 

.6010 

.5525 

.1198 

0 

.3299 

.5466 

56 

.1027 

.3069 

.0618 

0 

0 

.0168 

.0101 

55 

1.0000 

.0337 

.0301 

0 

0 

.0090 

.0051 


X 

.0090 

.0080 

.0060 

.0980 

.0200 

.0700 

.2270 

Xte 

.0088 

.0080 

.0058 

.0980 

.0200 

0700 

.2273 

Ax 

-.0002 

0 

- 0002 

0 

0 

0 

.0001 


In the examples which follow, the value of the 
determinant is given as an approximate index of 
the leverage of each system. Usually, the larger 
determinants are associated with better leverage 
and hence with better accuracy and a shorter 
time for solution. 

It is interesting to note that the computer can 
be used to compute reciprocal matrices or inverses, 
using the method described by Fisher. 10 The 
Fisher method involves solving n sets of n 
equations each to obtain the n columns of the 
inverse. Here again the intrinsic “leverage" is a 
substantial factor in determining accuracy. 
Where greater accuracy is desired in the inverse, 
the matrix obtained on the electric computer can 
be used as an initial approximation. Then 


0 

0 

0 

0 

0 

.0090 

.0088 

-.0002 

0 

0 

.0374 

.0440 

.0444 

.0476 

.0476 

0 

0 

0 

0 

0 

0 

.0098 

.0096 

-.0002 

0 

.0072 

.0020 

.0006 

.0017 

.1524 

.1524 

0 

.0051 

0 

.0233 

.0233 

.0281 

.0408 

.0408 

0 

0 

0 

.0027 

.0016 

.0026 

.1394 

.1394 

0 

0 

.0127 

.0008 

.0013 

.0009 

.3122 

.3123 

.0001 

1.0000 

.1770 

.1089 

.2135 

.2365 

.1758 

.1756 

-.0002 

0 

.6566 

.0415 

.0440 

.0369 

.3590 

.3587 

-.0003 

0 

.6763 

1.0000 

.9845 

.9007 

.6218 

.6215 

-.0003 

0 

0 

.8214 

.9774 

1.0000 

.2889 

.2890 

.0001 

0 

0 

.1403 

.1275 

.1594 

.0541 .0539 

Value of deter¬ 
minant 

Ttmes 

-.0002 

-.00306 

.0150 

.2510 

.0680 

.0950 

.1330 

To net matrix 
(prorated over 
10 solutiong) 

1 o set flf'h 

3.6 min. 
3.0 min. 

.0148 

.2507 

.0672 

.0956 

.1332 

To balance 

To read x'a 

Total average 
time per solu¬ 

9.0 min. 
3.0 min. 

-.0002 

-.0003 

-.0008 

.0006 

.0002 

tion 

Time by con¬ 
ventional calcu¬ 
lator method 

18.6 min. 

80 min. 


iterative methods employing either a calculating 
machine or combining the calculating machine 
and electric computer can be used to improve the 
accuracy. 

In order to explore the possibilities of the 
computer alone without auxiliary computation a 
large number of problems have been solved on 
a 12-equation model. The results shown in 
Tables I—IV illustrate the accuracy which has 
been obtained in solving various typical problems. 
In Tables I—111, the coefficients, a t >, and the 
constant terms, m u are tabulated. The three 
rows beneath this matrix show, respectively, the 
answers obtained on an 8-bank calculator, the 
electric computer answers, and the difference 
between the two, Ax. Two additional columns are 


Table III. Accuracy and time of electric computer solution of equations involving both positive and negative coefficients 

and constant terms. 


tion No. 

xi 

xt 

XI 

Xi 

Xi 

Xi 

XI 

Xt 

tH Meo 

Am 

(1) 

1.0000 

-.0811 

.0414 

.0018 

.0090 

0 

0 

-.0476 

.0925 .0925 

0 

(2) 

-.1290 

1.0000 

.5280 

-.4650 

.4170 

.2910 

0 

.0342 

-.1654 -.1654 

0 

(3) 

0 

-.2980 

1.0000 

0 

0 

0 

0 

0 

.0927 .0927 

0 

(4) 

.0106 

.0207 

-.0312 

1.0000 

.7100 

-.6650 

0 

.0012 

.0777 .0779 

.0002 

(5) 

.0035 

.0270 

.0082 

.8850 

1.0000 

-.6400 

0 

.0004 

.0884 .0885 

.0001 

(6) 

.0700 

-.0631 

.0854 

.9650 

-.8850 

1.0000 

.4530 

.0227 

.0741 .0738 

-.0003 

(7) 

-.0870 

.2170 

.3350 

-.0958 

.1005 

.0784 

1.0000 

-.0532 

.1505 .1505 

0 

(8) 

.2380 

.3630 

-.8390 

.0050 

.0044 

.0021 

.0440 

1.0000 

.3041 3041 

Value of determinant 
Times 

0 

-.59314 

X 

.0930 

-.1870 

.0370 

.0258 

.0518 

-.0282 

.2060 

•3715 

To set matrix (prorated 
over 10 solutiong) 

To set m's 

1.6 min. 
2.0 min. 

X- 

.0930 

-.1869 

.0370 

.0258 

.0516 

-.0286 

.2060 

.3715 

To balance 

To read *’a 

Total average time per 

8.0 min. 
2.0 min. 

Ax 

0 

.0001 

0 

0 

-.0002 

.0004 

0 

0 

solution 

13.6 min. 
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Table IV. Accuracy and time for solution of equations in spectrometric analysis of typical hydrocarbon mixtures. 
The components are different for the different columns, ranging from preponderantly butanes and butenes to all pentanes 
and hexanes. 


Infra-red Ci 


C», Ci 

Ci-Ci 

C»-C. 

Ci-Ci 

cr-cr, cp 

Ci", Ci* 


0 

0 

.0002 

0 

-.0001 

.0032 

-.0003 


.0002 

-.0005 

0 

-.0001 

0 

-.0042 

-.0057 


-.0003 

.0003 

.0003 

.0001 

0 

.0002 

-.0056 


.0001 

.0002 

.0019 

-.0005 

.0002 

-.0005 

-.0058 


.0001 

-.0003 

-.0020 

.0002 

.0001 

0 

.0179 


.0004 

-.0003 

.0001 

.0007 

.0010 

.0013 

-.0005 


.0001 

-.0005 

-.0001 

-.0010 

-.0003 

.0033 

-.0001 


.0002 

.0002 

0 

-.0003 

-.0009 

-.0039 

.0003 

Max. error 

.0004 

.0005 

.0020 

.0010 

.0010 

.0042 

.0179 

Mean error 

.0002 

.0003 

.0006 

.0004 

.0003 

.0021 

.0045 

Value of determinant 

.78908 

.05931 

.02891 

.02221 

.00590 

.00080 

.00020 

Time to balance (min.) 

4 

8 

8 

10 

11 

13 

20 

Time to balance using ^-method (after computation of k’s) 

10 min. 





given. The m ec column is the result of substituting 
the electric computer answers into the original 
equations, using an 8 -bank calculator. The Am 
column shows the difference (m —w, c ) between 
these values and the actual constant term column 
used. 

Table 1 illustrates a typical 12 -cquation system 
with large diagonal terms and a fairly large 
determinant. This set required only 5 cycles (2 
minutes) to converge. The accuracy, as would be 
expected, is good, all errors in x’s being 0.0004 or 
less, compared with a total of 1.0000 for the sum 
of all the x's. 

Table II shows a mass spectrometer analysis 
for a 12 -component hydrocarbon mixture in¬ 
cluding all paraffins from ethane through iso - 
pentane and a number of olefins through C 5 . 
Coefficients in the last three columns are nearly 
proportional, 90 that errors in the last three 
variables are larger than in the others. Even so, 
the errors in these variables are in the fourth 
depmal place. The largest error is only 0.08 mole 
percent. 

^The fact that the m 's check to 0.0003 or better 
indicates that the electric computer errors are 
equivalent to .errors of this magnitude in the 
original data. Thus again the x errors are of the 
same order of magnitude as those which would be 
expected in a physical problem if the m data were 
qfejttit to error in the fourth place. 

A problem similar to those encountered in 
aircraft structural analysis, involving some nega¬ 


tive constant terms and some negative a’s, is 
given in Table III. Positive or negative m f s can 
be set, and positive or negative x’s read. Means 
of pre-setting positive and negative a 9 s can be 
built into the computer if desired, but with the 
present computer a change of sign in an a,, value 
is accomplished by changing the sign of its 
associated x on switching to a new equation. 
Otherwise the method of balancing is the same as 
in the case of positive coefficients. 

Table IV summarizes the results of solving 
seven different sets of eight equations each. In 
each of these problems a hydrocarbon mixture is 
analyzed, the first from infra-red data and the 
remaining 6 from mass spectrometer data. Hence 
all a*s are positive. The error in each component, 
the maximum error, the average error, and the 
time for solution are shown. The value ofr the 
determinant is given as a general leverage index. 
As would be anticipated from the fact that 
different variables are widely different in their 
response to changes in the coefficients, accuracies 
in the values of some unknowns are much higher 
than in others. However, the time of solution and 
the average error decrease fairly systematically as 
the determinant increases, as would be expected. 

The computer is not, of course, limited to 
solving sets of 12 equations. Any number up to 12 
may also be handled. 

SPEED 

The speed of operation of a computer chiefly 
determines its advantages over conventional 


270 . 


JOURNAL OF APPLIED PHYSICS 






methods of calculation. In the computer described 
a large saving of time is effected, which becomes 
more and more apparent as the number of 
equations to be solved increases. For example, a 
reasonably expert calculator would require 
nearly 5 hours (assuming no errors) to solve by 
conventional machine methods the set of 12 
equations given in Table I, as compared with 44 
minutes for the first solution on the electric 
computer. In other words, only 1/7 as much time 
would be required when using the computer. 

In Tables I—III, times of solution are given in 
which the time for setting the coefficients has 
been prorated over ten different solutions. The 
reason for this is that in many applications (e.g., 
hydrocarbon mixture analysis) a number of 
mixtures involving the same components are 
solved successively. Hence the same coefficients 
are used a number of times with different con¬ 
stant terms. To obtain a realistic picture of the 
times involved some such weighting is therefore 
necessary. The comparable average figure for 
solving 10 sets of 12 equations each involving the 
same coefficients on a calculator is about 80 
minutes per set. The computer times are only \ to 
1/7 the times required by a calculator. 

The times given in Table IV are only those 
required for balancing and are nearly pro¬ 
portional to the number of iterative cycles. It is 
interesting to note the relation illustrated here 
between the value of the determinant and the 
time for balancing; as the determinant increases 
the time decreases. 

One of the primary factors contributing to the 
speed of the computer is the fact that each of the 
coefficients is handled only once—when it is 
originally set on its corresponding potentiometer. 
This is in contrast to conventional methods in 
which the operator has to set many more than 
n*+n numbers on the keyboard and also has to 
write down intermediate results. Eliminating 
these intermediate steps eliminates also one of 
the most common sources of error in conventional 
methods of solution. 

In addition a relatively unskilled operator 
usually finds it simpler to adjust dials to obtain a 
null than to operate a calculating machine, so 
that facility can be acquired in a very short time. 
If the wrong dial is turned during the balancing 


operation, the iterative method compensates for 
the mistake. Although a few extra cycles may be 
necessary in this case, the final answer is still 
correct. So long as the a’s and m’s are initially set 
correctly, nulls on all equations indicate that the 
correct solution has been obtained, regardless of 
the intermediate steps taken. Thus not only the 
probability of errors, but also their adverse 
consequences are reduced to a minimum. 

Further time saving results from the fact that 
each operation is brief. To set each coefficient, a</, 
and each constant term, w,-, requires about 1 
minute. The time to balance the equations by 
successive iterative cycles varies with the in¬ 
trinsic leverage of the equations and also with the 
order of equations and unknowns which is chosen 
for balancing. One cycle for nine equations re¬ 
quires about one minute. The time to read each 
unknown is less than 1 minute. 

In using the if-method the time required to 
solve a given set of equations depends only upon 
the number of equations, since the method is 
direct rather than iterative. 

To compute K 's for eight equations takes 
about 38 minutes, after which use of the K ’s in 
the solution requires about 10 minutes. This 
figure can be compared with the times shown in 
Table IV for balancing by the iterative method. 
The if-method is particularly useful in those 
cases in which convergence is slow and where the 
order in which variables and equations should be 
placed is not immediately evident. Usually, if the 
set of equations can be arranged to converge 
fairly rapidly, the iterative method is more rapid 
than the if-method. 

CONCLUSION 

The computer described may be applied in 
almost any field in which simultaneous linear 
equations must be solved. The fact that it can be 
used on either symmetric or non-symmetric 
matrices extends its application to many engi¬ 
neering fields. For instance, some problems arising 
in aircraft structural design have been solved. 

I ft the field of statistics, it is believed that it 
will prove highly useful not only in solving equa¬ 
tions, but also in providing an initial approxima¬ 
tion to reciprocal matrices. 

It is now being used with eminent success in 
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the held of hydrocarbon analysis with the mass 
spectrometer and infra-red spectrophotometer. 
Here, its accuracy is more than adequate, and its 
speed is far greater (in many cases by a factor of 5 
or more) than that of conventional methods. 

The authors wish to acknowledge the fine work 
of Mr. J. C. Pemberton, who engineered the 
commercial model of the computer, and of Miss 
Dorothy Comaford, who accumulated the data 
given in the tables. The authors also wish to 
thank Consolidated Engineering Corporation for 
permission to publish this material. 
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The solutions of Hallln’s integral equation for the cylindrical antenna given by Hall4n, 
Bouwkamp, Gray, King and Middleton are compared. Comparison is also made with the 
transmission-line theory of Schelkunoff and with experiment. 


I. INTRODUCTION 

B ECAUSE of its great practical importance 
the antenna has been the subject of much 
analysis and discussion. In particular, consider¬ 
able effort has been devoted to the thin, cylin¬ 
drical antenna, and much has been written in the 
attempt to bring theory and experiment into 
closer agreement, and to give reliable theoretical 
results for such important and difficult-to- 
measure quantities as the input impedance and 
the distribution of current. Summaries are given 
by Brillouin 1 and by R. King and D. D. King. 2 

To determine the input impedance one must 
first establish the distribution of current. This 
is rigorously a three-dimensional problem, but in 
the case of thin antennas, where the thickness is 
a negligible fraction of a wave-length, a one¬ 
dimensional analysis suffices* A powerful ap¬ 
proach has been suggested by Hall6n, 3 who 
obtains an integral equation involving the current 
as a solution of the one-dimensional wave equa¬ 
tion for the vector potential. Recently King and 
Blake 4 * and King and Harrison, 6 * using Hall6n’s 
method, have given detailed computations for 
the input impedance and current distribution. 
Since agreement with the limited available ex¬ 
perimental data was not particularly good, a 
more careful study of the experimental problem, 2 ’ 6 
and a more critical examination of theory 1 ’ 2 7 
was begun. Hall6n’s integral-equation method 
appears to be physically sound for thin antennas. 


1 L. Brillouin, Elect. Comm. 21, No. 4, 22, No. 1. 

1 R. King and D. D. King, J. App. Phys. 16, 445 (1945). 

1 E. Halkfn, Nova Acta, Roy. Soc. Uppsala 11, 1 (1938); 
see also C. W. Oseen, Arkiv. f. Mat. Astr. Fysik 9, No. 12, 
No. 30 (1913). 

4 R. King and F. G. Blake, Proc. l.R.E. 30, 335 (1942). 

1 R. King and C. W. Harrison, Jr., Proc. l.R.E. 31, 548 

(1943). 

• D. D. King, J. App. Phys. 16, 435 (1945). 

T R. King and C. W. Harrison, Jr., J. App. Phys. 15, 170 

(1944). 


The difficulties lie in the method of solution and 
in the assumptions made in going from the 
actual physical problem to the simplified one of 
the analysis. 2 A modified form of solution has 
been suggested by Gray, 8 to bring the theoretical 
values of impedance more in line with the limited 
existing experimental ones, and with the theo¬ 
retical values obtained by S. A. Schelkunoff, 9 
who employs a different approach to the problem. 
More recently, the authors have achieved a 
solution 10 which, it is believed, is superior to 
previous attempts. 

It is the purpose, then, of this paper to com¬ 
pare the theories developed by (1) Hall6n- 
Bouwkamp, 11 (2) Gray, 8 and (3) King-Middle- 
ton, 10 and to discuss the various solutions from 
theoretical and experimental points of view. 2 * 12 
A brief outline of the principal analyses follows. 


n. ANALYSIS 


The fundamental integral equation for the 
current, obtained originally by Hall6n and con¬ 
taining the vector potential A f , is 


f h exp (—jpRi) 


Rc 


Ci cos /fte+JI-Vsin j3|«| 


with 


X * "1 4rA, 

I(s) sin (1) 

^-((s-sT+a*) 1 , 0~2x/A=—, (2) 

c 


'M, C 
•S. A. 

Phys. 15, 54 (1944). 

w R. King and D. Middleton, Quart. App. Math. 3, 
302 (1946). 

11 C. J. Bouwkamp, Physica 9, 609 (1942). 

11 G. H. Brown and O. M. Woodward, Proc. l.R.E. 33, 
257 (1945). 


. Gray, J. . 
Schelkunoff, 


15, 61 (1944). 
oc. l.R.E. 29, 493 (1941); J. App. 
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and where IV, R e and z i are, respectively, the 
applied potential difference maintained by a 
“slice” generator 2 at s=0, a characteristic re¬ 
sistance 2? c = 120 t = 376.7 ohms, and the internal 
impedance per unit length of the antenna. For 
good conductors z l is sufficiently small so that 
the term involving may be dropped in ( 1 ) with 
negligible error . 4 Ci is a constant of integration 
determined from the boundary condition that 
requires the current to be zero at the ends z= dth. 
II is 4ir * 10“ 7 henry/ m, and a is the radius of the 
antenna. The general mth order solution for the 
currents in ( 1 ) may then be obtained in the form 
of a series *” 6 ’ 7,8 ’ 10 ’ 11 


jhrVo’ 

sin P(h- |z|)+E M n (z)/^ H 

. . - 1 ....... ... 1 

Rr ♦ 

m 

cos 0A+E / ? „(A)/4"‘ 

L n-1 ' 


-h<z<h, A 2 »a 2 , (3) 

where is an appropriately chosen expansion 
parameter, defined by 

*■!*(«.) |, (4) 

with z 0 a suitably selected point on the antenna. 
The function SP(z) may be obtained from 

r h exp (— jfiR\) 

*to-| *(*. *') - . -d z'=*+y(z), (5) 

J—h R\ 

and 7 (z) is defined by 

y(z) * ♦[exp (j0+) -1 ]. ( 6 ) 

Here g(z, z') is a quantity whose character 

depends on the assumptions made for the dis¬ 
tribution of current along the antenna. Jf ♦(«) 
i# predominantly real, y(z) is a small complex 
dorreclion function except at values of z where 
T, is small or zero. It is to be noted that y(z) is 
infinite at *= ±A but that I,y(z) is small and 
finite there. It is also possible that ♦(«) be 
entirely real; (see Eq. (17) following). Under 
tnese circumstances one may still write (5), but 
( 6 ) no longer applies; y(z) may then be con¬ 
sidered as a small, real correction factor, except 
at points where /« approaches zero. 

'By definition Af»(s) is the coefficient of in 


E FJV'-'Z G„(A)/*» 

n—0 n—0 


-E £»,/♦"•£ F n (*)/♦", (7) 

n—0 n—0 

where in particular 

Afi(z)sMx'{z)+jMi 1I {z) 

= F\(z) sin f}h — Fi(h) sin 0 |z| 

+(n(h) cos fiz— 6 ’i(s) cos ph, ( 8 ) 
Ah(z)^M t Hz)+jAh ll {z) 

= F t (z) sin ph — Ft(h) sin P 1 z \ 
+Gi(k)Fi(*)-Gi{M)Fi(h) 

+Gx(h) cos pz — G$(z) cos ph. (9) 
The F- and G-functions satisfy the following: 

J-h /vi 


_, % ex p 


-.O' 


, 7 ( z ), (10) 

/VI 


with similar expressions for G n (z) obtained on 
replacing F by G in ( 10 ) above. The quantities 
F nt , Gm are defined, respectively, as F nt &*F n (z) 
— F n (h), Gnz = G n (z)-G n (h), from which it is 
clear that F nh = G n ii = 0 . When n = 0 one has 

F 0 (z) = cos /3s, G 0 (z) = sin /31 z | (11) 

for all expansions. The input impedance follows 
at once from the definition 

(Zo) m *Z FoV/*(0)m= {Rfdm+KX Q )m. (12) 


(a) Hall6n 3 -Bouwkamp n solution 

The relative distribution function for the 
current is taken to be 

g(z, z')n =exp (JPFi), (13) 

on the assumption that the vector potential A„ 
in ( 1 ), may be evaluated approximately by con¬ 
sidering the current at all points to be I, and 
neglecting the effects of retardation. The con¬ 
tributions from all points z'^z contribute little, 
so that A, depends primarily on the current at 
or near z. For this distribution (5) becomes 

♦(*)» = sinh -1 +9inh “ 1 , ( 14 ) 
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and in particular with W^a % 


2 h 

¥(0)h = 2 log—=8. 
a 


(IS) 


Here the expansion parameter is chosen to be 


*=*(0)ir=8, *o=0, (16) 

from (4); y(z)n, a small real quantity, significant 
only within a few radii a of the ends z— ±h, is 


where 
i(s) = log 


y(i),i =log ^ 1 - +6(*), 

LVKifyi 


(17) 


(18) 


(The subscript H is used throughout this paper 
to refer to the Hall£n-Bouwkamp solution.) Eq. 
(3) results for the wth order current distribution, 
with replaced by 8 and the subscripts H 
written on M n (z) and F n (h). Fairly extensive 
tables of these functions'are available 41011 for 
= 1, « = 2, where 


t Fn(h) = a n = an 1 +jotn 1 , 

and 

Mn(0y+jMn(0) U m fU = p n '+jp n 11 , (19) 

and where general relations for F n (z)H arc given 
by 


F n {*)H ■ (Fn-1, b)h ^ 

( 20 ) 

J-h Ri 


with similar expressions for G»(z)//, obtained as 
before by replacing F by G in (20). 

The input impedance is at once seen to be 


(Zo)mtf 


—jQRc 

” m 

cos «»/8" 

n—1 

2r 

sin Ph+E 0»/8" 

• n—1 


( 21 ) 


Hall&i’s work included the zeroth and first ap¬ 
proximations, (»*=0, 1), while Bouwkamp ex¬ 
tended the solution through the second-order 
terms (w®0, 1, 2). Curves for the first- and 
second-order impedances computed from (21) 
are shown in Figs. 1-4 for 0= 10, 20. 



Fig. 1. First-order impedances of cylindrical 

antenna with 0*2 In 2fc/a~10. 


We give now, in somewhat greater detail as 
the results are new, a solution based on a dis¬ 
tribution function suggested by, but differing 
in important respects from one introduced by, 
Gray. 8 


(b) Modified Gray Solution 

In this case g is chosen to be 

g(s, z')a = exp (jPRi) cos pR lf (22) 
so that ^(s)c/ becomes, with the help of (5), 

¥(z )o = V(z)h- Cin P(h+z) -Cin 0(ft-s), (23) 
where, as usual, 

J "*l —coso /**sino , v 

- —Adq , Sixssl dq. (24) 

o q •'O 3 

(These and associated functions are considered 
in detail in the appendix of reference 10.) Instead 
of setting z=0 as does Halten, we follow Gray 
for the moment and use the average value of 
*(g)a as expansion parameter, viz. 

¥o=(¥(*) o)%=— f *(*)ads, (25) 

2A J-k 
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which integrates to give 

* o =0 o = n-2/<:, (26) 

where 

sin 2 fih 

jfiTseCin 2/5AH——-log 2; <y(*) o =0. (27) 

2/ 8h 

Curves showing fio as a function of /3 h, with 12 
as parameter, are given in Fig. 5. As in the 
Hall6n solution the value of the current at z = ±h 
is subtracted from the fundamental integral Eq. 
(1), in order that the complete integral solution 
may vanish for all values of fih at z— (See 
the paragraph following Eq. (18), reference 10.) 
When this is done, (10) and (22) give the general 
result 


F n {t)o ■» (F*_i 1 ,)<jO<j 

J—k A1 


exp _ (-jW ^ (28) 


analogous to (20). Since F 9 (z)h = Fo(z)o, etc., 
(28)f yields at once 

Fi(z)a m ‘Fi(z)n—2K(Fo,)n\ 
F l (h) 0 ~F 1 (k) l r, (29) 

(Fu)a * (Fu)h —2K(F 0 ,)h, 


and from (29) in (28) there follows for «=2 

(F,.) 0 = (Fu)h+2(-2K)(F u )b 

+(-2K)*(F 0 .) K ‘, (30) 
F,(h) 0 - F,(A)*+(- 2X)F,(A)*. 


This process may be repeated to give 



_ n\_ 

(n-i) 


-(fin-ft) 

!t! 


/(F„-,..)\ 

V(G»_ 

»> 0 , 


(31) 


/F,(A)\ 

\G»(A)/<, 



(»-!)! 
(n-!-»)!*! 


(12 0 -Q)' 


X 


/*■-«(*) \ 


n>0, 


(32) 


since —2K = Q a — to, cf. Eq. (26). The functions 
M n (z) a formed from F and G in the manner of 
(7)-(9) become, in terms of the corresponding 
Hall6n quantities M n {z)n, 

= | ; | (n 0 -S)Mfn-,(g);/, 

,—0 (»—*)!*! 

»S0, (33) 



Fig. 3. Second-order impedances; 0—10. 
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where it is understood that 


The mth order current is obtained in the form 
(3) after a suitable rearrangement of terms. It 
M 0 (s)g = Afo(*)ff s sin /8(A — |s|). (34) becomes finally 


(/.)«* = 


Rctoa 


(Di,a)m sin 0(A — |*| )+£ (A»+i, a)mMn(z)H/toa n 

N-l 

m 

COS + (Pn, G)m-lFn(h)ff/Ua H 
n—1 


(35) 


where with ysl-n/J2 0 , a table similar to (75), 
reference 10, may be constructed (see Table I). 
For a finite number of terms, m<», all terms 
in Table 1 belonging to a given order m of solu¬ 
tion must be retained, and no others. Thus, if 
an mth-ordcr solution is evaluated, only terms 
contributed by M n (z)a, F n (h)a, where »=0, 1, 
• • •, m are used. Hence for a first-order theory 

(««i) 


(77io)# = 1, 


(2>m)j = l+ 



(D w ) i=l 


(36) 


only are needed in (35), and for a second-order 
expansion (m = 2) only 

(Dm), = 1 + (1 - 0 / 0 o ) •+ (1 ■- n/QoV 2 : 

(Ao)* =1+2(1-fi/Oo); (Z?jo) s = 1 


tical; however, Qa and Kim-Mid are in general 
numerically distinct because of the different 
assumptions anent the distribution function 
g(z, s')- 


(c) Unmodified Gray Solution 8 

The expansion for the current in this rase is 
obtained with the same value of g(z, s') as for 
the modified development, cf. Eq. (22), and 
yields the same expansion parameter lla, Eq. 
(26). However, the generalized formulas for 
( F n ), and (G„)„ arc 


Fn(z)„ = F„_i(z) 


l 


* / t\ ex P , 

g (z, z') a -—- -dz 

h ^1 





(.19) 


are required. Curves of the quantities in (36) 
and (37) are shown in Fig. 6. When an infinite 
number of terms (m —><») are summed, one 
observes that 

1 dn ~ l ( 1 \ 1 

(As = -y)~ (1 -y)» 

-(0«/0)», y<l, »>1- (38) 

Then, with the factors ( D n ,a)^ (35) becomes 
identical with the Hall6n-Bouwkamp solution 
for the current and impedance. It is further 
evident that if the radius a of the antenna be¬ 
comes vanishingly small, ilo approaches il for 
all values of i8A, so that (35) also approaches the 
Hall6n-Bouwkamp result. The impedance is 
readily obtained from (12) and (35). It is plotted 
in Figs. 1-4 for first and second orders. A com¬ 
parison of the above with Sections V and VI of 
reference (10) shows that the modified Gray and 
King-Middleton solutions are formally iden¬ 


with similar expressions for Cr n («)^. Here the 
subscript g denotes the unmodified Gray solu¬ 
tion. Note that terms involving F n (h) 0 and G n (h) a 
are missing. This occurs because the expression 
for the current at ±h has not been subtracted 
from both sides of the fundamental integral Eq. 
(1) to insure the vanishing of the current at the 
ends of the antenna for all values of &h. For 
example, when 0A = x/2, the arbitrary constant 
Ci does not appear in (1) in its present form when 
z=±h> and it is not then possible to determine 


Table I. 
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Ci to satisfy the boundary conditions at the tensively) tabulated Halten quantities. The 
ends. As before, it is convenient for purposes of results are given in the Appendix, 
comparison and computation to express the The mth order current distribution becomes, 
unmodified Gray functions in terms of the (ex- in the present instance 


(/.). 


j2rV 0 ‘ 


R,%(z) 


sin p(h- |«|) + Z M n (z) B /Q a n 

n« 1 


cos 1 3ft Fn(h) g /Qo n 


n—1 


where from (5) and (22) 

r h cos BRi 

I ———d* , = i f (s)//—Cin/3(A+s)—Cin/3(A—s). 

J-k Rl 


(40) 


(41) 


Although taking (4 r (s),)*,=flo as the expansion parameter, Gray does not replace ¥(*)» in (40) by 
its average value. From (12) the mth order impedance is seen to be 


(Zo)* a =-j60(n—2 Cin ph) 


cosj8A+2 F„(h) B /Sla n 

n—i 


sin Ph+Y. M n ( 0)„/n o B 


B-l 


since R e /2ir—60 ohms. For a first-order solution (42) gives 


f cos ph-\- Fi(K) B / SIq 1 

(Z„) » = - j60(fi - 2 Cin ph) - ~ , 

l sin ph+Mi(0)g/ila‘ 


(42) 


while Gray chooses for her solution a combination of first- and second-order terms, to wit, 

cos ph+Fi(h) 0 /ila 


(Z 0 )j„/j= -j60(a-2 Cin ph) 


sin ph+MMg/^a+lGm.FM^-F^gGmo]/^ 


(43) 


(44) 


This we call the three-halves order solution, in¬ 
asmuch as the terms in F»(h), G»(h), F t ( 0), 
G)(0) are missing. Curves illustrating (43) and 
(44) for fl = 10, 0=20 are shown in Figs. 7 and 8. 

(d) King-Middleton Solution 10 

Here the relative distribution function g(z, z')x 
is 

g(z, z') K -r.'/I, 

—sin j9(A— |z'|)/sin P(h— |z|), (45) 

representing the ratio of the approximate current 
distributions, which to the zeroth order arc sinu¬ 
soidal, and to the first order are nearly so.* 10 
‘•The expansion parameter becomes 

¥-^|*(0)*M*(0)|/sin /». ft<*/2 

-|*(*-X/4)xM*(*-X/4)|, ph>r/2. 

t » 

The quantity p is plotted in Fig. 5 together with 
Sla- The point z=z<> of Eq. (4) is thus seen to be 
zero when ph<rr/2 and A—X/4 for ph>r/2. The 


imaginary part of 4 , (z)ir is always sufficiently 
small compared with the real part that it may 
be neglected, except near z— ±A, with the result 
that y(z)/c =0. A detailed account of the deriva¬ 
tion of p is given in Section IV, reference 10. 

A useful formula for small arguments is 

¥(0)k= 0—2—tfA, (47a) 

*= l*(0)x| =8-2+J/3A/(a~2) (47b) 

The function 60 (SI—2) is the characteristic im¬ 
pedance used by Schelkunoff.* It is seen to be a 
good approximation for short antennas. 

As mentioned in (b) the results of the King- 
Middelton solution are formally identical with 
those of the modified Gray solution, Eqs. 
(31)—(38), provided y= 1 — Q/fio is replaced by 
*=1 — 0/^, and (D n )m is altered accordingly. 
The actual results are noticeably different, as 
can be seen from Figs. 1-4, since p and Sla are 
derived using different assumptions. 
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Fu.. 6. The functions D\q and JJjo defined in Table I. 



nr COMPARISON OF THEORIES AND 
EXPERIMENT 

The broad analytical comparison of the 
theories of Hall6n and Bouwkamp, of Gray, 


unmodified and modified, and of King and 
Middleton, reveals that they all solve the 
identical mathematical problem. In all cases the 
antenna analyzed is the 11 theoretical antenna 
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with its physically unavailable “slice genera tor/* 
as discussed in an earlier paper. 2 All of the 
analyses are one-dimensional, all concern them¬ 
selves with the same integral equation originally 
set up by Hall6n, all follow essentially the same 
method of expansion in a series. They differ 
fundamentally only in the choice of function 
selected to describe approximately the distribu¬ 
tion of current under the sign of integration and 
in the resulting parameter of expansion. All 
theories give the same results for infinitely thin 
antennas (G= <»), and all except the unmodified 
Gray reduce to the same form if an infinite 
number of terms is used. The unmodified Gray 
soliltion differs in this one respect as a result of 
a peculiar inconsistency in the use of the ex¬ 
pansion parameter. 

From the practical point of view that theory 
is most satisfactory which converges most 
rapidly, other things being equal. In particular 
it should converge sufficiently rapidly so that at 
le^st a second-order solution is a good approxi¬ 
mation. Because of the intricacy of the series it 
has thus far not been possible to determine the 
rapidity of convergence by direct tests. There 
remains, however, the obvious fact that the 


better the original approximation for the current 
under the sign of integration the more rapid must 
be the convergence. On this basis the King- 
Middleton theory is unique in that it alone 
actually approximates the distribution of current 
in expanding the integral. In effect, the Hallfen- 
Bouwkamp analysis assumes a current of uniform 
amplitude along the entire antenna equal to 
that at the point of calculation. It also neglects 
retardation. The modified and unmodified Gray 
theories assume a distribution given by cos f}R 
with R measured from the point of calculation. 
Retardation is also neglected. Neither of these 
assumptions is even remotely related to the 
actual distribution. The King-Middleton theory, 
on the other hand, uses in the integrand the 
actual zeroth order distribution of current 
common to all theories and also takes retardation 
into account. The Hall6n-Bouwkamp theory is 
the simplest and the crudest because the ex¬ 
pansion parameter S2 turns out to be independent 
of 0h. The Gray formulation, while it represents 
the current no better than does the Hall6n form, 
leads to an expansion parameter that is a func¬ 
tion of j 3h as well as of h/a and thereby achieves 
a better approximation. Finally, the King- 
Middlcton theory, by fitting the current quite 
accurately, obtains a still better expansion 
parameter that is actually an excellent approxi¬ 
mation of a quantity proportional to the mag¬ 
nitude of the ratio of vector potential to current 
along the antenna. This ratio has only a very 
small imaginary part and is sensibly constant 
over the entire length of the antenna except 
near and at the ends, where it becomes infinite. 
Of the three solutions, the King-Middleton form 
is without question the most refined and it 
should, therefore, be in better agreement with 
the results of properly arranged experiments. 

Before considering a comparison of theory with 
experiment, a few remarks must be made regard¬ 
ing the unmodified Gray solution. This was pre¬ 
sumably originally intended to bring Halten’s 
theory into better agreement with the theory 
of Schelkunoff. In view of this purpose, Miss 
Gray did not take full advantage of the superi¬ 
ority of her parameter of expansion over that of 
Halten. In particular, while introducing an 
average value of the expansion parameter in all 
integrals, she retained the value at the origin 
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as a principal common factor in the expression 
for the impedance. Thus the unmodified Gray 
solution actually uses two parameters, whereas 
the modified Gray form uses consistently the 
average value throughout. As a further but 
much less important difference, in the modified 
Gray form, the solution at z=h is subtracted 
from that at s = 0. This was not done by Miss 
Gray. Superficially, this subtraction appears to 
be an important and necessary step since without 
it the constant of integration disappears from the 
solution whenever 0A = J(2tt-f-l)x, n = 0, 1,2 • • •. 
Actually, in the expanded form, the constant of 
integration occurs in higher order terms, so that 
its evaluation is nevertheless possible. A final and 
seemingly quite unjustified step in the original 
Gray solution is the addition of only a part of 
the second-order term to the first-order solution 
without any investigation of the relative mag¬ 
nitudes of the two parts . The term so retained 
(in the words of Miss Gray) 41 is not negligible 
numerically compared with the preceding [first- 
order] term and it seems advisable to make the 
current as nearly zero as possible at the ends of 
the antenna.” Actually there is no reason what¬ 
ever to sup|>ose that the omitted part of the 
second-order term is negligible or even smaller 
than the part retained. Indeed, it might possibly 
be the negative of the part retained. The argu¬ 
ment that part of the term must be kept 44 to 
make the current as nearly zero as possible at 
the ends of the antenna” is peculiarly inapplic¬ 
able because the current as given by Miss Gray’s 
own formula (Eq. (11), reference 8) is always 
zero at the ends with or without the term. 

In order to facilitate intercomparison of the 
several theories, curves showing anti-resonant 
and resonant resistances, anti-resonant and 
resonant shifts in 0A, respectively, from x and 
x/2, and resistances and reactances at A = X/4, 
are given in Figs. 9-13 for both first- and second- 
order solutions. In the unmodified Gray theory 
no complete second-order solution is available. 
Instead the solution of Miss Gray involving only 
half of the second-order solution is given and 
marked 1J order. Its significance is questionable 
until the complete second order is determined. 

First- and second-order solutions differ from 
each other not only in magnitude of resistance 
and reactance but also in the magnitude of the 



Fig. 9. Anti-rcsonant resistances as a function of 0. 


shift to shorter lengths of the entire impedance 
curves. As a result, a simple and clear-cut com¬ 
parison of convergence by determining the dif¬ 
ference between first and second order values is 
meaningful only for the magnitudes of the re¬ 
sistances at anti-resonance. From Fig. 9 it is 
clear that first- and second-order solutions agree 
quite closely in the King-Middleton theory, 
almost as well in the modified Gray theory, and 
rather poorly in the Hall&i-Bouwkamp solution. 
This is as predicted above from a consideration 
of the refinements of the several theories. At 
Q= IS, for example, the difference between first- 
and second-order anti-resonant resistances is 
approximately 6 percent for the King-Middleton 
theory, 9 percent for the modified Gray theory, 
and 24 percent for the Hall£n-Bouwkamp theory 
when referred to the second-order values. The 
difference between first and l§-order solutions in 
the unmodified Gray theory of course reveals 
nothing about convergence. 

As pointed out in discussing the correlation of 
experiment with theory, 2 there is no physically 
available equivalent of the idealized slice 
generator actually assumed or implied in all of 
the theoretical analyses outlined above. If a con¬ 
tinuous conductor is loosely and symmetrically 
coupled to a loop at the end of a two-wire line, 
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Fig. 10. Difference in radians between the anti-rcBonant 
length w of an infinitely thin antenna (H— ») and the 
anti-resonant lengths of antennas in the range of SI from 
10 to 20. 



Fig. 11. Resonant resistances as a function of 12. 


the e.m.f. induced in the wire is exactly equiv¬ 
alent to a “slice” generator at the center of the 
conductor. Similarly, the lumped e.m.f. in the 
equivalent series circuit of a receiving antenna 
is in effect that of a “slice” generator. In the 
jpase of direct drive probably the nearest phys¬ 
ical'equivalent of such a generator is a base- 
driven, cylindrical antenna with hemispherical 
end§ erected vertically over a highly conducting 
metal plane of sufficient size, the antenna being 



Fig. 12. Difference in radians between the resonant 
length t/2 of an infinitely thin antenna (ft*» «>) and the 
resonant lengths of antennas in the range of ft from 10 to 
20 . 



Fig. 13. Resistances and reactances of the half-wave 
dipole, ph*v/2, as a function of ft. 

the extension of the inner conductor of a coaxial 
line of very small cross section. 

Very careful measurements have been made 
by D. D. King on a coaxial arrangement at 
a frequency of about 750 megahertz. These are 
described in complete detail in a doctoral dis¬ 
sertation and will be submitted for publication 
shortly. A cross section of the experimental 
results for an antenna with h/a = 7 5 or 0= 10 is 
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given in Table 11 in the form of a list of the 
primary critical values. The corresponding values 
for the several theories discussed above are also 
shown, together with the percentage departure 
from the experimental values. 

In addition, corresponding critical values are 
given for Schelkunoff's transmission-line theory. 9 
The data in this case were estimated from Figs. 
23-26 of reference 9. Unfortunately the ratio 
| X J min/ j X | max was not actually available in 
this case since |AT|mm does not appear on the 
curves and extrapolation is difficult. However, 
the relation | X | | X | mftX - if max is generally 

a good approximation in all of the theories, so 
that this relation was used to determine an 
approximate value of |JC| m in. Evidently it may 
be considerably in error, and no great weight 
should be attached to it until confirmed. 

Examination of Table II shows clearly that 
by and large the King-Middlcton second-order 
theory agrees best with the experimental values, 
the modified Gray results are next best, the 
Hall6n-Bouwkamp values are poorest. The un¬ 
modified Gray and the Schelkunoff values agree 
quite satisfactorily with this experimental data 
for resistance at anti-resonance, but show very 
wide departures for other critical values. On the 
other hand, the King-Middle ton second-order 
theory agrees very much better with the experi¬ 
mental data for anti-resonant resistance supplied 
by Schelkunoff than does his own theory. This 
is shown in Fig. 14 where Schelkunoff’s theo¬ 
retical curve (broken line), his experimental 
points (small circles), and the King-Middleton 
curve (unbroken line) are shown together as a 
function of 12. In view of the great dependence of 
the impedance on the driving conditions, as 
shown for example in the work of Brown and 



Fig. 14. Resistance at anti-resonance as a function of 12. 
The solid-line curve marked K-M is according to the King- 
Middleton second-order theory; the broken-line curve is 
according to the transmission-line theory of S. A. Schcl- 
kunoff. The broken-line curve and the experimental points 
indicated by small circles are taken from S. A. Schelkunoff, 
Proc. I.R.E. 29, 511, Fig. 26 (September, 1941). 

Woodward, 12 and the impossibility of experi¬ 
mentally reproducing as a practical driving 
device the theoretical slice generator, care must 
be exercised not to overemphasize the sig¬ 
nificance of the close agreement. It is, neverthe¬ 
less, safe and gratifying to conclude that the 
analytically elegant integral-equation method of 
Hall6n leads to a highly refined and satisfactory 
theory of the thin cylindrical antenna. 

APPENDIX 

With the help of the appendix to reference (10), it is 
seen that 

f * *(z),/-Cin <J(A+z)-Cin /»(*-*), 

J —h 

A«»a«, (i) 

and 

J* k Wirj&lds’ - *„( 2 ) _ Cin tWi+z) 

—Cin 0(A—s) —j Si 0(A+s) —j Si 0(A—s), A*»o«. (») 
From (i) and (ii) the following results, useful in the com- 


Table II. Critical values related to the impedance characteristic of a cylindrical antenna for which H-2 I n (2A/a) 


• 10 



Experimental 
data from 
Ph.D. Thesis of 
D. D. King 

King-Middleton 

second-order 

theory 

Modified Gray 
second-order 
theory 

(No)anti m. 

800 

860 

% 

7.5 

885 

% 

13.5 

jSlhwBtl res. 

0.60 

0.614 

2.3 

0.665 

10.9 

y /v 

1.95 

1.8 

7.7 

1.84 

5.7 

(*.)». 

71.5 

71.0 

0.7 

67 

6.3 

Or/2)—0AfM. 

0.098 

0.094 

6.1 

0.0895 

8.2 


85 

88 

3.5 

83.5 

1.8 

WflL .It 

47 

42.5 

9.5 

38 

19.1 


liall6n-Bouwkamp 

second-order 

theory 


1150 

0.41 

1.06 

60.6 

0.0885 

73.5 

43.5 


% 

47.5 
46.3 
46 

15.2 

10.3 

13.6 

5.3 


Unmodified Gray 

1 f order theory 

Schelkunoff 
transmission- 
line theory 

% 

% 

740 7.5 

740 7.5 

0.34 43.4 

0.48 20 

1.54 21.0 

(1.4) (28) 

77 7.7 

61.4 14.1 

0.026 73.5 

0.094 6.1 

80 6.3 

75 18 

12 74.5 

45 4.2 
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putation of the current distribution, may be obtained? 

Ft (*)t - Fi(s)rr+(cos fa-cos 0k) [¥(*)*-() 

— Cin 0(k+z)-Cin 0(k—z)] 

+j cos &h[Si 0(k+z)+Si 0(h-z)] t (iii) 

and 

Gi (*)t Mir 4- (sin 01 z | 

— sin — it— Cin /3(/i+*) — Cin 0(h—e)] 

+j sin 0h[St 0(h+s)+Si 0(k—z)]. (iv) 

Important special cases are 

fi(0),-F,(0) w +2(cos 0h—\) Cin 0h 

+2j cos 0h Si 0h, (v) 

Fi(h)„ = Fi(H)h+ j cos 0k Si 20h % (vi) 

and 

6n(0) ff ** — Si 20h+j Cin 20h, (vii) 


Gi(h ) g « sin 0k[¥(k)/r —Cin 20k]—Si (k), (viii) 

where 

*(h)u - sinlr 1 —, V(0)h » 2 sinh -1 (ix) 

a a 

and 

S.(*)_5“£*{Cin4/3A—2 Cin 2 0h\ 

+^*|S»4/3A-2 5»2/3A| 

-(Cin 4(3A—2 Cin 2/3A| 

—j sin (3A • Si 2/3A+ .S’i 4/3A. (x) 

With the help of the above one may write 

Mi(0) ff «ilf,(0)^-hsini9A|7 5»2/3A-2 Cin/M). (xi) 
Fi(0)h, Fi(h) are tabulated in reference 4. 
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Correction of Diffraction Amplitudes for Lorentz and Polarization Factors 

M. J. Buerger and Gilbert E. Klein 
Massachusetts Institute of Technology , Cambridge , Massachusetts 
(Received December 13, 1945) 

lhc corrections for Lorentz and polarization factors for trial and error crystal structure 
computations are discussed, following the general method recently presented for correcting 
x-ray diffraction data used in Fourier syntheses. The Lorentz correction has the form 
(1/5) esc T, where 5 is a scale constant characteristic of the reciprocal lattice level and whose 
form varies with the method of recording the data. The scale constant is eliminated by appropri¬ 
ate timing of the exposure. When many trial and error computations have to be made, there 
arc advantages in using a scheme involving a correction factor (esc T)* instead of esc T. Tables 
are provided for these functions, for the polarization correction and for the combined Lorentz- 
polarization correction which is used in the special case of zero-level photographs. Tables are 
also provided for the functions (A*-f-A 2 )* and (A*4-A*-|-AA)1, which are useful for computing the 
argument for the zero-level corrections of tetragonal and hexagonal crystals. 


INTRODUCTION 

I N an earlier contribution, 1 the correction of 
x-ray diffraction intensities for Lorentz and 
polarization factors was discussed, and appropri¬ 
ate tables were presented for carrying out the 
correction. This procedure is important in de¬ 
riving the F s required for any of the several 
Fourier series methods of investigating crystal 
structures. In this paper we discuss the inverse 
problem, namely, the computation of expected 
x-ray diffraction intensities from a set of dif¬ 
fracted amplitudes, F. This computation is con¬ 
tinually dealt with in fixing the parameters of 
atoms by the method of trial and error. 

The theory of Lorentz and polarization cor¬ 
rections has already been discussed in detail. 1 
We merely outline its essential features here. 
The relation between F and the required in¬ 
tensity I is 

I^TLpF*, (1) 

where T is the time of the exposure, L is the 
Lorentz factor, and p is the polarization factor. 

The polarization factor, />, is tabulated in 
Table 1 for the argument sin 0, and in Table II 
for the argument <r (the distance of the reciprocal 
lattice point from the origin). For notes on the 
computation of <r, the reader is referred to the 
earlier paper. 1 

THE LORENTZ FACTOR 

For diffraction techniques which make use of 
a single crystal and which separate the diffraction 

1 M. J. Buerger and Gilbert E. Klein, “Correction, of 
x-ray diffraction intensities for Lorentz and polarization 
factors," J. App. Phys. 16, 406-418 (1945). 
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record into layer lines, the Lorentz factor has 
the form 


1 1 

S sin T 


( 2 ) 


where T is an angular coordinate of the reflec¬ 
tion, 2 and S is a scale factor which is a function 
of the reciprocal lattice level coordinate and 
which varies in form 1 according to the recording 
method. For the equi-inclination Weissenberg 
method, 

S = cos 2 m = (1 — [f/2] 2 )*. (3) 

If (1) and (2) are combined, and if the total 
time of exposure, F, is split into F 0 (the time 
of exposure chosen for the zero level) and / 
(a numerical factor), there results 

/~F 0 [/-1— P\F\*. (4) 

L SJsin T 

It is evident that the time of exposure, 7V, can 
be selected for each level so that the product in 
brackets becomes unity. This merely requires 
that 

(5) 

For the equi-inclination Weissenberg method, 
according to (3), the timing factor becomes 

/ = cos 2 g. (6) 


This procedure amounts to elimination of the 
scale part of the Lorentz factor by time cancclla- 


* M. J. Buerger, X-Ray Crystallography (John Wiley & 
Sons, Inc , New York, 1942), p. 222 et seq. 
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Table I. Polarization factor, p j 

f 1 +cos« 26 
1 “ 2 

as a function of sin 0. 




.000 

.001 

.002 

.003 

.004 


.005 

.006 

.007 

.008 

.009 

.00 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 


.9999 

.9999 

.9999 

.9999 

.9998 

.01 

.9998 

.9998 

.9997 

.9997 

.9996 


.9996 

.9995 

.9994 

.9994 

.9993 

.02 

.9992 

.9991 

.9990 

.9989 

.9989 


.9988 

.9987 

.9985 

.9984 

.9983 

.03 

.9982 

.9981 

.9980 

.9978 

.9977 


.9976 

.9974 

.9973 

.9971 

.9970 

.04 

.9968 

.9966 

.9965 

.9963 

.9961 


.9960 

.9958 

.9956 

.9954 

.9952 

.05 

.9950 

.9948 

.9946 

.9944 

.9942 


.9940 

.9937 

.9935 

.9933 

.9931 

.06 

.9928 

.9926 

.9923 

.9921 

.9918 


.9916 

.9913 

.9911 

.9908 

.9905 

.07 

.9902 

.9900 

.9897 

.9894 

.9891 


.9888 

.9885 

.9882 

.9879 

.9876 

.08 

.9873 

.9870 

.9866 

.9863 

.9860 


.9857 

.9853 

.9850 

.9846 

.9843 

.09 

.9839 

.9836 

.9832 

.9828 

.9825 


.9821 

.9817 

.9814 

.9810 

.9806 

.10 

.9802 

.9798 

.9794 

.9790 

.9786 


.9782 

.9778 

.9774 

.9769 

.9765 

.11 

.9761 

.9757 

.9752 

.9748 

.9743 


.9739 

.9735 

.9730 

.9725 

.9721 

.12 

.9716 

.9711 

.9707 

.9702 

.9697 


.9692 

.9688 

.9683 

.9678 

.9673 

.13 

.9668 

.9663 

.9658 

.9652 

.9647 


.9642 

.9637 

.9632 

.9626 

.9621 

.14 

.9616 

.9610 

.9605 

.9599 

.9594 


.9588 

.9583 

.9577 

.9571 

.9566 

.15 

.9560 

.9554 

.9549 

.9543 

.9537 


.9531 

.9525 

.9519 

.9513 

.9507 

.16 

.9501 

.9495 

.9489 

.9483 

.9477 


.9470 

.9464 

.9458 

.9451 

.9445 

.17 

.9439 

.9432 

.9426 

.9419 

.9413 


.9406 

.9400 

.9393 

.9386 

.9380 

.18 

.9373 

.9366 

.9360 

.9353 

.9346 


.9339 

.9332 

.9325 

.9318 

.9311 

.19 

.9304 

.9297 

.9290 

.9283 

.9276 


.9269 

.9261 

.9254 

.9247 

.9239 

.20 

.9232 

.9225 

.9217 

.9210 

.9202 


.9195 

.9187 

.9180 

.9172 

.9164 

.21 

.9157 

.9149 

.9142 

.9134 

.9126 


.9118 

.9110 

.9102 

.9095 

.9087 

.22 

.9079 

.9071 

.9063 

.9055 

.9047 


.9039 

.9031 

.9023 

.9014 

.9006 

.23 

.8998 

.8990 

.8981 

.8973 

.8965 


.8956 

.8948 

.8940 

.8931 

.8923 

.24 

.8914 

.8906 

.8897 

.8888 

.8880 


.8872 

.8863 

.8854 

.8846 

.8837 

.25 

.8828 

.8819 

.8811 

.8802 

.8793 


.8784 

.8775 

.8766 

.8757 

.8748 

.26 

.8739 

.8730 

.8721 

.8712 

.8703 


.8694 

.8685 

.8676 

.8667 

.8658 

.27 

.8648 

.8639 

.8630 

.8621 

.8611 


.8602 

.8593 

.8583 

.8574 

.8564 

.28 

.8555 

.8545 

.8536 

.8526 

.8517 


.8507 

.8498 

.8488 

.8479 

.8469 

.29 

.8459 

.8450 

.8440 

.8430 

.8420 


.8411 

.8401 

.8391 

.8382 

.8372 

.30 

.8362 

.8352 

.8342 

.8332 

.8323 


.8313 

.8303 

.8293 

.8283 

.8273 

.31 

.8263 

.8253 

.8243 

.8233 

.8223 


.8212 

.8202 

.8192 

.8182 

.8172 

.32 

.8162 

.8152 

.8141 

.8131 

.8121 


.8111 

.8100 

.8090 - 

.8080 

.8070 

.33 

.8059 

.8049 

.8039 

.8028 

.8018 


.8007 

.7997 

.7987 

.7976 

.7966 

.34 

.7955 

.7944 

.7934 

.7924 

.7913 


.7903 

.7892 

.7882 

.7871 

.7861 

.35 

.7850 

.7840 

.7829 

.7818 

.7808 


.7797 

.7787 

.7776 

.7765 

.7754 

.36 

.7744 

.7733 

.7723 

.7712 

.7701 


.7690 

.7680 

.7669 

.7658 

.7648 

.37 

.7637 

.7626 

.7615 

.7605 

.7594 


.7583 

.7572 

.7561 

.7551 

.7540 

.38 

.7529 

.7518 

.7507 

.7497 

.7486 


.7475 

.7464 

.7453 

.7442 

.7432 

.39 

.7421 

.7410 

.7399 

.7388 

.7377 


.7366 

.7356 

.7345 

.7334 

.7323 

.40 

.7312 

.7301 

.7290 

.7279 

.7268 


.7258 

.7247 

.7236 

.7225 

.7214 

.41 

.7203 

.7192 

.7182 

.7170 

.7160 


.7149 

.7138 

.7127 

.7116 

.7105 

.42 

.7094 

.7083 

.7073 

.7062 

.7051 


.7040 

.7029 

.7018 

.7007 

.6997 

.43 

.6986 

.6975 

.6964 

.6953 

.6942 


.6932 

.6921 

.6910 

.6899 

.6888 

.44 

.6878 

.6867 

.6856 

.6845 

.6835 


.6824 

.6813 

.6802 

.6792 

.6781 

.45 

.6770 

.6759 

.6749 

.6738 

.6727 


.6717 

.6706 

.6695 

.6685 

.6674 

.46 

.6663 

.6653 

.6642 

.6632 

.6621 


.6611 

.6600 

.6589 

.6579 

.6568 

.47 

.6558 

.6547 

.6537 

.6527 

.6516 


.6506 

.6495 

.6485 

.6474 

.6464 

.48 

.6454 

.6443 

.6433 

.6423 

.6412 


.6402 

.6392 

.6382 

.6371 

.6361 

.49 

.6351 

.6341 

.6331 

.6320 

.6310 


.6300 

.6290 

.6280 

.6270 

.6260 

.50 

.6250 

.6240 

.6230 

.6220 

.6210 


.6200 

.6190 

.6180 

.6170 

.6161 

•51 

.6151 

.6141 

.6132 

.6122 

.6112 


.6102 

.6093 

.6083 

.6073 

.6064 

,si 

.6054 

.6044 

.6035 

.6026 

.6016 


.6006 

.5997 

.5988 

.5979 

.5969 

. 5 $ 

.5960 

.5951 

.5942 

.5932 

.5923 


.5914 

.5905 

.5896 

.5887 

.5878 

.54 

.5869 

.5860 

.5851 

.5842 

.5833 


.5824 

.5815 

.5806 

.5798 

.5789 

.55 

.5780 

.5771 

.5763 

.5754 

.5746 


.5737 

.5729 

.5720 

.5712 

.5703 

.56 

.5695 

.5687 

.5678 

.5670 

.5662 


.5654 

.5645 

.5637 

.5629 

.5621 

.57 

.5613 

.5605 

.5597 

.5589 

.5582 


.5574 

.5566 

.5558 

.5551 

.5543 

.58 

.5535 

.5528 

.5520 

.5513 

.5505 


.5498 

.5490 

.5483 

.5476 

.5469 

.59 

.5461 

.5454 

.5447 

.5440 

.5433 


.5426 

.5419 

.5412 

.5406 

.5399 


.5392 

.5385 

.5379 

.5372 

.5365 


.5359 

.5353 

.5346 

.5340 

.5333 

.61 

.5327 

.5321 

.5315 

.5309 

.5303 


.5297 

.5291 

.5285 

.5279 

.5273 

.62 

.5267 

.5262 

.5256 

.5250 

.5245 


.5239 

.5234 

.5228 

.5223 

.5218 

.63 

.5213 

.5207 

.5202 

.5197 

.5192 


.5187 

.5182 

.5178 

.5173 

.5168 

.64 

.5163 

.5159 

.5154 

.5150 

.5145 


.5141 

.5137 

.5132 

.5128 

.5124 

.65 

.5120 

.5116 

.5112 

.5108 

.5105 


.5101 

.5097 

.5093 

.5090 

.5086 

.66 

.5083 

.5080 

.5076 

.5073 

.5070 


.5067 

.5064 

.5060 

.5058 

.5055 

.67 

.5052 

.5050 

.5047 

.5044 

.5042 


.5039 

.5037 

.5035 

.5033 

.5030 
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Table 1 . — Continued. 



.000 

.001 

.002 

.003 

.004 

.005 

.006 

.007 

.008 

.009 

.68 

.5028 

.5026 

.5024 

.5022 

.5021 * 

.5019 

.5017 

.5016 

.5014 

.5013 

.69 

.5011 

.5010 

.5009 

.5008 

.5007 

.5006 

.5005 

.5004 

.5003 

.5003 

.70 

.5002 

.5001 

.5001 

.5001 

.5000 

.5000 

.5000 

.5000 

.5000 

.5000 

.71 

.5000 

.5001 

.5001 

.5001 

.5002 

.5003 

.5003 

.5004 

.5005 

.5006 

,72 

.5007 

.5008 

.5009 

.5010 

.5012 

.5013 

.5014 

.5016 

.5018 

.5020 

.73 

.5022 

.5024 

.5026 

.5028 

.5030 

.5032 

.5035 

.5037 

.5040 

.5043 

.74 

.5045 

.5048 

.5051 

.5054 

.5057 

.5061 

.5064 

.5067 

.5071 

.5074 

.75 

.5078 

.5082 

.5086 

.5090 

.5094 

.5098 

.5102 

.5107 

.5111 

.5116 

.76 

.5120 

.5125 

.5130 

.5135 

.5140 * 

.5145 

.5150 

.5156 

.5161 

.5167 

.77 

5’73 

.5178 

.5184 

.5190 

.5196 

.5203 

.5209 

.5215 

.5222 

.5228 

.78 

.5235 

.5242 

.5249 

.5256 

.5263 

.5270 

.5278 

.5285 

.5293 

.5300 

.79 

.5308 

.5316 

.5324 

.5332 

.5340 

.5349 

.5357 

.5366 

.5374 

.5383 

.80 

.5392 

.5401 

.5410 

.5419 

.5429 

.5438 

.5448 

.5458 

.5468 

.5477 

.81 

.5487 

.5498 

.5508 

.5518 

.5529 

.5539 

.5550 

.5561 

.5572 

.5583 

.82 

.5594 

.5606 

.5617 

.5629 

.5641 

.5653 

.5664 

.5677 

.5689 

.5701 

.83 

.5714 

.5726 

.5739 

.5752 

.5765 

.5778 

.5791 

.5805 

.5818 

.5832 

.84 

.5845 

.5859 

.5873 

.5887 

.5902 

.5916 

.5931 

.5945 

.5960 

.5975 

.85 

.5990 

.6005 

.6021 

.6036 

.6052 

.6067 

.6083 

.6099 

.6115 

.6132 

.86 

.6148 

.6165 

.6181 

.6198 

.6215 

.6232 

.6250 

.6267 

.6284 

.6302 

.87 

.6320 

.6338 

.6356 

.6374 

.6393 

.6411 

.6430 

.6449 

.6468 

.6487 

.88 

.6506 

.6525 

.6545 

.6564 

.6584 

.6604 

.6624 

.6645 

.6665 

.6686 

.89 

.6706 

.6727 

.6748 

.6770 

.6791 

.6812 

.6834 

.6856 

.6878 

.6900 

.90 

.6922 

.6944 

.6967 

.6990 

.7013 

.7036 

.7059 

.7082 

.7106 

.7129 

.91 

.7153 

.7177 

.7201 

.7225 

.7250 

.7274 

.7299 

.7324 

.7349 

.7374 

.92 

.7400 

.7425 

.7451 

.7477 

.7503 

.7529 

.7556 

.7582 

.7609 

.7636 

.93 

.7663 

.7690 

.7718 

.7745 

.7773 

.7801 

.7829 

.7857 

.7886 

.7914 

.94 

.7943 

.7972 

.8001 

.8030 

.8060 

.8090 

.8119 

.8149 

.8179 

.8209 

.95 

.8240 

.8271 

.8302 

.833* 

.8364 

.8395 

.8427 

.8459 

.8490 

.8523 

.96 

.8555 

.8587 

.8620 

.8653 

.8686 

.8719 

.8752 

.8786 

.8819 

.8854 

.97 

.8888 

.8922 

.8957 

.8991 

.9026 

.9061 

.9096 

.9132 

.9168 

.9203 

.98 

.9239 

.9276 

.9312 

.9348 

.9385 

.9422 

.9459 

.9497 

.9534 

.9572 

.99 

.9610 

.9648 

.9686 

.9725 

.9764 

.9802 

.9842 

.9881 

.9920 

.9960 


tion. Thus, if the original photographs are cor¬ 
rectly timed according to (5), the apparent 
Lorentz corrections required for all levels are 
the same, and all computations take the form 

I^p esc T| F| 2 . (7) 

From this discussion, it is evident that provided 
time cancellation exposures are made, the Lorentz 
factor correction can be easily made with the 
aid of tables of esc T for the argument T. The 
angle T is usually found by measuring the loca¬ 
tion of the diffraction spot on the film in milli¬ 
meters. For standard diameter cameras this 
linear measurement is readily converted by in¬ 
spection to degrees and tenths. The argument 
for esc T should thus be the angle T expressed 
in degrees and tenths. Such tables are already 
extant,* but for the sake of providing the reader 
with complete equipment for Lorentz and polar¬ 
ization correction, we include this information 
as Table III. 


•Herbert Bristol Dwight, Mathematical Tables (McGraw- 
Hill Book Company, Inc., New York, 1941), pages 40-59. 


For zero levels, both Lorentz and polarization 
factors can be given as functions of the same 
argument. We therefore provide the combined 
Lorentz-polarization factor, L p, for the argu¬ 
ments sin 6 and a , in Tables IV and V, respec¬ 
tively. These last two tables should be used for 
zero-level photographs only. 

COMPUTATIONAL FORM AND FACTORS FOR TRIAL 
AND ERROR INVESTIGATIONS 

i 

The computation form given in (7) contains 
an operation which can often be eliminated with 
a consequent great saving of time and labor. 
This is especially desirable when more than one 
computation of the intensity of the same re¬ 
flection must be made, particularly when it 
must be monotonously repeated as in the case 
of the location of atoms by the method of trial 
and error. This is the operation of squaring | F|. 
If the square roots of both sides of (7) are taken, 
there results 

(I)* ~(p esc T)*| F|. (8) 
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Table II. Polarization factor, p ( m —as a function of a. 



.000 

.002 

.004 

.006 

.008 


.000 

.002 

.004 

.006 

.008 

.00 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

.68 

.7955 

.7944 

.7934 

.7924 

.7913 

.01 

.9999 

.9999 

.9999 

.9999 

.9998 

.69 

.7903 

.7892 

.7882 

.7871 

.7861 

.02 

.9998 

.9998 

.9997 

.9997 

.9996 

.70 

.7850 

.7840 

.7829 

.7818 

.7808 

.03 

.9996 

.9995 

.9994 

.9994 

.9993 

.71 

.7797 

.7787 

.7776 

.7765 

.7754 

.04 

.9992 

.9991 

.9990 

.9989 

.9989 

.72 

.7744 

.7733 

.7723 

.7712 

.7701 

.05 

.9988 

.9987 

.9985 

.9984 

.9983 

.73 

.7690 

.7680 

.7669 

.7658 

.7648 

.06 

.9982 

.9981 

.9980 

.9978 

.9977 

.74 

.7637 

.7626 

.7615 

.7605 

.7594 

.07 

.9976 

.9974 

.9973 

.9971 

.9970 

.75 

.7583 

.7572 

.7561 

.7551 

.7540 

.08 

.9968 

.9966 

.9965 

.9963 

.9961 

.76 

.7529 

.7518 

.7507 

.7497 

.7486 

.09 

.9960 

.9958 

.9956 

.9954 

.9952 

.77 

.7475 

7464 

.7453 

.7442 

.7432 

.10 

.9950 

.9948 

.9946 

.9944 

.9942 

.78 

.7421 

.7410 

.7399 

.7388 

.7377 

.11 

.9940 

.9937 

.9935 

.9933 

.9931 

.79 

.7366 

.7356 

.7345 

.7334 

.7323 

.12 

.9928 

.9926 

.9923 

.9921 

.9918 

.80 

.7312 

.7301 

.7290 

.7279 

.7268 

.13 

.9916 

.9913 

.9911 

.9908 

.9905 

.81 

.7258 

.7247 

.7236 

.7225 

.7214 

.14 

.9902 

.9900 

.9897 

.9894 

.9891 

.82 

.7203 

.7192 

.7182 

.7170 

.7160 

.15 

.9888 

.9885 

.9882 

.9879 

.9876 

.83 

.7149 

.7138 

.7127 

.7116 

.7105 

.16 

.9873 

.9870 

.9866 

.9863 

.9860 

.84 

.7094 

.7083 

.7073 

.7062 

.7051 

.17 

.9857 

.9853 

.9850 

.9846 

.9843 

.85 

.7040 

.7029 

.7018 

.7007 

.6997 

.18 

.9839 

.9836 

.9832 

.9828 

.9825 

.86 

.6986 

.6975 

.6964 

.6953 

.6942 

.19 

.9821 

.9817 

.9*14 

.9810 

.9806 

.87 

.6932 

.6921 

.6910 

.6899 

.6888 

.20 

9802 

.9798 

.9794 

.9790 

.9786 

.88 

.6878 

.6867 

.6856 

.6845 

.6835 

.21 

.9782 

.9778 

.9774 

.9769 

.9765 

.89 

.6824 

.6813 

.6802 

.6792 

.6781 

.22 

.9761 

.9757 

.9752 

.9748 

9745 

.90 

.6770 

.6759 

.6749 

.6738 

.6727 

.23 

.9759 

.9735 

.9730 

.9725 

.9721 

.91 

.6717 

.6706 

.6695 

.6685 

.6674 

.24 

.9716 

.9711 

.9707 

.9702 

.9697 

.92 

.6663 

.6653 

.6642 

.6632 

.6621 

.25 

.9692 

.9688 

.9683 

.9678 

.9675 

.93 

.6611 

.6600 

.6589 

.6579 

.6568 

.26 

.9668 

.9663 

.9658 

.9652 

.9647 

.94 

.6558 

.6547 

.6537 

.6527 

.6516 

.27 

.9642 

.9637 

.9632 

.9626 

.9621 

.95 

.6506 

.6495 

.6485 

.6474 

.6464 

.28 

.9616 

.9610 

.9605 

.9599 

.9594 

.96 

.6454 

.6443 

.6433 

.6423 

.6412 

.29 

.9588 

.9583 

.9577 

.9571 

.9566 

.97 

.6402 

.6392 

.6382 

.6371 

.6361 

mum 

.9560 

.9554 

.9549 

.9543 

.9537 

.98 

.6351 

.6341 

.6331 

.6320 

.6310 

.31 

.9531 

.9525 

.9519 

.9513 

.9507 

.99 

.6300 

.6290 

.6280 

.6270 

.6260 

.32 

.9501 

.9495 

.9489 

.9483 

.9477 

1 00 

.6250 

.6240 

.6230 

.6220 

.6210 

.33 

.9470 

.9464 

.9458 

.9451 

.9445 

1.01 

.6200 

.6190 

.6180 

.6170 

.6161 

.34 

.9439 

.9432 

.9426 

.9419 

.9413 

1.02 

.6151 

.6141 

.6132 

.6122 

.6112 

.35 

.9406 

.9400 

.9393 

.9386 

.9380 

1.03 

.6102 

.6093 

.6083 

.6073 

.6064 

.36 

.9373 

.9366 

.9360 

.9353 

.9346 

1.04 

.6054 

.6044 

.6035 

.6026 

.6016 

.37 

.9339 

.9332 

.9325 

.9318 

.9311 

1.05 

.6006 

.5997 

.5988 

.5979 

.5969 

.38 

.9304 

.9297 

.9290 

.9283 

.9276 

1.06 

.5960 

.5951 

.5942 

.5932 

.5923 

.39 

.9269 

.9261 

.9254 

.9247 

.9239 

1.07 

.5914 

.5905 

.5896 

.5887 

.5878 

.40 

.9232 

.9225 

.9217 

.9210 

.9202 

1 1.08 

.5869 

.5860 

.5851 

.5842 

.5833 

.41 

.9195 

.9187 

.9180 

.9172 

.9164 

1.09 

5824 

.5815 

.5806 

.5798 

.5789 

.42 

.9157 

.9149 

.9142 

.9134 

.9126 

1.10 

.5780 

.5771 

.5763 

.5754 

.5746 

.43 

.9118 

.9110 

.9102 

.9095 

.9087 

1.11 

.5737 

.5729 

.5720 

.5712 

.3703 

.44 

.9079 

.9071 

.9063 

.9055 

.9047 

1.12 

.5695 

.5687 

.5678 

.5670 

.5662 

.45 

.9039 

.9031 

.9023 

.9014 

.9006 

1.13 

.5654 

.5645 

.5637 

.5629 

.5621 

.46 

.8998 

.8990 

.8981 

.8973 

.8965 

1.14 

.5613 

.5605 

.5597 

.5589 

.5582 

.47 

.8956 

.8948 

.8940 

.8931 

.8923 

1.15 

.5574 

.5566 

.5558 

.5551 

.5543 

.48 

.8914 

.8906 

.8897 

.8888 

.8880 

1.16 

.5535 

.5528 

.5520 

.5513 

.5505 

.49 

.8872 

.8863 

.8854 

.8846 

.8837 

1.17 

.5498 

.5490 

.5483 

.5476 

.5469 

.50 

.8828 

.8819 

.8811 

.8802 

.8793 

1.18 

.5461 

.5454 

.5447 

.5440 

.5433 

.51 

.8784 

.8775 

.8766 

.8757 

.8748 

1.19 

.5426 

.5419 

.5412 

.5406 

.5399 

.52 

.8739 

.8730 

.8721 

.8712 

.8703 

1.20 

.5392 

.5385 

.5379 

.5372 

.5365 

.52 

8694 

.8685 

.8676 

.8667 

.8658 

1.21 

.5359 

.5353 

.5346 

.5340 

.5333 


.8648 

.8639 

.8630 

.8621 

.8611 

1.22 

.5327 

.5321 

.5315 

.5309 

.5303 

.5| 

.8602 

.8593 

.8583 

.8574 

.8564 

1.23 

.5297 

.5291 

.5285 

.5279 

.5273 

.56 

.8555 

.8545 

.8536 

.8526 

.8517 

1.24 

.5267 

.5262 

.5256 

.5250 

.5245 

.57 

.8507 

.8498 

.8488 

.8479 

.8469 

1.25 

.5239 

.5234 

.5228 

.5223 

.5218 

.58 

.8459 

.8450 

.8440 

.8430 

.8420 

1.26 

.5213 

.5207 

.5202 

.5197 

.5192 

.59 

.8411 

.8401 

.8391 

.8382 

.8372 

1.27 

.5187 

.5182 

.5178 

.5173 

.5168 

.60 

.8362 

.8352 

.8342 

.8332 

.8323 

1.28 

.5163 

.5159 

.5154 

.5150 

.5145 

.61 

.8313 

8303 

.8293 

.8283 

.8273 

1.29 

.5141 

.5137 

.5132 

.5128 

.5124 

.62 

.8263 

.8253 

.8243 

.8233 

.8223 

1.30 

.5120 

.5116 

.5112 

.5108 

.5105 


.8212 

.8202 

.8192 

.8182 

.8172 

1.31 

.5101 

.5097 

.5093 

.5090 

.5086 

M ... 

.8162 

.8152 

.8141 

.8131 

.8121 

1.32 

.5083 

.5080 

.5076 

.5073 

.5070 

3 s 5 

.8111 

.8100 

.8090 

.8080 

.8070 

1.33 

.5067 

.5064 

.5060 

.5058 

.5055 

.66 

.8059 

.8049 

.8039 

.8028 

.8018 

1.34 

.5052 

.5050 

.5047 

.5044 

.5042 

.67 

.8007 

.7997 

’ .7987 

.7976 

.7966 

1.35 

.5039 

.5037 

.5035 

.5033 

.5030 
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Table II.— Continued . 



.000 

.002 

.004 

.006 

.008 

1.36 

.5028 

.5026 

.5024 

.5022 

.5021 

1.37 

.5019 

.5017 

.5016 

.5014 

.5013 

1.38 

.5011 

.5010 

.5009 

.5008 

.5007 

1.39 

.5006 

.5005 

.5004 

.5003 

.5003 

1.40 

.5002 

.5001 

.5001 

.5001 

.5000 

1.41 

.5000 

.5000 

.5000 

.5000 

.5000 

1.42 

.5000 

.5001 

.5001 

.5001 

.5002 

1.43 

.5003 

.5003 

.5004 

.5005 

.5006 

1.44 

.5007 

.5008 

.5009 

.5010 

.5012 

1.45 

.5013 

.5014 

.5016 

.5018 

.5020 

1.46 

.5022 

.5024 

.5026 

.5028 

.5030 

1.47 

.5032 

.5035 

.5037 

.5040 

.5043 

1.48 

.5045 

.5048 

.5051 

.5054 

.5057 

1.49 

.5061 

.5064 

.5067 

.5071 

.5074 

1.50 

.5078 

.5082 

.5086 

.5090 

.5094 

1.51 

.5098 

.5102 

.5107 

.5111 

.5116 

1.52 

.5120 

.5125 

.5130 

.5135 

.5140 

1.53 

.5145 

.5150 

.5156 

.5161 

.5167 

1 54 

.5173 

.5178 

.5184 

.5190 

.5196 

1.55 

.5203 

.5209 

.5215 

.5222 

.5228 

1.56 

.5235 

.5242 

.5249 

.5256 

.5263 

1.57 

.5270 

.5278 

.5285 

.5293 

.5300 

1.58 

.5308 

.5316 

.5324 

.5332 

.5340 

1.59 

.5349 

.5357 

.5366 

.5374 

.5383 

1.60 

.5392 

.5401 

.5410 

.5419 

.5429 

1.61 

.5438 

.5448 

.5458 

.5468 

.5477 

1.62 

.5487 

.5498 

.5508 

.5518 

.5529 

1.63 

.5539 

.5550 

.5561 

.5572 

.5583 

1.64 

.5594 

.5606 

.5617 

.5629 

.5641 

1.65 

.5653 

.5664 

.5677 

.5689 

.5701 

1.66 

.5714 

.5726 

.5739 

.5752 

.5765 

1.67 

.5778 

.5791 

.5805 

.5818 

.5832 

1.68 

.5845 

.5859 

.5873 

.5887 

.5902 

1.69 

.5916 

.5931 

.5945 

.5960 

.5975 

1.70 

.5990 

.6005 

.6021 

.6036 

.6052 

1.71 

.6067 

.6083 

.6099 

.6115 

.6132 

1.72 

.6148 

.6165 

.6181 

.6198 

.6215 

1.73 

.6232 

.6250 

.6267 

.6284 

.6302 

1.74 

.6320 

.6338 

.6356 

.6374 

.6393 

1.75 

.6411 

.6430 

.6449 

.6468 

.6487 

1.76 

.6506 

.6525 

.6545 

.6564 

.6584 

1.77 

.6604 

.6624 

.6645 

.6665 

.6686 

1.78 

.6706 

.6727 

.6748 

.6770 

.6791 

1.79 

.6812 

.6834 

.6856 

.6878 

.6900 

1.80 

.6922 

.6944 

.6967 

.6990 

.7013 

1.81 

.7036 

.7059 

.7082 

.7106 

.7129 

1.82 

.7153 

.7177 

.7201 

.7225 

.7250 

1.83 

.7274 

.7299 

.7324 

.7349 

.7374 

1.84 

.7400 

.7425 

.7451 

.7477 

.7503 

1.85 

.7529 

.7556 

.7582 

.7609 

.7636 

1.86 

,7663 

.7690 

.7718 

.7745 

.7773 

1.87 

.7801 

.7829 

.7857 

.7886 

.7914 

1.88 

.7943 

.7972 

.8001 

.8030 

.8060 

1.89 

.8090 

.8119 

.8149 

.8179 

.8209 

1.90 

.8240 

.8271 

.8302 

.8333 

.8364 

1.91 

.8395 

.8427 

.8459 

.8490 

.8523 

1.92 

.8555 

.8587 

.8620 

.8653 

.8686 

1.93 

.8719 

.8752 

.8786 

.8819 

.8854 

1.94 

.8888 

.8922 

.8957 

.8991 

.9026 

1.95 

.9061 

.9096 

.9132 

.9168 

.9203 

1.96 

.9239 

.9276 

.9312 

.9348 

.9385 

1.97 

.9422 

.9459 

.9497 

.9534 

.9572 

1.98 

.9610 

.9648 

.9686 

.9725 

.9764 

1.99 

.9802 

.9842 

.9881 

.9920 

.9960 


Advantage may be taken of this shortened com¬ 
putation in the event that the experimental 
intensities are not measured on a quantitative 


scale, but are merely compared by means of in¬ 
equalities. If the several spectra hkl are arranged 
in order of decreasing intensity, /, then they 
are also arranged in order of decreasing (/)*. 
Thus, if an arrangement of atoms can be found 
whose computed (J)*'s are in the same order as 
the observed blackening on the x-ray photo¬ 
graphs, the computed V s are in the same order. 
In order to make use of this shortened form for 
trial and error computations, we present Tables 
VI-X, which are the square roots of the functions 
given in Tables I-V, respectively. 

There are further advantages 4 to the use of 
square-root correction factors. This can be real¬ 
ized by arranging the computations in a certain 
form. This is derived as follows: 

The amplitude, F, is complex, and, for com¬ 
putational purposes, is split into a real com¬ 
ponent and an imaginary component. Calling 
these components A and B for atoms of unit 
scattering power, the scattering power of a 
collection of actual atoms is given by 

|F|*=CMH-/*4*- ■ -) 2 +(/.Bi+/*B.- •.)», (9) 

where the subscripts 1,2, • • • relate to the first, 
second, • • •, etc., atoms in the cell, and / is the 
scattering power of the particular atom for that 
reflection. Combining this with (7), the com¬ 
putation becomes 

7~/>escT{(/ 1 4t+.MH----) s 

+ (fiB i +f t B t +■■■)*] 

"-{(/>esc • •)}* 

+ ! (p CSC T)‘(/i5,+/*5 s + • • •) p. (10) 

It is convenient and usual to lump together the 
JA (and also the /B) terms for sets of identical 
atoms which are related by space group opera¬ 
tions so that the terms in the parentheses of (9) 
are condensed to produce a “structure factor.” 
This condensation can be symbolically repre¬ 
sented by 

fiAi+fiAt+fiA t -\ - -fitrtiAj. (11) 

Here, nttAi is the “structure factor” of the atom 
set I. It is composed of an integral part, mi, 
which is the number of identical atoms in the 
set, and a trigonometric part A i. The form of the 

4 M. J. Buerger, "Numerical structure (actor tables,” 
Special Paper Number 33, Geological Society of America 
(1941), pages 7-11. 
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Table III. Unsealed part of Lorentz factor, S-L (—esc T), as a function of T. 



0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

0 

00 

572.96 

286.48 

190.99 

143.24 

114.59 

95.495 

81.853 

71.622 

63.665 

1 

57.299 

52.090 

47.750 

44.077 

40.930 

38.202 

35.815 

33.708 

31.836 

30.161 

2 

28.654 

27.290 

26.050 

24.918 

23.880 

22.926 

22.044 

21.229 

20.471 

19.766 

3 

19.107 

18.492 

17.914 

17.372 

16.862 

16.380 

15.926 

15.496 

15.089 

14.703 

4 

14.336 

13.987 

13.654 

13.337 

13.035 

12.745 

12.469 

12.204 

11.951 

11.707 

5 

11.474 

11.249 

11.034 

10.826 

10.626 

10.433 

10.248 

10.068 

9.895 

9.728 

6 

9.567 

9.411 

9.259 

9.113 

8.971 

8.834 

8.700 

8.571 

8.446 

8.324 

7 

8.206 

8.091 

7.979 

7.870 

7.764 

7.661 

7.561 

7.464 

7.368 

7.276 

8 

7.185 

7.097 

7.011 

6.927 

6.845 

6.766 

6.687 

6.611 

6.537 

6.464 

9 

6.393 

6.323 

6.255 

6.188 

6.123 

6.059 

5.996 

5.935 

5.875 

5.816 

10 

5.759 

5.702 

5.647 

5.593 

5.540 

5.487 

5.436 

5.386 

5.337 

5.288 

11 

5.241 

5.194 

5.148 

5.103 

5.059 

5.016 

4.973 

4.931 

4.890 

4.850 

12 

4.810 

4.771 

4.732 

4.694 

4.657 

4.620 

4.584 

4.549 

4.514 

4.479 

13 

4.445 

4.412 

4.379 

4.347 

4.315 

4.284 

4.253 

4.222 

4.192 

4.163 

14 

4.134 

4.105 

4.077 

4.049 

4.021 

3.994 

3.967 

3.941 

3.915 

3.889 

15 

3.864 

3.839 

3.814 

3.790 

3.766 

3.742 

3 . 71 $ 

3.696 

3.673 

3.650 

16 

3.628 

3.606 

3.584 

3.563 

3.542 

3.521 

3.500 

3.480 

3.460 

3.440 

17 

3.420 

3.401 

3.382 

3.363 

3.344 

3.326 

3.307 

3.289 

3.271 

3.254 

18 

3.236 

3.219 

3.202 

3.185 

3.168 

3.152 

3.135 

3.119 

3.103 

3.087 

19 

3.072 

3.056 

3.041 

3.026 

3.011 

2.996 

2.981 

s 2.967 

2.952 

2.938 

20 

2.924 

2.910 

* 2.896 

2.882 

2.869 

2.856 

2.842 

2.829 

2.816 

2.803 

21 

2.790 

2.778 

2.765 

2.753 

2.741 

2.729 

2.717 

2.705 

2.693 

2.681 

22 

2.670 

2.658 

2.647 

2.635 

2.624 

2.613 

2.602 

2.591 

2.581 

2.570 

23 

2.559 

2.549 

2.538 

2.528 

2.518 

2.508 

2.498 

2.488 

2.478 

2.468 

24 

2.459 

2.449 

2.440 

2.430 

2.421 

2.411 

2.402 

2.393 

2.384 

2.375 

25 

2.366 

2.357 

2.349 

2.340 

2.331 

2.323 

2.314 

2.306 

2.298 

2.289 

26 

2.281 

2.273 

2.265 

2.257 

2.249 

2.241 

2.233 

2.226 

2.218 

2.210 

27 

2.203 

2.195 

2.188 

2.180 

2.173 

2.166 

2.158 

2.151 

2.144 

2.137 

28 

2.130 

2.123 

2.116 

2.109 

2.103 

2.096 

2.089 

2.082 

2.076 

2.069 

29 

2.063 

2.056 

2.050 

2.043 

2.037 

2.031 

2.025 

2.018 

2.012 

2.006 

30 

2.000 

1.994 

1.988 

1.982 

1.976 

1.970 

1.964 

1.959 

1.953 

1.947 

31 

1.942 

1.936 

1.930 

1.925 

1.919 

1.914 

1.908 

1.903 

1.898 

1.892 

32 

1.887 

1.882 

1.877 

1.871 

1.866 

1.861 

1.856 

1.851 

1.846 

1.841 

33 

1.836 

1.831 

1.826 

1.821 

1.817 

1.812 

1.807 

1.802 

1.798 

1.793 

34 

1.788 

1.784 

1.779 

1.775 

1.770 

1.766 

1.761 

1.757 

1.752 

1.748 

35 

1.743 

1.739 

1.735 

1.731 

1.726 

1.722 

1.718 

1.714 

1.710 

1.705 

36 

1.701 

1.697 

1.693 

1.689 

1.685 

1.681 

1.677 

1.673 

1.669 

1.666 

37 

1.662 

1.658 

1.654 

1.650 

1.646 

1.643 

1.639 

1.635 

1.632 

1.628 

38 

1.624 

1.621 

1.617 

1.613 

1.610 

1.606 

1.603 

1.599 

1.596 

1.592 

39 

1.589 

1.586 

1.582 

1.579 

1.575 

1.572 

1.569 

1.566 

1.562 

1.559 

40 

1.556 

1.553 

1.549 

1.546 

1.543 

1.540 

1.537 

1.534 

1.530 

1.527 

41 

1.524 

1.521 

1.518 

1.515 

1.512 

1.509 

1.506 

1.503 

1.500 

1.497 

42 

1.494 

1.492 

1.489 

1.486 

1.483 

1.480 

1.477 

1.475 

1.472 

1.469 

43 

1.466 

1.464 

1.461 

1.458 

1.455 

1.453 

1.450 

1.447 

1.445 

1.442 

44 

1.440 

1.437 

1.434 

1.432 

1.429 

1.427 

1.424 

1.422 

1.419 

1.417 

45 

1.414 

1.412 

1.409 

1.407 

1.404 

1.402 

1.400 

1.397 

1.395 

1.393 

46 

1.390 

1.388 

1.386 

1.383 

1.381 

1.379 

1.376 

1.374 

1.372 

1.370 

47 

1.367 

1.365 

1.363 

1.361 

1.359 

1.356 

1.354 

1.352 

1.350 

1.348 

48 

1.346 

1.344 

1.341 

1.339 

1.337 

1.335 

1.333 

1.331 

1.329 

1.327 

49 

1.325 

1.323 

1.321 

1.319 

1.317 

1.315 

1.313 

1.311 

1.309 

1.307 

50 

1.305 

1.304 

1.302 

1.300 

1.298 

1.296 

1.294 

1.292 

1.290 

1.289 

51 

1.287 

1.285 

1.283 

1.281 

1.280 

1.278 

1.276 

1.274 

1.273 

1.271 

52 

1.269 

1.267 

1.266 

1.264 

1.262 

1.260 

1.259 

1.257 

1.255 

1.254 

S 3 

1.252 

1.250 

1.249 

1.247 

1.246 

1.244 

1.242 

1.241 

1.239 

1.238 

» 

1.236 

1.235 

1.233 

1.231 

1.230 

1.228 

1.227 

1.225 

1.224 

1.222 

15 

1.221 

1.219 

1.218 

1.216 

1.215 

1.213 

1.212 

1.211 

1.209 

1.208 

56 

1.206 

1.205 

1.203 

1.202 

1.201 

1.199 

1.198 

1.196 

1.195 

1.194 

57 

1.192 

1.191 

1.190 

1.188 

1.187 

1.186 

1.184 

1.183 

1.182 

1.180 

58 

1.179 

1.178 

1.177 

1.175 

1.174 

1.173 

1.172 

1.170 

1.169 

1.168 

59 

1.167 

1.165 

1.164 

1.163 

1.162 

1.161 

1.159 

1.158 

1.157 

1.156 

60 

1.155 

1.154 

1.152 

1.151 

1.150 

1.149 

1.148 

1.147 

1.146 

1.144 

61 

1.143 

1.142 

1.141 

1.140 

1.139 

1.138 

1.137 

1.136 

1.135 

1.134 

62 

1.133 

1.132 

1.130 

1.129 

1.128 

1.127 

1 1.126 

1.125 

1.124 

1.123 

63 

1.122 

1.121 

1.120 

1.119 

1.118 

1.117 

1.116 

1.115 

1.115 

1.114 

. 64 

1.113 

1.112 

1.111 

1.110 

1.109 

1.108 

1.107 

1.106 

1.105 

1.104 


1.103 

1.102 

1.102 

1.101 

1.100 

1.099 

1.098 

1.097 

1.096 

1.095 

*66 

1.095 

1.094 

1.093 

1.092 

1.091 

1.090 

1.090 

1.089 

1.088 

1.087 

67 

1.086 

1.086 

1.085 

1.084 

1.083 

1.082 

1.082 

1.081 

1.080 

1.079 

68 

1.079 

1.078 

1.077 

1.076 

' 1.076 

1.075 

1.074 

1.073 

1.073 

1.072 

69 

1.071 

1.070 

1.070 

1.069 

1.068 

1.068 

1.067 

1.066 

1.066 

1.065 
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Table III.— Continued. 


o .1 *2 .3 .4 .5 .6 


.7 .8 .9 


70 

1.064 

1.064 

71 

1.058 

1.057 

72 

1.051 

1.051 

73 

1.046 

1.045 

74 

1.040 

1.040 

75 

1.035 

1.035 

76 

1.031 

1.030 

77 

1.026 

1.026 

78 

1.022 

1.022 

79 

1.019 

1.018 

80 

1.015 

1.015 

81 

1.012 

1.012 

82 

1.010 

1.010 

83 

1.008 

1.007 

84 

1.006 

1.005 

85 

1.004 

1.004 

86 

1.002 

1.002 

87 

1.001 

1.001 

88 

1.001 

1.001 

89 

1.000 

1.000 

90 

1.000 

1.000 

91 

1.000 

1.000 

92 

1.001 

1.001 

93 

1.001 

1.002 

94 

1.003 

1.003 

95 

1.004 

1.004 

96 

1.006 

1.006 

97 

1.008 

1.008 

98 

1.010 

1.010 

99 

1.013 

1.013 

100 

1.016 

1.016 

101 

1.019 

1.019 

102 

1.023 

1.023 

103 

1.027 

1.027 

104 

1.031 

1.032 

105 

1.036 

1.036 

106 

1.041 

1.041 

107 

1.046 

1.047 

108 

1.052 

1.053 

109 

1.058 

1.059 

110 

1.065 

1.066 

111 

1.072 

1.073 

112 

1.079 

1.080 

113 

1.087 

1.088 

114 

1.095 

1.096 

115 

1.104 

1.105 

116 

1.114 

1.115 

117 

1.123 

1.124 

118 

1.134 

1.135 

119 

1.144 

1.146 

120 

1.156 

1.157 

121 

1.168 

1.169 

122 

1.180 

1.182 

123 

1.194 

1.195 

124 

1.208 

1.209 

125 

1.222 

1.224 

126 

1.238 

1.239 

127 

1.254 

1.255 

128 

1.271 

1.273 

129 

1.289 

1.290 

130 

1.307 

1.309 

131 

1.327 

1.329 

132 

1.348 

1.350 

133 

1.370 

1.372 

134 

1.393 

1.395 

135 

1.417 

1.419 

136 

1.442 

1.445 

137 

1.469 

1.472 

138 

1.497 

1.500 

139 

1.527 

1.530 


1.063 

1.056 

1.050 

1.045 

1.039 

1.034 

1.030 

1.025 

1.022 

1.018 

1.015 

1.012 

1.009 

1.007 

1.005 

1.004 

1.002 

1.001 

1.000 

1.000 

1.000 

1.000 

1.001 

1.002 

1.003 

1.004 

1.006 

1.008 

1.011 

1.013 

1.016 

1.020 

1.023 

1.028 

1.032 

1.037 

1.042 

1.047 

1.053 

1.060 

1.066 

1.073 

1.081 

1.089 

1.097 

1.106 

1.115 

1.125 

1.136 

1.147 

1.158 

1.170 

1.183 

1.196 

1.211 

1.225 

1.241 

1.257 

1.274 

1.292 

1.311 

1.331 

1.352 

1.374 

1.397 

1.422 

1.447 

1.475 

1.503 

1.534 


1.062 

1.056 

1.050 

1.044 

1.039 

1.034 

1.029 

1.025 

1.021 

1.018 

1.015 

1.012 

1.009 

1.007 

1.005 

1.003 

1.002 

1.001 

1.000 

1.000 

1.000 

1.000 

1.001 

1.002 

1.003 

1.004 

1.006 

1.008 

1.011 

1.014 

1.017 

1.020 

1.024 

1.028 

1.032 

1.037 

1.042 

1.048 

1.054 

1.060 

1.067 

1.074 

1.082 

1.090 

1.098 

1.107 

1.116 

1.126 

1.137 

1.148 

1.159 

1.172 

1.184 

1.198 

1.212 

1.227 

1.242 

1.259 

1.276 

1.294 

1.313 

1.333 

1.354 

1.376 

1.400 

1.424 

1.450 

1.477 

1.506 

1.537 


1.062 

1.055 

1.049 

1.043 

1.038 

1.033 

1.029 

1.025 

1.021 

1.017 

1.014 

1.011 

1.009 

1.007 

1.005 

1.003 

1.002 

1.001 

1.000 

1.000 

1.000 

1.000 

1.001 

1.002 

1.003 

1.005 

1.006 

1.009 

1.011 

1.014 

1.017 

1.020 

1.024 

1.028 

1.033 

1.038 

1.043 

1.049 

1.054 

1.061 

1.068 

1.075 

1.082 

1.090 

1.099 

1.108 

1.117 

1.127 

1.138 

1.149 

1.161 

1.173 

1.186 

1.199 

1.213 

1.228 

1.244 

1.260 

1.278 

1.296 

1.315 

1.335 

1.356 

1.379 

1.402 

1.427 

1.453 

1.480 

1.509 

1.540 


1.061 

1.054 

1.049 

1.043 

1.038 

1.033 

1.028 

1.024 

1.020 

1.017 

1.014 

1.011 

1.009 

1.006 

1.005 

1.003 

1.002 

1.001 

1.000 

1.000 

1.000 

1.000 

1.001 

1.002 

1.003 

1.005 

1.007 

1.009 

1.011 

1.014 

1.017 

1.021 

1.025 

1.029 

1.033 

1.038 

1.043 

1.049 

1.055 

1.062 

1.068 

1.076 

1.083 

1.091 

1.100 

1.109 

1.118 

1.128 

1.139 

1.150 

1.162 

1.174 

1.187 

1.201 

1.215 

1.230 

1.246 

1.262 

1.280 

1.298 

1.317 

1.337 

1.359 

1.381 

1.404 

1.429 

1.455 

1.483 

1.512 

1.543 


1.060 

1.060 

1.059 

1.058 

1.054 

1.053 

1.053 

1.052 

1.048 

1.047 

1.047 

1.046 

1.042 

1.042 

1.041 

1.041 

1.037 

1.037 

1.036 

1.036 

1.032 

1.032 

1.032 

1.031 

1.028 

1.028 

1.027 

1.027 

1.024 

1.023 

1.023 

1.023 

1.020 

1.020 

1.019 

1.019 

1.017 

1 . 0 ft 

1.016 

1.016 

1.014 

1.013 

1.013 

1.013 

1.011 

1.011 

1.010 

1.010 

1.008 

1.008 

1.008 

1.008 

1.006 

1.006 

1.006 

1.006 

1.004 

1.004 

1.004 

1.004 

1.003 

1.003 

1.003 

1.003 

1.002 

1.002 

1.002 

1.001 

1.001 

1.001 

1.001 

1.001 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.002 

1.002 

1.002 

1.002 

1.003 

1.004 

1.004 

1.004 

1.005 

1.005 

1.005 

1.006 

1.007 

1.007 

1.007 

1.008 

1.009 

1.009 

1.010 

1.010 

1.012 

1.012 

1.012 

1.012 

1.015 

1.015 

1.015 

1.015 

1.018 

1.018 

1.018 

1.019 

1.021 

1.022 

1.022 

1.022 

1.025 

1.025 

1.026 

1.026 

1.029 

1.030 

1.030 

1.031 

1.034 

1.034 

1.035 

1.035 

1.039 

1.039 

1.040 

1.040 

1.044 

1.045 

1.045 

1.046 

1.050 

1.050 

1.051 

1.051 

1.056 

1.056 

1.057 

1.058 

1.062 

1.063 

1.064 

1.064 

1.069 

1.070 

1.070 

1.071 

1.076 

1.077 

1.078 

1.079 

1.084 

1.085 

1.086 

1.086 

1.092 

1.093 

1.094 

1.095 

1.101 

1.102 

1.102 

1.103 

1.110 

1.111 

1.112 

1.113 

1.119 

1.120 

1.121 

1.122 

1.129 

1.130 

1.132 

1.133 

1.140 

1.141 

1.142 

1.143 

1.151 

1.152 

1.154 

1.155 

1.163 

1.164 

1.165 

1.167 

1.175 

1.177 

1.178 

1.179 

1.188 

1.190 

1.191 

1.192 

1.202 

1.203 

1.205 

1.206 

1.216 

1.218 

1.219 

1.221 

1.231 

1.233 

1.235 

1.236 

1.247 

1.249 

1.250 

1.252 

1.264 

1.266 

1.267 

1.269 

1.281 

1.283 

1.285 

1.287 

1.300 

1.302 

1.304 

1.305 

1.319 

1.321 

1.323 

1.325 

1.339 

1.341 

1.344 

1.346 

1.361 

1.363 

1.365 

1.367 

1.383 

1.386 

1.388 

1.390 

1.407 

1.409 

1.412 

1.414 

1.432 

1.434 

1.437 

1.440 

1.458 

1.461 

1.464 

1.466 

1.486 

1.489 

1.492 

1.494 

1.515 

1.518 

1.521 

1.524 

1.546 

1.549 

1.553 

1.556 
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Table III.— Continued. 



0 


.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

140 

1.559 

1.562 

1.566 

1.569 

1.572 

1.575 

1.579 

1.582 

1.586 

1.589 

141 

1.592 

1.596 

1.599 

1.603 

1.606 

1.610 

1.613 

1.617 

1.621 

1.624 

142 

1.628 

1.632 

1.635 

1.639 

1.643 

1.646 

1.650 

1.654 

1.658 

1.662 

143 

1.666 

1.669 

1.673 

1.677 

1.681 

1.685 

1.689 

1.693 

1.697 

1.701 

144 

1.705 

1.710 

1.714 

1.718 

1.722 

1.726 

1.731 

1.735 

1.739 

1.743 

145 

1.748 

1.752 

1.757 

1.761 

1.766 

1.770 

1.775 

1.779 

1.784 

1.788 

146 

1.793 

1.798 

1.802 

1.807 

1.812 

1.817 

1.821 

1.826 

1.831 

1.836 

147 

1.841 

1.846 

1.851 

1.856 

1.861 

1.866 

1.871 

1.877 

1.882 

1.887 

148 

1.892 

1.898 

1.903 

1.908 

1.914 

1.919 

1.925 

1.930 

1.936 

1.942 

149 

1.947 

1.953 

1.959 

1.964 

1.970 

1.976 

1.982 

1.988 

1.994 

2.000 

150 

2.006 

2.012 

2.018 

. 2.025 

2.031 

2.037 

2.043 

2.050 

2.056 

2.063 

151 

2.069 

2.076 

2.082 

2.089 

2.096 

2.103 

2.109 

2.116 

2.123 

2.130 

152 

2.137 

2.144 

2.151 

2.158 

2.166 

2.173 

2.180 

2.188 

2.195 

2.203 

153 

2.210 

2.218 

2.226 

2.233 

2.241 

2.249 

2.257 

2.265 

2.273 

2.281 

154 

2.289 

2.298 

2.306 

2.314 

2.323 

2.331 

2.340 

2.349 

2.357 

2.366 

155 

2.375 

2.384 

2.393 

2.402 

2.411 

2.421 

2.430 

2.440 

2.449 

2.459 

156 

2.468 

2.478 

2.488 

2.498 

2.508 

2.518 

2.528 

2.538 

2.549 

2.559 

157 

2.570 

2.581 

2.591 

2.602 

2.613 

2.624 

2.635 

2.647 

2.658 

2.670 

158 

2.681 

2.693 

2.705 

2.717 

2.729 

2.741 

2.753 

2.765 

2.778 

2.790 

159 

2.803 

2.816 

2.829 

2.842 

2.856 

2.869 

2.882 

2.896 

2.910 

2.924 

160 

2.938 

2.952 

2.967 

2.981 

2.996 

3.011 

3.026 

3.041 

3.056 

3.072 

161 

3.087 

3.103 

3.119 

3.135 

3.152 

3.168 

3.185 

3.202 

3.219 

3.236 

162 

3.254 

3.271 

3.289 

3.307 

3.326 

3.344 

3.363 

3.382 

3.401 

3.420 

163 

3.440 

3.460 

3.480 

3.500 

3.521 

3.542 

3.563 

3.584 

3.606 

3.628 

164 

3.650 

3.673 

3.696 

3.719 

3.742 

3.766 

3.790 

3.814 

3.839 

3.864 

165 

3.889 

3.915 

3.941 

3.967 

3.994 

4.021 

4.049 

4.077 

4.105 

4.134 

166 

4.163 

4.192 

4.222 

4.253 

4.284 

4.315 

4.347 

4.379 

4.412 

4.445 

167 

4.479 

4.514 

4.549 

4.584 

4.620 

4.657 

4.694 

4.732 

4.771 

4.810 

168 

4.850 

4.890 

4.931 

4.973 

5.016 

5.059 

5.103 

5.148 

5.194 

5.241 

169 

5.288 

5.337 

5.386 

5.436 

5.487 

5.540 

5.593 

5.647 

5.702 

5.759 

170 

5.816 

5.875 

5.935 

5.996 

6.059 

6.123 

6.188 

6.255 

6.323 

6.393 

171 

6.464 

6.537 

6.611 

6.687 

6.766 

6.845 

6.927 

7.011 

7.097 

7.185 

172 

7.276 

7.368 

7.464 

7.561 

7.661 

7.764 

7.870 

7.979 

8.091 

8.206 

173 

8.324 

8.446 

8.571 

8.700 

8.834 

8.971 

9.113 

9.259 

9.411 

9.567 

174 

9.728 

9.895 

10.068 

10.248 

10.433 

10.626 

10.826 

11.034 

11.249 

11.474 

175 

11.707 

11.951 

12.204 

12.469 

12.745 

13.035 

13.337 

13.654 

13.987 

14.336 

176 

14.703 

15.089 

15.496 

15.926 

16.380 

16.862 

17.372 

17.914 

18.492 

19.107 

177 

19.766 

20.471 

21.229 

22.044 

22.926 

23.880 

24.918 

26.050 

27.290 

28.654 

178 

30.161 

31.836 

33.708 

35.815 

38.202 

40.930 

44.077 

47.750 

52.090 

57.299 

179 

63.665 

71.622 

81.853 

95.495 

114.59 

143.24 

190.99 

286.48 

572.96 

00 


entire structure factor is available in several 
places 5 - • and the variation of the trigonometric 
part with the location of a representative atom 
of the set is also available. 4 - 7 Substituting (11) 
in (10), it becomes 


/~{[(/>cscT)»/iWi]ii 

+Z(P esc T)*/u»»ii]]iiii 

+ •••}* 
f 

The advantage in using the square roots of 
the corrections is that the computations repre- 

j • International Tables for the Determination of Crystal 
‘Structures (Gebrttder Borntraeger, Berlin, 1935). 

•Kathleen Lonsdale, Simplified Structure Factor and 
Electron Density Formulae for the 230 Space Groups of 
'mathematical Crystallography (G. Bell « Sons, Ltd., 
London, 1936). 

7 W. L. Bragg and H. Lipson, “The employment of 
contoured graphs of structure-factor in crystal analysis," 
Zeits. f. Krist. (A) 93, 323-337 (1936). 


1 ^! ip esc T) +fntnnA n H-) 1 2 

+ [ (p esc T) "b/nWiiSii H-) )*. (12) 

For computational purposes, this is expanded 
and arranged in columns as follows: 

+ ![(/> CSC T)*/iWi]Si 
+ [(/> CSC T)*/uWii]5ii 

+ --*i 2 . (13) 

sen ted by the several terms in square brackets 
need be made only once for each particular 
reflection for the entire trial and error computa¬ 
tion process. It is applied as a coefficient to the 
only variable parts of the computation, namely 
A and R. Designating this coefficient by 

C«(£cscT)*/m, (14) 
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Table IV'. Lorentz-polarization factor, L>p (* * as A * unct ‘ on of 9 ‘ n *' 


\29 2 

Valid only for zero level when m*0. 


.000 


.001 


.002 


.003 


.004 


.005 


.006 


.007 


.008 


.009 


.00 
.01 
.02 
.03 
.04 
.05 
.06 
.07 
.08 
.09 
.10 
.11 
.12 
.13 
.14 
.15 
.16 
.17 
.18 
.19 
.20 
.21 
.22 
.23 
.24 
.25 
.26 
.27 
.28 
.29 
.30 
.31 
.32 
.33 
.34 
.35 
.36 
.37 
.38 
.39 
.40 
.41 
.42 
.43 
.44 
.45 
.46 
.47 
.48 
.49 
.50 
.51 
.52 
.53 
.54 
.55 
.56 
.57 
.58 
.59 
.60 
.61 
.62 
.63 
.64 
.65 
.66 


49.990 
24.986 
16.645 
12.472 
9.9675 
8.2880 
7.0904 
6.1899 
5.4882 
4.9258 
4.4642 
4.0779 
3.7499 
3.4682 
3.2231 
3.0081 
2.8170 
2.6467 
2.4938 
2.3556 
2.2298 
2.1152 
2.0099 
1.9129 
1.8234 
1.7405 
1.6633 
1.5913 
1.5240 
1.4609 
1.4017 
1.3460 
1.2935 
1.2440 
1.1972 
1.1528 
1.1108 
1.0709 
1.0331 
.9972 
.9631 
.9306 
.8997 
.8703 
.8423 
.8157 
.7904 
.7663 
.7434 
.7217 
.7010 
.6815 
.6630 
.6456 
.6292 
.6137 
.5993 
.5857 
.5732 
.5616 
.5510 
.5414 
.5327 
.5250 
.5182 
.5125 


502.51 
45.464 
23.800 
16.111 
12.163 
9.7664 
8.1513 
6.9898 
6.1123 
5.4274 
4.8751 
4.4222 
4.0425 
3.7203 
3.4422 
3.2003 
2.9877 
2.7992 
2.6308 
2.4794 
2.3426 
2.2180 
2.1042 
1.9999 
1.9037 
1.8149 
1.7325 
1.6559 
1.5843 
1.5175 
1.4548 
1.3960 
1.3407 
1.2885 
1.2392 
1.1926 
1.1485 
1.1067 
1.0671 
1.0295 
.9937 
.9597 
.9274 
.8967 
.8674 
.8396 
.8131 
.7879 
.7639 
.7412 
.7195 
.6991 
.6796 
.6612 
.6439 
.6276 
.6122 
.5978 
.5844 
.5720 
.5605 
.5500 
.5405 
.5319 
.5243 
.5176 
.5120 


249.37 
41.637 
22.705 
15.598 
11.874 
9.5755 
8.0176 
6.8905 
6.0359 
5.3669 
4.8268 
4.3810 
4.0079 
3.6906 
3.4164 
3.1779 
2.9679 
2.7815 
2.6150 
2.4650 
2.3295 
2.2060 
2.0933 
1.9899 
1.8945 
1.8064 
1.7246 
1.6485 
1.5774 
1.5110 
1.4488 
1.3903 
1.3353 
1.2834 
1.2344 
1.1881 
1.1442 
1.1027 
1.0632 
1.0258 
.9903 
.9564 
.9243 
.8937 
.8646 
.8369 
.8105 
.7854 
.7616 
.7390 
.7175 
.6971 
.6777 
.6595 
.6422 
.6260 
.6107 
.5965 
.5832 
.5708 
.5594 
.5490 
.5396 
.5311 
.5235 
.5170 
.5115 


166.66 
38.448 
21.721 
15.127 
11.598 
9.3944 
7.8894 
6.7953 
5.9621 
5.3072 
4.7777 
4.3413 
3.9743 
3.6612 
3.3915 
3.1556 
2.9482 
2.7641 
2.5991 
2.4509 
2.3167 
2.1944 
2.0827 
1.9800 
1.8854 
1.7980 
1.7167 
1.6412 
1.5707 
1.5046 
1.4428 
1.3847 
1.3300 
1.2784 
1.2296 
1.1836 
1.1399 
1.0986 
1.0594 
1.0222 
.9868 
.9532 
.9212 
.8907 
.8618 
.8342 
.8080 
.7830 
.7593 
.7368 
.7153 
.6951 
.6758 
.6577 
.6406 
.6249 
.6092 
.5951 
.5819 
.5696 
.5583 
.5480 
.5387 
.5303 
.5229 
.5164 
.5110 


125.62 
35.713 
20.818 
14.682 
11.330 
9.2199 
7.7658 
6.7013 
5.8893 
5.2488 
4.7300 
4.3013 
3.9405 
3.6324 
3.3664 
3.1337 
2.9292 
2.7468 
2.5837 
2.4370 
2.3039 
2.1828 
2.0720 
1.9702 
1.8763 
1.7896 
1.7089 
1.6339 
1.5638 
1.4982 
1.4368 
1.3791 
1.3247 
1.2733 
1.2249 
1.1791 
1.1357 
1 0946 
1.0556 
1.0185 
.9834 
.9499 
.9181 
.8877 
.8590 
.8315 
.8054 
.7806 
.7570 
.7346 
.7133 
.6931 
.6740 
.6559 
.6389 
.6229 
.6078 
.5937 
.5806 
.5685 
.5573 
.5470 
.5378 
.5295 
.5222 
.5158 
.5105 


100.19 
33.340 
19.975 
14.257 
11.078 
9.0492 
7.6434 
6.6110 
5.8192 
5.1928 
4.6841 
4.2623 
3.9074 
3.6040 
3.3417 
3.1120 
2.9097 
2.7295 
2.5684 
2.4230 
2.2914 
2.1712 
2.0614 
1.9605 
1.8674 
1.7812 
1.7012 
1.6267 
1.5571 
1.4919 
1.4309 
1.3734 
1.3193 
1.2684 
1.2202 
1.1747 
1.1315 
1.0907 
1.0518 
1.0150 
.9800 
.9467 
.9149 
.8848 
.8561 
.8288 
.8029 
.7782 
.7547 
.7324 
.7112 
.6912 
.6722 
.6542 
.6372 
.6213 
.6064 
.5924 
.5794 
.5673 
.5562 
.5461 
.5369 
.5287 
.5215 
.5153 
.5101 


83.327 
31.234 
19.208 
13.862 
10.833 
8.8870 
7.5272 
6.5218 
5.7493 
5.1367 
4.6382 
4.2247 
3.8748 
3.5764 
3.3174 
3.0906 
2.8908 
2.7126 
2.5533 
2.4093 
2.2788 
2.1599 
2.0509 
1.9508 
1.8585 
1.7729 
1.6936 
1.6195 
l .5503 
1.4856 
1.4250 
1.3679 
1.3142 
1.2635 
1.2156 
1.1702 
1.1273 
1.0867 
1.0480 
1.0114 
.9765 
.9434 
.9119 
.8819 
.8534 
.8262 
.8003 
.7758 
.7524 
.7302 
.7091 
.6892 
.6703 
.6524 
.6356 
.6198 
.6049 
.5910 
.5781 
.5661 
.5552 
.5451 
.5360 
.5279 
.5208 
.5147 
.5096 


71.268 
29.403 
18.501 
13.489 
10.602 
8.7312 
7.4120 
6.4362 
5.6823 
5.0821 
4.5937 
4.1869 
3.8434 
3.5487 
3.2934 
3.0696 
2.8721 
2.6960 
2.5380 
2.3956 
2.2663 
2.1485 
2.0405 
1.9412 
1.8497 
1.7648 
1.6859 
1.6124 
1.5438 
1.4794 
1.4191 
1.3624 
1.3089 
1.2586 
1.2109 
1.1659 
1.1232 
1.0827 
1.0443 
1.0078 
.9731 
.9402 
.9088 
.8789 
.8506 
.8235 
.7978 
.7734 
.7501 
.7281 
.7071 
.6873 
.6685 
.6507 
.6340 
.6182 
.6035 
.5897 
.5769 
.5650 
.5541 
.5442 
.5352 
.5272 
.5202 
.5141 
.5091 


62.531 
27.775 
17.842 
13.128 
10.382 
8.5777 
7.3024 
6.3514 
5.6158 
5.0291 
4.5494 
4.1497 
3.8117 
3.5216 
3.2696 
3.0487 
2.8533 
2.6794 
2.5232 
2.3821 
2.2541 
2.1372 
2.0303 
1.9317 
1.8409 
1.7567 
1.6783 
1.6053 
1.5372 
1.4732 
1.4133 
1.3569 
1.3038 
1.2537 
1.2063 
1.1615 
1.1191 
1.0788 
1.0406 
1.0043 
.9698 
.9370 
.9057 
.8761 
.8478 
.8209 
.7953 
.7710 
.7479 
.7259 
.7051 
.6853 
.6667 
.6490 
.6324 
.6167 
.6021 
.5884 
.5756 
.5639 
.5531 
.5432 
.5343 
.5264 
.5195 
.5136 
.5087 


55.516 
26.297 
17.218 
12.786 
10.165 
8.4315 
7.1938 
6.2704 
5.5518 
4.9766 
4.5061 
4.1137 
3.7806 
3.4947 
3.2488 
3.0281 
2.8350 
2.6629 
2.5086 
2.3689 
2.2419 
2.1262 
2.0201 
1.9223 
1.8322 
1.7485 
1.6707 
1.5982 
1.5306 
1.4670 
1.4075 
1.3515 
1.2986 
1.2488 
1.2017 
1.1571 
1.1149 
1.0748 
1.0369 
1.0007 
.9664 
.9338 
.9027 
.8732 
.8450 
.8183 
.7929 
.7687 
.7456 
.7238 
.7031 
.6834 
.6648 
.6473 
.6308 
.6152 
.6006 
.5871 
.5744 
.5628 
.5520 
.5423 
.5335 
.5257 
.5189 
.5131 
.5083 


293 


Volume i 7 , April, 1946 



Table IV.— Continued. 
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Table V.— Continued. 



.000 

.002 

.004 

.006 

.008 


.000 

.002 

.004 

.006 

.008 

.58 

1.5240 

1.5175 

1.5110 

1.5046 

1.4982 

1.29 

.5215 

.5208 

.5202 

.5195 

.5189 

.59 

1.4919 

1.4856 

1.4794 

1.4732 

1.4670 

1.30 

.5182 

.5176 

.5170 

.5164 

.5158 

.60 

1.4609 

1.4548 

1.4488 

1.4428 

1.4368 

1.31 

.5153 

.5147 

.5141 

.5136 

.5131 

.61 

1.4309 

1.4250 

1.4191 

1.4133 

1.4075 

1.32 

.5125 

.5120 

.5115 

.5110 

.5105 

.62 

1.4017 

1.3960 

1.3903 

1.3847 

1.3791 

1.33 

.5101 

.5096 

.5091 

.5087 

.5083 

.63 

1.3734 

1.3679 

1.3624 

1.3569 

1.3515 

1.34 

.5079 

.5075 

.5070 

.5067 

.5063 

.64 

1.3460 

1.3407 

1.3353 

1.3300 

1.3247 

1.35 

.5059 

.5056 

.5052 

.5049 

.5045 

.65 

1.3193 

1.3142 

1.3089 

1.3038 

1.2986 

1.36 

.5042 

.5039 

.5036 

.5034 

.5031 

.66 

1.2935 

1.2885 

1.2834 

1.2784 

1.2733 

1.37 

.5028 

.5026 

.5023 

.5021 

.5019 

.67 

1.26C4 

1.2635 

1.2586 

1.2537 

1.2488 

1.38 

.5017 

.5015 

.5013 

.5011 

.5010 

.68 

1.2440 

1.2392 

1.2344 

1.2296 

1.2249 

1.39 

.5008 

.5007 

.5006 

.5005 

.5004 

.69 

1.2202 

1.2156 

1.2109 

1.2063 

1.2017 

1.40 

.5003 

.5002 

.5001 

.5001 

.5000 

.70 

1.1972 

1.1926 

1.1881 

1.1836 

1.1791 

1.41 

.5000 

.5000 

.5000 

.5000 

.5000 

.71 

1.1747 

1.1702 

1.1659 

1.1615 

1.1571 

1.42 

.5000 

.5001 

.5001 

.5002 

5003 

.72 

1.1528 

1.1485 

1.1442 

1.1399 

1.1357 

1.43 

.5004 

.5005 

.5006 

.5007 

.5008 

.73 

1.1315 

1.1273 

1.1232 

1.1191 

1.1149 

1.44 

.5010 

.5012 

.5013 

.5015 

,50i7 

.74 

1.1108 

1.1067 

1.1027 

1.0986 

1.0946 

1.45 

.5019 

5022 

.5024 

.5027 

.5030 

.75 

1.0907 

1.0867 

1.0827 

1.0788 

1.0748 

1.46 

.5032 

.5035 

.5038 

.5042 

.5045 

.76 

1.0709 

1.0671 

1.0632 

1.0594 

1.0556 

1.47 

.5048 

.5052 

.5056 

.5060 

.5064 

.77 

1.0518 

1.0480 

1.0443 

1.0406 

1.0369 

1.48 

.5068 

.5072 

.5077 

.5081 

.5086 

.78 

1.0331 

1.0295 

1.0258 

1.0222 

1.0185 

1.49 

.5091 

.5096 

.5101 

.5107 

.5112 

.79 

1.0150 

1.0114 

1.0078 

1.0043 

1.0007 

1.50 

.5118 

.5124 

.5130 

.5136 

.5142 

.80 

.9972 

.9937 

.9903 

.9868 

.9834 

1.51 

.5148 

.5155 

.5162 

.5169 

.5176 

.81 

.9800 

.9765 

.9731 

.9698 

.9664 

1.52 

.5183 

.5190 

.5198 

.5205 

.5213 

.82 

.9631 

.9597 

.9564 

.9532 

.9499 

1.53 

.5221 

.5230 

.5238 

.5247 

.5255 

.83 

.9467 

.9434 

.9402 

.9370 

.9338 

1.54 

.5264 

.5273 

.5282 

.5292 

.5301 

.84 

.9306 

.9274 

.9243 

.9212 

.9181 

1.55 

.5311 

.5321 

.5331 

.5341 

.5352 

.85 

.9149 

.9119 

.9088 

.9057 

.9027 

1.56 

.5362 

.5373 

.5384 

.5396 

.5407 

.86 

.8997 

.8967 

.8937 

.8907 

.8877 

1.57 

.5418 

.5430 

.5442 

.5454 

.5467 

.87 

.8848 

.8819 

.8789 

.8761 

.8732 

1.58 

.5479 

.5492 

.5505 

.5518 

.5532 

.88 

.8703 

.8674 

.8646 

.8618 

.8590 

1.59 

.5545 

.5559 

.5573 

.5587 

.5602 

.89 

.8561 

.8534 

.8506 

.8478 

.8450 

1.60 

.5616 

.5631 

.5647 

.5662 

.5677 

.90 

.8423 

.8396 

.8369 

.8342 

.8315 

1.61 

.5693 

.5709 

.5726 

.5742 

.5759 

.91 

.8288 

.8262 

.8235 

.8209 

.8183 

1.62 

.5776 

.5793 

.5811 

.5828 

.5846 

.92 

.8157 

.8131 

.8105 

.8080 

.8054 

1.63 

.5864 

.5883 

.5902 

.5921 

.5940 

.93 

.8029 

.8003 

.7978 

.7953 

.7929 

1.64 

.5960 

.5980 

.6000 

.6020 

.6041 

.94 

.7904 

.7879 

.7854 

.7830 

.7806 

1.65 

.6061 

.6083 

.6104 

.6126 

.6148 

.95 

.7782 

7758 

.7734 

.7710 

.7687 

1.66 

.6171 

.6194 

.6217 

.6240 

.6264 

96 

.7663 

.7639 

.7616 

.7593 

.7570 

1.67 

.6288 

.6312 

.6337 

.6362 

.6387 

.97 

.7547 

.7524 

.7501 

.7479 

.7456 

1.68 

.6412 

.6438 

.6465 

.6491 

.6518 

.98 

.7434 

.7412 

.7390 

.7368 

.7346 

1.69 

.6546 

.6574 

.6602 

.6630 

.6659 

.99 

.7324 

.7302 

.7281 

.7259 

.7238 

1.70 

.6688 

.6718 

.6749 

.6779 

.6810 

1.00 

.7217 

.7195 

.7175 

.7153 

.7133 

1.71 

.6841 

.6873 

.6905 

.6938 

.6971 

1.01 

.7112 

.7091 

.7071 

.7051 

.7031 

1.72 

.7005 

.7039 

.7073 

.7108 

.7143 

1.02 

.7010 

.6991 

.6971 

.6951 

.6931 

1.73 

.7179 

.7216 

.7253 

.7290 

.7328 

1.03 

.6912 

.6892 

.6873 

.6853 

.6834 

1.74 

.7367 

.7405 

.7445 

.7485 

.7526 

1.04 

.6815 

.6796 

.6777 

.6758 

.6740 

1.75 

.7567 

.7609 

.7652 

.7694 

.7738 

1.05 

.6722 

.6703 

.6685 

.6667 

.6648 

1.76 

.7782 

.7827 

.7873 

.7919 

.7966 

1.06 

.6630 

.6612 

.6595 

.6577 

.6559 

1.77 

.8014 

.8062 

.8111 

.8161 

.8212 

1.07 

.6542 

.6524 

.6507 

.6490 

.6473 

1.78 

.8263 

.8315 

.8368 

.8422 

.8476 

1.08 

.6456 

.6439 

.6422 

.6406 

.6389 

1.79 

.8531 

.8588 

.8645 

.8703 

.8762 

1.09 

.6372 

.6356 

.6340 

.6324 

.6308 

1.80 

.8822 

.8883 

.8945 

.9008 

.9072 

1.10 

.6292 

.6276 

.6260 

.6249 

.6229 

1.81 

.9137 

.9203 

.9270 

.9338 

.9409 

1.11 

.6213 

.6198 

.6182 

.6167 

.6152 

1.82 

.9479 

.9551 

.9624 

.9699 

.9775 

1.12 

.6137 

.6122 

.6107 

.6092 

.6078 

1.83 

.9852 

.9931 

1.0011 

1.0093 

1.0176 

1.13 

.6064 

.6049 

.6035 

.6021 

.6006 

1.84 

1.0261 

1.0348 

1.0436 

1.0526 

1.0618 

1.14 

.5993 

.5978 

.5965 

.5951 

.5937 

1.85 

1.0711 

1.0807 

1.0904 

1.1003 

1.1105 

1.15 

.5924 

.5910 

.5897 

.5884 

.5871 

1.86 

1.1209 

1.1314 

1.1423 

1.1533 

1.1647 

1.16 

.5857 

.5844 

.5832 

.5819 

.5806 

1.87 

1.1762 

1.1881 

1.2002 

1.2126 

1.2253 

1.17 

.5794 

.5781 

.5769 

.5756 

.5744 

1.88 

1.2384 

1.2517 

1.2654 

1.2794 

1.2939 

1.18 

.5732 

.5720 

* .5708 

.5696 

.5685 

1.89 

1.3086 

1.3238 

1.3393 

1.3555 

1.3720 

1.19 

.5673 

.5661 

.5650 

.5639 

.5628 

1.90 

1.3889 

1.4064 

1.4244 

1.4430 

1.4621 

1.20 

.5616 

.5605 

.5594 

.5583 

.5573 

1.91 

1.4819 

1.5023 

1.5235 

1.5452 

1.5678 

1.21 

.5562 

.5552 

.5541 

.5531 

.5520 

1.92 

1.5913 

1.6156 

1.6408 

1.6670 

1.6942 

1.22 

.5510 

.5500 

.5490 

.5480 

.5470 

1.93 

1.7226 

1.7521 

1.7831 

1.8153 

1.8491 

1.23 

.5461 

.5451 

.5442 

.5432 

.5423 

1.94 

1.8845 

1.9217 

1.9608 

2.0019 

2.0451 

1.24 

.5414 

.5405 

.5396 

.5387 

.5378 

1.95 

2.0911 

2.1399 

2.1917 

2.2469 

2.3056 

1.25 

.5369 

.5360 

.5352 

.5343 

5335 

1.96 

2.3689 

2.4367 

2.5103 

2.5898 

2.6767 

1.26 

.5327 

.5319 

5311 

.5303 

.5295 

1.97 

2.7719 

2.8766 

2.9932 

3.1239 

3.2717 

1.27 

.5287 

.5279 

.5272 

.5264 

.5257 

1.98 

3.4403 

3.6364 

3.8671 

4.1458 

4.4898 

1.28 

.5250 

.5243 

.5235 

.5229 

.5222 

1.99 

4.9321 

5.5296 

6.4024 

7.8633 

11.152 
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Table VI. Polarization factor, 


(£)* £ - as a function of sin 8 . 



.000 

.001 

.002 

.003 

.004 

.005 


.007 

.008 

.009 

.00 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.01 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

.02 

1.000 

1.000 

.999 

.999 

.999 

.999 

.999 

.999 

.999 

.999 

.03 

.999 

.999 

.999 

.999 

.999 

.999 

.999 

.999 

.999 

.998 

.04 

.998 

.998 

.998 

.998 

.998 

.998 

.998 

.998 

.998 

.998 

.05 

.997 

.997 

.997 

.997 

.997 

.997 

.997 

.997 

.997 

.997 

.06 

.996 

.996 

.996 

.996 

.996 

.996 

.996 

.996 

.995 

.995 

.07 

.995 

.995 

.995 

.995 

.995 

.994 

.994 

.994 

.994 

.994 

.08 

.994 

.993 

.993 

.993 

.993 

.993 

.993 

.992 

.992 

.992 

.09 

.992 

.992 

.992 

.991 

.991 

.991 

.991 

.991 

.990 

.990 

.10 

.990 

.990 

.990 

.989 

.989 

.989 

.989 

.989 

.988 

.988 

.11 

.988 

.988 

.988 

.987 

.987 

.987 

.987 

.986 

.986 

.986 

.12 

.986 

.985 

.985 

.985 

.985 

.984 

.984 

.984 

.984 

.984 

.13 

.983 

.983 

.983 

.982 

.982 

.982 

.982 

.981 

.981 

.981 

.14 

.981 

.980 

.980 

.980 

.979 

.979 

.979 

.979 

.978 

.978 

.15 

.978 

.977 

.977 

.977 

.977 

.976 

.976 

.976 

.975 

.975 

.16 

.975 

.974 

.974 

.974 

.973 

.973 

.973 

.973 

.972 

.972 

.17 

.972 

.971 

.971 

.971 

.970 

.970 

.970 

.969 

.969 

.969 

.18 

.968 

.968 

4 .967 

.967 

.967 

.966 

.966 

.966 

.965 

.965 

.19 

.965 

.964 

.964 

.963 

.963 

.963 

.962 

.962 

.962 

.961 

.20 

.961 

.960 

.960 

.960 

.959 

.959 

.958 

.958 

.958 

.957 

.21 

.957 

.957 

.956 

.956 

.955 

.955 

.954 

.954 

.954 

.953 

.22 

.953 

.952 

.952 

.952 

.951 

.951 

.950 

.950 

.949 

.949 

.23 

.949 

.948 

.948 

.947 

.947 . 

.946 

.946 

.946 

.945 

.945 

.24 

.944 

.944 

.943 

.943 

.942 

.942 

.941 

.941 

.941 

.940 

.25 

.940 

.939 

.939 

.938 

.938 

.937 

.937 

.936 

.936 

.935 

.26 

.935 

.934 

.934 

.933 

.933 

.932 

.932 

.931 

.931 

.930 

.27 

.930 

.929 

.929 

.928 

.928 

.927 

.927 

.926 

.926 

.925 

.28 

.925 

.924 

.924 

.923 

.923 

.922 

.922 

.921 

.921 

.920 

.29 

.920 

.919 

.919 

.918 

.918 

.917 

.917 

.916 

.916 

.915 

.30 

.914 

.914 

.913 

.913 

.912 

.912 

.911 

.911 

.910 

.910 

.31 

.909 

.908 

.908 

.907 

.907 

.906 

.906 

.905 

.905 

.904 

.32 

.903 

.903 

.902 

.902 

.901 

.901 

.900 

.899 

.899 

.898 

.33 

.898 

.897 

.897 

.896 

.895 

.895 

.894 

.894 

.893 

.893 

.34 

.892 

.891 

.891 

.890 

.890 

.889 

.888 

.888 

.887 

.887 

.35 

.886 

.885 

.885 

.884 

.884 

.883 

.882 

.882 

.881 

.881 

.36 

.880 

.879 

.879 

.878 

.878 

.877 

.876 

.876 

.875 

.875 

.37 

.874 

.873 

.873 

.872 

.871 

.871 

.870 

.870 

.869 

.868 

.38 

.868 

.867 

.866 

.866 

.865 

.865 

.864 

.863 

.863 

.862 

.39 

.861 

.861 

.860 

.860 

.859 

.858 

.858 

.857 

.856 

.856 

.40 

.855 

.854 

.854 

.853 

.853 

.852 

.851 

.851 

.850 

.849 

.41 

.849 

.848 

.847 

.847 

.846 

.846 

.845 

.844 

.844 

.843 

.42 

.842 

.842 

.841 

.840 

.840 

.839 

.838 

.838 

.837 

.836 

.43 

.836 

.835 

.835 

.834 

.833 

.833 

.832 

.831 

.831 

.830 

.44 

.829 

.829 

.828 

.827 

.827 

.826 

.825 

.825 

.824 

.823 

.45 

.823 

.822 

.822 

.821 

.820 

.820 

.819 

.818 

.818 

.817 

.46 

.816 

.816 

.815 

.814 

.814 

.813 

.812 

.812 

.811 

.810 

.47 

.810 

.809 

.809 

.808 

.807 

.807 

.806 

.805 

.805 

.804 

.48 

.803 

.803 

.802 

.801 

.801 

.800 

.800 

.799 

.798 

.798 

.49 

.797 

.796 

.796 

.795 

.794 

.794 

.793 

.792 

.792 

.791 


.791 

.790 

.789 

.789 

.788 

.787 

.787 

.786 

.785 

.785 


.784 

.784 

.783 

.782 

.782 

.781 

.781 

.780 

.779 

.779 

jj 

.778 

.777 

.777 

.776 

.776 

.775 

.774 

.774 

.773 

.773 

! s 5 

.772 

.771 

.771 

.770 

.770 

.769 

.768 

.768 

.767 

.767 

*54 

.766 

.766 

.765 

.764 

.764 

.763 

.763 

.762 

.761 

.761 

!55 

.760 

.760 

.759 

.759 

.758 

.757 

.757 

.756 

.756 

.755 

.56 

.755 

.754 

.754 

.753 

.752 

.752 

.751 

.751 

.750 

.750 

. 57 * 

.749 

.749 

.748 

.748 

.747 

.747 

.746 

* .746 

.745 

.745 

.58 

.744 

.744 

.743 

,742 

.742 

.741 

.741 

.740 

.740 

.740 

J 9 

.739 

.739 

.738 

.738 

.737 

.737 

.736 

.736 

.735 

.735 


.734 

.734 

.733 

.733 

.732 

.732 

.732 

.731 

.731 

.730 

,61 

.730 

.729 

.729 

.729 

.728 

.728 

.727 

.727 

.727 

.726 

- | 

.726 

.725 

.725 

.725 

.724 

.724 

.723 

.723 

.723 

.722 


.722 

.722 

.721 

.721 

.721 

.720 

.720 

.720 

.719 

.719 

.64 

.719 

.718 

.718 

.718 

.717 

.717 

.717 

.716 

.716 

.716 

.65 

.716 

.715 

.715 

.715 

.714 

.714 

.714 

.714 

.713 

.713 

.64 

.713 

.713 

.712 

.712 

.712 

.712 

.712 

.711 

.711 

.711 

*7 

.711 

.710 

,710 

.710 

.710 

.710 

.710 

.710 

.709 

.709 
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Table VI .— Continued , 



.000 

.001 

.002 

.003 

.004 

.005 

.006 

.007 

.008 

.009 


.709 

.709 

.709 

.709 

.709 

.708 

.708 

.708 

.708 

.708 

& 

.708 

.708 

.708 

.708 

.708 

.708 

. .707 

.707 

.707 

.707 

.70 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.71 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.708 

.72 

.708 

.708 

.708 

.708 

.708 

.708 

.708 

.708 

.708 

.709 

.73 

.709 

.709 

.709 

.709 

.709 

.709 

.710 

.710 

.710 

.710 

.74 

.710 

.710 

.711 

.711 

.711 

.711 

.712 

.712 

.712 

.712 

.75 

.713 

.713 

.713 

.713 

.714 

.714 

.714 

.715 

.715 

.715 

.76 

.716 

.716 

.716 

.717 

.717 

.717 

.718 

.718 

.718 

.719 

.77 

.719 

.720 

.720 

.720 

.721 

.721 

.722 

.722 

.723 

.723 

.78 

.724 

.724 

.724 

.725 

.725 

.726 

.726 

.727 

.728 

.728 

.79 

.729 

.729 

.730 

. 730 . 

.731 

.731 

.732 

.733 

.733 

.734 


.734 

.735 

.736 

.736 

.737 

.737 

.738 

.739 

.739 

.740 

.81 

.741 

.741 

.742 

.743 

.744 

.744 

.745 

.746 

.746 

.747 

.82 

.748 

.749 

.749 

.750 

.751 

.752 

.753 

.753 

.754 

.755 

.83 

.756 

.757 

.758 

.758 

.759 

.760 

.761 

.762 

.763 

.764 

.84 

.765 

.765 - 

.766 

.767 

.768 

.769 

.770 

.771 

.772 

.773 

.85 

.774 

.775 

.776 

.777 

.778 

.779 

.780 

.781 

.782 

.783 

.86 

.784 

.785 

.786 

.787 

.788 

.789 

.791 

.792 

.793 

.794 

.87 

.795 

.796 

.797 

.798 

.800 

.801 

.802 

.803 

.804 

.805 

.88 

.807 

.808 

.809 

.810 

.811 

.813 

.814 

.815 

.816 

.818 

.89 

.819 

.820 

.821 

.823 

.824 

.825 

.827 

.828 

.829 

.831 

.90 

.832 

.833 

.835 

.836 

.837 

.839 

.840 

.842 

.843 

.844 

.91 

.846 

.847 

.849 

.850 

.851 

.853 

.854 

.856 

.857 

.859 

.92 

.860 

.862 

.863 

.865 

.866 

.868 

.869 

.871 

.872 

.874 

.93 

.875 

.877 

.879 

.880 

.882 

.883 

.885 

.886 

.888 

.890 

.94 

.891 

.893 

.894 

.896 

.898 

.899 

.901 

.903 

.904 

.906 

.95 

.908 

.909 

.911 

.913 

.915 

.916 

.918 

.920 

.921 

.923 

.96 

.925 

.927 

.928 

.930 

.932 

.934 

.936 

.937 

.939 

.941 

.97 

.943 

.945 

.946 

.948 

.950 

.952 

.954 

.956 

.957 

.959 

.98 

.961 

.963 

.965 

.967 

.969 

.971 

.973 

.975 

.976 

.978 

.99 

.980 

.982 

.984 

.986 

.988 

.990 

.992 

.994 

.996 

.998 
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Table VII .— Continued . 



.000 

.002 

.004 

.006 

.008 


.000 

.002 

.004 

.006 

.008 

.62 

.909 

.908 

.908 

.907 

.907 

1.31 

.714 

.714 

.714 

.713 

.713 

.63 

.906 

.906 

.905 

• .905 

.904 

1.32 

.713 

.713 

.712 

.712 

.712 

.64 

.903 

.903 

.902 

.902 

.901 

1.33 

.712 

.712 

.711 

.711 

.711 

.65 

.901 

.900 

.899 

.899 

.898 

1.34 

.711 

.710 

.710 

.710 

.710 

.66 

.898 

.897 

.897 

.896 

.895 

1.35 

.710 

.710 

.710 

.709 

.709 

.67 

.895 

.894 

.894 

.893 

.893 

1.36 

.709 

.709 

.709 

.709 

.709 

.68 

.892 

.891 

.891 

.890 

.890 

1.37 

.708 

.708 

.708 

.708 

.708 

.69 

.889 

.888 

.888 

.887 

.887 

1.38 

.708 

.708 

.708 

.708 

.708 

.70 

.886 

.885 

.885 

.884 

.884 

1.39 

.708 

.707 

.707 

.707 

.707 

.71 

.883 

.882 

.882 

.881 

.881 

1.40 

.707 

.707 

.707 

.707 

.707 

.72 

.880 

.879 

.879 

.878 

.878 

1.41 

.707 

.707 

.707 

.707 

.707 

.73 

.877 

.876 

.876 

.875 

.875 

1.42 

.707 

.707 

.707 

.707 

.707 

.74 

.874 

.873 

.873 

.872 

.871 

1.43 

.707 

.707 

.707 

.707 

.708 

.75 

.871 

.870 

.870 

.869 

.868 

1.44 

.708 

.708 

.708 

.708 

.708 

.76 

.868 

.867 

.866 

.866 

.865 

1.45 

.708 

.708 

.708 

.708 

.709 

.77 

.865 

.864 

.863 

.863 

.862 

1.46 

.709 

.709 

.709 

.709 

.709 

.78 

.861 

.861 

.860 

.860 

.859 

1.47 

.709 

.710 

.710 

.710 

.710 

.79 

.858 

.858 

.857 

.856 

.856 

1.48 

.710 

.710 

.711 

.711 

.711 


.855 

.854 

.854 

.853 

.853 

1.49 

.711 

.712 

.712 

.712 

.712 

.81 

.852 

.851 

.851 

.850 

.849 

1.50 

.713 

.713 

.713 

.713 

.714 

.82 

.849 

.848 


.847 

.846 

1.51 

.714 

.714 

.715 

.715 

.715 

.83 

.846 

.845 

.844 

.844 

.843 

1.52 

.716 

.716 

.716 

.717 

.717 

.84 

.842 

.842 

.841 

.840 

.840 

1.53 

.717 

.718 

.718 

.718 

.719 

.85 

.839 

.838 

.838 

.837 

.836 

1.54 

.719 

.720 

.720 

.720 

.721 

.86 

.836 

.835 

.835 

.834 

.833 

1.55 

.721 

.722 

.722 

.723 

.723 

.87 

.833 

.832 

.831 

.831 

.830 

1.56 

.724 

.724 

.724 

.725 

.725 

.88 

.829 

.829 

.828 

.827 

.827 

1.57 

.726 

.726 

.727 

.728 

.728 

.89 

.826 

.825 

.825 

.824 

.823 

1.58 

.729 

.729 

.730 

.730 

.731 

.90 

.823 

.822 

.822 

.821 

.820 

1.59 

.731 

.732 

.733 

.733 

.734 

.91 

.820 

.819 

.818 

.818 

.817 

1.60 

.734 

.735 

.736 

.736 

.737 

.92 

.816 

.816 

.815 

.814 

.814 

1.61 

.737 

.738 

.739 

.739 

.740 

.93 

.813 

.812 

.812 

.811 

.810 

1.62 

.741 

.741 

.742 

.743 

.744 

.94 

.810 

.809 

.809 

.808 

.807 

1.63 

.744 

.745 

.746 

.746 

.747 

.95 

.807 

.806 

.805 

.805 

.804 

1.64 

.748 

.749 

.749 

.750 

.751 

.96 

.803 

.803 

.802 

.801 

.801 

1.65 

.752 

.753 

.753 

.754 

.755 

.97 

.800 

.800 

.799 

.798 

.798 

1.66 

.756 

.757 

.758 

.758 

.759 

.98 

.797 

.796 

.796 

.795 

.794 

1.67 

.760 

.761 

.762 

.763 

.764 

.99 

.794 

.793 

.792 

.792 

.791 

1.68 

.765 

.765 

.766 

.767 

.768 

1.00 

.791 

.790 

.789 

.789 

.788 

1.69 

.769 

.770 

.771 

.772 

.773 


.787 

.787 

.786 

.785 

.785 

1.70 

.774 

.775 

.776 

.777 

.778 

1.02 

.784 

.784 

.783 

.782 

.782 

1.71 

.779 

.780 

.781 

.782 

.783 

1.03 

.781 

.781 

.780 

.779 

.779 

1.72 

.784 

.785 

.786 

.787 

.788 

1.04 

.778 

.777 

.777 

.776 

.776 

1.73 

.789 

.791 

.792 

.793 

.794 

1.05 

.775 

.774 

.774 

.773 

.773 

1.74 

.795 

.796 

.797 

.798 

.800 

1.06 

.772 

.771 

.771 

.770 

.770 

1.75 

.801 

.802 

.803 

.804 

.805 


.769 

.768 

.768 

.767 

.767 

1.76 

.807 

.808 

.809 

.810 

.811 


.766 

.766 

.765 

.764 

.764 

1.77 

.813 

.814 

.815 

.816 

.818 


.763 

.763 

.762 

.761 

.761 

11 9 

.819 

.820 

.821 

.823 

.824 


.760 

.760 

.759 

.759 

.758 


.825 

.827 

.828 

.829 

.831 

1.11 

.757 

.757 

.756 

.756 

.755 

1.80 

.832 

.833 

.835 

.836 

.837 

1.12 

.755 

.754 

.754 

.753 

.752 

1.81 

.839 

.840 

.842 

.843 

.844 

1.13 

.752 

.751 

.751 

.750 

.750 

1.82 

.846 

.847 

.849 

.850 

.851 

1.14 

.749 

.749 

.748 

.748 

.747 

1.83 

.853 

.854 

.856 

.857 

.859 

1 . J 5 

.747 

.746 

.746 

.745 

.745 

1.84 

.860 

.862 

.863 

.865 

.866 

1.16 

.744 

.744 

.743 

.742 

.742 

1.85 

.868 

.869 

.871 

.872 

.874 

1 . 17 ; 

.741 

.741 

.740 

.740 

.740 

1.86 

.875 

.877 

.879 

.880 

.882 

l . i * 

.739 

.739 

.738 

.738 

.737 

1.87 

.883 

.885 

.886 

.888 

.890 

1.19 

.737 

.736 

.736 

.735 

.735 

1.88 

.891 

.893 

.894 

.896 

.898 

E£M 

.734 

.734 

.733 

.733 

.732 

1.89 

.899 

.901 

.903 

.904 

.906 

1.21 

.732 

.732 

.731 

.731 

.730 

1.90 

.908 

.909 

.911 

.913 

.915 

1.22 

.730 

.729 

.729 

.729 

.728 

1.91 

.916 

.918 

.920 

.921 

.923 

1 . 23 ; 

.728 

.727 

.727 

.727 

.726 

1.92 

.925 

.927 

.928 

.930 

.932 

1 .2 T 

.726 

.725 

.725 

.725 

.724 

1.93 

.934 

.936 

.937 

.939 

.941 

U 5 

US 

.724 

.723 

.723 

.723 

.722 

1.94 

.943 

.945 

.946 

.948 

.950 

.722 

.722 

.721 

.721 

.721 

1.95 

.952 

.954 

.956 

.957 

.959 

mm 

.720 

.720 

.720 

.719 

.719 

1.96 

.961 

.963 

.965 

.967 

.969 

1.28 

.719 

.718 

.718 

.718 

.717 

1.97 

.971 

.973 

.975 

.976 

.978 

1.29 

.717 

.717 

.716 

.716 

.716 

1.98 

.980 

.982 

.984 

.986 

.988 

1.30 

.716 

.715 

.715 

.715 

.714 

1.99 

.990 

.992 

.994 

.996 

.998 
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Table VIII . Unsealed part of Lorentz factor , ( S ‘ L $ [—(esc T)*], as a function of T. 



0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

0 

00 

23.09 

16.09 

13.08 

11.10 

10.07 

9.772 

9.047 

8.463 

7.979 

1 

7.570 

7.217 

6.910 

6.639 

6.398 

6.181 

5.985 

5.806 

5.643 

5.492 

2 

5.353 

5.224 

5.123 

4.992 

4.887 

4.789 

4.695 

4.608 

4.524 

4.446 

3 

4.371 

4.300 

4.232 

4.168 

4.106 

4.047 

3.991 

3.937 

3.885 

3.834 

4 

3.787 

3.740 

3.695 

3.652 

3.611 

3.571 

3.531 

3.493 

3.457 

3.422 

5 

3.387 

3.354 

3.321 

3.291 

3.260 

3.230 

3.202 

3.173 

3.146 

3.119 

6 

3.093 

3.068 

3.043 

3.019 

2.995 

2.972 

2.950 

2.928 

2.906 

2.885 

7 

2.865 

2.844 

2.825 

2.805 

2.786 

2.768 

2.750 

2.732 

2.714 

2.697 

8 

2.680 

2.664 

2.648 

2.632 

2.616 

2.601 

2.586 

2.571 

2.557 

2.542 

9 

2 . 52 S 

2.515 

2.501 

2.488 

2.474 

2.462 

2.449 

2.436 

2.424 

2.412 

10 

2.400 

2.388 

2.376 

2.365 

2.354 

2.342 

2.332 

2.321 

2.310 

2.300 

11 

2.289 

2.279 

2.269 

2.259 

2.249 

2.240 

2.230 

2.221 

2.211 

2.202 

12 

2.193 

2.184 

2.175 

2.167 

2.158 

2.149 

2.141 

2.133 

2.125 

2.116 

13 

2.108 

2.100 

2.093 

2.085 

2.077 

2.070 

2.062 

2.055 

2.047 

2.040 

14 

2.033 

2.026 

2.019 

2.012 

2.005 

1.998 

1.992 

1.985 

1.979 

1.972 

IS 

1.966 

1.959 

1.953 

1.947 

1.941 

1.934 

1.928 

1.922 

1.917 

1.910 

16 

1.905 

1.899 

1.893 

1.888 

1.882 

1.876 

1.871 

1.865 

1.860 

1.855 

17 

1.849 

1.844 

1.839 

1.834 

1.829 

1.824 

1.819 

1.814 

1.809 

1.804 

18 

1.799 

1.794 

1.789 

1.785 

1.780 

1.775 

1.771 

1.766 

1.762 

1.757 

19 

1.753 

1.748 

1.744 

1.740 

1.735 

1.731 

1.727 

1.722 

1.718 

1.714 

20 

1.710 

1.706 

1.702 

1.698 

1.694 

1.690 

1.686 

1.682 

1.678 

1.674 

21 

1.670 

1.667 

1.663 

1.659 

1.656 

1.652 

1.648 

1.645 

1.641 

1.637 

22 

1.634 

1.630 

1.627 

1.623 

1.620 

1.616 

1.613 

1.610 

1.607 

1.603 

23 

1.600 

1.597 

1.593 

1.590 

1.587 

1.584 

1.581 

1.577 

1.574 

1.571 

24 

1.568 

1.565 

1.562 

1.559 

1.556 

1.553 

1.550 

1.547 

1.544 

1.541 

25 

1.538 

1.535 

1.533 

1.530 

1.527 

1.524 

1.521 

1.519 

1.516 

1.513 

26 

1.510 

1.508 

1.505 

1.502 

1.500 

1.497 

1.494 

1.492 

1.489 

1.487 

27 

1.484 

1.482 

1.479 

1.476 

1.474 

1.472 

1.469 

1.467 

1.464 

1.462 

28 

1.459 

1.457 

1.455 

1.452 

1.450 

1.448 

1.445 

1.443 

1.441 

1.438 

29 

1.436 

1.434 

1.432 

1.429 

1.427 

1.425 

1.423 

1.421 

1.418 

1.416 

30 

i 1.414 

1.412 

1.410 

1.408 

1.406 

1.404 

1.402 

1.400 

1.397 

1.395 

31 

1.393 

1.391 

1.389 

1.387 

1.385 

1.383 

1.381 

1.379 

1.377 

1.375 

32 

| 1.374 

1.372 

1.370 

1.368 

1.366 

1.364 

1.362 

1.361 

1.359 

1.357 

33 

1.355 

1.353 

1.351 

1.349 

1.348 

1.346 

1.344 

1.342 

1.341 

1.339 

34 

1.337 

1.336 

1.334 

1.332 

1.330 

1.329 

1.327 

1.326 

1.324 

1.322 

35 

1.320 

1.319 

1.317 

1.316 

1.314 

1.312 

1.311 

1.309 

1.308 

1.306 

36 

1.304 

1.303 

1.301 

1.300 

1.298 

1.297 

1.295 

1.293 

1.292 

1.291 

37 

1.289 

1.288 

1.286 

1.285 

1.283 

1.282 ‘ 

1.280 

1.279 

1.277 

1.276 

38 

1.274 

1.273 

1.272 

1.270 

1.269 

1.267 

1.266 

1.265 

1.263 

1.262 

39 

1.261 

1.259 

1.258 

1.257 

1.255 

1.254 

1.253 

1.251 

1.250 

1.249 

40 

1.247 

1.246 

1.245 

1.243 

1.242 

1.241 

1.240 

1.239 

1.237 

1.236 

41 

1.235 

1.233 

1.232 

1.231 

1.230 

1.228 

1.227 

1.226 

1.225 

1.224 

42 

1.222 

1.221 

1.220 

1.219 

1.218 

1.217 

1.215 

1.214 

1.213 

1.212 

43 

1.211 

1.210 

1.209 

1.207 

1.206 

1.205 

1.204 

1.203 

1.202 

1.201 

44 

1.200 

1.199 

1.197 

1.196 

1.195 

1.194 

1.193 

1.192 

1.191 

1.190 

45 

1.189 

1.188 

1.187 

1.186 

1.185 

1.184 

1.183 

1.182 

1.181 

1.180 

46 

1.179 

1.178 

1.177 

1.176 

1.175 

1.174 

1.173 

1.172 

1.171 

1.170 

47 

1.169 

1.168 

1.167 

1.167 

1.166 

1.165 

1.164 

1.163 

1.162 

1.161 

48 

1.160 

1.159 

1.158 

1.157 

1.156 

1.155 

1.155 

1.154 

1.153 

1.152 

49 

1.151 

1.150 

1.149 

1.148 

1.148 

1.147 

1.146 

1.145 

1.144 

1.143 

50 

1.142 

1.142 

1.141 

1.140 

1.139 

1.138 

1.138 

1.137 

1.136 

1.135 

51 

1.134 

1.134 

1.133 

1.132 

1.131 

1.130 

1.130 

1.129 

1.128 

1.127 

52 

1.126 

1.126 

1.125 

1.124 

1.123 

1.122 

1.122 

1.121 

1.120 

1.120 

53 

1.119 

1.118 

1.118 

1.117 

1.116 

1.115 

1.114 

1.114 

1.113 

1.113 

54 

1.112 

1.111 

1.110 

1.110 

1.109 

1.108 

1.108 

1.107 

1.106 

1.105 

55 

1.105 

1.104 

1.104 

1.103 

1.102 

1.101 

1.101 

1.100 

1.100 

1.099 

56 

1.098 

1.098 

1.097 

1.096 

1.096 

1.095 

1.095 

1.094 

1.093 

1.093 

57 

1.092 

1.091 

1.091 

1.090 

1.089 

1.089 

1.088 

1.088 

1.087 

1.086 

58 

1.086 

1.085 

1.085 

1.084 

1.084 

1.083 

1.083 

1.082 

1.081 

1.081 

59 

1.080 

1.079 

1.079 

1.078 

1.078 

1.077 

1.077 

1.076 

1.076 

1.075 

60 

1.075 

1.074 

1.073 

1.073 

1.072 

1.072 

1.071 

1.071 

1.070 

1.070 

61 

1.069 

1.069 

1.068 

1.068 

1.067 

1.067 

1.066 

1.066 

1.065 

1.065 

62 

1.064 

1.064 

1.063 

1.063 

1.062 

1.062 

1.061 

1.061 

1.060 

1*060 

63 

1.059 

1.059 

1.058 

1.058 

1.057 

1.057 

1.056 

1.056 

1.056 

1.055 

64 

1.055 

1.055 

1.054 

1.054 

1.053 

1.053 

1.052 

1.052 

1.051 

1.051 

65 

1.050 

1.050 

1.050 

1.049 

1.049 

1.048 

1.048 

1.047 

1.047 

1.046 

66 

1.046 

1.046 

IMS 

1.045 

1.045 

1.044 

1.044 

1.044 

1.043 

1.043 

67 

1.042 

1.042 

1.042 

1.041 

1.041 

1.040 

1.040 

1.040 

1.039 

1.039 

68 

1.039 

1.038 

1.038 

1.037 

1.037 

1.037 

1.036 

1.036 

1.036 

1.035 
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Table VIII .— Continued . 



0 

.1 

.2 

.3 

. 4 % 

.5 

.6 

.7 

.8 

.9 

69 

1.035 

1.034 

1.034 

1.034 

1.033 

1.033 

1.033 

1.032 

1.032 

1.032 

70 

1.031 

1.031 

1.031 

1.031 

1.031 

1.030 

1.030 

1.030 

1.029 

1.029 

71 

1.029 

1.028 

1.028 

1.028 

1.027 

1.027 

1.027 

1.026 

1.026 

1.026 

72 

1.025 

1.025 

1.025 

1.025 

1.024 

1.024 

1.024 

1.023 

1.023 

1.023 

73 

1.023 

1.022 

1.022 

1.022 

1.021 

1.021 

1.021 

1.021 

1.020 

1.020 

74 

1.020 

1.020 

1.019 

1 019 

1.019 

1.019 

1.018 

1.018 

1.018 

1.018 

75 

1.017 

1.017 

1.017 

1.017 

1.016 

1.016 

1.016 

1.016 

1.016 

1.015 

76 

1.015 

1.015 

1.015 

1.014 

1.014 

1.014 

1.014 

1.014 

1.013 

1.013 

77 

1.013 

1.013 

1.012 

1.012 

1.012 

1.012 

1.012 

1.011 

1.011 

1.011 

78 

1.011 

1.011 

1.011 

1.010 

1.010 

1.010 

1.010 

1.010 

1.009 

1.009 

79 

1.009 

1.009 

1.009 

1.009 

1.008 

1.008 

1.008 

1.008 

1.008 

1.008 

80 

1.007 

1.007 

1.007 

1.007 

1.007 

1.007 

1.007 

1.006 

1.006 

1.006 

81 

1.006 

1.006 

1.006 

1.006 

1.005 

1.005 

1.005 

1.005 

1.005 

1.005 

82 

1.005 

1.005 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

83 

1.004 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

84 

1.003 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

85 

1.002 

1.002 

1.002 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

86 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.000 

87 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

88 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

89 

1.000 

1.000 

1 .00 C 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

90 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

91 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

92 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

93 

1.000 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

94 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.001 

1.002 

1.002 

1.002 

95 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.002 

1.003 

96 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.003 

1.004 

97 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

1.004 

1.005 

1.005 

98 

1.005 

1.005 

1.005 

1.005 

1.005 

1.005 

1.006 

1.006 

1.006 

1.006 

99 

1.006 

1.006 

1006 

1.007 

1.007 

1.007 

1.007 

1.007 

1.007 

1.007 

100 

1.008 

1.008 

1.008 

1.008 

1.008 

1.008 

1.009 

1.009 

1.009 

1.009 

101 

1.009 

1.009 

1.010 

1.010 

1.010 

1.010 

1.010 

1.011 

1.011 

1.011 

102 

1.011 

1.011 

1.011 

1.012 

1.012 

1.012 

1.012 

1.012 

1.013 

1.013 

103 

1.013 

1.013 

1.014 

1.014 

1.014 

1.014 

1.014 

1.015 

1.015 

1.015 

104 

1.015 

1.016 

1.016 

1.016 

1.016 

1.016 

1.017 

1.017 

1.017 

1.017 

105 

1.018 

1.018 

1.018 

1.018 

1.019 

1.019 

1,019 

1.019 

1.020 

1.020 

106 

1.020 

1.020 

1.021 

1.021 

1.021 

1.021 

1.022 

1.022 

1.022 

1.023 

107 

1.023 

1.023 

1.023 

1.024 

1.024 

1.024 

1.025 

1.025 

1.025 

1.025 

108 

1.026 

1.026 

1.026 

1.027 

1.027 

1.027 

1.028 

1.028 

1.028 

1.029 

109 

| 1.029 

1.029 

1.030 

1.030 

1.030 

1.031 

1.031 

1.031 

1.031 

1.031 

mm 

1.032 

1.032 

1.032 

1.033 

1.033 

1.033 

1.034 

1.034 

1.034 

1.035 

111 

1.035 

1.036 

1.036 

1.036 

1.037 

1.037 

1.037 

1.038 

1.038 

1.039 

112 

1.039 

1.039 

1.040 

1.040 

1.040 

1.041 

1.041 

1.042 

1.042 

1.042 


1.043 

1.043 

1.044 

1.044 

1.044 

1.045 

1.045 

1.045 

1.046 

1.046 

114 

1.046 

1.047 

1.047 

1.048 

1.048 

1.049 

1.049 

1.050 

1.050 

1.050 

115 

1.051 

1.051 

1.052 

1.052 

1.053 

1.053 

1.054 

1.054 

1.055 

1.055 

116 

1.055 

1.056 

1.056 

1.056 

1.057 

1.057 

1.058 

1.058 ' 

1.059 

1.059 

117 

1.060 

1.060 

1.061 

1.061 

1.062 

1.062 

1.063 

1.063 

1.064 

1.064 

118 

1.065 

1.065 

1.066 

1.066 

1.067 

1.067 

1.068 

1.068 

1.069 

1.069 

119 

1.070 

1.070 

1.071 

1.071 

1.072 

1.072 

1.073 

1.073 

1.074 

1.075 

1H 

1.075 

1.076 

1.076 

1.077 

1.077 

1.078 

1.078 

1.079 

1.079 

1.080 

121 

1.081 

1.081 

1.082 

1.083 

1.083 

1.084 

1.084 

1.085 

1.085 

1.086 

122 

1.086 

1.087 

1.088 

1.088 

1.089 

1.089 

1.090 

1.091 

1.091 

1.092 

123 

i J-W3 

1.093 

1.094 

1.095 

1.095 

1.096 

1.096 

1.097 

1.098 

1.098 

124 

| 71.099 

1.100 

1.100 

1.101 

1.101 

1.102 

1.103 

1.104 

1.104 

1.105 

125 

1.105 

1.106 

1.107 

1.108 

1.108 

1.109 

1.110 

1.110 

1.111 

1.112 

126 

1.113 

1.113 

1.114 

1.114 

1.115 

1.116 

1.117 

1.118 

1.118 

1.119 

127 

1.120 

1.120 

1.121 

1.122 

1.122 

1.123 

1.124 

1.125 

1.126 

1.126 


1.127 

1.128 

1.129 

1.130 

1.130 

1.131 

1.132 

1.133 

1.134 

1.134 

129 

1.135 

1.136 

1.137 

1.138 

1.138 

1.139 

1.140 

1.141 

1.142 

1.142 

130 

* 1.143 

1.144 

1.145 

1.146 

1.147 

1.148 

1.148 

1.149 

1.150 

1.151 

131 

1.152 

1.153 

1.154 

1.155 

1.155 

1.156 

1.157 

1.158 

1.159 

1.160 

132 *, 

1,161 

1.162 

1,163 

1.164 

1.165 

1.166 

1.167 

1.167 

1.168 

1.169 

131 r 

} 1*170 

1.171 

1.172 

1.173 

1.174 

1.175 

1.176 

1.177 

1.178 

1.179 

134 

1.180 

1.181 

1.182 

1.183 

1.184 

1.185 

1.186 

1.187 

1.188 

1.189 

135 

1.190 

1.191 

1.192 

1.193 

1,194 

1.195 

1.196 

1.197 

1.199 

1.200 

136 

1.201 

1.202 

1.203 

1.204 

1.205 

1.206 

1.207 

1.209 

1.210 

1.211 

137 

1.212 

1.213 

1.214 

1.215 

1.217 

1.218 

1.219 

1.220 

1.221 

1.222 
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Table VIII .— Continued . 



0 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 

138 


1.224 

1.225 

1.226 

1.227 

1.228 

1.230 

1.231 

1.232 

1.233 

1.235 

139 


1.236 

1.237 

1.239 

1.240 

1.241 

1.242 

1.243 

1.245 

1.246 

1.247 

140 


1.249 

1.250 

1.251 

1.253 

1.254 

1.255 

1.257 

1.258 

1.259 

1.261 

141 


1.262 

1.263 

1.265 

1.266 

1.267 

1.269 

1.270 

1.272 

1.273 

1.274 

142 


1.276 

1.277 

1.279 

1.280 

1.282 

1.283 

1.285 

1.286 

1.288 

1.289 

143 


1.291 

1.292 

1.293 

1.295 

1.297 

1.298 

1.300 

1.301 

1.303 

1.304 

144 


1.306 

1.308 

1.309 

1.311 

1.312 

1.314 

1.316 

1.317 

1.319 

1.320 

145 


1.322 

1.324 

1.326 

1.327 

1.329 

1.330 

1.332 

1.334 

1.336 

1.337 

146 


1.339 

1.341 

1.342 

1.344 

1.346 

1.348 

1.349 

1.351 

1.353 

1.355 

147 


1.357 

1.359 

1.361 

1.362 

1.364 

1.366 

1.368 

1.370 

1.372 

1.374 

148 


1.375 

1.377 

1.379 

1.381 

1.383 

1.385 

1.387 

1.389 

1.391 

1.393 

149 


1.395 

1.397 

1.400 

1.402 

1.404 

1.406 

1.408 

1.410 

1.412 

1.414 

150 


1.416 

1.418 

1.421 

1.423 

1.425 

1.427 

1.429 

1.432 

1.434 

1.436 

151 


1.438 

1.441 

1.443 

1.445 

1.448 

1.450 

1.452 

1.455 

1.457 

1.459 

152 


1.462 

1.464 

1.467 

1.469 

1.472 

1.474 

1.476 

1.479 

1.482 

1.484 

153 


1487 

1.489 

1.492 

1.494 

1.497 

1.500 

1.502 

1.505 

1.508 

1.510 

154 


1.513 

1.516 

1.519 

1.521 

1.524 

1.527 

1.530 

1.533 

1.535 

1.538 

155 


1.541 

1.544 

1.547 

1.550 

1.553 

1.556 

1.559 

1.562 

1.565 

1.568 

156 


1.571 

1.574 

1.577 

1.581 

1.584 

1.587 

1.590 

1.593 

1.597 

1.600 

157 


1.603 

1.607 

1.610 

1.613 

1.616 

1.620 

1.623 

1.627 

1.630 

1.634 

158 


1.637 

1.641 

1.645 

1.648 

1.652 

1.656 

1.659 

1.663 

1.667 

1.670 

159 


1.674 

1.678 

1.682 

1.686 

1.690 

1.694 

1.698 

1.702 

1.706 

1.710 

160 


1.714 

1.718 

1.722 

1.727 

1.731 

1.735 

1.740 

1.744 

1.748 

1.753 

161 


1.757 

1.762 

1.766 

1.771 

1.775 

1.780 

1.785 

1.789 

1.794 

1.799 

162 


1.804 

1.809 

1.814 

1.819 

1.824 

1.829 

1.834 

1.839 

1.844 

1.849 

163 


1.855 

1.860 

1.865 

1.871 

1.876 

1.882 

1.888 

1.893 

1.899 

1.905 

164 

, 

1.910 

1.917 

1.922 

1.928 

1.934 

1.941 

1.947 

1.953 

1.959 

1.966 

165 


1.972 

1.979 

1.985 

1.992 

1.998 

2.005 

2.01*2 

2.019 

2.026 

2.033 

166 


2.040 

2.047 

2.055 

2.062 

2.070 

2.077 

2.085 

2.093 

2.100 

2.108 

167 


2.116 

2.125 

2.133 

2.141 

2.149 

2.158 

2.167 

2.175 

2.184 

2.193 

168 


2.202 

2.211 

2.221 

2.230 

2.240 

2.249 

2.259 

2.269 

2.279 

2.289 

169 


2.300 

2.310 

2.321 

2.332 

2.342 

2.354 

2.365 

2.376 

2.388 

2.400 

170 


2.412 

2.424 

2.436 

2.449 

2.462 

2.474 

2.488 

2.501 

2.515 

2.528 

171 


2.542 

2.557 

2.571 

2.586 

2.601 

2.616 

2.632 

2.648 

2.664 

2.680 

172 


2.697 

2.714 

2.732 

2.750 

2.768 

2.786 

2.805 

2.825 

2.844 

2.865 

173 


2.885 

2.906 

2.928 

2.950 

2.972 

2.995 

3.019 

3.043 

3.068 

3.093 

174 


3.119 

3.146 

3.173 

3.202 

3.230 

3.260 

3.291 

3.321 

3.354 

3.387 

175 


3.422 

3.457 

3.493 

3.531 

3.571 

3.611 

3.652 

3.695 

3.740 

3.787 

176 


3.834 

3.885 

3.937 

3.991 

4.047 

4.106 

4.168 

4.232 

4.300 

4.371 

177 


4.446 

4.524 

4.608 

4.695 

4.789 

4.887 

4.992 

5.123 

5.224 

5.353 

178 


5.492 

5.643 

5.806 

5.985 

6.181 

6.398 

6.639 

6.910 

7.217 

7.570 

179 


7.979 

8.463 

9.047 

9.772 

10.07 

11.10 

13.08 

16.09 

23.09 

00 

the computation reduces to the following com- The above computing scheme 

is discussed in 


paratively simple form 

I^lCiAi +{Ci/?i 

+Cniiii +Cii 5 n 

+ Ciiiiim + CuiBiu } 2 

+ •••}’. ( IS ) 

In the fortunate case that the crystal has in¬ 
version centers and that the origin is chosen at 
one of these, the right-hand column of (IS), which 
represents the imaginary component, vanishes, 
and the computation can be further simplified to 

+Ct&t 


greater detail elsewhere. 4 

APPENDIX 

In an earlier paper we presented tables which 
simplified the computation of <r, which is the 
argument required when looking up the polariza¬ 
tion factor of a reflection. We take this oppor¬ 
tunity to present two other tables which simplify 
this computation further for the particular case 
of zero level reflections of tetragonal and hex¬ 
agonal crystals. For these cases, 

Tetragonal: <70 = $=a*(A*+fc 2 )*, (17) 

Hexagonal: <ro= $=a*(fc 2 +fe 2 +ftfe)** (18) 


The functions (& 2 +fc 2 )* and (i h *+ k 2 +hk )* are 
(16) given in Tables XI and XII 
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Table IX. Lorentt-polarization factor, (L J* a function of sin 0. 

Valid only for zero level when / i - 0 . 
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Table IX .— Continued . 



.000 

.001 

.002 

.003 

.004 

.005 

.006 

.007 

.008 

.009 

.67 

.713 

.712 

.712 

.712 

.712 

.711 

.711 

.711 

.711 

.710 

.68 

.710 

.710 

.710 

.710 

.709 

.709 

.709 

.709 

.709 

.708 

.69 

.708 

.708 

.708 

.708 

.708 

.708 

.708 

.708 

.707 

.707 

.70 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.71 

.707 

.707 

.707 

.707 

.707 

.707 

.707 

.708 

.708 

.708 

.72 

.708 

.708 

.708 

.708 

.708 

.708 

.709 

.709 

.709 

.709 

.73 

.709 

.710 

.710 

.710 

.710 

.710 

.711 

.711 

.711 

.712 

.74 

.712 

.712 

.713 

.713 

.713 

.714 

.714 

.714 

.715 

.715 

.75 

.715 

.716 

.716 

.717 

.717 

.717 

.718 

.718 

.719 

.719 

.76 

.720 

.720 

.721 

.721 

.722 

.723 

.723 

.724 

.724 

.725 

.77 

.726 

.726 

.727 

.727 

.728 

.729 

.729 

.730 

.731 

.732 

.78 

.732 

.733 

.734 

.735 

.735 

.736 

.737 

.738 

.739 

.739 

.79 

.740 

.741 

.742 

.743 

.744 

.745 

.746 

.747 

.747 

.748 


.749 

.750 

.751 

.752 

.753 

.755 

.756 

.757 

.758 

.759 

.81 

.760 

.761 

.762 

.763 

.765 

.766 

.767 

.768 

.769 

.771 

.82 

.772 

.773 

.775 

.776 

.777 

.779 

-.780 

.781 

.783 

.784 

.83 

.786 

.787 

.788 

.790 

.791 

.793 

.794 

.796 

.798 

.799 

.84 

.801 

.802 

.804 

.806 

.807 

.809 

.811 

.813 

.814 

.816 

.85 

.818 

.820 

.822 

.823 

.825 

.827 

.829 

.831 

.833 

.835 

.86 

.837 

.839 

.841 

.843 

.845 

.847 

.849 

.852 

.854 

.856 

.87 

.858 

.861 

.863 

.865 

.868 

.870 

.872 

.875 

.877 

.880 

.88 

.882 

.885 

.887 

.890 

.893 

.895 

.898 

.901 

.903 

.906 

.89 

.909 

.912 

.915 

.918 

.921 

.924 

.927 

.930 

.933 

.936 

.90 

.939 

.942 

.946 

.949 

.952 

.956 

.959 

.963 

.966 

.970 

.91 

.974 

.977 

.981 

.985 

.989 

.993 

.997 

1.000 

1.004 

1.009 

.92 

1.013 

1.017 

1.022 

1.026 

1.031 

1.035 

1.040 

1.044 

1.049 

1.054 

.93 

1.059 

1.063 

1.069 

1.074 

1.079 

1.084 

1.090 

1.095 

1.100 

1.107 

.94 

1.113 

1.119 

1.125 

1.131 

1.138 

1.144 

1.151 

1.157 

1.164 

1.171 

.95 

1.179 

1.186 

1.193 

1.201 

1.209 

1.217 

1.226 

1.235 

1.243 

1.252 

.96 

1.261 

1.271 

1.281 

1.291 

1.301 

1.313 

1.324 

1.335 

1.347 

1.360 

.97 

1.373 

1.386 

1.400 

1.415 

1.430 

1.446 

1.463 

1.481 

1.499 

1.519 

.98 

1.539 

1.561 

1.584 

1.609 

1.636 

1.665 

1.696 

1.730 

1.767 

1.809 

.99 

1.855 

1.907 

1.966 

2.036 

2.119 

2.221 

2.352 

2.520 

2.804 

3.339 


Table X. Lorentz-polarization factor, ( L-p )* ^» ( gjnTfl ' ~ J, as a function of <r. 
Valid only for zero level when 0 . 



.000 

.002 

.004 

.006 

.008 

Bi 

.000 

.002 

.004 

.006 

.008 

.00 

ao 

22.42 

15.79 

12.91 

11.21 


1.795 

1.789 

1.783 

1.777 

1.770 

.01 

10.01 

9.129 

8.442 

7.908 

7.451 

mm. 

1.764 

1.758 

1.752 

1.746 

1.740 

.02 

7.070 

6.742 

6.453 

6.201 

5.976 

■ns 

1 . 734 . 

1.729 

1.723 

1.717 

1.711 

.03 

5.774 

5.588 

5.422 

5.271 

5.128 

.33 

1.706 

1.700 

1.695 

1.689 

1.684 

.04 

5.000 

4.879 

4.766 

4.660 

4.563 

.34 

1.678 

1.673 

1.668 

1.663 

1.657 

.05 

4.470 

4.383 

4.301 

4.224 

4.150 

.35 

1.652 

1.647 

1.642 

1.637 

1.632 

.06 

4.080 

4.014 

3.950 

3.890 

3.831 

.36 

1.627 

1.622 

1.617 

1.612 

1.607 

.07 

3.776 

3.723 

3.673 

3.624 

3.576 

.37 

1.602 

1.598 

1.593 

1.588 

1.584 

.08 

3.531 

3.487 

3.445 

3.406 

3.366 

.38 

1.579 

1.574 

1.570 

1.566 

1.561 


3.329 

3.291 

3.256 

3.222 

3.189 

.39 

1.557 

1.552 

1.548 

1.543 

1.539 

.10 

3.157 

3.125 

3.095 

3.065 

3.036 

.40 

1.535 

1.531 

1.526 

1.522 

1.518 

.11 

3.008 

2.981 

2.955 

2.939 

2.904 

.41 

1.514 

1.510 

1.505 

1.501 

1.497 

,12 

2.889 

2.855 

2.832 

2.809 

2.787 

.42 

1.493 

1.489 

1.485 

1.481 

1.477 

.13 

2.765 

2.744 

2.722 

2.702 

2.682 

.43 

1.473 

1.470 

1.466 

1.462 

1.458 

.14 

2.663 

2.644 

2.623 

2.607 

2.589 

.44 

1.454 

1.451 

1.447 

1.443 

1.439 

.15 

2.571 

2.554 

2.537 

2.520 

2.504 

.45 

1.436 

1.432 

1.429 

1.425 

1.421 

.16 

2.488 

2.472 

2.457 

2.442 

2.427 

.46 

1.418 

1.414 

1.411 

1.407 

1.404 

.17 

2.412 

2.398 

2.384 

2.370 

2.356 

.47 

1.400 

1.397 

1.393 

1.390 

1.386 

.18 

2.343 

2.330 

2.317 

2.304 

2.291 

.48 

1.383 

1.380 

1.377 

1.373 

1.370 

.19 

2.279 

2.266 

2.254 

2.243 

2.231 

.49 

1.366 

1.363 

1.360 

1.357 

1.354 

.20 

2.219 

2.208 

2.197 

2.186 

2.175 

.50 

1.350 

1.347 

1.344 

1.341 

1.338 

.21 

2.164 

2.154 

2.143 

2.133 

2.123 

.51 

1.335 

1.332 

1.329 

1.326 

1.322 

.22 

2.113 

2.103 

2.093 

2.084 

2.074 

.52 

1.319 

1.316 

1.313 

1.310 

1.307 

.23 

2.064 

2.055 

2.046 

2.037 

2.028 

.53 

1.304 

1.301 

1.298 

1.295 

1.293 

.24 

2.019 

2.011 

2.002 

1.993 

1.985 

.54 

1.290 

1.287 

1.284 

1.281 

1.278 

.25 

1.977 

1.969 

1.960 

1.952 

1.944 

.55 

1.276 

1.273 

1.270 

1.267 

1.264 

.26 

1.936 

1.929 

1.921 

1.913 

1.906 

.56 

1.261 

1.259 

1.256 

1.253 

1.251 

.27 

1.898 

1.891 

1.884 

1.877 

1.869 

.57 

1.248 

1.245 

1.243 

1.240 

1.237 

.28 

1.862 

1.855 

1.848 

1.842 

1.835 

.58 

1.235 

1.232 

1.229 

1.227 

1.224 

.29 

1.828 

1.821 

1.815 

1.808 

1.802 

.59 

1.221 

1.219 

1.216 

1.214 

1.211 
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Table X .— Continued . 



.000 

.002 

.004 

.006 

.008 


.000 

.002 

.004 

.006 

.008 

.60 

1.209 

1.206 

1.204 

1.201 

1.199 

1.30 

.720 

.719 

.719 

,719 

.718 

.61 

1.196 

1.194 

1.191 

1.189 

1.187 

1.31 

.718 

.717 

.717 

.717 

.716 

.62 

1.184 

1.182 

1.179 

1.177 

1.174 

1.32 

.716 

.716 

.715 

.715 

.714 

.63 

1.172 

1.170 

1.167 

1.165 

1.163 

1.33 

.714 

.714 

.714 

.713 

.713 

.64 

1.160 

1.158 

1.155 

1.153 

1.151 

1.34 

.713 

.712 

.712 

.712 

.712 

.65 

1.148 

1.146 

1.144 

1.142 

1.140 

1.35 

.711 

.711 

.711 

.711 

.710 

.66 

1.138 

1.135 

1.133 

1.130 

1.128 

1.36 

.710 

.710 

.710 

.710 

.709 

.67 

1.126 

1.124 

1.122 

1.120 

1.118 

1.37 

.709 

.709 

.709 

.709 

.708 

.68 

1.115 

1.113 

1.111 

1.109 

1.107 

1.38 

.708 

.708 

.708 

.708 

.708 

.69 

1.105 

1.103 

1.100 

1.098 

1.096 

1.39 

.708 

.708 

.708 

.707 

.707 

.70 

1.094 

1.092 

1.090 

1.088 

1.086 

1.40 

.707 

.707 

.707 

.707 

.707 

.71 

1.084 

1.082 

1.080 

1.078 

1.076 

1.41 

.707 

.707 

.707 

.707 

.707 

.72 

1.074 

1.072 

1.070 

1.068 

1.066 

1.42 

.707 

.707 

.707 

.707 

.707 

.73 

1.064 

1.062 

1.060 

1.058 

1.056 

1.43 

.707 

.707 

.708 

.708 

.708 

.74 

1.054 

1.052 

1.050 

1.048 

1.046 

1.44 

.708 

.708 

.708 

.708 

.708 

.75 

1.045 

1.043 

1.041 

1.039 

1.037 

1.45 

.708 

.709 

.709 

.709 

.709 

.76 

1.035 

1.033 

1.031 

1.029 

1.028 

1.46 

.709 

.710 

.710 

.710 

.710 

.77 

1.026 

1.024 

1.022 

1.020 

1.018 

1.47 

.710 

.711 

.711 

.711 

.712 

.78 

1.016 

1.015 

1.013 

1.011 

1.009 

1.48 

.712 

.712 

.713 

.713 

.713 

.79 

1.007 

1.005 

1.004 

1.002 

1.000 

1.49 

.714 

.714 

.714 

.715 

.715 

.80 

.999 

.997 

.995 

.993 

.992 

1.50 

.715 

.716 

.716 

.717 

.717 

.81 

.990 

.988 

.986 

.985 

.983 

1.51 

.717 

.718 

.718 

.719 

.719 

.82 

.981 

.980 

.978 

.976 

.975 

1.52 

.720 

.720 

.721 

.721 

.722 

.83 

.973 

.971 

.970 

.968 

.966 

1.53 

.723 

.723 

.724 

.724 

.725 

.84 

.965 

.963 

.961 

.960 

.958 

1.54 

.726 

.726 

.727 

.727 

.728 

.85 

.957 

.955 

.953 

.952 

.950 

1.55 

.729 

.729 

.730 

.731 

.732 

.86 

.949 

.947 

.945 

.944 

.942 

1.56 

.732 

.733 

.734 

.735 

.735 

.87 

.941 

.939 

.937 

.936 

.934 

1.57 

.736 

.737 

.738 

.739 

.739 

.88 

.933 

.931 

.930 

.928 

.927 

1.58 

.740 

.741 

.742 

.743 

.744 

.89 

.925 

.924 

.922 

.921 

.919 

1.59 

.745 

.746 

.747 

.747 

.748 

.90 

.918 

.916 

.915 

.913 

.912 

1.60 

.749 

.750 

.751 

.752 

.753 

.91 

.910 

.909 

.907 

.906 

.905 

1.61 

.755 

.756 

.757 

.758 

.759 

.92 

.903 

.902 

.900 

.899 

.897 

1.62 

.760 

.761 

.762 

.763 

.765 

.93 

.896 

.895 

.893 

.892 

.890 

1.63 

.766 

.767 

.768 

.769 

.771 

.94 

.889 

.888 

.886 

.885 

.884 

1.64 

.772 

.773 

.775 

.776 

.777 

.95 

.882 

.881 

.879 

.878 

.877 

1.65 

.779 

.780 

.781 

.783 

.784 

.96 

.875 

.874 

.873 

.871 

.870 

1.66 

.786 

.787 

.788 

.790 

.791 

.97 

.869 

.867 

.866 

.865 

.863 

1.67 

.793 

.794 

.796 

.798 

.799 

.98 

.862 

.861 

.860 

.858 

.857 

1.68 

.801 

.802 

.804 

.806 

.807 

.99 

.856 

.855 

.853 

.852 

.851 

1.69 

.809 

.811 

.813 

.814 

.816 

1.00 

.850 

.848 

.847 

.846 

.845 

1.70 

.818 

.820 

.822 

.823 

.825 

1.01 

.843 

.842 

.841 

.840 

.839 

1.71 

.827 

.829 

.831 

.833 

.835 

1.02 

.837 

.836 

.835 

.834 

.833 

1.72 

.837 

.839 

.841 

.843 

.845 

1.03 

.831 

.830 

.829 

.828 

.827 

1.73 

.847 

.849 

.852 

.854 

.856 

1.04 

.826 

.824 

.823 

.822 

.821 

1.74 

.858 

.861 

.863 

.865 

.868 

1.05 

.820 

.819 

.818 

.817 

.815 

1.75 

.870 

.872 

.875 

.877 

.880 

1.06 

.814 

.813 

.812 

.811 

.810 

1.76 

.882 

.885 

.887 

.890 

.893 

1.07 

.809 

.808 

.807 

.806 

.805 

1.77 

.895 

.898 

.901 

.903 

.906 

1.08 

.803 

.802 

.801 

.800 

.799 

1.78 

.909 

.912 

.915 

.918 

.921 

1.09 

.798 

.797 

.796 

.795 

.794 

1.79 

.924 

.927 

.930 

.933 

.936 

1.10 

.793 

.792 

.791 

.790 

.789 

1.80 

.939 

.942 

.946 

.949 

.952 

Ul 

.788 

.787 

.786 

.785 

.784 

1.81 

.956 

.959 

.963 

.966 

.970 


.783 

.782 

.781 

.781 

.780 

1.82 

.974 

.977 

.981 

.985 

.989 

i;a 

.779 

.778 

.777 

.776 

.775 

1.83 

.993 

.997 

1.000 

1.004 

1.009 

lll 4 

.774 

.773 

.772 

.771 

.771 

1.84 

1.013 

1.017 

1.022 

1.026 

1.031 

l ! l 5 

.770 

.769 

.768 

.767 

.766 

1.85 

1.035 

1.040 

1.044 

1.049 

1.054 

1.16 

.765 

.764 

.764 

.763 

.762 

1.86 

1.059 

1.063 

1.069 

1.074 

1.079 

1.17 

.761 

.760 

.760 

.759 

.758 

1.87 

1.084 

1.090 

1.095 

1.100 

1.107 

1.18 

.757 

.756 

.756 

.755 

.754 

1.88 

1.113 

1.119 

1.125 

1.131 

1.138 

1.19 

.753 

.752 

.752 

.751 

.750 

1.89 

1.144 

1.151 

1.157 

1.164 

1.171 

uo 

.749 

.749 

.748 

.747 

.747 

1.90 

1.179 

1.186 

1.193 

1.201 

1.209 

1.21 

.746 

.745 

.744 

.744 

.743 

1.91 

1.217 

1.226 

1.235 

1.243 

1.252 

A 22 

.742 

.742 

.741 

.740 

.740 

1.92 

1.261 

1.271 

1.281 

1.291 

1.301 


.739 

.738 

.738 

.737 

.736 

1.93 

1.313 

1.324 

1.335 

1.347 

1.360 

M 4 * 

.736 

.735 

.735 

.734 

.733 

1.94 

1*373 

1.386 

1.400 

1.415 

1.430 

1.25 

.733 

.732 

.732 

.731 

.730 

1.95 

1.446 

1.463 

1.481 

1.499 

1.519 

1.26 

.730 

.729 

.729 

.728 

.728 

1.96 

1.539 

1.561 

1.584 

1.609 

1.636 

1.27 

.727 

.727 

.726 

.726 

.725 

1.97 

1.665 

1.696 

1.730 

1.767 

1.809 

1.28 

.725 

.724 

.724 

.723 

.723 

1.98 

1.855 

1.907 

1.966 

2.036 

2.199 

1.29 

.722 

t 

.722 

.721 

.721 

.720 

1.99 

2.221 

2.352 

2.520 

2.804 

3.339 
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Table XI. (*•+**)». 



0 

1 

2 

3 

4 

5 

6 

ft 

7 

8 

9 

10 

11 

12 

13 

14 

i 

15 


0 

0 

1.000 

2.000 

3.000 

4.000 

5.000 

6.000 

7.000 

8.000 

9.000 

10.00 

11.00 

12.00 

13.00 

1430 k 

15.00 

■s 

1 

* 1.000 

1.414 

2.236 

3.162 

4.123 

5.099 

6.083 

7.071 

8.062 

9.055 

10.05 

11.05 

12.04 

13.04 

14.04 

15.03 

1 

2 

2.000 

2.236 

2.828 

3.606 

4.472 

5.385 

6.325 

7.280 

8.246 

' 9.220 

10.20 

11.18 

12.17 

13.15 

14.14 

15.13 

2 

3 

3.000 

3.162 

3.606 

4.243 

5.000 

5.831 

6.708 

7.616 

8.544 

9.487 

10.44 

11.40 

12.37 

1334 

1432 

1530 

3 

4 

4.000 

4.123 

4.472 

5.000 

5.657 

6.403 

7.211 

8.062 

8.944 

9.849 

10.77 

11.70 

12.65 

13.60 

14.56 

15.52 

4 

5 

5.000 

5.099 

5.385 

5.831 

6.403 

7.071 

7.810 

8.602 

9.434 

10.30 

11.18 

12.08 

13.00 

13.93 

14.87 

15.81 

5 

6 

6.000 

6.083 

6.325 

6.708 

7.211 

7.810 

8.485 

9.220 

10.00 

10.82 

11.66 

12.53 

13.42 

1432 

15.23 

16.16 

6 

7 

7 . 00 Q 

7.071 

7.280 

7.616 

8.062 

8.602 

9.220 

9.899 

10.63 

11.40 

12.21 

13.04 

13.89 

14.76 

15.65 

16.55 

7 

8 

8.000 

8.062 

8.246 

8.544 

8.944 

9.434 

10.00 

10.63 

11.31 

12.04 

12.81 

13.60 

14.42 

15.26 

16.12 

1730 

8 

9 

9.000 

9.055 

9.220 

9.487 

9.849 

10.30 

10.82 

11.40 

12.04 

12.73 

13.45 

14.21 

15.00 

15.81 

16.64 

17.49 

9 

to 

10.00 

10.05 

10.20 

10.44 

10.77 

11.18 

11.66 

12.21 

12.81 

13.45 

14.14 

14.87 

15.62 

16.40 

17.20 

18.03 


U 

11.00 

11.05 

11.18 

11.40 

11.70 

12.08 

12.53 

13.04 

13.60 

14.21 

14.87 

15.56 

16.28 

17.03 

1730 

18.60 

11 

12 

12.00 

12.04 

12.17 

12.37 

12.65 

13.00 

13.42 

13.89 

14.42 

15.00 

15.62 

16.28 

16.97 

17.69 

18.44 

19.21 

12 

13 

13.00 

13.04 

13.15 

13.34 

13.60 

13.93 

14.32 

14.76 

15.26 

15.81 

16.40 

17.03 

17.69 

18.38 

19.10 

19.85 

13 

14 

14.00 

14.04 

14.14 

14.32 

14.56 

14.87 

15.23 

15.65 

16.12 

16.64 

17.20 

17.80 

18.44 

19.10 

19.80 

20.52 

14 

ft IS 

15.00 

15.03 

15.13 

15.30 

15.52 

15.81 

16.16 

16.55 

17.00 

17.49 

18.03 

18.60 

19.21 

19.85 

20.52 

21.21 

15 ft 

16 

16.00 

16.03 

16.12 

16.28 

16.49 

16.76 

17.09 

17.46 

17.89 

18.36 

18.87 

19.42 

20.00 

20.62 

21.26 

21.93 

16 

17 

17.00 

17.03 

17.12 

17.26 

17.46 

17.72 

18.03 

18 . 38 ' 

18.79 

19.24 

19.72 

20.25 

20.81 

21.40 

22.02 

22.67 

17 

18 

18.00 

18.03 

18.11 

18.25 

18.44 

18.68 

18.97 

19.31 

19.70 

20.12 

20.59 

21.10 

21.63 

22.20 

22.80 

23.43 

18 

19 

19.00 

19.03 

19.10 

19.24 

19.42 

19.65 

19.92 

20.25 

20.62 

21.02 

21.47 

21.95 

22.47 

23.02 

23.60 

24.21 

19 


20.00 

20.02 

20.10 

20.22 

20.40 

20.62 

20.88 

21.19 

21.54 

21.93 

22.36 

22.83 

23.32 

23.85 

24.41 

25.00 


21 

21.00 

21.02 

21.10 

21.21 

21.38 

21.59 

21.84 

22.14 

22.47 

22.85 

23.26 

23.71 

24.19 

24.70 

25.24 

25.81 

21 

22 

22.00 

22.02 

22.09 

22.20 

22.36 

22.56 

22.80 

23.09 

23.41 

23.77 

24.17 

24.60 

25.06 

25.55 

26.08 

2633 

22 

23 

23.00 

23.02 

23.09 

23.19 

23.35 

23.54 

23.77 

24.04 

24*55 

24.70 

25.08 

25.50 

25.94 

26.42 

26.93 

27.46 

23 

24 

24.00 

24.02 

24.08 

24.19 

24.33 

24.52 

24.74 

25.00 

25.30 

25.63 

26.00 

26.40 

26.83 

27.29 

27.78 

2830 

24 

25 

25.00 

25.02 

25.08 

25.18 

25.32 

25.50 

25.71 

25.96 

26.25 

26.57 

26.93 

27.31 

27.73 

28.18 

28.65 

29.15 

25 

26 

26.00 

26.02 

26.08 

26.17 

26.31 

26.48 

26.68 

26.93 

27.20 

27.51 

27.86 

28.23 

28.64 

29.07 

29.53 

30.02 

26 

27 

27.00 

27.0 2 

27.07 

27.17 

27.29 

27.46 

27.66 

27.89 

28.16 

28.46 

28.79 

29.15 

29.55 

29.97 

30.41 

30.89 

27 

28 

28.00 

28.02 

28.07 

28.16 

28.28 

28.44 

28.64 

28.86 

29.12 

29.41 

29.73 

30.08 

30.46 

30.87 

31.30 

31.76 

28 

29 

29.00 

29.02 

29.07 

29.15 

29.27 

29.43 

29.61 

29.83 

30.08 

30.36 

30.68 

31.02 

31.38 

31.78 

32.20 

32.65 

29 


30.00 

30.02 

30.07 

30.15 

30.27 

30.41 

30.59 

30.81 

31.05 

3 U 2 

31.62 

31.95 

3231 

32.70 

33.11 

33.54 

30 


Table XI . — Continued . 



16 

17 

18 

19 

20 

21 

22 

ft 

23 

24 

25 

26 

27 

28 

29 

30 


0 

16.00 




IE3SI 




EE1 



mrri 

wrrrm 




1 


17.03 

18.03 

19.03 



22.02 

23.02 

V ■ 

■ fin ■ 

26.02 

27.02 

KImI 

29.02 

30.02 

1 

2 

16.12 

17.12 

18.11 




22.09 

23.09 

24.08 


26.08 

27.07 

28.07 

29.07 

3037 

2 

3 

16.28 

17.26 

18.25 

19.24 


21.21 

22.20 

23.19 

24.19 

25.18 

26.17 

27.17 

28.16 

29.15 

30.15 

3 

4 

16.49 

17.46 

18.44 

19.42 

20.40 

2138 

22 36 

23.35 

24.33 

25.32 

2631 

27.29 

28.28 

29.27 

30.27 

4 

5 

16.76 

17.72 

18.68 

19.65 

20.62 

21.59 

22.56 

23.54 

24.52 

25.50 

26.48 

27.46 

28.44 

29.43 

30.41 

5 

6 

17.09 

mrmm 

18.97 

19.92 

mimm 

21.84 

22.80 

23.77 

24.74 

25.71 

26.68 

27.66 

28.64 

29.61 

3049 

6 

7 

17.46 

1838 

19.31 

20.25 

21.19 

22.14 

23.09 

24.04 

25.00 

25.96 

26.93 

27.89 

28.86 

29.83 

3031 

7 

8 

17.89 

18.79 

19.70 

20.62 

21.54 

22.47 

23.41 

24.35 


26.25 

27.20 

28.16 

29.12 

30.08 

31.05 

8 

9 

18.36 

19.24 

20.12 

21.02 

21.93 

22.85 

23.77 

wz*im 

25.63 

26.57 

27.51 

28.46 

29.41 

30.36 

3142 

9 

10 

18.87 

19.72 

20.59 

21.47 

2236 

23.26 

24.17 

25.08 


26.93 

27.86 

28.79 

29.73 


31.62 

10 

11 

19.42 

20.25 

Ewn 

21.95 

22.83 

23.71 

24.60 


mlxlm 

27.31 

28.23 

29.15 


314)2 

31.95 

11 



20.81 

21.63 

22.47 

23.32 

24.19 


25.94 

26.83 

27.73 

28.64 

29.55 

30.46 

3138 

32.31 

12 

13 


mlElm 


• 23.02 

23.85 

24.70 

25.55 

26.42 

27.29 

28.18 

29.07 

29.97 


31.78 

32.70 

13 

14 

■TytTV 

mWm 

mstzm 

23.60 

24.41 

25.24 

EMI 

26.93 

27.78 

28.65 

29.53 

mimm 

mTwzm 


33.11 

14 

ft 15 

21.93 

22.67 

23.43 

24.21 


2531 

26.63 

27.46 


29.15 


30.89 

31.76 

32.65 

33.54 

15 ft 

16 

22.63 

2335 

24.08 

24.84 

25.61 

26.40 

27.20 

28.02 

28.84 

29.68 

30.53 

31.38 

32.25 

33.12 

miEM 

16 

17 

■JE1 

miT'iw 

24.76 

25.50 

26.25 

27.02 

27.80 

28.60 

29.41 

30.23 

31.06 

31.91 

32.76 

33.62 

34.48 

17 



24.76 

25.46 

26.17 

26.91 

27.66 

28.43 

29.21 


30.81 

31.62 

32.45 

33.29 

34.13 

34.99 

18 

19 

24.84 

2530 

26.17 

26.87 

27.59 

2832 

KMfl 

2933 

30.61 


myxzm 


33.84 

34.67 

35.51 

19 

20 

25.61 

26.25 

26.91 

27.59 

28.28 

29.00 

29.73 

30.48 

31.24 

32.02 

■rMB 


34.41 

35.23 

36.06 

20 

21 



27.66 

2832 


Kill 

30.41 

31.14 

31.89 

32.65 

33.42 

34.21 


3531 

36.62 

21 

isn 


27.80 

28.43 

29.07 

29.73 

30.41 

31.11 

31.83 

32.56 

33.30 

34.06 

3433 

35.61 


37.20 

22 

23 

■tiiya 

wnrm 

29.21 

2933 


31.14 

3133 

3233 

33.24 

33.97 

34.71 

35.47 

36.24 

37.01 

37.80 

23 

24 

28.84 

29.41 

■7*Tul 

30.61 

31.24 

31.89 

3236 

33.24 

33.94 

34.66 

3538 

36.12 

36.88 

37.64 

38.42 

24 

2S 

29.68 

30.23 

30.81 


3232 

32.65 

33.30 

33.97 

34.66 

3536 

364)7 

36.80 

37.54 

38.29 

39.05 

25 


■NYAfl 

31.06 

31.62 

■TtfTSl 

wyrm 

33.42 

3436 

34.71 

3538 

36.07 

36.77 

37.48 

38.21 

38.95 

39.70 

26 

27 

3138 

31.91 

32.45 

33.02 

33.60 

34.21 

34.83 

35.47 

36.12 

36.80 

37.48 

38.18 

38.90 

39.62 

4036 

27 

28 

32.25 

32.76 

33.29 

33.84 

34.41 


35.61 

36.24 

36.88 

37.54 

38.21 

38.90 


■1211 

41.04 

28 

29 

33.12 

33.62 

34.13 

34.67 

35.23 

3531 

36.40 

37.01 

37.64 

38.29 

38.95 

39.62 

ti&ii 

41.01 

— 41.73 

29 

30 

34.00 

34.48 

34.99 

3531 

36.06 

36.62 

37.20 

37.80 

38.42 

39.05 

39.70 

4036 

41.04 

41.73 

42.43 

30 
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Table XII. (V+V+hW 



0 

1 

2 

■ 

■ 

5 

6 

k 

7 

8 

9 

10 

11 

12 

13 

14 

15 


0 

0 

1.000 

2.000 

3.000 

4.000 

5.000 

. 6.000 

7.000 

8.000 

9.000 

10.00 

11.00 

12.00 

13.00 

14.00 

15.00 

BVH 

1 

1.000 

1.732 

2.646 

3.606 

4.583 

5.568 

' 6.557 

7.550 

8.544 

9.539 

10.54 

11.53 

12.53 

13.53 

14.53 

15.52 

i 

2 

2.000 

2.646 

3.464 

4.359 

5.292 

6.245 

7.211 

8.185 

9.165 

10.15 

11.14 

12.12 

13.11 

14.11 

15.10 

16.09 

2 

3 

3.000 

3.606 

4.359 

5.196 

6.083 

7.000 

7.937 

8.888 

9.849 

10.82 

11.79 

12.77 

13.75 

14.73 

15.72 

16.70 

3 

4 

4.000 

4.583 

5.292 

6.083 

6.928 

7.810 

8.718 

9.644 

10.58 

11.53 

12.49 

13.45 

14.42 

15.39 

16.37 

17.35 

4 

5 

5.000 

5.568 

6.245 

7.000 

7.810 

8.660 

9.539 

10.44 

11.36 

12.29 

13.23 

14.18 

15.13 

16.09 

17.06 

18.03 

5 

6 

6.000 

6.557 

7.211 

7.937 

8.718 

9.539 

10.39 

11.27 

12.17 

13.08 

14.00 

14.93 

15.87 

16.82 

17.78 

18.73 

6 

7 

7.000 

7.550 

8.185 

8.888 

9.644 

10.44 

11.27 

12.12 

13.00 

13.89 

14.80 

15.72 

16.64 

17.58 

18.52 

19.47 

7 

8 

8.000 

8.544 

9.165 

9.849 

10.58 

11.36 

12.17 

13.00 

13.86 

14.73 

15.62 

16.52 

17.44 

18.36 

19.29 

20.22 

8 

9 

9.000 

9.539 

10.15 

10.82 

11.53 

12.29 

13.08 

13.89 

14.73 

15.59 

16.46 

17.35 

18.25 

19.16 

20.07 

21.00 

9 

m 

10.00 

10.54 

11.14 

11.79 

12.49 

13.23 

14.00 

14.80 

15.62 

16.46 

17.32 

18.19 

19.08 

19.97 

20.88 

21.79 


u 

11.00 

n .53 

12.12 

12.77 

13.45 

14.18 

14.93 

15.72 

16.52 

17.35 

18.19 

19.05 

19.92 

20.81 

21.70 

22.61 

11 

12 

12.00 

12.53 

13.11 

13.75 

14.42 

15.13 

15.87 

16.64 

17.44 

18.25 

19.08 

19.92 

20.78 

21.66 

22.54 

23.43 


13 

13.00 

13.53 

14.11 

14.73 

15.39 

16.09 

16.82 

17.58 

18.36 

19.16 

19.97 

20.81 

21.66 

22.52 

23.39 

24.27 


14 

14.00 

14.53 

15.10 

15.72 

16.37 

17.06 

17.78 

18.52 

19.29 

20.07 

20.88 

21.70 

22.54 

23.39 

24.25 

25.12 


15 

15.00 

15.52 

16.09 

16.70 

17.35 

18.03 

18.73 

19.47 

20.22 

21.00 

21.79 

22.61 

23.43 

24.27 

25.12 

25.98 

BtVi 

16 

16.00 

16.52 

17.09 

17.69 

18.33 

19.00 

19.70 

20.42 

21.17 

21.93 

22.72 

23.52 

24.33 

25.16 

26.00 

26.85 

■ f 1 $ 

17 

17.00 

17.52 

18.08 

18.68 

19.31 

19.97 

20.66 

21.38 

22.11 

22.87 

23.64 

24.43 

25.24 

26.06 

26.89 

27.73 

17 

18 

18.00 

18.52 

19.08 

19.67 

20.30 

20.95 

21.63 

22.34 

23.07 

23.81 

24.58 

25.36 

26.15 

26.96 

27.78 

28.62 

18 

19 

19.00 

19.52 

20.07 

20.66 

21.28 

21.93 

22.61 

23.30 

24.02 

24.76 

25.51 

26.29 

27.07 

27.87 

28.69 

29.51 

19 

20 

20.00 

20.52 

21.07 

21.66 

22.27 

22.91 

23.58 

24.27 

24.98 

25.71 

26.46 

27.22 

28.00 

28.79 

29.60 

30.41 

20 

21 

21.00 

21.52 

22.07 

22.65 

23 36 

23.90 

24.56 

25.24 

25.94 

26.66 

27.40 

28.16 

28.93 

29.72 

30.51 

31.32 

21 

22 

22.00 

22.52 

23.07 

23.64 

24.25 

24.88 

25.53 

26.21 

26.91 

27.62 

28.35 

29.10 

29.87 

30.64 

31.43 

32.23 

22 

23 

23.00 

23.52 

24.06 

24.64 

25.24 

25.87 

26.51 

27.18 

27.87 

28.58 

29.31 

30.05 

30.81 

31.58 

32.36 

33.15 

23 

24 

24.00 

24.52 

25.06 

25.63 

26.23 

26.85 

27.50 

28.16 

28.84 

29.55 

30.27 

31.00 

31.75 

32.51 

33.29 

34.07 

24 

25 

25.00 

25.51 

26.06 

26.63 

27.22 

27.84 

28.48 

29.14 

29.82 

30.51 

31.22 

31.95 

32.70 

33.45 

34.22 

35.00 

25 

26 

26.00 

26.51 

27.06 

27.62 

28.21 

28.83 

29.46 

30.12 

30.79 

31.48 

32.19 

32.91 

33.65 

34.39 

35.16 

35.93 

26 

27 

27.00 

27.51 

28.05 

28.62 

29.21 

29.82 

30.45 

31.10 

31.76 

32.45 

33.15 

33.87 

34.60 

35.34 

36.10 

36.86 

27 

28 

28.00 

28.51 

29.05 

29.61 

30.20 

30.81 

31.43 

32.08 

32.74 

33.42 

34.12 

34.83 

35.55 

36.29 

37.04 

37.80 

28 

29 

29.00 

29.51 

30.05 

30.61 

31.19 

31.80 

32.42 

33.06 

33.72 

34.39 

35.09 

35.79 

36.51 

37.24 

37.99 

38.74 

29 

sa 

30.00 

30.51 

31.05 

31.61 

32.19 

32.79 

33.41 

34.04 

34.70 

35.37 

36.06 

36.76 

37.47 

38.20 

38.94 

39.69 

30 
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16 

17 

18 

19 

20 

21 

22 

k 

23 

24 

25 

26 

27 

28 

29 

30 


0 

■fvnv 

17.00 

m 

19.00 

20.00 

iin 

22.00 

BTTul 

ee a 

BTfTB 

EE1 


EEil 

EE1 

30.00 

0 

1 

16.52 

17.52 

18.52 

19.52 

20.52 

21.52 

22.52 

23.52 

24.52 

25.51 

26.51 

27.51 

28.51 

29.51 

30.51 

1 

2 

17.09 

18.08 

19.08 

mwm 

21.07 

KMI 

tMill 



EE1 

27.06 

mmm 

29.05 

bwwb 

mmm 

2 

3 

17.69 

18.68 

19.67 


21.66 

22.65 

23.64 

24.64 

25.63 

26.63 

27.62 

28.62 

29.61 


31.61 

3 

4 

18.33 

1931 

20.30 

21.28 

22.27 

23.26 

24.25 

25.24 

26.23 

27.22 

28.21 

29.21 

30.20 

31.19 

32.19 

4 

■S 


19.97 

20.95 

21.93 

22.91 

23.90 

24.88 

25.87 

26.85 

27.84 

28.83 

29.82 

30.81 


32.79 

5 

6 

19.70 

20.66 

21.63 

22.61 

23.58 

24.56 

25.53 

26.51 

27.50 

28.48 

29.46 

30.45 

31.43 

32.42 

33.41 

6 

mm 

Kim 

2138 

22.34 


24.27 

25.24 

26.21 

27.18 

28.16 

29.14 

30.12 

31.10 

32.08 

3336 

BIEB 

7 

MM 


22.11 

2347 

24.02 

24.98 

25.94 

26.91 

27.87 

28.84 

29.82 

30.79 

31.76 

32.74 

33.72 

34.70 

8 

9 

21.93 

22.87 

2331 

24.76 

25.71 

26.66 

27.62 

2838 

29.55 

KiHfl 

31.48 

32.45 

33.42 

34.39 

3537 

9 


wi&zm 

23.64 

24.58 

25.51 

26.46 

27.40 

2835 

2931 

30.27 

31.22 

32.19 

33.15 

34.12 

mwvm 


10 


■MM 

24.43 

2536 

26.29 

27.22 

28.16 

29.10 

■MM 

31.00 

31.95 

32.91 

3337 

34.83 

35.79 

36.76 

11 


24.33 

25.24 

26.15 

27.07 

28.00 

28.93 

29.87 


31.75 


33.85 

34 . 6(7 

35.55 

3631 

37.47 

12 


Kfff r ■ 

mitzm 

26.96 

27.87 

28.79 

29.72 

30.64 

3138 

32.51 

33.45 

3439 

3534 

36.29 

37.24 

38.20 

13 


KV*M 

2639 

27.78 

28.69 

29.60 

KiMfl 

31.43 

3236 

33.29 

34.22 

35.16 

36.10 

ecu 

37.99 

38.94 

14 


1> 

27.73 

2832 

29.51 

EMI 

3132 

32.23 

33.15 

34.07 

EEl 

35.93 

36.86 

37.80 

38.74 

39.69 

15 h 


■ f Jtkm 

28.58 

29,46 

30.35 

31.24 

32.14 

33.05 

33.96 

3437 

35.79 

36.72 

37.64 

38.57 

3931 

40.45 

16 


/ 18.58 

29.44 

K 

31.19 

32.08 

32.97 

33.87 

34.77 

35.68 

3639 

37.51 

38.43 

3936 

40.29 

41.22 

17 


A 9.46 

3032 

31.18 

32.05 

32.92 

33.81 

mifrUM 

35.59 


37.40 

38.31 

39.23 

40.15 

41.07 

42.00 

18 


30.35 

31.19 

3245 

32.91 

33.78 

34.66 

35.54 

36.43 

3732 

38.22 

39.13 

40.04 

40.95 

41.87 

42.79 

19 

20 

31.24 

mmim 

32.92 

33.78 

34.64 

35.51 

3639 

37.27 

38.16 

39.05 

39.95 

40.85 

41.76 

42.67 

43.59 

K7t^K§ 

fib 

32.14 

32.97 

33.81 

34.66 

35.51 

3637 

37.24 

38.12 

39.00 

39.89 

40.78 

41.68 

4238 

43.49 

44.40 

21 

22 

3345 

33 J 7 

34.70 

35.54 

3639 

37.24 

38.11 

38.97 

3935 

40.73 

41.62 

42.51 

43.41 

4431 

45.21 

22 

23 

33.96 

34.77 

35.59 

36.43 

37.27 

38.12 

38.97 

39.84 


41.58 

42.46 

4335 

44.24 

45.13 

4633 

23 

24 

34.87 

35.68 

3630 

3732 

38.16 


39.85 

40.71 

4137 

42.44 

4331 

44.19 

4538 

45.97 

46.86 

24 

25 

3 S .79 

36.59 

miEvm 

38.22 

39.05 

39.89 

40.73 

4138 

42.44 

4330 

44.17 

4534 

45.92 

46.81 

47.70 

25 

26 

16.72 

3731 

3831 

39.13 

59.95 

wjstm 

41.62 

42.46 

4331 

44.17 

4533 

45.90 
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Further Improvement in the Resolving Power of the Electron Microscope 

Jakes Hillibr 

RCA Laboratories , Princeton , New Jersey , 

(Received February 2 , 1946 ) 

T HERE are a number of independent possible Research workers interested in the problem of 

methods of determining experimentally the improving the ultimate performance of the elec- 
electron optical properties of the magnetic elec- tron microscope have been well aware of the 
tron microscope objectives in use at the present absence of serious work on this important 
time. 1 From these determinations it has been problem. They have also realized, however, the 
possible to obtain corresponding independent futility of attempting to carry out a systematic 
calculated values for the maximum resolving study when significant results are obtainable in 
power which should be attainable with the only an extremely small percentage of the experi- 
magnetic electron microscope. All such values ments. For instance, in the author’s own labora- 
have been found to lie in the range SA to 10A. On tory, only 10—IS exposures definitely showing a 
the other hand, direct experimental determi- resolving power of 20A had been obtained from 
nations of the resolving powers of existing over 25,000 exposures made during the five-year 
instruments have given no values below 20A. period 1940-1945. 

Furthermore, publications reporting systematic During this time( the effort8 of electron micro¬ 
investigations of the reasons for this discrepancy scope designers and engineers had been con- 
have been singularly lacking. centrated on the elimination of all those defects 

which provided accidental disturbances of the 
images. Recently, this work was greatly acceler¬ 
ated in this laboratory by the development of 
a new gun providing a twenty-fold increase in 
the intensity of the image and considerable 


An electron micrograph of polystyrene latex 

a collodion plus silica substrate and shadowed with approxi- H'% l\§ 

mately 10A of chromium. Additional information: Elec- 
tronic magnification, 14,600 X. Focal length objective 

2.5 mm. No limiting aperture. Angular aperture of illumi- BNa V“ dfkm fuj! •%'.# jAjg 

approximately. Accelerating potential 
50 kv. Recorded on medium lantern slide; 5-second ex- 
posure Developed 3 minutes in D-72. Micrograph obtained 

By R. F. Baker. Specimen prepared by N. R. Davidson and Fig. lb. A 16X enlargement of a portion of Fig. la. An 
R. F. Baker. attempt has been made to eliminate some of the effects of 

- photographic grain by slightly defocusing the enlarger. 

iV. K. Zworykin, G. A. Morton, E. G. Ramberg, Chromium particles can be distinguished from photo- 

J. Hillier, and A. W. Vance, Electron Optics and the Electron graphic grain by the fact that they are elongated as a 

Microscope (John Wiley and Sons, New York, 1545). result of a slight astigmatism of the objective. 
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I — 1 - 2i —1 

Fig. 2 . A photometric trace of the sharp edge of one of 
the parades of polystyrene latex shown in Fig . la . 

improvement in the electron optical properties 
of the specimen illumination.* *^This improve¬ 
ment has made practical the use of a telescopic 
viewing device (10X) similar to that described 
by von Ardenne, 4 which enables the operator to 
examine the Anal image visually at magnifica¬ 
tions as high as 300,000X at satisfactory in¬ 
tensities and under the best conditions for 
making the final photographic exposures. 

The accumulation of electron microscope engi¬ 
neering knowledge and the above mentioned 
developments have resulted in an instrument in 
this laboratory (a modified RCA Model EMU) 
which when operated by the author or his 
associates seldom fails to provide images showing 
resolutions of the order of 20A (measured center 
to center on definitely resolved particles). 

With this degree of performance available it 
was soon very obvious that it has been a lack of 
axial spnmetry in the magnetic fields of the 
lenfesJ^tat has limited their resolving power. 
Th« afthor has since undertaken to produce a 
lens possessing a greater degree of symmetry 
and at the time erf writing has obtained at least 
"'one lens which shows considerable improve- 
- 0 — 

* J . Hillier and R . F . Baker , “A discussion of the ilhimi - 
Stmd system of the electron microscope ,” J . App . Phys . 

Vwel3 (1945). 

* J, Hillier, and R. F. Baker, “On the improvement of 
resolution in the electron diffraction cameras,” J. App. 
Phys. 17, 12 (1946). 

4 M. vOn Ardenne , Elektronen ubemikroskopie ( Verlags - 
buchhandlung Julius Springer , Berlin , 1940 ). 



Fig. 3. A photometric trace of the Fresnel fringes 
obtained at an edge in a very slightly out of focus image 
of MgO . 

ment. Since the techniques used are exploratory 
in nature and the accuracy achieved is not yet 
susceptible to measurement, neither will be dis¬ 
cussed here. The purpose of this note is rather 
to report that a few images have been obtained 
with this lens which show a resolving power 
better than 13A and possibly as low as 8.5A 
corresponding to a useful magnification of over 
200,000! 

In order to obtain a representative value for 
the limiting resolving power, three different 
measurements were used in its evaluation: 
(1) The distance between centers of just resolved 
particles—13A (see Fig. 1). (2) Half the width 
of the contour in the image of a sharp edge, 
taken from external maximum to the internal 
minimum—8.5A (see Fig. 2). (3) The estimated 
minimum possible separation, consistent with 
resolution, between Fresnel fringes in the image 
of a sharp edge—10A (see Fig. 3). These measure¬ 
ments give a mean value of 10.5A for the 
resolving power of the present lens. 

This work indicates that the calculated limit¬ 
ing resolving power of the present magnetic 
lenses is obtainable in practice. On the other 
hand, it has revealed an imposing list of technical 
problems which must be solved before such 
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high t^h^powrwiH be conastently obtain¬ 
able or before It will be available for general 
scientific research. 

Through suggestions and discussions a number 
of workers have contributed to this development. 


It hi with pleasure that the author acknowledges 
the pert played in dm Work by his co-workers 
in the RCA Laboratories in fence ton and by 
Mr. Perry C. Smith and jhis associates of the 
RCA Victor Division in Camden. 


Preparation of Electron Microscope Specimens for Determination of Particle Size 

Distribution in Aqueous Suspensions 

A. M Cravath, A. E. Smith, J. R. Vinograd, and J. N. Wilson 
Shell Development Company, Emeryville , California 
(Received December 17, 1945) 

Small droplets of the suspension to be examined are deposited from a mist upon a specimen 
him whose surface has been treated to promote wetting by the droplets. This procedure makes 
the entire residue left by a whole droplet available for examination and promotes uniform 
dispersion of the deposit. 


I N Older to overcome difficulties experienced in 
measuring the size distribution of particles in 
polystyrene latices the following procedures for 
mounting specimens for electron microscope ex¬ 
amination were developed It is believed they 
may be of general utility. 

When diluted latex ( ca . 0.01 percent poly¬ 
styrene) was applied with a medicine dropper to 
untreated cellulose ester specimen films and 
allowed to dry, there appeared on the films some 
areas in which the particles were well dispersed, 
but these areas were adjacent to dense streaks 
and ridges of particles which could not be 
measured. It was not certain that the two types 
of deposit had identical compositions. When the 
diluted latex was applied as a fine mist, the whole 
deposit of some droplets was well dispersed but 
other droplets gave deposits having a dense ring 
of unmeasurable particles. With certain samples 
good deposits were rare. It seemed probable that 
the rings were caused by poor wetting, the liquid 
surface meeting the film at a large contact angle 
and pushing the particles ahead as it receded 
until such a high concentration was reached that 
a ridge was deposited. This supposition was sup¬ 
ported by the observation that droplets of visible 
size maintained large contact angles when they 
were made to shrink by blotting with the edge of 
a filter paper. A few experiments with Aerosol OT 
indicated that an effective concentration of 
wetting agent would contaminate the samples 
excessively. 


The above difficulties were overcome by (a) 
hydrolyzing the surface of the cellulose ester film 
enough to promote good wetting and uniform 
deposition of droplets and (6) applying the latex 
in the form of extremely fine droplets. 

A convenient procedure is to place a drop of ten 
percent sodium hydroxide solution on a cellulose 



Fig. 1. Polystyrene latex. Good dispersion from mist 
droplet on untreated film. zl,000X. 
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Fig 2. Polystyrene latex Poor dispersion from mist 
droplet on untreated film 1 l f 000X 


acetate-butyrate film after the film is attached to 
the specimen screen. The drop should not reach 
quite to the edge of the film. The screen is held up 
to the light and watched. After a few seconds a 
hole sometimes appears in the film, usually near 
the edge, and gradually grows. If the hole reaches 
the center before the treatment has proceeded for 
the time that experience shows necessary to make 
the film wettable (about 20 seconds), the speci¬ 
men is discarded. Satisfactory films are rinsed 
with distilled water from a wash bottle and 
dried. The film is placed on a microscope slide in 
a horizontal test tube (ca. 3X10 cm), and the 
aqueous sample is sprayed from an atomizer 
which gives a fine mist (e.g., DeVilbis No. 14), 
the sprw being directed against the end of the 
tube softhat the larger droplets deposit there and 
only the finer droplets travel back toward the 
mouth and settle on the film. (The diameter of 
^he droplet which left the deposit shown in Fig. 1 
has bMi calculated from the solid content, the 
nqfpber of particles and the size distribution to 
h#w|p«k'7.4 microns. Since the diameter of the 
deposit is about 3 microns, considerable evapora- 



* 

• • 


Flo. 3. Polystyrene latex Good dispersion from mist 
droplet on treated film 13,000X. 

tion and shrinkage must have occurred before the 
particles were deposited.) 

The surface hydrolysis procedure was found to 
reduce the contact angle between the film and a 
visible water droplet to approximately zero. 

An alternative procedure for surface hydrolysis 
has been tried in which the cellulose ester films 
are cast on sodium hydroxide solution instead of 
on water. Solutions of cellulose acetate-butyrate 
or nitrate in amyl acetate were found not to 
spread on the surface of ten percent sodium 
hydroxide, but spreading did occur on a three 
percent hydroxide solution. Nitrocellulose films 
were attacked so rapidly that they could not be 
transferred to the specimen screens. Cellulose 
acetate-butyrate films rapidly grew brittle and 
weak and soon took on a dull appearance, al¬ 
though they were still strong enough to be 
transferred to the specimen screen several 
minutes after forming. In the electron microscope, 
specimens prepared with these films were indis¬ 
tinguishable from those prepared by thejmore 
convenient method described first. 

Figures 1-3 show examples of deposits on 
treated and untreated film. 
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Here and There 


New Appointments 

Dr. John D. Strong joined the Johns Hopkins University 
staff in February as professor of physics. 

Dr. William V. Houston, formerly professor of physics 
at California Institute of Technology, began his new work 
as president of Rice Institute on March 1. 

Dr. Frank G. Dunnington, who has been at the Radia¬ 
tion Laboratory, Massachusetts Institute of Technology, 
during the war, has returned to active duty at Rutgers 
University and has been promoted to associate professor. 
He will become chairman of the Physics Department on 
the retirement this year of Dr. George Winchester, present 
department head. 

Dr. Raymond G. Spencer, formerly chairman of the 
metals and minerals research division of the Armour 
Research Foundation, Chicago, is now director of the 
Washington University Foundation, St. Louis. 

The following persons were recently added to the staff 
of Philips Laboratories, Inc., Irvington, New York: Dr. 
James G. Black, Carol M. Veronda, Frank Grace, and 
George A. Espersen. Dr. Victor Wouk has joined the 
Engineering Laboratories staff of North American Philips 
Company, Inc., at Dobbs Ferry, New York. 

Dr. George E. Ziegler, Executive Scientist of the Mid¬ 
west Research Institute, Kansas City, Missouri, has been 
elected chairman and editor of the recently established 
Technical Societies Council of the Kansas City Area. 
He was formerly chairman of physics research at Armour 
Research Foundation in Chicago. 

Westinghouse Science Writing Award Fund 

The American Association for the Advancement of 
Science has announced the establishment of the George 
Westinghouse Science Writing Award Fund to give 
national recognition to newspaper writers and newspapers 
contributing most to better popular understanding of the 
achievements of science and technology. The fund has 
been provided by the Westinghouse Educational Founda¬ 
tion in commemoration of the 100th anniversary of the 
birth of George Westinghouse. It provides an annual 
cash award of $1000 to a newspaper writer for outstanding 
science reporting of the year, and a citation to the news¬ 
paper whose science news coverage in the preceding year 
is adjudged most complete and authoritative and most 
interestingly presented. The first annual awards, covering 
the year 1946, will be made at the winter meeting of the 
A.A.A.S. in December 1946. 

American Chemical Society Fellowahipa 

The American Chemical Society will award fellowships 
aggregating $210,000 in 1946 and 1947 to aid in the 
training of chemists and chemical engineers. Predoc toral 
students whose work was interrupted by the war will 
receive $100,000. Grants of $110,000 will be made to 
holders of the doctor's degree who desire to devote one or 
two years to research and teaching. The predoc toral 
fellowships will carry an annual stipend of $1200 for 


single candidates and $1800 for married candidates, plus a 
maximum of $500 a year for tuition and laboratory charges. 
In the selection of recipients, great weight will be given to 
each applicant’s sacrifices and contributions to the war 
effort, with special consideration for those who had begun 
their graduate work before they entered war service. 

“The granting of these predoctoral fellowships is an 
immediate post-war measure," the Society announced. 
“While successful candidates may reasonably expect con¬ 
tinuation of support until their postgraduate work is 
complete (for a maximum period of three years), continued 
aid will be contingent upon satisfactory progress by the 
fellow." 

Postdoctoral fellowships will carry a stipend of $2500 a 
year, with the understanding that the institutions at 
which the recipients study will provide an additional sum 
for teaching. Awards will be for one year, and will be 
renewable for a second year upon proof of satisfactory 
performance. Chemists and chemical engineers who re¬ 
ceived the doctor’s degree since January 1, 1940, and have 
been engaged in war work, or persons who will have 
obtained the doctorate during the twelve-month period 
prior to November 1 of the year in which the award is 
made, are eligible for postdoctoral fellowships. Applications 
should be sent to Dr. W. Albert Noyes, Jr., head of the 
Chemistry Department, University of Rochester, and 
must be submitted prior to February 1, 1947, by those 
who intend to begin work by November 1, 1947. Applica¬ 
tion blanks may be obtained from Dr. Noyes or from the 
Society’s headquarters, 1155—16th Street, N.W., Wash¬ 
ington 6, D. C. 

Officers for Division of High Polymer Physics 

New officers for the Division of High Polymer Physics 
of the American Physical Society for 1946 are as follows: 

Chairman: Howard A. Robinson. Armstrong Cork Company 

Vice Chairman: S. L. Gerhard. U. S. Rubber Company 

Secretary: W. James Lyons. Firestone Tire and Rubber Company 

Treasurer: Lawrence A. Wood. National Bureau of Standards 

Adolph Lomb Medal Notice 

The Adolph Lomb Medal Committee of the Optical 
Society of America is engaged in helping to name a re¬ 
cipient for its award which should be made “to a person 
under thirty (30) years of age who shall have made a 
noteworthy contribution to optics" (J. Opt. Soc. Am., 
June, 1940). The choice this year is made more difficult 
by the wartime restrictions and lack of publications on 
optical developments of the last several years. To help 
the committee avoid making a glaring omission, if you 
know of a possible candidate for this award, would you 
please communicate your suggestion together with a brief 
presentation of his or her achievements to some member 
of the Committee, preferably the chairman, BEFORE 
JUNE 1 , 1946 ? Members of the Committee are: 

Dr. Sell* Hecht, Columbia University, New York, New York 
Dr. Elmer Hutchlsson, Case School of Applied Science. Cleveland. Ohio 
Dr. W. F. Meggers. National Bureau of Standards. Washington, D. C. 
Dr. George S. Monk, University of Chicago, Chicago, Illinois 
Dr. Brian O’Brien, University of Rochester, Rochester, New York 
Chairman: Dr. Mary E. Warga, University of Pittsburgh, Pittsburgh 

13, Pennsylvania 


Volume ir, April, im« 


311 



New Books 


Sequential Analysis of Statistical Data: Ap¬ 
plications 

Prepared by the Statistical Research Group of 
Columbia University for The Applied Mathematics 
Panel, National Defense Research Committee, Office 
of Scientific Research and Development. Columbia 
University Press, New York, 1945. Price $6.25 
One of the developments fostered by wartime shortages 
of time and man-power is the sequential method of testing 
a statistical hypothesis. It differs from standard sampling 
plans in that the sample size is a random variable, testing 
being stopped whenever a decision is indicated at a pre-set 
level of assurance. As each unit is inspected, the data ac¬ 
cumulated are analyzed and one of three alternatives is 
indicated: accept hypothesis, reject hypothesis, or con¬ 
tinue testing. This plan results in termination of testing 
at the earliest possible time, reductions in the amount of 
data required for the same risks of Wrong decisions fre¬ 
quently running as high as 50 percent compared with 
constant-sample-size plans. 

Against this advantage must be weighed the disad¬ 
vantages in industrial inspection of increased responsibility 
on the inspector and difficulty of guarding against in¬ 
spector bias as a decision is approached. Nevertheless, the 
method has been used successfully in many plants for 
acceptance of war material, and the disadvantages men¬ 
tioned are usually not serious in applications to experi¬ 
mentation. 


The book reviewed here is a manual in which the design 
of a sequential plan is reduced to the solution of simple 
algebraic equations followed by a graphical or tabular 
scoring of results. It is a revised edition of the restricted 
report originally prepared by H. A. Freeman from the 
theory developed by A. Wald in 1943, and includes more 
recent theoretical developments. The form of the original 
report is retained—six self-contained sections and two 
appendices, all in pamphlet form and gathered in a loose- 
leaf ring binder. Each of the sections (except the first, 
which is a general introduction) takes up a particular type 
of problem, presents the equations necessary for setting 
up a test plan, and works a typical example. Thus se¬ 
quential analysis is applied to data from inspection by 
attributes (binomial distribution); to inspection by vari¬ 
ables ftfermal distribution), where either the mean or the 
variabjpty is questioned; and to comparison of data with 
a standard value, or with data from an alternative method 
or process. The appendices discuss the nature and theory 
of sequential analysis, although, for greater mathematical 
arigor, the reader is referred to the works of A. Wald. 

In qrdt r to capitalize on the ease with which it may be 
removed from the binder, each section is made independent 
ot4|e others by repetition of an adequate explanation of 
term|^atf Ideas. The book should prove of considerable 
value to those concerned with analysis of statistical data 
' in experimentation or acceptance sampling. 

' + D. K. Wright, Jr. 

Cast School cfApjfM SkipM 


Basic Mathematics for War and Industry 

By Paul H. Daus, John M. Gleason, and William 

H. Whyburn. Pp. 11+277, The Macmillan Company, 

New York, 1944. Price $2.00. 

This book consists of five chapters treating, in that 
order, arithmetic, algebra, geometry, plane trigonometry, 
and solid geometry and spherical trigonometry. Three 
tables arc appended—of powers and roots, of four place 
common logarithms, and of four place trigonometric func¬ 
tions (both natural and logarithmic values). Answers are 
provided for every problem. A protractor, graduated both 
in degrees and mils, is inserted in the back cover. 

The chapter on arithmetic treats the elementary opera¬ 
tions, on integers and fractions, common and decimal, ap¬ 
proximation and significant figures, percentage and ex¬ 
traction of square roots. Under algebra, the book deals with 
the fundamental operations on polynomials and fractions 
(for some reason, division of polynomials is omitted), 
factoring, ratio and proportion, radicals (square root only), 
linear equations and systems of linear equations, quadratic 
equations (one misses systems of quadratic equations), 
and graphical solutions of equations. The geometry of the 
triangle, polygon, and circle is taken up in the third chapter. 
Here the authois deftly dispose of the difficulties that 
greet the student m the conventional text by frankly 
presenting as axioms such theorems as those on the con¬ 
gruence of triangles under various conditions or the pro¬ 
portionality of sides for triangles with equal angles. The 
chapter is enriched by sections treating the triangle of 
velocity in air navigation, the wind star, radius of action, 
interception, angular and rim speeds. In the work on 
trigonometry, the authors make efficient use of the line 
values of the trigonometric functions, manage to depart 
from the conventional texts by presenting what they call 
the cotangent law and the altitude law for the triangle, 
treat thoroughly the solution of the triangles, including the 
aid of logarithms, and enliven it all by presenting, both in 
the text and in the exercises, genuinely practical and stimu¬ 
lating problems. The last chapter presents the rudiments 
of solid geometry in fifteen brief, but well done, pages 
(the various theorems dealing with mensuration, in solid 
as well as plane geometry, are disposed of as formulas, 
stated in the chapter on algebra, and given without proof), 
the rest of the chapter being given over to a good treat¬ 
ment of spherical trigonometry, including the celestial 
sphere, and once again, such a beguiling topic as “mounting 
of parts on a tilting table for machining.” 

Throughout, the exposition is fresh and in many places 
original, the applications to shop and technical problems 
numerous, natural, and attractive, and the figures are well 
drawn. In all, the authors have succeeded in packing a sur¬ 
prisingly large amount of material, and organizing that 
material well, in the brief space of this book. The authors' 
purpose, stated la the preface, to provide a useful compen¬ 
dium of elementary mathematics for technical and shop 
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The Control of Atomic Energy 

D URING the past few months much progress from this point of view will be necessary when it 
has been made in the formulation of a type is reported out of the Committee, 
of control of atomic energy which, if adopted, The most important of the recent publications 
would not only make it difficult for atomic bombs on the international control of atomic energy is 
to be used as weapons of war, but would also en- the report of the Secretary of State’s Committee 
courage and stimulate the beneficial application on Atomic Energy.’ In an extremely fascinating 
of atomic energy in science, medicine, and in- and lucid style this report describes how a group 
dustry. The progress that has been made is re- of distinguished consultants studying the con- 
markable not only in its extent but also in the trol problem for Jhe Committee changed their 
large number of individuals who have taken part outlook from one of deep pessimism to optimism 
in it. It is reported that over 70,000 letters have as their study progressed. There gradually 
been written to the special Senate Committee on evolved what seems like a workable scheme 
Atomic Energy headed by Senator Brien McMa- which now carries the full endorsement of the 
hon. Great credit for this activity should go to Committee. An essential feature of the scheme 
the Atomic Scientists of Chicago and their bi- is that an international Atomic Development 
monthly Bulletin,' to the striking report to the Authority would be established which would 
public on the meaning of the atomic bomb en- take the lead in developing peacetime applica- 
titled One World or None? and the very extensive tions of atomic energy as well as perforating an 
public appearances of the leading scientists in inspection service to reduce the possibility of 
this field. surreptitious activities which may lead to 

One concrete result of this aroused public atomic warfare. The plan divides activities in 
interest is the unanimous approval by the the field of atomic energy into “safe" and 
McMahon committee of a bill which sets up for “dangerous.” The "dangerous” consist chiefly in 
the domestic control of atomic energy a full- the provision of raw materials, quantity pro- 
time Commission consisting of five civilians, duction of fissionable materials, ana use of these 
with three supplementary committees which materials in atomic weapons. The “safe” consist 
may act as checks. These are (1) a military of almost all other applications in science, 
liaison committee; (2) a general advisory com- medicine, and technology in which U235 and 
mittee consisting of nine civilians; and (3) a plutonium can be used in a denatured state 
joint Congressional committee consisting of without loss of effectiveness. The proposal is 
nine members. The Commission will assume title that the dangerous activities be carried on only 
to all sources of fissionable material, all such by the international Authority, and the safe by 
materials, and all facilities for developing them, interested individuals or groups in any nation, 
but will allow the use of fissionable material by Thus the inspection service would not be pro¬ 
industry, individuals, and medical and educa- hibitive, and peaceful applications would be 
tional institutions. The effect of this bill on the stimulated rather than retarded. The reading of 
dissemination of scientific information is not this important report by all physicists is highly 
absolutely clear, and close scrutiny of the bill recommended.—E. H. 

» Bulletin of the Atomic Scientists, Office 1126 East 59 * A Report on the International Control of Atomc Energy, 

Street, Chicago, Illinois. Subscription $2 a year. Department of State Publication 2498. For sate by Sufier- 

t One World or None (Whittlesey House, McGraw-Hill intendent of Documents, U. S. Government Printing 
Book Company, Inc., New York, 1946). $1. Office, Washington 25, D. C. Price 20 cents. 
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Special Issue on High Polymers 

All of the papers In this issue were presented at the second regular meeting of the Division of High Polymer Physics 
of the American Physical Society at Columbia University, January 24-26,1946. 

Elastic Properties of Cork 

I. Stress Relaxation of Compressed Cork 

S. L. Dart and Eugene Guth 

Polymer Physics Laboratory , University of Notre Dame, Notre Dame % Indiana 


The stress relaxation of corky materials is of theoretical 
significance for the understanding of such two-phase (corky 
material-fair) systems, and is of great practical interest, 
since these materials are commonly used as gaskets, seals, 
etc. Stress relaxation was studied at various degrees of 
compression and at temperatures ranging from 30°C to 
200°C. The experimental data were obtained from an 
automatic stress-relaxation machine which employed the 
principle of a chainomatic balance. It wjlb found that the 
8 tress-time curves for various compressions could be 
obtained from each other by multiplication. This experi¬ 
mental fact is generalized by the statement that the stress 


INTRODUCTION 

I T is surprising how little the average person 
knows about cork even though he uses it every 
day in his car as gaskets, vibration insulation, 
and in many other ways, such as closures, 
stoppers, heat insulation, etc. 



Fig. 1. Natural cork with cotton fiber*. 80 X* 


$U\ 
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is a product of two functions. The first factor is essentially 
identical with the S-shaped load-compression curve of cork 
and is independent of time. The second factor is shown to 
be a linear function of log / and is independent of com¬ 
pression. The linear stress-log time curve is found to persist 
over a wide range of times and to continue until the stress 
has decayed to zero at the higher temperatures. The decay 
time as obtained either by actual experiment or by extrapo¬ 
lation is shown as a function of temperature. This gives a 
fairly complete picture of the stress-time-temperature 
behavior of cork under compression. 


Since the literature on cork, especially the 
scientific literature, is quite meager, it will not be 
out of place to give a brief outline of what cork 
really is before presenting any detailed work.* 



Fig. 2. Natural cork. 800X. 


♦Taken from the very interesting book Cork and the 
American Cork Industry by Arthur L.Taubel, published by 
the Cork Institute of America in 1941. 
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Cork is the outer bark of an evergreen oak tree. 
The tree grows this outer bark as a protection 
against the hot dry winds which are common 
around the Mediterranean sea. The cork oak is 
native to the Mediterranean area only, although 
attempts have been made to introduce it into 
the United States with some success in California. 
The corky outer bark of this oak tree is not a 
living part of the tree and hence may be stripped 
off when it gets sufficiently thick, without 
injuring the tree. A tree cannot be stripped until 
it is about 30 years old and thereafter every 10 
years or so. This yields a piece of cork an inch or 
two thick. The average life of the tree is abou 1150 
years but many live 200 years or more. 

If we take a piece of this cork and look at it 
under a microscope, we will notice that it is made 
up entirely of tiny cells, as shown in Fig. 1. Thus, . 
cork might be thought of as a solidified foam. The 
black lines on the slide are cotton fibers included 
to give a size comparison. The cells are fairly uni¬ 
form in size and average about one thousandth of 
an inch in diameter. It is interesting to note that 
the shape of these cells is tetrakaidecahedral. 
This is the shape as shown by Lord Kelvin that 
one would expect from minimum surface con¬ 
ditions. 

The cellular structure of cork accounts for 
most of its useful properties. This structure ex¬ 
plains immediately the low density and also the 
high coefficient of friction due to the many 
“cups” or opened cells at the surface. The fact 
that the cells are closed explains the low thermal 
conductivity, the resistance to moisture and 
liquid penetration, and to a certain extent the 
resilience and ability to absorb vibration. Cork is 
also decidedly inert chemically. Figure 2 shows 
the cork cells at a higher magnification. This indi¬ 


cates the structure of the cell walls and shows the 
presence of crystalline material within the cells. 
With this brief outline of what cork is, we can 
proceed to a more detailed study of some of its 
properties. 

DESCRIPTION OF EXPERIMENTAL METHOD 

The apparatus used is shown schematically in 
Fig. 3. It consists essentially of a lever arm with 
a 1 to 10 ratio between the force due to the 
weights and that on the sample. The compression 
was indicated by a dial gauge on a 5 to 1 ratio 
with the sample. Stress-strain curves were taken 
by adding weights at a constant rate and reading 
the corresponding compression on the dial gauge. 
For relaxation the machine was made automatic 
by using the principle of the chainomatic balance. 
A number of chains were used as a variable weight. 
The moving end of the chains was driven by a 
motor actuated by contact points on the lever 
arm as indicated in Fig. 3. This set-up kept the 
forces balanced at all times and hence gave a very 
accurate picture of the relaxation. The motion of 
the chain drive was recorded by a pen on a clock 
driven drum. Thus, the machine recorded a 
continuous force rs. time curve. 

STRESS-STRAIN 

Because of the cellular structure of cork one 
can explain qualitatively the shap^ftf the stress- 
strain curve in compression. Figure 4 shows the 
stress-strain curve for cork. At low compressions 
there is a region in which Hooke's law holds. At 
stresses slightly higher there seems to be a 
general breakdown of the structlrfe and hence a 
region where compression changes rapidly, with 
small stress changes. Beyond this is the final 
region where the cells have all been collapsed and 
the material itself is compressed. This, of course, 
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results in a final steep upward trend in the curve. 
Cork is not the only substance whose stress- 
strain curve is of this shape. Most woods, when 
compressed perpendicular to the grain (and 
hence in a direction to collapse the cells), give a 
similar curve. Dry Balsa wood in particular gives 
a curve with a very abrupt breakdown of the 
cells and hence that portion of the curve is almost 
horizontal. Metals also show an S-shaped com¬ 
pression curve, but here the final upward trend is 
due to a change in cross section of the metal. 
However, the unique thing about cork is that 
after a deformation it recovers its original dimen¬ 
sions to a remarkable degree. This is what gives 
cork its resilience and makes it useful for gaskets, 
stopp* fit etc. We shall mention the stress-strain 
curve ajPun ja little later. 

RELAXATION 


# The stress vs. time curves for natural cork in an 
“ordinary plot have much the same appearance as 
that cj£ many materials, i.e., a decay of stress 
whNNe^nte of decay decreases with increasing 
1tu$£3pA$y types of plots were tried and it was 
Jounc? that if we plot the stress against the 
logarithm of the time we get almost exactly a 
straight line. Such a plot for 2 percent compres¬ 


sion is shown in Fig. 5. This behavior was 
checked for times of as long as a couple of weeks 
without deviations from linearity. At high com¬ 
pressions it is found that there are deviations for 
short times (less than 10 minutes) which may be 
due to the air diffusing out of the compressed 
cork cells. In these cases we have taken the linear 
behavior of the sample after the first 10 minutes 
, as the true cork behavior. 

Figure 6 shows a number of relaxation curves 
at various degrees of compression plotted on a 
semi-log graph. One can immediately see a 
number of interesting things. The intercept 
values at t equal to one minute show a variation 
with compression entirely similar to that shown 
on the stress-strain curve; in fact, within the 
experimental error (due to the use of many 
different samples) these are identical with the 
stress-strain curve. Although one would expect 
this behavior, it is not an obvious conclusion 
since the stress-strain curve previously shown 
was obtained by an entirely different process and 
used but one sample. Another interesting thing 
about this graph is the fact that the extrapolation 
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of the straight lines to zero stress yields the same 
decay time r for all curves. Thus, assuming the 
extrapolation to be correct, we can say that no 
matter what the compression, the stress will 
decay to zero in about 980 years. 

Let us see what conclusions we can draw from 
this fact. The equation of a single relaxation 
curve must be of the form. 

Z — A(tT) — B(tT) logio /, (1) 

where Z is the stress, / is the time in minutes, and 
A( € t) and J3(«, r> are functions of the compression 
and temperature. We have already seen that the 
dependence of A < it t) the intercept, on the com¬ 
pression, €, is given by the stress-strain curve. 
Now, since all curves pass through the same point 
and since this point is at Z = 0, we can say that 
the slope of the lines must be proportional to the 
intercept for all compressions. To state this a 
little differently, we can say that the ratio of 
B(<t) to A( €t t) must be independent of com¬ 
pression. Thus, we may say that 

B{iT)/A{' t T)=\{T), (2) 

where X(d is a function of the temperature only. 
Rewriting Eq. (1) wc have 

Z-i* ( *n(l-*<n l°g/) = /?(«, T)G{t, T). (3) 

Thus, ignoring the temperature dependencies for 
the moment, we have split the stress function 
into two factors, the first depending on the com¬ 
pression only and the second depending on the 
time only. The form of the first factor, i.e., the 
stress-strain curve was shown graphically and 
explained qualitatively. The second factor was 
explained quantitatively and is given in analytical 



Fig. 7. 



Dieay TtaM la Maataa 

Fig. 8. 


form. It should be pointed out that the decay 
time r is related to X by the equation 
T = 10 1/X . 

TEMPERATURE DEPENDENCY 

There remains to be found the temperature 
dependencies. One would expect that a process 
like relaxation would be accelerated by an in¬ 
crease in temperature. This proves to be the case 
and what is more interesting is the fact that the 
form is unchanged. That is, the*relaxation curves 
are found to be linear on semi-log plot for all 
temperatures studied. Figure 7 shows the re¬ 
laxation curve taken at 200°C. The curve is seen 
to be practically linear all the way to zero stress. 
Since raising the temperature means increasing 
the rate of relaxation, it seems that it was a good 
assumption that the semi-log plot is linear all the 
way to zero stress. 

Figure 8 shows a plot of the temperature vs. the 
log of the decay time. There is a spread of the 
experimental points but this seems to be a 
straight line. The equation of this line would be 
of (he form 

r = 5=5 Ce ~ TIP - ( 4 ) 

A theoretical consideration would predict a linear 
relation between log r and l/T. However, this 
does not check the experimental evidence as well 
as the above form. 

Thus, we have as the generalized equation of 
state of cork 

2(i,r,i)*4(«,n^l-~ (*) 

The analysis is not quite complete as we have not 
given the stress temperature relationships. There 
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has been a great deal of experimental difficulty in 
determining this. Besides the usual difficulties of 
variations between samples and the large number 
of variables encountered (i.e., density and hu¬ 
midity as well as stress, temperature, time, and 
compression) we have to correct for thermal ex¬ 
pansion and rate of thermal expansion in the 
apparatus. However, the experimental difficulties 
have been pretty well cleared up and it is hoped 
that this last phase of the study will be completed 
soon. 
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The Formation of Ionized Water Films on Dielectrics under 
Conditions of High Humidity 

Robert F. Field 

Qer> ill Radio Company , Cambridge , Massachusetts 

When a dielectric is placed in an atmosphere of 100 percent relative humidity, an ionized 
film of water forms, whose conductivity at the end of one minute is within a factor of ten of 
its equilibrium value, which is usually attained within an hour. This equilibrium conductivity 
ranges from essentially zero for certain hydrocarlxm waxes, silicone resins and silicone-treated 
glass to 100 micromhos for ordinary glass and quartz. The ionized water film also produces 
interfacial polarization at its interface with the dielectric, which produces a marked increase 
in both capacitance and dissipation factor at audiofrequencies. This polarization builds up in 
the same manner as the conductivity. Its relaxation frequency appears to be in the audio-range. 


T HE effect of high humidity on dielectrics is 
so important that methods of conditioning 
samples have already been established. The 
properties studied have been mechanical, such as 



Fig. 1. Change of surface resistivity with time for ma¬ 
terials leaving negligible volume absorption; exposure to 
100 percent kH on left, recovery at 0 percent RH on right. 



tensile strength and impact strength. Hence the 
conditioning has been for volume absorption, 
not for surface film. These conditioning pro¬ 
cedures have been carried over to the testing of 



Fig. 2. Exposure and recovery curves for materials whose 
surface films are so thick that natural diffusion cannot 
cause them to vanish quickly. 
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Fiir. 3. (left) Kllect of relative humidity on magnitude of exposure curve, (right) Relation of equilibrium 

surface resistivity to relative humidity. 


electrical properties, where actually the effect 
of a surface film is of the greater immediate im¬ 
portance. The effect of volume absorption ap¬ 
pears only after hours or days, while the surface 
film forms in minutes. 

D.C. PHENOMENA 

The formation of surface films has been studied 
by measuring the resistance between two pairs 
of electrodes bolted to opposite ends of thin 
slabs of dielectric. 1 This resistance is greater than 
1 MS) and is measured on a megohm bridge.* 
The slab is mounted on polystyrene terminals 
set in the metal top of a glass desiccator jar. 
Leakage over the surface of these terminals is 
eliminated by connecting the metal top to the 
guard terminal of the bridge. The base of the jar 
is filled with water for 100 percent RH, with 
saturated solutions of various salts for lower 
humidities* and with silica gel for 0 percent RH. 

* ASTM Test Method, D257-38, Figs. 1 and 2. 

* General Radio Type 544-BS8 Megohm Bridge, having 
upper resistance limit of 10 MMO. 

%RH 93 81 66 52 43 32 

Salt NaSO, (NH 4 )*SO« NaNO, Na,Cr,0, K,CO, CaCL, 


The rate of formation of surface film is shown 
in Fig. 1 for several dielectrics which have no 
appreciable volume absorption. Within a minute 
after being placed in 100 percent RH the surface 
resistivity is reduced from greater than 20 MMO 
to a value about a decade above the final equi¬ 
librium value, which is usually attained within 
1 hour. Evidence to be given later suggests that 
the film forms very rapidly and that it is the 
ionization of the film that is observed by meas¬ 
uring resistance. Surface resistivity may decrease 
steadily to its equilibrium value, as for poly¬ 
ethylene, or overshoot, as for quartz antf wax. 
In the latter case, excess ions are swept to the 
electrodes by the steady voltage. This action is 
well shown by polyethylene which has been 
allowed to stand overnight with the voltage off. 
Resistivity dropped by a decade, but recovered 
in a few minutes. 

The film is actually very thin and vanishes 
within 10 seconds at 0 percent RH except for 
the thicker films which result from dew point 
condensation, shown here for polystyrene. In this 
case natural diffusion in the desiccator jar cannot 
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Fig. 4. Effect of volume absorption on shape of 
recovery curve. 


maintain 0 percent RH at the surface. A curve 
with a maximum and minimum results, which 
appears to be typical. Forced ventilation removes 
the film within 10 seconds. 

Similar typical recovery curves for two mica- 
filled phenolics are shown in Fig. 2. They illus¬ 
trate the importance of small differences in 
composition or surface finish on the thickness 
and tenacity of the film. Type A requires 16 
hours to give the typical recovery curve which 
Type B produces in 30 minutes. This is not 
caused by volume absorption, for forced ventila¬ 
tion removes the films from both materials in 
less than 10 seconds. 

The effect of lower values of relative humidity 
is shown in Fig. 3 for polyethylene. The equi¬ 
librium value is a logarithmic function of rela¬ 
tive humidity. This relation has been found for 
all the materials studied and agrees with the 
conclusions to be drawn from the classic work 
of Curt*. 4 

The effect of volume absorption first appears 
in the shape of the recovery curve, as shown in 
Fig* 4. Water stored just below the surface 
lhaintains the surface film without adding appre¬ 
ciable Conductivity of its own. Surface forces 
aqjmg on the water molecules must play a 
v^X^np^rtant part, for the volume absorption 
of aiuestoe-filled or laminated phenolics differs 
greatly from that of natural mica and glass- 
bonded^nica, 

*«U L* Cords, Bull. Bur. Stand. 2 ,359 (1915). 

* 

*20 


The effect of volume absorption on the ex¬ 
posure curve is shown in Fig. 5 for polyamide, 
which has a high volume absorption as compared 
to its surface film. Conductivity from the ab¬ 
sorbed water becomes comparable with that from 
the surface film before an equilibrium value is 
attained. Vulcanized fibre has so much surface 
film that its equally great volume absorption 
does not prevent equilibrium at 100 percent RH. 
At 81 percent RH however its surface film is 
reduced while the volume absorption is un¬ 
changed, so that there is no equilibrium value. 

Some 40 different materials have been studied 
in this manner. Their parameters are shown in 
Table 1, arranged in order of decreasing surface 
resistivity. For a material to be water rcpellant 
there must be some hydrophobic radical strategi¬ 
cally placed on the surface. Methyl, ethyl, butyl, 
and propyl radicals seem to meet this require¬ 
ment. The position of cellulose acetate butyrate 
as second in the list is the more remarkable 
because it maintains its high resistivity even 
after absorbing 4 percent of water. Silicone 
rubber and other silicone materials contain a 
methyl radical. Non-absorbent materials con¬ 
taining silicon, like quartz, glass, and steatite, 
can be made completely water repellant by 
coating with special silicone resins which provide 
a layer several hundred molecules thick. The 
exact position in the table of many of the other 
materials is determined by the condition of their 
surface. The samples measured were cleaned 
with grain alcohol and then baked at 60°C. 



Fig. 5. Effect of volume absorption on exposure curve. 
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This provides as clean a surface as will exist in 
normal use, but does not completely remove oil 
films and other substances. Only one sample of a 
kind was tested so that there is no measure of 
the magnitude of normal variations. Values on 
the same specimen are repeatable within 50 
percent. 

The second column in the table gives the slope 
of the straight line plot of surface resistivity 
against relative humidity with values ranging 


Table I. 


Material 

9 

% RH 
per 

decade 
change 
of 9 

Recovery time 
in minutes after 
100% RH for 

1 hr. 16 hr. 


MMU 




Hydrocarbon wax, modified 

>20 


.0 

.0 

Cellulose acetate butyrate 

>20 


.0 

.0 

Silicone rubber 

10 


.13 


Polytetrafluoroethylene 

3.6 


.17 

.17 


*M« 




Polystyrene (sheet) 

840 


.13 

.13 

Polydichlorostvrene 2 5 

29 

7 

.17 


Hydrocarbon wax 

20 

13 

.17 


Ethyl cellulose 

13 

9 

.33 

.5 

Cellulose acetate 

7.0 

6 

1.0 

6 

Polyvinyl chloride acetate 

5.7 

12 

6* 


Polystyrene (plasticized) 

5.0 

4 

.17 

62* 

Phenolic, mica-tilled 

5.0 

9 

.17 

13* 

Aniline formaldehyde 

4.2 

4 

.17 

20* 

Polyamide 

3.8 

14 

200 


Porcelain, glazed 

3.7 

15 

2.5* 


Glass (high K) 

3.4 

10 

17* 

20* 

Mica 

3.0 

12 

n 


Polystyrene (molded) 

2.4 

10 

.17 

.17 

Polystyrene (plasticized) 

2.4 

8 

.11 

.17 

Steatite (L-3) 

1.6 


.17 

.75 

Quartz 

1.4 




Polyethylene 

1.3 

9 

.17 

.17 

Phenolic, XX 

1.3 

16 

80 


Phenolic, asbestos filled 

1.2 

9 

1.5* 

100* 


MU 




Phenolic, XXXP 

660 

15 

300 


Steatite (L-4) 

640 


.5 

l 

Phenolic, LE 

500 

18 

400 


Phenolic, mica-filled 

320 

8 

40* 


Steatite (L-4) 

280 


.33 


Polydichlorostyrene 3-4 

240 

6 

.33 

5.3* 

Phenolic, cellulose filled 

240 

10 

400 


Aniline formaldehyde, glass 





matte 

240 

9 

14 

1000 

Phenolic, C 

220 

16 

300 


Vulcanized fibre 

220 


6000 


Aniline formaldehyde, glass 





cloth 

200 

12 

3 


Quartz 

190 




Phenol formaldehyde (plasti¬ 





cized) 

100 

12 

25 


Glass (sintered) 

90 




Glass bonded mica 

64 

18 

400 


Melamine, glass cloth 

38 

14 

300 


Phenolic, mica filled 

30 

11 

7* 



Starred (*) timet indicate that forced ventilation will give a recovery 
time of lets than 0.35 minute. 



Fig. 6. Change of capacitance and dissipation factor with 
time and, after equilibrium, with frequency. 

from 4 to 18 percent RH per decade change in 
resistivity. The third and fourth columns give 
the recovery times in minutes after exposure to 
100 percent RH for 1 and 16 hours. Any time up 
to 0.25 minute (15 seconds) indicates no volume 
absorption. Any longer time which is starred (*) 
is for a recovery curve typical of non-porous 
materials, for which forced ventilation will give 
a recovery time of less than 0.25 minute. Other 
large times indicate volume absorption under the 
conditions noted. 

A.C. PHENOMENA 

The effect of surface films on the dielectric 
constant and dissipation factor of dielectrics has 
been studied by measurements on a Schering 
bridge, 8 both at a single frequency as the film is 
forming and vanishing and over a considerable 
frequency range under equilibrium conditions. 
It is obvious that, as the film forms, both 
capacitance and dissipation factor should in¬ 
crease, because the water film itself must have a 
dielectric constant of 80 and must provide a 
shunt resistance because it is conducting. 

The behavior of a quartz bar at 100 percent 
RH is shown in Fig. 6. Both capacitance and 
dissipation factor at 1 kc increase to steady 
values as the surface film builds up and its 

* General Radio Type 716-C capacitance bridge. 
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stanl within the limits of error for such small 
values. Dissipation factor varies inversely with 
frequency and has the value to be determined 
by the equilibrium resistance. There is no evi¬ 
dence of any interfacial polarization. 

Similar curves for a sintered glass bar are 
shown in Fig. 7. The 1 kc recovery curves, taken 
after equilibrium conditions are attained, show 
that, after the film breaks within 0.25 minute 
and raises surface resistance above 10 MMQ, 
there are ionized water droplets on the surface, 
for capacitance and dissipation factor do not 
return to their original values for nearly 10 
minutes. 

The behavior of an L-4 grade steatite is shown 
in Fig. 8. Both capacitance and dissipation factor 
at 1 kc continue to rise up to the time of surface 
resistance equilibrium. Their equilibrium values 



Fig. 8. Exposure, equilibrium, and recovery curves for material showing polarisation at the interface of water film and 

dielectric. Also effect of dew-point condensation. 
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Fig. 7. Exposure, equilibrium, and recovery curves. 
Capacitance and dissipation factor recover more slowly 
than surface resistivity. 

resistance decreases to its equilibrium value. For 
frequencies in the audio-range capacitance is con- 





RESISTANCE 


CAPACITANCE C MM f 



Fig. 9. Circular arcs for equilibrium data of Fig. 8. 



Fig. 10. (left) Exposure and recovery curves at four different frequencies plotted against time, (right) Exposure 
curves at one-minute intervals up to 13 minutes plottea against frequency. 
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at other frequencies definitely indicate inter¬ 
facial polarization. Capacitance is no longer 
independent of frequency, but increases rapidly 
with decreasing frequency. Dissipation factor no 
longer decreases inversely with frequency, but 
changes more slowly. After subtracting the 
values of dissipation factor resulting from the 
equilibrium surface resistance, the circular arc 
plot 6 of the product DC of dissipation factor and 
capacitance against capacitance appears as shown 
in Fig. 9. This is an audiofrequency polarization 
with a relaxation frequency f m of 400 c, a storage 
coefficient a of 0.50, and a change in capacitance 
AC of 6.18 Observations were also taken on 



Fio. 12. Change of polarization parameters with time. 

• K. S. Cole and R. H. Cole, J. Chem. Phys. 9,541 (1941). 

m \ 4 


the thicker film produced by dew-point con¬ 
densation. Its circular arc plot as shown in 
Fig. 9 gives a higher relaxation frequency, 1.7 kc, 
a smaller storage coefficient, 0.28, and a slightly 
larger change in capacitance, 7.22 /z/zf. This indi¬ 
cates that the ion concentration is less in the 
thicker film, which is reasonable. 

A more complete study of this type of inter¬ 
facial polarization was made on an unprotected 
1000 nvi mica condenser. 7 This condenser was 
exposed to 100 percent RH five times to obtain 
the resistance curve and the capacitance and 
dissipation factor curves at four different fre¬ 
quencies, as shown in Fig. 10. Only capacitances 
changes arc given. The remarkable consistency 
of these successive exposures is shown by the 
fact that in the frequency plots at one-minute 
intervals no curves cross except those for the 
shortest times. After subtracting the effect of 
surface resistance the circular arc plots of Fig. 11 
were obtained. There is an increase with time in 
all three polarization parameters, change in 
capacitance, relaxation frequency, and storage 
coefficient, the latter increasing from 0.0 to 0.31. 
This is the evidence which indicates that the 
film forms rapidly and then ion concentration 
slowly increases, for storage coefficient a can be 
zero (semicircle) only for dilute solutions. The 

7 General Radio Type 505-F, uncased. 
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changes with time in the numerical values of the 
three parameters are shown in Fig. 12. 

These a.c. measurements are far from com¬ 
plete, for they must be taken for most of the 
materials studied for d.c. leakage before broad 
conclusions can be drawn. It will be important 
to establish the order in which these materials 
are arranged in terms of either fractional change 
in capacitance or maximum dissipation factor 
and to determine the corresponding values of 


storage coefficient and relaxation frequency in 
order to set a frequency limit beyond which 
humidity has no appreciable effect. 
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Thermal Polymerization of Drying Oils 

H. E. Adams and P. O. Powers* 

Armstrong Cork Company , Lancaster , Pennsylvania 

A statistical analysis of the thermal polymerization of drying oils has been made, and 
equations have been derived which predict the amount of a specific polymer present as a 
function of the extent of reaction and the original composition of the oil. Several samples of 
oils have been heat bodied to test the validity of this analysis. Certain discrepancies are 
apparent. The presence of an intrapolymer is postulated to explain these discrepancies. Indirect 
evidence for the presence of such a compound is presented. Additional studies of the heat 
polymerization of drying oils have been made by conducting the polymerization in dilute 
solution. After the reaction has been carried out, the solvent is removed and the properties 
of the oils compared with oils similarly treated without solvent. It has been found that iodine 
values of the oils arc substantially the same regardless of the concentration of oil, and depend 
only on the time and temperature of heating, but that the viscosity decreases with lower 
concentration of the oils. This behavior substantiates the formation of an intrapolymer. 
By using the values at various concentrations it may be possible to estimate the extent of 
intrapolymer formation in heat bodied oils. 


I T is well known that drying oils such as linseed, 
tung, and soybean oils increase in body or 
viscosity when heated at elevated temperatures. 
This increase in viscosity is due to a chemical 
reaction between the unsaturated fatty acids 
present in the oils as glycerides. Various types 
and varying amounts of fatty acids account for 
the differences in reactivity and properties of the 
different oils. The vegetable oils are composed 
chiefly of glycerides of eighteen carbon atom 
fatty acids, while the fish oils contain, in addition 
to eighteen carbon atom fatty acids, fatty acids 
with twenty to twenty-six carbon atoms. These 
fatty acids contain from none to six double bonds 
and in some cases an hydroxyl group is attached 
to the chain. In most cases the double bonds are 

* Present Address: Battelle Memorial Institute, Colum¬ 
bus, Ohio. 
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isolated, but conjugated double bonds do occur 
such as in eleostearic acid in tung oil. It has been 
observed that non-conjugated double bonds 
undergo a slow but progressive shift to the conju¬ 
gated position at elevated temperatures. 1 Thus, 
a conjugated double bond system is postulated as 
a prerequisite for polymerization. Extensive 
work has been done on the polymerization of 
conjugated systems such as butadiene, isoprene, 
etc. 2 Vinylcyclohexene is obtained in the dimeri¬ 
zation of butadiene by the addition of one mole- 


1 T. F. Bradley and W. B. Johnston, Ind. Eng. Chem. 32, 
802 (1940) ; 33, 86-89 (1941). T. F. Bradley and D. 
Richardson, ibid, 32,963 (1940). J. S. Brod, W. G. France, 
and W. L. Evans, ibid . 31, 114 (1939). 

1 F. Hofmann and L. Tank, Zeits. f. angew. Chemte 23, 
1465 (1912). S. Lebedev and S. Sergienko, Comptes rendus 
Acad. Sci. U.S.S.R. 3, 79 (1935). K. Alder and H. F. 
Rickert, Ber. d. d. Chem. Ges. 71B, 373 (1938). G. S. 
Whitby and W. Gallay, Can. J. Research 6, 280 (1932). 
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cule of butadiene in the 1-4 position to another 
molecule in the 1-2 position. This Diels-Alder 
reaction is taken as the mechanism of the 
polymerization that takes place during heat 
bodying of drying oils, it is possible that three or 
more fatty acids could combine. The formation of 
trimer fatty acids has been suggested,* but the 
extent of their formation in heat bodying has not 
been established. Since it is not the free fatty acid 
but the glyceride of the fatty acids which occurs 
in the drying oils, highly branched structures or 
molecules are formed during the heat bodying 
process. 


COMPOSITION OF LINSEED OIL 

It is fairly well establish-^ that linseed oil 
consists of glycerides of eighteen carbon atom 
acids and that the chief acids present are stearic, 
oleic, linoleic, and linolenic. Since the iodine value 
of linseed oil varies somewhat, the relative 
amounts of the various fatty acids must vary 
accordingly. Equations* have been proposed to 
correlate the iodine number with the composition 
of the oil. Two recent articles have studied the 
percentages of the various fatty acids in linseed 
oil by the determination of thiocyanate and iodine 
values of the oils and by determining the ultra¬ 
violet absorption of the alkali isomerized acids. 
The work of Mitchell, Kraybill, and Zscheile 8 
has shown that estimates of the linolenic and 
linoleic acid content, by determining absorption 
at 2340 and 2680A after isomerization with alkali 
at 180°C in glycol, give good agreement with the 
Kaufman method, which depends on determi¬ 
nation of the thiocyanogen value. Their estimate 
for a linseed oil .having a Wijs iodine value of 
180 is: 

Linolenic acid 47 percent, 

Linoleic 18 percent, 

Oleic acid 29 percent, 

Saturated acids 6 percent. 

These results indicate a much higher content of 
oleic add and a much lower content of linoleic 


C. Cowan, L. B. Falkenburg, and H. M. Teeter, Ind. 
Chem. Anal. Ed. 16, 90 (1944). W. C. Ault, J. C. 
‘ J. P. Kass, and J. E. Jackson, Ind. Eng. Chem. 34, 
(1942). 

4 P. O. Powers, Oil and Soap 22, 52 (1945). E. P. Painter, 
ibid. 21,345 (1944). H. R. Sallons and G. D. Sinclair, Can. 
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J ‘»JhfSfpUtch^l, H.R. Kraybill, and F. P. Zscheile, Ind. 
Eilfe Cham. Anal. Ed. 15,1 (1943). 



acid than the prior estimates. This difference is 
rather large and would suggest a much lower 
degree of reactivity. Using thq thiocyanogen 
value, Painter and Nesbitt* have examined 
samples of linseed oil varying in iodine value from 
127 to 203. Saturated acids were determined by 
the Bertram method. They did not attempt to 
correlate the composition of the oils with their 
iodine values. 

It is obvious that the saturated fatty acids 
cannot polymerize, and since oleic acid does not 
readily undergo polymerization, the acid distri¬ 
bution may be simplified by considering two 
types of acids, those that undergo polymerization 
and those that do not. Thus, oleic acid and 
the saturates would be considered as non¬ 
polymerizing acids ( v ), and linoleic acid and 
linolenic acid would constitute the polymerizing 
acids (u). The assumption that the linoleic acid 
group has the same reactivity as the linolenic 
acid group is highly questionable, but for the 
present it will be assumed to be true. This point 
will be discussed further, later in the article. Ac¬ 
cording to the analysis of Mitchell, referred to 
above, linseed oil fatty acids would be comprised 
of 65 percent polymerizable acids and 35 percent 
non-polymerizable acids. If the fatty acids can be 
considered to be randomly distributed 7 in the 
glycerides, the relative amounts of the different 
types of glycerides are given by the following 
equation. 

l = (u+v) a =u*+3uH>+3uv ! +v t . (1) 

Thus, («*) is the fraction of glyceride molecules 
containing three polymerizing acids, (3u*p) the 
fraction of glyceride molecules containing two 
polymerizing acids and one non-polymerizing 
acid, (3UV 2 ) the fraction of glyceride molecules 
containing one polymerizing acid and two non¬ 
polymerizing acids, and (v 1 ) is the fraction of 
glyceride molecules containing three non-poly¬ 
merizing acids. Thus, the drying oils according to 
this analysis are composed of four types of mol¬ 
ecules, trireactive («*), direactive mono¬ 

reactive (3uv*), and zero-reactive (»*). If the 
distribution is assumed to be random, the 
glyceride composition of some of the more im- 

•E. P. Painter and L. L. Nesbitt, Ind. Eng. Chem. 
Anal. Ed. 15,123 (1943). 

7 H. E. Longenecker, Chem. Rev. 29, 201 (1941). 


Journal of Applied Physics 



Table I. Glyceride composition of various drying; oils. 


MECHANISM OF POLYMERIZATION 


Oil u v u * 3 k*p 3 m>* v* 

Linseed oil 0.65 0.35 0.275 0.444 0.238 0.043 

Cottonseed oil 0.43 0.57 0.082 0.323 0.416 0.180 

Tung oil 0.79 0.21 0.496 0.384 0.100 0.009 

Perilla oil 0.84 0.16 0.602 0.333 0.061 0.004 

Oiticica oil 0.84 0.16 0.595 0.338 0.064 0.004 

Soybean oil 0.61 0.39 0.227 0.436 0.278 0.059 


portant drying oils are listed in Table I. The 
original fatty acid compositions are according to 
Mattil. 8 

Let the subscripts 100, 010, and 001 refer to 
trireactive, direactive, and monoreactive glycer¬ 
ides, respectively. Then the original mole frac¬ 
tions ( N°) and group fractions ( M °) of the 
different types of glyceride are given by the 
following equations. By group fraction is meant 
the fraction of reactive groups that is attached to 
the particular glyceride. 


N« 10t - 

-=r W 3 


n° 


n° oio 

W 0,0 = 

-=3 u*v 


n° 


»°« 01 

N %«i = 

- = 3 md * 




3 m°ioo 

Mr 100 = 

- z=U 2 



* 

2n°oxo 

M° o,.= 

- =2uv 


m° 


* # 001 

M° ooi = 

-=t> 2 


m° 


The functionality (/) is defined as the average 
number of reactive groups per molecule. That is, 

m° . 

/*—* 3i\T°ioo+2iV 0 oio+iV 0 ooi - 3 u. (4) 


During heat bodying it is con&idered that these 
three types of glycerides combine to form poly¬ 
mers. It is fairly well established, although not 
definitely proven, that the bond between two 
fatty acids is a six-membered ring formed by the 
following mechanism. 9 



c — c=c — c —. 


All the changes in physical properties are in 
accord with this mechanism, but they do not 
necessarily eliminate other mechanisms. Irre¬ 
spective of the mechanism it is sufficient for 
present purposes to know that some sort of bond 
is formed between the reactive fatty acid groups. 

The equations giving the relative amounts of 
the different types of polymers formed can be 
derived if the following assumptions are made, 
that during the polymerization two reactive 
groups disappear in the formation of one bond 
between two molecules, that the formation of a 
ring structure or intrapolymer is excluded, and 
finally, that all of the groups are equally reactive. 
The equivalence of linolenic and linoleic acid in 
the polymerization reaction has been previously 
discussed. The second assumption of the absence 
of ring formation is very doubtful due to the 
formation of highly branched structures. It is 
impossible to estimate the amount of ring forma¬ 
tion. Consequently, it will be neglected for the 
present. 

For the formation of a bond, it is necessary 
that two molecules collide in such a position for 
the reaction to take place. Thus, if we assume 
that the polymerization reaction is second order, 
the following differential equation for the instan¬ 
taneous change of a definite polymer molecule is 
obtained. 


dtlabe C b e • • • . 

-*w°A EEE tn t fljn*-i t b-j,c-k-m 0 km Qbc ELL ***** 

dt i—0 J-Ofc-O *-0,-0 *-0 


• W. H. Mattil, Oil and Soap 21, 197 (1944). 
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where »,*, is the number of molecules made from (a) trireactive glycerides, (ft ) direactive glycerides, 
and (c) monoreactive glycerides, and mate is the number of reactive groups attached to (abc) polymers. 
k is the specific rate constant. The first term of the right-hand side of Eq. (5) accounts for the synthesis 
of the (abc) polymer from all of the possible combinations of lower polymers, while the second term 
accounts for the disappearance of the (abc) polymer as it combines with other m'olecules to form 
higher polymers. Equation (5) may be expressed in terms of group fractions (M) and extent of 
reaction (p), thus eliminating the time factor, by means of the following equations 


m = m°(l— p), 
dp/dt — m°ft( 1— p ) 2 , 


(a C~ f - 2)flabe 
Afabe ~ ■ 


m 


( 6 ) 

( 7 ) 

( 8 ) 


Therefore, 


d(M*J 

dp 


+-c+l) 

Afahc 

i~P 


(a—c+2) « 6 e 

-£ 23 H MtjkMa-, b-j C-I. 

1 —p t—0 7-0 0 


The following equation is a solution of this linear differential equation 


where 


Mabr = K ttbl .F +b ' e -V-p) a - l+ \ 


(9) 

( 10 ) 


Kobr — 


a—c+2 


2(a+ft+c— 1) »«ui-(u«o 


23 23 23 K„l c Ka-ub-).r-k, 


( 11 ) 


and 


ftooo — 0, 
km = JlPioo, 
feoio * 

&ooi = M"ooi. 


It is evident that (o) and (b) can have any value from 0 to «, while (c) can only assume values from 
0 to (o+2). 

It has been found, by trial and error, that it is possible to solve the above recursion formula in- 
vplyfcig the constants. The following result is obtained. 


Ktbt 


(2a+b )! (M*m)‘ (M% 0 ) b (Jf<W« 
(o—e+1)! o! b! cl 


( 12 ). 


Thep the complete expression for the group fraction of an (abc) combination is given by 

t v, ^ .. ( 2 a+ft)! (Af°ioo)‘ (M°oio)‘ (Af°ooi)* 


Mir 


Mate' 




(o—c+1)1 o! 


ft! 


cl 


~p*+^ t ~ 1 (l —p) a ~ e+l . 


(13) 


& Edition the molecular weight on a number basis (A „) and on a weight basis (A„) are given by the 

folk* 

k 
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flowing equations after the proper summations are made l 
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The same method of attack may be extended to cover the polymerization of any mixture of other 
polyfunctional molecules. The differential equation and its solution follow. 


d(MtV’Xk) (7*1 1) 

" +- Mr I-.,* . 


dp 


i-p 


Yxv-Xk *1 *» 

\—p »1—0 »*-0 


(Zx!•••**—1 + 7xi■ ■ •** — 1)! T * (AfV-i ••<>)*• 

AT*!• • -xjt *-—---n- P Zxi ‘' -/>) Kjtl •' * t ~ l 


1) 


(16) 

(17) 




Xi ! 


where 


Zxi •••.!* = x,, 

i-l 

7xi "**“2+ £ (*—2)*,. 

i-i 

(Zxi •••**) is the number of original molecules making up the (*i •••x*) molecule and (7xi •• •**) is the 
number of reactive groups attached to the (xi-*-x*) polymer. 

Likewise, the molecular weights are given by Eqs. (18) and (19) 


4 


i„=aJ 1+--V 

V 1-P(l + Y.(i-2)M%--1~«)/ 

i-l 


(18) 


(19) 


The fundamental Eqs. (13) and (19) are in 
agreement and substantiate the earlier work of 
Flory 10 and Stockmayer. 11 

EXPERIMENTAL PROCEDURE 

In an effort to check the validity of this 
analysis several oils have been heat bodied. Three 
samples of linseed oil, one sample of linseed oil 
plus 1 percent litharge, one sample of soybean oil, 
and one sample of tung oil have been bodied 

* p, J, Flory, J. Am. Chein. Soc. 63,3083,3091, and 3096 

H. Stockmayer, J. Chem. Phys. 11, 45 (1943); 12, 
125 (1944). 


under a vacuum or inert atmosphere. Samples 
were taken at various times of reaction, and 
physical constants such as viscosity, molecular 
weight, density, etc., determined. The results are 
shown in Figs. 1 to 6 as a function of time. 
Table II contains the data obtained for the tung 
oil and soybean oil, while the results for linseed oil 
are given in an earlier report. 1 * Reference to this 
report should be made for methods of determining 
the physical constants. 

The bodying of the soybean oil was stopped 
after it was discovered that the viscosity had 

* H. E. Adams and P. 0. Powers, Ind. Eng. Chem. 36, 
1124 (1944). . 
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started to decrease and the acid number to in¬ 
crease greatly, showing that the glycerides were 
being hydrolyzed. 

During the heat bodying the temperature of 
the reaction was controlled manually by means 
of a ring burner. Because of the extremely high 
temperature of 305°C it was difficult to maintain 
an entirely constant temperature. However, the 
maximum variation was seldom over two degrees. 

DISCUSSION OF RESULTS 

Rate of Reaction 

Since the iodine number may be accurately de¬ 
termined and measures the unsaturation present 
in bodied oils, the values have been used to 
measure the extent of the combination of fatty 
acid groups (/>). Since the loss of one double bond 
per fatty acid chain is equivalent to a decrease of 
86.6 in iodine number, the actual decrease divided 
by 86.6 indicates the* extent of reaction. Conse¬ 
quently, (1 — p) is a measure of the remaining 
double bonds or the reactivity left. Since it is 
postulated that in the disappearance of a double 
bond two fatty acid chains are bonded together 
through a six-membered ring, the rate of disap¬ 
pearance of unsaturation should vary as the 

Tablk II. 


Soybean oil bodied at 305°C under nitrogen 


Sample 

No. 

lime 

hr. 

Density 

Viscosity 

nee. 

Iodine 

No. 

Mole 

weight 

Acid 

No. 

V-l 

0 

0.9197 

1.3 

135.2 

746 

2.0 

-2 

1.167 

0.9188 

1.3 

132.4 

571 

2.3 

-3 

2.167 

0.9198 

1.4 

120.6 

572 

9.4 

-4 

3.167 

0.9198 

1.7 

120.3 

792 

15.7 

-5 

4.167 

0.9226 

1.9 

117.1 

834 

16.5 

-6 

3.167 

0.9226 

2.1 

113.0 

902 

13.3 

-7 

6.167 

0.9304 

2.4 

99.5 

903 

18.3 

-8 

7.167 

0.9320 

2.6 

97.9 

956 

29.2 

-9 

8.167 

0.9433 

4.6 

95.5 

984 

24.5 

-10 

11.417 

0.9379 

8.7 

87.6 

1165 

25.4 

-11 

14.417 

0.9399 

16.5 

85.0 

1219 

26.4 

-12 

17.750 

0.9461 

40.6 

- 

1395 

46.0 

-13 

22.750 

0.9479 

42.9 

— 

1299 

72.0 


Tung oil bodied at 225 8 C under vacuum 

Time Refractive Iodine Hjabsorp- 

Semple No. hr. index No._ttonlb. 


VI-I 0.0 

-2 0.1 

•3 0.2 

4 0.6 

.5 0.68 

-6 0.70 (gel) 


1.5352 

167 

10.9 

1.5351 

163 

10.8 

1.5321 

163 

9.3 

1.5287 

148 

5.3 

1.5278 

147 

3.7 


— 

2.5 



second power of the remaining reactivity. That is 

dp/dt = k{l-p)\ (20) 

where k is the second-order rate constant. Inte¬ 
gration of this equation gives 

p/(l-p) = kt. (21) 

In Fig. 7 (p /1 —p) has been plotted against the 
time (t) for the linseed oil and soybean oil 
samples. Because of the high amount of conju¬ 
gation present in tung oil, Wijs iodine numbers do 
not give a true indication of the change in 
unsaturation. Consequently, these results have 
not been included in this graph. The results 
clearly indicate that the disappearance of unsatu¬ 
ration as indicated by the iodine number is a 
second-order reaction. The three linseed oil 
samples have the same rate constant of k =0.49, 
while the presence of 1 percent litharge increases 
this rate constant to A=»0.73. Soybean oil has a 
much smaller constant of k =0.40. 

Mattiello 1 ' has bodied linseed oil at three 
different temperatures and determined the re¬ 
sulting changes in the various physical properties. 
With these data the extents of reaction have been 

u I. J. Mattie llo , Protective and Decorative CoutiHp (John 
Wiley and Son*, Inc., New York, 1943), Vol. Ill, p. SO. 
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calculated from the change in iodine number and 
change in molecular weight. Straight lines were 
obtained when (p/l—p) obtained from the 
change in iodine number and ( p ) as calculated 
from the molecular weight were plotted against 
time. Two parallel lines were obtained when the 
logarithm of the respective rate constants was 
plotted against the reciprocal of the absolute 
temperature. As shown in Fig. 8 this gave a value 
of 36.5 kcal. for the activation energy, as obtained 
from both the iodine value change and the 
molecular weight change. The value of 36.5 kcal. 
for the energy of activation is in good agreement 
with the estimate of the energy change (34.4 
kcal.) involved in the formation of the six- 
mcipljered ring as determined from the bond 
enerjj^j8. 14 

v 

Viscosity 

An unsuccessful attempt has been made to 
^obtain a relationship between the viscosity and 
molecular weight by means of the above equa¬ 
tions* Flory V 6 equation, which indicates that the 
log^f>tbrii of the viscosity is a linear function of 


the square root of the molecular weight on a 
weight basis, does not hold for the bodied oils. A 
possible explanation is that the linseed oil 
polymer is highly branched, while Flory’s equa¬ 
tion may only be true for linear polymers. 

H. Eyring 16 has develoi>cd a theory of viscous 
How based on reaction kinetics. Viscous flow in 
liquids takes place by the movement of molecules 
into "holes” in the liquid which in turn is 
governed by an energy barrier &E or energy of 
activation. This energy of activation has been 
found to be roughly equal to \ the molar heat of 
vaporization, consequently, it has been possible 
to estimate the number of molecules comprising a 
segment of flow. Flory 16 in his work with polyesters 
has shown that the energy of activation is inde¬ 
pendent of molecular weight. Therefore, the 
segment of flow is constant. There are about 
28-34 chain atoms per unit of flow. 

The viscosities of heat bodied linseed oil at 
several stages of reaction have been measured 
over the temjxTature range of 30°C to 75°C by 
means of Gardner-Holt viscosity tul>es. The 
temperature of the bath was maintained constant 



14 L. Pauling, Nature <tf the Chemual Bond (Cornell 
University Press, Ithaca, 1940). 

» P. J. Flory, J. Am. Chem. Soc. 62, 1057 (1940). 


iSf 


14 R. H. Ewell and H. J. Eyring, J. Chem. Phys. 5, 726 
(1937). H. Eyring, ibid . 9, 268 (1941). W. Kauxmann and 
H. Eyring, J. Am. Chem. Soc. 62, 3113 (1940). 
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to =fc0.5°C. The results are listed in Table 111 and 
plotted in Fig. 9. A straight line is obtained when 
the logarithm of the viscosity is plotted against 
the reciprocal of the absolute temperature. 

It is apparent from Fig. 9 that the slope of the 
various lines is not constant but increases with 
increasing molecular weight or viscosity. The 
energy barrier calculated from the individual 
slopes is plotted as a function of the extent of 
reaction as calculated from the change in iodine 
number and molecular weight, in Fig. 10, and the 
data are assembled in Table IV. A linear relation¬ 
ship exists between the extent of reaction and the 
energy of activation in contrast to the result of 
Flory, who found the energy of activation inde¬ 
pendent of the extent of reaction in his work on 
polyesters. The answer to this discrepancy lies in 
the fact that Flory prepared only linear polyesters, 
and consequently, the shape of the molecule 
would change only in length as the polymerization 
proceeded. In the case* of linseed oil, a highly 
branched molecule would be produced by poly¬ 
merization. Since the distance lx?tween branches 
in the linseed oil polymer is of the same order of 
magnitude as the segment of flow, it is logical 
that this branched structure would increase the 
unit of flow. 

INTERMEDIATE COMPOUND FORMATION 

The results as shown in Figs. 1~6 are in good 
agreement with the reported changes in prop¬ 
erties 11 of drying oils on heat bodying. Linseed oil 
and soybean oil give analogous results in contrast 
to tung oil. Tung oil contains a high proportion of 
conjugated fatty acids which in a large measure 
accounts for its greater reactivity. For both 
soybean oil and linseed oil, the iodine number, 
hydrogen absorption, and percent soluble in 

Tablb III. Temperature coefficient of viscosity of heat 
bodied linseed oil sample No. II. 

Logarithm of viacowty 


Number 

30°C 

S0°C 

75°C 

11-4 

0.623 

0.301 

0.041 

-5 

1.076 

0.634 

0.256 

-6 

1.170 

0.732 

0.322 

-7 

1.510 

1.013 

0.544 

-8 

1.808 

1.292 

0.792 

-9 

2.030 

1.525 

0.977 

-10 

2.706 

2.154 

1.846 
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acetone decrease* rapidly at the beginning of the 
reaction and tend to approach a constant value 
at the later stages, while the density and re¬ 
fractive index increase* rapidly at the start and 
then level off. On the other hand, the viscosity 
and molecular weight experienced relatively 
little change at the beginning and increased very 
rapidly at the later stage. 

If ( p) the extent of reaction is calculated from 
both the iodine number and molecular weight, 
different values are obtained from the two 
properties. To explain this discrepancy the pres¬ 
ence of an intrapolymer has been postulated. This 
idea has been suggested by several other in¬ 
vestigators. 17 An intrapolymer consists of either a 

Table IV. Viscous energy of activation. 


Number 

P 

Iodine No. 

p 

Molecular wt. 

A/Skcal. 

11-4 

0.223 

0.150 

6.6 

-5 

0.346 

0.216 

9.1 

-6 

0.454 

0.240 

9.4 

-7 

0.570 

0.316 

11.0 

-8 

0.631 

0.366 

11.2 

-9 

0.688 

0.423 

11.4 

-10 

0.697 

0.485 

12.6 


17 T. F. Bradley, Ind. Eng. Chem. 30, 689 (1938). A. 
Schwarcman, Oil and Soap 21, 204 (1944). 
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Fig. 11. 


monomer glyceride which has two of its fatty 
acid groups joined together or a polymer that 



contains a ring. Figure 11 shows (he magnitude of 
this difference between the iodine number and 
molecular weight changes as ordinate and the 
extent of the reaction as calculated from the 
iodine number as abscissa. The fact that the 
concentration of the intrapolymer reaches a 
maximum at about p *■ $, and then decreases, in¬ 
dicates that most of the ring formation is on the 
monomers. Thus, the intrapolymer is being 
formed simultaneously with the interpolymer 
(bonds between fatty acid groups on different 
glyceride molecules) and at the same time the 
intrapolymer is continually being changed to an 
interpolymer by ester interchange which occurs 
readily at the temperature of heat bodying. 

The dotted curve in Fig. 11 is given by the 
equation p(l —p). 

Earlier, the assumption was made that the 
reactive groups all had the same reactivity, that 
is, both linolenic and linolcic acids were capable of 
forming only one bond between the glycerides. 
However, the presence of trimer and higher fatty 
acids has been reported in the hydrolyzed products 
of heat bodied oils. This would indicate that one 
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of the fatty acids, preferably the linolenic acid, 
was capable of forming more than one bond which 
would impart a higher functionality to the oil 
than used in this work. This effect would reduce 
the magnitude of the difference between the 
iodine number and molecular weight but would 
not change materially the shape of the difference 
curve. 

Figure 12 contains a plot of the percentage of 
oil soluble in acetone against the extent of the 
reaction as calculated from the iodine number. 
This is to be compared with the theoretical 
amount of monomer predicted by Eq. (13). It is 
assumed that only monomeric material dissolves 
in the acetone, which fact has been roughly 
checked experimentally. The results are vitiated 
somewhat by the mutual solubility effect which 
has a tendency to dissolve higher molecular 
weight material and by the difficult}' experienced 
in effecting a separation between two phases. 
However, at high extents of reaction the amount 
of acetone soluble material reaches the weight 
jjercent of monomers predicted by the theory. 
This behavior is in agreement with the i>ostula- 
tion of the formation of an intermediate com¬ 
pound having a lower iodine number but the 
same molecular weight as the monomer. 

Stockmayer 18 has measured the gel points of 
the pentaervthritol-adipic acid system in the 
presence of various quantities of an inert solvent 
to prove ring formation. Ring formation should 
be more prevalent at higher dilutions because 1 of 
the reduced probability of forming a bond be¬ 
tween the different molecules. This should in¬ 
crease the ratio of intrai>olymer formation to 
interpolymer formation. Stockmayer extrapo¬ 
lated the results to a fictitious infinite concen¬ 
tration to obtain a value for the extent of 
reaction free from ring formation and obtained 
excellent agreement with the theoretical value. 

A sample of linseed oil in SO percent xylene 

11 W. H. Stockmayer, Advancing Fronts in Chemtitry , 
Edited by S. B. Twins (Reiohold Publishing Corporation, 
New York, 1945), Vol. 1, p. 70. 
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solution and a sample of pure linseed oil have 
been bodied at 300°C. Physical properties of the 
resultant bodied oils have been obtained. The 
iodine numbers of the two samples were identical 
while the molecular weight and viscosity of the oil 
bodied in solution were less than those for the oil 
not bodied in solution, which would indicate 
additional ring formation in the solution. 

Figure 13 shows the extent of reaction as 
calculated from the molecular weight plotted 
against the ratio ( V/ Vq) where ( V) is the specific 
volume of the solution and (Fo) the specific 
volume of the oil. If one assumes that the points 
fall on a straight line, a value for the extent of 
reaction at infinite concentration of />=*0.286 is 
obtained. This is to be compared with a value of 
p = 0.392 obtained from the iodine number. 
These results may be within experimental error. 
More data are necessary to determine whether the 
extrapolation should he a straight line. Additional 
work is planned to further study this method. 
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Electrostatic and Tensile Properties of Rubber and GR-S at Elevated Temperatures 

R. S. Havenhill, H. C. O’Brien, and J. J. Rankin 
Research Laboratories , St. Joseph Lead Company , Josephtown , Pennsylvania 

Thib paper describes a new apparatus for measuring electrostatic contact potentials on 
various materials at elevated temperatures. In this apparatus, the electrostatic charge, acquired 
by rolling a steel ball down the surface of a rubber test specimen on a heated inclined plane, 
is measured when the ball drops into the cup of a suitable measuring device such as our electro¬ 
static modulator. With this instrument the contact potentials of both rubber and GR-S was 
found to Ijecomc highly negative at elevated temperatures. This apparent “boiling off” of 
electrons and resultant disruption of electrostatic attractive forces within the material is 
much greater for GR-S than for rubber and probably accounts for the much greater decrease in 
tensile of GR-S over rubber at elevated temperatures, and is further confirmation of the 
electrostatic contact potential theory of reinforcement. By the further application of this 
theory suitably dispersed compounding materials, which are in effect highly positive at elevated 
temperatures such as certain proteins, finely divided silica and sodium silicate, have been 
found to increase substantially the hot tensile strengths of GR-S compounds. 


I N si previous paper 1 a new apparatus was 
described for measuring the electrostatic con¬ 
tact potential of rubber and GR-S comixwnds, 
and a correlation of tensile strength and electro¬ 
static contact potential wjis observed. This work 
resulted in the formulation ')f an “Electrostatic 
Contact Potential Theory of Reinforcement” in 
which reinforcement is explained on the basis of 
electrical contact potentials and resultant electro¬ 
static attractive forces set up between the rubber 
and the reinforcing agents. For example, when a 
material which has a (+) positive electrostatic 
charge such as zinc oxide is added to rubber 
which has a ( —) negative charge, strong electro¬ 
static attractive forces are set up between the 
zinc oxide and the rubber and give rise to re¬ 
inforcement. Now since (+) and ( —) charges 
tend to neutralize each other, the electrostatic 
contact potential or electrical charge on the 
resulting stock should be more positive (less 
nefifjatqre) than it was prior to the addition of 
the z^lc oxide. This was found to be the case; 
and Jh general, the more positive the stock, the 
higher the tensile strength. 

On the basis of this theory, we would predict 
that rubber compounds when heated would 
beetle highly negative which would indicate a 
k$v hot tensile strength. 'Phis was found to be 
tft&fease. 

It is the purpose of this paper to describe a 
new apparatus for measuring contact potentials 

1 R. S. Havenhill, H. C. O'Brien, and J. J. Rankin, J. 
App. Phys. l*,Wl r 740 (1944). 
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at elevated teni|x»ratures and to point out that 
the contact potential of both rubber and GR-S 
compounds becomes highly negative at 212°F. 
This increase in negative potential, which may 
be a “boiling off” of electrons and resultant dis¬ 
ruption of electrostatic attractive forces within 
the material, is much greater for GR-S than for 
rubber, and probably accounts in part for the 
much greater decrease in tensile of GR-S over 
rubber at elevated temperatures and is further 
confirmation of the electrostatic contact potential 
theory of reinforcement. 

By the application of this theory, materials 
which maintain their highly positive charge at 
elevated temperatures should make the GR-S 
stocks more positive, prevent the release of 
electrons and increase the hot tensile strengths. 
This was found to be the case; and certain ma¬ 
terials such as proteins, finely divided silica and 
sodium silicate when added as water dispersions 
to GR-S latex gave products having considerably 
improved tensiles at elevated temperatures. 

HIGH TEMPERATURE CONTACT 
POTENTIAL APPARATUS 

To measure contact potentials at elevated 
temperatures, the rubber test specimen must be 
heated to the desired temperature on an elec¬ 
trically insulated surface, momentarily contacted 
with a cold reference surface (preferably polished 
steel), and instantly separated therefrom. The 
electrical charge or contact potential then can be 
measured on either the rubber test specimen or 
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Fig. 1. Rolling hall contact potential apparatus. 

on the standard reference contacting surface as 
the charges are equal and opposite. In our 
previous apparatus, 1 an insulated steel plunger 
contacted the test specimen, and the charge was 
measured on the test specimen which was 
mounted in a sample holder built into the 
electrostatic modulator. In this apparatus, it 
is difficult to build the electrical heater around 
the sample and provide adequate electrical 
shielding to prevent the hot a.c. electrical fields 
around the heater from being picked up on the 
grid of the audio amplifier. Furthermore, the 
charged plunger should be out of the test speci¬ 
men’s high temperature electrostatic field when 
measurements are made. The modulator unit 
should be isolated from the hot electrostatic 
field around the sample. To take care of these 
difficulties, a new apparatus was designed. 

ROLLING BALL CONTACT POTENTIAL APPARATUS 

in this api^tatus (see Fig. 1 and Fig. 2), the 
electrostatic charge, acquired by rolling a steel 
ball down the surface of a rubber test specimen 
on a heated inclined plane, is measured when the 
ball drops into the cup of a suitable measuring 
device, such as our electrostatic modulator. 

The electrostatic modulator (see Fig. 3) was 
described completely in our previous paper. 1 
Briefly, it consists of a motor-driven fan which 
cuts the electrostatic field produced by the 
charged sample and converts it into an alter¬ 
nating-current voltage which easily is amplified 
and measured by the associated audiofrequency 
amplifier and built-in output meter. The electro¬ 
static modulator and amplifier were calibrated 
with an adjustable d.c. high voltage power 



Fig. 2. Rolling ball contact potential apparatus. 


supply. The power supply leads were attached to 
the modulator cup and chassis. Amplifier output 
meter readings were plotted against input volts 
from the d.c. power supply. The contact potential 
values reported are all in terms of these input 
volts. These contact potential values are not the 
actual contact potentials since they depend on 
the capacity of sample, capacity of modulator 
system, and a number of other factors; however, 
they are proportional to the actual contact 
j>otentials of the rubber test specimens. 

With this apparatus, the test specimen is both 
shielded and electrically insulated from the heater 
by means of the porcelain enameled steel top 
plate. The charged steel ball which contacts the 
specimen is isolated from electromagnetic and 
electrostatic fields when measurements of its 
charge are made in the shielded electrostatic 
modulator unit. While this apparatus has a 
number of advantages over the plunger type 
apparatus, for high temperature measurements, 
it also has some disadvantages. The contact area 
and velocity of the ball as it leaves the sample are 
not constant for all samples. For example, a soft 
stock will have a greater contact area than a 
hard one and a stock with a tacky surface will 
retard the velocity of the ball which affects the 
speed of separation of the ball from the test 
specimen. Since both of these factors affect the 
contact potential values, they must be taken 
into account in testing unknown compounds. 
For similar compounds, these differences usually 
do not exceed 10 percent error. The relative 
contact area can be estimated approximately by 
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Fig. 3. Electrostatic modulator with audio amplifier and 
output meter. 


cqating the steel ball with “fingerprint” ink and 
measuring the length and width of the black 
streak thus produced. The relative velocity of 
the ball as it leaves the sample can be estimated 
from its trajectory. The greater the velocity of 
the ball, the greater will be the horizontal range 
on the trajectory curve. This distance can be 
easily measured from the imprint of the ball on 
carbon over white paper. 

MECHANICS OF ROLLING BALL CONTACT 
POTENTIAL APPARATUS 

The mechanics of the rolling ball apparatus 
along with the derivation of the formula relating 
horizontal range (5) to velocity (K) are of 
theoretical interest and have been calculated by 
L. E. Carlson of our Research Laboratories as 
follows. Refer to Fig. 4. 

1, Total Area of Contact 

Length of Streak * 6 inches 
Width of Streak * 1/16 inch 
Area = 6X1/16*.375 sq. in. 


lational kinetic energy by the time it reaches 
the bottom of the incline of height ( h ). Thus: 

mgh = \mV'+\IW*. 

Substituting values of I and W the energy 
equation reduces to 

mgh = £mF*+lmF*, 



/ .104\* 

F=^10X32.2X—j =2.19 ft./sec. 

w = mass of ball, 

A*height of incline (.104'), 
g* acceleration of gravity, 

V =translational velocity (at bottom of incline) 
parallel to it, 

/ = moment of inertia, 

= § mr 1 where r is radius of ball, 

W =rotational velocity 

= V/r. 

V is the maximum velocity obtainable, assum¬ 
ing the ball rolls and docs not slide. Actually, 
tackiness of the surface and indentation of the 
surface slow the ball somewhat. 

The following is a means of determining actual 
velocity from horizontal range which is the 
horizontal distance the ball moves while in 
the air. 

RELATION OF VELOCITY TO DISTANCE (S) 

Assuming the ball starts the trajectory path 
with a velocity V and travels the horizontal 
distance (5) and the vertical distance .359 ft. in 
time /, the following equations of motion may 
be set up. 

,359 = ig/ 2 + V sin 12°/, 

5*1/cos 12°/. 


2. Pressure 

Weight of ball*.0544 lb. 

Diameter of ball * 23/32" * .718 inch 
Diameter of contact * 1/16" 
instantaneous area of contact* (l/32) 2 x 
i&mrnre * .0544/(1/32)*** 17.8 lb./sq. in. 

3. Velocity 

Assume that potential energy of ball at top 
of incline if cbnverted into rotational and trans- 
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Fir.. 5. Bouncing ball contact potential apparatus. 


Eliminating t and solving for V\ 

4.11 XS 

V= -ft./sec. 

(.359 —.212655)* 

Since 5 can be measured experimentally, V can 
be calculated using the above formula. 

BOUNCING BALL CONTACT 
POTENTIAL APPARATUS 

In order to secure a more intimate contact 
between the steel ball and the test specimen, the 
“bouncing ball” type apparatus was designed. 
Refer to Fig. 5. In this apparatus, which is in 
part similar to the rebound apparatus described 
in a previous paper, 2 the steel ball is held above 
the test specimen by means of an electromagnet 
and is dropped upon the rubber test specimen 
which is mounted on a heated inclined plane and 
the ball bounced into the electrostatic modulator 
where its charge is measured. With this appa¬ 
ratus, the work done on the sample during a 
test is so great that there is some evidence that 
it brings about a structural change in the rubber. 
In any case, repeated tests on the same spot in 
the rubber show a progressive decrease in charge 
(stocks become more positive) which would 
indicate an increase in tensile strength. 

MECHANICS OF BOUNCING BALL CONTACT 
POTENTIAL APPARATUS 

The mechanics of the bouncing ball apparatus 
are of theoretical interest and are given as 
follows. Refer to Fig. 6. 

* R. S. Havenhill and J. J. Rankin, Ind. Rubber World 
107, 365-368 (1943). 



Fig. 6. Mechanics diagram of bouncing ball apparatus. 


1. Area of Contact 

Diameter of contact spot —.25 inch. 

Determined experimentally by coating ball with 
fingerprint ink. 

Area = (.125) 2 ir = .049 sq. in. 

2. Pressure 

Diameter of ball*.718 inch. 

Weight of ball-.0544 lb. 

Diameter of contact spot — .25 inch. 

Depth of penetration-AT. 

X = .359 - [(.359) 5 - (. 125) 2 ]*. 

X = .022 inch. 

The ball falls 7.25 inches on to the rubber. It 
penetrates the surface a depth X. From the law 
of conservation of energy, it can be shown that 
the weight of the ball times the distance it falls 
equals the force exerted on the rubber times the 
depth of penetration X . Thus: 

.0544 X 7.25-FX.022. 

F=17.9 lb. 

17.9 

Pressure--— 365 lb./sq. in. 

.049 


3. Velocity 

If the rubber stocks were 100 percent resilient, 
the velocity of the ball leaving the stock would 
be equal in magnitude to the velocity of the ball 
falling 7.25 inches from rest. 


«(2g5)*«^ 


2X32.2X7.25\* 


F—6.24 ft./sec. 
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This is the maximum velocity obtainable. 
Since resilience is proportional to kinetic energy 
regained after rebound, and kinetic energy is 
proportional to velocity squared, it can be shown 
that actual velocity after rebound is as follows: 

V * .624/?* ft./sec., 

where R is resilience in percent. 

Another means of measuring this velocity is 
by the use of d, the horizontal distance the ball 
moves after bouncing. If the ball starts with a 
velocity V (as shown in Fig. 6) and falls a 
distance of 0.417 ft. in time /, equations of 
motion can be set up. 

Assuming the angle of impact equals the angle 
of rebound, these equations art * > 

— V sin 66°/+ \gt* =0.417, 

V cos 66°/=d. 

Solving for V in terms of 1 1 
10.1 d 

V **-ft./sec. 

(.417+2.246dj* 

Values of V obtained from this formula agreed 
with values obtained from the resiliency-velocity 
formula within about 5 percent. Hence, the 
assumption of equal angles has experimental 
justification. 

TESTING PROCEDURE 

A 6"X6"X.075" tensile sheet 3 cured in a clean 
chromium-plated mold is used for test. The 
carefully prepared specimen, 1 whose surface 
should be free from dust, lint, surface bloom, or 
other foreign matter and free from electrical 
charge, is placed on the inclined plane and 
brought to the defcired testing temperature by 
propte^ adjustment of the Variac supplying the 
current for the electric heater. Temperature can 
be measured by means of a thermocouple placed 
on the stock and another built into the top 
surface of the inclined plane. A four-minute 
heating period is usually required to* bring the 
t^Iie sheet to a testing temperature of 212°F. 
The^eel ball (ballbearing) which is used to 
contact the sample is first cleaned with c.p. 
acetone. The ball is then picked up and gently 

* A.S.T.M. DfS41. 


placed on top of the rubber test sheet and 
allowed to roll freely down the rubber on the 
incline and drop into the cup of the electrostatic 
modulator where its charge is measured on the 
output meter of the audio amplifier. This test is 
repeated several times, taking care to roll the 
ball over a fresh uncontacted surface each time. 
The test specimen should be placed slightly over 
the lower edge of the inclined plane so that 
arcing and resultant discharge of the ball cannot 
take place between the ball and the metal of 
the heater. 

The specimen preparation and test procedure 
for the “bouncing ball” apparatus arc the same 
as for the “rolling ball” apparatus with the 
exception that in the former, the ball is released 
from an electromagnet and bounced instead of 
rolled into the electrostatic modulator. A thicker 
test specimen is sometimes desirable with this 
apparatus, and samples 0.20 inch in thickness 
were used for certain tests. All contact potential 
measurements must be made in a constant 
temperature, constant humidity room; 78°F and 
45 percent relative humidity testing conditions 
have been found to be satisfactory. Like all 
electrostatic work, results are difficult to dupli¬ 
cate, and a large number of tests must be run. 

EXPERIMENTAL DATA 

Increase of Contact Potential with Temperature 

Our electrostatic contact potential theory of 
reinforcement predicts that GR-S should become 
highly negative at elevated temperatures in 
order to explain the low hot tensiles of GR-S. 
To check this, contact potentials were run at 
78°F and 212°F on a 20-volume zinc oxide 
loaded GR-S stock and also on a similar rubber 
stock. Data were obtained with both the “rolling' 
ball” and “bouncing ball” contact potential 
equipment. Rebound data were also obtained 
using the St. Joe Inclined Plane Falling Ball 
Rebound Tester. 2 Hot tensile data were obtained 
using the St. Joe Electric Heater Attachment 4 
for the Scott Tensile Machine (see Fig. 7). 
These data are shown in Table I. The zinc oxide 
used in these and all subsequent tests was a 

4 Test Method Card No. 66 File S-2 dated 10/23/43— 
Research Compounding Section, Research and Develop¬ 
ment Division of the Office of Rubber Director, Washing¬ 
ton, D. C. 
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78°F 212°F 78°F 212°F 

•Electrostatic contact poten¬ 
tial volts 

1. Rolling hall apparatus 116 293 103 140 

2. Bouncing ball apparatus 36 89 28 37 

Tensile lb./sq. in. 1000 115 3500 2100 

% elongation 930 400 620 625 

Modulus @ 400 percent 

(lb./sq.in.) 125 115 1200 — 

% rebound 35 36 44 56 

Shore hardness 42 — 51 — 

Rex hardness 44 — 53 — 



Formulas 


A 


B 


GR-S 

100 

Rubber 

100 

Sulfur 

2.5 

Sulfur 

3.5 

Captax 

1.5 

Captax 

0.6 

ZnO 

113. 

Stearic acid 

1.5 


— 

ZnO 

113. 


Cure 55'X280°F Cure 35'X280°F 


* The* contact potential values are in terms of negative input volts at 
modulator. The smaller tlu* value, the more positive (+) the potential. 


fine particle size (0.2 micron average diameter), 
fast-curing type produced by the St. Joe Electro- 
thermic process. It will be noted that the GR-S 
contact potential increased about 150 percent 
while the rubber contact potential increased 
less than 50 percent. This was true for both the 
“rolling” and “bouncing” ball type apparatus. 
These data checked the theory, and it was 
decided to repeat these tests and run additional 


Fig. 7. St. Joe hot tensile apparatus. 

ones at different temperatures on both high zinc 
and pure gum rubber and GR-S stocks. Since 
the “bouncing ball” apparatus gave such low 
contact potentials because of small contact area, 
the results were difficult to check and all sub¬ 
sequent tests were run using only the “rolling 
ball” apparatus. These contact potential data 
arc shown in Table 11. The tensile data are 
shown in Table III. It will be noted that in all 
cases there is an increase in negative contact 
potential as the temperature is increased. This 
corresponds with a decrease in tensile with 
temperature and is further confirmation of the 
electrostatic contact potential theory of rein¬ 
forcement. 

It is interesting to note that the high contact 
potential values observed at elevated tempera- 



See Table I for Formulas A and B. 


Volume it, Mat, tM6 


343 






Table III. Effect of temperature on tensile of rubber and GR-S compounds. 






78*F 



14ft # F 



212°F 


370°F 



Curs 



Mod. 



Mod. 



Mod. 

Mod. 

Formula 

Compaction 

min % 
28tTF 

Tens. Elong. 
lb./sq. In. % 

@400% 
lb./sq. in. 

Tens, 
lb./sq. in. 

Elong. 

% 


Tens, 
lb./sq. in. 

Elong. 

% 

@ 400% Tens. Elong. @ 400% 
lb./sq. in. lb./sq. in. % lb./*q.in. 

C 

Pure gum rubber 

3ft 

3350 

77ft 

31ft 

2850 

67ft 

400 

2200 

760 

27ft 160 

250 - 

D 

Purs gum GR-8 
20-voL ZnO rubber 

ftft 

145 

460 

7ft 

8ft 

250 

— 

A0 

150 

- 2ft 

160 — 

B 

3ft 

3600 

620 

1200 

2850 

640 

750 

2200 

626 

600 46ft 

400 465 

A 

30.wl.ZnO GR-8 

ftft 

1000 

030 

12ft 

22ft 

500 

150 

12ft 

43ft 

100 66 

27ft 


8m TsUm I and II for formula*. 


tures tend to persist for a short time after the 
stock is cooled, indicating an alignment or 
orientation of charges such as a semi-permanent 
polarization of the stock. 


persion of all of these materials. In order to get 
effective dispersions, these materials were dis¬ 
persed in water and the water dispersions added 
to GR-S latex. The procedure was as follows: 


ADDITION OF POSITIVE (+) MATERIALS TO GR-S 
TO INCREASE HOT TENSILE STRENGTHS 

, .A number of materials having, in effect, a less 
negative (more -f) electrostatic contact potential 
were added to GR-S to make it less negative 
(more +) at elevated temperatures and, accord¬ 
ing to the theory, increase its tensile strength. 
Some of these materials, such as Flectol H, 
while (+) and effective in increasing tensile 
strength at room temperatures, became highly 
negative at elevated temperatures; and for this 
reason* neither made the stocks more positive 
nor increased the tensile at elevated tempera¬ 
tures. A few of these materials when properly 
dispersed maintained their positive charge at 
elevated temperatures, making the GR-S less 
negative and gave increased tensile strength 
stocks. These materials were finely divided SiO !t 
NaaSiOi, and certain proteins such as egg white. 
These materials were not effective when milled 
into GR-S and did not change appreciably the 
contact potentials or tensile strengths. A careful 
examination of the stocks showed poor dis¬ 


LATEX DISPERSIONS 

To 1000 grams of Type II GR-S latex (30 
percent solids) were added water dispersions of 
the positive (+) materials in such an amount as 
to give 20 percent on the GR-S solids. Then, 600 
grams of 50 percent Black Label No. 20 zinc 
oxide dispersed in water with 1 percent of 
Stablcx B were added. Coagulation was carried 
out by the addition of 100 to 200 cc of 28 
percent Epsom Salt solution. Egg white and, 
especially, sodium silicate arc good dispersing 
agents for zinc oxide and act as stabilizing agents, 
making it difficult to coagulate the latex. After 
coagulation, the material is dried at 190°F for 
approximately twenty-four hours or until the 
moisture content is under .35 percent. The 
resulting GR-S master batch contains approxi¬ 
mately 50 percent of zinc oxide and 20 percent 
(on GR-S) of the added (+) material. Com¬ 
pounding then was carried out and regular 
milling procedure followed in basic Formula E. 
Formula E is similar to Formula A, except that 


Table IV. Addition of (+) materials to GR-S latex. 


Compositiorf 


Electrostatic contuct 
Curt potential* volts 
min. to 

280*F 78°F 212°F 


Original tensiles 78°F 
Elong. 


Ten*, 
lb./sq. in. 


Mod. 
@400% 
lb./sq. in. 


Tensiles @ 212°F 

Mod. 

Tens. Elong. @ 400% 
lb,/aq. in. % lb./sq. in. 


Hardness 

% rebound 78°F 
shore 

78°F 2!2°F 15 sec. 


Standard 

20^^^white 




275 v 


850 

225 

150 

300 — 

36 

37 

40 


93 v 


1475 

538 

1000 

400 

250 — 

37 

40 

49 


95 v 

195 v 

1325 

990 

200 

300 

400 300 

33 

34 

37 


KK9 

175 v 

1475 

450 

1200 

400 

200 — 

36 

39 

49 


Positive (+) materials added 

2 mm whites added to 1000 grains of Type II GR-S latex (30% solids) 
400 gram* of 15% santocel (SiOt) dispersed in water 
120 grams of 50% sodium silicate in water. 

.. .Basic Formula £ (See Text). 
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Formula E . 


Parts by weight 

50 percent zinc oxide master batch 


from GR-S latex (spec.) 

200 

Sulfur 

2.5 

Captax 

1.5 


204.0 


it contains 18 volumes of zinc oxide instead of 
20 volumes. 

The tensile, rebound, and contact potential 
data are shown in Table IV. It will be noted that 
these materials markedly increased the contact 
potential (made it more positive) and increased 
both the room-temperature tensile and the hot 
tensile of GR-S. The hot tensile is more than 
doubled in case of the egg white (albumen) and 
sodium silicate stocks. Modulus, hardness, and 
rate of cure also are increased while rebound 
data are of the same order. The stocks containing 
the egg albumen were different from any of the 
other stocks in that they milled out extremely 
smoothly and gave a long, plastic, uncured sheet 
when taken from the mill. They resembled 
natural rubber more in this respect than any 
other GR-S material we have observed. 

DISCUSSION OF RESULTS 

In order to show the relations between tem¬ 
perature, contact potential, and tensile, addi¬ 
tional data were obtained at various tempera¬ 
tures on the standard latex compound containing 
no sodium silicate and on one containing 20 
percent sodium silicate. These data are shown in 
Table V and have been plotted in the form of 
curvies. Refer to Figs. 8 and 9. Figure 8 shows 
the increase in contact potential with tempera¬ 


ture and also that the addition of NatSiOs 
greatly decreases the contact potential and makes 
the stock more positive (+). Figure 9 shows how 
the tensile drops off with temperature and shows 
the superiority of the NagSiOs stock. 

In Fig. 10, the contact potential data for all 
the rubber compounds run at different tempera¬ 
tures have been plotted against the tensile 
strength values; and it appears that there is a 
relation between tensile strength and contact 
potential. 

In Fig. 11, the contact potential data for all 
the GR-S and GR-S latex compounds run at 
different temperatures have been plotted against 
the corrcsixmding tensile strength values and 
again it appears that there is a correlation of 
contact potential and tensile strength; however, 
it is a different one from that for rubber as might 
be expected from the difference in physical and 
chemical properties of the two materials. These 
data are all further confirmation of the electro¬ 
static contact potential theory of reinforcement. 

SUMMARY AND CONCLUSIONS 

A new apparatus has been described for 
measuring contact potentials of rubber and 
GR-S compounds at elevated temperatures. In 
this apparatus, the electrostatic charge, acquired 
by rolling a steel ball down the surface of a 
rubber test specimen on a heated inclined plane, 
is measured when the ball drops into the cup of 
the electrostatic modulator. This potential, while 
not the actual contact potential, is, nevertheless, 
proportional to it. With this apparatus, the 
contact jxjtential of GR-S at elevated tempera¬ 
tures was found to increase much more (become 
more negative) than for rubber. The release of 
electrons (increase in negative contact potential) 


Tablf. V. Effect of temperature on GR-S containing sodium silicate. 


Tensile strength 


Temperature 
of test 


Contact potential volts 


Standard 

stock 


20 % 

NasSiOi stock 


Standard stock no sodium silicate 


Mod. 

Tensile Klong. % 400% 

Ib./8q. in. % lb./so. in. 


20% sodium silicate 


Tensile Klong. ® 400% 

Ib./sq. in. % Ib./sq. in. 


78°F 

100 

85 

900 

850 

225 

1475 

475 

1000 

145 # F 

180 

125 

500 

400 

300 

890 

425 

700 

212°F 

275 

185 

150 

300 

■— 

400 

200 

— 

279 # F 

410 

255 

50 

150 

— 

275 

225 

— 


Basic Formula B. 
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Fig. 8. Contact potential vs. temperature for sodium 
silicate stocks. 



Fig. 9. Tensile vs, temperature for sodium silicate stocks. 

and consequent disruption of electrostatic attrac¬ 
tive forces within the material at elevated tem¬ 
perature probably partly accounts for the much 
greater decrease in tensile of GR-S over rubber 
and is further confirmation of the electrostatic 
contact potential theory of reinforcement. 

By the further application of this theory, 
highly positive (+) materials, such as certain 
proteins, finely divided silica, and sodium silicate, 
whies retain their positive charge at elevated 
ternpteratures and make the stocks more positive, 
have been found to more than double the hot 


Fic>. 10. Contact potential vs. tensile strength for all 
rubber compounds. 



Fig. 11. Contact potential vs. tensile strength for all 
GR-S compounds. 


tensiles of high zinc oxide loaded compounds 
made from GR-S latex. 
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Significance of the Equation of State for Rubber 4 ' 

Eugene Guth, Paul E. Wack, and Robert L. Anthony 
Polymer Physics Laboratory , University of Notre Dame , Notre Dame , Indiana 

The physical significance of stress-strain curves and of isometrics obtained by the relaxation 
method is discussed and clarified. Stress-strain curves taken at various temperatures give the 
correct dependence of stress upon temperature if they are taken sufficiently fast so that stress 
relaxation does not mask the temperature dependence. Isometrics obtained after previous 
relaxation of the sample are shown to depend upon duration and temperature of the relaxation 
bv a numerical factor only. The basis for this behavior is the factorization of the stress into a 
factor depending upon extension and temperature only which corresponds to the equation of 
state and another factor depending upon the temperature T* and the duration of the relaxation 
process. For simple stress relaxation, the same factorization holds with 7'* equal to T '. A general 
theory is formulated for time dependent elastic phenomena by generalizing Boltzmann's 
theory. The theory explains why factorization does not hold for creep, in agreement with 
experiment. 


I. INTRODUCTION 

HE physical significance and the molecular 
interpretation of equations of state for 
gases, liquids, and solids are well known. The 
equation of state for a gas may be given in the 
form 

P-P{V,T), (1) 

where p is the pressure, V the volume, and T the 
absolute temperature. The equation of state for 
a solid, which is deformed unilaterally, may be 
obtained from Eq. (1) by replacing p by (— Z), 
the (nominal) stress ( = force per unit original 
cross section) and V by €, the strain ( = extended 
length divided by original length minus one) 

Z-Z(i f D. (2) 

A stress-strain curve 

Z«Z( c) (2a) 

is the isothermal obtained from Eq. (2) at con¬ 
stant temperature T. A stress-temperature curve 

Z-Z(2T) (2b) 

is the isometric obtained from Eq. (2) at a con¬ 
stant extension «. An extension-temperature 

curve 

•-•(Jr) (2c) 

is the isotonic obtained from Eq. (2) at a constant 
stress Z. Equations (2a), (2b), and (2c) are, of 
course, equivalent. For certain solids, the iso- 

* This work was done in 1943, but its publication had to 
be delayed. 


thermals, or the isometrics or the isotonics may 
be obtained experimentally in a direct way. 

For rubber, none of the “iso M -curves may be 
obtained directly. For instance time is needed to 
take an isothermal, a stress-strain curve. During 
this time the stress relaxes by an amount de¬ 
pending upon the conditions under which the 
curve is taken. The purpose of the present paper 
is to clarify the role of the time element in the 
various methods for obtaining the equation of 
state. 

2. STRESS-STRAIN CURVES 

Apparently the simplest way of obtaining the 
equations of state consists in the taking of stress- 
strain curves at various temperatures. Unfor¬ 
tunately, the time element needed for this pro¬ 
cedure may mask or even reverse the correct 
dependence of stress upon temperature. Stress- 
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Fig. 2. Isometrics derived from Fig. 1. 


strain curves taken at slow constant rates of 
loading or stretching yield on cross-plotting at 
constant strain a decrease of the stress with 
increasing temperature, in contradiction to the 
kinetic theory of rubber electricity. 1 

For fast stress-strain curves the correct de¬ 
pendence (i.e., increase) of the stress upon the 
temperature is obtained. Figure 1 shows stress- 
strain curves at various temperatures obtained 
with the fast stress-strain apparatus, 2 developed 
in the Polymer Physics Laboratory at Notre 
Dame. Figure 2 shows isometrics which resulted 
from Fig. 1 on cross-plotting; they exhibit the 
increase of stress with increasing temperature. 

This method alone, however, cannot give a 
reliable equation of state. For, it is not a priori 
known kfw fast 1 the stress-strain curve has to be 
taken il^order to give the “correct” dependence 
of the stress upon the temperature. In addition, 
the adjective “correct” needs further elaboration. 
At any rate this method would have to be 
-'•V- 


• • Because of die rise of temperature on fast stretching 
theses tress-strain curves are adiabatics in reality. However, 
the differertce between adiabatics and isothermals is within 

the experimental eqx>r for extensions up to crystallization. 

' 
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^H. M. James and E. Guth, J. Chem. Phys. 11, 455 

*R. L. Anthony, and P. E. Wack, Rev. Sci. 
nst. 17:106 (1946). 


supplemented by a study of the effect of the 
speed of stretching upon the stress-strain curve. 

3. ISOMETRICS BY RELAXATION METHOD 

The relaxation method of obtaining isometrics 
operates as follows: A sample is kept at constant 
extension at a constant temperature T* for the 
time interval /*. The stress relaxes as shown in 
Fig. 3. Then the temperature is lowered and the 
change in stress measured, giving the desired 
isometrics as indicated in Fig. 4. 

The time /* is chosen so that in the time 
interval (/**—/*) (cf. Fig. 3) needed to take the 
measurements over the temperature interval 
F* — T** (cf. Fig. 4) the amount of stress re¬ 
laxation is within the experimental error. 

In earlier work it was customary to take 
measurements from T** back to T* also and call 
the isometrics reversible or equilibrium curves, if 



Fig. 3. Illustration of the relaxation method for obtaining 
isometrics, Z 0 is the initial stress at /*• 0. 



Fig. 4. Isometric obtained after pre-relaxation according 
to Fig. 3. 
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the branch coming back coincided with that 
going down. This is unnecessary, however. Sup¬ 
pose one has chosen t* so that no measurable 
stress relaxation takes place going down from 
T* to T** t that is, for the time (t **—/*), but that 
stress relaxation is not negligible for the interval 
2 (/*♦—/*) needed to cover also the return T ** 
to T\ Then, when coming back, one would 
obtain the dotted line in Fig. 4. For thermo¬ 
dynamic computations one still may use the 
branch on going down. This statement will be 
obvious after considering the theory of the re¬ 
laxation method of obtaining isometrics in the 
following sections of this paper. 

Apart from the clarification of this item, there 
were other important points left somewhat ob¬ 
scure. In the actual experiment all rubbers show 
some (permanent or temporary) set, when the 
stress is released, after the isometrics are taken. 
Should one take this final unstretched length or 
the initial one (before the experiment started) in 
computing the extension c? Meyer and Ferri, 4 for 
instance, have used the final length. Our theory 
will show that the initial length should be taken 
instead. In previous work (Meyer and Ferri, 4 our 
own work, 5 and Wood and Roth 6 ) the role of the 
temperature T* and of the duration /* of the pre¬ 
relaxation was left somewhat unclear. Also the 
question of the absolute value of the stress was not 
discussed. 


4. STRESS RELAXATION 

The importance of the pre-relaxation in the 
relaxation method for isometrics necessitates a 
closer study of the laws of stress relaxation. 

Our experimental work on the stress relaxation 
of natural and synthetic gum and tread stocks 
may be summarized in the factorization relation 

Z(t,T-,t) = F{',T),G(t,T). (3) 

Stress relaxation differs from the equation of 
state in the entering of the time as a new variable. 
This means, for instance, that it is not possible to 




Fig. 56. Similarity of stress-strain curves obtained from 
stress-time curves of the type shown in Fig. 5o. 


derive for all times t the laws of creep (Z=const.) 
from Eq. (3) by solving for «. 

The Eq. (3) implies the constancy of the 
following ratios: 


Z(e", T; l) Z{t",r-,h) 
T ;/) ~Z(*', 7’:M 


F(«”, T) 
F(t\ T) ’ 


(4a) 


z(*uT-,n z( ti ,T-,n 

Z(«„r;0~ Z(h,T\F) 

G(t", T) 
G(f, T) * 


(4b) 


4 K. H. Meyer and C. Ferri, Helv. Chim, Acta 18, 570 
(1935). Translated in Rubber Chem. Tech. 8, 319 (1935). 

* R. L. Anthony, R. H. Caston, and E. Guth, J- Phys. 
Chem. 46, 826 (1942). Reprinted in Rubber Chem. Tech. 
16 297 (1943). 

* L. A. Wood and F. L. Roth, J. App. Phys. IS, 781 
(1944). 


The meaning of the notation in Eqs. (4a) and 
(4b) is made clear in Figs. 5o and 5b. These 
figures exhibit the geometric implications of the 
factorization. The relaxation (Z—f) curves for 
various constant extensions e and the stress- 
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strain (Z—«) curves 7 for various constant f times 
t", . . . arc similar, i.c., they may all be 
superposed on each other by multiplication by 
constant factors. 


higher may be neglected. We obtain 

*(/)«F-‘{z(0+/3 f At-WOdA (9) 

' —06 ' 


5. GENERAL THEORY OF TIME ELASTICITY 

Time elasticity shall designate any process in 
which stresses cause deformations with the time 
element as an important factor. A general 
formalism may be given in agreement with the 
factorization (Eq. (3)) by a generalization of 
Boltzmann’s theory of time-elastic processes. 

The fundamental integral equation is 

jsJT* (5) 


P is a (small) constant. p<p(t—t') is the memory 
function of Boltzmann. Equation (5) reduces to 
Boltzmann’s equation, if the instantaneous 
stress-strain relation 


Z =/-'(«) (6a) 

reduces to Hooke’s law 

Z=Et, (6b) 


where the constant E denotes Young’s modulus. 
For relaxation: 


• W-«(0 


<u<o 

«=const., />0. 


and for creep 

Z(/)=Z(/') = 


0 , *<0 

Z=const., />0, 


( 10 ) 


Equation (10) follows from Eq. (7) by solving 
for c and yields factorization for creep in the 
special case of Hooke’s law, where c-F“*(Z) 
= Z/E but not in the general case of Eq. (6a). 
Wc notice that had we assumed factorization for 
creep, we would have arrived at an equation 
different from (9) which would have contradicted 
Eq. (S). Our experiments show that—in contrast 
to relaxation—factorization does not hold for 
creep. 

All time-elastic phenomena may be derived 
from the fundamental Eq. (5). For instance, we 
can obtain the dependence upon time of stress- 
strain curves obtained at constant rate of loading 
or of stretching. 8 The fast processes of forced or 
free vibrations may be treated using the same 
equation as a general frame. 

The determination of the memory function 
from molecular models we shall defer to another 
paper. The function Z=F(e) is the stress-strain 
relation as given by the statistical theory of 
rubber elasticity. 1 


Equation (5) reduces to 

Z(/, 6) = F(€)[1-W/)] = F(0C(/), (7) 

where 

f ( 8 ) 

* •'o 

f 

Equation (7) is identical with Eq. (3). (For 
simplicity we did not indicate in Eq. (5) the 
^ temperature as another variable.) 

For creep we have to invert our fundamental 
Eq. (5). For short times this is simple. Then the 
ttftq with P will be small and terms of order 0* or 
.... 

7 These stress-strain curves are obtained by cross- 

K lotting from the relaxation curves (Fig. 5a). They differ 
■am sbfess-strain curves obtained at a constant rate of 
loading or stretching. 

/ 

% * 

33p 


z=*. rfi+e——1. (ii) 

L (i+c) 2 J 

For shear deformations Hooke’s law (6b) holds 
(with € as shear-strain) up to moderate extensions 
and Eq. (5) reduces to Boltzmann’s. For shear 
there is then factorizat ion for both creep and 
relaxation. 

6. THEORY OF ISOMETRICS FROM 
RELAXATION METHOD 

Experimental work at Notre Dame on natural 
and synthetic gum stock may be summarized in 
the relation 

Z(€, T ; T*, /*)«F(€, r), G(r* /*). (12) 

8 Cf. G. Slomimsky, Acta Phys. Chem. U.S.S.R. 12, 99 
(1940), for the case of Boltzmann's theory. 
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Here T* and t* designate the temperature and 
duration of the pre-relaxation process which 
precedes the taking of the isometrics (cf. Figs. 3 
and 4). Equation (12) expresses a generalized 
factorization. Again, as in the case of simple 
relaxation (to which Eq. (12) refers for r* = T), 
the constancy of certain ratios is implied in 
Eq. (12) 


Z(t", T 


/(«", T) 

Z(t', T 

; T*,?)' 

~ F( t ',T)’ 

Z(t, T" 

; T*, t*) 

m F( t , T") 

Z(«, V 

; T\ n ’ 

’ F( t , n ’ 

Z(*, T; 


gw, n 

Z( t , T\ 

* 


Z(t, T ; 

T*,h*) 

G(T*, tS) 


Z(e, T\ T*, tf) G(T*JS) 


(13a) 

(13b) 

(13c) 

(13d) 


Again the constancy of these' four ratios means 
geometrically the similarity of certain curves 
derived from the stress-temperature-time re¬ 
lationships. 

The factorization expressed in Eq. (12) shows 
clearly that all isometrics, for various times t* or 
temperatures T* of pre-relaxation, differ only by 
a numerical factor G(T /*). This factor is 
determined by the form of Boltzmann’s memory 
function as explained in Section 4. Equation (12) 
also shows that the initial unstretched length 
should be taken for the computation of the ex¬ 
tension €. Thus the functional form of the 
equation of state may be obtained unambigously 
from experiment. 

The question of the absolute value of the stress 
is connected with the particular form of the 
memory function, i.e., with the statistical model 
used to explain the memory function. 

Suppose the time elasticity of our material is 
given by a Maxwell body, i.e., a spring and a 
dashpot in series, leading to permanent set. Then 
one should extrapolate the time factor G to t * 0. 


On the other hand, if the time elasticity is better 
described by a Maxwell body in parallel with a 
spring (leading to temporary set only), then one 
should extrapolate G to ». We restrict our¬ 
selves here to these two examples. 

7. LIMITATIONS 

The experimental results which yielded simi¬ 
larity for simple stress relaxation and for iso¬ 
metrics using pre-relaxation were obtained in air 
in the temperature range: 0~70°C. 

The interesting work of Tobolsky and his 
associates 9 at Princeton showed that relaxation 
and creep of rubber at temperatures above 
100°C is caused by chemical changes involving 
the breaking and formation of primary valence 
bonds. The similarity law of Eq. (3) is valid. For 
our temperature range of 0-70°C, however, these 
processes are less important. In fact, in our 
experiments there was comparatively little per¬ 
manent set left after taking the isometrics. 

We wish to point out that there is always an 
observable decay of stress during the relaxation. 
Figures (6) and (7) of Tobolsky and Andrews 10 
are only in apparent contradiction to this state¬ 
ment. The apparent constancy of Z/T in these 
figures is caused by the small scale employed. 
Blown up to a larger scale, their results show also 
a stress decay. 

Long duration creep and relaxation tests were 
carried out by Mooney, Wolstenholme, and 
Villars 11 at 35° and 70°C. For moderate exten¬ 
sions and duration their data are compatible 
with similarity. 

It is planned to publish.in greater detail in the 
near future the work summarized briefly in this 
paper. There, among other things, the role of the 
ordinary thermal expansion of rubber will be 
discussed. 

•Cf. A. V. Tobolsky and R. D. Andrews, J. Chem. 
Phys. 13, 3 (1945). 

10 See reference 9, pp. 9-10. 

11 M. Mooney, W. E. Wolstenholme, and D. S. Villars, 
J. App. Phys. 15, 324 (1944). 
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The Theory of Permanent Set at Elevated Temperatures in Natural 
and Synthetic Rubber Vulcanizates 

R. D. Andrews and A. V. Tobolsky 
Frick Chemical Laboratory, Princeton University, Princeton, New Jersey 

AND 

E. E. Hanson 

Research Laboratory , The Firestone Tire and Rubber Company, Akron, Ohio 

A molecular theory is developed to describe quantitatively the permanent set taking* place 
in thin samples of vulcanized natural and synthetic rubbers held at constant extension at 
elevated temperatures. Permanent set is considered to be the result of the formation, through 
the action of molecular scission and cross-linking reactions, of a dual molecular network in 
the rubber sample, in which the network chains are of two types: chains which are at equilibrium 
when the sample is at its unstrctched length, and chains which are at equilibrium when the 
sample is at its stretched length. According to the theory the amount of permanent set in a 
rubber sample is a function of only two quantities: the relative ratio of the number of chains 
of the two types, and the; elongation at which the sample was held. Experimental data on 
permanent set for various rubber types and under different conditions are presented and arc 
shown to be in good agreement with the theory. 


C ERTAIN materials, including natural and 
synthetic rubbers, after being deformed for 
finite periods of time and then released, do not 
return completely to their original dimensions. 
This phenomenon is called “permanent set.” 

There are many different types of measure¬ 
ments, made under a great variety of conditions, 
all of which are described as measurements of 
permanent set. The molecular causes of perma¬ 
nent set are not the same under all of these 
conditions. For this reason we shall restrict 
ourselves in the present article to a discussion of 
the permanent set taking place in thin rubber 
samples which are maintained at constant ex¬ 
tension at elevated temperatures. We shall show 
that the permanent set occurring under these 
conditions is due to chemical changes which affect 
the structure of the rubb^rj^twork and that a 
quantitative molecular of permanent 

set c&qjbe accomplishea^Sythe use of concepts 
already developed cqfieerning the nature of these 
deteriorative chemjfeal processes. 

^Molecular scission and cross-linking : 

TflfclR MEASUREMENT AND RELATION 
TO PERMANENT SET 

Tfe^fctmnges in physical properties that occur 
in hydrocarbon rubbers at elevated temperatures 
are due to the simultaneous existence of chain 
scission and cross-linking reactions induced by 

7 “- . 


oxygen. 1 Depending upon whether chain scission 
or cross-linking is faster in each individual case, 
various rubber types soften or harden as a result 
of exposure to air at elevated temperatures. Butyl 
vulcanizates tend to soften; butadiene-styrene 
rubbers (GR-S, for example), butadiene-acrylo¬ 
nitrile rubbers, and Neoprene tend to harden; 
natural rubber (Hevea) tends first to soften, then 
to harden. Intermittent measurements of the 
modulus of a sample maintained in a relaxed 
state during exposure to the elevated tempera¬ 
ture (“intermittent relaxation”) provides a 
method of measuring the net rate of scission and 
cross-linking. 

On the other hand it is possible to isolate the 
scission reaction by measuring the decay of stress 
in a sample maintained at constant extension at 
the elevated temperature (“continuous relaxa¬ 
tion”). The decay of stress is a direct measure of 
the cutting of the molecular chains of the net¬ 
work. The cross-linking of chains, which is 
occurring simultaneously, tends to take place, to 
a first approximation, in such a way that it causes 
no increase of stress at constant extension. In 
other words, new network chains are being 
formed by a process of oxido-vulcanization which 
are in equilibrium when the sample is at the 


1 A. V. Tobolsky and R. D. Andrews, J. Chcm. Phys. 13, 
3 (1945). 
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stretched length (by network chains we refer to 
the portions of chain molecules between con¬ 
tiguous network junctures). 

The qualification that the cross-linking has no 
effect on the continuous relaxation curve "to a 
first approximation" is added because of the fact 
that in continuous relaxation experiments carried 
out for extended times an increase in stress is 
observed for some rubbers notably GR-S, Buta- 
prene N, and Neoprene, following the initial 
almost complete decay of stress. This stress in¬ 
crease is reproducible with the same accuracy as 
the earlier part of the curve in which the stress 
decreases. A contraction of length has been 
observed to .accompany embrittlement in un- 
stretchcd thin strips resulting from heat aging. 
General theoretical considerations suggest that a 
volume contraction is probably taking place. 
Such a volume contraction would appear to be 
the most reasonable explanation of the observed 
stress increase, although this has not yet been 
investigated experimentally. It is apparent from 
the Neoprene-gum curve in Fig. 1 that the in¬ 
crease in stress may eventually become quite 
appreciable. In the case of Hevea gum the stress 
first decays completely to zero and later begins to 
increase as embrittlement of the stock sets in, 
following the initial softening. In Butyl stocks, 
which soften progressively, the stress decays 
completely to zero and no stress increase what¬ 
ever is observed in the continuous relaxation 
curves even when they are carried out to very 
extended times. In the continuous relaxation 
curves of Hevea and Butyl stocks which appear 
later in this paper, no error should arise from this 
source, since in the time intervals to which the 
Hevea curves were carried out, the stock was 
still softening, and since the effect is not found at 
all in Butyl stocks. In the case of the GR-S tread 
stock, the relaxation curve was not carried out to 
times where this effect becomes significant. 
Nevertheless, it is well to mention this effect in 
any general statement concerning the nature of 
continuous relaxation curves. 

Let us now consider the molecular changes 
taking place in a rubber sample which is being 
held at constant elongation at an elevated tem¬ 
perature, in terms of their relation to the phe¬ 
nomenon of permanent set. Immediately after 
extension the individual molecular chains are all 



Tim* (hours 

Fig. 1. Continuous relaxation curves for extended periods 
for various rubber types; 130°C; 50 percent elongation. 


stretched and the equilibrium condition for all 
chains corresponds to the unstretched length of 
the sample. As the rubber remains at its constant 
elongation, cutting of the original chains takes 
place and the stress relaxes; new chains are 
formed by cross-linking which are at equilibrium 
when the rubber sample is at that particular 
elongation, and some of these newly formed 
chains are cut also. Thus at the beginning, the 
network chains in the rubber sample were all at 
equilibrium at the unstretched length; if the 
stress (due to chains being held out of equilib¬ 
rium) eventually decays completely to zero, all 
the chains in the network are at equilibrium at 
the stretched length. At any intermediate stage 
between these two extremes, however, the mo¬ 
lecular network in the rubber sample is a dual or 
"hybrid” network, containing chains of two 
types: (1) chains which arc at equilibrium when 
the sample is at its unstretched length, (2) chains 
which are at equilibrium when the sample is at 
its stretched length. When the external constraint 
holding the sample at constant extension is 
removed, the chains of the first type tend to pull 
the sample back to its original unstretched length, 
whereas the chains of the second type tend to 
hold the sample out at its stretched length. As a 
result, the length which the sample actually 
assumes will be intermediate between its un- 
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stretched and stretched lengths and its value will 
be the length at which the stresses on each of the 
two sets of chains exactly balance each other. 

DERIVATION OF PERMANENT SET EQUATION 

Having formulated the theory of permanent 
set in the above qualitative way, it remains only 
to put the theory into mathematical form. This is 
done in the following way: For the case of a 
“homogeneous” network, in which all the net¬ 
work chains are at equilibrium at the same 
sample length, the equation relating stress and 
elongation in terms of the concentration of 
network chains in the rubber, is given as follows: 

HGHI- » 


where / u is the stress per unit attained cross 
section on the chains which have their equilib¬ 
rium position at the unstrctched length and s u 
is the number of those chains;/, and s x are defined 
correspondingly for the chains which are at 
equilibrium (or unstressed) at the extended 
length /*. Now the condition for equilibrium in a 
sample with permanent set, as mentioned before, 
is that the retractive force exerted by the chains 
of type “w” is just balanced by the stretching 
force exerted by chains of type “x"; or, stated 
mathematically, that 

Substituting in (4) the expressions for /„ 
and f x from Eqs. (2) and (3), we obtain after 
simplification 


where / is stress per unit attained, cross-sectional 
area, s is the number of network chains per cc of 
the rubber, k is Boltzmann’s constant, T is 
absolute temperature, and / and l u are the 
attained length and unstretched length (the 
sample length at which the chains are at equi¬ 
librium) of the rubber sample, respectively. This 
equation is derived from the kinetic theory of 
rubber elasticity and is equally applicable both to 
extension and compression, i.e., I may be either 
greater or less that A positive value of / indi¬ 
cates a stretching force, and a negative value a 
compressing force. This equation should apply to 
both types of chains in the rubber network. Since 
the equation is derived from the statistics of a 
single chain, it is not necessary for either type of 
chain to form a continuous network within the 
rubber sample; it is thus perfectly applicable 
when one type of chain is predominant in the 
rubber network, chains of the other type oc¬ 
curring only here and thj fr ge . in a relatively 
isolaiqjhway. • ter 

LetCjis denote the unstretched and extended 
lengths of the rubber sample by l u and /., re¬ 
spectively,'and the “set” length by /,. We may 
4ben write for the two sets of chains in the rubber 
the tMf<f equations 


Su/, 1 /,*-/.* 


«f \ 


a 


1041- 


fu**SxkT 


, 'T‘.. 


Sxlu* /.*-/«* 


(5) 


( 2 ) 


(3) 


Permanent set is generally expressed as the |X*r- 
centage of the deformation retained by the 
sample; stated mathematically 

( In /u \ 

-1X100. (6) 

lx lu j 

This may also be written in the form 

(/.//«-1) 

% Permanent Set=-X100, (7) 

(/,//»-!) 

which is more satisfactory for the present pur¬ 
pose. It is to be noted that the denominator in (7) 
is a constant whose value depends on the 
elongation at which the sample is being held in 
the experiment. Thus only /,//„ must be evaluated 
to calculate permanent set. We can obtain /,//„ 
from Eq. (5) by algebraic transformation, giving 
the result 

--[ (W ‘- ■ +,1‘. m 

lu l(Su/s,)(/,/!,)*+l J 

This expression for /,//« may now be substituted 
in Eq. (7), giving the following equation for 
permanent set 

% Permanent Set 

-If— 

I L (i./ Sg, 


.)C,+1 


+*H 


(9) 
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where Cu C*, and C* are constants whose values 
depend on the elongation of the sample 


Ci* 



Cj 


/*y 100 

r ) ; Ci -. 

(/*//«) — 1 


Thus it is to be noted that according to this 
theory the amount of permanent set in a rubber 
sample depends upon the elongation of the 
sample as well as upon the ratio of s u to s x . 

In order to verify this relation experimentally 
it is necessary to evaluate the ratio s u /s * in terms 
of continuous and intermittent relaxation curves. 
This can be done very simply and directly; the 
value of Su/Sx at any time t is obtained by dividing 
the stress value given by the continuous curve at 
that time by the difference between the stress 
values of the continuous and intermittent curves. 
The reason for this is that the stress value given 
by the continuous curve is projx>rtional to s ut and 
that given by the intermittent curve is pro¬ 
portional to (5 tt +s*), by the same factor or pro¬ 
portionality. There are actually no chains of type 
x in the intermittent sample, of course, but the 
number of chains of type u is equal to the sum of 
the number of chains of types w and x in the 
continuous sample. (The assumption made here, 
of course, is that the rates of scission and cross- 
linking are exactly the same in stretched and 
unstretched samples, so that at any given time 
the total number of chains is the same in both the 
intermittent and continuous samples.) 

The stress data given in this paper are plotted 
as stress divided by initial stress,/// 0 , rather than 



f 

LOS »—♦ 


Fig. 2. Evaluation of U and X from continuous and 
intermittent relaxation curves. 



Fig. 3. Permanent set function for various elongations. 


as absolute stress. The procedure for evaluating 
s u /sx is not affected by this fact, however. The/// 0 
value given by the continuous curve is designated 
as Uy and the difference in the f/fo values of the 
intermittent and continuous curves as X . This is 
illustrated in Fig. 2. Thus, according to this 
notation 

s u /sx=U/X> (10) 

and U/X may be substituted for in Eq. (9), 
giving the following final equation for permanent 
set in terms of relaxation data 

% Permanent Set 

-If———+iT-ik (id 

\Uu/X)C,+l J I 

where the constants have the same values as 
before. A graph of this permanent set function for 
a number of different elongations, plotted in the 
form of percent permanent set versus the loga¬ 
rithm of U/X, is shown in Fig. 3. 

It might be well to add a few additional re¬ 
marks at this point concerning the central as¬ 
sumption in the theory of permanentset presented 
here, i.e., that the cross-linking takes place in 
such a manner as to form chains which arc relaxed 
when the sample is at the length at which the 
cross-links were formed. It is not possible to 
describe satisfactorily a single local cross-linking 
process mathematically; the effect must rather be 
considered as a statistical one, and it is necessary 
to say that the average effect of the cross-linking 
is to form new chains which are relaxed, just as is 
the case with the cross-linking taking place during 
vulcanization. Thus there are probably chains 
under a whole distribution of stress states in a 


3W 


Volume 17, May, im« 





Fro. 4. Tilting relaxometer. 


sample held at constant elongation for a period of 
time at high temperatures. This situation is con¬ 
sidered to be equivalent, however, to the case of a 
network in which there are chains of only two 
distinct types—chains which are at equilibrium 
at the original unstrctched length of the sample, 
and chains which are at equilibrium at the 
stretched length. This model makes possible a 
mathematically simple calculation of permanent 
set, just as the same sort of simplification makes 
possible the calculation of the theoretical stress- 
strain Eq. (1), obtained from the kinetic theory 
of rubber elasticity. Therefore, although the 
picture of a “dual" network employed in the 
derivation above undoubtedly does not describe 
exactly the character of the individual chains in 
the network, it should describe the statistical 
average behavior of the individual chains. 


APPARATUS AND EXPERIMENTAL PROCEDURE 

continuous and'thtermittent relaxation 
curves included in this paper were obtained in 
part on a beam balance type of relaxation appa¬ 
ratus, and in part on an inclined plane type of 
^relaxation apparatus. Duplicate relaxation curves 
fron^dhe two types of apparatus have been found 
t&agree satisfactorily. A description of the beam 
Gaf^CS^apparatus and its operation has been 
given in a previous publication. 1 


* A. V, ToboUky, I. B. Prettyman, and J. H. Dillon, J. 
App.Phy*. 1$, 380 (1944). 


A sketch of the tilting apparatus is shown in 
Fig. 4. The apparatus consists of two parts: 
part A is a brass cart for carrying as many as five 
250 g lead weights, and part B is a brass frame 
which surrounds the weight cart, but is separate 
from it. The frame and the cart fit inside a glass 
tube along which the cart is free to roll on its four 
wheels. The rubber samples (c) used in this 
apparatus are flat rings (lj in. O.D., 1J in. I.D.), 
died from thin cured sheets (approximately .030 
in. thick). Thin samples are used to insure com¬ 
plete penetration of oxygen at elevated tempera¬ 
tures, so that the scission and cross-linking 
reactions occur homogeneously throughout the 
samples. These samples are looped around two 
stainless steel pulleys, one attached to the upper 
end of the frame and the other to the upper end 
of the cart, as shown. Projecting from the lower 
end of the frame is a support post ( D ) with a 
phosphor bronze spring contact (£) at its upper 
end. The motion of the cart is arrested when a 
small wooden knob (F) fixed to the lower end of 
the cart touches this support post; this knob also 
closes the spring contact in touching the post. 
The support post is replaceable; posts of lengths 
to give the sample any elongations desired in the 
range of 0 percent to 200 percent are easily 
constructed. 

The glass tube containing the apparatus is 
attached by clips to a tilting stand in the manner 
illustrated in Fig. 4. The apparatus is tilted by a 
crank shaft ( G ) which extends through the side of 
the temperature box and is connected with the 
tilting stand through a worm gear. The entire 
apparatus, tube and tilting stand, is installed in 
an air oven with a double glass door. The temper¬ 
ature is thermostatically controlled to 0.3° C, and 
air circulation is maintained by three small air 
blowers. The temperature is regulated with refer¬ 
ence to a small iron-constantan thermocouple 
(not shown in sketch) which is attached to the 
side of the sample with fine thread. The measure¬ 
ment of the test temperature in this way, exactly 
at the position of the sample, was found to be 
necessary in order to obtain the most accurate 
and reliable results. 

In carrying out a relaxation experiment the 
apparatus was first heated thoroughly at the test, 
temperature. The tube was then removed from 
the oven, the sample (with thermocouple at- 
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tached) looped over the pulleys, the tube replaced 
in the oven with the stand at 0° tilt, the electrical 
leads from the spring contact connected to a neon 
glow bulb on the outside of the oven, and the 
oven closed again. When the thermocouple indU 
cated that the sample had reached the test tem¬ 
perature, the sample was extended, and stress 
readings begun. In taking a stress reading, the 
angle of tilt was slowly decreased, tapping 
rapidly on the crank shaft at the same time, (to 
give the apparatus a slight vibration), until a 
suitable flicker was observed in the neon signal 
bulb (a flicker equally on and off was taken as the 
indication of balance.) The time was noted and 
the angle of tilt read by means of an indicator on 
the base of the tilting stand; the scale on the 
stand is marked in half degree units, and the 
angle of tilt was read to 0.1 degree. In continuous 
relaxation experiments (in which the sample is 
maintained continuously at the specified elonga¬ 
tion) the angle of tilt was maintained between 
readings at some value greater than that neces¬ 
sary to balance the stress in the sample, and was 
never decreased below the angle of balance, so 
that there was no opportunity for the sample to 
contract to an elongation lower than that de¬ 
termined by the support post. In intermittent 
relaxation experiments (in which the sample 
remains unstretched at all times, except when a 
stress reading is taken), the tilt was set at zero 
degrees between readings, the apparatus being 
returned to the level position immediately after 
each stress reading. The time required to take a 
stress reading on an intermittent sample was 
generally IS to 30 seconds. 

The weight on the sample is equal to the total 
weight of the cart (cart plus slotted weights) 
multiplied by sin a, the sine of the angle of tilt. 
When it is desired only to calculate f/fo, the 
stress at time t divided by the initial stress, as a 
function of time (as was the case in the present 
work), this can be directly evaluated from the 
equation; 

f/fo * sin a/sin a 0 , (12) 

where a and ao are the angles of balance at times 
t and zero, respectively. Zero time was taken as 
the time of the first stress measurement, for both 
continuous and intermittent experiments. 

Measurements of permanent set were made by 



use of the brass frame shown in Fig. 5. The frame 
consists simply of square bars at top and bottom 
held by support rods at the side, and provided 
with bolt clamps to hold the samples. An idea as 
to the size of the frame can be gained from the 
fact that the distance between the inside edges of 
the top and bottom bars is 6} in. (Fig. 5 is drawn 
to scale.) The frame will hold as many as five 
samples. 

The samples used were small strips 1 in. wide 
and approximately 6 in. long, cut from the thin 
vulcanized sheets from which relaxation samples 
are obtained. Two fine silver ink marks were 
placed on the edge of each sample an appropriate 
distance apart, and the distance between marks 
was accurately measured for each sample with a 
millimeter rule. The samples were then fastened 
to the frame, stretched to the desired elongation, 
and the distance between marks again accurately 
measured. The frame was inserted in an air oven 
whose temperature was thermostatically con¬ 
trolled to ±0.3°C, the temperature being indi¬ 
cated by a thermometer with its bulb adjacent to 
the frame. The frame was suspended from a nail 
on the back wall of the oven, by means of a small 
L-bracket attached at the end of the top cross¬ 
bar of the frame, so that the^frame projected 
sidewise perpendicularly from the oven wall. 
When it was desired to remove a sample, at 
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various time intervals, the frame was removed 
from the oven, the sample quickly cut loose with 
scissors, and the frame immediately replaced in 
the oven. After the samples had cooled for 5 
min., the distance between ink marks was again 
measured, and the permanent set of the sample 
calculated by the equation 

l.-lu 

% Permanent Set=-X100. (13) 

lx~ In 

The original distance between marks /*, the 
distance when the sample was stretched on the 
frame /„ and the distance after removal of the 
sample from the oven /„ were each measured to 
an accuracy of 0.1 mm and the permanent set 
was calculated to 0.1 percent Appropriate time 
corrections were applied for tfee time required 
for the oven to reach temperature after inserting 
the frame and for the time in which the frame 
was out of the oven to remove samples; the 
corrections necessary were small in each case. 

In one case, i.e., the permanent set measure¬ 
ments on GR-S tread stock at 130°C, a slightly 
different procedure was followed in cutting the 
samples from the frame. In these measurements 
the samples were cut loose at one end without 
opening the oven, by the use of a razor blade 
attached to a rod which was manipulated through 
a small aperture in the back of the oven. One 
minute later the oven was ojxmed and the 
sample was cut free from the frame with scissors, 
without removing the frame from the oven. The 
permanent set was measured S min. after removal 
of the sample from the oven, as before, and in all 
other respects the procedure was the same as that 
used for the other stocks. This modified pro¬ 
cedure was used in orders avoid any cooling of 
thejpfunple before cutfjj^fwhich would result in 
Information of “secondary” interchain bonds in 

Table I. Recovery at room temperature. 



.~. .... . 

Percent permanent aet after recovery 
timet of: 

Ohr. 

! hr. 

1 day 
(22 hr.) 

1 week 
(169 hr.) 

Butyl gum 
Butyl treiad 
GR-$ tread 

58.3% 

42,9% 

57.3% 

60.9% 

57.9% 

42.9% 

57.3% 

60.3% 

56.6% 

42.5% 

56.3% 

59.3% 

56.0% 

42.3% 

55.5% 

58.9% 


the sample, which in turn would cause an error in 
the permanent set value. This effect will be 
discussed in more detail in the section on experi¬ 
mental results. 

The time interval of 5 min. between removal of 
the sample from the oven and measurement of 
permanent set was chosen to allow the sample to 
cool completely to room temperature. The re¬ 
covery observed on standing of the samples at 
room temperature was quite small, as can be seen 
from the data in Table I. Recovery was measured ‘ 
at intervals of one hour, one day, and one week 
after the original permanent set measurement. 
Samples of the four different rubber stocks 
studied in this paper were used, each of which 
was exposed for two hours at 130°C, at 50 percent 
elongation. It is seen that the recovery was less 
than 3 percent in every case after a week had 
elapsed, being particularly small in the case of 
Butyl gum. 

EXPERIMENTAL RESULTS 

Results of permanent set measurements, in 
which experimental permanent set values are 
compared with permanent set predicted from 
continuous and intermittent relaxation curves by 
means of the permanent set theory developed 
above, are shown in Figs. 6-10. These experi¬ 
ments were planned to include as many variables 
as possible: different polymer types, gum and 
tread type stocks, different temperatures, and 
different elongations. Four different rubber 
stocks were used in these experiments: Hevea 
gum, Butyl gum, Butyl tread, and GR-S tread. 
The compounding and cure of these stocks is 
given in Tabic 11. 

Permanent set results for Hevea gum stock at 
130°C and 50 percent elongation are shown in 
Fig. 6. The continuous and intermittent relaxa¬ 
tion curves are drawn in as solid lines; and the 
theoretically predicted curve of permanent set as- 
a function of time, calculated from the relaxation 
curves, is drawn as a dashed line. Experimental 
permanent set points are shown as circles, each 
point, of course, being obtained from a separate 
sample. It is seen that the agreement between 
experiment and theory is excellent. 

Similar data for Butyl gum and Butyl tread at 
130°C and 50 percent elongation are shown in 
Figs. 7 and 8. Although the agreement between 
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Fig. 8. Permanent set as a function of time for butyl tread; 

130°C; SO percent elongation. 

the experimental points and the theoretically 
calculated permanent set curves is not as precise 
here as was the case for Hevea gum, the agree¬ 
ment must nevertheless be regarded as satis¬ 
factory. Duplicate permanent set points were 
obtained for Butyl gum at 1.00 hr., 2.20 hr., and 
4.10 hr. The agreement between these duplicate 
samples was so close that it was impossible to 


Fig. 10. The effect of elongation on permanent set. Hevea 
gum at 50 percent and 200 percent elongation; 100°C. 

draw two separate points; for this reason these 
points are indicated by half circles in the graph. 

Relaxation and permanent set data arc shown 
for GR-S tread at 130°C and 50 percent elonga¬ 
tion in Fig. 9. In this stock molecular cross- 
linking takes place more rapidly than scission, 
unlike the Hevea and Butyl stocks, in which the 
reverse is true. Nevertheless, it is seen that the 
agreement between experimental and calculated 
permanent set values is rather good in this case 
also. 

It will be remembered that in this particular 
experiment the permanent set samples were cut 
at the test temperature while the oven remained 


Volume 17 , May, im6 


359 

















closed, rather than immediately after removal of 
the set frame from the oven, as was the case in 
the other permanent set measurements reported 
here. This was found to be necessary because of 
the formation of stable "secondary bonds" in the 

Table II. Compounding of stocks. 


lypratixk Heveagum Butyl gum Butyl tread GR S tread 


I'olymer: 

Hevea smoked 


sheet 100 

GR-I 
GR-S 

Sulfur 3 

Zinc oxide 1 

Stearic aud 0.5 

Captax 1 

Tuads 

Agerite powder 1 

Bardol 

Channel black 


100 100 

100 

2 2 2 

5 S 5 

1.5 3 3 

0.5 0.5 1 S 

1 1 

. S 

50 50 


75 min. 75 min. 100 min. 100 min. 
Cure at 270°F at300°F at 300°F at 270°F 

(132.2°C) (148.9-C) (148 9°C) (132.2°C) 


sample as a result of the cooling which took place 
on removal of the frame from the oven, before 
the samples could l>c cut. These so-called second¬ 
ary bonds are not primary chemical valence 
bonds, but rather are weak physical inter-chain 
bonds (possibly of a dipole-dipole or van der 
Waals type) which arc quite unstable at very 
high temperatures, but whose stability increases 
as the temperature is lowered. Since in terms of 
stress phenomena (such as permanent set) a 
secondary bond which has not broken has the 
same effect as a primary valence cross-link, the 
formation of stable secondary bonds by cooling 
of a sample at its extended length will be the 
same as if an increased amount of primary 
valence cross-linking had Jjftken place; i.c., the 
observed permanent set^vfl be increased. It is 
foun<$ experimentally that permanent set values 
obtained from GR-S tread samples cut from the 
frame immediately after removal from the oven 
glare a few. percent greater than the values ob¬ 
tained^ from samples cut in the oven at test 
temperature; and when the frame is removed 
fngHythe oven and the samples allowed to cool a 
few ftltfutes before cutting, the permanent set 
values obtained are very markedly greater than 
the values obtained from duplicate samples 


exposed for the same length of time to the 
elevated temperature but cut at test temperature 
with the oven closed. GR-S tread stock shows 
large secondary bond effects in general. When 
permanent set samples of the other stocks were 
cut at the test temperature in the same way, the 
permanent set values obtained from Hevea gum 
and Butyl gum samples did not differ signifi¬ 
cantly from the results in Figs. 6 and 7; perma¬ 
nent set values of Butyl tread samples were 
slightly less than the values in Fig. 8, thus 
slightly improving the agreement between ex¬ 
periment and theory. There was apparently a 
slight secondary bond error in the case of Butyl 
tread; in general it is observed that secondary 
bond effects are greater in tread stocks than in 
the corresponding gum stocks. It would un¬ 
doubtedly be best to cut permanent set samples 
at test temperature as a standard procedure, to 
avoid any error due to this source. 

In Fig. 10, permanent set data are shown for 
Hevea gum at 100°C at both 50 percent and 200 
jK-rcent elongation. Theoretical permanent set 
curves have been calculated for both elongations 
from the continuous relaxation curves at the two 
elongations and the intermittent curve (obtained 
at 50 percent elongation) which are shown in the 
graph. The same intermittent curve was used for 
both calculations since the elongation of the 
intermittent sample is really 0 percept in both 
cases and intermittent curves in which the stress 
is measured at different elongations should give 
the same ///o curve. It is seen that the experi¬ 
mental permanent set points for 50 percent 
elongation agree well with the calculated 50 
percent curve. The 200 percent elongation ex¬ 
perimental points agree satisfactorily with the 
calculated 200 percent curve at the earlier times, 
but for some reason rise somewhat above the 
calculated curve at the later times, having values 
more nearly like those of the 50 percent points 
than is predicted from the relaxation curves. The 
200 percent experimental points appear to give 
a smooth curve, just as the 50 percent points do, 
so that apparently the effect is not fortuitous. 
The explanation for this deviation is not known. 
There is a definite difference between the 50 
percent and 200 percent experimental permanent 
set (>oints, however, the 200 percent points being 
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lower than the 50 percent points, which agrees 
with the predictions of the theory. 

The generally satisfactory agreement of ex¬ 
perimental permanent set data with predicted 
permanent set, calculated from continuous and 
intermittent stress relaxation curves by means of 
the permanent set theory developed in this paper, 
appears to offer a rather good confirmation of the 
general correctness of the molecular picture of 
permanent Set at elevated temperatures upon 
which this quantitative permanent set theory is 
based. 
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Crystallization of Unvulcanized Rubber at Different Temperatures 

Lawrence A. Wood and Norman Bekkedahl 
National Bureau of Standards t Washington , D. C. 

The crystallization and melting of unvulcanized natural rubber in the unstretched state 
have been investigated at different temperatures. Change of volume has been used as a quantita¬ 
tive measure of the extent of crystallization, and mercury-filled dilatometers containing the 
rubber have been used for the volume measurements. Crystallization was observed to occur at 
temperatures between —50° and +15°C and to be most rapid at about — 25°C. The final de¬ 
crease of volume on crystallization was usually found to lie between 2.0 and 2.7 percent. 
The melting of the crystalline rubber was found to occur over a range of temperature and to Ins 
strongly dependent on the temperature at which the crystals were formed. The temperature at 
which the beginning of melting occurs is from 4° to 7° above the temperature of crystallization. 
The range of melting is about 35° at the lowest temperatures and decreases to about 10° at 
the highest. The same range of temperature of melting is obtained regardless of the extent of 
the crystallization. 


I. 


INTRODUCTION 


\ ■■nr 

n. EXPERIMENTAL PROCEDURE m ' 


{CRYSTALS may be formed in natural rubber 
^ under quite varied experimental conditions. 
Different combinations of stretching and cooling 
have been used to induce crystallization in 
unvuleanized and in vulcanized rubber. The ap¬ 
pearance and disappearance ol crystals have been 
studied by observations of the volume,*• 8 heat ca¬ 
pacity,* light absorption, 5 * birefringence, 40 ' 5K ' **• **• 74 
x-ray diffraction, 21 and hardness 5 * and other me¬ 
chanical properties. 42 There has, however, been 
no. comprehensive study of the effect of tempera¬ 
ture on the crystallization. The present investi¬ 
gation was undertaken in order to explore this 
field. 

In the work reported here it has been the aim 
to study tfie^rystallization at different tempera¬ 
tures undefthe simplest possible conditions. The 
main feat%est>f the crystallization of vulcanized 
rubber shown* to be similar to those of 

the cryAfrjfiftl^on Q f unvuleanized rubber, the 
vu^adnm^^ising a f*-»^jptse in the rate of 
crygtaISaUQq: Consequently unvulcanized rub¬ 
ber'waqwgjfii!kc|df' for study. Stretching obviously 
adds comppehtion to the experimental conditions, 
md ‘employed. Of the different 

methcx^n|^n^suring crystallization, it seems 
that qfCupTof volume is the simplest and best 
jjtqd'toyiekiing quantitative data about the 
id^rystallization or fusion. The present 
work thgrefotie is concerned with a general study 
>,y$|uide changes in unvulcanized rubber at 
temperatures. 



The volume changes of the specimens were 
measured by the use of dilatometers with con¬ 
fining liquids. The technique incorporates some 
improvements over that previously used. 5 - 8 The 
dilatometers were made of Pyrex glass and each 
consisted merely of a bulb with a capillary tube 
scaled to it. Changes in volume could be calcu¬ 
lated from measurements of changes in the height 
of the confining liquid in the capillary tube. 
Mercury was selected as the confining liquid be¬ 
cause it seems to have no effect on rubber, even 
when the two are in contact for periods of several 
years. Some absorption, swelling, and softening 
usually occur with other liquids. The specimens 
were strips cut from plantation smoked sheet 
rubber. 

The construction of the dilatometers and the 
procedure of filling them were somewhat im¬ 
proved during the course of the work reported 
here. In the later dilatometers the capillary tubes 
were about 2 mm in inside diameter and about 
500 mm in length. They were specially selected 
capillaries, but were not of the precision-bore 
type recently developed. They were graduated in 
millimeters along their length. The tubes were 
calibrated by sealing a stopcock to one end, and 
observing the lengths of weighed Amounts of 
mercurv at five or more different points along 
each tuoft, The maximum variation in cross- 
sectional area along a single capillary was found 
to be about 3 percent in most cases. Each capil¬ 
lary was then sealed to a glass tube about 15 mm 
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in inside diameter, tliS other end of the tube being 
left open. Into the glass tube were inserted a 
weighed rubber specimen and a hollow glass bulb 
about 40 or 50 mm long. Finally the open end of 
the glass tube was sealed off to form the bulb of 
the dilatometer. 

This construction made it possible to avoid 
heating of the specimen during the sealing opera¬ 
tion, without unduly increasing the net volume 
of the dilatometer bulb. In most cases the volume 
of the specimen was between two and three times 
the volume of the mercury in the bulb of the 
dilatometer. The effect of the insertion of the 
hollow bulb is equivalent to a mere reduction of 
the net volume of the dilatometer bulb. Since the 
i:\i\cv hollow bulb was made of the same type of 
glaivr. as the rest of the dilatometer, neither its 
volume nor its expansivity entered directly into 
any of the calculations. 

The dilatometer was next evacuated for several 
days to remove gas from the specimen. Mercury 
was then admitted to the evacuated system 
through a two-way stopcock, until it filled the 
dilatometer bulb and stood at a suitable height 
in the capillary. Occasionally it was necessary to 
carry out further removal of gas until the height 
of the mercury in the capillary did not change by 
more than a few millimeters as the pressure was 
again raised to that of the atmosphere. Calcula¬ 
tion showed that the gas remaining under these 
conditions would have a negligible effect on the 
observed specific volume and expansivity. The 
dilatometer was weighed before and after the 
addition of the mercury. 

The volumes of specimen and mercury at 25°C 
were determined from their weights and densities. 
The densities of the rubber specimens at this 
temperature were measured by the method of 
hydrostatic weightings. The volume of the 
dilatometer up to the level of the mercury in the 
capillary at this temperature was obtained as the 
sum of the volumes of the mercury and the 
specimen. At any other temperature the volume 
up to the same point on the capillary was found 
from the known expansivity of Pyrex glass. The 
volume of the dilatometer up to any other point 
on the capillary could then be calculated from the 
calibration of the capillary. The volume of the 
specimen corresponding to each observation was 
obtained by subtracting from this volume, the 


volume of the mercury at the temperature of the 
observation. 

After the specimens and ditatometers had been 
prepared, they were usually placed in a stirred 
bath of about 6 liters of alcohol cooled by solid 
carbon dioxide to a temperature of about — 39°C, 
an approximate lower limit set by the freezing of 
the mercury. Observations of the height of the 
mercury in the capillary were made as the tem¬ 
perature was raised to +55°C at a rate of the 
order of 0.5°C per minute. At the lower tempera¬ 
tures the bath was warmed at about this rate by 
the heat from its surroundings. Beginning at 
about — 10°C additional heat was furnished by 
means of a knife-type immersion heater con¬ 
trolled by a Variac. The alcohol was usually re¬ 
placed with water for measurements above room 
temperature. In this manner the volume-tem¬ 
perature relation of the amorphous rubber was 
obtained. This relation, which is linear over a 
considerable range of temperature, will be de¬ 
scribed and discussed in greater detail later in 
connection with the melting of crystalline rubber. 

It was found in preliminary experiments that 
at a heating rate of 0.5°C per minute or less no 
observable differences from the equilibrium 
values of the volume could be noted. At a heating 
rate of about 1 °C per minute the apparent 
volume lagged behind the equilibrium value by 
an amount equivalent to about 1°C. At a heating 
rate of about 2° per minute, the lag was 
about 2°C. 

The dilatometers were next placed in a small 
unstirred alcohol bath in a refrigerator at the 
temperature at which it was desired to crystallize 
the rubber. Observations of the height of the 
liquid in the capillary tube were made periodically 
and usually continued until no further volume 
change could be noted. 

When it was observed in this manner that the 
rate of crystallization had become inappreciable, 
the specimens were placed in the stirred bath of 
alcohol cooled by solid carbon dioxide to a 
temperature of about —39°C. Observations of 
the volume were made as before, as the tempera¬ 
ture was raised, and the volume-temperature 
relation of the crystalline rubber was obtained. 

In a number of cases, to be described in detail 
later, there were deviations from this standard 
procedure for the purpose of studying the effect 




Fig. 1 Crystallization of rubber at different temperatures as 
indicated by decrease tn volume The arrows indicate the 
estimated values for half the total decrease of volume at 
each temperature. 


of varying some of the experimental conditions, 
or because the importance of some of the exact 
conditions was not realized at the time the ex¬ 
periment was performed. 


HI. EXPERIMENTAL RESULTS 
1. Rate of Crystallization 

When crystallization was carried out according 
to the procedure just described it was found that 
the rate was very low at first, increased to a 
maximum, and decreased to a negligible value. 
The volume-time relation at constant tempera¬ 
ture thus has the sigmoid stape which has previ- 
ously&een given*- *■ ** f<xU$atallization near 0°C. 
Figu® 1 shows two families of such curves, one 
for crystallizing temperatures of — 22°C and 
above and the other for — 22°C and below, 
t Since the volthhe is changing very slowly in the 
final gtages, a determination of the time required 
for completion is somewhat uncertain. The time 
f^^^o^for one-half the total volume change is 
much more precisely determinable since the 
curves are usually steepest near this point. The 
HmC required for half the volume change has 
been measured^at a number of different temper¬ 


atures. The reciprocal of this time, it can be 
readily seen, is a measure of the average rate of 
crystallization during the first half of the process. 
It is plotted as a function of temperature in 
Fig. 2. 

I i 

2. The Melting of Crystallized Rubbi^H 

When the voIume-%nperature relation o? 
crystalline rubber is investigated, as already 
described, curves of the type shown in Fig. A pre 
obtained for increasing temperatures. y ( ’ 

It can readily be seen that melthtg of the 
crystals occurs over a range of temperature) and 
that the range is markedly dependent on the 
temperature at which cryMttdfieation has oc¬ 
curred. 7 The temperature corresponding to the 
beginning of melting is that at which the volume 
begins to deviate from the curve representing the 
normal thermal expansion of crystalline rubber. 
Over the range of temperatures under considera¬ 
tion here the normal expansion curve is linear, 
and the temperature at which deviation begins to 
occur can be located within about one-half a 
degree Similarly melting is complete when the 
volume again reaches the nearly linear curve 
which represents the volume-temperature rela¬ 
tion of amorphous rubber and which was evalu¬ 
ated earlier. 

There was found to be no evidence of any time 
lag or delay in melting of the crystals after the 
establishment of thermal equilibrium. For ex¬ 
ample, at any constant temperature in the 
melting range the volume was never observed to 
increase with time. In this range if the tempera¬ 
ture is lowered, the volume-temperature relation 
is observed to be linear and intermediate between 
the amorphous and crystalline volumes. Rubber 



Fig. 2. Rate of crystallisation of rubber. The rate plotted 
is the reciprocal of the time required for one-half the total 
volume change. 
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in the partially-melted state, however, can 
. undergo additional crystallization with a result¬ 
ing decrease of volume. If the temperature at 
which the additional crystallization occurs is the 
same as that at which the first crystallization has 
occurred, the melting curve is identical with that 
obtained from the complete melting of the first 
crystals. If the additional crystallization occurs 
at a different temperature from the first crystal¬ 
lization, two different ranges of melting will be 
observed, corresponding independently to the 
two temperatures of crystallization. Further dis¬ 
cussion of this effect will be given below in the 
section on stark rubber and is illustrated in Fig. 7 
in that section. 

The additional crystallization possible in par¬ 
tially-melted rubber mentioned in the preceding 
paragraph is considered in more detail in the 
section dealing with recrystallization. At this 
stage, however, it should be pointed out that the 
phenomenon may give rise to difficulty in de¬ 
termining the upper end of the melting range 
itself. 

The rate of crystallization at certain tempera¬ 
tures was sufficiently great to permit significant 
recrystallization during the time that the temper¬ 
ature Was being raised through the melting range 
of the original crystals. Since the recrystallization 
took place at a higher temperature than the 
original crystallization, the new crystals melted 
at a higher temperature than the original crystals, 
and the apparent upper end of the melting range 
was displaced upward by an amount which 
depended on the rate of temperature rise during 
melting. 

When the initial crystallization occurred below 
0°C, therefore, the upper end of the melting range 
was determined from a series of experiments at 
each temperature of crystallization. A stirred 
bath was adjusted to the approximate tempera¬ 
ture of the upper end of the melting range. The 
dilatometer was fhen removed from the bath in 
which the original crystallization had been taking 
place and plunged into the stirred bath. The 
volume of the specimen increased because of both 
thermal expansion and the melting of the crys¬ 
tals. In less than five minutes, a reasonable time 
for the establishment of temperature equilib¬ 
rium, the volume became .constant. After an 
ihterval of time, the volume began to decrease 

17, MAY, 1946 


because of recrystallization at the temperature of 
the stirred bath. 

If the value of the volume when temperature 
equilibrium had become established and before 
observable recrystallization had occurred was the 
same as that originally observed for amorphous 
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Fig. 3. Crystallization of rubber at different temperatures 
and subsequent melting. The change of specific volume on 
crystallization is indicated by the vertical lines joining the 
dark circles. 

t 

rubber at the corresponding temperature, it was 
concluded that the temperature of the stirred 
bath was at or above the upper end of the 
melting range. If the volume at equilibrium was 
less than that of the amorphous rubber at that 
temperature the conclusion was drawn that the 
melting was incomplete and that the temperature 
of the bath was below the upper end of the 
melting range. As might be expected the volume 
at equilibrium was never found to be greater than 
the volume of the amorphous rubber. A series of 
experiments of this sort served to locate the upper 
end of the melting range corresponding to a single 
temperature of original crystallization, and an 
additional series was required for each other 
temperature. 

If the initial crystallization occurred at 0°C or 
above, the rate of recrystallization during melting 
was found to be so small as not to be significant 
during the time the specimen was in the melting 
range when the usual heating rates were em¬ 
ployed. At these temperatures the range was of 
the order of 10 9 or less, and the time required tp 
cover the range was usually between 20 and 30 
minutes. The upper end of the melting range was 
determined from curves of the type shown in 
Fig. 3 for all cases where the initial crystallization 
was at 0°C or above. 
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Fig. 4. Melting range of crystalline rubber as a junction of 
the temperature of crystaUization. The lower line shows the 
crystallization temperature also as ordinate for easier com¬ 
parison with the range of melting. 

V 

The results of a number of individual experi¬ 
ments of this sort are plotted in Fig. 4 which 
shows the melting range as a function of the 
temperature of crystallization. 

In one series of experiments a specimen was 
successively crystallized and melted 16 times. 
After each melting the temperature was raised by 
different amounts varying from 1° to 40° above 
the end of .the melting range. In all cases the 
same melting range was obtained on subsequent 
crystallization at a fixed temperature. 

3. Partial Crystallization 

The melting range of partially-crystallized 


completely to the point where the volume had 
ceased to change at a significant rate. Cases of 
this sort will be observed in Fig. 3. 

4. The Recrystallization of Rubber 

It will be noted that in the cases preuMpy 
described the specimens were heated to aOglirt 
SS°C immediately before crystallization. The 
purpose of this heating was to destroy centers of 
crystallization which might have been persisting 
from previous crystallizations, and which would 
have altered the rate of crystallization. A^ttudy 
of the rate of recrystallization when the specimen 
had not received such heating will now be 
described. ^ 

The preliminary crystallization was first car¬ 
ried out overnight at —33°C according to the 
standard procedure already described. The speci¬ 
men was then plunged into a bath held at 0°C 
and observations made of the change of volume 
with time. It will be noted from Fig. 4 that the 
melting of crystals formed at — 33°C is complete 
below 0°C. At first there was a volume increase 
due to thermal expansion and to the melting of 
the crystals. This change was found to be com¬ 
plete within about 5 minutes, a reasonable time 
for the establishment of thermal equilibrium. 
After an interval of time there was a volume de¬ 
crease due to recrystallization at 0°. The whole 
procedure was repeated with the preliminary 


rubber has been found to be the same as that 
obtained when the crystallization is more nearly 
complete. Data regarding this point were ob¬ 
tained from a series of experiments in which the 
specimen was kept at 2°C for different lengths of 
time, and the melting range of the resulting 
crystals then measured. In. die first experiment 
after jSD days of crystals jnon the volume de- 
tereasokmounted tb i.7 .p^ent. In the seebnd 
experiment crystallization was interrupted at the 
end of 9 days when the volume change amounted 
g£o only 1.0 percent (or 37 percent of the volume 
^change in the first experiment). In the third ex- 
periij^nt by interruption of the crystallization 
atoril day the volume change was limited to 
C8§P , jMS£cent (or 3.1 percent of that in the first 
(k^imtaeat). The melting range in all three cases 
Was 6® Jo 16°C within the accuracy of determi¬ 
nation. On the bans of these experiments the 
some cases was not carried 
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Fig. 5. Recrystallization of rubber at 0°C. The curvet* show 
the change of volume as a function of time f after prelimi¬ 
nary crystallizations at the fixed temperatures indicated on 
the curves. The zero on the ordinate axis represents the 
volume of amorphous rubber at 0°C. The zero on the time 
scale represents the time at which the dtlatometer wan 

M into the bath at 0*G Observations taken in the 
e minutes, before the attainment of temperature 
equilibrium, are omitted. The upper ends of the melting 
ranges as read from Fig;. 4, corresponding to the different 
temperatures of preliminary crystallization are —2°, —1°, 
+ 1 , +2°, +4°, +6°, and +9*C, respectively* 
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crystallization occurring at —28®, —25°, —21°, 

— 17°, —13°, and —8°C, respectively. The results 
are reproduced ip Fig. 5. 

Very similar results were obtained when the 
conditions were altered so that the preliminary 
crystallization was carried out in each case at 

— 18°C and the recrystallization at temperatures 
of —8°, —4°, 0°, +1°, and +4°C, respectively. 
The results are 3 hown in Fig. 6. The significance 
of these results is discussed in a later section. 

S. Stark Rubber 

When received in temperate climates, crude 
rubber is sometimes found to be crystallized*"’ 2 * 
and to have a melting range above room temper¬ 
ature. For convenience in the present discussion, 
crystalline rubber having a melting range ex¬ 
tending above 25°C will be called stark rubber in 
accordance with the suggestion of Pickles® 1 anti 
Whitby 7 * since it is stiff and rather rigid at room 
tempeiature. The use of such a term is not 
intended to imply any essential fundamental 
difference between stark rubber and that melting 
at lower temperatures. It is to be presumed on 
the basis of Fig. 4 that during the formation of 
the crystals in stark rubber conditions were such 
that the stark rubber was crystallized at temper¬ 
atures higher than about 10°C. No cases, other 
than those in the present paper, seem to have 
been reported in which the temperature of 
crystallization was measured (or even estimated, 
within 10°C) during the formation of stark 
rubber. 

One sample of stark rubber, for which the 
authors are indebted to Professor H. I. Cramer, 
formerly of the University of Akron, was found to 
have a melting range from about 32° to 39°C. 
When specimens of this stark rubber were placed 
in a dilatometer and held at a temperature of 
about 1°C for 48 days considerable additional 
crystallization occurred, most of it within the 
first few days. When the specimens were melted 
in the usual manner the curves shown in Fig. 7 
were obtained. The line between 16° and 32°C 
passes through the points obtained before the 
stark rubber yiras held at 1°C for the additional 
crystallization. 

. -.|n. another experiment one end of a strip of 
-st&k rubber was immersed in water at 50°C for 
'- a.few minutes. The lower end was thereby melted 



Fic. 6. RecrystaUizalion of rubber after preliminary crystal 
lization at —JS°C. The curves show the change of volume 
as a function of time at the temperatures indicated. The 
zero on the ordinate axis represents, in each case, the 
volume of amorphous rubber at these temperatures. The 
zero on the time scale represents the time at which the 
dilatometer was plunged into the bath at the temperatures 
indicated. The dark circles represent the volume observed 
immediately after the attainment of thermal equilibrium. 
The upper end of the melting range, as read from Fig. 4, 
corresponding to preliminary crystallization at — 18°C 
is +4*C. 

while the upper end remained in the stark con¬ 
dition. When the whole strip was placed in a 
refrigerator at i°C for several weeks, the lower 
end crystallized and could not be distinguished by 
visual or tactual observation from the upper end. 
However, when the strip was allowed to come to 
room temperature, the crystals in the lower end 
melted, as would be expected from Fig. 4, while 
the upper end remained stark. 

IV. DISCUSSION OF RESULTS 

1. The Rate of Crystallization 

It should be recognized that the measurements 
reported here regarding the rate of crystallization 
were all made on not more than two or three 
specimens of smoked sheet which had been 
heated to 55°C immediately before the crystal¬ 
lization. The conditions of preparation of the 
rubber from the latex undoubtedly have a con¬ 
siderable influence on the rate of crystallization. 4 * 
Uncoagulated latex itself showed no volume 
change when kept in a dilatometer at 2°C over a 
period of several months. This behavior con¬ 
firmed previous observations in this laboratory.® 
Likewise, qualitative observation showed that 
crystallization was extremely slow in a sheet of 
evaporated latex. In this case crystallization ap¬ 
peared to take place most readily in certain 
regions. This effect is similar to the “patchy^. 


crystallization” described by Treloar,** who re¬ 
ported that visual observations on a sample of 
smoked sheet showed that neighboring portions 
crystallized at widely different rates. No attempt 
was made in the present work to investigate the 
exact reasons for such differences. Various factors 
which have been reported to increase the rate of 
crystallization are residual stresses remaining 
after previous mechanical treatment, moderate 
pressure 41 **•**• 77 and exposure to a beam of 
x-rays. 47 Very high pressures may inhibit crystal¬ 
lization. 18 The effect of previous thermal treat¬ 
ment on the rate of crystallization is discussed in 
the sections dealing with recrystallization. 



Fig. 7. Further crystallization and melting of a sample of 
stark rubber. The specific volume of the sample as received 
is shown at A. It was cooled to B, where further crystal¬ 
lization occurred, reducing the specific volume to C. After 
cooling to D the temperature was raised to E. The tempera¬ 
ture was lowered to F and then raised to room temperature 
atC. 


It would appear reasonable from theoretical 
considerations to suppose that an increase of 
mobility of the atomic chains, brought about for 
example by mastication of the rubber, would 
increase the rate of cry^taUization. Although van 
an<(| Lottchit^^muld find only insignifi- 
| differences in the rate of crystallization with 
increasing times of milling, Katz,** Gehman,** and 
Cottpn 17 all state that masticated rubber crystal¬ 
lizes mere readily than unmasticated. The reverse 
effajft, a decrease in the rate of crystallization 
qfosed by a decrease in the mobility of the chains 
ization has already been described. 8 
rates of crystallization observed in the 
present work are in reasonable agreement with 
observations of density by Bekkedahl 8 and 
Treloar** aJL0°C, by Smith and Hanna** at 


—20°C, and by van Rossem and Lotichius** at 
4°C and — 10°C. Likewise a similar rate, can be 
calculated from observations of Young’s modulus 
at 0°C made by Conant and Liska. 1 * 

2. Lower Limit of Temperature 

of Crystallization 

It has been recognized for some years that 
rubber does not crystallize.,at extremely low 
temperatures. No crystallization was evident in. 
a specimen* cooled at — 259°C, or in another** 
held at — 190°C for 8 days. Other specimens 14 * 
were kept between — 50°C and — 78°C for 3 
weeks without the occurrence of crystallization 
but did crystallize at — 35°C and above. The 
present work serves to loedfe more definitely the 
lower limit of temperature at which crystalliza¬ 
tion is possible as about — 50°C. Figure 2 shows 
that the rate of crystallization has become 
negligible below this temperature. Here the 
mobility is presumably insufficient to permit the 
orientation necessary for the formation of crys¬ 
tals. The supercooling of rubber is similar in this 
respect to that of selenium, 4 * sulfur, and many 
organic liquids. 

3. Upper Limit of Temperature 

of Crystallization 

Crystallization has not been reported at the 
room temperatures (usually above 20°C) nor¬ 
mally maintained in American laboratories. No 
evidence of it was noted in the present investi¬ 
gation when dilatometers were kept at room 
temperature over a period of a year or more. In 
European laboratories, however, where the tem¬ 
peratures are frequently near 1S°C, the crystal¬ 
lization of rubber on storage has been noted on a 
number of occasions.* 14141 ** Cotton, 17 for ex¬ 
ample, states: “When smoked sheet and crepe 
rubber have been in storage for some time, they 
gradually harden and assume a frozen condition. 
This is due to crystallization.” In the present 
work the highest temperature at which crystal¬ 
lization was observed was 14°C. At this tempera¬ 
ture under the experimental conditions described 
here the time required for crystallization is of the 
order of years. Crystallization at this tempera¬ 
ture was continuing at an approximately con¬ 
stant rate when the experiment was discontinued 
after 289 days. 
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The crystallization observed in European labo¬ 
ratories appears to occur at a more rapid rate 
than this. Quite probably temperatures lower 
than 1S°C during the night initiated the crystalli¬ 
zation and the crystals then formed were not 
melted near 15°C during the day. 

It is possible to increase the rate of crystalli¬ 
zation by varying the previous thermal or me¬ 
chanical treatment of the specimen, and thereby 
forming more centers of crystallization. Conse¬ 
quently, it is likely that the upper limit of 
temperature of crystallization shown in Fig. 2 
may be raised somewhat by the proper previous 
treatment of the rubber. 

4. Temperature at which Crystallization 
is Most Rapid 

The rate of crystallization was found to be a 
maximum at a temperature near — 2S°C, as can 
be seen in Fig. 2. In the production of the form of 
raw rubber known as “cut sheet” or “patent 
rubber,”* 7 developed in Europe many years ago, 
rubber is crystallized so that it can be cut into 
sheets. The rubber is often held at a temperature 
of about —5° for a few days in order to bring 
about the crystallization. More recent books 9 * 4 
state that the rubber should be held between —5° 
and — 10°C for at least six days. No quantitative 
study of the rates at different temperatures, as in 
the present work, seems to have been reported 
previously. 

5. Magnitude of the Volume Change 
on Crystallization 

The magnitude of the percentage decrease of 
volume on crystallization can be noted from 
curves of the type shown in Fig. 1. The actual 
specific volume of the amorphous rubber varies 
with temperature, and can be read from curves 
like those in Fig. 3. The decrease of specific 
volume on crystallization is of course found to be 
the same as the increase of specific volume on 
subsequent melting. However it might be pointed 
out that the percentage decrease of volume is not 
quite the same as the subsequent percentage 
increase of volume, since they are fractions of 
different quantities. Furthermore, any compari¬ 
sons must be made at the same temperature. 

Iii the present work in most cases the decreases 


of volume on crystallization were found to lie 
between 2.0 and 2.7 percent. Repeated crystalli¬ 
zations of the same specimen under conditions 
which were thought to be identical did not always 
lead to the same volume changes. It seems possi- 
, ble that such variations are statistical fluctua¬ 
tions occasioned by the growth of crystals from 
different centers in different cases. There was an 
even greater variation in the decreases of volume 
when different specimens were studied but in 
almost all cases the values lay within the limits 
given. The exact value, within these limits, 
seems to depend upon factors which were not 
under control. 

Values for this quantity, calculated from meas¬ 
urements of density or specific gravity reported 
by previous workers 4, *.m«.'»,«.*». **•**•*«■ n gener¬ 
ally lie within the same limits, although a few are 
somewhat lower. Holt and McPherson** found a 
volume change of about 1.85 percent on stretching 
a specimen of vulcanized rubber to an elongation 
of 700 percent at 25°C. Treloar* 9 by stretching 
unvulcanized rubber at 0°C, observed a volume 
decrease of over 3 percent, the highest value re¬ 
ported. With unstretched pale crepe he found a 
volume decrease of 2.3 percent on crystallization 
at 0°C. 

Observations made in the course of the present 
work furnish no data from which conclusions may 
be drawn as to the relative amounts of crystalline 
and amorphous material in a specimen. 

Field 11 * 4 has recently conducted x-ray studies 
of this proportion of crystalline and amorphous 
components in stretched rubber, and concludes 
that under favorable conditions about 80 percent 
of the material is in the crystalline state, in 
agreement with an earlier study by Meyer and 
Mark. 4 * This value is considerably higher than 
those estimated by Parks*® and Wildschut 7 * by 
other methods. If reliance is to be placed on x-ray 
values, it would be very desirable to coriduct 
several parallel studies of crystallization by means 
of x-rays and by means of observations of volume 
change. In this manner the relation between the 
percentage decrease of volume and percentage of 
crystalline material could be established. 

6. Melting of Crystallized Rubber 

The melting of the crystalline rubber is very 
much dependent on the temperature at which the 
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Table I. Melting temperatures of crystalline rubber previously reported. 


Lower 

limit 

°C 

Melting 

Maximum 

change 

v i8& 

•c 

Crystallization 

temperature 

Observers 

Technique 

Remarks 


43.5 



Whitby 7 * 

Density 



43 



Whitby 7 * 

Density 



41 



Whitby” 

Density 



41 



Barnes 4 

Visual 

(Flexibility 

^Transparency 

40 




Wood, Bekkedahl, 

Linear expansion 






. and Peters 78 



40 


50 

5 to 15 

Feuchter 19 

Density 

After 1 year 


up to 37 



Katz 84 

X-ray 



36 



Katz 87 

X-ray 

“old rubber” 


37 



van Rossem 

Density, hardness, 






and Lotichius 58 

and light 







absorption 


35 


45 


Meyer, von Susich, 

X-ray 






and Valko 44 



35 



4 

Wood, Bekkedahl, 

Linear expansion 





r 

and Peters 78 



34 

36 

>40 


van Rossem and 

Density 

Stored 13 years 





Lotichius 48 




35 



Feuchter and 

Retraction 

1 year after racking 





Hauser 80 





35 to 40 


von Susich 40 

X-ray 


31.5 


33 


Cotton 17 


“Normally frozen” 

30 


40 


Feuchter 19 

Density 

Masticated 

30 


39 


Kate 84 

Density 


30 

33 

35 


Pickles 

Density 






(van Rossem) 51 



28 

32 

35 


van Rossem and 

Density 






Lotichius 58 



27 


29 


Kate 84 

X-ray 

“Cut sheet” 

25 


36 


Feuchter and 

Retraction 

Racked 





Hauser 80 



20 


30 


Katz 84 

X-ray 


20 


30 


Bunschoten 14 

Density 



crystals have been formed, as can be seen from 
Figs. 3 and 4. This conclusion seemed so sur¬ 
prising that it was made the subject of a pre¬ 
liminary communication 7 based upon only a part 
of the data reported in the present paper. 

It can be seen that the higher the temperature 
of crystallization the higher are the temperatures 
at which both the begintung and ending of the 
mejfhg occui;. The be^jppmg of melting occurs at 
a tflnperature of from 4° to 7° above that at 
which the crystals have been formed. For all 
temperatures of crystallization below about 
->35®C the temperature at which melting is com¬ 
plete is about — 2°C. 

- The range of melting becomes narrower the 
Sjj mjl epthe temperature of crystallization up to 
awrai 0*C; for crystals formed at temperatures 
between 0° and 14°C, the range of melting is 
about* 10°; for crystallization at higher tempera¬ 
tures no dilieQtobservations are available, but the 
> * • * T ■ 


range is probably narrower, since it appears that 
stark rubber has a somewhat narrower range of 
melting the higher the mean temperature of the 
range. 

The results presented here undoubtedly explain 
many previously reported discrepancies in the 
temperatures of melting of crystalline rubber. 
Unfortunately in only a few cases have previous 
workers specified the temperature at whicb 
crystallization occurred. The variations in the 
melting have sometimes been thought to be con-' 
nected with the variety of rubber, or the experi¬ 
mental technique. In most cases no explanation 
at all was attempted. Table I presents the results 
of measurements of the melting temperatures of 
crystalline rubber, as reported by previous ob¬ 
servers. In those instances in which the tempera¬ 
ture of crystallization was reported the only 
pronounced deviations from the results of Fig. 4 
are in the few instances where the crystals were 
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Table 1 .-^-Continued. 


Lower 

limit 

°C 

Melting 

Maximum 

change 

°C 

Upper 

limit 

°C 

V 

Crystallisation 

temperature 

°C 

Observers 

Technique 

Remarks 

20 

25 

30 

Cool cellar 

Ruhemann and 

Specific heat 

Smoked sheet 





Simon 14 





<30 

-5.8 

Carson 11 



20 


24 


Hock 11 

Retraction 


20 


23 


Hock" 

Retraction 


20 


23 

7 to 10 

Thicssen and 

X-ray 

Crystallized under 





Kirsch 84 


pressure of 10—25 







atmospheres 

10 

18 

30 

-15 

Ruhemann and 

Specific heat 

"Cut sheet*” 





Simon 14 


crystallized at 150 







atmospheres 

11 


13 

6 

Th lessen and 

X-ray 

Pressure of 





Kirsch** 


30 atmospheres 

9.5 


11 

-58 to -43 

Smith, Saylor 

Birefringence 

Sol rubber 





and Wing 4 ® 


crystallized from 







solution 

8 


10 


Cotton 17 

Visual 

Frozen in 







refrigerator 



<20 

0 to 2 

Katz and Bing” 

X-ray 




<20 

-5 to -10 

Katz 14 

X-ray 




<20 

-10 

Katz and Bing 48 

X-ray 


6 

11 

17 

2 

Bekkedahl and 

Volume 

Vulcanized rubber 





Wood 8 



6 

11 

16 

0 

Bekkedahl 4 

Volume 



10 



Park 48 

— 


2 


14 

-10 

van Rossem and 

Density and hardness 





Lotichius 44 



0 

5 

10 


Ruhemann and 

Specific heat 






Simon 14 



-2 


14 

-50 

Smith and Saylor 47 

Birefringence 

Gel crystallized 

-5.5 


16 

-25 

Smith and Saylor 48 

Birefringence 

irom solution 

-15 

11 

17 

<0 

Bekkedahl and 

Specific neat 






Matheson 8 




0 



Bunn and Garner 14 

— 


-20 


10 


Ruhemann and 

Specific heat 

Beta-anomaly 





Simon 44 




formed from solution rather than from the bulk 
material. 

A study of the table confirms the conclusion of 
the present investigation that there are not 
merely two forms of crystalline rubber, as has 
sometimes been suggested M 7 but rather that 
crystals melting at any temperature between 
about —40° and +45°C may be formed in rubber 
by the proper choice of temperature for crystalli¬ 
zation. It is rather surprising that such a con¬ 
clusion has not been already drawn on the basis 
of the experimental data shown in Table I. The 
assignment of a definite melting point or melting 
range to rubber in general is thus seen to be 
without meaning in spite of the many investi¬ 
gators who have hoped to do so. M *' l7 * Mi4M * A 
recent writer 1 * on the subject expresses considera¬ 
ble wonder at the variability of the melting point. 


The temperature at which retraction of 
stretched rubber occurs is sometimes associated 
with the melting of crystals formed on stretching. 
Although the scope of the present investigation 
did not include any measurements on stretched 
rubber some of the results may probably be 
safely applied to crystals formed by stretching. 
For example the influence of the temperature of 
crystallization on the melting seems to furnish an 
explanation of certain effects observed by 
Treloar** in the retraction of stretched rubber. He 
found that the recovery temperature was de¬ 
pendent on the temperature at which stretching 
was performed. Lacking the results reported here, 
he said “One would not expect the melting point 
of the crystals to depend on the temperature at 
which they were formed.” 

Some years ago van Rossem and Lotichius* 
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made a rather careful study of the crystallization 
of raw rubber. In the main, there seems to be no 
disagreement between their experimental results 
and those contained in the present paper. In one 
instance it now seems desirable to give to their 
results an interpretation different from the one 
originally given. 

This instance, which is one of the best-known 
of the conclusions of van Rossem and Lotichius, 
is a statement that the melting temperature of 
one sample of stark rubber was 31°-33°C in 1919 
and had become 35°-37°C in 1927. An exami¬ 
nation of the graph giving the specific gravity 
values which are the basis for discussion shows 
that the terms “melting temperature” or “melt¬ 
ing point” were limited to the^steepest portions 
of the curves. The full melting range of the speci¬ 
men observed in 1919 appears to extend from 28° 
to 35°C. The observations made in 1927 show 
that the melting range began at 34° and extended 
above 40°C, the highest temperature at which 
observations were made. Since the specimen 
measured in 1927 was not completely melted at 
40°, its specific gravity did not come down to the 
value characteristic of the amorphous rubber, as 
did that of the specimen measured in 1919, where 
melting was apparently complete at 35°C. No 
indications were given regarding the temperature 
at which the specimen was stored from 1919 to 
1927. The observed change of melting range 
could be explained on the reasonable assumption 
that the temperature, at least part of the time, 
was between 28° and 34°C. Crystals melting 
below 34° would then be melted, and re-crystalli¬ 
zation at those temperatures would yield new 
crystals having a higher melting range, as already 
described in the section on recrystallization. 

Thus there seems to jMbgp assurance that van 
R$4|§m and Lotichiusjmld have found a rise in 
the ^belting range during storage at a constant 
temperature below 28°C. No such rise was ob¬ 
served in the course of the present work. The 
actual phenomena observed by van Rossem and 
Lotichius can then be explained in terms of the 
remits of the present paper, without recourse to 
^^oi^ive assumptions of changes in crystal 
sillor polymerization. 

The considerations developed in the present 
work on the melting of crystalline rubber have 
atrfeady beencjkppiied 7 * to explain results obtained 


by Ruhemann and Simon 14 in measurements of 
specific heat. It has been pointed out that the 
beta-anomaly which they observed can be ex¬ 
plained as a phenomenon of crystallization under 
the particular conditions of their experiments, 
without the assumption of an anomaly charac¬ 
teristic of rubber in general. The volume-temper¬ 
ature graphs which they give for rising tem¬ 
peratures are of the same form as those obtained 
in the present work when the rate of temperature 
rise was slow enough to permit recrystallization 
and subsequent melting at higher temperatures. 

7. Recrystallization 

A number of interesting conclusions may be 
drawn from the experiments on recrystallization 
illustrated in Figs. 5 and 6. In the first place the 
rate of crystallization at a given temperature is 
much greater than in the instances previously 
discussed, where the standard procedure called 
for heating to at least 55°C before each crystalli¬ 
zation to destroy possible centers of crystalliza¬ 
tion. An examination of Fig. 1 shows that at 2°C 
after such treatment the change of volume in the 
first 10 hours is about 0.05 percent. On the scales 
used in Figs. 5 and 6 such a change would hardly 
be perceptible and the experimental points would 
lie on an almost horizontal line through the 
origin. In the second place the effects of the pre¬ 
liminary crystallization in increasing the rate of 
subsequent crystallization extend at least several 
degrees above the upper end of the melting range. 
For example it is clear from Fig. 6 that the 
melting range does not extend above 4°C, since 
the initial ordinate is zero for the recrystallization 
at 4°C. The rate of recrystallization at 4°C is seen 
to be of appreciable magnitude in comparison 
with the much lower rate which is observed when 
the centers of crystallization are destroyed by 
previous heating to 55°C. 

The selection of a temperature of 55°C as being 
sufficient to destroy centers of crystallization was 
based on the fact that it was five or ten degrees 
above the highest temperature at which any 
crystals have been reported in unstretched 
rubber, as noted in Table I. In numerous experi¬ 
ments no evidence of any. effect of previous 
thermal history was found persisting in any 
sample after heating it to 55°C. 
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Attention should be called to the two different 
types of crystallization, curves shown in Figs. 5 
and 6. At temperatures below the upper end of 
the melting range the rate of crystallization has 
its largest value at the beginning and decreases 
with increasing time. At temperatures above the 
upper end of the melting range the rate of 
crystallization is small at the beginning, increases 
with time to a maximum, and, when observations 
are carried out over a sufficiently long period, 
decreases again to a negligible value. The latter 
curves are thus of the sigmoid type shown in 
Fig. 1. One can therefore conclude from Fig. 5 
alone that the end of the melting range would be 
at 0°C following crystallization at a temperature 
between —25° and —28°C. From Fig. 4 this 
temperature is read as — 28°C. 

In terms of the usual conceptions of crystal 
growth it is possible to give a simple explanation 
of the difference between the two types of curves. 
Iu accordance with the ideas of Tammann and 
others*-**• 2,1 **• *'•**• 71 a crystal can be initiated only 
at certain centers or nuclei. The crystal, once 
initiated, grows from the center at a charac¬ 
teristic rate, called the linear crystallization 
velocity, until the available crystallizable ma¬ 
terial between it and the next crystal is exhausted. 

In the first instance where crystallization repre¬ 
sents merely further growth of crystals already 
present, no additional centers of crystallization 
are necessary. The rate of crystallization as 
measured by volume change is therefore a maxi¬ 
mum at the beginning and decreases because of 
the exhaustion of crystallizable material. In the 
second instance crystallization at the beginning 
is slow because of the lack of a sufficient number 
of centers from which crystals may grow. Crystals 
start from the available centers, and more centers 
are formed as time goes on.*- 2 * 7 * Thus the rate of 
crystallization increases at first, reaching a 
maximum, and then decreases again with the 
exhaustion of crystallizable material. 

At temperatures immediately above the upper 
end of the melting range there remains of course 
no crystalline material. However, centers of 
crystallization must persist at least several 
degrees above the end of the melting range, since 
the rate, of recrystallization at these tempera¬ 
tures, as shown in Fig. 7, is much greater than is 


the case when the centers of crystallization are 
destroyed by heating to 5S°C. 

8. Nature of the Crystal* 

The nature of the crystalline regions in long 
chain high polymers has been the subject of 
considerable discussion in recent years. Alfrey 
and Mark, li2 - 41 Bunn, 10-12 Treloar, 70 and Wood 7 * 
have summarized some of the ideas. It seems 
generally agreed, for instance, that the structural 
units of the crystallites are not whole molecules 
but rather kinetic units which are segments of 
chains. Consequently, a single chain may contain 
segments which are units in two or more different 
crystallites, joined by segments which are to be 
regarded as part of the amorphous material. 

The scope of the present paper does not include 
any attempt to extend the detailed conception of 
the nature of the crystals on the basis of the 
results obtained here. It has already been pointed 
out elsewhere 74 that these results cast grave 
doubts on the acceptibility of several theories 
proposed to account for the existence of a range 
of melting. The field is still open for a theory 
which will logically and satisfactorily explain two 
experimental observations reported here: (1) that 
the range of melting is not dependent on the 
extent of crystallization and (2) that it is defi¬ 
nitely determined by the temperature at which 
crystallization occurs. 

Crystals of a lower-melting type can be formed 
and melted in a specimen already containing 
crystals of a higher-melting type, as shown in the 
experiments illustrated by Fig. 7. It is rather 
remarkable that the presence of crystals of the 
higher-melting type appears to have so little 
effect on the formation and melting of the lower- 
melting crystals. It does appear that the two 
types must compete for crystallizable material, 
since the total volume change does not exceed 3 
percent in any case. 

It cannot be emphasized too strongly that the 
sole important factor in determining .the melting 
range is the temperature at which crystallization 
occurs. Other conditions may alter the rate of 
crystallization by a large factor or the volume 
change during crystallization, as already dis¬ 
cussed, but the melting range remains the same. 
Even different degrees of .vulcanization* do not 
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alter the relation between melting range and 
temperature of crystallization. Thus, the quanti¬ 
tative results depicted in Fig. 4 are regarded to be 
of much more general application than the other 
portions of the present investigation. 

The experimental work described in this paper 
was performed between 1940 and 1942, but war 
activities prevented earlier publication, except 
for a preliminary note 7 on the change of melting 
range with temperature of crystallization. 
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Tackiness of GR-S and Other Elastomers 


W. F. Busse, J. M. Lambert, and R. B. Vbrdery 
General Aniline and Film Corporation , Easton, Pennsylvania 


The deficiency of GR-S in “tackiness” resulted in a great 
deal of work in the rubber industry to improve this complex 
property, but practically all the work had to be evaluated 
by qualitative “hand tests” because quantitative tests 
were not available. An analysis of the factors involved in 
the “tackiness” of various materials showed that different 
factors were critical in the so-called “tackiness” of rubber, 
paints, and varnishes, printing inks, adhesive tapes, etc. 
A quantitative test was developed to measure the effects 
of rate of removal on the adhesion or “tackiness” of 
pressure-sensitive adhesive tapes over a 10*-fold range of 
rates. This showed why the results of standard “adhesion 
tests” of tapes do not predict the relative behavior of the 
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tapes under small forces acting for long times. Another test 
was developed for the measurement of the “tackiness” of 
GR-S rubber which correlates well with the judgment of 
tackiness by hand tests and it even works reasonably well 
with rough samples taken from a laboratory mill. With 
this test, the effects of mastication conditions, aging, and of 
the addition of softeners and tackihers on “tackiness” of 
GR-S (with and without carbon black) were studied. The 
German tackifier “Koresin,” which is now manufactured 
in this country, was found to be far more effective than 
rosin and similar materials formerly used, and gave a 
tackiness approaching that of natural rubber. 


L INTRODUCTION 

ACK1NESS usually is measured by hand 
tests which are very simple to apply but 
which are very complex because they involve an 
unconscious integration of a great many factors. 
The particular combination of properties which 
produces tack in one system, such as printing 
inks, may be quite different from the combina¬ 
tion producing tack in another system such as 
rubber, even though the over-all effect as meas¬ 
ured by hand tests may be the same. Hence it is 
not surprising that there is little agreement as 
to the factors involved in producing tackiness 
of different materials and that very few quanti¬ 
tative methods of measuring tackiness have been 
developed. 

This paper presents an analysis of the opera¬ 
tion of measuring tack, to make explicit some of 
the detailed factors involved, both in the ma¬ 
terials and in the testing (gyration. Methods of 
meakiu|kig the effects of fcJWfe of these different 
factorvhave been developed and applied to the 
study of the “tackiness” of such materials as 
pressure-sensitive adhesive tapes and various 
^elastomer8, including polyvinyl ethers and natural 
and f^hthetic rubbers. 

The magnitude of the “tackiness” of a ma- 
t£Ijjl measured by the resistance to the 
separation of two surfaces which have been 
brought in contact), depends on the geometry 
or roughness of the Surface of the sample, as 
well as on thetsurface adhesive forces and the 
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visco-elastic properties of the material, and the 
relation of these factors to the time of application 
and magnitude of the force pressing the surfaces 
together. Hence, the results of quantitative tests 
of “tackiness” are not in any sense absolute 
properties of the material. However, they do 
give better measures of tackiness than can be 
obtained by hand tests, and thev make possible 
more precise studies of the effects of some 
processing conditions and compounding agents 
on the tackiness of GR-S and natural rubbers. 

IL HISTORY 

Studies of the properties that produce “tack” 
in viscous liquids were made as early as 1847 by 
J. Stefan 1 and somewhat later by O. Reynolds. 2 
Both considered the tackiness to be measured by 
the force required to separate, at a given rate, 
two flat disks immersed in the liquid, and they 
developed equations for relating the applied 
force to the times of separation, assuming the 
laminar flow of Newtonian liquids. Later similar 
formulas were developed, 1 some of which 4 were 
modified to take account of the yield value of 
the materials. Recently it has been shown 4 that 
tack of printing inks correlates well with the 
viscosity measured at high rates of shear. 

l J. Stefan, Ber Kak Acad. Wise. Wien 69, 713 (1847). 

2 0. Reynolds, Phil. Trans. Roy. Soc. London 177, 157 
(1886). 

1 Haley, Trans. Inst. Rubber Ind. 1, 334 (1926). 

4 J. R Scott, Trans. Inst. Rubber Ind. 17,169 (1931) 

»H. Green, Ind. Eng. Chem. Anal. Ed. 13, 632 (1941). 
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Little work has been done relating tackiness 
to molecular properties, but it was pointed out 6 
that tackiness as well as “stickiness” and the 
ability of polymeric materials to be drawn into 
fibers, seems to be correlated with a relaxation 
time of 10“ 7 to 10~ 4 second, or a viscosity of 
10M0 4 poise, and a linear chain length of about 
100 links. 

It has been emphasized 7 that in the case of 
rubber “autohesion” or the sticking together of 
two like surfaces when brought in contact is an 
important factor in tackiness. The relations 
of various fundamental properties to the tacki¬ 
ness of paints, inks, rubbers, etc., were discussed 
by a number of authors at a recent meeting 
of the British Rheologists Club. 8 In this dis¬ 
cussion Scott emphasized two factors which are 
important in producing a bond between the 
two surfaces:® 

(1) getting the two surfaces into contact; and 

(2) mutual “fusion” of the surface layers. 
Phase (1) of the process is greatly influenced by 
the roughness of the rubber surfaces. Phase (2) 
for rubber-like materials is thought to involve a 
rapid interpenetration, i.e., self-diffusion of at 
least parts of the long rubber molecules com¬ 
posing the two surface layers. 

The rheology of the rubber is of great im¬ 
portance since it must deform readily (at least 
on the surface) under small stresses in order to 
produce close contact of the two surfaces. It is 
interesting that this requirement of ease of 
deformation for good tack is just opposite to 
the requirement for so-called tacky adhesion 
between the two plates separated by a layer of 
viscous or plastic material considered by Stefan 
and Reynolds. 

Experience with GR-S shows that the addition 
of resinous materials and various other softeners 
to the rubber often makes it “sticky” to mill 
rolls, liners, etc., without giving it the combina¬ 
tion of surface and bulk properties required for 
good autohesion or “tack.” Extensive studies 

4 D. Joeefowitz and H. Mark, Ind. Rubber World 106, 33 
(1942). 

7 Zhukov and Talmud, J. Rubber Ind. U.S.S.R. 12, 1005 
(1935). ' 

1 Rheology Bulletin 16, 70 (1945); Paint Technology 9, 
211-221 0944). 

• J. R. Scott, Paint Technology 9, 216 (1944), 


have been made and published in this country 10 
on the effect of various softeners and “extenders” 
on the physical properties of GR-S without 
ffnding materials which gave synthetic rubber 
the tack of natural rubber. All measurements of 
tack were based on hand tests. 

The report of the committee investigating the 
German Rubber Industry 11 indicates that one of 
the few worthwhile advances made by the 
German Rubber Industry during the war was 
the development of Koresin as a tackifier of 
butadiene-styrene rubber. This was reported to 
give the rubber excellent tack, but no quantita¬ 
tive data were obtained. 

m. ANALYSIS OF “TACKINESS” 

Before trying to measure quantitatively the 
tackiness of synthetic rubbers, it is helpful to 
analyze in detail the operation of measuring 
tack, to determine some of the different kinds of 
factors which are involved. This operational 
method of analyzing the process leads to a 
recapitulation and organization of many of the 
factors which have been suggested in the literar 
ture and to the recognition of some additional 
factors. 

Expressed in the simplest terms, the operation 
of determining tackiness consists of: 

(A) Producing contact between two surfaces for 
a short time by the application of a force , and 

(B) Separating the surfaces and noting the force 
required . 

The force applied to separate the surfaces is 
the “tackiness” under the particular test condi¬ 
tions used. Since most tack tests have been 
made by hand, this implies that the magnitude 
of the adhesion force on the area tested (usually 
of the order of 1-10 sq. cm) should be great 
enough to be detected by the tactual sensations 
of the hand. Mechanical tests, however, can ex¬ 
tend the concept to a much wider range of 
values. Further consideration shows that each 
of these operations can be broken down into a 
number of simpler factors, as follows. 

w L. E. Ludwig, D. V. Sarback, B. S. Garvey, and A. E. 
Juve, Ind. Rubber World 111, 180 (1944), and 112, 731 
(1945). . ^ , 

11 Summary Report, Rubber Bureau WPB, and Office of 
Rubber Receive, Washington, D. C., August, 1945. 
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A. Producing contact between two surfaces . 

The amount of surface brought into “molec¬ 
ular contact” in a given area depends on: 

1. Initial roughness of the surface. This deter¬ 
mines the magnitude of the deformations re¬ 
quired to bring the surfaces into “contact,” i.e., 
within the range of the molecular forces in the 
surface, or within say about 10~* cm. 

2. Forces acting to bring the surfaces together. 
These include: 

(a) External forces applied to the material. 
These usually range from about 1 g to 1 kg/cm 2 
of nominal area and they may act for times 
ranging roughly from a few seconds to a minute. 
Occasionally we are interested in the behavior 
of a material when surfaces arcJbrought together 
under pressure for times up to weeks or months, 
as when bales or sheets of a plastic are piled 
together in storage. Sealing of the surfaces under 
these conditions is sometimes called “blocking.” 

(b) Molecular forces at the surface of the 
material. These short range forces come into 
play only when the surfaces are in very close 
contact. They are usually greatest for polar 
materials, as indicated by the fact that such 
materials have the highest surface tension in 
the liquid state. While many of the most tacky 
materials are polar (asphalt, (warm) rosin, paint, 
polyvinyl ethers, etc.), the presence of polar 
molecules is neither necessary nor sufficient for 
tackiness. Some materials such as poly isobutylene 
are not polar but are very tacky while rosin in 
the solid state is hard and brittle, rather than 
tacky. In multi-component systems the tackiness 
may be determined by the molecular forces of 
the component that diffuses or blooms to the 
surface in the highest concentration. 

3. Resistance of the^Kterial to the deforma¬ 
tion required to bring the two surfaces into 
molecular contact. This involves the visco-elastic 
properties of the material for deformations of both: 

* (a) a relatively large scale, required to over¬ 
come/the gross surface roughness of the material, 
and 

• : very small scale, required to produce 
molecular contact between even smooth surfaces. 
Since the molecular forces have such short range, 
the p&sence of even a small amount of dust may 
prevent; lar^e* fractions of the surfaces from 


coming close enough to be within the range of 
their cohesive force unless these small scale 
deformations can be made very easily. 

It should be noted that the modulus, or the 
resistance to deformation, for these very small 
scale deformations at the surface may be very 
much higher or very much lower than the 
modulus for large deformations of the whole 
sample. A very thin layer of hard oxidized 
material might greatly increase the modulus of 
the surface layer, while the blooming of a small 
amount of liquid component to the surface 
might reduce the modulus of this layer, it is 
possible that the presence of small regions of 
rigid gel structure at the surface of GR-S might 
tend to prevent the molecular contact needed to 
produce good tack. 

The relaxation times of material in the surface 
layer and the bulk material determine the length 
of time the forces must act to produce the 
required deformations. 

B. Separating the surfaces and noting the 
force required . 

This factor will depend on: 

1. The magnitude of the molecular forces per 
unit area of molecular contact, and on the total 
area of such contact. 

2. The ultimate tensile strength of the material 
for the particular kind and rate of applied stress. 

It is this factor which keeps liquids such as 
water from being tacky. The water is easily 
deformed, makes good molecular contact with 
other surfaces brought into contact with it, and 
it has high surface forces, but it does not have 
sufficient tensile strength or viscosity to resist 
separation, even at high speeds. In the case of 
viscous liquid materials like tars, printing inksf 
etc., the “tensile strength” may in effect be 
merely the viscous resistance to deformation. 
Here the “tensile strength” depends very much 
on the rate of deformation. 

3. The distribution of the applied stress and 
resultant elongations. This determines the mag¬ 
nitude of the force which must be applied to 
stress the material to its “tensile strength” at 
the line of separation. This depends on: 

(a) The geometry of the sample, i.e., the 
thickness, area, and shape, and the position ’and 
direction of application of the applied force. 
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This may be applied normal or parallel to the 
surface, or to produce pealing apart of the 
materials along a line, producing various kinds 
of stress gradients. 

Since in tack tests the separating force is 
applied in such a way as to produce a stress 
gradient in the sample, the total force will 
depend very much on the ultimate elongation of 
the material, for this affects the total volume 
bf material that must be stretched. 

It should be noted that under some conditions, 
the force applied to remove the samples may 
result in two- or even three-dimensional tensile 
stresses in the sample. The behavior of the 
sample to such stresses may be quite different 
from its behavior under a one-dimensional tensile 
stress, just as is the case in tensile and tear tests 
of cured rubber. 12 As a rule, the most tacky ma¬ 
terials react to this complex stress pattern by 
forming irregular “teeth” or “legs” in the region 
of separation. 

(b) The strcss-strain-relaxation properties of 
the material. 

General experience suggests that the differences 
in apparent tack which are found by varying the 
conditions under which the surfaces are separated 
(e.g., at different rates of separation, tempera¬ 
ture, etc.) probably are due to the changes in 
the stress distribution in the region of separation, 
resulting from the differences in the apparent 
effective visco-elastic properties of the medium. 

Two sheets of milled rubber, for example, 
which are stuck together so firmly that they 
tear along new surfaces when pulled apart slowly, 
can sometimes be separated along the original 
surfaces by a very quick pull. This in effect 
makes the rubber much stiffer and stronger, and 
thus puts relatively more stress on the bond 
between the surfaces. 

IV. MEASUREMENT OF TACKINESS 

(1) Effect of Testing Conditions on Tack 
of Adhesive Tapes 

The properties which affect the tack (or resist¬ 
ance to separation) such as the modulus, elonga¬ 
tion, and plastic deformation, vary with both 
time of application of force, and temperature of 
the material. Therefore, a complete description 

»W. F. Burne, J. App. Phys. 0, 438 (1938). 

Volume it, May, 1940 
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Fig. 1. Relation of applied force to rates of removal of 
adhesive tapes. 


of the tackiness of a material should include 
data for a wide range of time of contact of load 
and rate of separation of surfaces, preferably 
also over a wide range of temperatures. 

To get some quantitative data on the im¬ 
portance of the rate factor, measurements were 
made of the relation between the applied load 
and the rate of removal of pressure sensitive ad¬ 
hesive tapes from glass surfaces, since this makes 
the factor of surface roughness small and constant. 

The simplest method used to measure this 
relation was to put a number of strips of adhesive 
tape 4 in. wide by about 12 in. long (1.25 cm 
X30 cm) on the bottom of a 10 in. by 15 in. 
(25 cmX37 cm) plate of glass held horizontally 
in a rack, hang known loads from the free ends 
of each tape to pull it away from the glass. 
This method had the advantage that it could 
be used in an oven to get data at elevated tem¬ 
peratures, and a number of tapes and loads 
could be tested at any one time. It had the 
disadvantage that, particularly at low loads, 
non-uniformities in the tape might make the 
rate of removal irregular, or even stop it alto¬ 
gether. However, the test gives considerable more 
information about the adhesive properties than 
a test which measures only the force required 
to remove the tape at one rate. 

Data obtained with this test for three samples 
of experimental pressure-sensitive adhesive tapes 
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Fi<;. 2. Adhesive tape test. 


at room temperature and 50°C are shown in 
Fig. 1. Tape No. 1 is made using GR-S, No. 2 has 
natural rubber, and No. 3 has an experimental 
synthetic elastomer base. 1 * Since each tape has 
various amounts (not necessarily the optimum) 
of plasticizer and tackifier, the results illustrate 
the physical properties that can be obtained in 
tapes, rather than the fundamental properties of 
specific elastomers. Because of the long times 
involved, the removal of the tapes are expressed 
as reciprocal rates, or seconds/cm. 

At room temperature, tefie No. 3 will support 
a loti of l.&;g indefi*Sjtwy (10* sec. to remove 
1 pm but it requires about 27 g or a 15-fold 
increase to remove it at the rate of 10* sec./cm. 
The tape made with natural rubber will hold a 
load of 20 g indefinitely, but 40 g will remove 
thejtepe at 10* sec./cm, or a range of only two¬ 
fold,’which is very desirable. The GR-S tape will 
larger loads, but about a fivefold range 
orwfs is required to change the reciprocal rate 
of remova l from 10* sec./cm to 10* sec./cm. 

* ufflMe were supplied through the courtesy of Industrial 
Tape Corporation, New Brunswick, New Jersey. 

m. 


The loads required to remove the tapes at a 
given rate at S0°C are seen to be only about 
one-half to one-fifth those required at room 
temperature, but not enough data are available 
to draw any theoretical conclusions from the 
temperature coefficient. 

To avoid some of the difficulties of this first 
test, equipment was built by Mr. F. E. Wetherill 
of this laboratory to remove tjie tapes at definite 
rates over nearly a 10 6 -fold range and measure* 
the force applied. This was done by fastening 
the glass plate to the pan of a direct reading 
scale that read from 1 to 1000 g. The adhesive 
tape, 1.2 cm (0.5 in.) wide by about 25 cm (10 in.) 
long, was fastened to the top of the glass plate, 
and the free end of the tape‘was pulled normal 
to the surface b> means of a cord which passed 
over a roller about a foot above the tape, and 
then went around another pulley which was 
driven at the desired speed. 

The wide range of driving speeds which were 
required were obtained very simply by a train 
of multiple pulleys made from wood and fiber 
board. They were mounted so that, for example, 
the large pulley of each unit could be driven by 
friction from a smaller pulley of the preceding 
unit. By changing the number and diameter of 
the pulleys used in the train, and using a motor 
with built-in speed reducer, the speed of removal 
of the tape could be varied from about 10"" 1 to 
5X10 4 sec./cm. 

The amount of tape removed in a given time 
interval was read with a small telescope from a 
metal scale placed on the balance pan beside the 
tape. A picture of the equipment is shown in 
Fig. 2. 

Typical results from this test are shown in 
Fig. 3 which gives data on experimental tapes. 
The elastomers are No. 1, natural rubber, No. 2, 
GR-S, No. 3, and No. 4, two other synthetic, 
elastomers. Again the data illustrate only the 
behavior of the particular tapes rather than 
fundamental properties of the elastomers. 

It is apparent that tapes Nos. 1, 3, and 4 have 
about the same properties if tested at relatively 
high rates of removal—say, from 0.1 to 5 sec./cm 
removed (10 to 0.2 cm/sec.). At very low rates 
of removal, however, they are quite different. 
Tapes Nos. 3 and 4 are removed slowly at loads 
above about 3.3 g, while the rubber base tape 
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does not start to be removed until the load is 
over 10 g. The behavior at these low rates of 
removal is important wherever pressure-sensitive 
tapes are used to seal packages, or to hold objects 
on a wall, etc., as they are then subject to small 
stresses for long times, and their performance in 
service may be determined by this factor. Tapes 
such as No. 3 and No. 4 failed on such service 
tests while No. 1 was satisfactory. The tape No. 2 
had good adhesion to the glass, but other proper¬ 
ties made it less satisfactory than No. 1. 

(2) Tackiness Test for Natural Rubber 
and GR-S 

a. Discussion of Test 

The test used in this work was designed pri¬ 
marily to give a quantitative measure of the 
effect of various materials on the tackiness or 
resistance to separation of sheets of GR-S under 
conditions approximating those of the hand test. 
The method could easily be modified to study 
the effects of varying the magnitude and time of 



Fic. 3. Relation of applied force to rates of removal of 
adhesive tapes. 



Fig. 4. Schematic diagram of tackiness tester. 


application of the compression force, the rate of 
separation of the surfaces, etc. However, this 
was not found necessary for the evaluation of 
compounding ingredients and milling conditions 
on the tackiness of GR-S. 

An obvious difficulty in developing a quanti¬ 
tative test of the tackiness of rubber is to get 
samples with reproducible smooth, uniform sur¬ 
faces. A number of ways of doing this have been 
suggested, including molding smooth samples, 
depositing the rubber from solution, calendering 
the rubber onto fabric, etc., but they all have 
the disadvantage of changing the rubber that is 
to be tested. 

A closer examination of the problem shows, 
however, that surface roughness is not necessarily 
as serious a problem as it first appears. Since it 
has been possible in practice to ignore this factor 
in hand tests, it is evident that by standardized 
preparation of the sample, surfaces of at least 
approximately reproducible roughness can be 
obtained. It was found possible to use rubber 
samples 2-3 mm thick prepared by milling 
sheets on a small (2"X6") laboratory mill (made 
by Wm. R. Thropp and Sons). Uncompounded 
GR-S gave the most irregular samples, but on 
adding 45 parts EPC black to 100 parts GR-S 
the magnitude of the irregularities was reduced, 
and the sheets appeared more uniform. How¬ 
ever, even the uncompounded GR-S could be 
prepared in fairly reproducible sheets. 

To measure the tackiness, the equipment 
shown schematically in Fig. 4 was used. One 
strip of the rubber to be tested, B, at least 
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Table I. Effect of milling on tack of pale crepe. 


Sample 

Treatment 

T T 

Time, 

min. 

Separating 
force* after 

1-2 hr. 24 hr. 

Appearance of 
sample after 
milling 

I 

Initial milling 

00 

8 

020 

180 

Smooth 

la 

I remilled 

20 

7 

110 

— 

Creped-rough 

lb 

1 remilled 

00 

7 

400 

— 

Smooth 

11 

Initial milling 

20 

3 

30 

30 

Creped-rough 

11a 

11 milled 

20 

3 

30 

— 

Creped-rough 

Hb 

11 remitted 

00 

0 

330 

— 

Smooth 

Ill 

Initial milling 

20 

10 

105 

110 

Creped-rough 

Ilia 

III remitted 

20 

10 

000 

— 

Smooth 


3X5 cm (1.2X2 in.) is fastened to the pan of a 
pre-loaded spring scale, A, which reads com¬ 
pression and tension loads directly. Another 
sample, C, of the rubber is put around a mandrel 
3.4 cm (1J in.) in diameter and 2.5 cm (1.0 in.) 
wide and lowered by the mot.-y M through the 
drive B, in a 2.4-sec. cycle. 

‘‘ The sample C is pressed against B with a force 
of 565 g (20 oz.) at the bottom of the stroke and 
then pulled away. The maximum position of the 
scale pointer on the return stroke is read. This 
value, when corrected for the inertia effects of 
the system, is a measure of the force required to 
separate the samples, or the “tackiness," for 
“instantaneous" loading. At least five tests are 
made at different places on the surface and 
averaged for the “instantaneous tack” values. 

The motor driving the mandrel can be stopped 
at the bottom of the cycle to leave the samples in 
contact under load for any desired time, and the 
motor then re-started. The force required to 
separate the samples after the load is applied 
for 10 sec. is called the “10-sec. tack." Five read¬ 
ings of this are taken and averaged. 

Usually the “instantaneous tack” and the 
“10 sec. tack" values changed more or less 
parallel with each other, so the two values are 
averaged in this report jpfipss otherwise noted. 
In $ hw cases, where'4ne samples sealed and 
couldjnot be separated after the load was on 
for 10 sec., only the instantaneous values are 
given. The average tack values for any one 
ttample ate reproducible to within about ±30 
gram*/ 



Temperature — °C 15 30 50 70 

Separating force (g) 155 85 50 10 



Because the initial rubber and the details of 
processing were different in different series of 
tests, the absolute values of tackiness in different 
series cannot be compared. Within each series, 
however, the data are comparable. 

b. Effect of Some Processing Conditions on Tack 
of Natural Rubber and GR-S 

It is known that natural rubber breaks down 
(due to oxidation) and becomes soft and plastic 
more rapidly when milled on a cold mill (20°C) 
than when milled on a warm or hot mill 14 
(100°C) so it might be expected that cold milling 
would make the rubber more tacky than hot 

Table 111. Effect of mastication time on tackiness and 
plasticity of GR-S. 


Composition 

Mast. 

time. 

min. 

Separating force 
(g) when ma«t. 

Hot Cold 

William* plasticity 
(100°C) when mast. 

Hot Cold 

GR-S 

5 

215 

160 

2.9 

3.0 


10 

285 

200 

2.7 

2.8 


20 

425 

285 

2.3 

2.7 


30 

525 

300 

2.1 

2.5 


45 

640 

315 

1.8 

2.4 

GR-S and 

20 

115 

55 

4.4* 

4.1 

EPC black 

30 

115 

55 

4.2* 

3.8 


45 

140 

85 

3.9* 

3.7 


60 

170 

85 

3.8* 

3.5 


* Plasticity values after 9 days. 

milling. The following test (Table I) shows that 
this result is not always obtained. 

Samples of pale crepe were milled at 25° and 
60° on a 2"X6" mill, the temperatures of the 
rubber being measured by a thermocouple. The 
tack values or separating force (grams) were 
measured within 1-2 hr. and after 24 hr. Samples 
given the initial hot milling were then remilled, 
at 60° and at 25°C. Some of the samples were so 
tacky that the surfaces sealed when pressed 
together for 10 sec., so all of the tack values of 
Table I are for the separating force in grams 
after the "instantaneous" load. 

The results shown in Table 1 agreed qualita¬ 
tively with the hand tests of the tack of these 
samples. They suggest that the difference in tack 
of the hot- and cold-milled samples is largely due 
to the physical state of the surface. The samples 

* 4 W. F. Busse, Ind. Eng. Chem. 24, 140 (1932): Proc. 
Rubber Tech. Conf. London, May 1938, p. 288; Cotton, 
Inst. Rubber Ind. Trans. 6, 487 (1931). 
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which were cold milled for a short time had 
rough creped surfaces which prevented intimate 
contact over large areas, so gave low values for 
the tackiness. The hot-milled samples, and the 
samples cold milled for 30 minutes had smooth 
surfaces which allowed good contact and so gave 
very high tack values. The decrease in tack of 
sampte 1 on standing 24 hr. may be due in part, 
at least, to the development of surface roughness 
on standing. 

The results show that the tackiness measured 
in this test is not an absolute property of the 
material. However, it does appear to measure a 
combination of properties of the material and 
the sample geometry which is important both in 
the hand tack test, and in “adhesion’ 1 of plies in 
actual factory processing. 

When GR-S was milled on the small mill the 
tack was low for all milling temperatures from 
IS to 70°C, as shown in Table II. The tack is 
somewhat higher for samples milled cold, but 
varying the milling time from 5 to 15 min. had 
little if any effect on the tack. Samples of GR-S 
from different sources gave some variation in 
tack values, but none were very tacky. 

When GR-S and a stock containing GR-S 100 
parts and EPC black 45 parts were masticated 
for various times in a Midget Laboratory Ban¬ 
bury mixer the results shown in Table HI and 
Fig. 5 were obtained. The samples marked 
“hot” were run with steam (100°C) through the 
jacket and cold water -through the rotor, and 



Fig. 5. Effect of mastication time on tackiness of GR-S. 

those marked “cold” were run with cold water 
(20°C) circulating through the jacket and rotor. 
250 g of rubber were used and 30-g samples were 
removed for test after various times of mastica¬ 
tion. For the stock containing carbon black the 
rubber was broken down for 5 minutes and the 


Table IV. Effect of polyvinyUsopropyl ethers on tackiness 


Sample 

Specific vincosity* 

Separating force 
<*) 

1 

0.05 

50 

2 

0.13 

160 

3 

. 0.63 

330 

4 

0.84 

310 

5 

2.13 

280 

Control (GR-S only) — 

30 


* In 1 percent benzene solution. 

carbon black was then added and mixed 15 
minutes when the 20 minute sample was re¬ 
moved. Each sample was then milled 2 minutes 
on the 2 /, X6 ,/ mill to sheet out, the rubber 
samples being milled at 20°C and the black 
samples at 600°C. Tack tests and Williams 
plasticity tests at 100°C were made after 24 hr., 
except for one group of plasticity tests made 
after standing for a longer time. The plasticity 
figures are the thickness in mm of the 2-cc 
sample after being subject to the 5 kg load for 
3 min. The tack values are the average of 
“instantaneous” and “10-second” tests for each 
of two independent series of mastication tests. 

It is seen that in these tests the hot Banbury 
mastication consistently gives somewhat tackier 
and more plastic samples than the cold mastica¬ 
tion, even with the stock containing 45 parts 
EPC black. Increased mastication time increases 
the tack readings, in part because it makes the 
samples softer. This method of increasing tacki¬ 
ness may not be practical, however, because of 
the excessive time of mastication required and 
the deleterious effects of high temperature on 
the properties of the cured compounds. 11 

c. Effect of Vinyl Ethers on Tackiness of GR-S 

Since some of the polyvinyl ethers are ex¬ 
tremely tacky materials themselves, it was 
thought that they might improve the tackiness 
of GR-S. A series of polyvinyl ethers 16 of different 
molecular weights (viscosities) was tested by 
milling 10 parts each into 100 parts GR-S on the 
2"X6"-miIl run hot (60°C). The results are 
shown in Table IV. 

11 W. B. Wiegand and H. A. Braendle, Ind. Eng. Chem. 
36, 699 (1944). 

h Prepared by Dr*. F. Grosser and C. E. Schildknecht of 
this laboratory. 
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AMOUNT OF KORESIN t«*ON WIMI 

Fig. 6. Effect of mixing Koresin into GR-S. 


The results show that within the proper 
molecular weight range, these vinyl ethers do 
produce tackiness in GR-S but the lower molecu¬ 
lar weight ethers were not effective. On the same 
test, 10 parts of rosin oil in 100 parts GR-S 
did not produce a measurable increase in the 
tackiness. 

The vinyl ethers are not very compatible with 
the GR-S rubber, so they probably tend to 
bloom to the surface and thus make the surface 
tacky. Compounded stocks containing vinyl 
ethers can be plied up and cured satisfactorily 
to a solid piece. However, if two samples are 
painted with a solution of vinyl ether, and 
pressed together during cure, they will not fuse 
together, and the cured samples can easily be 
separated. 


d. Effect of Koresin and Otter Tackifiers on GR-S 

Wiief reports reachedfins country that Ger¬ 
many pad developed a product that was a very 
effective tackifier of their Buna S, the Rubber 
Reserve took steps to find its composition and 
4ft> get a source ol supply in this country. The 
matei?jtl was found to be a reaction product of 
acetylene and p. ter butylphenol. Rubber Reserve 
niSqfe&txfbigements to have this product, known 
as Koresin, made in this country 17 and samples 
‘supplied to the rubber industry. 


1T By General 
2437,ft4. . 

1 * 


m. 


Aniline and Film Corporation, USP 

T-. 


The results obtained when various amounts of 
Koresin were mixed in GR-S and in a stock con¬ 
taining GR-S 100 parts and EPC black 45 
parts are shown in Table V and Fig. 6. The 
mixing was done for 5 minutes in the small 
Midget Laboratory Mixer run hot, and the 
samples were then sheeted out for 5 minutes by 
milling on a warm (60°C) 2"X6" mill. The 
tackiness was measured after the samples stood 
various times up to a week in an air-conditioned 
room 75°F-30 percent R.H. 

It is seen that 5-15 parts Koresin on 100 GR-S 
are very effective in increasing the tack of both 
straight GR-S and of GR-S containing 45 parts 
black and that the tack decreases only slightly 
on standing for one week. However, if the 
samples are stored at high humidities or where 
water gets on the surface, the tack drops more 
rapidly. The addition of the Koresin has no 
deleterious effect on rate of cure, or tensile 
properties of the cured GR-S compounds. 

When Koresin is applied as a solution or 
cement to the surface of a stock containing 
GR-S 100 parts and EPC black 45 parts, the 
results depend very much on the concentration 
used. Table VI and Fig. 7 show the results of 


Table V. Effect of mixing Koresin into GR-S. 


Stock 

Parts 

Koresin 

Separating force (g) after 
standing for 

1-2 hr. 24 hr. 1 week 

GR-S 

0 

200 

170 

200 


5 

540 

570 

570 


10 

650 

710 

650 

GR-S and 

0 

55 

55 

85 

EPC black 

5 

395 

340 

340 


10 

455 

480 

455 


15 

595 

425 

510 


two series of tests—one studying the effect of 
various concentrations of Koresin solution in 
hexane, and the other comparing Koresin with 
other materials when applied as solutions in 
hexane. 

There is a definite optimum at around 3-4 
percent concentrations of Koresin solution. This 
tends to confirm the view that the Koresin 
increases the tack of GR-S in part, at least, 
because of its tendency to bloom to the surface, 
forming a layer of high Koresin concentration. 
When a large excess of Koresin is present, how- 
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ever, the Koresin seems to form a “lacquer” on 
the surface which is dry, hard, and non-tacky. 

If the solutions are applied in atmospheres of 
very high humidity, where moisture can con¬ 
dense on the surface, the tackiness is very much 
reduced. The mechanism of this action is not 
known, but a similar effect is noted with rubber 
cements. 

A comparison of a number of different softeners 
and tackifiers added in the Midget Banbury 
Mixer to a stock containing GR-S 100 parts and 
EPC black 45 parts is shown in Table VII. The 
plasticity values are taken after 24 hr., on the 
Williams Plastometcr at 100°C. 

It is seen that 10 parts Koresin gives the most 
tack of any material tested. A mixture of equal 
parts of Koresin plus the petroleum derivative 
(Circosol 2XH) (10 parts total) is almost as 
effective as 10 parts Koresin, even though 10 
parts of the petroleum derivative alone has little 
effect on the tackiness. The tackiness of the 
Koresin stocks does not decrease markedly in a 
week when stored in an atmosphere at 75°F and 
30-35 percent relative humidity. 

CONCLUSIONS 

The analysis of tackiness shows that it is a 
complex property which depends on a balance 
between a large number of different factors, 
including the geometry of the sample as well as 
the surface forces and the visco-elastic properties 
of the material itself. 



CONCENTRATION (FCUCCMT KQKfff M HEXAM) 

Fig. 7. Effect of painting Koresin solutions (Hexane) on 
surface of GR-S carbon black compound. 


Table VI. Effect of painting various materials on surface 
of GR-S carbon black compound. 




Separating force (g) after 

Material 

Cone. % 

1 hr. 

3 hr. 

24 hr. 

1 week 

Series L 






Solvent only 

— 

55 

— 

55 


Koresin 

1.0 

255 

— 

115 

—- 

Koresin 

2.0 

310 

— 

200 

— 

Koresin 

4.0 

310 

— 

310 

— 

Koresin 

5.0 

255 

— 

255 

— 

Koresin 

10.0 

30 

—T- 

30 

— 

Koresin 

15.0 

30 

— 

30 

— 

Series 2. 


• 




Koresin 

3 

255 

225 

255 

14Q 

Koresin (German) 

4 

225 

170 

140 

140 

GR-S 

4 

115 

85 

85 

85 

Natural rubber 

4 

370 

225 

170 

55 

Dehydro abietic acid 

4 

170 

140 

85 

55 

Table VII. Effect of various materials < 

on the tackiness of 

GR-S EPC black compound. 




Amount 

added 

Separating foroe (g) 
after standing for 

WiUiaiM 

Material added 

(on 100 




plasticity 

pta. GR-S) 1-2 hr. 

1 day 

lvk. 

KWC 

Control (GR-S comp, only) 

_ 

55 

AA 

85 

4J 

Korovin 

A 

39A 

940 

340 

3.0 

Koresin 

10 

4AA 

480 

4AA 

3.0 

Koresin and petroleum deriv.(t:l) 

10 

480 

4AA 

4AA 

3.7 

Koresin and ooal tar fractions (1:1) 

10 

426 

940 

425 

3.7 

Dehyfeogenated rosin 

10 

970 

2AA 

too 

3.7 

Petroleum derivative 

10 

170 

8A 

UA 

4.1 

Coal tar fraction 

10 

170 

UA 

8A 

3.8 

Rosin oil 

10 

200 

115 

115 

3.7 

Stearic acid 

10 

AA 

90 

AA 

3.8 


The quantitative measurements of the effect 
of the rate of removal on the apparent tackiness 
of pressure-sensitive adhesive tapes show that 
significant differences are found at very slow 
removal rates (10 6 sec./cm) which do not show 
up at much higher removal rates (10 sec./cm). 
These differences may affect the performance of 
the tapes in service. 

A simple quantitative test is described which 
can be used to study the effects of various 
processing treatments and various softeners, 
tackifiers and other compounding ingredients on 
the tackiness of GR-S and other rubbers. Koresin 
was the most effective tackifier found for GR-S. 

The authors wish to acknowledge the con¬ 
tinued interest of Dr. W. E. Hanford, Director 
of the Laboratory, and the helpful discussions of 
tackiness measurements with Dr. C. E. Schild* 
knecht. Miss Ruth Sellers and Miss J. L. Nuver 
helped in taking much of the data. The first 
Koresin samples were prepared in the laboratory 
by Drs. C. E. Schildknecht and A. O. Zoss before 
the commercial material was available. 
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Applications of Infra-Red Methods in the Structural Examination 

of Synthetic Rubber 

J. E. Field, D. E. Woodford, and S. D. Gehman 
Research Laboratories , The Goodyear Tire & Rubber Company , Akron , Ohio 

The physical properties of a synthetic polymer are associated with variations in molecular 
structure which are dependent on the conditions of the polymerizing reaction and the monomers 
used. In some cases, structural differences of significance for physical properties cannot fie 
detected by infra-red methods because the relative number of chemical linkages affected is too 
small. An important structural detail which can be followed by infra-red analysis is the relative 
amount of*1,2 and 1,4 polymerization occurring in polymerization reactions of butadiene. 
Absorption curves are reproduced to show the wide range in the relative amounts of these 
two structures. A description is given of an attempt to obtain a quantitative measure of this 
ratio by means of a calibration curve derived from known mixtures of pure octene 1 and 
octene 2. For polyisoprene, variations in the proportions of 1,4 and 1,2 or 3,4 structure also 
occur depending upon the type of polymerization. Comparison with Hcvea rubber and Balata 
fails to disclose definite ^evidence of /rans-isomerism in synthetic polyisoprene. Structural 
differences due to oxidation of polymers may be readily apparent in infra-red spectra, hydroxyl 
and carbonyl groups being especially prominent. The effectiveness of anti-oxidant in preventing 
structural changes caused by oxidation is shown in a series of absorption curves for samples 
of GR-S with and without anti-oxidant. When the samples were heat-treated in air, pronounced 
structural changes occurred for the sample without anti-oxidant, but no perceptible changes 
were evident for the sample with anti-oxidant. On the other hand, the anti-oxidant used 
(phenyl-0-naphthylamine) was ineffective for stabilizing the structure toward ultraviolet light. 


INTRODUCTION 

TNFRA-RED absorption spectra have been 
long recognized as a convenient means for 
studying the structure of organic molecules. The 
interpretations of the spectra are based on the 
energy interactions of the molecule and the 
radiations which arise from the vibration of the 
constituent atoms and molecular rotations. For 
simple or highly symmetrical molecules, the de¬ 
termination of the normal modes of vibration and 
the calculation of the absorbing frequencies are 
relatively simple and straightforward. For more 
complicated organic molecules, this becomes 
increasingly difficult becaue^ith each additional 
at^ Jlhe number of cjjftjlws of freedom is in¬ 
creases by three and the determination of the 
normal modes of vibration becomes practically 
impossible. However, interpretations can be 
ptaiade to a useful* extent through empirical com- 
parta^hs with the absorption spectra of simpler 
known structures. 

> -#tta that have been accumulated by in¬ 
vestigators in this field have made it possible to 
. assign rather definite absorption frequencies to 
some & the chemical linkages and functional 
^relations which have appeared 


in numerous places in the literatuie are partially 
reproduced in Table I. 

Organic compounds generally have strong ab¬ 
sorption bands below 1300 cm” 1 to which few 
definite assignments can be made with certainty 
because the vibrations of many of the atoms of 
the molecule may be involved rather than a 
specific part of it. It is quite clear that such 
empirical relationships must be relied upon in 
studying the structural variations of the long 
chain, complex molecules which occur in buta¬ 
diene and isoprene polymers and copolymers and 
other synthetic rubbers. This procedure has been 
applied to determine the effects of oxidation and, 
of variations in monomers and polymerizing con¬ 
ditions on the structure of synthetic rubber. It is 
practically certain that physical deficiencies of 
synthetic rubber are due principally to the 
structure of the long chain molecules rather than 
to the chemical nature of the monomers used. 


Table I. 


Frequency range 

Chemical linkage 

3000-4000 cm” 1 

CH, OH, NH 

2000-2500 cm“ l 

C-C, C-N 

1350-2000 cm' 1 

CH,. CHs, CH, C-C, C-0 

900-1000 cm- 1 

C-C 
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EXPERIMENTAL PROCEDURE 

A conventional Littrow type rocksalt prism 
spectrometer of our own design and construction, 
shown in Fig. 1, was used for obtaining the ab¬ 
sorption records. The refracting faces of the 60- 
degree prism are 15 cm long by 10 cm high. The 
current from the vacuum thermocouple is con¬ 
ducted to a galvanometer the deflections of which 
actuate a photo-cell amplifier. The absorption 
curves are automatically recorded by a Leeds and 
Northrup Speedomax which operates from the 
amplifier. These curves show the absorptions (not 
percent absorption) by the varying galvanometer 
deflection recorded as a function of the wave 
number setting of the Littrow mirror. 

The samples were prepared, in most instances, 
by evaporating the solvent from polymer solu¬ 
tions poured on rocksalt plates, thus leaving a 
thin film of polymer for examination. The thick¬ 
ness of the film was adjusted for about 10 
percent transmission of the 1450 cm~ l band. This 
was rather easily accomplished by controlling the 
concentration of the solution and by the use of 
successive layers of film. The latex samples were 
prepared by placing a few drops in a closed glass 
frame floating on a mercury surface. In order to 
prevent undue oxidation, these films were first 
dried in a nitrogen atmosphere and then in a 
vacuum desiccator. Since the film thickness of the 
various samples was maintained essentially the 
same, a fair estimate of the intensity of the 
absorption of a particular band can be made 
relative to a corresponding one of another sample 


without transforming the absorption curves into 
terms of percent transmission. 


ABSORPTION SPECTRA OF VARIOUS POLYMER 
CHAIN STRUCTURES 

The chemistry of polymerizing reactions is 
rather complex in character. Any discussion con¬ 
cerning the genera] principles and mechanisms of 
such reactions need not be entered into here. 
However, in order to understand the absorption 
spectra of polymers of butadiene and isoprene, 
which have played such an important role in the 
development of synthetic rubber, it is necessary 
to point out the various ways in which poly¬ 
merization of these diolefinic monomers can 
proceed. These are diagramatically shown in 
Fig. 2. The structures appearing at the double 


ALTERNATIVE CHAIN STRUCTURES 
BUTADIENE 

CHj-CH—CH—CH t 

-CH t -CH- 

X 


-CH-CH-CH-CHj- 


ISOPRENE 


y 

-cJV 


CHp 


f* 

■C- CH— 


CH* 


CHj- -CH- 




f -CH-CH- 

fc h 

wH| CH| 


Fig. 2. Alternative chain structures for polybutadiene 
and polyisoprene. 



Fig, 1. Spectrometer and recorder. 


bonds may be typified in the manner shown in 
Table II. Compounds which can be differentiated 
according to the above classification are known 
to have characteristic absorption frequencies 
which will be of considerable value in the inter¬ 
pretation of the absorption spectra to be 
discussed. 


Table II. 


Polybutadiene 

1,4 addition 

1,2 addition 

R.CH-CHR, 

RCH-CH, 

Polyisoprene . 

1.4 addition 

1,2 addition 

3.4 addition 

RiRjC-CHRi 

RCH-CH* 

R«R*C-CH* 


Vofcftt* 17, may, i94d 
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Fig. 3. Absorption curves for sodium and emulsion 
polymers of butadiene. 


POLYBUTADIBNE A*D GR-S 

The absorption curves for sodium and emulsion 
polymers of butadiene are shown in Fig. 3. The 
differences appearing in the two spectra are quite 
significant. That a high degree of 1,2 poly¬ 
merization occurs in the sodium polymer has 
been previously deduced from ozonolysis and 
infra-red work. 1 ' 4 This is recognized by the ap¬ 
pearance of the very strong band at 996 cm' 1 
which is characteristic of compounds of the type 
RCH = CHj. 2 - 15 A relatively weak band appears 
at this frequency for the emulsion polymer. Ab¬ 
sorptions are present in both polymers at 967 
cm** 1 which is characteristic of compounds of the 
type RiCH«CHRa. The bands at 914 cm”* 1 and 
1450 cm*” 1 appear to be split into doublets in the 
sodium polymer, evidently because of the in¬ 
fluence of the large number of terminal double 
bonds. 

In the development of synthetic rubber of the 
GR-S type, it was found that emulsion polymers 
possessed the more desfe^Ue physical properties 
and processing qualit&feaince the product of a 
reason of this type for butadiene leads pre¬ 
dominately to the 1,4 structure, it is thought 
that the relative amounts of these two structures 


N. Alekseeva, Rubber Chem. Tech. 15, 693, 698 

(1 ‘ Vnpubluhed work of M. W. Swaney, J. U. White, and 
. Esso Laboratories Standard Oil Development 

Thompson and P. Torkington, Trans. Faraday 
Soc. 41, No. 279, 246 (1945). 

4 Unpublished work of R. S. Rasmussen and R. R. 
Brattain, Shell Development Company, 
f M. Tuot J ciecomte, and S. Lori Hard, Comptes rendus 
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in the copolymer has some bearing on these 
physical characteristics because butadiene is the 
principal constituent in the GR-S type of syn¬ 
thetic. Accordingly, methods have been sought to 
obtain quantitative determinations of relative 
amounts of 1,2 and 1,4 structure in polymers and 
the GR-S copolymer. Infra-red methods afford a 
positive and direct way of carrying out such 
analyses. The following procedure has been found, 
to be convenient for this purpose. Referring to 
Fig. 4, which illustrates the resultant band due to 
the two overlapping bands at 996 and 967 cm -1 , 
it is evident that the ratio A/B can be used for 
characterizing the band structure. If this ratio 
can be calibrated in terms of known relative 
amounts of the two structures, the infra-red 
absorption spectrum immediately becomes appli¬ 
cable as a method of determination. In order to 
do this, absorption spectra were obtained for two 
compounds, one having a terminal double bond 
and the other an internal double bond. Pure 
samples of octene-1 and oetene-2 were used for 
this purpose. The spectra of known mixtures of 
these hydrocarbons were obtained and the ratio 
A /B was determined from the absorption curves. 
This ratio was then plotted as a function of 
percent octene-1 shown in Fig. 4. It is then 
assumed that this curve applies for the butadiene 
polymers and copolymers. This assumption may 
not be entirely valid since other structural effects 
on these bands are not considered, but it seems 
reasonable to believe that a very close approxi¬ 
mation can be reached with this method. 
Following the procedure outlined above, the 
results for several typical polymers are given in 
Table III. 



Fig. 4. Calibration curve for determining the amount of 
1,2 structure in polymers and copolymers of butadiene. 
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Fig. 5. Absorption curves for comparing the structure of 
Hevea rubber, Balata, and the emulsion and sodium 
polyisoprenes. 


The GR-S sample included in the above table 
was a typical production sample. It is of interest 
because it shows that the amount of 1,2 structure 
determined by this method is within reasonable 
agreement with estimates obtained by other 
methods. The extremely high percentage shown 
for the sodium polymer may not be so accurate 
since the method appears to be less sensitive for 
mixtures with such high ratios. 

POLY1SOPRBNE 

The absorption spectra for the emulsion and 
sodium polymers of isoprene are shown in Fig. 5. 
The structural study of this polymer is of par¬ 
ticular interest because the monomer unit is the 
same as for natural rubber and yet the structure 
and physical properties of the latter cannot be 
reproduced in the synthetic product. The ab¬ 
sorption spectra for Hevea rubber and Balata are 


Table III. 


Type of polymer 

Ratio A/B 

% 1.2 
addition 

Polybutadiene (emulsion) 

.187 

21 

Palybutadiene (sodium) 

1.1 

80 

GR-S (production) 

.180 

19 
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incjuded in this figure for the purpose of com* 
pari son. 

If the isoprene is polymerized by 1,4 addition, 
the structure type would be RtR,C*»CHR* 
which corresponds to the structure of Hevea 
rubber. Compounds of this general type' have a 
characteristic band around 840 cm -1 . A band 
does appear here for the emulsion polymer indi¬ 
cating that this structure is present. In comparing 
this spectrum with the one for Hevea, it is 
observed that, although there are some striking 
similarities, the structures of the two are not 
identical. However, they do have more in com¬ 
mon than do the sodium polymer and Hevea. On 
this basis, it is reasonable to believe that the 
emulsion product of polyisoprene is chiefly of the 
1,4 structure. 

If the polymerization reaction proceeds by 1,2 
addition, the resulting compound would fall in 
the RCH = CH, class. This is the same general 
type as the 1,2 addition of butadiene, and strong 
bands would be expected to appear around 996 



FREQUENCY IN OMT* 

Fig. 6. Absorption curves showing oxidation of GR-S in 
the absence of anti-oxidant. 

cm -1 and 914 cm -1 . Rather weak bands do appear 
in these regions for the emulsion polymer while 
relatively stronger ones are present in the spec¬ 
trum of the sodium polymer. Thus, a small 
amount of this structure is indicated in both of 
these polymers. 

The absorption spectrum for the sodium . 
polyisoprene shows a very strong absorptionband. 

M 
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Fig. 7. Absorption curves showing oxidation of GR-S in the 
presence of anti-oxidant. 

at 881 cm" 1 . Compounds having the general 
structure RiRiC = CH 2 are known to have ab¬ 
sorption bands in this region. Accordingly, this 
type of compound would correspond to the 3,4 
addition of the polyisoprene structure. The ab¬ 
sence of the bands at 840 cm' 1 and 970 cm' 1 and 
the intense absorption at 881 cm -1 lead to the 
belief that the structure of this polymer is pre¬ 
dominantly of the 3,4 type. 

Balata, the absorption spectrum of which is 
included in Fig. 5, is generally presumed to be a 
/rans-isomer of Hevea rubber. This cis-trans - 
isomerism causes distinctive differences in the 
infra-red absorption spectra. 8 Comparison of the 
spectra for these natural products with those for 
synthetic polyisoprenes does not disclose the 
presence of any appreciable amount of the trans - 
isomer in the synthetic polymers. This is par- 
tfcferly i ntcrestingv^gfecause there has been 
spallation that the inferiority of the synthetic 
polymers to Hevea rubber might arise from the 
fact that a mixture of cis~ and *ra»s-structure 
occurs in the’ifynthetic polymers. 

/ EFFECTS OF OXIDATION 

effects of exposure of GR-S films to air 
conditions such as to accelerate oxidation 
are shown in the absorption curves appearing in 
Fig*£ and Fig. 7. The samples were all prepared 

*$. Jl, Hendrick*, S. G. Wild man, and E. J. Jones, Arch. 
BtodM* 7* W/3’ (Sept. 1945). . 

i * * 


from a master solution of production GR-S in 
benzene from part of which the anti-oxidant 
(phenyl-0-naphthylamine) was removed by repre¬ 
cipitation. Films with and without anti-oxidant 
were exposed to ultraviolet light (Atlas Fadeome- 
tcr, violet arc) for at least twenty-four hours at a 
constant temperature of 40°C. Similar films were 
heated for twenty hours in air at 103°C. The 
absorption curves resulting* for films without 
antioxidant arc shown in Fig. 6. The control or 
untreated sample is represented in the top curve. 
The structural changes initiated by exposure to 
the ultraviolet light are apparent in the middle 
curve. New bands appear at Approximately 3500 
enr 1 and 1720 cm which are definitely due to 
O —H and C = 0 linkages, respectively. These 
groups have been identified chemically in oxi¬ 
dized natural rubber. 7 8 Increased absorption is 
also noted in the 1050 cm" 1 range. The relative 
intensities of the 996 and 967 cm" 1 are difficult to 
interpret. The absorption in the vicinity of the 
996 cm -1 band is increased but the significance of 
this is confused by the generally increased ab¬ 
sorption over this whole region. The decrease in 
the intensity of the 914 cm 1 band probably is 
indicative of a definite decrease in the total 
number of double bonds, which would be ex¬ 
pected with oxidation reactions. 

When a similar sample was heated for twenty 
hours in air at 105°C, a number of differences 
appear in the absorption record when compared 
with that for the ultraviolet activated sample. 
This is represented in the bottom curve of Fig. 6. 
The intensity of the O — H band has increased 



* R. F. Naylor, Traiw. I.R.I. 20, 2, 45 (1944). 

•G. F. Bloomfield, Ind. Rubber J. 108, 495 (1945). 
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Fig. 9. Absorption curves showing the effect of modifiers 
on the structure of GR-S. 

noticeably. The carbonyl band at 1720 cnr 1 has 
broadened considerably. Since the absorptions 
for the various carbonyls occur at slightly differ¬ 
ent frequencies, it is possible that the broadening 
of this band might be due to additional types of 
carbonyls. The absence of the 914 cm" 1 band indi¬ 
cates a rather complete saturation of the double 
bonds. There is a general region of heavy ab¬ 
sorption extending from about 900 cm" 1 to 1300 
cm’" 1 , probably indicating heterogeneity in the 
structure brought about by oxidation. The struc¬ 
ture responsible for the occurrence of the 890 
cm~ l band upon oxidation is not definitely 
known but its position would suggest the type 
RiRsC-CHt. 

In examining the absorption curves of Fig. 7 
corresponding to samples with anti-oxidant, it 
appears that ultraviolet activation is the only 
agency that has produced any appreciable struc¬ 
tural changes. These changes arc similar to the 
ones which occurred for the sample without anti¬ 
oxidant. With the anti-oxidant present, twenty 
hours exposure in* air at 105°C produced no 
noticeable structural changes. It is very inter¬ 
esting that structural changes due to heat treat¬ 
ment are inhibited by the anti-oxidant whereas 
this anti-oxidant has little influence on the effects 
caused by ultraviolet activation. Apparently, the 
mechanisms of oxidation are different in the two 
cases. 

MISCELLANEOUS POLYMER STRUCTURES 

An absorption curve for a typical butadiene- 
viftyl pyridine copolymer is reproduced in Fig, 8 
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together with one of GR-S for comparison* 
Although many of the bands are very similar in 
character, there are several differences that can 
be observed. One is the relative increase in the 
intensity of the 1590 cm* 1 band in the vinyl 
pyridine copolymer. This band is usually attri¬ 
buted to aromatic double bonded carbons but the 
presence of the nitrogen in the aromatic group 
becomes evident with an additional absorption at 
1570 cm - " 1 . There is a shift toward the longer 
wave-lengths of the aromatic CH bending fre¬ 
quencies around 1490 cm* 1 and a characteristic 
band at 1150 cm - " 1 . Hence these two synthetic 
rubbers can be readily distinguished by their 
infra-red spectra. It is noteworthy that the 
overlapping bands at 996 cm* 1 and 967 cm* 1 are 
so very similar for the two types of rubber. 

Absorption curves are shown in Fig. 9 for 
samples of GR-S in which different mercaptan 
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Fig. 10. Absorption curves showing the structure of GR-S 
in the absence of modifier. 

type modifiers were used in the polymerization. 
These films also contained phenyl-0*naphthyl- 
amine as anti-oxidant. Since the presence of 
modifiers during polymerization influences the 
physical-properties of the product, it was thought 
that structural differences might be detected in 
these absorption spectra. However, the absorp¬ 
tion curves for polymers made with these three 
modifiers are strikingly similar. Since the 996 
cm -1 band shows no evident difference in the 
number of side vinyl groups present and other 
differences in the spectra are insignificant, it can 
be concluded that these three modifiers influence 
the structure in much the same way, at least as 
far as can be detected by infra-red methods. In 
this case, there appears to be little hope that 
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these methods will detect such differences, since 
the fundamental structure is so similar. The 
differences in physical properties evidently result 
either from a variation in a relatively small pro¬ 
portion of the chemical linkages, as might readily 
be the case for cross linking, or in variations 
which do not give rise to unique absorption 
bands. The amount of modifier present is so small 
that it does not appear directly in any of the 
absorption curves. 

Since unmodified copolymers of butadiene and 
styrene are generally insoluble in organic solvents, 
films were made from latices of the copolymers 
containing little or no modifier. The absorption 
curves for these are shown in Fig. 10, respectively 
for samples containing .1 jercent mercaptan 
activator-modifier and .1 percent mercaptan 
activator. The latter activator is considered to 
have little or no modifying action. The increased 


number of side vinyl groups as compared to 
GR-S becomes apparent from the increased ab¬ 
sorption of the 996 cm*” 1 band. This increase is 
more pronounced for the slightly modified sample 
than for the one which contained activator only. 
This evidence is far from conclusive as the effect 
of the modifier and activator on the amount of 
1,2 polymerization but indications are that when 
the normal amount of modifier is used there are 
less side vinyl groups formed than if no modifier* 
or only a very slight amount of modifier is 
present. 

We wish to express our appreciation to Dr. 
L. B. Sebrell and The Goodyear Tire & Rubber 
Company for permission to publish this work, to 
Dr. A. M. Borders and Dr. J. O. Cole of the 
Research Staff for preparing the polymers used, 
and to Dr. M. R. Fenske for supplying the 
samples of octene-1 and octene-2. 


A Photoelectric Instrument for Light Scattering Measurements 
and a Differential Refractometer 

P. P. Debye* 

General Aniline and Film Corporation , Central Research Laboratory , Easton , Pennsylvania 


The method of determining particle sizes and molecular 
weights by light scattering measurements on solutions is 
finding increasing fields of application. In order to obtain 
the necessary data quickly and conveniently, an instrument 
has been developed which allows the required light scatter¬ 
ing measurements to be taken on a routine basis. This 
apparatus is described. It measures transmission aftd the 
scattering of light at 90°; two different schemes can be 
employed to obtain the angular intensity distribution of 
the scattered light. A description is also given of a com¬ 
pensating refractometer which is used to determine the 
difference in refractive inde>* • (|blvent and solution. The 

N^944, P. Debye 1 described a method for 
determining by light scattering measurements 
on solutions the molecular weight and particle 
size of the solute. Since then this procedure has 
bec^rfie an important tool in the field of high 
polymers, and it seemed desirable to have special 
tal^umfents to make the necessary measurements 
move conveniently. 

Ob 

* Msytr at Bell Telephone Laboratories, Inc.* Murray 
Hill. New Jersey. 

> P. E£bye, J/App. Phyi. 15, 338 (1944). 


instrument, which is simple in design, gives a direct reading 
of the refractive index difference and has an accuracy of 
better than 10" 4 . The light scattering instrument has been 
tested using polystyrene of known molecular weight, and 
has been applied to study the change of apparent molecular 
weight (or particle size) of a series of polyvinyl ethers as a 
function of concentration in some cases, also a number 
of solvents. For a series of polyvinyl n-butyl ether samples 
which was studied, the relation between the intrinsic 
viscosity [*?,] of the benzene solutions and the weight 
average molecular weight M determined by light scattering 
is ■» .365 X 10~ 7 3f 14I . 

The fundamental concepts of the theory show 
that the diameter of particles larger than about 
1/20 of, but still comparable to, the wave-length 
of the light can be determined if the angular 
intensity distribution of the scattered light is 
known. To illustrate this Fig. 1 shows the in¬ 
tensity of the scattered light as a function of 
the angle; the family of curves is drawn for 
varying ratios d/X, where d is the particle diam¬ 
eter and X the wave-length of the light in the 
solution. This particular angular intensity dis- 
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tribution has been calculated for spherical par¬ 
ticles and the angular intensity variation due to 
the polarization effect has been omitted. 

In case the particles are smaller than approxi¬ 
mately 1/20 of the wave-length and the solution 
scatters as much in the forward as in the back¬ 
ward direction, P. Debye’s formula for the 
turbidity (r) of the solution (in the limit for 
infinite dilution) is applicable: 

32 w* mo*(m _ Mo) a 1 

j- -, 

3 X 4 n 

where mo and m arc the refractive indices of 
solvent and solution, respectively, X is the wave¬ 
length of the light in vacuum and n the number 
of particles per cc. For practical purposes Avo- 
gadro’s number ( N ), the molecular weight (Af), 
and concentration (c) in g/cc can be introduced 
leading to the relation 

Kc/r~l/M, 

32t* mo 8 /M~Mo\* 

~~TmA c /' 

From this the number (») of solute particles 
per cc can be calculated. The turbidity in prac¬ 
tical concentrations and solvents is for many 


materials quite small. In most cases it is therefore 
easier to measure the amount of scattered light, 
for example as 90° scattering, instead of the 
small difference in intensity of the primary light 
beam before and after it passed through the 
solution. The quantity of m~M o also requires 
careful measurement; its magnitude is in general 
approximately .001 for a 1 percent solution. The 
useful lower molecular weight limit of the method 
is determined by the refractive index difference 
that can be obtained for a given polymer-solvent 
system. It lies roughly in the neighborhood of a 
molecular weight of 10,000. The weights as de¬ 
termined arc weight average molecular weights. 

The two instruments 8 presently to be described 
were developed in order to measure (a) the 
angular intensity distribution, (b) turbidity by 
the measurement of transmission, (c) turbidity 
by measurement of 90° scattering, and (d) the 
refractive index difference (m—m o) of solution 
and solvent. The photoelectric instrument is 
adapted for measurement of a, b, and c and the 
differential refractometer reads m — M o directly. 

The light scattering unit with its amplifier is 
shown in Fig. 2. The unit contains four separate 


* Both instruments were built by Mr. H. Bush, Chemistry 
Department, Cornell University, Ithaca, New York. 
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photo-tubes of the type RCA 929 which can be 
connected interchangeably to i special d.c. am¬ 
plifier.* The light intensities arc read on a 
built-in taut suspension galvanometer, which is 
shunted in order to have a variable sensitivity 
range of 1:2:5:10:20:50. The linearity of this 
arrangement has been checked on a photometer 
bench and has been proved satisfactory. Before 
and after each scries of measurements the 
primary light beam intensity is obtained by 
reflection on a magnesium carbonate block under 
45 degrees with respect to the primary light beam 
and with an additional dark glass filter inter¬ 
posed. In this way long term fluctuations of the 
light source as well as of the amplifier can be 
eliminated. 

The light scattering unit has three separate and 
easily interchangeable lamp houses; one house 
containing a high intensity tungsten filament 
bulb, the other a water-cooled high pressure 
mercury arc (H-6), and the third a medium 
pressure-forced air cooled mercury arc of the 
AH4 type. Almost all measurements are taken 
with this latter lamp. 11 hail been found that a 
simple electrical stabuuppg circuit makes the 
light butput of the AH4 bulb quite satisfactorily 
constant. The circuit used is shown in Fig. 3; 
r it consists of a voltage regulating autotransformer 
(7'i), a current regulating ballast lamp (B), 
a ff^p-up transformer (Tt) to compensate for 
.thenyoltage drop in the ballast, and the auxiliary 
(Tt) which is always necessary to 
operate the AH4 bulb from line current. 

TJ-ift arrangement of the optical parts is shown 
scbempatically in Fig. 4. The light of the mercury 
.. v 

* j£*ftMtovp§t Corporation, 95 Madison Avenue, New 
York, New York. 
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arc illuminates an opal glass ( 0 ) situated in 
front of a slide 04), having various interchange¬ 
able apertures of different sizes; then it passes a 
monochromatic glass color filter ( F ) and a 
stationary lens (Li) with iris diaphragm (D). 
The parallel beam of light which leaves the lens 
can then be intercepted by a Polaroid (P) 
and/or an extra plain glass slide ( G ). The latter 
is used to calibrate the electrical parts by 
decreasing the primary light intensity by small 
but known amounts. This is useful in the case 
of transmission measurements where the zero of 
the galvanometer is suppressed by electrical 
means. Between the aperture slide and the color 
filter there is a removable additional lens (Li) 
which on account of its higher numerical aperture 
gives greater light intensities. It focuses the first 
aperture in the center of the solution cell ( S ). 

As shown in Fig. 4 one photo-tube is situated 
close to the solution cell for measuring turbidity 
by 90° scattering. The other photo-tube is used 
for transmission measurements but it can also be 
applied to measure angular distribution; the 
latter is done b> moving the tube in a semi¬ 
circle around the solution cell. The perpendicular 
axis of this motion extends through the bottom 
of the unit and is connected to an indicator arm 
on the outside of the case.where a pointer shows 
the position of the tube in degrees with respect 
to the primary beam. The motion covers an 
angle interval from 0 to 125 degrees. 

In an arrangement like this it is necessary to 
employ a circular solution cell unless one applies 
corrections for the varying reflection and absorp¬ 
tion, which is at least time consuming. In order 
to avoid this a suggestion by P. Debye has been 
followed. The same support which carries the 
photo-tube for transmission measurements cagjjfes 
in addition another photo-tube which movrffon a 
semi-circle underneath the solution cell. Thitf 
tube receives its light from a mirror (at 45° to 
the horizontal) which travels suspended from 


i 1 

1 


On 





Fig. 3. Light source stabilization circuit. 
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Fk». 4. S< hematic arrangement of optical parts in the light scattering unit. 


the outside but within the solution on the same 
semi-circle as the photo-tube. A sketch of this 
arrangement is shown in Fig. 5. By this method 
the scattered light always leaves the solution 
cell perpendicularly to the interface solution-air 
and the i orrec tions otherwise necessary are 
avoided 

A fourth photo-tube not shown in the diagram 
is used to measure independently the intensity of 
the light source, it receives the light from a 
plain glass which is placed under 45 degrees in 
the primary beam 

The apparatus has been calibrated with a 
solution of polyst>iene of which the weight 
average molecular weight had been determined 
as 409,000±7 percent. This figure has been 
arrived at by J. McCartney 4 who used an instru¬ 
ment of special design to measure the turbidity. 
The reported number average molecular weight 
by osmometry for this polystyrene was 240,000. 

The differential ref rac tome ter (Fig. 6) allows 
the measurement of Mo with great convenience 
and an accuracy of about 0.000,003. This is 



Fig. 5. Schematic arrangement for the measurement of the 
angular intensity distribution. 


4 J. McCartney, Chemistry Department, Cornell Uni¬ 
versity, Ithaca, New York. 


appreciably better than can be achieved with 
the ordinary type of refractometer and not 
quite as good as the accuracy possible with an 
interferometer. However, the great simplicity of 
the instrument and the ease with which it per¬ 
forms makes this refractometer a great asset if 
a number of refractive index differences have to 
be obtained ever\ day. The original design was 
developed in the course of work for the Rubber 
Reserve Corporation at the Chemistry Depart¬ 
ment, Cornell University, in 1943; the instru¬ 
ment as described heu is an improved copy of 
the Cornell refractometer. 

A schematic drawing is shown in Fig. 7. An 
adjustable precision slit (5) is illuipinated by 
monochromatic light from a mercury arc (AH-4) 
and an image (/) of this slit is formed at a 
distance of about 190 cm in the field of a filar 
micrometer. A rectangular glass cell ( C ) contain¬ 
ing the solvent is placed between the two lenses 
(Li and L%) in the parallel light beam. Suspended 
in the solvent cell (C) is a hollow prism glass 
cell (P) containing the solution. The refraction 
angle of the prism is approximately 125 degrees. 
If there is any difference of refractive index of 
solvent and solution, the image of the slit which 
can be observed in the eyepiece of the filar 
micrometer will undergo a deflection. If the 



Fig. 6. 
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difference in refractive index (m—mo) is not too 
large, the image deflection will be proportional 
to the refractive index difference. For this 
instrument the full scale deflection is still in the 
linear range. „ 

The image deflection can be’calculated by the 
following equations. If the top angle of the prism 
is A, the angular deflection a and prism and cell 
have the refractive indices m and mo, respectively, 
then 

a—2(n~no) tan A/2. 

With a lens of focal length (/) this gives an 
image deflection X 

X—af=2f tan A/2(ix — mo). 

The relation shows that the image deflection X 
depends linearly on the refraction difference 
ix— mo only in first approximation (for small 
deflections). 

The equation for the image deflection (X) 
also shows that X is independent of the refractive 
index of the solvent (mo)- The instrument can 
therefore be calibrated with, for instance, an 
aqueous sucrose solution and then be used for 
any other solvent-solute system. 



Fto. 8. 


jm 


fairly insensitive to small temperature chj^igfts. 
On this account a good enclosed type mercury 
regulator will work well for the temperature 
control of the water which is pumped through 
the jacket surrounding the cells (Fig. 8). In 
practice the temperature equilibrium of prism 
and cell is attained in 5-7 minutes. 

The refractometer has been calibrated with 
dilute sucrose solutions of known refractive 
index. The calibration (Fig. 9) is shown to be 
linear. 

Since the completion of these instruments, a 
great number of materials have been tested. 
Some of the experimental results on j)olystyrenes 
are shown in Fig. 10. The data for Kc/r have 
been linearly extrapolated (by the method of 
least squares) to zero concentration, at which 
point the ordinate corresponds to the reciprocal 
of the actual molecular weight. The scale in 
Figs. 10-12 is drawn in arbitrary units. 

Another group of polymers which has been of 
great interest has been that of the polyvinyl 
ethers. Figure 11 shows the experimental curves 
for various polyvinyl normal butyl ethers. It is 
interesting to note that the plotted data for these 
materials show a definite downward curvature. 



Image deflection (in i mm). 

Fig. 9. Calibration of differential refractometer. 
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Fic 10. Experimental data on polystyrenes in toluene. 

This might be explained by agglomeration of 
particles at increased concentration. A very 
broad particle size distribution also would show a 
similar effect. In this case the purpose of the 
investigation was to connect molecular weights 
with viscosity values in order to obtain the 
constants in the familiar expression 

log v) t = A+a log M. 

The intrinsic viscosities were determined in 
benzene solution at 25 C. The flow times were 
measured in tubes of the modified Ostwald- 
Fenske design. The constants for the polyvinyl 
normal butyl etherwere determined as j 4 = — 7.14 
and a =1.36. 

Another interesting case was found in a pre¬ 
liminary study of the effect of milling (at 25- 
30 C) on a sample of polyvinyl isobutyl ether. 
Figure 12 shows that the slopes of the Kc/r vs. 
concentration data were very much decreased by 
milling the polymer. Considering the experi¬ 
mental error involved, however, this procedure 
did not seem to affect appreciably the weight 


Table I. 



v ip/concentration In 

Molecular weight 
by light Mattering 


benzene at 25 C for 

Material 

cone. ».2 g/100 cc 

Not milled 

1.75 

219,000 

10 min. milled 
45 min. milled 

1.01 

233,000 

.68 

240,000 



Concentration (g'100 cc). 

Fig. 11. Experimental data on polyvinyl n-butyl 
ethers in benzene. 

average molecular weight of the materials under 
the conditions of this experiment. This might 
indicate that the homogeneity of the sample 
increases by milling, which necessitates not only 
a breaking down of the high molecular weight 
fraction but also at the same time a building up 
of larger units from the lower molecular weight 
fraction. The smaller slope of the milled samples 
could also be explained by a decreased solubility. 
The milled polymer may have been oxidized 
during the milling process resulting in a less 
soluble material. At present this question is 
being studied with polymers that have been 
milled in inert atmosphere. 
























n.t 

Mt 











aa 












«• mm, 

M 





jy 

T*’ 

i 









> 




i 





0 










mg 


2 


zz 

ZZL 


EE; 

;£E 

L —; 



Ban 

wo 

• » m 

snr* 
























c 


.1 .8 A .4 .ft .0 .7 .8 .0 1.0 

Concentration (g/100 cc). 

Fig. 12. Experimental data on polyvinylisobutylether 
in benzene. 
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The relatively small change in the average 
molecular weight is surprising if one considers 
the decrease in specific viscosity/concentration. 
A comparison of viscosity data and the molecular 
weight as determined by light scattering is shown 
in Table I. 

Figure 12 also shows as .mother example the 


experimental data for the unmilled material 
after it has been “aged” in solution for 48 hr. at 
about 65 C. Again the molecular weight is 
essentially unchanged. However, the greater 
slope seems to indicate a wider particle size dis¬ 
tribution or a change in solubility. Further work 
should be done to extend these experiments. 


Thermal Expansion and Second-Order Transition Effects in High Polymers 

m. Time Effects 

R. S. Spencer and R. F. Boyer 

Physical Researi Laboratory , The Dow Chemical Company, Midland , Michigan 

It has been suggested that the so-called second-order transition in high polymers is not an 
equilibrium phenomenon, i e., a true thermodynamic singularity, but rather a rate effect. 
Confirmation of this point of view has been obtained by determining the equilibrium volume- 
temperature curve of polystyrene. Such equilibrium curves exhibit no transition within the 
range of from 20° to 140°C, whereas the same material shows a transition at about 82°C for 
rates of heating usual in thermal expansion measurements. Two facts appear in agreement with 
the viscous flow interpretation of the thermal expansion process: First, two mechanisms were 
found to operate, at markedly different rates. One gave almost instantaneous expansion, even 
at room temperature, whereas the other was quite temperature-dependent in this region, 
being extremely slow at room temperature. Second, the activation energy for the slower 
mechanism was found to be of the order of magnitude of that for viscous flow, considcrablv 
lower than the activation energy for rubber-like elasticity. Volume-temperature curves at 
finite rates of heating are discussed in light of these findings. 


INTRODUCTION 

T HE thermal expansion of high polymers 
exhibits features quite different from the 
usual behavior of simple organic liquids. The 
volume-temperature curve is characterized by 
the presence of a temperature, or interval of 
temperature, which separates the curve into two 
portions corresponding to ' markedly different 
6Xpcu|jkon coefficient*. IJWfs temperature has 
bee i Known as the second-order transition tem¬ 
perature, so-called because of the fact that there 
r is an apparent discontinuity in the secondary 
thermodynamical quantities, such as expansion 
coefficient, heat capacity, etc., at that point. 8 
Aatbe temperature is raised through this point, 
appears to be a change of state, without 


latent heat, resulting in a larger value of thermal 
expansion coefficient and heat capacity and a 
change in the general physical properties of the 
material. The polymer softens and acquires rub- 
ber-like elastic properties. Significantly enough, 
however, there is no discontinuity of first- or 
second-order in the viscosity. 1 

Several interpretations of this phenomenon 
have been suggested, with no very conclusive 
evidence appearing, as yet, to confirm any one 
of them completely. The second-order transition • 
might be a true thermodynamical singularity of 
the type discussed by Ehrenfest 4 and Mayer and 
Streeter. 1 Justi and Laue 6 have pointed out that 
Ehrenfest's conditions for a second-order transi¬ 
tion are not sufficient, and the further condition 


1 R, F. Boyer and R. S. Spencer, J. App. Phys. 1$, 398 

6 R. P. Boyer and R. S. Spencer, J. App. Phys. 16, 594 
(1945). The first' 1 twp references present a brief survey of 
seopitransition phenomena and give a number of 
to earlier work. 


1 G. S. Parks, el al., Physics 5, 193 (1934). 

4 P. S. Ehrenfest, Comm. Leiden, Suppl. 75b (1933). 

* J. E. Mayer and S. F. Streeter, J. Cnem. Phys. 7,1019 
(1939). 

C E. Justi and M. Laue, Zeits. f. tech. Physik 12, 521 
(1934). 
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they proposed would lead to something which 
should perhaps more properly be termed a 
third-order transition. Pines 7 has extended the 
thermodynamical treatment to the case in which 
the transition appears to take place over a 
temperature interval rather than at a single 
point. The authors have suggested elsewhere 8 
the possibility that the apparent transition in 
high polymers might consist of a series of X-transi- 
tions, of the type encountered in some simpler 
molecules, 6 occurring at temperatures spaced 
quite close together. In this way the general 
features of the heat capacity-temperature curve 
may be accounted for. 

The other viewpoint, which is now rather 
widely accepted, is to assume that there is no 
thermodynamical singularity at the second-order 
transition and to ascribe all attending phenomena 
to the temperature dependence of the time-rate 
of whatever internal mechanism is operating to 
give the macroscopic property under observation. 
Thus Alfrey, Goldfinger, and Mark 9 interpret the 
apparent second-order transition as the point 
where the rate of attainment of equilibrium is of 
the same order of magnitude as the time-scale 
of ordinary physical experiments. In the cast 1 of 
the change of volume with temperature, they 
distinguish between two mechanisms of expan¬ 
sion: (1) an over-all increase in intermolecular 
distances due to enhanced thermal vibrations, 
as in the case of a crystalline solid, and (2) the 
diffusion of “holes” through the material. 

The rate of the second process is strongly 
temperature-dependent and is taken to account 
for the transition phenomena observed. The 
authors have proposed 2 a similar scheme in 
which more emphasis is placed on the viscous 
flow of chain segments necessary to create new 
“holes” and thereby increase the volume. The 
second-order transition then begins at the lowest 
temperature at which an observable volume 
change is produced by viscous flow of the seg¬ 
ments under the expansive forces acting on the 
segments, within the time limits of the experi- 


7 B. J. Pines, J. Exp. and Theo. Phys. (U.S.S.R.) 9, 963 
(1939). 

• R. F. Boyer and R. S. Spencer, Advances in Colloid 
Science (Interscience Publishers, Inc., New York, 1946), 
Voi. II. 

V T. Alfrey, G. Goldfinger, and H. Mark, J. App. Phys. 
14, 700 (1943). 


mental technique employed. This introduction of 
the concept of viscous flow into the thermal 
expansion process has proven very fruitful in 
interpreting and correlating the effects of various 
external variables, such as applied stresses, 
plasticizers, and experimental time Scale, on the 
transition temperature. It has also served to 
explain the origin of the second-order transition 
observed in heat capacity measurements, which 
will be discussed in more detail in a later paper 
in this series. 

Available data seem to favor regarding appar¬ 
ent second-order transitions as rate effects rather 
than thermodynamical singularities. Jenckel 10 
was able to lower the transition temperature of 
selenium glass 7°C by extending the heating 
time from several hours to several days. Alfrey, 
Goldfinger, and Mark 9 also reported a 7°C 
variation of the transition temperature of poly¬ 
styrene as the rate of heating or cooling was 
varied. Richards 11 has pointed out that the 
transition temperature of glucose glasses varies 
over a much wider interval, from 7° to 77°C, as 
the rate of observation is speeded up in the 
sequence heat capaci l >-thermal expansion-1000 
c.p.s. dielectric constant. 

On the other side of the picture it should be 
pointed out that no one has, as yet, reported 
data extending the volume-temperature curve 
found above the transition temperature (sup¬ 
posedly representing a state of equilibrium) 
below the transition temperature observed at 
usual heating rates. Winter’s work on glass 12 
suggests that a similar anomaly in refractive 
index is not entirely a rate effect, but rather that 
the transition persists even under conditions of 
equilibrium. She selected several temperatures in 
the transition region and at each temperature 
determined the isothermal refractive index-time 
curve with the glass initially in the state above 
the transition region and also with the glass 
initially in the state below the transition region. 
The limiting refractive index defined by these 
two curves was found to be identical and was 
taken as the equilibrium refractive index at the 
specified temperature. In this way the equi¬ 
librium refractive index-temperature curve was 

l ® E. Jenckel, Zeits. f. Elektrochemie 43, 796 (1937). 

“ W. T. Richards, J. Chem. Phys. 4,449 (1936). 

“ A. Winter, J. Am. Ceram. Soc. 26,189 (1943). 
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(a) W 

Fig. 1. Isothermal expansion of polystyrene at 58.4°C. (a) Thermal lag in dilatomcter and “instantaneous” expansion. 

(b) Slow approach to equilibrium. 


obtained, and it was found that the transition with superposed rate effects. This conclusion 
did not disappear but remained, even at equi- prompted the following work on polystyrene, in 
librium. For glass, therefore, the second-order which the equilibrium volume-temperature curve 
transition seems to be an essential singularity was determined. 



Fig* 2* Equilibrium volume-temperature curves of two 
s a mp le s of polystyrene* (a) ft inst. -2.70X10^ per °C, 
0 eg. •■443 X lO^per °C* 0>) 0 test* -2.83X10- 4 per °C, 
ft d|.i-3*Y$XtO~ l per °C. 

. t 


EQUILIBRIUM VOLUME-TEMPERATURE 
CURVE OF POLYSTYRENE 

The polystyrene used in this study was in 
pellet form, had a molecular weight of 300,000, 
and had been stored at room temperature for 
approximately two years. This made it seem 
reasonable to assume that this material was very 
close to its equilibrium volume at room tem¬ 
perature. The technique of handling samples 
was similar to that described in an earlier paper. 1 
A weighed sample of polymer was placed in the 
bulb of a Pyrex dilatometer, followed by a 
hollow glass plug, and the bulb was sealed joff. 
The dilatometer was then evacuated and filled 
with a known amount of mercury through the 
capillary tube. The position of the mercury in 
the capillary tube at room temperature was noted. 

The dilatometer was next transferred to a 
constant temperature glycol bath and the height 
of the mercury in the capillary tube recorded as 
a function of time, over a period of several days. 
When it was evident that equilibrium had been 
reached, the dilatometer was transferred to a 
bath held at a higher temperature and the process 
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repeated. Occasionally, after the highest desired 
temperature had been reached, some of the 
points were re-checked on cooling. 

It was found that when a polymer sample was 
suddenly raised in temperature, it expanded to 
a new volume almost instantaneously, being 
slowed down somewhat, of course, by thermal 
lag; after this initial expansion the material 
continued to expand, isothermally, at a slow rate 
until equilibrium was reached, within the limits 
of observation. If the sample were cooled, instead 
of heated, the same thing happened, except that 
the material contracted instead of expanding. 
The length of time necessary to reach equilibrium 
was dependent on the temperature, higher tem¬ 
perature resulting in shorter time. 

This behavior is shown in Fig. 1, which is 
typical of the results obtained. In 1(a) we see the 
rapid change in volume associated with the 
thermal lag in the dilatometer bulb; and in 1(b) 
we see the much slower drift of volume toward 
equilibrium, following the attainment of thermal 
equilibrium. The pseudo-equilibrium attained 
in 1(a) corresponds to the “instantaneous” ex¬ 
pansion of the sample, whereas that of 1(b) is a 
true equilibrium volume. 

The equilibrium volumes of a polystyrene 
sample were determined at different tempera¬ 
tures and plotted as the equilibrium volume-tem¬ 
perature curve. Figure 2 shows such equilibrium 
volume-temperature curves for two different 
samples of polystyrene. It may be seen that 
from room temperature upwards the volume is 
essentially a linear function of the temperature, 
there being no discontinuities or transitions. The 
instantaneous (0,) and equilibrium (&) cubical 
expansion coefficients (referred to the volume 
at 0°C) were slightly different for the two 
samples. They correspond roughly in magnitude 
to the expansion coefficients reported by Wiley 13 

Table I. Half-times for isothermal expansion and 
contraction of polystyrene. 


Temperature 

Half-time 

30.0°C 

13.6 hours 

58.7 

2.9 

65.4 

1.32 

74.5 

0.94 

90.0 

0.41 


“F. E. Wiley, Ind. Eng. Chem. 34, 1052 (1942). 



Fig. 3. Effect of temperature on the rates of two mo¬ 
lecular processes in polystyrene, (a) Half-times of iso¬ 
thermal volume changes. Activation energy* 12 kcal. 
(b) Shrinkage rate of an oriented specimen. Activation 
energy—61 kcal. 

and by Alfrey, Goldfinger, and Mark 9 for poly¬ 
styrene below and above its transition tempera¬ 
ture, respectively. The points represented include 
those obtained by both isothermal expansion 
and contraction. No hysteresis was observed. 

An unsuccessful attempt was made to carry 
out the same type of study on polymethyl 
methacrylate and a copolymer of styrene and 
divinyl benzene. The polymethyl methacrylate 
appeared to release gas upon heating, which 
rendered it impossible to use the dilatometer 
method. The styrene-divinyl benzene copolymer 
seemed to have residual strains at room tem¬ 
perature, which gradually released upon heating, 
resulting in anomalous volume-time curves. 

NON-EQUILIBRIUM PHENOMENA 

The authors have suggested 9 the relationship 

tanh [a( F- F,)/2] - Cer" (1) 

for isothermal volume changes in high polymers, 
where F is the volume at time t, F« is the equi¬ 
librium volume, and a, C, and k are constants. 
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The volume-time curves obtained in this study 
were found to conform fairly well to the above 
relationship, but it was also noted that they 
fitted equally well a simple exponential relation¬ 
ship, as would be expected for relatively small 
values (SI) of the argument of the hyperbolic 
tangent. This observation suggested the jjossi- 
bility of determining the activation energy of 
the process of retarded thermal expansion. 
Table I lists half-times of the volume-time 
curves for several temperatures, and Fig. 3 
shows these data plotted in the usual semi- 
logarithmic manner (curve (a)). It is seen that a 
fairly straight line results, corresponding to an 
activation energy of 12.0 kca 1 for the process. 
It is interesting to compare this value with the 
activation energy for viscous flow in polystyrene 
and that for high or rubber-like elasticity. It is 
in best agreement with an activation energy for 
viscous flow of polystyrene of 12 keal., reported 
by Ferry 14 and obtained by studying the vis¬ 
cosities of solutions in xylene and extrapolating 
to 100 percent polystyrene. A similar study 
(mentioned in reference 2) of the viscosities of 
solutions of polystyrene in isopropyl benzene 
gave an activation energy of 9.9 keal. by ex¬ 
trapolation to 100 percent polymer. In contrast 
to this, Foote 15 reports a value of 40 keal. and 
the data of Wiley 16 gives an activation energy 
of 31.6 keal. However, Tuckett 17 has pointed 
out that viscous and elastic effects have not been 
separated in measurements such as those of 
Wiley, resulting in an activation energy higher 
than that for pure viscous flow. He further 
suggests that the activation energy for viscous 
flow in linear polymers without special bonds 
shocM be of the order < t t$-3Q keal. and that 
highrt^alues, 50-100 kca£ are usually due to 
elastic effects. 

In this connection it was thought to be of 
^interest to determine the activation energy of 
* rubbejg-like elasticity in polystyrene. A rod of 
po!) styrene was heated, stretched to about four 
j$lt£d its original length, and a specimen cut 
ifnSJ&itiTcenter. This specimen was placed in a 
quartz dilatoineter of the type recommended in 


14 1. 6. Ferry, J. Am. Chera. Soc. 64, 1330 (1942). 
»N. M. Foot* Jnd. Eng. Chem. 36, 244 (1944). 

14 F. & Wfa^rlnd. Eng. Chem. 33, 1377 (1941). 
f *LF, Tackett, Trans. Faraday Soc. 39, 158 (1943). 


the ASTM test D696-42T and the initial rate 
of shrinkage parallel to the orientation axis 
determined at three temperatures. The actual 
shrinkage observed was so small, as compared to 
the total stretch, that the length-time curves 
were essentially linear, and no correction was 
made for the slightly different initial length at 
each temperature. Curve (b) of Fig. 3 shows a 
semi-logarithmic plot of rate of shrinkage against 
reciprocal absolute temperature, from which an 
activation energy of about 61 keal. is estimate 
It is quite apparent from these values that the 
thermal expansion process in polystyrene does 
not involve any very great amount of chain 
uncoiling, but rather viscous flow of chain 
segments. 

Thermal expansion measurements are not 
usually carried out under equilibrium conditions, 
and it is of interest to consider the volume- 
temperature curves resulting from various heat¬ 
ing conditions and initial states. Under non¬ 
equilibrium conditions, i.e., at finite rates of 
temperature variation, the volume changes by 
two mechanisms 


d(Ao)/dt — — BAo, (2) 

d(Aa)/dt = — <r t (2 73) (Afi)d Tjdt, (3) 


where Aa is the difference between the actual 
specific volume at time t and temperature T 
and the equilibrium specific volume at T, B is a 
quantity of the form A exp (-E/RT) which 
may be obtained from Fig. 3, <r,(273) is the 
equilibrium specific volume at 0°C, and Afi is 
the difference between the equilibrium and 
“instantaneous" cubical expansion coefficients. 
Combining these two equations and making 
temperature the independent variable, we have * 


d( Ac) 
dt 


BAa 

—— -<r,(273)A/3, 
dT/dt 


(4) 


where dT/dt is now to be considered as a function 
of T. For given initial conditions and a given 
temperature-time curve a graphical solution of 
this equation is readily obtainable by the method 
of isoclines. 18 This method is quite flexible, for 


11 T. K. Sherwood and C. E. Reed, Applied Mathematics 
in Chemical Engineering (McGraw-Hill Book Company, 
Inc., New York, 1939), p.126. W. C. Johnson, Mathematical 
and Physical Principles of Engineering Analysis (McGraw- 
Hill Bode Company, Inc. New York, 1944), p. 86. 
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Fig. 4. Expansion of polystyrene from equilibrium at 
2.i°C, with a heating rate of 0.82 6 C per minute. The circled 
dots are the experimental points, (a) Equilibrium curve for 
comparison, (b) Theoretical curve under the above 
conditions. 


one family of curves (A<r versus T), corresponding 
to constant values of the product BAo, will 
suffice for any initial conditions and any tem¬ 
perature schedule. A comparison between theory 
and experiment is made in Fig. 4, where the 
equilibrium curve is indicated by the curve (a), 
the theoretical curve for constant rate of tem¬ 
perature rise by curve (b), and the observed 
curve under the same conditions by the circled 
points. The general features of the theoretical 
and experimental curves were the same, and a 
reasonably satisfactory fit was obtained. It is 
interesting to note that the system never reaches 
equilibrium, but rather the actual curve ap¬ 
proaches the equilibrium curve asymptotically 
at the higher temperatures. Also, the non-equi¬ 
librium expansion coefficient above the apparent 
transition is actually greater than the equilibrium 
value. 

Another case of interest is the thermal expan¬ 
sion of a quenched sample. By this we mean 
that a sample at equilibrium at some elevated 
temperature is cooled at such a rapid rate as to 
permit contraction corresponding to only the 


instantaneous expansion coefficient. The ma¬ 
terial is then immediately heated at a constant 
rate and the volume-temperature curve observed. 
The theory predicts that the volume will start 
out above the equilibrium curve and eventually 
cross it at a temperature a little below the tem¬ 
perature from which the sample was quenched, 
this temperature difference depending on the 
rate of heating. The volume then will dip below 
the equilibrium curve, to an extent depending on 
the heating rate, and approach the equilibrium 
curve asymptotically from below. 

The importance of these conclusions in prac¬ 
tical considerations such as the question of the 
dimensional stability of molded polystyrene ob¬ 
jects is at once apparent. If the molded object 
is at equilibrium volume at some temperature 
and is then removed from the mold and cooled 
rapidly, the volume upon reaching room tem¬ 
perature is somewhat greater than the equi¬ 
librium volume. The object will then shrink over 
a period of several days, gradually approaching 
the equilibrium volume. The amount of shrinkage 
is roughly proportional to the temperature in¬ 
terval covered during the rapid cooling. The 
expansion coefficients of Fig. 2, for example, 
would result in a volume contraction of about 
1.7 percent for a 100°C cooling interval. This 
shrinkage at room temperature may be reduced 
by an annealing process, i.c., by one or both of 
two procedures: first, lowering the annealing 
temperature, that is to say, the temperature at 
which the volume is allowed to come to equi¬ 
librium, and second, going to slower cooling. 
Graphical solution of Eq. (3) for various anneal¬ 
ing conditions, as before indicated, permits the 
determination of the optimum annealing schedule 
for a given, allowable amount of shrinkage. 

As an example of the type of chart which 
might prove useful in annealing problems, Fig. 5 
shows the effect of temperature on the time 
interval necessary for the volume of a poly¬ 
styrene sample to cover SO, 75, 90, 99, and 
99.9 percent of its distance from the equilibrium 
volume, by isothermal expansion or contraction. 
Such a family of curves would facilitate the 
choice of an annealing time to correspond to 
any given annealing temperature. Similarly, 
curves might be constructed showing the devia¬ 
tion from equilibrium at room temperature after 
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Fig. 5. Effect of temperature on the time necessary for 
polystyrene to travel 50, 75, 90, 99, and 99.9 percent of its 
initial distance from equilibrium volume by isothermal 
expansion or contraction. 

cooling at various rates from different annealing 
temperatures. 

It must be realized, of course, that Fig. 5 
applies only to an approach to equilibrium by a 
viscous flow process. Certain molding techniques 
tend to produce objects with unrelieved stresses 
due to elongation of polymer chains from their 
equilibrium lengths, i.e., a certain amount of 
orientation is “frozen” into the object. This 
orientation is not objectionable from the stand¬ 
point of dimensional stability at room tempera¬ 
ture due to the high activation energy for the 
coiling up of the chains (rubber-like elasticity). 
However, it does introduce optical inhomo- 
geneit t«A into the matc'ii* Jmd also limits its 
use ujgnore elevated temperatures, thus it is 
frequently desirable to relieve these stresses. 
A more detailed study of the shrinkage of 
Oriented specimens at various temperatures 
should ^provide data for the construction of an 
analogue of Fig. 5 for the annealing of slightly 

>K ed^objects. 

SUMMARY 

The apparent second-order transition in poly¬ 
styrene Ijas b^eij demonstrated to be a rate effect. 
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The equilibrium volume-temperature curve has 
been determined over the range of from about 
20° to 140°C and no indication of a transition 
found within this interval. Rates of heating or 
cooling customarily used in thermal expansion 
measurements result in an apparent second- 
order transition in the neighborhood of 82 8 C. 
The equilibrium cubical thermal expansion coeffi¬ 
cient was found to be 4.53XtO~t per °C for one 
sample of polystyrene, but there are indications 
that this value varies somewhat from one poly¬ 
styrene sample to another. 

At ordinary rates of heating below the appar¬ 
ent transition temperature, or at more rapid 
rates near and above the transition temperature, 
polystyrene exhibits a cubical thermal expansion 
coefficient of about 2.7 X10 -4 per °C\ and this 
value is not dependent on the heating rate as 
long as it is rapid enough. This fact suggests 
that two mechanisms operate in the thermal 
expansion of polystyrene, at markedly different 
rates, one resulting in almost instantaneous ex¬ 
pansion, even at room temperature, and the other 
being strongly temperature dependent and con¬ 
tributing to the expansion under normal rates of 
heating only at higher temperatures. The rate of 
expansion by the second mechanism has been 
determined at different temperatures, resulting in 
an energy of activation of 12.0 keal. This energy 
of activation would seem to indicate that the 
second mechanism involves the viscous flow of 
polymer chain segments rather than the uncoiling 
of chains as in rubber-like elasticity, which was 
found to have an activation energy of about 61 
keal. for polystyrene. 

Isothermal volume-time curves were found to 
be exponential in form and this fact, together 
with the instantaneous expansion coefficient, hfis 
enabled us to set up a differential equation 
defining the volume-temperature curve under 
non-equilibrium conditions, i.e., at finite heating 
rates. A comparison was made between an ex¬ 
perimental volume-temperature curve and a 
theoretical curve under the same conditions 
obtained by graphical solution of the differential 
equation. An extension of this method of pre¬ 
dicting volume-temperature curves to such prob¬ 
lems as the expansion of quenched samples and 
annealing for dimensional stability was indicated. 
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Abstracts 


' Following are abstracts of the other papers presented on the program of the second regular 
meeting, Division of High Polymer Physics of The American Physical Society, Columbia 
University, January 24-26,1946. 


Thermal Diffusion of Polymers. Peter Debye, Cornell 
University .—Experiments on thermal diffusion of high 
molecular weight polymers in solution were performed 
using the Clusius-Dickel arrangement. It was found that 
whereas molecules of small molecular weight have a thermal 
diffusion coefficient of the order of 1 percent of the ordinary 
diffusion coefficient, both coefficients are of the same order 
of magnitude for polymers. It was also found in the special 
case of polystyrene that the thermal diffusion coefficient 
increases with increasing molecular weight indicating that 
thermal diffusion methods can be used for fractionation 
purposes as well as for the observation of the molecular 
weight distribution curve. The question whether thermal 
diffusion of molecules with the same molecular weight 
depends also on their form (for instance, branched or 
straight chain) has not yet been answered. The instruments 
which we have used arc cylindrical in form, hot and cold 
cylinder concentric with a narrow interspace. Other experi¬ 
ments have shown that packing of the interspace may have 
practical advantages. The thermal diffusion method also 
seems appropriate for the purification of liquids from small 
amounts of impurities. The work has been done in col¬ 
laboration with A. Bueche and was supported by the 
Rubber Reserve Company. 

X-Ray Diffraction by Potaisiuxn Laurate Solutions 
(A Contribution to the Mechanism of Emulsion Poly¬ 
merization). E. W. Hughes, Shell Development Company . 
—This paper will describe the results of an x-ray diffraction 
study, mostly at small scattering angles, of aqueous 
potassium laurate solutions with and without other added 
substances. The soap concentration has been varied over 
the range 10 percent to 50 percent, which includes the 
phase change from isotropic solution to anisotropic “middle 
soap." The added materials include KC1 up to 2.0 weight 
normal and more than thirty hydrocarbons and hydro¬ 
carbon derivatives. The hydrocarbons have been added in 
some instances up to a concentration of one mole per 
mole of soap. These experiments are part of a study of the 
role of soap in emulsion polymerization. 

The Use of Color end Fluorescence Indicators for 
Determining the Structure of Glasses. W. A. Weyl, 
Glass Science , Inc .—The fact that light absorption and 
emission depend on the environment of the ions and mole* 
cules which absorb or emit light can be used to draw con¬ 
clusions about the structure of liquids, glasses, and crystals. 
This method supplements, to a certain extent, information 
gained from other sources, such as x-ray diffraction data. 
The method is illustrated by several examples, like the 
influence of thermal history on the structure of glass and 
the constitution of the yellow fluorescing zinc ortho- 
siUcate. 
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The Mechanical Properties of Fibers. Henry Eyeing 
and George Halsey, Textile Research Institute Labora¬ 
tories. --'The stress-strain behavior of textiles has been 
interpreted quantitatively in terms of a model with a 
viscous element in parallel with one spring and in series 
with a second. Such a viscous element is of the non- 
Newtonian type required in plastic flow. The treatment of 
more complicated conditions of straining gives rise to 
equations best treated by the superposing of elementary 
processes. For any restraint, methods are given for com¬ 
puting the stress-strain curves from the elementary 
processes. 

The Molecular Structure of Some Polyuronides as 
Revealed by X-Ray Diffraction Studies. K. J. Palmer, 
Western Regional Research Laboratory * Albany , California . 
—Recent x-ray diffraction studies carried out on some 
naturally occurring polymers, particularly polymannuronic 
acid (alginic acid) and polygalacturonic arid (pcctic add), 
show that they are essentially long, straight chains. The 
svmmetry of the chain in alginic acid is twofold, in sodium 
alginate threefold. The polygalacturonide chain remains 
threefold in pectin, pectinic arid, and pectic arid as well 
as the Na, K, and Rb pectates. The fiber axis identity 
period of the polygalacturonide chain is always about 13A. 
This identity period is compatible with the generally 
accepted chemical structure for this chain when the 
pvranose rings are assumed to have one of the two alterna¬ 
tive transconfigurations. Moisture isotherms and x-ray 
data on pectinic acids show that absorbed water hydrates 
the polar groups and increases the interchain separation. 
The non-uronide material which occurs to the extent of 
10-20 percent in the pectates has no detectable influence 
on the x-ray pattern. 

* Bureau of Agricultural and Industrial Chemistry, Agriculture 
Research Administration, U. S. Department of Agriculture. 

Statistics of Cross-Linked Polymers. Walter H. Stock- 
mayer, Department of Chemistry , Massachusetts Institute 
of Technology .—The present statistical theory of molecular 
distribution is highly branched and cross-linked polymer 
will be critically reviewed. The existing theory rests on 
two assumptions. 'The first, that all similar functional 
groups are equally reactive, becomes invalid for dilute 
solutions or for diffusion-controlled reactions. The second, 
that no cyclic structures can form, is more serious and 
must be removed before truly cross-linked polymers can 
be treated, but the mathematical difficulties are formidable. 
Experimental observations of gel points will be compared 
with the theory. For polycondensations, agreement is 
tolerably good, so that the statistical formulas may be 
applied with some confidence to these reactions prior to 
the gel point. Such an application has already been made 
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to a study of the viscosities of branched polyesters. The 
theory has now been extended to deal with a general poly¬ 
condensation reaction involving any number of com¬ 
ponents. For addition polymers, the theory is generally 
poor, because its basic assumptions are seriously violated. 
Finally, the necessity of an improved theory for the gelled 
state will be emphasized. Flory's treatment, though quali¬ 
tatively attractive, appears not to be generally applicable. 
It is concluded that cyclic structures must be specifically 
considered in the basic formulation of the theory. 

Some Thermodynamic Properties of Slightly Cross- 
Linked Gels. R. F. Boyer and R. S. Spencer, The Dow 
Chemical Company, Midland, Michigan .—It has been 
shown recently 1 that a measurement of the deswelling of 
slightly cross-linked gels by high polymer solutions affords 
in principle a new method of determining the number- 
average molecular weights of polymers^ In order to assess 
the merits of this method, it has bee* necessary to explore 
the behavior of gels in some detail. Amount of cross-linking 
agent, size of the sample, percentage of soluble material 
present in the gel, variation of swelling ratio in pure solvent 
for a series of supposedly identical gels, and influence of 
solvent type were among the factors studied. Measure¬ 
ments of the equilibrium swelling volumes of a series of 
identical gels in a wide range of solvents afford a convenient 
method for evaluating solvent p^wer or sol vent-polymer 
interaction. This is done in terms of the parameter u 0 
which arises in the theory of gels. Some fifty solvents have 
been examined in this regard. Determination of /i„ for 
solvcnt-non-solvent mixtures leads to some interesting 
results. All work reported here is confined to styrene- 
divinyl benzene gels. 

* R. F. Boyer, J. Chem. Phya. 13, 363 (IQ45). 

The Determination of Polymer-Liquid Interaction by 
Swelling Measurement!. Paul Doty and Helen S. 
Zable, Department of Chemistry , Polytechnic Institute of 
Brooklyn .—The interaction of polymers and liquids can 
be fairly well characterized by the value of the quantity /i, 
commonly used in thermodynamics of polymer solutions 
and evaluated from osmotic pressure measurements. The 
Flory-Rehner theory of swelling relates the amount of 
swelling of a slightly cross-linked polymer in a liquid to u 
and a parameter Me, the aver* ' jpolecular weight between 
cross ii|§b, Me may be determined for a cross-linked 
poly n*4r from its swelling volume in a solvent in which 
osmotic pressure measurements with the uncross-linked 
polymer have given the value of The cross-linked 
polymer, thus calibrated, can be used to obtain the n 
t value for other liquids by measuring its swelling volume in 
them 'tfhis procedure has been carried out on polyvinyl 
difpritfe which can be cross-linked by heating. Calibration 
tarfppe different liquids gave comparable values of M c , 
tmi^Sigeking the Flory-Rehner theory. The quantity /* 
was determined at two different temperatures for fifty 
liquids.. The value of m and the temperature dependence of 
m correlate well with the observed properties of the binary 
systems. The * variations of m with molecular weight in 
an h mt ol h g w aeries is demonstrated. 


Stress-Time-Temperature Relations in Polysulflde Rub¬ 
bers. M. D. Stern and A. V. Tobolsky, Princeton 
University .—Polysulfide rubbers of various internal struc¬ 
tures have been investigated by measurements of con¬ 
tinuous and intermittent relaxation of stress and by creep 
under constant load at temperatures between 35°C and 
120°C. Continuous stress relaxation measurements indicate 
that these rubbers approximately obey the simple Max¬ 
wellian law of relaxation of stress, which indicates that one 
definite type of bond in the network structure is responsible 
for stress decay. The activation energy for the relaxation 
process in each of the polysulfide rubbers is nearly the same, 
indicating that the same type of bond is responsible for the 
relaxation behavior of all the polysulfides investigated. 
In contrast to the hydrocarbon rubbers, oxygen is not the. 
cause of high temperature relaxation in polysulfide rubbers, 
nor does heating in air at moderate temperatures for times' 
comparable to the relaxation time produce permanent 
chemical changes or changes in modulus. Several possi¬ 
bilities regarding the mechanism of the relaxation process 
and the type of bond involved are considered in the light 
of the experimental results. 

Viscometric Investigation of Dimethyl Siloxane Poly¬ 
mers. Arthur J. Barry, Dow-Corning Corporation, Mid¬ 
land, Michigan. —A series of dimethyl polysiloxane fluids 
including pure distilled known members of linear and 
cyclic structures up to ten siloxane units in size as well as 
a series of intermediate oils of linear structure, whose 
number average molecular weights have been independ¬ 
ently determined, have been studied viscometrically. The 
intrinsic viscosities were determined and the Staudinger 
constant evaluated. The molecular weights of several high 
viscosity polysiloxane fluids were estimated on the basis 
of this constant and a good fit with the Flory melt viscosity 
relationship found. 

Some Fundamental Relationships between Intrinsic 
Viscosity, Diffusion and Sedimentation Constants and 
Thermodynamic Properties of High Polymer Solutions. 
Robert Simha, National Bureau of Standards .—Empirical 
relations previously proposed for the variations of the 
sedimentation and diffusion constants of high polymers are 
reviewed. If 

r~so/(l+*.c), D«D 0 (1 +*dc), 
then for dilute solutions 

k,+kD*2bM/RT+V' P , 

where b is the slope of the reduced osmotic pressure curve, 
M the molecular weight of the polymer, and v, p its specific 
volume. Since in several instances ho is small, while in 
some cases k, is fairly well represented by the intrinsic 
viscosity, one may expect in general a certain parallelism 
between the latter quantity and the thermodynamic term. 
Analysis of a number of solutions of natural and synthetic 
polymers over a wide range of molecular weights and of 
varying slopes b shows the ratio between the thermo¬ 
dynamic factor and the intrinsic viscosity to assume values 
between one and two for most systems. Barring very poor 
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solvents, a semi-empirical equation is proposed which 
relates the intrinsic viscosity to equilibrium properties of 
the polymer-solvent system, viz. 

( 1 — 2 M )K 2 / K, 

is the well-known parameter in the expression for the 
activities," Vt/Vi the volume ratio between the two com¬ 
ponents. represents the intrinsic viscosity, based on 
volume fractions, and r is a factor which assumes values 
between one and two in the majority of cases considered. 

Thin Section Methods for the Electron Microscopic 
Examination of Cured Polymers. H. C. O’Brien, Research 
Laboratories , St. Joseph Lead Company, Josephtown , Penn¬ 
sylvania. -~A method is described involving the use of the 
“Cyclone Knife” Ultramicrotome for the preparation of 
thin sections (0.1 to 1.0 micron) of cured rubljer and other 
high polymer compounds. Such materials which do not 
permit the formation of film samples for the electron 
microscope because of their insolubility may thus be 
examined in thin sections for pigment dispersion and other 
characteristics. The Ultramicrotome, accessory apparatus, 
and the preparation and mounting of the specimens for the 
electron instrument are described. Micrographs of com¬ 
pounded polymers are presented to define the value of 
the method. 

Attachment for Obtaining Angular Distribution of 
Scattered Light from Measurements with a Ninety- 
Degree Turbidimeter. J. N. Wilson, Shell Development 
Company. —A device is described which in conjunction 
with a ninety-degree turbidimeter permits measurement of 
the angular distribution of the intensity of scattered light 
over the range 145 to 115 degrees and 65 to 35 degrees. 
The apparatus consists of two mirrors by means of which 
the direction of the incident light beam can be varied over 
the required range. A discussion is given of methods of 
calibration and of typical results obtained. 

A New Approach to the Theory of Relaxing Polymeric 
Media. M. S. Green and A. V. Tobolsky, Princeton 


University. —A molecular theory of relaxing media is 
presented which gives an expression for the stress in terms 
of the strain history. At any given time the strain history 
produces a distribution in internal strains which for 
mechanical properties can be characterized by a limited 
number of internal strain parameters. The second law of 
thermodynamics is used to define dissipation of energy at 
constant temperature, and explicit expressions for dissipa¬ 
tion of energy for any strain history are obtained. Inasmuch 
as relaxation during straining causes an essential re¬ 
organization of structure which is in fact the cause of 
dissipation, the kinetic theory of elasticity is extended to 
non-isotropic polymeric networks. A tensor expression for 
the stress-strain-time relations is thereby developed. 

Application of Molecular Distribution Methods to the 
Statistical Mechanics of High Polymer Solutions. Bruno 
H. Zimm, Polytechnic Institute of Brooklyn. —In the ex¬ 
pression for the osmotic pressure of a solution as a power 
series in the concentration, the term in the second power 
of the concentration determines the deviations of dilute 
solutions from ideality. A general expression for the 
coefficient, of this term has been developed for high 
polymer solutions using the probability distribution func¬ 
tion of the configurations of a pair of chain molecules. 
In favorable cases it is found that the well-known Flory- 
Huggins equation arises as a first approximation, but that 
in general serious modifications to this equation must be 
made. These mollifications arise from more complicated 
interactions of chain segments than are considered in the 
Flory-Huggins treatment and can be shown both theo¬ 
retically and experimentally to be very considerable. It 
can be further shown that At must depend on the molecular 
size, according lo a relation whose first two terms are 

where At 0 and k are constants, p is the degree of poly¬ 
merization, and R is the root-mean-square distance be¬ 
tween chain ends. 
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_ Here and There _ 

New Appointments 

Twelve new staff members have been appointed to the 
University of Chicago’s Institute of Nuclear Studies. They 
are Willard F. Libby, full professor, and the following 
assistant professors: Herbert L. Anderson, Nicholas C. 
Metropolis, Nathan Sugarman, Anthony L. Turkevich, 
James S. Allen, Stanley P. Frankel, Eldred C. Nelson, 
Harrison S. Brown, Norman S. Elliott, T. Harrison Davies, 
and Clyde A. Hutchison. 

Robert B. Jacobs, until recently an engineer for the 
Kellex Corporation, has jointed the staff of Distillation 
Products, Inc., Rochester, New York, where he will direct 
the work of the physics laboratory in the study of physical 
phenomena at low pressures. 

William A. Shurcliff, Scientific and Technical Adviser 
to the New York State Department, has been given 
temporary leave of absence by Governor Thomas E. 
Dewey to serve as official historian of “Operation Cross¬ 
roads," to be carried out in the Marshall Islands in May 
and June by Joint Task Force One. Dr. Shurcliff helped 
edit the Smyth Report on the atomic bomb. 

Noel C. Jamison joined Philips Laboratories, Irvington, 
New York, on January 2 as division chief in charge of 
electro-acoustics. 

Charles T. Zavales recently joined the medical x-ray 
division of North American Philips Company as technical- 
commercial adviser. 

Awards 

Captain Ralph Decker Bennett, technical director of the 
Naval Ordnance Laboratory, has been awarded the Legion 
of Merit for his contributions in Naval ordnance research 
and development projects. Captain Bennett came to the 
Laboratory in 1940 from Massachusetts Institute of Tech¬ 
nology, where he was professor of electrical measurements. 

Enrico Fermi, Harold C. Urey, Samuel K. Allison, Cyril 
SmiHl, and Robert S. Strw^Aril of the University of 
Chu fl>, were presented Media*of Merit citations for their 
ceiuijp roles in the production of the atomic bomb on 
March 20. Major General Leslie R. Groves, chief of the 
Army's Manhattan District, made the awards. 

American Telephone and Telegraph Company has 
announced the award of five Frank B. Jewett fellowships 
for research in the physical sciences. Recipients are: 
JUtafttn p. Ettlinger, Edward W. Fager, Bernard Good- 
t&pfc Sh'uichi Kusaka, and Robert L. Scott. 

Reinhold Rudenberg has received the Honor Award of 
Stevetm Institute of Technology "for notable achievement 
in the field of electron optics as the inventor of the electron 
ndcrosttMoa." 1 

m 


Ohmite Laboratory 

Ohmite Laboratory at Illinois Institute of Technology, 
established to provide service to industry in the field of 
electrical measurements, began in February to make its 
facilities available to sponsoring organizations. The result 
of a $32,500 contribution by David T. Siegel, president of 
the Ohmite Manufacturing Company, this laboratory will 
provide precision measurement of electrical and magnetic 
quantities for the Chicago area approaching in accuracy 
those of the Bureau of Standards in Washington. It is 
jointly operated by Illinois Institute's Electrical Engi-* 
neering Department and the Electrical Engineering Divi¬ 
sion of the Institute's Armour Research Foundation. 

Congress for Applied Mechanics 

The Sixth International Congress for Applied Mechanics 
will be held in Paris from September 22 to 29, 1946. It will 
be divided into the following sections: 

1. Structures. Elasticity Plasticity. 

2. Hydro- and Aerodynamics. Hydraulics. 

3. Solid Dynamics. Vibration and Sound. Friction and Lubrication. 

4. Thermodynamics. Heat Transfer. Combustion. Fundamentals 
of Nuclear Energy. 

Those who desire to become members of the Congress 
are requested to inform the Secretary General as soon as 
possible of their intention to attend the Congress. They 
should also indicate whether they wish to present a paper, 
and in what section. For information address the Secretary 
General at Institut Henri-Poincare, 11, rue Pierre-Curie, 
Paris (V e ), or write to Dr. Josephine de Karman, 1501 
South Marengo Avenue, Pasadena, California. 

Westinghouse Forum 

A science and engineering forum honoring the centennial 
of the birth of George Westinghouse will be held by 
Westinghouse Electric Corporation in Pittsburgh on May 
16-18. Internationally prominent scientists will be among 
the speakers. 

Products of Tomorrow Exposition Postponed 

Because of the uncertainty of products and delivery 
schedules of large numbers of the nation's leading manu¬ 
facturers, the Products of Tomorrow Exposition scheduled 
to open at the Chicago Coliseum April 27 has been in¬ 
definitely postponed. It may be held by the fall of this 
year or held over to early in 1947. ' 

New Books 

What Are Cosmic Rays 

By Pierrb Auger. Translated from the French by 
Maurice M. Shapiro. Pp. 128, Plates 22. University 
of Chicago Press, 1944. 

During the last fifteen years the subject of cosmic rays 
has received a great deal of attention from both experi¬ 
mental and theoretical physicists. A great many articles 
have appeared in the technical literature. On the other 
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hand, there have been practically no books written by 
authoritative individuals, describing the progress made in 
this subject. It is therefore a particular pleasure to welcome 
a book by Pierre Auger. Dr. Auger is well known for his 
investigations and for his excellent experimental tech¬ 
niques, and the book therefore carries the weight of a 
distinguished investigator in the subject. The book was 
translated from the French by Dr. Shapiro who also has 
done experimental work in the field of cosmic rays. 

The book starts with an account of the initial discovery 
of the residual ionization which led to the recognition that 
cosmic rays exist. From this beginning the development 
of the subject is traced through the picturesque phase of 
the worldwide survey expeditions which established the 
particle nature and energy spectrum of the radiation. The 
bulk of the book is devoted to the present stage of research 
in which most of the work is done by rather complex 
arrangements of Geiger counters and cloud chambers and 
is sometimes further implemented by high altitude balloon 
or airplane flights. Dr. Auger describes the experiments 
leading to the recognition of the positive electron and the 
positive and negative mesotron. The author also describes 
many of the more recent experiments on "cascade” shower 
production, knock-on electrons, mesotrons, and nuclear 
explosion processes. He discusses the evidence which tends 
to show that the primary rays are protons. This reviewer 
only regrets that the book was not longer. 

In the preface, the translator says: "This book is 
written primarily for the reader who lacks a technical 
knowledge of physics but who wants to keep in touch with 
current developments in science. It is not intended for the 
specialist but should provide a good perspective for the 
physicist who wants to get a quick view of what has lieen 
done in this new field.” The book is written on a semi- 
technical level, without recourse to mathematics, and 
presupposes some knowledge of the main phenomena 
involved. It is especially suitable for graduate students 
and professional physicists whose main interest is in other 
branches of physics, as well as for research workers in 
allied sciences who are familiar with physical terminology. 
For these persons it presents a bird’s eye view of present 
conceptions of the subject. 

The binding is of good quality, the type is easy to read, 
and the photographs at the end which illustrate the main 
cosmic-ray phenomena arc both interesting and instructive. 

Serge A. Korfp 
New York University 

Lehrbuch der Funktionentheorie 

By L. Bieberbach. Two volume set. Vol. I. Elemente 
der Funktionentheorie. Fourth edition. Pp. 322+xiv, 
Figs. 77, 5}X8} in. Vol. II. Modeme Funktionen¬ 
theorie. Second edition. Pp. 370+vi, Figs. 47, 5}X8) 
in. Chelsea Publishing Company, New York, 1945. 
Price for set $6.50. 

These treatises are reprints of the latest German editions. 
The latest edition of Vol. I was originally published by 
J. Springer, Berlin, in 1934; Vol. II, in 1931. 

Volume /. The first edition of this volume was published 


25 years ago; yet the fourth edition still is one of the 
finest introductions to the theory of functions of a complex 
variable. The treatment, though elementary, is quite 
complete. Full use of the Cauchy, Weierstrass, and 
Riemann points of view have been made. The talent of 
the author in combining a clear presentation with a 
reasonably comprehensive treatment of the subject is 
almost everywhere in evidence. The reader will be quick 
to feel the author's deep interest in the field. 

The following chapter headings give an indication of the 
scope of Volume I: complex numbers, series, functions of 
a complex variable, special functions, conformal mapping, 
complex integrals, Cauchy integral formula, residues, 
analytic continuation, algebraic functions, integrals of 
algebraic functions, simple periodic functions, elliptic 
functions, representation of analytic functions by series 
and products, gamma-function. 

Volume II. Volume II contains a great variety of 
material on modem theory of functions of a complex 
variable. In it are reflected the many advances of the 
subject up to the time of its original publication. 

This volume contains extensive treatments of such 
topics as the following: conformal mapping, elliptic modu¬ 
lar functions, theory of analytic functions bounded in the 
unit circle, Professor Bieberbach’s treatment of uniform- 
ization, Picard’s theorem, entire functions, analytic con¬ 
tinuation, zeta-f unctions. 

These classical treatises will undoubtedly continue to 
be useful for many years to come, to those whose primary 
interest is in mathematics as well as to those whose concern 
lies mainly in the physical sciences. Serious students of 
physics, engineering, and related fields who make frequent 
use of functions of a complex variable, conformal mapping, 
and the like, will profit by a thorough study of these volumes. 

Richard S. Burington 
Washington, D. C. 

Physical Methods of Organic Chemistry, Vol¬ 
ume I 

By Arnold Wkissberger, Editor. Interscience Pub¬ 
lishers, Inc., New York, 1945. 

In the preface to this volume, Arnold Weissberger sug¬ 
gests that this work has been compiled to assist the 
chemist in acquainting himself with physical methods and 
the student in understanding the principles involved in 
the methods described. In addition, the book should also 
be of value to still a third person, the engineer who desires 
information as to the accuracy of data and what informa¬ 
tion may be reasonably requested from the laboratory. 

Beginning with the "Determination of Melting and 
Freezing Temperatures,” the successive chapters describe 
the theory and apparatus necessary for measuring boiling 
point, density, solubility, viscosity, interfacial tension and 
parachor, osmotic pressure and diffusivity of pure sub¬ 
stances and solutions. While the needs of organic chemistry 
are particularly stressed, the applications and principles 
involved need not be confined to any one field. Quito t 
naturally, the examples used in describing operations 
are those of organic chemicals. 
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Wherever possible, the authors have included alternate 
methods of determination for various required degrees of 
accuracy or for the different types of materials to be 
measured. Very useful are tables, such as that on page 105 
in which means of determining density are recommended 
in terms of the nature of the substance, the conditions 
required (such as speed, size of sample, etc.), and the 
maximum precision desired. 

Particularly noticeable is the recommended use of com¬ 
parative rather than absolute methods of measurement. 
Through this technique the sources of error inherent in 
many laboratory methods may be minimized. Frequently 
the property of a reference substance has been established 
as standard or can be determined very accurately by a 
difficult or complex method. In this case, the comparison 
determination may be made much more rapidly and in 
simpler apparatus than if an absolute determination were 
necessary. 

Other chapters discuss the properties of monolayers and 
duplex films, calorimetry, microscopy, crystal form and 
crystallochemical analysis, diffraction (both x-ray and 
electronic), and refractometry. 

Many references are given, including specific articles, 
listed by number on the same page as the corresponding 
item in the text, and general references, which are tabulated 
at the end of each chapter. Thus, a sound basis is provided 
for anyone who might wish to pursue any particular sub¬ 
ject farther. However, sufficient information on formulas, 
constants, and standards has been included so that use of 
the references is not necessary and may be made at the 
discretion of the reader. 

Volume I has been published without an index. While 
not absolutely necessary, as the Table of Contents and the 
Chapter Outlines enable any subject to be located fairly 
readily, an index would be a valuable addition to any book 
of this nature. Perhaps one is included in Volume II. 

As might be expected in a work of this nature, the 
style of presentation varies throughout the book. This is 
no disadvantage as each chapter is complete in itself. 
Both the authors and the editor are to be commended for 
maintaining the uniform high quality of the work through¬ 
out the diverse subjects which are included. 

Thomas J. Walsh 

The Standoff Oil Company (Ohio) 

f New Booklets 


National Research Corporation, 100 Brookline Avenue, 
'Boston, Massachusetts, has issued a 30-page book, con- 
tainin^many pictures, entitled High Vacuum for Industry , 
deeciibing the new commercial possibilities for high 
vwofjfen. 

$j$*themical Review for Autumn 1945, published by 
the Interchemical Corporation, 432 West 45 Street, New 
York New York, has the following table of contents: 


Analysis by Bxeited Atoms 

Cm* far Tsxtfkst An cknt «nd Jfodsm 


rate 


W«r PUsm 
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Fischer and Porter Company, Hatboro, Pennsylvania, 
has issued an 8-page bulletin explaining Rotameter ad¬ 
vantages and covering the most prominent styles of 
rotameters and their uses. Free. Request Bulletin 45-A 
from Fischer and Porter Company, Department 5-4, 
County Line Road, Hatboro, Pennsylvania. 

Alemite Division of Stewart-Wamer Corporation, 
Chicago, Illinois, has published a book entitled Alemite 
Answers, containing a discussion of man's age-long struggle 
with friction and a graphic presentation to demonstrate, 
in laymen’s pictures and terms, the how, what, when, 
where, and why of lubrication. The book is for distribution 
at $3 per copy through the Alemite distributor organiza¬ 
tion, to industry and the automotive, marine, and aviation 
fields. In addition, copies will be made available to engi¬ 
neering and technical schools, designers, engineering 
societies, and other individuals and .groups concerned with 
machinery. 

Eitel-McCullough, Inc., San Bruno, California, has 
issued a 20-page brochure, fully illustrated, which presents 
the entire Eimac line of electronic products. Free on 
request. 

Bakclite Corporation, 30 East 42 Street, New York 17, 
New York, publishes quarterly the BakelUe Review , the 
purpose of which is “to inform industr\ of the latest 
developments in plasties and synthetic resins and their 
applications.” The January, 1946 issue contains 32 pages 
and many attractive illustrations. 

Science and Appliance tor January, 1946, a four-page 
folder issued monthly by The Ohio State University 
Research Foundation, Columbus 10, Ohio, features articles 
on the work of A. R. Olpin, until recently the Executive 
Director of the Foundation: Sonar—underwater radar; 
progress in aids to hearing; uses of glass fibers. 

Allied Radio Corporation, 833 West Jackson Boulevard, 
Chicago 7, Illinois, has announced the publication of a new 
1946 buying guide, Everything in Radio and Electronics . 
Free on request. 

Ohmite Manufacturing Company, 4835 West Flournoy 
Street, Chicago 44, Illinois, has issued a four-page folder, 
Bulletin No. 126, on Riteohm Precision Resistors. Free 
on request. 

Philco Corporation, Philadelphia 34, Pennsylvania, is 
sending to all Philco stockholders, distributors, and dealers 
a 32-page booklet, Radar on Wings . “This first complete 
story of airborne radar is illustrated with a large number 
of photographs and drawings of operational and installation 
views that were stamped ‘Secret’ until long after V-J Day 
and can only now be released.” 

Bell Telephone Laboratories, Inc., 463 West Street, 
New York 14, New York, has published a 28-page booklet 
entitled Radar and Your Telephone . It tells in non-technical 
language how the problems of radar were solved and how 
it accomplished so much in actual combat. Many color 
illustrations. 
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A Study of Distortion in Electron Microscope Projection Lenses* 

James Hiluer 

RCA Laboratories, Princeton, New Jersey 
(Received January 18, 1946) 

The origin of distortion in electron microscope projection lenses is discussed and the serious 
nature of its effect on the measurement of particle size distributions is pointed out. Methods 
of measuring distortion are described. By means of first-order theory it is shown to be possible 
to correct distortion by the use of a two element projection lens. The degree of correction 
obtainable is shown to be satisfactory for most practical purposes. A double gap projection 
lens polepiece and the correction of distortion obtained with it are described. 


I. INTRODUCTION 

N light optics it is possible to minimize the 
aberrations of a particular system by the 
appropriate combination of simple lenses, in 
precision electron optics, on the other hand, this 
has not yet been accomplished. Fortunately, 
while the aberrations of a simple electron lens 
are of the same order as those of the correspond¬ 
ing light optical lens, it is possible to take ad¬ 
vantage of the very short wave-length associated 
with the electron beam and minimize the aber¬ 
rations by radically reducing the aperture of the 
lens. Thus, even with a simple electron lens it is 
possible to produce high quality images with 
resolving powers of approximately 1X10 -7 cm. 

An electron microscope capable of this re¬ 
solving power more than satisfies most of the 
immediate needs of workers interested in the fine 
structure of matter beyond that observable with 
the light microscope. This has resulted in the 

* Presented before the Electron Microscope Society 
Meeting in Princeton, New Jersey, November 30,1945. 


more concentrated efforts of electron microscope 
designers being directed towards the develop¬ 
ment of a practical instrument rather than to the 
improvement of the lens system. The fact that, 
in the case of the electron microscope projection 
lens, the aberrations produce secondary effects 
of a surprisingly high order of magnitude seems 
to have been overlooked in the literature. Some 
of these effects and means of correction will be 
discussed in the following. 

Image formation by the projection lens differs 
in many ways from that by the objective lens. 
In the objective a region of the specimen, small 
compared with the area of the lens utilized by a 
single pencil, 1 is imaged by pencils of electrons 
having an angular aperture in the neighborhood 
of 3 X 10“* radian. All points of the image are dif¬ 
fused by the spherical and chromatic aberrations 
while the off-axis points are displaced and 
further diffused by the additive effects of other 
third-order aberrations. Actually, because the 

‘The term “pencil" is used to designate those rays 
which take part in the imaging of a single point. 
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Fig. 1 . Electron micrograph of a dispersion of zinc oxide 
pigment. In its extreme corners this image has a radial distortion 
(D r ) of about 30 percent. X 12,000. 


diameter of the field of view is small, the last are 
almost negligible. 2 The image produced by the 
objective constitutes the “object” for the pro¬ 
jection lens. The area of the object, in this case, 
is large compared with the area of the projection 
lens utilized by a single pencil. As the individual 
pencils utilized in the projection lens have an 
extremely small angular aperture (10“ fi rad.) 
none of the third-order aberrations appears as an 
observable diffusion of the image. In other words, 
the aberrations of the projection lens cannot reduce 
the resolving power of the instrument .* Instead the 
al»'«ations appear % displacement of the 
itnafe points from the Gaussian or true positions; 
that is, as a distortion. Actually, when the pro¬ 
jector is considered as a thin lens the conditions 
of imaging aie such that the spherical aberration 
—- 

*See V. K. Zworykin, G. A. Morton, E. G. Ramberg, 
1* Hillier, and A. W. Vance, Electron Optus and the Electron 
J&rofWpe (John Wiley and Sons, Inc., New York, 1945). 

combined effects of chromatic change in magnifi¬ 
cation and chromatic change in rotation (in the case of a 
magnetic lens) may be considered as an exception to the 
above 1 statement. However, these affect only the outer 
zones of the image and are less, in general, than the 
defocusing of Ihe entire image caused by the simultane- 
qpsly appearing chromatic aberrations of the objective. 


alone is responsible for this distortion. 
In the case of a magnetic lens there is 
also rotational distortion of the image but 
this is usually slight. 

In addition to the fact that distortion 
in electron microscope images is undesir¬ 
able from an aesthetic point of view, 
almost undetectable amounts can pro¬ 
duce difficulties in the production of good 
stereoscopic images and can lead to com-* 
plctely erroneous results if the microscope 
is being used for the accurate determi¬ 
nation of particle size distributions. 
Figure 1 is an electron micrograph of a 
dispersion of fine particles. This image is 
known to possess pincushion distortion to 
the extent that the radial magnification is 
30 percent greater at the edge than at the 
■center; yet it appears quite normal to the 
eye. Figure 2 is an electron micrograph 
of a regular wire screen showing the same 
amount of distortion. The fact that the 
image is distorted is apparent in this figure*, 
though it docs not appear to be excessive. 

’ The effect of this amount of distortion on a 
particle size distribution is illustrated in Fig. 3. 
Curve A represents the particle size distribution 
which would be obtained from an undistorted 



Fig. 2. A micrograph of a fairly regular wire screen 
made with the same projection lens ana under the same 
conditions of distortion as the micrograph in Fig. 1. 
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image of a uniform dispersion of particles which 
are all exactly 1000A in diameters. It is assumed 
that the instrument is working at a resolving 
power of approximately 25A. Curves B and C, 
on the other hand, represent the extreme dis¬ 
tributions which would be obtained from meas¬ 
uring electron micrographs in which the above 
amount of distortion is present. Curve B would 
be obtained when particles are all measured in 
the circumferential direction in the image and 
Curve C when the particles are measured in the 
radial direction. In practice the distribution ob¬ 
tained would most likely lie between these two 
extremes, the actual curve depending on the 
particular arrangement used in the measurement 
of the images of the particles. Thus a relatively 
slight amount of distortion in the electron micro¬ 
scope image produces a serious error in the accurate 
determination of a particle size distribution . 

In order to correct for such errors at present, 
it is necessary for the electron microscopist 
to calibrate the image field accurately before 



Fig. 3. A group of curves showing the effect on a particle 
size distribution produced by distortion of the amount 
present in Figs. 1 and 2. 

A. Particle rise distribution of a uniform suspension of particles exactly 
1000A in diameter obtained with a distortion-free system. 

B. Particle sixe distribution of the same specimen which would be 
obtained by measurement in the circumferential direction in an 
image possessing distortion (Dr -30 percent at edge). 

C. Particle size distribution of the same specimen which would be 
obtained by measurement in the radial direction. 



Fig. 4. Diagram showing the measurements which 
permit the complete determination of pincushion distortion 
at any point of an image. 

making critical particle size determinations. Of 
greater importance and convenience is the cor¬ 
rection of the distortion by proper design of the 
projection lens. 

H. MEASUREMENT OF DISTORTION 

Distortion in an electron microscope image 
involves a displacement of the image points, 
usually in the radial direction, from a geometri¬ 
cally true representation of the specimen. Thus, 
if r/, 0/ are coordinates of the actual image point 
and r„ 0, the coordinates of the corresponding 
point in the geometrically true image 

r/ = F(r,); 0/ = 0,+G(r,), (D 

where F(r t ) and G(r % ) are continuous, single¬ 
valued functions of r*. G(r,)» 0 except in the 
case of the magnetic projection lens; in any case 
it is small and will be neglected in the present 
work. The expressions (1) represent the trans¬ 
formation of coordinates necessary to transform 
the true image into the distorted image. In 
practice, however, the distortion can be con¬ 
sidered as a point to point variation in the mag¬ 
nification since that is the way in which it 
disturbs the accuracy of measurements made in 
the image. It is obvious that the variation in 
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Fig 5. An image produced by the projection lens of 
stretched cross wires from which it is possible to determine 
completely the distortion pattern of tne lens. 


magnification depends on the direction of meas¬ 
urement in the image. 

Consider now two poinS of the image which 
arc separated by a distance a and which straddle 
the central point of the image (see Fig. 4). By 
moving the specimen in such a way that these 
points move away from the center of the image 
in the direction perpendicular to the line joining 
them they will trace out two curves which, as 
will be seen below, give all the information neces¬ 
sary for the complete determination of the 
distortion. 

It is immediately obvious that (2rr //a') 
=*(2Tr,/a) and hence the circumferential dis¬ 
tortion D e is given by the expression: 

(Z> f /100) + 1 *=a'/a~r % '/r % =*F(r t )/r t , (2) 


wh rfe D e is defined a? * percentage difference 
buMj^en the magniucation at the point under 
consideration (measured in the circumferential 
direction) and that at the center of the image. 
For high accuracy a must be small. 

The radial distortion D r which is similarly 
dc&ned with the exception that the measure- 
n^ents are made in the radial direction is given 
expression: 


El 

100 


-J-J'M 

r%i / 


(3) 


i Th* actual procedure of measuring the dis¬ 
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tortion is now quite straightforward. The neces¬ 
sary data are obtained by making a series of 
micrographs in which a selected region of the 
specimen is moved in the way indicated in Fig. 4. 
If the projection lens of the instrument is easily 
accessible, it is more convenient to arrange two 
cross-wires in a holder just above it and make a 
single micrograph as shown in Fig. 5. Ordinary 
finely drawn wires can be depended on to have 
the same diameter over a considerable length. 
In either case it is possible to obtain precise 
measurements of (a f /a) and r / from which a 
curve can be drawn showing the relationship 
between D e and r/. From these measurements 
it is also possible to calculate the corresponding 
values of r, and plot r/ as a function of r t . The 
value of [(D r /100) + 1] can then be determined 
for any point of the image by taking the slope of 
the curve for r/ as a function of r x at the desired 
points and plotting against r/. Figure 6 gives 
two curves for a typical projection lens system 
working at a low magnification for which the 
excessive distortion at the edge of the image is 
visible. From such measurements a calibration 
chart can be drawn up which gives the radial and 
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circumferential distortion for each zone of the 
electron microscope image. If, in particle size 
measurements, a standard electronic magni¬ 
fication, optical magnification, and measuring 
technique is used, it is a simple matter to utilize 
such a chart to compensate for the effects of 
image distortion. It is important, of course, that 
the electron-optical center of the projection lens 
image be accurately known, if true correction is 
to be obtained. This is normally determined at 
the same time as the calibrating measurements 
are made. 

m. CORRECTION OF DISTORTION IN A SINGLE 
LENS 

Incidental to the study of distortion of mag¬ 
netic projection lenses, it was observed that the 
distortion is dependent on the spacing of the 
polepieees, being reduced as the spacing is 
increased. The effect is also predicted from a 
theoretical study of spherical aberration.* The 
experimental curve shown in Fig. 7 illustrates 
this effect. While the improvement attainable is 
appreciable it is accompanied by considerable 
loss of magnification. The method is of some 
practical and academic interest, but it does not 
represent a complete solution of the problem. 

IV. TWO-LENS CORRECTION OF DISTORTION 

It was realized a few years ago that the use of 
a double projection lens with the first lens situ¬ 
ated between the second lens and its object side 
focal point provided some correction of image 
distortion if the strength of the two lenses were 
carefully adjusted. The qualitative idea was 
tested and the results described at the time, 4 but 
it was not investigated further because of the 
apparent necessity of using a specially con¬ 
structed double projection lens coil and an 
extra regulated current supply. Figure 8 shows 
the initial results obtained while Fig. 9 is a ray 
diagram explaining the correcting action of the 
second lens. 

In the present work a mathematical study of 
such a system has been carried out to show that 
it is possible to obtain any desired degree of cor¬ 
rection with a properly adjusted two lens system 

* J. Hillier and R. F. Baker, “Miscellaneous research on 
electron microscope parameters," presented before Electron 
Microscope Society of America, January 14, 1944. 


and that in practice it is possible to design a 
distortion-free polepiece system actuated by a 
single lens coil. 



Fig. 7. Curve showing the effect on circumferential 
distortion of increasing polepiece gap. The curve was 
taken at constant excitation of the lens, and hence there 
is an accompanying change in magnification. By drawing 
the curve for a fixed position in the intermediate image, 
the effect of this change in magnification is eliminated. 

V. THEORY OF TWO-LENS CORRECTION 

Figure 10 is a ray diagram indicating the sig¬ 
nificance of the symbols used in the following. 
The system consists of two thin lenses of paraxial 
focal lengths fu> and f t0 separated by a distance 
d\. The image produced by the objective and 
remagnified by these lenses consists of pencils 
essentially parallel to the axis and of extremely 
small angular aperture (10'® rad.). For all prac¬ 
tical purposes these pencils can be considered as 
single rays leaving a distant point.® 

Since pincushion distortion only is being con¬ 
sidered the problem involves determining the 
characteristics of the second lens which will 
make r' a linear function of ft. From the 
geometry of Fig. 10 it can be seen that 

r a *r,(/i-di)//., (4) 

rf **rt(d—di—vt)/vt. (5) 

Then if the simple lens formula (l/v)-(l/u) 
*(1 //) is assumed to hold for both lenses (5) 

* For simplicity this point will be considered at infinity 
in the present paper. In critical work, however, it is 
necessary to take into account the fact that the objective 
is normally at a finite distance from the projector in which 
case «i is substituted for fi in the following formulas. 
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Fig. 8. Projection lens images of parallel ptretchcd 
wires showing correction of distortion obtained in early 
work on two-lens projection systems, (a) Uncorrccted. 
(b) Corrected. 


becomes, after multiplying and collecting terms: 



d\(d — d\) d\ 


/1/2 


di 1 

hi' 


( 6 ) 


Because of spherical aberration f x and ft depend 
on fi and r 2 , respectively, according to the rela¬ 
tions 


f\ "/io(l —k\r\ 2 ) and /,-/* 0 (l-iW), (7) 

where ki and fe 2 are tl>< spherical aberration 
coiwlfts,* 

Substituting the expressions (7) for f\ and ft 
in (6) leads to 


• The constant k defined above i9 more convenient for 
discussing spherical aberration in electron lenses than the 
commonly used spherical aberration coefficient C. C is a 
dimensionless constant for a lens of fixed focal length. 
fjMgirer^ne of the niceties of electron optics is the 
fact Yku the focal length of a lens is variable over wide 
ranges, in which case the use of C becomes cumbersome 
and leads to difficulties in the interpretation of experi¬ 
mental insults. The constant k , on the other hand, is 
independent of the focal length provided that the lens in 
question may be regarded as a thin lens. The two coeffi¬ 
cients are related by the equation kp «• Cf. 
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l+*iri 2 l+W 

— — H— 

/10 /20 


dx(d-di) 

-(1+J kirS+ktr**) 

/10/20 

+ rf -(l+*,ri*)-l] f (8) 

/10 j 


where kir\ 2 and ktft 2 are considered small com¬ 
pared to 1 in view of the experimental values 
obtained for these quantities. Collecting coef¬ 
ficients of kifi 2 and ktrt 2 results in an expression 
of the form 

r % ' ^rtiAo+Aikirf+Atktrt 2 ). (9) 

Hence to make r a linear function of r 1 , it is 
necessary to equate the coefficients of the higher 



Fig. 9. Ray diagram showing how the combined effects 
of focusing and spherical aberration in a weak additional 
component of projection lens system can correct for 
pincushion distortion. The focal point of the lower lens is 
situated some distance above the plane of the upper lens. 
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Fig. 10. Kay diagram showing the significance of the 
symbols used in the text. 


powers of ri ami r 2 to zero, that is 


Fig. 12a. The distor¬ 
tion pattern obtained 
with a single section of 
the' double polepiece 
section activated. 





d—di 

di(d — d\) di 



Ax - 

--1-= 0, 

(10) 


/io 

/ 10/20 /to 


j j 

d\{d—di) 


Fig. 12b. Distortion 

a — d\ 

A 2 = 

(11) 

pattern obtained with 
both sections of the 

/20 

/ 10/20 


double lens polepiece 
activated. 


Solving (10) anti (11) for/io and/so gives 


/l0 = ^li 


( 12 ) 



di(d—d\) f\o(d /io) 

hr -7-— — . (13) 

d d 

Thus the above has shown that a first-order cor¬ 
rection of distortion can be made by the use of 
two lenses where the second lens is placed at the 
focal point of the first lens and has a focal length 
given by (13). Since fio<£d the focal lengths of 
the two lenses are very nearly equal. It should 
also be noted that the conditions for correction 
are independent of the spherical aberration of 
either lens. 


To investigate the degree of correction attained 
by the above method it is necessary to return to 
the complete expression (5) which on substi¬ 
tuting for ut and making use of (4) becomes 


fV 


+ 1 = 


r\ 


d d\ 1*2 d 

— -+p 

ft n /i 


(14) 


In order to simplify the notation 
(r 2 /r,) = (/,-di)//i 

will be written as €. Then (14) may Ihj written 
as 



Fig. 11. The twheniatic cross section of .i double g«*P 
projection lens |>ole piece which was used in the present 
experiments. 



(d-dje 

M+ 1-- 

ft 


d( 1-0 

di ’ 


(IS) 


where M — (r,-/ri) is the undistorted magnifica¬ 
tion of the system. If the values for the corrected 
system arc introduced it is also possible to write 

r, s =-«/[>.(!-«)] (16) 

and 

r**--•»/[*,(l-«)], (17) 

w hereupon the complete expression for ft 
becomes 


ft 


dxid—dM 

1 + 

d L 


kt I 


(18) 
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di(d w —di ) 



Oft 04 03 £2 01 0* ot 03 04 Oft 

r # - cu 

Flo. 13. A comparison between the calculated and 
experimental distortion pattern for a single section of the 
polepiece shown in Fig. 11. 


Substituting (18) in (15) and rearranging gives 

^---(l +-) 

100 V Ml 


X 



k t «» 

1 +- 

*1 1 — e 



(19) 


Since «= — fciriV(l — kir?) and &ifi 2 «l the ex¬ 
pression (19) shows that a system corrected by 
the application of the relations (12) and (13) 
provides an image which deviates from the true 
image only in the fourth power of the small 
quantity k\r\*. 

Before leaving the theoretical discussion, it 
should be pointed out that even more complete 
correction can be obtained under the present 
assumptions if only the r udition (12) is imposed 



in this case a more favorable value of can be 
obtained by making the coefficient of e equal to 
zero for c ecjU&l to its maximum possible value 
in a given practical example, that is by 

v 4i'ft • */; 


/so — 



t*mtt "I 
1 ClMH j 


( 21 ) 


VI. EXPERIMENTAL RESULTS 

The realization in practice qf a projection lens 
system which fulfills the above derived condi-. 
lions is not difficult if it is possible to excite*the 
individual lenses independently. Unfortunately, 
this requires a rather elaborate special coil 
structure and an additional regulated source of 
current if it is to be easily adaptable to existing 
electron microscopes. On the other hand, if the 
two lenses are made part of one magnetic circuit 
excited by a single coil, the proper ratio between 
the focal lengths of the lenses must be attained 
by the exact adjustment of the physical shapes 
and dimensions of the lenses. Owing to the lack 
of accurate methods of computing the relative 
field strengths in the lenses of such an arrange¬ 
ment that adjustment can be accomplished only 
by tedious empirical methods. For these reasons 
a direct experimental test of the above theory 
was not attempted in the present work. Instead, 
a simple special case which could easily be 
achieved in practice and to which the essential 
formulas could be applied was selected. 

An experimental polepiece assembly was con¬ 
structed and tested in a demountable electron- 
optical system. This assembly, which is shown 
schematically in Fig. 11, included two mechani¬ 
cally identical magnetic lenses separated by 0.9 
cm, giving maximum correction of distortion 
under conditions corresponding to a magni¬ 
fication of approximately 4000 X in an RCA 
Type B electron microscope. The flat-face pole- 
piece shape for the two lenses was chosen 
because it was known from previous work that 
such a shape gives particularly high distortion. 

As a first test, the lower lens was inactivated 
and the distortion pattern of the upper lens 
obtained for a series of different excitations. 
Figure 12a is one of the patterns obtained. 
An accurately made electrolytic copper screen 
(500 mesh) was used to determine the dis¬ 
tortion patterns of the system. In Fig. 13 the 
circumferential distortion D, is plotted against 
the radial position in the object (ro). In the 
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experimental arrangement both the source and 
the test specimen were at finite distances from 
the lens. Taking account of this, a calculation 
of the value of the spherical aberration con¬ 
stant k\ for a point at the extreme edge of the 
image yields a theoretical curve for D c as a 
function of Tq. It can be seen that the agreement 
between the experimental and computed curves 
is exact to within the experimental error. This 
justifies the use, in practice, of the expression 
— kiti 2 ) for the focal length of the lens. 
The value of k\ obtained was 42.5 cm“ 2 which, 
as expected, was much higher than that for a 
normal projection lens (6-8 cm~ 2 ). Even with 
this high value for ku « 4 in (19) has a maximum 
value of only 10 ~ 4 . The value of k\ was found 
to be independent of lens strength except at high 
values of the lens current. This gives further 
experimental justification of the use of this coef¬ 
ficient ip electron optics. 

Using the system with both lenses activated 
the distortion patterns for the same series of lens 
excitations were obtained. The pattern showing 
maximum correction of distortion is given in 
Fig. 12b. In the right-hand side of Fig. 14 ex¬ 
perimental values of D f are plotted against r 0 
for four values of excitation near the point of 
maximum correction. Four calculated curves 
using ki = k 2 = 4:2.5 cm“ 2 and the indicated values 
of /io=/ 2 o are plotted in the left-half of Fig. 14. 
The correspondence is seen to be quite good. 
From the geometrical arrangement of the ap¬ 
paratus and from the magnification at the center 
of the image it is possible to calculate the values 
of the focal lengths of the lenses if they are 
assumed to be equal. However, on carrying out 
the calculations it was found that the values of 
/jo obtained did not agree with those expected 
from the calculated curves. The discrepancy 
which was greater than the experimental error 
was probably partly caused by the fact that the 
leakage fields in the coil system used destroyed 


the equality of the focal lengths of the two lenses 
and partly by the fact that the lenses used were 
not strictly thin lenses. 

It should be pointed out in passing that some 
rotational distortion is present in the pattern of 
Fig. 12, but that it is of negligible magnitude. 



Fig. 14. Comparison between calculated and experi¬ 
mental values of the circumferencial distortion for the 
double lens polepiece. In the left half, calculated values 
for the designated focal lengths of the lenses are given. 
In the right-hand half a corresponding series of experi¬ 
mental turves is given. 

CONCLUSIONS 

It has been shown in the above discussion that 
relatively small amounts of distortion in the 
projection lenses of electron microscopes can 
produce serious disturbances in particle size dis¬ 
tributions obtained with the instrument. Fur¬ 
thermore, it has been shown that it is both 
theoretically and practically possible to design 
a projection lens system for an electron micro¬ 
scope in which, at least at one magnification, the 
distortion due to spherical aberration of that lens 
is reduced to negligible proportions. 
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Parafocusing Properties of Microcrystalline Powder Layers in X-Ray Diffraction 
Applied to the Design of X-Ray Goniometers 

J. C. M. Brentano 
Northwestern University , Evanston , Illinois 
(Received December 17, 1945: Revi&ed February 25, 1946) 

A distinction is drawn between the focusing properties of single crwals with regard to 
x-ra\ diffraction and the parafocusing properties of micrcxTVstallinc powder layers. A <lis- 
ctission of these parafexcusing properties and of the absorption term, which arises in the dif¬ 
fraction of x-rays from powder layers, is followed by a discussion of various types of powder 
goniometers. Their characteristic properties are compared. The application of parafocusing 
conditions to the design of a goniometer for quantitative evaluations and ot back reflection 
cameras is discussed in greater detail. 


S OME recent developments of structure analy¬ 
sis and the extension of the identification 
method in the direction of quantitative evalua¬ 
tions have stressed the demand for the quanti¬ 
tative measurement of the relative intensities of 
x-ray reflections from microcrystalline powders 
and have given greater significance to the so- 
called focusing methods in which the effect of 
absorption on relative intensities can be elimi¬ 
nated. The larger angular apertures used in these* 
arrangements as compared with the original 
powder rod camera is also of particular interest 
in industrial applications where the reduction of 
exposure times is relevant. While the Debye- 
Scherrer-Hull method, which has the inherent 
merits of simplicity and of utilizing minute 
quantities of material has been largely standard¬ 
ized, the requirements mentioned above have 
given rise to a variety of methods. It is proposed 
to discuss in the present paper 1 some basic 
points which arise with these methods with the 
object of bringing out their characteristics and 
poshly furthering tlv \.vfelopment of arrange- 
mcittybeM, suited to meet specific conditions. 

1. X-RAY DIFFRACTION FROM POWDERS 

The term focusing is sometimes applied to 
two distinct conditions of x-ray diffraction. 
Without wishing to break with the widely 
jUO^epted use, it may be helpful for the present 
df4&*ion to set out the distinction between real 
focusing and the ray-collective properties of 
powder arrangements which more appropriately 

, 1 Paper given at the Ann Arbor Summer Meeting of the 
American Society' for X-Ray and Electron Diffraction, 
1^3. Abstract in Phys. Rev. 64, 312 (1943). 


can be described as parafocusing. The distinction 
has not only bearing on the underlying geo¬ 
metrical-optical relations, with which we are here 
mainly concerned, but also on the purpose' for 
which one and the* other type of focusing can 
effectively be used. 

The term focusing as defined in geometrical 
optics is related to the existence of an object and 
image* space in such correlation that to a ray in 
the object space corresponds a ray' in the image 
space and that to a point in the object space, 
defined by the intersection of a bundle of rays, 
is correlated a point in the image space in which 
the* corresponding rays intersect. In x-ray optics 
of single crystals such a correlation can be 
established for monochromatic beams of wave¬ 
length \ on the ground of a “reflection" from a 
set of lattice planes of spacing d satisfying the 
Bragg law: 

sin0 = »X/2d. (1) 

Examples for this are the single bent crystal, 
the Cauchois monochromator, and the Bragg 
single crystal goniometer, all having focusing 
properties though limited to beams in one plane. 
No such image to object relation applies to the 
ray-collective arrangements of crystal powders, 
which may be described as parafocusing. Para¬ 
focusing is concerned with the geometrical locus 
of the powder particles and by disregarding 
their orientation establishes a necessary, not a 
sufficient, condition. A closer reference to the 
Bragg single crystal goniometer and to the para¬ 
focusing property of a flat powder layer may be 
helpful in bringing out the difference. In the 
Bragg single crystal goniometer the face of an 
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extended crystal is so placed as to comprise the 
axis of rotation C (Fig. 1) of the crystal, when 
two points A and B in a plane normal to the' 
axis at equal distance from C with the* angle 
ACB = r—20 arc so correlated that when the 
crystal is rotated various ixrints of its surface 
are brought in succession in such |>ositions as to 
reflect the radiation incident in the plane ACB 
according to (1) from A to B . The whole crystal 
surface does not reflect simultaneously, but true 
focusing is satisfied in the sense that whenever 
the {larticular reflection defined by (1) occurs, 
the reflected ray will go through the same point 
B. The flat crystal face which comprises the axis 
C satisfies this condition exactly. Compearing 
this with the conditions which arise* if we substi¬ 
tute for the single crystal a flat layer of randomly 
oriented microcrystalline particles, we find that 
the relation peculiar to the Bragg single crystal 
goniometer, which limits the reflection to the 
j)articular crystal setting for which it will be 
directed to B , dot's not apply, but that for each 
volume element of the jxiwder the reflection (1) 
will take place according to the surface of a cone 
of semi-aperture 20 , having the incident beam as 
axis. Of this diffracted radiation some will be 
received at B in so far as a generatrix of the 
diffraction cone exists which goes through B. 
The fraction of the radiation so diffracted will 
always be very small. Various volume elements 
will give additive contributions to the reflection 
(t) received at B if generatrices of the diffraction 
cones for the various elements intersect in B ; 
for the points of a flat surface this is satisfic'd 
only in approximation, the correct surface for 
the powder l>cing a surface of double curvature. 
This additive effect then takes place simultane¬ 
ously for all parts of the powder and the best 
superposition is obtained for one particular 
setting of the layer. While the relation for the 
true focusing from a single crystal can only be 
satisfied when the distances of A and B from C 
are equal, the approximate parafocusing condi¬ 
tion established by the writer for a flat powder 
layer, relation (3) of Section 6, applies equally 
well for any ratio of distances AC and BC. The 
intensity relations are also entirely different. 
For true focusing from the single crystal the 
intensity of the reflected radiation is independent 
of the crystal size and angular aperture of the 


incident beam so long as the angular range, 
through which the crystal is rocked, does not 
exceed the range within which some part of it is 
reflecting; for the* crystal powder for which all 
parts of the layer contribute simultaneously to 
the reflection, the intensity increases with the 
aperture of the incident beam and the area of 
the crystal surface. The geometry of the reflec¬ 
tion from the single crystal rotated through an 
extended angular range provides that, when true 
focusing is satisfied, the reflections for different 
angles 20 resulting for different X’s or different 
rf’s are rirorded on a photographic film on a 
cylindrical surface along AB as sharp marks; 
while with the crystal powder, in recording an 
extended angular range, blurring occurs whether 
the powder is kept stationary or whether it is 
rotated unless a special screening diaphragm is 
ust'd. 2 

In the true foc using from a single crystal, a 
large fraction of the reflected radiation can lx* 
directed into one particular direction or into one 
jxirticular point; it is used in single crystal 
sjnitrometers and monochromators. In the para¬ 
focusing of crystal powders the reflection from 
the individual powder element is list'd at very 
low efficiency. It satisfies the purpose of increas¬ 
ing the intensities of reflections by .adding the 
contributions from a large volume; it further 
makes it jjossible to establish powder layers 
which satisfy very simple absorption conditions 
and to average over large |x>wder volumes. This 
is of significance in the quantitative evaluation 
of intensities and in the determination of'thc 
contour of diffraction lines. 

2. PARAFOCUSING TOROIDAL SURFACE 

The surface, which represents the geometrical 
locus of all points in space so situated that for a 
point source in A (Fig. 2) a ray deflected through 
a given angle 20 can go through a point B, is 
obtained by the rotation of an arc with the 

8 Sir William Bragg (Proc. Phys. Soc. 33, 222 (1921)) 
was able to observe the reflections from a powder layer 
with an ionization goniometer without taking account of 
the difference between the two kinds of focusing when the 
entrance slit to the ionization chamber acted as a screening 
diaphragm. Experiments of photographic recording, done 
in nis laboratory with fatty acids, were successful (A. 
Muller, J. Chem. Soc. 123, 2043 (1923)) because these 
presented preferential orientation and were equivalent to 
single crystals, but failed to give well-defined lines for a 
randomly oriented powder. 
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Fig. 1. The straight line through point C and C indicates 
a particular setting of the face of a single crystal or of the 
surface of a flat powder layer going through the axis of 
the camera. The full line ACB indicates the reflection 
from the single crystal for that particular setting: as the 
crystal is rotated reflection takes place from various points 
in succession and according to Bragg’s focusing relation 
is always directed to the same point in B. With the powder 
the same reflection for the fixed position occurs simultane¬ 
ously from various points of the surface as indicated by 
the dotted lines without the Bragg focusing condition 
being satisfied. The curved line through CC and D marks 
the intersection of the plane ACB with the parafocusing 
toroidal surface. The projection BB' of the distance DE 
measures the aberration for the particular ray as discussed 
in Section 2. 


peripheral angle ACB**v — 20 about the chord 
AB. This surface does not satisfy the condition 
of focusing, but only of parafocusing: it does 
not establish the orientation but only the location 
of the crystal elements which, for a given spacing 
and wave-length, may contribute to the deflec¬ 
tion of radiation from the source A to B on the 
ground of relation (1). This surface has been 
discussed by the writer in an earlier paper, 8 
where ; t was pointed out il x the orientation of 
the fatplanes, which actually contribute to 
the diffracted radiation in B , is such that their 
normal bisects angle ACB so that they are 
inclined to the toroidal surface, except for the 
Median annular zone in C\ This is the orientation 
given l o the reflecting lattice planes in the bent 
ergrt^t' monochromator. The angle 40 between 
thg (HMgcffts to the surface in A determines the 
largest possible aperture of a beam from A which 
can be collected in B by one deflection through 

M. Brentaqo, Arch. Set. Phys. et Nat. [4] 44, 66 
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the angle 20. With single crystals only equatorial 
rings or longitudinal bands tangential to the 
parafocusing surface can be made while with a 
powder it is not practical to utilize the full 
extent of this surface in an instrument intended 
to cover a range of deflection angles. Reference 
to this parafocusing surface, however, is useful 
in evaluating the efficiency of powder arrange¬ 
ments which approximate parts of the para¬ 
focusing toroid and offers a convenient way for 
determining the aberrations which result with 
the actual surface used. The aberration for any 
particular point of the powder layer is obtained 
by projecting its distance from the corresponding 
point of the toroidal surface on the plane in 
which the diffraction pattern is recorded. This 
is indicated by Fig. 1 in which DE is the distance 
between corresponding points of the toroid and 
powder element for the incident ray ADE and 
BB 9 measures the aberration. This way of 
evaluating aberrations saves considerable time 
compared with direct calculation. 

The contribution in B resulting from any 
particular part of the toroid when represented 
by the surface of a powder layer is further 
determined by an absorption term in the in¬ 
tensity expression. For a narrow beam directed 
to a surface element of a powder layer with the 
absorption coefficient n, which is sufficiently 
thick to be all absorbing, the absorption term is 4 

1 


n(l+s\n a /sin p) 

where a and ft are the glancing angles of incidence 
and of reflection. 

4 J. C. M. Brentano, Phil. Mag. 4, 620 (1927); 6, 178 
(1920); Proc. Phys. Sex:. 47, 932 (1935). For an all-absorb¬ 
ing layer the full expression for the diffracted intensity Pb 
received at the distance b by the entrance slit of an ioniza¬ 
tion chamber of unit height and such width as to comprise 
the whole reflection is 

p ^ IptthpPikknWqikkDf 
8i rb sin $ p(l+sin a /sin 0)’ 

while the corresponding expression for a small volume 
element d V with negligible absorption is 

dP m F 

6 8r6 sin 9 

In these expressions / is the intensity of the incident beam 
per unit cross section and / is its cross section at the 
powder. The other symbols have the usual meaning as 
used in the last paper quoted. In this paper a misprint 
has actually occurred in the expression equivalent to Pu 
((5) in the paper); the expressions related to it are given 
correctly in the paper. 
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3. REQUIREMENTS WHICH ARISE IN THE EVALUA¬ 
TION OF X-RAY POWDER DIFFRACTION 
PATTERNS 

For crystal structure analysis single crystals 
present the advantage of giving directly the 
correlation between the individual reflections 
and the orientation of the reflecting lattice planes 
in the crystal. Powder diffraction methods are 
resorted to, apart from such instances where 
large single crystals are not available, when it is 
desired to obtain relative intensity data free 
from extinction from powder particles for which 
the size and regularity of the microcrystalline 
domains is so reduced as to make primary 
extinction small. Powder methods in the form of 
the quantitative powder admixture 4 provide a 
simple way for interrelating the intensities of 
two constituents of a mixed powder to the 
scattering factors and to the ratio of the masses 
of the constituents and for obtaining absolute 
intensities of reflections by the admixture of a 
standardizing substance, for which the unit cell 
scattering factor is known. The intensities of 
the reflections to be studied can then be related 
to those of the standardizing admixture; they 
can thus be expressed in absolute measure with¬ 
out the necessity of measuring the intensity of 
the incident beam and to correct for absorption. 

Crystal structure analysis requires (a) that one 
single record should cover an extended angular 
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Fig. 2. Lines AC 1 C 1 B and ACtCtB indicate the inter¬ 
sections of two parafocusing toroidal surfaces for the angles 
23i and 20« with the plane of drawing. The dotted line 
DE indicates the orientation of the diffracting lattice planes 
for the point Ct , the normal of which bisects angle AC%B. 


range, (b) that the deflection angles should be 
recorded to a high degree of accuracy and 
preferably that line distances should be propor¬ 
tionate to angular distances so as to facilitate 
interpolations, and (c) that relative integrated 
intensities of reflections for different angles 
should not be affected by the shape and absorp¬ 
tion of the particular specimen. It is further 



c 


Fig. 3. Camera using an annular powder layer. For a 
fixed position of the ring each point of the axis is asso¬ 
ciated with a definite deflection angle. 

sometimes required (d) to obtain diffraction 
patterns with very small quantities of material, 
while in another group of measurements it is 
desired (e) to make use of large powder vol¬ 
umes. This last requirement arises when the 
powder contains large crystalline domains of say 
more than 10~ 6 cm diameter when it is desired 
to suppress the “spottiness" of lines which arises 
under such conditions when the diffraction pat¬ 
tern ip obtained from a small powder volume. 

For evaluating the degree of regularity and the 
size distribution of microcrystalline domains from 
the line width, or better from the line contour, 
it is essential that (f) the line contour should 
not be affected by the shape and absorption 
characteristics of the specimen or that it should 
be possible to allow for such effects. It is then of 
particular significance to suppress irregularities 
of intensity distribution produced by the presence 
of large crystallites as indicated under (e). This 
implies the use of large powder volumes, incident 
beams of large aperture and rotation of the 
specimen. 

For the method of identification , in which 
chemical constituents or phases are identified by 
their characteristic x-ray diffraction patterns in 
the form developed by Hanawalt, Rinne, and 
Frevel and by Davey, 5 the requirements are 

• J. D. Hanawalt, H. W. Rinne, and L. K. Frevel, Ind. 
Eng. Chem. Anal. Ed. 10, 457 (1938) and W. P. Davey, 
J. App. Phys. 10, 820 (1939). 
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Fig. 4. Bohlin-Seemann type camera. The powder in C 
forms part of a cylindrical surface which approximates 
toroids constructed by rotating arc ACB about cord AB 
where A is the source and B for different 0’s is located at 
various points of the circle. 

similar to those of structure analysis, only to a 
less exacting degree. 

In technical applications , whether they com¬ 
prise the recording of line contours or of identifi¬ 
cation patterns, the speed of recording, which is 
only a minor factor in structure analysis, assumes 
major significance. With the l)ebye-Hull camera 
and photographic recording the exposure times 
are longer than the times required for spectro¬ 
scopic analyses or for simple chemical tests. In 
the field of identifications x-ray methods are 
thus limited to instances where the more rapid 
methods are inadequate, e.g., the distinction 
between different morphological phases or be¬ 
tween constituents which cannot easily be sepa¬ 
rated when present in a mivtunei 

By jsing counters o* .mization chambers 
instead of photographic recording the sensitivity 
can lie considerably increased. It should be 
noticed, however, that applied to the recording 
+i)f weak reflections the process of point to point 
scanning Used with these methods necessitates 
slowing the scanning rate sufficiently to secure 
that the count numbers with which the inten¬ 
sities for the individual angular elements are 
recorded are great enough to suppress large 
statistical fluctuations. This limits the speed at 
which such measurements can be taken, par¬ 
ticularly When the intensities are small. Indus¬ 
trial applications using photographic, counter, or 


ionization recording set thus the demand for 
utilizing beams of high intensity and large angu¬ 
lar aperture so as to reduce the exposure times. 

4. THE DEBYE-SCHERRER-HULL CAMERA 

The demands set out in the previous section 
may be considered in relation to the classical 
Debye-Scherrer-Hull camera. This gives patterns 
covering an extended angular range with pro- 
|)ortionality between angles and line distances. 
The line width so far as resulting from colli¬ 
mating conditions is of the order of the diameter 
of the x-ray beam incident on the powder 
specimen. Very sharp lines can thus be obtained 
at the expense 1 of exposure time by the use of 
collimating pinholes ot small diameter. The effect 
of absorption introduces some complication, both 
in the* evaluation of spacings and of intensities. 
A discussion of these conditions has been given 
in a paper by Moiler and Reis® and specific 
methods have been developed by McKeehan, 7 
Claassen, 8 Bradley and Jay, 0 and others. Recently 
a detailed analysis of such corrections has been 
given by Warren. 10 Powder rods which simplify 
the allowance for absorption have been proposed 
by Greenwood 11 and by Rusterholz. 12 The limi- 



Fig. 5. Guinier type'camera. The incident beam pahM*s 
through the powder layer DE and converges toward point 
A . The diffracted beams are collected at points B of a 
cylindrical surface. 

1 H. Mttller and A. Reis, Zeits. f. physik. Chemie AI39, 
425 (1928). 

7 L. W. McKeehan, J. Frank. Inst. 193, 231 (1922). 

• A. Claassen, Phil. Mag. [7] 9, 57 (1930). 

1 A. J. Bradley and A. H. jay, Proc. Phys. Soc. 44, 563 
(1932). A. j. Bradley, Proc. Phys. Soc. 47, 879 (1935). 

10 B. E. Warren, J. App. Phys. 16, 614 (1945). 

11 G. Greenwood, Phil. Mag. [7] 3, 963 (1927). 

“ A. Rusterholz, Helv. Phys. Acta 4, 68 (1931). 
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tat ion of these procedures is that they depend 
on making use of a powder rod of definite shape 
and definite absorption, which is difficult to 
obtain. The effect of absorption in modifying 
the relative intensities can be made small by 
using a powder rod or wedgp of negligible 
absorption, either by reducing its thickness or 
by diluting it and by the use of penetrating 
radiation. It will be seen that under such condi¬ 
tions, which reduce absorption effects, the exj>o- 
surc times become excessively long. In practice 
a compromise is made between the elimination 
of absorption errors and the permissible exposure 
times. With very thin or diluted specimens the 
effect of large crystallites in producing irregular 
lines is accentuated. It can be reduced by 
displacing the powder rod longitudinally or ro¬ 
tating it transversally. 18 

The Dchye-Hull camera requires a minute 
quantity of material and permits to correct for 
faulty centering of the specimen. 14 Detailed de¬ 
scriptions of cameras have been given by Bradley, 
Lipson, and Patch 16 and recently by Buerger. 18 
Several commercial types are also available. 

It will be seen that this camera can satisfy 
most of the demands of structure analysis and 
of line contour measurements and this should be 
considered in comparing it with other arrange¬ 
ments described further on. Its limitations are 
the long exposure times and the difficulty of 
making correct allowance for absorption in 
determining relative intensities taken over a wide 
angular range. When using small or diluted 
specimens to reduce the absorption effect the 
line contours are sensitive to the presence of 
large crystallites. 

5. CAMERAS USING CYLINDRICAL POWDER 
STRIPS 

Approximations to the toroidal surface adapted 
to a range of deflection angles can be obtained 
with rigid cylindrical rings or bands. 

11 C. S. Barrett and A. G. Guy, Rev. Sci. Inst. 15, 13 
(1944). E. Schwarz, Phys. Zeits. Sowietunion [5] 3, 443 
(1934). 

14 M. Straumanis and O. Mallis, Zeits. f. Physik 94, 184 
(1935) and M. Straumanis and A. Jevins, Zeits. f. Physik 
98, 461 (1936). 

16 Bradley, Lipson, and Patch, J. Sci. Inst. 18, 216 
(1941). 

18 M. J. Buerger, J. App. Phys. 16, 501 (1945). See also 
X-Ray Crystallography (John Wiley and Sons, Inc., New 
York, 1942). 



Fig. 6. Parafoeusing central powder layer. 


As a derivation from the toroidal surface the 
writer proposed an annular band. 17 The powder 
is placed on the inside surface C of a ring (Fig. 3) 
the axis of which comprises the points A and B. 
The radiation from A will then be deflected to B 
for a range of angles which can be varied by 
displacing the ring parallel to itself and dis¬ 
placing point B along the axis. B is represented 
by a small opening in a screen closely behind 
which the photographic film is placed. With the 
displacement of the ring C and of B the photo¬ 
graphic film is moved at right angles to the 
axis AB . In praxis only part of the ring is used. 
The arrangement gives very high intensities. 
It does not, however, comply well with other 
demands when photographic recording is used 
because of the oblique incidence of the diffracted 
x-rays on the film, which is unfavorable for 
quantitative measurements. The arrangement 
may be useful in combination with a counter or 
ionization chamber. 

A longitudinal strip is used in the arrangement 
of Seemann 18 and Bohlin 19 (Fig. 4) in which the 
toroidal surface is approximated by a cylindrical 
area tangential to a longitudinal band of the 
toroid. This arrangement is very simple in design 
and capable of recording a large angular range 
on one single film strip. Line distances arc not 
proportionate to angular distances; it is unfavor¬ 
able for intensity measurements and the meas- 

17 J. C. M. Brentano, Arch. Sci. Phys. et Nat. [5] 1, 
550 (1919). 

18 H. Seemann, Ann. d. Physik 59, 455 (1919). 

“ H. Bohlin, Ann. d. Physik 61, 421 (1920). 
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Fig. 7. Schematic diagram of camera with central parafocusing powder layer. The film is 
wrapped round the cylindrical camera body B and is exposed through slots. The collimating 
system consists of a slit in a front plate A and of inserts E and F in the collimating tube. Insert 
E determines the slit height; insert F determines the angular aperture. Slit and inserts are ex¬ 
changeable. Aperture D can also be varied. A reversible motor through worm drive in L rotates 
shaft G. Other details are given in reference 24. 


urement of line contours because the diffracted 
rays strike the photographic film with varying 
obliquity and because the entrance diaphragm 
in A is reproduced from the various parts of the 
powder surface.pt different rates of jpgnification. 
The metl id is* however, vc- /ell adapted for 
utilizing Urge volumes of powder it} conjunction 
with incident beams of large aperture. Several 
asymmetrical cameras of this type have been 
described. De Jong* 0 described a symmetrical 
camera, the cylindrical powder surface being 
opposite co the entrance slit. This is particularly 
suitable for reflection records. 

An arrangement, in which the photographic 
film forms a cylindrical surface while a thin 
powder layer forms a small area of the same 
surface (Fig. 5) and a converging incident beam 

» P.de Jong, Physics 1, 23 (1927). 



is transmitted through the powder with the 
center of convergence situated on the cylindrical 
surface, has been proposed by Guinier* 1 who 
makes use of a monochromator for obtaining the 
converging beam. Frevel” has proposed a similar 
arrangement using a converging Soller slit. While 
this arrangement can be discussed in terms of 
parafocusing surfaces, the most direct treatment 
results from considering that for the plane of 
incidence the condition of equal convergence of 
the incident and diffracted beams is satisfied for 
points of convergence situated on the cylindrical 
surface. The characteristics of this method are 
similar to those of the Bohlin-Seemann camera. 
Its particular merit is that very small diffraction 
angles can be observed while, on the other hand, 

u A. Guinier, Comptes rendu* 204, 1115 (1937). 

* L. K. Frevel, Rev. Sci. Inst. 8,475 (1937). 
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the incident beam is transmitted through the 
powder so that the intensities depend on the 
absorption of the powder. The arrangement of 
Bohlin-Seemann, de Jong, and Guinier satisfies 
the parafocusing condition essentially with re¬ 
spect to one plane. 

6. GONIOMETER WITH A CENTRAL 
POWDER LAYER 

A goniometer proposed by the writer 21 uses a 
powder layer in the center of a camera which 
satisfies the parafocusing condition for points of a 
cylindrical "surface. It is intended to conform 
with those retirements set out in Section 3 
which are satisfied in the Debye-Hull camera 
and to provide in particular proportionality 
between line distances and angles and normal 
incidence of the diffracted x-ray beam on the 
photographic film. In addition it establishes such 
conditions that the relative intensities of the 
reflections from thick powder layers are inde¬ 
pendent of the particular absorption character¬ 
istics of the powder specimen and are actually 
the same as would be obtained from a small 
powder volume with negligible absorption. It 
uses larger powder volumes and wider angular 
apertures than the Debye-Hull camera and 
requires shorter exposure times although they 
are longer than with the arrangements of Section 
5. A detailed discussion of the geometrical-optical 
relations and aberrations resulting with this 
method has been given in an earlier paper 24 ; 
it will here be sufficient to indicate its character¬ 
istic features. 

Considering in the first place the case of 
photographic recording, it will be seen (Fig. 6) 
that the toroidal surface intersects the surface 
of the photographic film. The point of inter¬ 
section B determines the angle for which the 
parafocusing condition is satisfied for a powder 
layer in C so oriented as to conform with the par¬ 
ticular parafocusing toroidal surface. The record¬ 
ing of an extended angular range requires then a 
screen with an opening D which in succession un¬ 
covers different parts of the film surface as the 
powder layer is rotated about an axis normal to 
the plane ACB. If a and b are the distances of the 
powder layer from the collimating slit A and the 

* J. C. M. Brenteno, Proc. Phys. Soc. 37, 184 (1925). 

u J. C. M. Brentano, Proc. Phys. Soc. 49, 61 (1937). 
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cylindrical surface B and a and 0 are the glancing 
angles of the incident and reflected beam with 
the plane tangential to the powder surface in C, 
the parafocusing condition is satisfied when 

sin a/sin /? *a/6. (3) 

The displacements of the powder layer and of 
the screen opening D are so correlated as to 
conform with the constant sin a/sin ft ratio of 
(3) for the whole angular range. It will be seen 
that this constant ratio introduced in the ab¬ 
sorption term (2) secures that this term has the 
same values for all angles and that relative 
intensities are independent of the absorption 
characteristics of the powder. 

The parafocusing powder surface is in a general 
way a surface of double curvature, which changes 
with the diffraction angle. A first approximation 
to it is a flat surface; a much better approxima¬ 
tion adapted to a particular range is a surface 
of double curvature—data for radii of curvature 
of such surfaces are given in the second pai>cr 24 
—and a spherical surface, when an extended 
angular range is to be covered and the angular 
aperture of the incident beam is not too large. 
For a-b for the 20 range from 60° to 150° a 
spherical surface with a radius of curvature 3/4b 
will give considerably better definition than a 
flat layer, permitting both in the horizontal and 
in the vertical plane 25 an incident beam of an 
angular aperture of 2°-3°. This range can be 
extended by a V-shaped horizontal slit in front 
of the collimator near to the powder which 
moves with the powder layer. Such a slit can be 
used to restrict the vertical aperture for small 
angles; it is also helpful in reducing the strong 
intensities in that range. When using such a slit, 
allowance for it must be made in computing 
intensities. 25 In a more elaborate arrangement 
the vertical and horizontal aperture of the beam 
can be so controlled as to keep the solid angle of 
the incident beam constant and to restrict either 
the horizontal or vertical aperture in such a way 
as to obtain the smallest aberration. Such devices 

11 For brevity in the following discussion, the term 
horizontal is used for the plane A CB in which the reflections 
are observed and the term vertical for the plane which 
comprises the axis of rotation of the powder layer. 

••For accurate intensity measurements we prefer in 
general to use a beam of constant vertical aperture for 
the whole range. 
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Fig. 8. Group of cadmium oxide lines recorded with 
parafocusing central powder layer (a) with rotating dia¬ 
phragm, (b) without rotating diaphragn Spherical la\er: 
angular aperture of incident warn 2°. 

are, however, of interest only then when it is 
desired to use beams of considerable angular 
aperture. 

The schematic diagram (Fig. 7) indicates one 
design of the goniometer. The powder la>er in C 
and a platform, on which the diaphragm D is 
mounted, rotate about a common axis II. Thc> 
are driven by means of pulleys and steel wires 
from a shaft G. In combination with good ball 
bearings this system is very satisfactory Pro¬ 
jecting stops on a graduated disk I act on a 
microswitch K and determine the range of 
motion. For the ratio a:b= 1, i.e., when the 
collimating slit A is on the cylindrical surface of 
the camera, the correct ratio of the angular 
displacements is 1:2. This is the simplest 
arrangement which can be satisfied with centric 
circular pulleys. The relative angular displace¬ 
ments corresponding to a ratio a:b different from 
1 can be obtained with puli' r s df suitable con¬ 
tour. A -pang loaded idle** is then required 
to maintain uniform tension. For correct in¬ 
tensities uniform velocity is given to the rotating 
screen while, when a and b differ, the angular 
Speed of the powder layer varies. A ratio a>b is 
useci fo- obtaining very large apertures for the 
incident beam; slit A can then be moved into 
immedllfcte vicinity of the target of the x-ray 
tube. This is discussed in Section 8. 

The use of the rotating diaphragm in D implies 
that the exposure times increase with the angular 
range recorded. To compare the exposure times 
resulting from these? conditions in recording a 


given range of say 90° with those of a Debye 
camera of equal size, it may be assumed that 
the outer pinhole of the latter and the entrance 
slit A of our camera are of equal area and that 
the aperture for the parafocusing beam is 2° by 
2°, while the pinhole collimator with a length of 
3" has a pinhole diameter of 0.020", as commonly 
used in some commercial instruments. The expo¬ 
sure required with the Debye camera is then 4.8 
times greater than with the parafocusing central 
powder layer. This takes account of a diaphragm 
opening of 22° in D when the motion of dia¬ 
phragm D exceeds by 22° on either side the 90° 
range, so as to secure uniform exposure for that 
range. When recording a group of lines comprised 
within a limited angular range, the rotating 
diaphragm can be dispensed with. The powder 
layer is then so set as to satisfy the parafocusing 
condition for the middle of this range. It can be 
rocked through a few degrees to avoid spott) 
lines. For the conditions considered above the 
intensit} is then 29 times larger with the para¬ 
focusing la>er than with the 1 )eb> e camera. 
When a moderate amount of diffusion is per¬ 
mitted a range up to 60° can be recorded without 
using a moving diaphragm; this can be increased 
by reducing the angular aperture of the incident 
beam. Figure 8 shows a group of cadmium oxide 
lines recorded with and without diaphragm. The 
angular range covered is 65°. 

When recording the diffraction pattern with a 
counter or ionization chamber its entrance slit 
is situated on circle B. The slit acts as diaphragm 
D and eliminates those aberrations which arise 
for angles away from the one for which the 
parafocusing relation is satisfied. 27 It does not 
eliminate the aberrations resulting from any 
deviation of the shape of the powder surface 
from the parafocusing toroid. The line broad¬ 
ening resulting from aberrations is then essen¬ 
tially determined by the deviations of shape and 
orientation of the actual surface from the toroid 
so that the use of correct surfaces and suitable 
diaphragms becomes important. When using 
ionization chambers and counters, which must 
be placed behind the circle B, the use of a>b 
makes it possible to extend the angular range 
recorded without interference from the x-ray tube. 

* 7 Care must be used to avoid errors in evaluating 
intensities which result with too narrow slits. 
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We find it most convenient to carry out 
identifications on the ground of patterns covering 
a 26 range extending from 60° to 150° and to 
disregard the ranges of very small and very large 
angles. For this middle range, particularly above 
90°, the lines are well defined and any broadening 
can hcgf bb examined here. For the range of 
large and 9RI&H angles the curvature of the lines, 
which results the ftraall aperture of the 

diffraction cones and Which arises with dll powder 
methods, is unfavorable for accurate measure¬ 
ments; besides the number of lines in these 
ranges is generally small 

For evaluating intensities the simplification 
with this arrangement results from the fact that 
by satisfying (3) for a fixed ratio a/b the absorp¬ 
tion term (2) becomes independent of the diffrac¬ 
tion angle as indicated above. The relative 
intensities are thus independent of the absorption 
(oefficient of the mateiial and are those for a 
small volume element with negligible absorption. 
They are thus directly comparable with those 
obtained from a highly diluted Debye powder 
rod. It should be noted that this independence 
from the deflection angles does hold good only 
when satisfying the parafocusing condition. 
When recording an extended angular range 
without the revolving diaphragm D the absorp¬ 
tion becomes the function of the angular setting; 
it can be calculated for each line. 4 

The large angular apertures and the use of 
thick all-absorbing layers increase the powder 
volumes utilized and tend to suppress the spotti¬ 
ness caused by the presence of individual large 
crystallites. This can be further reduced by using 
a flat powder layer in form of a rotating disk 
with the axis of rotation off-set with respect to 
the incident beam. This disk takes the place of 
the powder layer in the center of the camera. 
The volume of powder and the angular range 
through which it is exposed to the incident 
x-ray beam is thus increased. Figure 9 shows the 
patterns of the same material taken with a 
rotated and displaced powder rod and with a 
rotated fla£ disk in the way described. 

7. BACK REFLECTION CAMERAS 

One particular type of goniometer is that for 
taking “back reflection” patterns, limited to 



Fig 9 Patterns of the same material taken (a) with a 
rotated and longitudinally displaced rod and (b) with the 
camera of Section 6 using a rotating disk. 

large 26 values. Changes of line position and of 
line width and contour in that range are most 
sensitive to changes of lattice spacings and to 
imperfections of the microcrystalline domains 
In a widely used type of camera 28 the pattern is 
recorded on a flat film, a pinhole collimating 
tube being placed between the x-ray source and 
the recording film By using a nariow beam 
similar to that used with the Debye-Hull camera 
sharp lines can be obtained over a range of 
angles without having to conform with para¬ 
focusing conditions. As with the Debye camera 
the exposure times are then long. 

By placing the outer collimating pinhole into 
a definite relation to the flat photographic film 
a beam of larger aperture can be used, good 
definition is then secured for one particular 
angle. 29 A flat or spherical powder layer in C 
(Fig. 10) is only an approximation to the para¬ 
focusing surface which is not spherical but has a 
radius of curvature s/2 in the horizontal plane 
and approximately s in the vertical plane, s being 
the distance from A to C. The angular aperture 
should thus not be too large. The merit of these 
arrangements is that with circular pinholes and 
diaphragms they possess azimuthal symmetry. 
They can thus be used for recording fiber struc¬ 
tures and preferential orientations. 

For a powder with random orientation a 
camera conforming with the toroid is preferable 
since it gives good definition for an extended 
angular range. By substituting for the cylindrical 
powder layer used by de Jong a spherical powder 
layer (Fig. 11) with a radius of curvature equal to 

11 G. Sachs and J. Weerts, Zeits. f. Phystk 60,481 (1930J. 

19 R Berthold, Zeits f. Physik 15, 42 (1934). 
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$b/ 2, where b is the camera radius, a better ap¬ 
proximation to the parafocusing surface is ob¬ 
tained which takes account of the divergence of 
the beam in two planes and not in one plane only. 
Large apertures can be used with short exposure 
times except that for the 20 range approximating 
180° where the diffraction lines are very strongly 



Flo. 10. Back reflection camera for recording preferential 
orientations. The pattern is projected on a flat photo¬ 
graphic film in DE. The arc in C indicates the intersection 
witn the parafocusing surface which, however, is not 
spherical but a surface of double curvature. When using a 
flat or spherical powder surface and circular pinholes for 
obtaining uniform conditions for all azimuthal angles, the 
aperture should thus not be too large. 

curved, the vertical aperture should be somewhat 
restricted. By rotating this spherical surface 
about an axis somewhat offset to the direction 
of the incident beam the quality of the lines, 
when large crystallites are present, is greatly 
impro -ed. Restricting the aperture of the beam 
in the horizontal plane will redqpe the residual 
aberration in that direct' • and extend the 
anguku ratjjgc of good dchimion. A slit in A can 
be substituted for a pinhole as previously 
discussed in Section 6, except that its height 
should be limited for recording reflections for 
%hich 20 approximates 180°; for such angles, 
howevrr, the resolving power is so great that 
good definition can often be dispensed with. The 
line distances arc not proportionate to the angles, 
a disadvantage which, however, is felt less for 
large angles since the higher resolving power 
makes it easier to dispense with accurate linear 
interpolations. The goniometer of Section 6 will 
record back reflection patterns and at the same 


time give proportionality between angular and 
linear distances. When used without rotating 
screen with the powder layer set at right angles 
to the incident beam symmetrical patterns are 
obtained; best definition is then satisfied for 
26 = 180° where it is least relevant. 

A more effective arrangement is obtained by 
placing A within the camera (Fig. 12) and setting 
the powder layer at such an angle as to be 
tangential to the parafocusing surface for a point 
B', which forms the center of the particular range 
for which good definition is required. It will be 
seen that the toroid (dotted circle) approximates 
the circle B on which the film is placed, so that 
for the projection on B a linear relationship 
between angles and film distances is secured, 
while at the same time approximating the para¬ 
focusing condition over an appreciable range. 
The radius of the spherical powder surface should 
be approximately b/2. Here again for the central 
strip of the photographic film the residual aber¬ 
ration in the vertical plane is not disturbing. 
This arrangement is very convenient for ob¬ 
taining rapid data in that angular range of 
150°-170°, which is most relevant for back reflec¬ 
tion. While the ratio sin a/sin /3 is not constant, 
it varies but little with angle for large 20 values 
so that the relative intensities approximate those 
obtained with the rotating screen. 

8 . COLLIMATING SYSTEMS 

Three types of collimating systems are in use: 
The pinhole system, consisting of two pinholes 
placed at a distance which is large compared 
with their diameter, defining a narrow, approxi¬ 
mately parallel beam. The Soller system, which 
gives beams with small angular divergence in 
one plane and large angular divergence in a 
plane at right angles. The system comprising a 
pinhole or slit which acts as a secondary source, 
and a second larger diaphragm which defines a 
beam comprising a definite solid angle. 

The first is used in the Debye-Hull camera and 
in the usual back reflection camera, in which the 
location of the pinholes is irrelevant provided the 
collimator is sufficiently near to the powder to 
prevent an undue broadening of the beam. The 
Soller system, which in its angular spread is 
similar to that given by a Cauchois monochro¬ 
mator, meets the condition where focusing or 
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l>arafocusing is satisfied for one plane. It gives 
an angular spread similar to that of a Cauchois 
monochromator and Guinier and Frevel have 
used one and the other in the arrangement of 
Section 5. Beams comprising definite solid angles 
are used when the parafocusing condition is 
satisfied for two vertical planes. In comparing 
the merits of slits and of circular pinholes it 
should be considered that when the curvature 
of the diffraction lines is small, i.e., outside the 
range of very small or very large angles, some 
residual aberration in the direction of the lines is 
irrelevant. Slits oriented parallel to the direction 
of the lines can then be used without impairing 
the definition. The slit has then the advantage 
not only of giving greater intensity, but also of 
increasing the angular range through which the 
individual volume element is exposed to the 
incident x-ray beam. This improves the quality 
of the lines. 

With any collimating system the intensity of 
the beam is independent of the distance of the 
entrance slit from the target of the x-ray tube so 
long as the beam, as defined by the slit, pinholes 
or diaphragms, projected backwards on the 
target covers an area which falls within the 
emitting anode spot. With the usual commercial 
tubes and pinhole diameters of 0.02" this is 
satisfied when the distance between the entrance 
pinholes and tube target does not exceed the 
collimator length. There is then no gain in 
bringing the entrance slit nearer to the target. 
When conforming with parafocusing conditions 
with a collimator comprising a slit which acts as 
secondary source, the location of this slit with 
respect to the powder is relevant. At the same 
time with the much larger angular apertures used 
this requires bringing the slit or secondary source 
to the target; with tubes with small window to 
target distances apertures of 2°-3° can thus be 
obtained. When much larger apertures are re¬ 
quired for obtaining extremely short exposures, 
the slit can be placed within the x-ray tube or 
the target used as slit. The writer has done this 
with a laboratory type tube operated from a 
pump* which in general design is similar to the 
new type Machlett tube. An alternative way of 
satisfying the requirements of large apertures is 
to use an extended anode spot. With an electron 


beam concentrated on a very small target area a 
moderate broadening of the spot does not effec¬ 
tively increase the loading capacity, because the 
volume of the anode surrounding the spot deter¬ 
mines the rate at which heat can be dissipated; 
this is only little changed when the target area is 
increased by a small amount. With an extended 
spot, however, on a thin target and with forced 
water circulation the total loading capacity of 
the tube and the x-ray output can be consider¬ 
ably increased. 

9. THE EVALUATION OF INTENSITIES 

The conditions for quantitative evaluations 
are met most directly by the method of Section 6, 
which we developed primarily for the purpose of 
eliminating the effect of absorption on the rela¬ 
tive intensities of the reflections recorded over 
an extended angular range. For identifications, 
so far as they depend on the relative line intensi¬ 
ties, it is an obvious advantage if these are 
unaffected by the absorption in the particular 
powder specimen. For quantitative determina¬ 
tions on mixed powders 29 and the determination 
of unknown structure factors in terms of struc¬ 
ture factors which are known, to which we have 
referral in the earlier part, reflections occurring 
for different angles can thus be correlated. 

In such measurements it is essential to avoid 
preferential orientation of the powder particles. 
One way of achieving this is to place the powder 
with the binding material in a frame which in 
preparing the layer is held against a surface of 
the desired curvature, the powder being intro- 
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duced from the back of the frame so as to avoid 
any sliding of the material near the front surface. 
It is then also required that the aperture of the 
incident beam, as defined by the collimator, 
should be fully utilized for the whole angular 
range and that the powder layer should be 
sufficiently thick to be practically all-absorbing. 
While the large volume of powder utilized is an 
advantage in improving the quality of the lines, 
this excludes the method in such instances 
where very little material is available. Eventually 
the condition of full absorption can be satisfied 
with materials constituted of light atoms by an 
admixture for which the absorption coefficient 
is high. When evaluating the rela.ive intensities 
for mixed powders, the mixture should be suffi¬ 
ciently fine for the domains of heterogeneity to be 
small in terms of the distance for which appreci¬ 
able absorption occurs. 10 

The goniometer with a central powder layer 
can be adapted to methods relating diffracted to 
incident intensities” and to the substitution 
method and to the evaluation of intensities from 
powder layers at fixed angles, discussed by 
Brindley and Spiers’* and by the writer.” It can 
also readily be adapted to the recording of the 
diffraction lines on a rocking film, a method 
recently described by the writer 34 which con¬ 
siderably improves quantitative evaluations of 
lines which have an unfavorable line contour. 

10 . THE EVALUATION OF DIFFRACTION 
ANGLES 

One way of correlating measured line positions 
and diffraction angles is to measure the distances 
of corresponding lines on a symmetrical pattern 
taken < • both sides of a c\ ’ .rical camera. This 
is gencr ally* done in the evaluation of Debye 
patterns. In an alternative way fiducial marks 
are placed on the film. In a third method refer¬ 
ence lines are recorded on the pattern by ad¬ 
mixing to the powder a substance for which the 
spacings are well known. With all these methods 
in f crpolatktos arc facilitated when the line dis¬ 
tances are proportionate to angular distances. 

M J. C. M. Brentano, Proc. Phys. Soc. 47, 932 (1935). 

M J. C. M. Brentano, Zeita. f. Physik 99. 65 (1936). 

“ Brindley and Spiers, Proc. Leeds Phil. Lit. Soc. 3, 4 
and 73 (1935); Proc. Phvs. Soc. 50,17 (1938). 

* J. C. M. Brentano, Proc. Phys. Six:. 50, 247 (1938). 

* 3- C. M. Brentano, J. Opt. Soc. Am. 35, 382 (1945). 
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By making use of symmetrical patterns in the 
technique of Straumanis, 14 developed for the 
Debye-Hull camera, errors due to faulty posi¬ 
tioning of the specimen can be eliminated. This 
does not eliminate residual errors which arise 
from the penetration and absorption of x-rays 
in the powder rod and errors which result from 
uneven film shrinkage, errors which may be 
neglected for ordinary purposes but which be¬ 
come appreciable in view of the long distances 
over which the comparison measurements extend 
when high accuracy is demanded. Fiducial marks 
offer the simplest evaluation in terms of points 
on the circumference of the camera. The location 
of such marks represented by edges separating 
dark and light fields on the film is affected by the 
photographic Eberhard effect, a source of errors 
which has been fully discussed in relation to 
optical spectroscopy. This error is avoided with 
marks consisting of V-shaped dents or projec¬ 
tions. These can be located to the same or to a 
higher degree of accuracy than the diffraction 
lines.” Such regularly spaced marks eliminate 
errors due to uneven film shrinkage; they do not 
in themselves, however, take care of errors due 
to faulty positioning of the powder. 

Errors of asymmetry and eccentricity should 
be considered as arising from two different 
sources. One results from faults of workmanship; 

”A way of utilizing these marks in the microdensi- 
tometric evaluations is to trace with the edge of a razor 
blade fine scratches between the corresponding apexes of 
the P’s. 


Journal of Applied Physics 


in the camera with a parafocusing central layer 
such an error would be a deviation between 
the axis of rotation of the powder and the 
cylindrical surface on which the film is placed or 
faulty location of the entrance slit of the counter 
with respect to the graduated scale on which the 
angles are read. By careful designing and work¬ 
manship such errors can be reduced to limits 
smaller than the accuracy to which line positions 
can be evaluated. It is thus indicated to suppress 
such errors to the limits of accuracy required 
rather than to correct for them in each exposure. 
The other results from faults in mounting of 
the individual specimen and the penetration of 
x-rays within the powder. Powder surfaces can 
be located to a fair degree of accuracy; for 
instance in the parafocusing camera with cen¬ 
tral layer, the surface of powder specimens, 
made by the use of jigs or molds in the way de¬ 
scribed in the last section, can be located within 
0.2 mm. With a camera of 6" diameter the 
accuracy is then sufficient for ordinary identifi¬ 
cation purposes. When a higher degree of accu¬ 
racy is required, faults of location and penetra¬ 
tion can be eliminated for this particular method 
by using a flat thin layer on a support (plastic 
or glass) transparent to x-rays 28 in combination 
with a beam of limited angular aperture. Two 
exposures are then recorded on the same film for 
which the powder layer has been rotated by 
180°, so that opposite sides of the layer face the 
x-ray beam. If the axis of rotation does not go 
through the powder layer, double lines result, 
the correct position being half-way between the 
two peaks. The line positions defined in this way 
are related to the fiducial marks. The technique 
of using thin layers is only needed when the 
highest accuracy is demanded. 

The admixture of a substance with known 
spacings eliminates all errors resulting from 
faulty positioning and absorption and also all 
other aberrations. To distinguish between the 
two line patterns and detect superpositions it is 
then often necessary to take two patterns, one 
with the admixture and one without. 

n. Camera sizes 

The effect of camera sizes on the accuracy of 
angular measurements has been discussed in an 


earlier paper,* 4 to which reference may be made 
to avoid repetition. It may here be pointed out, 
however, that the marginal error attached to 
the use of finite angular apertures—which gen¬ 
erally increases with the square of the aperture 
—is essentially a relative angular error; for 
given apertures it is thus independent of the 
diameter of the circle on which the pattern is 
projected. The same applies to the error resulting 
from uneven film shrinkage, which is propor¬ 
tional to the film length and in terms of angles 
independent of the camera size. Errors of this 
group have in common that their effect on the 
relative accuracy is independent of the camera 
size. Errors of a second group, resulting from the 
diffusion of x-rays in the photographic material, 
from the penetration in the powder, and essen¬ 
tially also from faulty location of the specimen, 
involve a certain marginal linear uncertainty in 
the location of points on the film surface. The 
effect of such errors on the angular accuracy 
decreases with the camera size. For best efficiency 
such conditions will be established as to obtain 
a balance in which no single error is prepon¬ 
derant. The statement sometimes made in regard 
to Debye-Hull cameras, that the exposure times 
increases with the third power of the camera 
diameter, is thus without definite significance 
without indicating whether the pinhole diameters 
and collimator lengths are changed in proportion 
to the camera diameter. If all dimensions arc 
changed in proportion, the angular apertures of 
the beams are maintained and an increase of 
camera size satisfies essentially the purpose of 
reducing the effect of the second group of errors 
without much change of exposure times. If, on 
the other hand the same pinholes arc used with 
a larger camera in which the length of the 
collimator tube has been increased in proportion 
to the camera diameter, some of the aberrations 
are very effectively decreased. Such a change 
leads, however, to rapidly increasing exposure 
times; applied to a “balanced” setting it leads 
to conditions in which some of the errors are 
unduly suppressed for best efficiency. An adjust¬ 
ment to the specific conditions is demanded in 
each case. 

We generally chose the diameter best suited 
for our requirements and neglected to pay 
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attention to standard camera dimensions, since 
we found it not too difficult to have a scale 
made so adjusted to the camera diameter that 
line distances can be read directly in degrees. 
It is, however, possible to adjust slit openings 
and apertures so as to yield best efficiency for a 
given camera diameter. For microdcnsitometric 
evaluations the broader lines, which for a given 


angular resolution are obtained with a larger 
camera, are equally good or more favorable than 
the sharper lines with a small camera and we 
prefer thus large camera diameters in order to 
suppress aberrations of the second group. For 
visual observation the greater density gradients 
resulting with a small camera giving a dose 
pattern of fine lines is a distinct advantage. 


A Study of Oxide Cathodes] by X-Ray Diffraction Methods 

Part I. Methods, Co. .version Studies, and Thermal Expansion Coefficients 

A. Eisenstein* 

Radiation Laboratory ,f Massachusetts Institute of Technology , Cambridge , Massachusetts 
(Received November 13, 1945) 

Two methods are described for obtaining x-ray diffraction patterns of oxide-coated cathodes. 
One method is used in the study of the conversion process in forming the oxide cathode while 
the other method is utilized in measuring the thermal expansion coefficients of barium, 
strontium, and thorium oxides. The conversion of an equal molar barium-strontium carbonate 
solid solution, (BaSr)CO*, involves (1) crystal growth in the carbonate, (2) decomposition to 
the mixed oxides, BaO and SrO, (3) formation of the oxide solid solution, (BaSr)O, and (4) 
crystal growth in the oxide. A similar sequence of events is observed in the conversion of a 
mixed carbonate, BaCOj-f SrCO*. Crystal and particle size growth of carbonates and crystal 
growth of oxides are investigated and possible relationships are discussed. 


I. INTRODUCTION 

T HE thermionic emission properties of oxide 
cathodes are directly related to certain 
chemical and physical structures; it is, therefore, 
essential for future experimental and theoretical 
studies that an accurate description of these 
structures be available. X-ra^y and electron 
diflfiv tion'studies have ' Hen information re¬ 
gard n‘g the chemical nature and physical struc¬ 
ture jf active oxide coatings whiclTis obtainable 
by no other means. 

Burgers 1 showed that when a mechanical mix¬ 
ture of barium carbonate and strontium carbon¬ 
ate «vas decomposed in vacuum during the 
formation? of an oxide cathode, a simple conver- 

*Now at the Research Laboratory of Electronics, 
Massachusetts Institute of Technology. 

t This paper is based on work done for the Office of 
Scientific Research and Development under contract 
OEMsr-262 with the Radiation Laboratory, Massachusetts 
Institute of Technology. 

1 W. G. Burgers, Zeits. f. Physik 80, 352 (1933). 

1 See *.g., J/P. Blewett, J. App. Phys. 10, 668 (1939). 


sion to the mixed oxides, BaO and Sri), took 
place. Further heating caused the formation of a 
true solid solution, (BaSr)O, at a rate which was 
temperature dependent. The lattice constant of 
such a solid solution was found to vary linearly 
with composition and continuously from 100 
percent BaO to 100 percent SrO. Cathodes of 
(BaSr)O which were flashed at a high tempera¬ 
ture, when examined by x-rays, showed asym¬ 
metrical diffraction lines which were interpreted 
as indicating a preferential loss of BaO from the 
surface. 

Benjamin and Rooksby* found that a coating 
which was initially a carbonate solid solution, 
(BaSr)COa, decomposed to give an oxide solid 
solution, (BaSr)O. A plot of d.c. thermionic emis¬ 
sion versus relative proportions of BaO and SrO 
present in the solid solution indicated a depend¬ 
ence such that the optimum emission was ob- 


* M. Benjamin and H. P. Rooksby, Phil. Mag. 15, 810 
(1933). - 
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served from a composition of about 60 mole 
percent SrO-40 mole percent BaO. A later in¬ 
vestigation 4 pointed out the relationship between 
the physical state of the oxide and the thermionic 
emission: higher emissions were obtained when 
the oxide was homogeneous throughout than 
when it consisted of two or more phases. Benja¬ 
min, Huck, and Jenkins 5 used x-ray diffraction to 
supplement optical microscope and emission 
microscope data in a study of the physical state, 
crystal structure, and emission properties of 
coatings prepared under varied conditions. 

One hope for the diffraction type experiment 
has been to check the theory 6 of electron emission 
which supposed a nearly monomolecular layer of 
“free” alkali metal on the external surface of the 
semi-conductor oxide. Because of the relatively 
low penetrating power of electrons as compared to 
x-rays, electron diffraction methods arc best 
suited to the examination of surface layers. 
Gaertner, 7 using this method, confirmed the 
findings of Burgers: namely, that a cathode of 
bulk composition BaO and SrO has a surface of 
pure SrO, some 300 to 2000 atomic layers thick, 8 
formed immediately following the conversion 
from the carbonates. Darbvshire 9 found similar 
surface layers on cathodes of bulk composition 
(BaSr)O and SrO; however, cathodes converted 
from BaCOa gave surface patterns of BaO. 
Diffraction patterns taken during the conversion 
of the carbonate solid solution showed lines of 
only (BaSr)COs or (BaSr)O. If an adsorbed 
monomolecular surface layer of Ba were bound to 
underlying O lattice sites of SrO, it would be 
expected to give rise to a diffraction pattern 
differing from that of SrO only in relative line 
intensities. A comparison 10 of the SrO surface 
patterns from cathodes of (a) (BaSr)O and 
(b) SrO suggests the possible presence of an 
active layer in the first case. A more recent 
critical examination 8 of such patterns showed no 
evidence for the supposed active monomolecular 


4 M. Benjamin and H. P. Rooksby, Phil. Mag. 16, 519 
(1933). 

4 M. Benjamin, R. J. Huck, and R. O. Jenkins, Proc. 
Phys. Soc. 50, 345 (1938). 

1 J. A. Becker, Phvs. Rev. 34, 1323 (1929). 

»H. Gaertner, Phil. Mag. 19, 82 (1935). 

• H. Huber and S. Wagener, Zcits. f. tech. Physik 23, 1 
(1942) 

• J. A. Darbyshire, Proc. Phys. Soc. 50, 635 (1938). 

• 11 J, A. Darbyshire, Proc. Phys. Soc. 50, 964 (1938). 
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layer. One should regard both results with a 
degree of skepticism since (1) although a layer of 
Ba at lattice sites corresponding to the Sr of SrO 
has a scattering power of roughly twice that of 
Sr, it is only one of the some 20 surface layers 
contributing to the total scattering, and (2) an 
adsorbed layer of randomly spaced Ba would 
contribute only to the diffuse scattering. 

Part I of this paper will discuss methods which 
were found useful in the furthur study of oxide 
coated cathodes by x-ray methods. The applica¬ 
tion of these techniques to the study of chemical 
and physical changes during conversion will be 
presented as well as the application to measure¬ 
ments of the thermal expansion coefficients of the 
oxides. 


n. METHODS 

Since the oxides of barium and strontium are 
chemically unstable in an atmosphere containing 
carbon dioxide or water vapor, special techniques 
were required to permit diffraction patterns of 
the active cathode coatings to be taken without 
exposing the cathode to the atmosphere. Two 
methods were used: the first, which consisted 
essentially in guarding the cathode against 
atmospherics by a protective coating, is particu¬ 
larly applicable to the study of a great many 
different cathodes removed from vacuum tubes; 
the second, which employed a special x-ray 
diode, allows a detailed study of single cathodes 
as a function of processing and life. The first 
method may also be used to investigate changes 
which occur as a function of life if a separate 
cathode is used for each point studied. 

Although a method has been reported* for 
removing activated oxide cathodes from special 
test diodes to thin-wall, evacuated glass capil¬ 
laries for x-ray examination, this technique is not 
suited to the examination of large numbers of 
cathodes nor to cathodes processed in standard 
vacuum tubes. More easily adapted to this study 
is a method 8 consisting of opening the vacuum 
tube in an airtight glass-windowed manipulation 
box in which the atmosphere is maintained 
chemically inert by an adequate flow of carefully 
dried nitrogen.* Rubber glovts, attached to the 

* Aireo “Dry Nitrogen,'" 99.6 percent pure, passed 
through a H*S0 4 bubbler and two CaS0 4 drying towers. 
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box by the wrist bands, permit this operation. 
After cracking the tube, the cathode is dipped in 
a protective coating, several of which were 
investigated. Polystyrene in a CC1 4 solvent gave 
adequate protection during periods of low hu¬ 
midity and was superior to nitrocellulose prepa¬ 
rations. A special protective wax** coating was 
found to preserve the oxides without detectable 
chemical change for several days and in some 
instances for as long as three to four weeks. The 
use of the latter was generally adopted. Two 
weak diffraction lines are obtained from the wax 
corresponding to spacings of about 4.1 A and 
3.7A. Finally, the coated cathode was dipped in a 
suspension of tungsten powder in a nitrocellu¬ 
lose binder to provide a standard crystal size for 
calibration purposes. 

Figure t shows the ano<!r bfiSck of the special 
diod* des^ned to study ume changes occurring 
in a single cathode. The large beryllium*** exit 
window provides for the examination of diffracted 
rays up to 24° on either side of the incident beam. 
Primary radiation scattered from the entrance 
window is effectively checked by the built-in 
collimatqr tube, while scattering from the exit 
window fs stopped by a strip of lead placed just 
outside the window. The windows, collimator, and 
Kovar ring were soldered to the block with a 

* A low softening temperature wax of the cerasin type. 

*** Beryllium windows obtained from the Machlett 
Laboratories, Inc. Effective apertures and thicknesses, 
tf'X.020" and *"X.040". 


Ag-Cu eutectic alloy, without flux, in a H 2 
atmosphere. Two diode types were used: in the 
first (see Figs. 1 and 2) the cathode is arranged to 
slide from its position between the windows to 
the upper part of the block where it is centered in 
a cylindrical anode section for operation and 
testing. In the second diode type, the cathode is 
mounted rigidly on the glass press which is 
separated from the anode block by a ground glass 
connection. This type is pumped continuously; it 
is not designed for emission studies but is used 
only to determine the effect of temperature and 
time on coating materials. 

Since most of the cathodes which were sub¬ 
jected to diffraction analysis had an outside 
diameter of 3 mm, a 3-mmXO.S-mm collimator 
was used to provide a beam of nearly parallel 
x-rays incident over the semi-periphery of the 
cathode, Fig. 3A. Cameras of radius 4.70 cm 
were used in this study. As the sample was 
opaque to the characteristic radiation (filtered 
CuKa x-rays),* the diffraction pattern arose 
from conditions not generally utilized in x-ray 
analyses. Figure 3B shows a cathode of radius R f 
bathed in a parallel beam of radiation, scattering 
diffracted rays at an angle 20 with the incident 
direction. Because of the very high absorption of 
the coating and base metal, only those portions of 
the periphery contained in 5 and S' can contribute 

* Machlett type A-2 diffraction tube operated at 35 kv 
peak. 
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Flo. 2. Two types of x-ray diodes showing glass construction. 


to the scattering AB and A'B'. For 20 less than 
90°, the diffracted rays arc produced in two dis¬ 
crete areas so that inhomogeneities on the two 
sides of the irradiated cathode surface may be 
recognized by differences in the diffraction pattern 
on the two sides of the film. 

Several disadvantages are encountered in the 
use of large diameter cathodes for x-ray studies 
which were avoided by previous workers* who 
used thin coated wires. The wide collimator 
necessary to completely bathe the sample may 
permit the use of a large target focal spot area 
and produce blurred diffraction lines. However, 
by setting the collimator slit perpendicular to the 
target face and adjusting for the radiation at a 
small angle, sharp lines are obtained. The large 



sample diameter introduces an appreciable error 
in the diffracted line position as recorded on the 
photographic film. This is a non-linear correction 
which depends critically upon the centering of 
the cathode within the camera as well as on the 
shape of the sample so that the usual correction 11 
is not strictly applicable. From known diffraction 
lines recorded on each film from the protective 
wax, tungsten powder, and in some cases, the 
nickel base metal, a correction curve is obtained 
and applied to each unknown line position of the 
pattern. 

m. CONVERSION STUDIES 

That step in the processing of a vacuum tube 
in which the carbonate cathode coating is con- 


INCIDENT BEAM 



Fig. 3. (B). Showing effective scattering segments 
5 and S' for opaque sample. 

11 R. Glocker, Materialprufung rntt RontgenstrahUn (Ver- 
lagsbuchhandlung, Julius Springer, Berlin, 1936), p. 160. 
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verted to the oxide is generally considered critical 
and difficult to control. It is, indeed, this opera¬ 
tion and its relationship to previous and subse¬ 
quent treatment of the cathode materials that 
gives rise to the so-called “art of cathode making,” 
particularly, when optimum thermionic emission 
is desired. 

Benjamin, et a/., 6 reported the dependence of 
conversion rate and d.o. emission on the method 
of carbonate preparation which presumably 
allows variation in only the particle size. Thus, 
higher emission values were associated with small 
particle size carbonates which they believed 
convert to oxide particles of the same size. 
Although conversion and activation studies of 
mixed carbonates, BaC0 8 +SrCOs, are de¬ 
scribed 1 ’ 4 in some detail, a similar investigation 
of the conversion of the solid solution, (BaSr)C0 3 , 
is not reported. * Such a study should be of 
practical interest since solid solution carbonates 
are now used extensively in commercial vacuum 


Table I. Conversion schedule and heat treatment 
of (BaSr)COi cathodes. 


1 ime from 
previous 
step 

Maximum 

temperature 

Pressure 

Pattern Results 

60 min. 

450°C 

10~ 7 mm 

A No physical or chem¬ 
ical change in car¬ 
bonate coating 

1 

600 

io-* 

No change 

J 

700 

5X10' 4 

B Growth in carbonate 
try st a 1 size 

2 

740 

>io-» 

C Crystal growth, SrO 
lines present 

2 

795 

>io-» 

E-F BaCOs and SiO on 
one side, BaO and 
SrO on opposite 
side 

4 

810 

<10~* 

G B^P and SrO 

30 

Subsequent heating 
800 10~* 

i lecomposition 
i (BaSr)0 

120 

800 

10-* 

(BaSr)O 

5 

850 

10-* 

(BaSr)O 

5 

890 

10- 7 

(BaSr)O 

5 

940 

10~* 

(BaSr)O 

5 

l 

1000 

10~ 7 

(BaSr)O, large crys¬ 
tals 

5 

1050 

rafaga.- -; 

io-* 

J (BaSr)O, very large 

crystals 


tubes. In this report the conversion process shall 
refer to those steps in the processing of an oxide 
cathode which occur prior to the actual drawing 
of, emission current and shall include, therefore, 
has been referred to in the past as thermal 
if* 


activation of the oxide as well as decomposition 
of the carbonate. 

The conversion of an equal molar barium- 
strontium solid solution carbonate,* (BaSr)C0 8 , 
was studied by means of a series of x-ray diffrac¬ 
tion patterns. Each of a series of identical 
cathodes** was partially converted and stopped 
at a different point in a standard conversion 
schedule. Each cathode was mounted in a glass 
bulb which was evacuated by means of a three- 
stage oil diffusion pump. Following a 60-minute 
bake-out at 450°C, cathodes were heated to about 
700°C and held at that temperature until the 
carbon residue from the nitrocellulose coating 
binder was no longer visible. The heater current 
was then increased in regular steps, so chosen 
that complete decomposition would take place in 
about 15 minutes. Finally, each cathode was 
prepared for x-ray examination using the wax 
technique previously described. 

Table 1 shows temperature and pressure values 
recorded at the corresponding times the con¬ 
version schedule was interrupted and represents, 
therefore, a complete cathode conversion. Seven 
cathodes were given additional heat treatments 
indicated in the lower section of Table I. Each 
time and temperature listed represents the total 
treatment following the above decomposition 
schedule. Temperatures listed are based on 
uncorrected pyrometer readings made at the 
center of the cathode from which point the x-ray 
diffraction patterns were also taken. Values below 
750°C were obtained from an extrapolated heater 
wattage vs. temperature plot. An ionization 
gauge and d.c. amplifier with a maximum 
amplification of 1000 was used to measure the 
pressure in the vacuum system. 

Seven of the x-ray diffraction patterns listed in 
Table I are reproduced in Fig. 4A, B, C, E, F, G, I, 
and J. Pattern A of the coating, following a 
30-minute bake-out at 450°C, is identical with 
the original carbonate pattern except that scat¬ 
tering from the nitrocellulose binder is now 
missing. The small crystal size of the carbonate 
coating is reflected in the diffuse nature of the 
diffraction “lines.” All strong “lines” with the 

* Coating Type C51-2, obtained from the Raytheon 
Manufacturing Co., Newton, Massachusetts. 

** The cathodes were coated approximately 10 mg/cm*, 
8-mm coated length, on 3X14 mm indirectly heated, 
Grade “A” nickel sleeves. 


Journal of Applied Physics 



(BoSrJCOg 


|| (BaSr)C0 3 


SrO ll| II I 


75% BaO 
95% SrO 


(BoSr)O 


(BaSr)C 03 


II SrO 

w 

|| || | (BaSr)O 


Fig. 4. X-ray diffraction patterns of cathode samples. See text. 


exception of the one marked by an arrow are 
multiple diffraction lines. This may be seen by 
close inspection of B or M which are patterns of 
larger crystals of the same material. The origin of 
this multiple structure is not the presence of two 
or more solid solution phases since pure BaCOj 
in D dhows a similar multiple line pattern. 
Attention is called to this point, for although the 


multiple nature of some of these lines is recog¬ 
nized, w they are frequently 1 * treated as single 
reflections. Line breadth measurements for the 
determination of crystal size may thus be cor¬ 
rectly applied only to the single line indicated. It 
is evident from the somewhat sharper lines in 

“ J, M. Cork and S. L. Gerhard, Am. Min. 16, 71 (1931). 

M A.S.T.M. x-ray analysis card file. 
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pattern B of the cathode after 3 minutes at 
700°C that crystal growth has begun although 
no chemical transformation has occurred. Pattern 
C, taken after an additional 2 minutes at 740°C, 
shows the beginning of the decomposition process. 
Lines of both BaCO* and SrO are present indi¬ 
cating the decomposition of SrCO* at this stage. 
Figure 4E and F shows an interesting diffraction 
pattern of a cathode at the 795°C stage. One side 
of the cathode gave lines only of BaCO* and SrO 
while the opposite side, which was probably at a 
slightly higher temperature, had completely con¬ 
verted to BaO and SrO. Solid solution formation 
had begun since two phases are present, 95 per¬ 
cent SrO - 5 i»ercent BaO and 75 percent BaO - 
25 percent SrO. (To aid in the identification of 
these compounds, compare with D of pure 
BaCO*, II of pure SrO, and L of mixed crystals 
of BaO and SrO.) Inhomogencities over the 
cathode surface frequently appear during this 
stage. Because of the extreme temperature 
sensitivity of these processes, composition varia¬ 
tions are often encountered along the length of 
the coating. Pattern G, taken at the completion of 
the decomposition process at 810°C, also shows 
lines of the phases 95 percent SrO and 25 percent 
SrO. Subsequent heat treatment (Table I) shows 
that a homogeneous solid solution is formed in 30 
minutes at 800°C, Pattern I, or in 5 minutes 
at 850°C. 

For convenience in the further discussion of the 
conversion process a division into three separate 
stages will be made: (1) crystal growth in the 
carbonate prior to decomposition, (2) decomposi¬ 
tion end solid solution formation, and, (3) crystal 
growth in the oxide following decomposition. 

* v 

Dei ‘imposition and Soli-* jlution Formation 

Although the presence of lines of both BaCO* 
and SrO in Fig. 4C and F shows the complete 
decomposition of the SrCO* component of the 
•solid solution to SrO before the conversion of 
BaCOi reaches appreciable proportions, the exact 
mechanism of the process cannot be unambigu- 
ourly deathbed. Two mechanisms are suggested: 
(1) the dissociation of the carbonate solid solution 
into its separate components just prior to the 
conversion of SrCO*, or (2) the conversion to an 
oxide solid solution and the immediate recar- 
bonation of BaO in the conversion gasses. 


Since the conversion products of an initial 
solid solution carbonate were mixed crystals of 
BaO and SrO, the conversion study was extended 
to mixed carbonates which were reported 1 ’ 4 to 
yield the same conversion products. Pattern 4 -K 
is of a commercial mixed carbonate coating, RCA 
33C-133. This coating, when decomposed at 
800°C, using a conversion schedule similar to that 
for the solid solution carbonate, Table I, gave 
pattern 4 -L. Lines of BaO and SrO mixed 
crystals are present. The rate of solid solution 
formation was investigated in a scries of cathodes 
flashed, after decomposition, for 5 minutes at 
temperatures of 860°C, 900°C, 1000°C, 1050°C, 
and 1100°C. Only those patterns of cathodes 
flashed at 1000°C and above showed single lines 
characteristic of a solid solution. This relatively 
slow rate of solid solution formation is in agree¬ 
ment with the findings of others who report 1 - 4 
that formation from mixed carbonates requires 
up to an hour at 925°C. Broad lines were found in 
these patterns which were interpreted as repre¬ 
senting a range of solid solutions of near equal 
molar composition rather than as an indication 
of small crystal size. 

It appears then that in the conversion of mixed 
(BaCO*+SrCO») and solid solution (BaSr)CO* 
there is an increased rate of solid solution forma¬ 
tion and a greater homogeneity in the final oxide 
solid solution in the case of (BaSr)CO*. A com¬ 
parison of G and L, both mixed oxides which 
were decomposition products of (BaSr)CO* and 
(BaCO*+SrCO*), respectively, showed no differ¬ 
ence in crystal structure other than a possible 
variation in crystal size. 


Oxide Crystal Size 

Line breadth measurements made from micro¬ 
photometer tracings were used in the conven tional 
manner 14 to determine the average crystal size of 
carbonate and oxide samples. Corrections 14 for 
instrumental broadening effects were made from 
nearby large crystal tungsten lines. By means of 
this method the crystal size of both phase com¬ 
ponents of pattern G were found to lie between 
135 and 180A, whereas, those of pattern L are in 
the range 240 to 325A. Further heating at 


14 M. v. Laue, Zeits. f. Krfet. 64, 115 (1926). 
u B. E. Warren, J. Am. Ceram. Soc. 21,49 (1938). 
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Fig. 5. Idealized crystal size growth curves of carbonates 
and oxides of initial size a* growing at temperature 
Ti<Ti<Tm ,. 


temperatures below 940°C did not result in 
appreciable crystal growth although solid solu¬ 
tion formation did occur. Pattern I of the single 
oxide phase showed an average crystal size of 
180A and after 2 hours at 800°C the size was 
190A. Five minutes at 940°C gave a crystal size 
of 220A. Rapid growth occurs at 1050°C since the 
lines of pattern /, a cathode flashed for 5 
minutes at this temperature, showed a decided 
4 ‘grandness" which is indicative of crystal sizes in 
excess of 10~ 8 cm. This suggests that the differ¬ 
ence in crystal size of the mixed oxides, Fig. 4G 
and L, might be responsible for the observed 
differences in rate of formation and initial homo¬ 
geneity of the final oxide solid solution. This 
seems to be a reasonable explanation since the 
formation of a homogeneous solid solution with¬ 
out crystal growth requires the interchange of at 
least half the molecules of any one crystal with 
adjacent crystals, a diffusion process which is 
expected to be strongly dependent on crystal size 
and on temperature in the manner indicated. 

Carbonate Crystal Size 

Since it is known that growth occurs in many 
crystals at temperatures above 400°C, and a 
correlation between emission and carbonate par¬ 
ticle size is reported, 4 it was suspected that cer¬ 
tain cathode conversion techniques might be 
associated with just such a particle growth to an 
optimum size. Three commercially prepared 
cathode coatings, (1) an equal molar (BaSr)COj,* 
(2) BaCOi ** and (3) SrCOi** were heat treated 

• Baker No. 3 Radio Mixture. . 

** Obtained from Raytheon Manufacturing Company. 


in a muffle furnace at temperatures of 450°C to 
1050°C for times of from 5 minutes to 7 hours. 
These dry coatings were held in an enclosed 
nickel boat during treatment. X-ray diffraction 
patterns and photomicrographs were taken to 
measure both crystal and particle size of these 
samples. It should be noted that, although in 
some cases the crystal and particle sizes of a 
sample are identical, particles usually consist of 
a conglomerate of crystals, the size of which may 
be smaller by several orders of magnitude. Many 
of the samples heat treated above 600°C had 
crystal sizes in excess of 10“* cm; hence, only 
semi-qualitative observations could be made 
based on the spot size 18 or on the degree of 
"graininess" of the diffraction lines. With heat 
treatment above 500°C, the crystal sizes of all 
three coatings were found to grow and to reach an 
equilibrium size which depended primarily on the 
temperature. This is a behavior which was ob¬ 
served in the growth of magnesium oxide 17 
crystals as well as carbon black particles. 18 
Idealized growth curves are shown in Fig. 5. Both 
the equilibrium size and growth rate are seen to 
increase with temperature. At 500°C all three 
coatings were found to increase from an initial 
crystal size of about 250A to greater than 10-* cm 
in several hours, whereas at 600°C, a similar 
growth occurs in about IS minutes. Still larger 
crystals were grown at higher temperatures by 
heating in an atmosphere of COa to prevent 


decomposition. 

The simultaneous growth of particle size may 
be seen in Fig. 6 which shows photomicrographs 
of BaC0 8 initially and after heating at 500°C for 
15 minutes and 4 hours. A microscope magnifica¬ 
tion of 440X gives an over-all enlargement of l.S 
microns per division. Table II lists the minimum, 
average, and maximum size of the particles 
before and after treatment at S00°C and 600°C. 

Thus, it seems that the average crystal size of 
untreated carbonates is in some cases less than 
1/100 of the measured particle size; however, 
after growth (sec Fig. 6), the particles appear to 
be single crystals. Particle growth at 600 C takes 
place about three times as rapidly as is observed 


i« G. L. Clark, Applied X-Rays (McGraw-Hill Book 
ompany, Inc., New York, 1940), N 

it jTa. Neuendorffer, M.I.T. Thesis (1941). 

is). Biscoe and B. E. Warren, J. App. Phys. 13, 364 
942). 
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Fig. x Growth in particle size of BaCOs induced by heat 
treatment. (A) Initial carbonate, (B) 15 min. at 500°C, 
(C) 4 hr. at 500°C. Magnification 1.5 microns per division. 

at 500°C. Samples heated at 450°C showed only a 
slight increase in size. 

^tt^mpH made to influence the oxide crystal 
size by pretreatment of the carbonate or by 
variations in the conversion schedule were not 
successful. As with the carbonate, the crystal size 
of the oxide approached an equilibrium value 
which depended primarily on the temperature. In 
the temperature range of crystal growth this 

4^2 


equilibrium size is reached in a matter of minutes 
so that the oxide crystal size can be,cxpressed 
solely as a function of the maximum cathode 
temperature reached at any time during life. 
Cathodes converted at 800°C and flashed momen¬ 
tarily at 1000°C have crystals of a size charac¬ 
teristic of those converted at 1000°C, Fig. 4J. 

A further indication of the unrelated nature of 
the carbonate and oxide crystal size is seen by 
comparing (BaSr)CO a heated to 800°C in COa to 
prevent conversion and (BaSr)O converted from 
this large crystal carbonate at the same tempera¬ 
ture in vacuum. The carbonate equilibrium size 
appears to be at least an order of magnitude 
larger than the equilibrium size of the oxide at 
the same temperature, big. 4M and N. 

No evidence was found to indicate a change in 
crystal si/e during the normal life of an oxide 
cathode provided that the initial maximum 
cathode temperature is not exceeded. 

it has been shown that (1) both the carbonate 
crystal size and particle size begin to increase at 
about 500°C and approach equilibrium values 
which depend on the time and temperature of 
treatment, (2) a similar crystal giowth in the 
oxide solid solution begins at about 950°C, and 
(3) the oxide crystal size depends primarily on 
the maximum temperature of treatment above 
950°C and bears no relationship to the crystal or 
particle size of the carbonate from which it was 
formed. It is probable, therefore, that no correla¬ 
tion exists between carbonate particle size and 
oxide particle size. Thus, it is difficult to see how T 
the emission can depend upon the carbonate 
particle size in a fundamental manner. 

IV. THERMAL EXPANSION COEFFICIENTS 

The adherence of coating to base metal is an 
important parameter in the study of the thermi¬ 
onic emission of a variety of oxide coating, base 
metal combinations. For example, BaCO» on a 
chrome-plated nickel sleeve converted to BaO in 
vacuum at a relatively low temperature was 
found to fall from the sleeve on cooling, sug¬ 
gesting a possible difference in the coefficients of 
expansion of BaO and Cr. It was noted, however, 
that if this cathode was heated to a high temper¬ 
ature, the adherence was improved. A similarly 
poor bonding between base metal and coating has 
been observed in the case of ThO* on W. 
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Values of the thermal coefficients of expansion 
of most of the alkaline earth oxides not reported 
were determined in the following manner. The 
oxide or carbonate to be tested was sprayed on a 
cathode sleeve and mounted in a continuously 
pumped, demountable x-ray diode (Fig. 2). The 
diode was rigidly mounted with respect to the 
x-ray tube, collimator, and camera and sealed to 
a high vacuum system. With this arrangement 
one x-ray diffraction pattern was taken of the 
oxide at room temperature and a second at some 
elevated temperature, usually 875°C. The frac¬ 
tional change of lattice constant A d/d with 
temperature A7" is simply 19 the coefficient of 

Table II. Particle growth in carbonate at 
500°C and 600°C. 


HaCOi SrCOi (BaSr)COi 


I mu* 

Mm 

\\ 

Max 

Mm. 

Av. 

Max 

Min 

Av 

Max 

0 min. 

0.5/4 

2m 

4m 

0.5m 

500°C 

2m 

4m 

1m 


9m 

15 min. 

1 

3 

6 

1 

3 

5 

1.5 

3 

6 

4 hr. 

1.5 

4 

8 

2 

600°C 

5 

11 

2 

5 

10 

5 min. 

1.5 

2 5 

7 

i 

3 

5 

1.5 

5 

12 

15 min. 

1.8 

3 

7 

1.5 

4.5 

12 

2 

9 

20 


expansion for crystals having a cubic structure. 
With this method the lattice constant can be 
measured to an accuracy of 0.2 percent and since 
the change in this parameter is about 1.5 percent 
at 875°C for BaO, an over-all accuracy of about 
15 percent is indicated. 

Values of the linear coefficient of thermal ex¬ 
pansion thus obtained for the various coatings 

19 A. H. Compton and S. K. Allison, X-Rays in Theory 
and Experiment (D. Van Nostrand Co., Inc., New York, 
1935), p. 682. 


tested are shown in Table III. Reported values 
for metals which are used for base metals are 
also shown in this table. Two factors should be 
considered in attempting to correlate expansion 
coefficients and bonding properties: (1) the values 
given in Table III described the true crystal 
expansion and represent, therefore, the maximum 

Fable III. Linear expansion coefficients of oxide 
coatings and base metals. 


Material 

Ad/</A/X 10* 

Sr<)~ 

™~32.5±2.6 

(BaSr)O 

26.6 ±3.0 

BaO 

17.8±2.1 

ThOa 

11.3±0.4 

Nickel 

13.5 

Platinum 

9.0 

Copper 

16.1 

Tungsten 

4.6 


value that would be encountered in a low density 
sprayed coating, and (2) if an interface layer of 
different composition 20 is present between the 
coating and base metal, the adherence will 
depend on the interface coefficient as well. It is 
interesting to note, however, that the oxides have 
larger coefficients than their respective base 
metals so there is a gripping action of the coating 
on cooling. 

No structural change other than that caused by 
the lattice expansion was observed in the patterns 
of the coatings at 875°C. 

The author is indebted to Dr. E. A. Coomes 
and members of the Cathode Research Group for 
valuable suggestions and assistance during the 
course of this investigation. The photomicro¬ 
graphs in Fig. 6 were kindly prepared by Mr. 
C. D. Prater of the Bartol Research Foundation. 

» H. D. Arnold, Phys. Rev. 16, 70 (1920); A. Gchrts, 
Zeits. f. tech. Physik 11, 246 (1930). 
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Methods for Betatron or Synchrotron Beam Removal 

Eugene C. Crittenden, Jr.* and William E. Parkins 
Radiation Laboratory , University of California , Berkeley , California 
(Received January 9, 1946) 

Two methods for bringing out a partially collimated electron beam from a betatron or 
synchrotron are discussed. Both of the methods become easier as the size of the accelerator is 
increased. One method makes use of a perturbing magnetic field to focus the electrons as they 
arc made to leave the field of the accelerator by means of orbit expansion. The other method 
makes use of a pulsed deflecting system where the deflecting field is applied during a time 
short compared to the period of revolution of the electrons. 


/ T'0 date devices of the betatron and synchro- 
■A tron 1,1 type for accelerating electrons to 
high energies have not been adapted to bringing 
the electrons out in a beam for study, but rather 
have made use of the x-rays produced by the 
electrons striking some internal target. In the 
following, two methods are described which may 
be used to eject a partially collimated electron 
beam from such devices. These methods are 
made practical by the increased size of the present 
largest instruments in use or under construction. 
No experimental test has been made of the pro¬ 
posals, but the current'importance of the beam 



Fig. !* Magnetic field to be expected at the edge of a 
synchrotron magnet of 1-meter orbit radius, based on data 
from a i vAtle direct current model magnet. The dotted line 
represents the field as perturbed by the coil of Fig. 3a with 
a current of 510 amperes. 

* On leave from Case School of Applied Science, Cleve¬ 
land, Ohio. 

1 E. M. McMillan, Phys. Rev. 68, 143 (1945). 

1 V. Veksler, J. Phys. U.S.S.R. 9, 153 (1945). 


removal problem has prompted submitting them 
without awaiting construction of d suitable appa¬ 
ratus at the Radiation Laboratory. The methods 
are suggested in connection with the removal of 
an electron beam although they may be equally 
useful when applied to ion beams, as in a fre¬ 
quency modulated cyclotron. They may be em¬ 
ployed to advantage in any accelerating device 
using a magnetic field to restrain charged par¬ 
ticles to move in cyclic paths such that the radial 
displacement from one turn to the next is nor¬ 
mally small. 

The magnetic field at any instant of time is 
usually expressed as: 

JJ=JJ 0 (r 0 /r)", 

where r is the distance from the center of the 
system, II 0 is the magnetic field at some fixed 
distance r 0 from the center of the system, and n 
is a dimensionless constant. At the edges of the 
pole face the field varies in a manner to which this 
form is not well suited since Ho , fo» and n must all 
be considered variable. However «, represented 
as the negative of the slope of a log II versus log r 
plot, remains a useful quantity. 

As the electron orbits are slowly expanded, as 
in the betatron by means of expanding coils, or 
in the synchrotron by means of turning off the 
oscillator at a time after the occurrence of peak 
magnetic field, the electrons will ultimately reach 
a value of r at which their orbits become unstable. 
The solid curve in Fig. 1 is typical of the field 
near the pole face edge in the median plane of the 
gap. Here instability occurs at point A, where 
»**1, if the electron has zero radial oscillation 
amplitude about its instantaneous orbit. If the 
electron has an appreciable radial oscillation 
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Fig. 2. Predicted electron trajectories for the magnetic field of Fig. 1 with a perturbed field given by the 

dotted line of Fig. 1 over 78° of azimuth. 


amplitude, it will be released somewhat earlier in 
time. This condition is illustrated in Fig. 1 by an 
electron which has its instantaneous orbit at B, 
but by virtue of radial oscillation reaches a point 
of instability, C, determined by the intersection 
of the magnetic field curve and a straight line of 
slope —1 passing through B. AfterVelease the 
electrons move outward with increasing radial 
velocity. If allowed to continue, they leave the 
magnetic field of the accelerator producing a 
sheet of energetic electrons spread uniformly 
through 360° of azimuth. 

The shape of magnetic field ordinarily en¬ 
countered in a betatron or synchrotron is such 
that after an electron has passed a value of r 
about J percent greater than r at the edge of 
instability, its value of r increases another one 
percent in traveling about 180° of azimuth. In a 
large accelerator this radial velocity is a con¬ 
venient one for handling the released electrons in 
a focusing field. If the magnetic field is altered 
over a small range of azimuth in a manner 
similar to that represented by the dotted line in 
Fig. 1, the electrons can be made to emerge as a 
partially collimated beam. The electrons could be 
similarly handled in an electric field but proper 
shaping of an electric field seems to have more 
practical difficulties. 

To illustrate a focusing scheme, results of cal¬ 
culations on one arrangement planned for a 


particular application will be described here. A 
perturbed field corresponding to the dotted line 
of Fig. 1 was employed over a range of 78° in 
azimuth. The electron trajectories were deter¬ 
mined by the graphical method described in the 
paper immediately following. Figure 2 shows the 
trajectories for electrons of zero radial oscillation 
amplitude. The unperturbed magnetic field em¬ 
ployed was that observed in a i-scale model of 
the magnet for a synchrotron of 1-meter radius. 
The perturbing field producing the focusing 
effects was the calculated field produced by the 
array of conductors shown in Fig. 3a where each 
conductor carries 510 amperes. The wires were 
arranged in a plane to permit construction by 
firing silver conductors into grooves in flat 
ceramic plates, thus assuring good mechanical 
support. The particular array was chosen to give 
negligible perturbing field inside the region of 
stability and to have a field profile giving small 
aberration, i.e., focusing effects too strong or too 
weak for electrons entering the perturbed region 
at the average radial displacement. This array of 
conductors gives a usable field depth of 1.0 cm in 
the axial direction. To avoid excessive values of 
the average power dissipation the coil need only 
be pulsed for a few microseconds when the 
electrons are expanding over the edge of insta¬ 
bility. The use of local iron to produce the 
focusing field would avoid the complication of an 
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SCALE IN CENTIMETER 

Fig. 3. (a) Cross section of the conductor array used to 
produce the perturbing field. Numbering from left to right, 
wires 1, 5, 6, and 7 carry current into the pap*-, wires 2, 3, 
and 4 carry current out of the page, (b) Cros* section of a 
deflecting electrode. The center of the magnet lies to the 
left for both diagrams. 

electric pulsing circuit but has difficulties with 
regard to mechanical support, production of a 
correctly shaped field, and flexibility of adjust¬ 
ment. The axial defocusing inherent in the region 
of negative n occurring over a part of the dotted 
line of Fig. 1 is not serious because of the small 
path length of an electron in this field. 

Figure 2 indicates that all trajectories origi¬ 
nating in a range of azimuth of 174° would be 
brought into a beam crossing r = 108.0 cm within 
a range of azimuth of 16°. This beam would 
consequently contain 48 percent of the acceler¬ 
ated electrons. Tracing these rays out to where 
the field is zero predicts a beam with an angular 
divergence of 17°. In this example the inner edge 
of the region of perturbed field was placed at 
r=* 106.5 cm whereas n = 1 at r = 106.1 cm. This 
was done to avoid introducing a perturbation in 
the orbits of radially oscillating electrons before 
they reached their edge of instV* 'Ity. Electrons 
which have >Mr edge of instability at r = 106.S 
cm would have a radial oscillation amplitude 
corresponding to a beam l.S cm wide in a region 
where n « J. These electrons are properly focused 
by tHfe same coil but a current of 440 amperes is 
required in place of the 510 amperes for non- 
oscillating electrons. Since radially oscillating 
electrons ane K released early and at a time de¬ 
pendent on their amplitude, a properly varying 
current in the focusing coil could serve for all 
electrons. 

If the maximum amplitude of radial oscillation 

proves to t>e less than the value assumed, which 
♦ 
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seems likely, the edge of the perturbing field 
could be moved closer to the circle at which n= 1. 
This would increase the fraction of the acceler¬ 
ated electrons appearing in the beam. An upper 
limit to the improvement attainable would be 
reached when the electrons began to pass through 
the outer edge of the perturbing field on the 
second revolution. 

A modification which has some possibility for 
increasing the fraction of the electrons appearing 
in the beam, but that is difficult to evaluate 
without actual trial, is the application of a field 
variation in the region of the expanding orbits, 
over a small azimuthal range. The disturbance 
produced in the orbital motion during expansion 
might be such as to cause the electrons to exhibit 
a preferential range of azimuth in which they 
would cross their edge of instability. If this range 
were so located as to lie within the range from 
which electrons are successfully focused, an 
increase in the fraction of the electrons in the 
beam would result. 

The second method to be discussed for pro¬ 
ducing a collimated beam of electrons is in effect 
an extreme case of concentrating the range of 
azimuth in which electrons pass into the region 
of instability. For large accelerators it seems 
probable this method could produce a fairly well 
collimated beam without the help of an auxiliary 
focusing field. By allowing the orbits to expand 
almost to their edge of instability, deflection of 
the entire beam could be accomplished with a 
reasonable electric or magnetic field, provided 
this field could be applied in the form of a flat 
topped pulse, rising in a time short compared to 
the period of the electrons. The fraction of the 
total number of electrons brought into a colli¬ 
mated beam would depend on the degree to which 
the electrical problems could be solved. 

As an example, one possible solution would be 
the use of a charged transmission line of electrical 
length at least half the circumference of the 
accelerator, connected by means of spark dis¬ 
charge to an electric deflecting plate. The de¬ 
flecting plate should resemble as nearly as possible 
a short continuation of the transmission line and 
be connected at its extreme end to a terminating 
resistance equal to the characteristic impedance 
of the transmission line. The time of firing of the 
spark is not critical and breakdown times of the 
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order of 10"~ 9 second are known to be possible. If 
employed on an accelerator having a 1-meter 
orbit radius, where the period of the electrons is 
2 X10“® second, this method should yield a 
reasonable fraction of the electrons in a collimated 
beam. 

To illustrate the degree of collimation pro¬ 
duced by such a deflector, consider the electrode 
structure shown in Fig. 3b. Such an arrangement 
should be constructed to spiral outward at the 
rate required to keep the deflected beam nearly 
grazing the inner electrode. With +80 kv applied 
to the transmission line, approximately +40 kv 
would appear on the inner electrode, and would 
give a fairly uniform electric field of 37,000 volts 
per cm in the region just to the left of the inner 
electrode. If the electrode is so connected that the 
conventional current flows in the direction oppo¬ 
site to the direction of motion of the electrons to 
be deflected, the magnetic field due to the current 
assists the deflection and is quite uniform in the 
region occupied by the beam. In the geometry 
considered here the force on a beam electron due 
to the magnetic field produced by current in the 
deflector will be almost 40 percent of the total 
deflecting force. For the deflecting electrode 
occupying 40° of azimuth and in the unperturbed 
magnetic field given by the solid line of Fig. 1, 
suppose the deflecting potential is applied at a 


time when the electron beam has expanded until 
its center lies 0.6 cm inside the circle at which 
n*= 1. In this case, considering both electric and 
magnetic fields produced by the deflector, 
graphical ray tracing predicts an angular diver¬ 
gence of 18° in the emergent beam for an internal 
beam width of 0.5 cm at the deflector. This 
corresponds to a beam 0.4 cm wide in an w = | 
region. The angular divergence decreases ap¬ 
proximately linearly with internal beam width 
and decreases with increasing applied voltage. 

The foregoing has pointed out how electron 
beams might be withdrawn from large acceler¬ 
ators of the betatron or synchrotron type. One 
scheme uses a magnetic lens to concentrate 
electrons leaving with 360° spread in azimuth, 
the other employs a deflector which starts the 
outward motion in a small range of azimuth. At 
present the lens apjx a ars to be a slightly more 
effective and practical solution. If beam intensity 
and collimation were prime considerations, it is 
conceivable a combination of deflector and lens 
would comprise the best arrangement. These 
methods are not restricted to use with an electron 
beam but may be valuable when employed with 
an ion beam, such as is produced in a cyclotron. 

The authors wish to acknowledge the informa¬ 
tion and advice given in connection with this 
problem by Professor E. M. McMillan. 


A Graphical Method for Determining Particle Trajectories 

William E. Parkins and Eugene C. Crittenden, Jr. 

Radiation laboratory, University of California , Berkeley , California 
(Received January 9, 1946) 

A graphical ray tracing scheme is described which gives improved accuracy for tracing 
particle orbits of the type encountered in the cyclotron, betatron, and synchrotron. The 
method allows a large increase in scale factor by elimination of the necessity of a compass arm. 
The motion of the particle is deduced from the motion of a working point, related to the 
instantaneous center of curvature of the particle orbit. 


A T present there is an increasing number of 
applications for controlling the motion of 
charged particles by electric and magnetic fields. 
Except in simple cases the problem of determining 
trajectories is difficult. A graphical method is 
described here Which is applicable in instances 


where the motion is essentially confined to a 
plane and where the radius of curvature of the 
particle is known as a function of space coordi¬ 
nates. In particular the method is useful for 
problems of motion of charged particles in devices 
similar to the cyclotron and betatron. 
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A graphical method in common use employs 
step-wise construction of the trajectory. A com¬ 
pass is set for a radius corresponding to the initial 
radius of curvature of path and placed on a 
layout of the coordinate system so that the com¬ 
pass arm extends normal to the initial path 
direction. Then the compass is swung through 
some angle which would bring the particle to a 
coordinate position where its radius of curvature 
is slightly changed. Here the compass arm length 
is changed correspondingly by moving its center 
without changing the arm position. Tracing may 
be continued by repeating the process of drawing 
a small arc and adjusting to a new radius of 
curvature. By taking sufficiently small steps any 
desired accuracy may be obtained within the 
mechanical limits of error of the graphical tech¬ 
nique. But even this limitation may be reduced 
by using larger scale drawing instruments, and 
the method only breaks down when the accuracy 
required makes it too cumbersome to be practical. 

In order to eliminate the cumbersome feature, 
the compass arm, a new system has been devised 
which essentially deduces the trajectory from the 
motion of the center of curvature of the particle. 
In cases where the center of curvature and origin 
remain within a region of dimensions small com¬ 
pared to the radii of curvature, any plot of the 
motion of the center of curvature can be done to a 
much larger scale than the particle trajectory. 
Qualitatively the method depends on determi¬ 
nation of the progress of the particle in a polar 
coordinate system from the motion of a “working** 
point which is related to the center of curvature 
and rotated about the origin. 

In practice the method can be carried out as 
follows. \ piece of tracing pa*' - ^placed over a 
piece oi graph paper seiui.g as a rectangular 

stuck through some 
point designated as origin and into a drayring 
board below permitting rotation of the tracing 
paper with respect to the graph paper about this 
center. A working point is plotted on the tracing 
paper with Cartesian coordinates, x^rx sin aj 
and yi^ri—Ri, where r lf Ri, and ai are known 
from the initial conditions of the particle and the 
properties of the field and represent, respectively, 
the polar coordinate radius of the particle, its 
rduius of curvature, and the angle from the polar 
coordinate radius to the fine connecting the 




Fig. 1 . Typical path of the working point shown projected 
through the tracing paper onto the coordinate paper. 

particle and its center of curvature. A reference 
mark is also made to indicate the initial angular 
position of the tracing paper. Assuming the 
particle is traveling in an r, 0 coordinate system, 
but the working point in a Cartesian system, 
some convenient increment of r is chosen and the 
tracing paper rotated until the working point 
moves a y distance equal to the chosen increment 
Air. The proper rotation of the tracing paper is in 
the direction opposite to the direction of rotation 
of the particle. It is as though the polar system 
in which the particle moves rotates at the proper 
rate to keep the particle on the positive y axis of 
the Cartesian system, while one origin is common 
to both systems. At this new setting an angular 
reference mark is made to determine the change 
in 0 . The particle can now be assumed to be at 
ri+Air and 0i+Ai<£ where Ai <t> was the angular 
rotation of the tracing paper. For this new 
location the radius of curvature, /?*, is computed 
from a knowledge of field conditions. Without 
moving the tracing paper a new working point is 
plotted with y coordinate equal to r 2 — R* where 
r 2 =rAir, and x coordinate the same as the new 
x value possessed by the first working point. The 
paper is rotated again to change the y coordinate 
cA second working point by Atr and an angular 

reference mark made. It is advisable to keep the 
increments of r some constant and convenient 
value as much as possible and to number suc¬ 
cessive angular reference marks together with the 
working points. This process is repeated while 
the progress of the particle in r and 8 is tabulated, 
to be plotted later if desired. Figure 1 shows the 
type of pattern which would be produced if the 
path of the working point were projected tlpough 
the tracing paper onto the coordinate paper. 

joor 



If the field is a function of 0 instead of r, or of 
both coordinates, it may be more convenient to 
use fixed increments of 0. Should the field be a 
function of 0 alone, values of R computed for each 
increment of 0 can serve to trace a variety of 
particles with different initial conditions. For a 
field which is a function of r alone, a single table 
of r—R values can be used for different initial 
conditions. The value of R computed should be 
for some point within the interval concerned. 
Half-way points are sufficiently accurate except 
when the particle is passing a maximum within 
the interval. Here interpolation is recommended. 

Consideration of the errors involved leads to 
the following. If the working point had been 
located at the center of curvature, its coordinates 
would have been: 

x — R sin a, 
y — r — R cos a. 

To introduce no errors, the change in r, 0, and a 
of the particle must be exactly determined by the 
change in x and y of the working point during 
rotation of the tracing paper. It can be shown 
this is true here for a sufficiently small rotation 
only if 

dr = (r/R cos a)dy. 

Hence, use of the center of curvature as the work¬ 
ing point requires that A r be calculated from A y 
by use of r, R , and a . In cases where R/r is nearly 
one and a nearly zero this correction is hardly 
worth while, A more important consideration in 
the choice of working point coordinates is the 
difficulty of calculating them for each point 
plotted. Since r and a remain constant and R 
changes each time a new working point is plotted, 
use of the equations for the center of curvature to 
locate the working point proves inconvenient. 

Suppose the coordinates of the working point 
were 

x*=*r sin a, 
y«r cos a— R. 

Here an exact determination of r, 0, and a can be 
shown to require 

d0* (R/r) cos otdifii 
dr=(R/r)dy. 

This choice has,the disadvantage that A0 must be 
calculated from A$ and Ar from Ay, unless R/r 


is sufficiently near one and a sufficiently near 
zero. However a more than compensating feature 
lies in the fact that the x coordinate of each new 
working point is identical to the final x coordinate 
of the preceding point and the y coordinate is 
changed only by AR, the difference in R for the 
two intervals. If a procedure is desired which is 
exact regardless of the value of R/r or a, this last 
choice of working point coordinates is recom¬ 
mended. Use of sufficiently small intervals in 
plotting will determine a trajectory subject only 
to errors in graphical technique. 

In the detailed description of the method the 
working point coordinates were given as 

x=r sin a , 

y — r—R. 

The errors arising from the simplified use outlined 
for this choice of coordinates can be judged by 
comparison to the exact procedure just men¬ 
tioned. The differences are r—R replaces 
rcosa—R for the y coordinate of the working 
point, dB is assumed equal to dfy thus neglecting 
the (R/r) cos a factor, and dr is assumed equal to 
dy neglecting the R/r factor. These differences all 
become negligible as R/r approaches one and a 
approaches zero. Errors of course are cumulative 
but the net error is usually reduced by R/r as¬ 
suming values both greater than and less than one. 

The advantage of the method discussed over 
the usual graphical method lies in the large 
increase in scale factor which can be employed in 
many instances. Such increased scale factors are 
possible when the center of curvature for the 
trajectory of the particle remains within a region 
of dimensions small compared to the radii of 
curvature. It is also true that under these con¬ 
ditions a will be small and R/r near unity 
contributing to the accuracy of the more rapid 
approximate scheme for locating and using the 
working points. This type of trajectory is charac¬ 
teristic of particle motion in the cyclotron, 
betatron, and synchrotron. Cases are not uncom¬ 
mon in which the motion permits a scale factor 
corresponding to an effective compass arm length 
of the order of 100 meters, and yet the tracing 
diagram is made on a sheet of notebook size paper. 

The authors wish to acknowledge the assistance 
of Mr. Leslie L. Foldy in checking the expressions 
presented. 
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Analyses of Mixtures of Light Gases by Infra-Red Absorption 

Norman D. Coggrshali. and Elfanor L. Sairr 
Gulf Research and Development Company, Pittsburgh , Pennsylvania 
(Received January 17, 1946) 

A discussion is given of the application of infra-red absorption methods of analysis for light 
gases which do not obey Beer’s law of absorption due to pressure broadening Some of these 
gases do not obey Beer's law in the pure state or when contaminated by foreign gases. The 
method of anal) bis depends upon the nature and intensity of the pressure bioadening effect ol 
the different components in the sample upon each other. Data are piesented showing the 
nature of some of these effects and illustrating the accuracy obtainable for certain t\pes of 
anal\ses. The instiumentation used in routine gas anal)ses b\ infia-red in this laboratory is 
descrilied. 


I N the last few years there has bee* an intensi¬ 
fied application of infra-red absoiption spec¬ 
trometry to problems of chemical analysis . 1 ^ 4 
The technique is now being successfully applied 
to the analysis of mixtures in the gas and liquid 
phase and to identification and studies of mo¬ 
lecular structure for materials in all phases. One 
application that has been of partic ular economic 
importance recently is gas analysis. Brattain, 
Rasmussen, and Cravath 2 published what was 
perhaps the first detailed procedure for multi¬ 
component gas mixtures wherein they were 
interested in the four-carbon hydrocarbons. The 
same technique, which is based on the principle 
that the compounds present obey Beer’s law of 
absorption, may be applied to other gas mixtures. 
These may be of C# hydrocarbons, i.e., pentanes 
and pentenes as well as many others. 

sensitive Galvanometer 
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Fig. 1 NuQ. circuit used to measure radiation intensities. 
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1 Barnes*, Oore, Liddel, and Williams, Infra-Red Spectro¬ 
scopy (Reinhold Publishing Corporation, New York, 1944). 

* Brattain, Rasmussen, and Cravath, J. App. Phys. 14, 
418 (1943). 

* Norman Wright, Ind. Eng. Chem. Anal. Ed. 13,1 (1941). 
4 April-May, 1944 issue of Transactions of the Faraday 

jbetefy’devotedjto “The Application of Infra-Red Spectra 
to Chemical Problems." 



Beer’s law of absorption states that 

( 1 ) 

where 1 is the intensity of light of a particular 
wave-length transmitted by a sample of material, 
/o is the intensity of light of the same wave-length 
incident upon the sample, a is a constant which 
depends upon the material in the sample and the 
wave-length under investigation, l is the thick¬ 
ness of the sample, and p represents the concen¬ 
tration of the material in the sample which in 
case of gas would be the pressure. The constant 
a may assume different values depending upon 
what system of units is used for l and p. 

For the successful application of the method 
of Brattain and others 2 to multicomponent mix¬ 
tures, such that there is appreciable overlapping 
of the absorption bands of the different compo¬ 
nents, it is very important that each obey Beer’s 
law of absorption. This is true for the mixtures 
named above as well as for others in both the 
gas and liquid phase. However, for some of the 
light gases such as CO, C0 2 , SO*, CH 4 , N 2 0, 
HC1, etc., Beer’s law is not obeyed and a some¬ 
what different technique must be used. For these 
gases, the light absorption depends upon the 
total pressure in the absorption cell as well as 
the partial pressures of the absorbing materials. 
For example, a cell, containing 10 cm of Hg 
pressure of methane alone, will not absorb the 
same as if the cell had in addition to the same 
pressure of methane a partial pressure of some 
gas such as H 2 which does not absorb in the 
infra-red. More will be said about this later. 

This anomalous pressure dependence of the 
absorption of the light gases has been known for 
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Fl(, 2 Absoi ption cell assembly 


some time and various investigators have studied 
the effect in different materials. 6- ® D. M. Denni¬ 
son has made a theoretical study of the factors 
affecting the shape and intensities of infra-red 
absorption lines. 10 His results are based on the 
assumption that the principal factor in the 
broadening of an absoi ption line is the limitation 
of the length of wave train a molecule may 
absorb due to its perturbation by thermal colli¬ 
sions. He found that the absorption depends 
upon the number of molecules per unit volume, 
the temperature of the gas, and the effective 
molecular diameters. Experimental work was 
done by Cross and Daniels on the absorption of 
nitrous oxide as influenced by foreign gases. In 
line with Dennison’s results they analyzed their 
data to obtain “optical” collision diameters for 
the foreign gases. 


6 Eva. v. Bahr, Ann. d. PhysikM, 780 (1909): 1Physik. 
Zeits. 33, 585 (1910); Verh. d. D.Phys. Ges. 15, ,710 (1913). 
* G. Hertz, Verh. d. D. Phys. Ges. 15, 673 (1913). 

» C. Schafer and F. Matossi, Das UUra-Rote Spectrum 


•Other references can be found in article:■ Njelsen, 
Thornton, and Dale, Rev. Mod. Phys. 1Ul, 307 (19 4 4). 

» D. M. Dennison, Phys. Rev. 31, 503 (1928). 



Fig. 3. Infra-red spectrometer used with added cell 
positioning equipment. 

The data given below will illustrate the pres¬ 
sure broadening and how it is encountered in the 
making of actual analyses for some of the light 
gases. Several cases, for example, in the pe¬ 
troleum industry wherein it is desirable to make 
such analyses, are* hydrogen rich gases such as 
are encountered in hydroforming, flue gas from 
a catalytic cracking unit, and burn-off gases from 
catalyst regeneration. Others working in the 
application of infra-red spectroscopy have doubt¬ 
lessly encountered the same problems and per¬ 
haps evolved essentially the same solution. In 
that case the material of this article will illustrate 
the method and apparatus as used by us, the 
particular procedure, the accuracy obtainable by 
this procedure, and data of general interest with 
regards to pressure broadening. 

INSTRUMENTAL DETAILS 

The infra-red spectrometer used in this work 
was a Pcrkin-Elmer Model 12A. The thermo- 



Fig. 4. Optical density vs. pressure for methane. 
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Fig. 5. Influence of Nt on absorption of constant partial 
* pressure erf COt. 

couple signals were fed into a Leeds and Northup, 
HS No. 2284-6, 0.05 pv/mm sensitivity galva¬ 
nometer. A null method was used rather than a 
direct photometric method wherein the galva¬ 
nometer deflections are read. For this a controlled 
voltage was fed into the circuit containing the 
thermocouple and galvanometer in a direction' 
opposite to the voltage signals due to radiation fall¬ 
ing on the thermocouple. The controlled voltage 
was not measured directly but by measuring a large 
voltage to which it was in constant proportion. 
The circuit for the null method is to be seen in 
Fig. 1. Here the bucking voltage originates from 
the 3-volt battery which is connected directly 
across a potentiometer which is of 200-ohm 
resistance. The moving contact on the 200-ohm 
potentiometer provides a fairly good control but 
an additional line control is available through 
the moving contact on the 50-ohm potentiometer. 
The resulting voltage tapped off by this variable 
resistance system is read on the voltmeter which 
is a Weston, Model 45, and which has 3 volts 
full scale as one of its ranges. 

It is to. be noticed that circuit integral 
with and to the left of the voltmeter in Fig. 1 is 
continuous in the sense of no moving or variable 
contacts. Therefore, the voltage across Ro is 
al^ys a constant fraction of that across the 
voltmeter. If V represents the voltage across the 
voltmeter and Vo the impressed voltage across 
Ro, we may deduce for the case of balance by 
simple applications of Ohm’s law 

Vo -!(*,//?«) F, (2) 

when Ri and R% are equal and With the 

resistances as indicated on Fig. 1 it is possible 


to introduce a bucking voltage across Ro up to 
3.6 microvolts. In operation, when a signal to 
the thermocouple is to be determined, the me¬ 
chanical zero for the HS galvanometer is first 
observed on a ground glass scale with a shutter 
in the light path and with the potentiometers 
adjusted to give zero voltage across the volt¬ 
meter. When the shutter is removed ,the potenti¬ 
ometers are adjusted to bring the galvanometer 
deflection back to the starting point. The voltage 
appearing on the voltmeter is then read and 
recorded as representative of the signal to the 
thermocouple. The system is very reproducible, 
successive readings giving values which have 
variations not larger than 0.2 percent. The 3-volt 
battery is in reality a combination of two 
Burgess 4F2H batteries connected in parallel for 
longer life. The batteries, resistances, and po¬ 
tentiometers are all mounted in an iron-walled 
case. This is important to protect the circuit 
from magnetic disturbances, which in a network 
of these impedances can cause serious dis¬ 
turbances. 

The infra-red absorption cells used in this work 
have glass walls, an inside length of 9.5 cm, anil 
have rocksalt windows. They are equipped with 
a stopcock, an inner part of a ground glass joint, 
and an exterior aluminum mounting frame. The 
bodies of the cells were painted black to minimize 
the amount of radiation of visible wave-lengths 
which may enter the monochromator chamber. 
This assembly is shown in Fig. 2. The aluminum 
frame has adjusting screws which allow the cell 
to be positioned as desired relative to it. Also 
the frame is equipped with slotted positioning 
brackets so that it may be clamped securely in 
place in the spectrometer. Two absorption cells 
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Fig. 7. Detail of influence of H 2 , 0* and Ng on absorption 
of methane. 

arc used, one for the sample and one for com¬ 
parison or incident energy readings. The two 
cells are mounted on a carriage mechanism 
which moves in such a manner that either cell 
may be moved into the optical path. 

The instrument with the cell moving carriage 
with cells in place can be seen in Fig. 3. The 
carriage is equipped with a bar which the 
operator can use to position the cells. Adjustable 
stops insure that the cells always arrive in the 
same position in the light path. To remove the 
cells all that is necessary is to loosen two thumb¬ 
screws. The cells are evacuated and filled to 
measured pressures on a gas handling system 
separate from the instrument. Connected perma¬ 
nently to the thermocouple case in the instru¬ 
ment is a small mercury diffusion pump which is 
ojxTated periodically to maintain a good vacuum 
in the presence of the radiation receiver. The 
apparatus here has been in use for some time 
for the analyses to be described as well as in the 
routine analysis of mixtures of the seven common 
C 4 hydrocarbons. For this, as well as for the 
present application, it has been very satisfactory 
and allows considerable speed of data taking. 
When it is desired to change the pressure in the 
absorption cell it is merely removed and engaged 
by means of its standard taper ground glass 
joint, into a gas handling system designed 
specifically for handling of routine samples. 

In making blends and calibration mixtures for 
the analyses to be described as well as for other 
work of this type, it is important that the 
different components be thoroughly mixed. If 
the total pressure of the mixture in the absorp¬ 
tion cell did not exceed 25 cm of Hg it was 
mixed in a separate, constant volume chamber. 


This chamber was equipped with a thin steel 
diaphragm- which is moved back and forth to 
mix the gases by means of exterior magnets. 
When the total pressure of the mixture in the 
cell exceeded 25 cm of Hg the mixing was done 
in the absorption cell itself. This was possible as 
the cell was equipped with a thin steel vane 
bent to fit the inside curvature of the cell. When 
the cell was in the operating position the vane 
lay flat against the bottom, out of the optical 
path. Mechanical motion of the cell such as 
shaking or rotating caused the vane to move 
back and forth, thoroughly mixing the gases. 

DATA, CALIBRATION, AND PROCEDURE 

For a gas obeying Beer’s law a straight line 
curve is obtained when the observed optical 
density D (D = log h/I) is plotted as a function 
of the pressure of the gas in the absorption cell. 
As stated above, some of the light gases do not 
obey Beer’s law and data illustrating this may 
be seen in some of the following figures. In Fig. 4 
is seen a graph of the optical density plotted 
against pressure for methane alone. As may be 
noticed, it is far from a straight line. It will be 
observed shortly that the general appearance of 
this plot is similar to those obtained when a 
constant pressure of methane is used and the 
partial pressure of a non-absorbing foreign gas is 
varied. In Fig. 5 may be seen a curve for the 
optical density for C0 2 plotted against partial 
pressure of added N*. It is observable that the 
effect of the N 2 is to increase the absorption very 
greatly. All the non-absorbing gases used were 
tested for absorption at the wave-lengths used. 
In each case they showed zero absorption. 



Fig. 8. Calibration curve constructed for analysis 
for methane. 
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Figure 6 shows the effect of various foreign 
gases on the absorption due to methane. The 
graphs shown in this figure were obtained by 
drawing smooth curves through the data ob¬ 
tained for each type of foreign gas. The amount 
of scattering of the data about the curve in 
each case is about the same as will be seen in 
Fig. 7. Here the ordinate represents the observed 


Table I. Result* for synthetic samples for 
methane anahsis. 


Sample 

<7. C U 4 

e u 4 


Nature ot remainder 

No. 

(synthetu) 

(ob»**r\ed) 

a"o 

of sample 

1 

14.5 

14.7 

7l2 

H,r52%NT 

2 

7.6 

7.7 

0.1 

Nj 

3 

6.00 

6.05 

0.05 

33% H,; 67% O, 

4 

22.5 

22.3 

0.2 

Oj 

5 

4.00 

4.95 

0.05 

Air 

6 

3.71 

3.76 

0.05 

Hi 

7 

1.29 

1.36 

0.07 

Air 

8 

0.83 

0.85 

0.02 

3.9% \ir;96.1%H s 


optical density and the abscissa represents the 
partial pressure of the foreign gas added. The 
data were all taken at the wave-length \= 7.65 ju 
where methane has its strongest absorption. The 
slits were used at a setting which gave a spectral 
slit width of 0.095 \i at this point. The partial 
pressure of methane was always constant, being 
13.15 cm of Hg. The foreign gases added, namely, 
helium, argon, oxygen, nitrogen, hydrogen, and 
carbon dioxide, have no infra-red absorption at 
this wave-length and the large change in optical 
density produced is a manifestation of the pres¬ 
sure broadening effect mentioned earlier. It is 
to be noticed that the effects of the various gases 
are different, some of them being responsible 
for a greater increase in optical density than 
others. A Mudy of these dat i terms of the 
pressure l»i opening theory of Dennison and 
others ha* been made. 11 In Fig. 6 the effect due 
to nitrogen, hydrogen, or oxygen is shown as 
one curve; Fig. 7 shows in more detail the effects 
of Aese latter gases. 

For the analyses in which we are interested 
here Fig. ^ is of primary importance. This shows 
that the ejects of hydrogen, nitrogen, and oxygen 
as added gases are nearly the same. Thus it is 
possible to construct a single empirical calibra¬ 
tion curve which will serve for the analysis of 
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methane in the presence of any one or mixture 
of the three. This is important as the off gases 
for which the method is used vary with regards 
to the relative concentraticns of H 2 , N 2 , and 0 2 . 

Figure 8 shows the calibration curve con¬ 
structed for this analysis. For every determina¬ 
tion the total pressure in the absorption cell was 
the same, i.e., 80 cm of Hg. The points were 
obtained by blending known amounts of methane 
and hydrogen together, admitting to the cell, 
adjusting the pressure to 80 cm, and determining 
the optical density. Figure 8, therefore, repre¬ 
sents the measured optical density versus partial 
pressure of methane, the total cell pressure 
Ixnng constant. 

With this curve the actual analysis of sample 
consists only of the steps of: admitting the 
sample into the cell to the pressure of 80 cm, 
determining the optical density, and from the 
curve reading off the partial pressure. Table I 
gives some results for a series of synthetic 
samples analyzed by means of the previously 
constructed calibration curve. The table shows 
the percent of methane as blended, the percent 
as determined by the analysis, the nature of the 
remainder of the sample, and the percent differ¬ 
ence in terms of total sample between the syn¬ 
thetic and observed concentrations. The table 
not only illustrates the obtainable accuracy but 
also shows it to be independent of the nature of 
the remainder of the sample. Hundreds of 
samples have been analyzed for methane by this 
method and the results at all times have been 
satisfactory. The time required for a complete 
analysis, including introducing the sample, tak¬ 
ing the data, and making the calculations, is 
about 15 minutes under routine conditions. 

An analysis somewhat similar to the one just 

Table II. Composition of blends used to construct 
calibration curves for flue gas analyses. 


Blend No. 

% CO, 

%so, 

%co 

% Air 

1 

9.5 

23) 

3.4 

85.1 

2 

12.7 

2.0 

6.6 

78.7 

3 

3.9 

1.7 

8.7 

85.7 

4 

2.5 

1.1 

10.8 

85.6 

5 

1.6 

0.7 

10.9 

86.8 

6 

7.6 

1.3 

4.7 

86.4 

7 

7.0 

0.4 

1.4 

91.2 

8 

4.9 

1.2 

2.9 

91.0 

9 

6.5 

0.6 

1.3 

91.6 
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described, but involving more components, is the 
analysis of flue gases and burn-out gases from 
catalyst regeneration for C0 2 , CO, and S0 2 . In 
this case also the remainder of the samples 
varies, containing different amounts of 0 2 , II 2| 
and N 2 . Since for these samples the major part 
is generally a mixture of these three and since 
the concentration of any one of the three gases, 
CO, CO*, or S0 2 , is generally less than 10 percent 
it was decided to try the same method as used 
for the methane analysis. 

A calibration curve for each of the three 
compounds CO, C0 2 , and SO* was constructed 
as was done for methane. In constructing 
these, blends of the three gases and of air were 
made and examined as before. The wave-length 
used for C0 2 was 14.8 /z, for S0 2 it was 7.35 m» 
and for CO it was 4.65 m- Each gas has a maxi¬ 
mum of absorption at about these wave-lengths 
and there is no overlapping between their ab¬ 
sorption bands at these points. As before the 
blend was admitted to the absorption cell to the 
same pressure each time, this being 80 cm of Hg. 
In making the blends, care was taken to see that 
the concentrations of CO, C0 2f and S0 2 were 
randomly distributed, that is to say: the concen¬ 
tration of any one of the three in any one of the 
blends was independent of the concentration of 
the other two. Table II gives the concentrations 
of the blepds used for constructing the calibration 
curves. 

The calibration curves are shown in Fig. 9. 
Here the uniformity and smoothness of the 
curves attests to the independence of the ab¬ 


sorption of the three gases. In this figure the 
optical density observed at each wave-length 
was plotted against the partial pressure of the 
gas which absorbed at that point. The slits were 
set to a spectral slit width of 0.216 /z for readings 
of 14.8 m; 0.117 m for readings of 7.35 m; and 
0.085 m for readings of 4.65 m- Smaller slit widths 
could be used but the ones employed allowed the 
CJlobar element to be operated with about 150- 
watt supplied power. At this power level the 
life of each element is quite long. The shape of 
the curves indicates the deviations from Beer’s 
law to be the same type as for methane. 

Although the smoothness of the calibra¬ 
tion curves is a manifestation of the internal con¬ 
sistency of the data, the usefulness and accuracy 
of the curves were tested by a further set of syn¬ 
thetic blends. The results are shown in Table III. 
Here it may be seen that the average error in 
terms of total sample is about 0.1 percent. The 
accuracy for CO is somewhat surprising in view of 
the flatness of the calibiation curve for this com¬ 
pound. 

As flue gas analyses may be used for process 


Tablk III. Comparison between blended synthetic 
samples and concentrations measured by infra-red absorp¬ 
tion for flue gas analyses. 


Sample No 

Compound 

Synthetic 

Observed 

% Dev. 


co 3 

10.5 

10.4 

0.1 

1 

so, 

2.1 

2.3 

0.2 


CO 

4.2 

3.9 

0.3 


co 2 

6.7 

6.9 

0.2 

2 

so, 

1.4 

1.4 

0.0 


CO 

9.4 

9.5 

0.1 


CO, 

6.2 

6.2 

0.0 

3 

so, 

1.9 

1.9 

0.0 


CO 

4.0 

4.1 

0.1 


CO, 

4.0 

4.2 

0.2 

4 

so, 

1.3 

1.3 

0.0 


CO 

2.6 

2.5 

0.1 


COi 

2.7 

2.8 

0.1 

5 

so, 

1.0 

1.0 

0.0 


CO 

5.2 

4.8 

0.4 


co, 

1.7 

1.9 

0.2 

6 

SO, 

0.6 

0.6 

0.0 


CO 

3.4 

3.1 

0.3 


CO, 

7.0 

7.1 

0.1 

7 

so, 

1.9 

1.9 

0.0 


CO 

6.1 

6.3 

0.2 


CO, 

4.4 

4.6 

0.2 

8 

so, 

1.2 

1.2 

0.0 


CO 

4.0 

3.9 

0.1 
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control it is important that the complete pro¬ 
cedure be as simple as possible. This is important 
since it allows them to be done on night shifts by 
relatively untrained personnel. The equipment 
and method as described above have been used 
for process control analysis for a fluid catalytic 
cracking unit for some time and hundreds of 
samples have been handled for this purpose. One 
operator is sufficient to carry out all steps and 
the complete analysis, including calculations, can 


be done on a routine basis in about 35 minutes 
or less. This includes duplicate determinations 
of the optical densities at each wave-length value. 

The authors are indebted to Mr. N. F. Kerr 
for aid in developing some of the equipment used, 
to Dr. Morris Muskat for various suggestions in 
the application of infra-red absorption methods, 
and to Dr. Paul D. Foote, Executive Vice- 
President of Gulf Research and Development 
Company for permission to publish this material. 


Methods of Minimizing Lead Loss in Emissivity and Resistivity Determinations 

L. Malter, RCA Victor Division, Radio Corporation of America, Lancaster, Pennsylvania 

AND 

D. B. Langmuir,* Office of Scientific Research and Development, Washington, D. C. 

(Received January 12, 1946) 

Two means are described ior minimizing the effects of lead loss in determining the electrical 
properties of thin filaments as a function of temperature. In both cases the filaments are sup¬ 
ported at the mid-points of filamentary U’s. In one case the U’s are made of finer wire than the 
main filament so that lead loss is reduced. In the other case, alternating current is passed 
through the U’s so that the temperature of the main filament is maintained unifoun down to 
its points of support. 


D URING the course of work some time ago 
on the properties of tantalum filaments, 1 
it was desired to extend the measurements to as 
low temperatures as possible. At these low 
temperatures difficulties were encountered be¬ 
cause of the fact that the cooling effect of the 
filament supports extended up to and beyond 
the potential leads. Since in resistivity determi¬ 
nations it is essential that the r: nient tempera¬ 
ture be U’lifmfm over the ngion (between the 
potential leaas) whose electrical constants arc 
being measured, it becomes necessary when 
following standard technique to use inordinately 
long- filaments, unless they are of other than 
gossamer-like thickness. 

To obviate this difficulty, recourse was had to 
one of the two expedients which are described 
below. In die first of these (see Fig. 1) the 

•Formerly with RCA Laboratories, Princeton, New 
Jersey* 

1 L. Malter and D. B. Langmuir, Phys. Rev. 35, 743 
(1939). '/ 


filament, whose properties are to be determined, 
is welded at each end to the mid-point of an 
inverted U of considerably smaller size wire. By 
proper proportioning of the diameters of filament 
and U’s, it is possible to secure uniform temper¬ 
ature of the filament not only over the region 
between the potential leads but in fact almost 
to the filament supports. A little experimental 
work may be necessary to arrive at the correct 
ratio of diameter of filament wire to U wire for 
securing satisfactory operation over the range of 
interest. In our work, a ratio of two to one was 
found satisfactory. 

The second method illustrated in Fig. 2 is 
preferable in that no preliminary experimental 
work is required, and in that the filament temper¬ 
ature can be'made uniform to its very ends for 
all temperatures. The inverted U’s which support 
the filament in this case are made of the same 
size wire as the filament itself. With only the 
d.c. from the battery flowing through the U’s to 
the filament, the U’s run considerably cooler 
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than the filament, thus resulting in a cooling of 
the latter to some distance from their points of 
support. However, by passing alternating current 
through the U’s by means of external trans¬ 
formers, the temperature of the U’s may be 
raised so that the main filament temperature is 
uniform right up to its points of support, the 
alternating current through the U’s being con¬ 
trolled by means of small autotransformers as 
shown. Since no alternating current flows through 
the filament itself, the determination of the 



Fici. 2. Auxiliary heat method for minimizing 
lead lass effects. 


electrical characteristics by d.c. methods between 
the potential leads is unaffected. 

By use of these methods, it has been possible 
to extend the range of measurements to the 
limit of visibility. Jt appears that by a process 
of extrapolation, it should be possible to secure 
data beyond this limit. 
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Theory and Application of the Parallel Plate Plastometer* 

G. J. Dienes and H. F. Klkmm 
Bakehte Corporation , New York, New York 


A method has been established for the measurement of 
the viscosity of high polymers at low rates of shear in the 
range 10 4 to 10 9 poises using a parallel plate plastometer. 
This is based on a mathematical criterion for separating the 
viscous portion of the deformation from the “elastic” and 
“delayed elastic” components. Experimentally, the plate 
separation is measured at a given temperature as a function 
of time. The theory furnishes a relation, which is also the 
criterion for predominantly viscous deformation, between 
viscosity, plate separation, applied load, and time. This 
relation, a modified form of Stefan's equation, is used for 
calculating the viscosity from the experimentally observed 
quantities. The method has been applied o polyethylene 
and vinyl chloride-acetate resin compounds. The viscosity- 


INTRODUCTION 

NE of the most important properties of 
plastic materials is their ability to flow 
under the action of applied stresses at elevated 
temperatures. The quantitative evaluation of 
flow behavior in terms of applied stress and 
temperature is of great practical importance and 
theoretical interest. 

It is well known that the behavior of plastic 
materials under the action of stresses is very 
complex because elastic and viscous deformations 


temperature behavior of these materials is shown to be 
simple over the temperature range studied; that is, log 
viscosity varies linearly with the reciprocal of the absolute 
temperature. Data are presented which show that poly¬ 
ethylene resins and polyethylene resin-paraffin wax mixtures 
tollow Flory's relation; that is, log viscosity varies linearly 
with the square root of the weight average molecular weight. 
Accordingly, the parallel plate plastometer offers promising 
possibilities for the empirical determination of the weight 
average molecular weight of these materials. Data arc also 
presented on plasticized vinyl chloride-acetate resin 
systems which point to a close parallel between the effects 
of increasing temperature and increasing plasticizer 
concentration. 


take place simultaneously. The nature of stress- 
strain and deformation-time (constant load) 
curves has received the attention of many in¬ 
vestigators in recent years. 1 It is generally agreed 
that a combination of elastic and viscous proper¬ 
ties gives rise to the characteristic deformation¬ 
time or “creep” curves of high polymers. 

A typical deformation-time curve is illustrated 
in Fig. 1. A quantitative separation of this 
curve into its elastic and viscous components 
has not yet been accomplished, although a 




* Presented at the Annual Meeting of the Society of Rheology, October 26 and 27, 1945. 

1 M. Reiner, Ten Lectures on Theoretical Rheology (Nordemann Publishing Company, New York, 1943). R. F. Tucket, 
Chem. Ind. 430 (Nov. 1943). D. R. Morey, Ind. Eng. Chem. 37, 255 (1945). G. W. Scott Blair, Survey of General and 
Applied Rheology (Pitman Publishing Corporation, New York, 1944). T. Alfrey, Quart. App. Math. 3,*143^(1945) ;^J. 
Chem. Phy*. if; 374 (1944). 
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Fig. 2. Parallel plate plastometer. 


qualitative separation into regions of predomi¬ 
nance is possible. With reference to Fig. 1, this 
is done as follows: 

(1) The first region is represented approximately by the 
portion of the curve OA, This represents a predominantly 
“elastic” deformation which takes place rapidly and is 
recovered similarly when the load is released. 


(2) The second region is represented approximately by 
the portion of the curve A B, and is often referred to as the 
“delayed elastic” deformation. 'Phis deformation is charac¬ 
terized by a rapidly changing slope and may take place over 
a considerable period of time. It approaches a constant 
value as indicated by the broken line BC. The part BC can 
be observed only when no viscous deformation takes place. 

(3) Region three is represented by a straight line, BD. 
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Fig. 3a. Plastometer showing 4-in. diameter 
plates separated. 

It is generally agreed that this portion of the curve repre¬ 
sents predominantly viscous deformation which is non- 
recoverablc, and continues until the load is removed, the 
specimen is ruptured, or the test conditions are altered. 
This part of the curve is characterized by a constant slope. 
This does not apply, of course, at stresses and temperatures 
where a permanent deformation does not occur. 

The three regions described above represent a 
rough separation of the deformation-time curve 
into its component parts. For a further under¬ 
standing of the mechanical properties of plastics, 
it is essential to carry out this separation quanti¬ 
tatively. The final aim is to d^cribfe the complex 
median al behavior of hitr , olymeric materials 
in terms of sttch fundamental constants as vis¬ 
cosity, modulus of elasticity, relaxation times, etc. 

This paper describes an attempt to apply the 
j^rallel plate plastometer to the measurement of 
the predominantly viscous deformation (region 
three) free from “elastic 19 and “delayed elastic" 
effcn^. 

MECHANICAL DETAILS 

The improved parallel plate plastometer used 
for the evaluation of viscosity of plastics is 
shown in front elevation (sectioned for clarity) 
in Fig, 2. The instrument consists of two circular 


Fig. 3b. Deformation under load test (A.S.T.M. D 621-B). 

parallel plates, both either 4.00 or 1.125 in. in 
diameter, the upper (see 1, Fig. 2) movable, the 
lower (2) stationary. The upper plate is attached 
to the vertical shaft (3) which is aligned and 
guided in the low friction ball-bearing assembly 
illustrated (4). The test load is applied by means 
of the beam (5), mounted at the upper end of 
the shaft (3), and the two movable weights 
(6 and 7). The dial indicator (9), which makes 
contact with the loading shaft, is fastened to 
the frame or reference system of the plastometer, 
and indicates the plate separation at any instant. 
A hand-operated rack and pinion mechanism (8) 
on the left-side of the oven permits the applica¬ 
tion of the test force without opening the oven 
door. The plastometer is supported by three 
legs, fitted with leveling screws, which project 
through the bottom of the oven. 

Figures 3a and 3b are photographs of the 
plastometer which further illustrate its mechani¬ 
cal details. Figure 3a shows the apparatus with* 
both the inner and outer oven doors open. The 
turntable (10, Fig. 2) underneath the plastometer 
proper, supports several clamps which hold the 
specimen assemblies together when preheating is 
done outside of the test area of the plates. 
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Figure 3b shows the equipment fitted with 
special plates (1.125 in. in diameter, one square 
inch in area) which are required in some de¬ 
formation under load tests (A.S.T.M. D 621, 
Method B). These plates are also used when 
the plastometer is operated as Type 1 (see 
Theory), i.e., the plates have the same area as 
the ends of the specimen. 

The important advantages of the parallel 
plate plastometer described above are listed 
below: 

(1) Low friction losses. All movable points of contact are 
provided with ball bearings to minimize friction. 

(2) Wide range of test loads (up to about 60 kilograms 
(132 lb.)). 

(3) External application of test load. 

(4) Dial indicator is attached to the plastometer frame 
and is located outside of the oven for accurate trouble-free 
operation at all test temperatures. 

(5) Small specimen door, located in inner of two oven 
doors, minimizes temperature changes due to sample 
insertion and removal. 

(6) Parallel plates removable for ease of cleaning anti 
permitting change from one type of plates to another. 

A more recent model of this instrument is 
equipped with a loading beam calibrated in units 
of 0.1 k.g.s. 

EXPERIMENTAL PROCEDURE 

Calibration of the Plastometer 

The calibration of the plastometer was ac¬ 
complished at room temperature by measuring 
the force transmitted by the upper plate to a 
platform balance. The applied force was varied 
by changing the position of the weights on the 
loading beam. The balance was placed in the oven 
beneath the main horizontal support member 
(11, Fig. 2) of the plastometer. This force was 
transmitted to the balance by a connecting rod 
which passed through the hole in the main 
horizontal member. Two threaded disks were 
attached to either end of the rod, and the as¬ 
sembly adjusted for length to obtain proper 
equilibrium position of the balance. 

The calibration data in graphical form are 
shown in Fig. 4. It will be noted that both 
ranges are characterized by linear relations be¬ 
tween load and the distance Dl • Furthermore, the 
observed calibration agreed very closely with 
that obtained by calculation. 


Test Specimens 

The test specimens were right circular cylinders, 
consisting of a stack of disks 0.63 in. (1.60 cm) in 
diameter, cut from sheet stock 0.040 to 0.080 in. 
(0.101 cm to 0.202 cm) thick. The specimen mass 
in grams was equal to the mass of an integral 
number of disks closest to twice the density of the 
material. Such a specimen has a height of about 
0.394 in. (1.0 cm) and a volume of about two cm 8 . 

Test Procedure and Calculations 

An outline of the test procedure for determina¬ 
tion of viscosity by the parallel plate plastometer 
is given below. 

(1) Adjust the oven to the desired test temperature, and 
allow sufficient time (at least one hour) to insure thermal 
equilibrium in the apparatus. 

(2) Position the loading weights along tlu lever arms to 
give the desired test load. 

(3) Set the dial gauge so that it indicates minus two 
divisions (one div. —0.001 in.) when the plates are together 
under test load (no specimen). This corrects for the thick¬ 
ness of the two one-mil sheets of cellophane which are 



Fig. 4. Plastometer load system calibration. 
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placed on the two ends of the specimen, and fixes the zero 
point for specimen height readings. 

(4) Center the specimen (weighed to the nearest milli¬ 
gram) between two 4X4X0.001 in. pieces of plain cello¬ 
phane, and insert this assembly centrally between the 
parallel plates. If preheating of the specimen is required, 
this may be done either in the plastometer or in special 
clamps provided for this purpose. 

(5) Apply the test load and read the separation, h , of the 
two parallel plates on the dial gauge to an arcurar\ of 
^= 0.0002 ( 0.2 of a division) as a function of time. 

( 6 ) Plot on linear coordinate paper, as the test proceeds, 
the reciprocal of the fourth power of the plate separation, 
1/A 4 , expressed in cm” 4 , as ordinate against the time in 
seconds. A table of 1/A 4 values (in cm” 4 ), in the range 
A—0.010 in. to A"»0.150 in., facilitates this operation. 

(7) Continue the test until a straight line of slope, m, is de¬ 
fined in the range of A corresponding to R : A ■* 10 (R * radius 
of specimen) and A— 10 divisions (0.010 in.). Loads and 
temperatures must be adjusted to satisfy these require¬ 
ments. Otherwise, the data are not simply interpretable. 

( 8 ) Calculate the viscosity, from the following equa¬ 
tion: 

ip ~8,21 X 10*(W r/ «r T/r *) f (16) 

where 9 •» v^cosity, poises, ft r -*ftpplied load, kilograms, 
m-slope <i£plot of 1/A 4 vs. time, cm " 4 sec." 1 , and V » vol¬ 
ume, obtained from specimen mass and density, cm*. 

THEORETICAL CONSIDERATIONS 
Preliminaries 

In any physical test certain measurements are 
made* speb as length, time, temperature, etc. 
From tliiese measurements, it is desired to de¬ 
termine quantities which are characteristic of the 
material. The purpose of theory is to express the 
physical law which relates the variables measured 
in th^ test'with the properties of the material. 

4$2 


In the parallel plate plastometer tests, interest 
is focused on the flow characteristics of the 
material. Probably the most important constant 
which describes the flow characteristics of a 
material is its viscosity. 

In the case of the parallel plate plastometer, it 
is desired to find an equation relating the plate 
separation, the time, and the viscosity. This 
problem, which is to find the equation of motion 
of two plates moving toward each other under the 
action of a force with a viscous medium between 
the plates, has been solved, 2 and the solution suc¬ 
cessfully applied to the parallel plate plastometer. 

Derivation of Stefan’s Equation from the Funda¬ 
mental Equation of Viscous Flow 

The general equation of motion of a Newtonian 
fluid of viscosity r\ (neglecting body forces such as 
gravity) is given by the vector equation 

dv 

P bpV • Vv = -V/>+r,Y 2 v+ JiyVV-v, (1) 

dt 

where p = density of the fluid, v = velocity vector, 
and /> = fluid pressure. If the fluid is incompressi¬ 
ble, the equation of continuity requires that 

V*v = 0. 

If the velocity of the fluid elements is small, the 
term on the left in the square of v may be 
neglected. For slow motion of an incompressible 
viscous fluid, therefore 8 

pdv/dt = —V/>+ijV 2 v. (2) 

In cylindrical coordinates, Eq. (2) in scalar form 
becomes 

dp dv r 

-+ijV 2 tv = p—, 

dr dt 

1 dp dv$ 

- \-riV%=p —, (3) 

r d0 dt 

dp dVg 

-hi?V*v, = p—. 

dz dt 

Equations (3) are to be solved subject to the 

1 M. J. Stefan, Akad. Wiss. Wien. Math.-Natur. Klasse. 
Abt. 2., 69, 713-735 (1874). 

1 L. Page, Introduction to Theoretical* Physics (D. Van 
Nostrand Company, New York, 1930), pp. 224-230. 
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boundary conditions defined by the parallel plate 
plastometer. In cylindrical coordinates, let the 
circular parallel plates be the planes (Fig. 5) 

«= 0 ; 

z=h. 

The mathematical theory is considerably 
simplified if the analysis is limited to that part of 
the data for which the plate separation, h, is 
small compared to the radius, R, of the 
specimen cylinder, the ends of which are in 
contact with the parallel plates. 

Because of circular symmetry, v> is zero. As 
long as h is small compared to R, a good ap¬ 
proximation is obtained by neglecting the ve¬ 
locity, v„ normal to the plates, in comparison 
with the radial velocity, v,. Thus, 

v» = 0; 

e, = 0. 

11 will be assumed that there is no slippage at 
the plates, that is 


inserting the boundary conditions, 


gives 


tv=0 at s*0 and z=h, 


1 dp 

v r = -(s— h)z. 

2i\ dr 


(S) 


Equation (5) shows that the velocity of the 
fluid in any plane, 0=constant, varies para- 
bolically in z. It is at this point that M. J. Stefan 2 
starts his derivation with the assumption of a 
parabolic law. 

Consider now a cylindrical element (see Fig. 5) 
extending from one plate to the other, and con¬ 
tained between radii r and r+dr and between two 
radial planes parallel to z an angle dO apart. The 
flow through a surface element rdOdz is rd&Urdz. 
Then U, the flow per unit arc length between the 
planes 8=0 and z = h (in the direction of in¬ 
creasing r), is 



» r =0 at 8=0 and z — h. 

As a consequence, the radial velocity, tv, changes 
rapidly over the short distance, h, from a finite 
value in the liquid to zero value on the plates. 
Under these conditions, then, dv,/dr is negligibly 
small compared to dv,/dz. From symmetry, 
dv r /dO= 0. 

Steady-state flow is assumed, that is 
dv r /dt= 0. 

Thus, the solution will not be applicable at the 
start of an experiment when transients due to 
dv r /dt^0 arc not negligible. 

With the above simplifications, Eq. (3) becomes 


dp dh) r 

—=V—T' 
dr dz 1 


(4) 


where p is now a function of r only. 

Experimental work on the parallel plate 
plastometer indicated that the above approxi¬ 
mations are justified as long as R>lQh. Erratic 
viscosity measurements, which arc difficult to 
interpret, are obtained when this condition is not 
obeyed. 

Integrating Eq. (4) twice with respect to z and 


1 dp r k 

=-| (s 2 — zh)dz, (6) 

2if dr Jo 

A* dp 

12ij dr 

Suppose that the plate 8 = 0 remains fixed and 
that the plate z—h remains parallel to it but 
moves in the z direction with the velocity 
dh/dt ( dh/dt positive in the positive z direction). 
Because of this motion, the cylindrical element, 
drrdOh, will change in volume at the rate 



Fig. 6. Typical l/h* vs. time curve for 
polyethylene at 115 # C. 
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The total force acting on the plate in the positive 
z direction is 



tiki, mom 


Fig. 7. Typical 1 /A 4 vs. time curve for polyethylene 
at 190®C. 


drrdOdh/dt. Evidently the difference between 
outflow and inflow must compensate for this 
change in volume, since the fluid was assumed to 
be incompressible. If the plate z=h moves 
toward the plate z— 0 , then the rate of decrease 
of the volume element must equal the net rate 
of outward radial flow. Thus, 

dh d 

-drrdO—=—(rd6U)dr. (7) 

dt dr 


Upon substitution of the expression for U and 
simplification 


12 i 7 dh d / dp 

-r=—( r— 

h l dt dr\ dr. 


( 8 ) 


Integration twice with respect to r gives 

3rj dh 

p - r^Clnr+C. (9) 

A* dt 

As p m I'-.t He finite for r = 0 , C' vanishes. C is 
evaluated from the condition that at the outer 
boundary of the specimen, r=R, the pressure 
n^ist be in equilibrium with the constant pres¬ 
sure, II (usually atmospheric). Thus, 


3r) dh 

c-n - R\ 

A* dt 


and Eq. (9) becomes 

3i fdh 

< 10 ) 

A* dt 


r 


plrrdr. 


The total force acting on the plate in the opposite 
direction is 

F+ f niicrdr, 

Jo 


where F =applied force (dynes). Therefore, 

/•* 3i i dh 

Wlrrdr = — I- 

o Jo A* dt - 

X(R*-r t )2irrdr+ f niicrdr 

Jo 

dh 3tj ** 


or 


F= — 2» 


dt A* 


f (**- 

Ja 


r*)rdr. 


(ID 



JOURNAL OF APPLIED PHYSICS 


464 







In the evaluation of this integral, two cases are 
treated. 

Case 1: The viscous liquid completely fills the 
space between the plates so that R*=a at all 
times, where a is the radius of the plates. In this 
case, Eq. (11) on integration becomes: 4 


3mya 4 dh 
2h* d/‘ 


( 12 ) 


Equation (12) integrated with respect to t gives 


1 4 F 

—- t+C i, (13) 

A 2 3x^a 4 

where 

Ci = constant of integration. 

Equations (12) and (13) arc known as Stefan’s 
equations. 2 

Case 2: The viscous material does not com¬ 
pletely fill the space between the plates. Thus, 
the radial distance, R (radius of the specimen), 
changes with time, due to the motion of the upper 
plate. In this case, Eq. (11) is integrated from 
r = 0 to r = i? where R now is a function of the 
time, /. This can be done by assuming that the 
material between the plates is always essentially 
in the form of a cylindrical sample. It has already 
been assumed that the viscous material tested is 
incompressible so that the volume, V , is a con¬ 
stant. In this case, integration of Eq. (11) leads to 


3 v V 2 dh 

F = —-. 

2tA 5 dt 


(14) 



/ = 0, and therefore do not correspond to the 
actual value of A at / = 0. They are of no im¬ 
portance in the determination of the viscosity, 17, 
from Eqs. (13) and (IS), since 17 is calculable 
from the slope of the 1/A 2 or 1/A 4 vs. time curve. 

Equations (13) and (IS) describe the flow be¬ 
tween two parallel plates moving toward each 
other in terms of the plate separation, A, the 
time, /, and the viscosity, 17. 


Equation (14), on integration with respect 
gives 


1 

A 4 


8ir F 


-/+C*. 

V 2 


to /, 


(IS) 


where 

Cj=constant of integration. 


The values of the constants of integration, Ci 
of Eq. (13) and C* of Eq. (15), respectively, are 
the values of 1/A* and 1/A 4 at<=0, subject to the 
assumption that Stefan's equation is obeyed at 


4 The Mechanical Properties of Fluids. A collective work. 
Applied Physics Series. (D. Van Nostrand Company, New 
York, 1924), pp. 113-119. 


Calculation of Viscosity from Plate Separation 
and Time Measurements 

In any parallel plate plastometer, a sample is 
compressed between the two plates, and the plate 
separation, A, is determined as a function of time. 
Two types of parallel plate plastometers may be 
considered corresponding to the two equations, 
Eqs. (13) and (15). 

Type 1: The plates have the same area as the 
ends of the specimen. In this case, the space be¬ 
tween the plates is completely filled with the 
viscous material at all times, and Eq. (13) is 
directly applicable in its integrated form. Ac¬ 
cording to this equation, a plot of 1/A* versus t will 
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be linear with the slope of the straight lint 
depending inversely on the \ iscosity. \n r\- 
ample of the use of this type will be given later. 

Type 2: The plates are large compared to the 
area of the ends of the specimen. In this case, the 
radius of the contact area, R, varies with tin¬ 
plate separation, A, and Eq. (15) is applicable. 
According to this equation, a plot of 1/A 4 versus t 
will be linear with the slope of the straight line 
depending inversely on the viscosity. 

The parallel plate plastometer in this labora¬ 
tory may be used as either Type 1 or 2. As a 
matter of experimental convenience, it has been 
operated almost exclusively Type 2, and 
Eq. (15) has been used to calculate the viscosity. 
For this case, the viscosity may be expressed 
from Eq. (15) in terms of the applied load; 
slope, m, of the 1/A 4 vs. time curve; and specimen 
volume as follows: 

,=8.21(10 WW/mV 1 ). (16) 

In this equation, the applied force, F, previously 
expressed in dynes, was replaced by W expressed 
in kilograms, m is expressed in cm -4 sec. -1 , V in 
cm*, and v in poises. 

If the experimental data obtained on a material 
follow the 1/h* versus t straight line law, then the 
viscosity of the material can be calculated from 
Eq. (16). Accordingly, the linearity of the 1/A 4 
versus t plot was adopted in this work as the 
criterion for the measurement of predominantly 
viscous deformation. Other workers in this field, 
namely V. E. Meharg, L. E. Welch, and W. A. 
Miller;* R. L. Peek;* and N. M. Foote, 7 have 
used the differential form as given by Eq. (14) 
for the calculation of viscosities R< W. Griffiths, 8 
in a paj r on the plasticit\ i ubber, considered 
the use tf 3j. (15) for the calculation of viscosity 
(a simplified theoretical treatment is given by 
Healey in the appendix), and showed a 1/A 4 vs. 
tipie curve for ruLber. The possibility of using 
the linearity of the 1/A 4 vs. time plot for sepa¬ 
rating the viscous deformation from other effects 
was apparently not investigated further. 

It muse be pointed out that this linear relation 


* y• E• Meharg, L. E. Welch, and W. A. Miller, un¬ 
published data. 




was derived for Newtonian viscous flow. Thus 
the fact that a given material obeys this lineal 
relation means that the material behaves as 
Newtonian fluid at the rates of shear employed 
in the test. Mathematically, Dillon and Johnston 1 
were able to obtain approximate expressions for 
the average rate of shear in different types of 
plastometers. They showed that the average rate 
of shear for parallel plate plastometers is in the 
neighborhood of 0.1 sec. -1 (extrusion plastometers 
may be run at rates of shear in the neighborhood 
of 500-1000 sec. -1 ). The parallel plate plastom¬ 
eter, therefore, measures viscosity at very low 
rates of shear. Non-Newtonian viscous flow is 
characterized by non-linearity of the rate of 
shear versus shear stress curve. These curves, 
however, may appear to be approximately linear 
for some non-Newtonian materials over the rela¬ 
tively small range and at the low rates of shear 
available in this instrument. Thus, it is im¬ 
possible to determine, even by the tenfold 
variation of load available for the plastometer 
in this laboratory, the shape of the rate of shear 
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vs. shearing stress curve at other than very low 
rates of shear. Hence, the Newtonian or non- 
Newtonian character of the material remains 
indeterminate in parallel plate plastometer meas¬ 
urements. This instrument, combined with the 
mathematical technique developed, measures the 
absolute viscosity of very viscous high polymers 
in the range 10 4 to 10* poises, subject, of course, 
to the limitation noted above. 

EXPERIMENTAL RESULTS ON SOME 
THERMOPLASTICS 

Polyethylene 

The viscosity of a polyethylene resin com¬ 
pound identified as DE-3401 Natural (poly¬ 
ethylene resin stabilized with 0.2 percent Akro- 
flex C) was measured over an 80-degree tem¬ 
pera tuic range at different applied loads. 

Typical 1/A 4 vs. time curves arc shown in 
Figs. 6 and 7 at 11S°C and 190°(\ respectively. 
These curves were obtained after a thirty-minute 
preheat so that temperature equilibrium was 
established prior to load application. These 
graphs show that the 1/A 4 vs. t curves are not 
linear until 300 to 1000 seconds have elapsed, 
with this period of non-linearity decreasing with 
increasing temperature. During this initial period 
of non-linearity, the 1/A 4 vs. t curves are convex 
upward. 

In order to explain the initial non-linear 
portions of these curves, two effects have to be 
considered. In the first place, the theory is not 
applicable in the very early stages of a test, 
since the experimental conditions do not satisfy 
the mathematical boundary conditions assumed 
in the derivation of Eqs. (13) and (15). However, 
after the first few seconds, non-linearity cannot 
be ascribed to this situation, but is due to the 
fact that the deformation is not simply viscous 
in character. Appreciable “delayed elastic" effects 
may be present which mask the viscous deforma¬ 
tion. From the character of the three regions of a 
deformation-time curve, it is seen that the 
viscous deformation which is non-rccoverable 
continues at a constant rate after the sum of the 
“elastic" and “delayed elastic” deformation has 
become constant (or at least negligibly small). 
Thus, it is expected that the criterion of viscous 
flow, namely the linearity of a 1/A 4 vs. t plot, 


will be obeyed except in the initial period when 
the “clastic" deformations are predominant. 
This is experimental observation as repre¬ 
sented by the curves of Figs. 6 and 7. After an 
initial period of non-linearity, the 1/A 4 vs. time 
curves become straight lines, and these latter 
represent viscous flow. The decrease in time of 
the initial portion of non-linearity with increasing 
temperature is also in agreement with what is 
known about the temperature dependence of 
"delayed elasticity.” 10 

The viscosity of the material is calculated 
from the slope of the linear portion of the 1/A 4 
vs. t curves by the use of Eq. (16). 

The experimental results will be presented in 
the form of log »j vs. 1 /T curves. This plot will 
give a straight line if these materials follow the 
well-known viscosity-temperature law, 

V=Ae< B > T \ (17) 

where A and 5 = material constants, i)=vis¬ 
cosity in poises, and 7'-absolute temperature. 
Activation energies for viscous flow, which are 
proportional to the constant B, may be com¬ 
pared if the slopes of the log rj vs. 1/T curves 
are determined. 

The experimental results on polyethylene (DE- 
3401) are shown in Fig. 8. This figure contains 
all the points of duplicate tests at five different 
loads (5, 15, 25, 35, and 45 kilograms) at tem¬ 
peratures of 110°, 115°, 120°, 130°, 150°, 170°, 
and 190°C. From the erratic spread of the 
experimental points at different loads, it is 
concluded that, although a change in load un¬ 
doubtedly has some effect on the viscosity, no 
definite trend dependent on load was determined. 

At 110°C the viscosity of polyethylene is 
about a thousand times as high as at 115°C, 
with the only reliable experiment at 110°C 
obtained under a 5 kg load (at higher loads the 
specimen was partially crushed). This result is 
in agreement with the known behavior of poly¬ 
ethylene which shows a phase transition” in the 
vicinity of this temperature. 

The log ij vs. 1/T plot is a straight line from 
115°C to 190°C. It is to be noted that the varia¬ 
tion of viscosity with temperature for poly- 

*• R. F. Tucket, Trans. Faraday Soc. 39,158 (1943). 

11 R. F. Clash, Jr. and L. M. Rynkiewicz, Ind. Eng. 
Chem. 36, 279 (1944). 
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Fig. 11 . Viscosity of the polyethylene resins and paraffin 
wax-polyethylene resin mixtures as a function of the 
square root of the weight average molecular weight. 
Temperature - 130°C. 

ethylene is relatively small, roughly a tenfold 
change taking place over a range of 80 degrees, 
indicating a low activation energy for viscous 
flow. 

The effect of preheating the specimen was 
investigated, and it was found that preheating 
had no appreciable effect on the measured 
viscosity. If the sample is not preheated, the 
initial portion of non-linearity of the 1/A 4 vs. t 
curve may be somewhat longer, but the slope of 
the straight line portion is not affected. Accord¬ 
ingly, all further experiment' were run without 
preheat is a matter of co*’ % • mence. 

The visdosity of polyethylene compounds 
(polyethylene resin stabilized with 0.2 percent 
Akroflex C) of various weight average molecular 
Hieights was also determined. Six polyethylenes 
of weight average molecular weight in the range 
12,000 to 36,000 were available. 

-1 fie weight average molecular weight (relative) 
of these materials was obtained by the Staudinger 
method as modified by Kemp and Peters . 12 The 
determination, made at 130°C in tetralin, was 

“A. R. Kemp and H. Peters, Ind. Eng. Chem. 35, 
1108-1112 (1043). 


based oivthe equation 


Kcm log 10 tyr 



where 

M -weight average molecular weight, 

ijr* relative viscosity, 

C-base molar concentration of polymer in tetralin at 
temperature of determination (130°C), 

*4.0 g per liter of solution at 130°C/14, and 
A'cm-4.03X 10 4 g per liter of solution at 130°C. 

The experimental values of M used in this paper 
were taken from data obtained by Mr. C. S. 
Myers . 13 

The viscosity was measured for each material 
over a convenient temperature range. The results 
are given in the form of log 17 vs. 1 /T curves in 
Fig. 9. Linear behavior is observed for all of 
these materials over the temperature range in¬ 
vestigated. All of the curves have about the 
same slope, indicating that the activation energy 
for viscous flow does not change appreciably over 
this range of average molecular weights. 

These data offer a test of the applicability of 
Flory’s relation 14 to polyethylene. The parallel 
plate viscosity for these resins may be identified 
with the “melt viscosity.” It was shown by 
Flory that the melt viscosity of polymerized 
linear polyesters varies with the weight average 
molecular weight and the temperature according 
to the equation 

B 

log V = D+-+CM', (19) 

T 

where 17 = melt viscosity, 7"=absolute tempera¬ 
ture, Af=weight average molecular weight (rela¬ 
tive), and J9, B , and C=constants. 

Table I. 


Weight average Approximate time (seconds) to establish 
molecular weight linearity of 1/A 4 vs. t at 130 °C 


12,000 

120 

18,000 

150 

20,000 

350 

26,000 

400 

28,000 

700 

36,000 

1000 


u C. S. Myers, unpublished data, 
w P. J. Flory, J. Am. Chem. Soc. 62, 1057 (1940). 
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Figure 10 is a plot of log 17 versus the square 
root of the weight average molecular weight at 
130°C. A straight line is obtained confirming 
Flory's relation for polyethylene. 

Since the slopes of the log 17 vs. 1/T curves 
are essentially independent of M (Fig. 9), the 
constants ( D 9 J3, and C) of Eq. (19) can be 
determined. This gives 

2015 

log 17 = -6.14+-+0.05 A/*, (20) 

T 

which was found to agree approximately with all 
the experimental results. 

From these relations, it is evident that the 
parallel plate viscosity can be used with advan¬ 
tage in estimating weight average molecular 
weight The use of the parallel plate plastometer 
extends considerably the range of viscosity that 
may be measured conveniently, thereby expand¬ 
ing the range of molecular weights that can be 
estimated. 

It is interesting to consider the variation of 
“delayed elasticity” as a function of the average 
molecular weight. The length of time necessary 
to reach the linear portion of the 1/A 4 vs. t curve 
may be considered an index of “delayed elas¬ 
ticity.” The length of this time interval was 
estimated, at 130°C, from the 1 /A 4 vs. t curves. 
The data given in Table I were obtained. 

Table II. 


Compound B-660 


Vinyl chloride-acetate copolymer, grade VYNS 82.20 

Vinyl chloride-acetate copolymer, grade VYHH 15.00 

Lubricant, stabilizer, etc. 2.80 

100.00 

Compound B-661 

Vinyl chloride-acetate copolymer, grade VYHH 97.35 

Lubricant, stabilizer, etc. 2.65 


100.00 


These data show that “delayed elasticity” 
increases markedly with increasing average mo¬ 
lecular weight. It is to be noted that the measure¬ 
ments on these materials were made without any 
preheat. Since it requires about two minutes to 
obtain temperature equilibrium in the specimen, 
the two low molecular weight compounds show a 
“delayed elasticity” of very short duration at 



Flu. 12. Typical 1 /h* vs. time curve for a vinyl chloride- 
acetate resin compound (B 660) at 155*C. 

this temperature. The trend with increasing 
weight average molecular weight, however, is 
unquestionable. 

Paraffin Wax—Polyethylene Mixtures 

Parallel plate viscosity measurements were 
carried out on a set of paraffin wax-polyethylene 
resin mixtures in the 50 percent to 100 percent 
resin content range. These compounds were 
stabilized mixtures of a refined low melting, 
household grade of paraffin wax (“Esso Wax,” 
m.p. 52°C) and a standard polyethylene resin 
(Grade DYNH, wt. av. mol. wt. 20,000) con¬ 
taining 0.1 to 0.2 percent antioxidant. 

Viscosity figures for the mixtures of 0 percent 
to 50 percent resin content were made available 
by Mr. C. S. Myers . 13 The viscosity of the 
paraffin wax was determined by a Ubbelohde 
Viscosimeter (Type IA); the viscosities of the 
mixtures (up to 50 percent resin content) were 
obtained by a falling ball viscosimeter. Weight 
average molecular weights, obtained by the 
method of Kemp and Peters as already described, 
were taken from Mr. Myers' data. 

Application of Flory's equation (Eq. (19)) to 
these viscosity data at 130°C showed a remark- 
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able degree of conformity. Figure 11 is a plot of 
log ij versus the square root of the weight average 
molecular weight at 130°C. This figure contains 
all the data for the mixtures, paraffin wax alone, 
and all the polyethylenes of various molecular 
weights from Fig. 10. It will be noted that very 
good agreement is obtained among three different 
methods erf viscosity measurement with the 
viscosit varying from 10 1 about 10’poises. It 
is also observed that Flory’s relation evidently 
applies over a wide range of weight average 
molecular weights (400 to 36,000). 

« 

Vinyl Chloride-Acetate Resin Compounds 

The theory and the discussion of the results for 
polyethylene apply with minor modifications to 
vinyl chloride-acetate resin compounds. Viscosity 
measurements were made on two unplasticized 
vinyl chloride-acetate resin compounds (composi¬ 
tion in percent by weight) (see Table II). 

A typical 1/A 4 vs. time curve for compound 


B-660 (at 1S5°C) is shown in Fig. 12. This curve 
is very similar to the curves for polyethylene, 
except that the "delayed elastic" region is much 
more pronounced. The straight line portion is not 
reached for about 25 minutes. Similar behavior 
was observed with compound B-661. These 
1/A 4 vs. t curves must be interpreted with caution 
due to these long initial periods of non-linearity. 
For the two compounds above, very good 
straight lines were obtained over the temperature 
range investigated. Viscosities were calculated 
from the slope of the straight line portions. 

The viscosities follow the usual log rj vs. 1 /T 
straight line relation, as illustrated in Fig. 13. 
This figure also shows that the effect of changing 
the applied load is negligible. It is to be noted 
that the viscosity variation with temperature is 
much higher than for polyethylene, indicating a 
much higher activation energy for viscous flow. 

This technique of viscosity measurement has 
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also been applied successfully to plasticized 
vinyl chloride-acetate resin compounds. The gen¬ 
eral formula used for these compounds was 
(percent by weight): 

Vinyl chloride-acetate resin VYNS 97-X 

Dioctyl phthalate X 

Stabilizers and lubricants 3 

100 

The log iy vs. \/T curves at different plasticizer 
concentrations are shown in Fig. 14. It will be 
noted that, for the plasticized compounds, 
straight lines are obtained up to a certain temper¬ 
ature, above which the viscosity does not de¬ 
crease as rapidly with increasing temperature as 
predicted by the straight line. It is also note¬ 
worthy that the slope of the log vs. 1 /T curves, 
that is, the activation energy for viscous flow, 
is essentially unchanged by the addition of 
plasticizer. 

Figure 15 is a plot of log iy vs. percent dioctyl 
phthalate at 160°C. This figure shows that very 
large changes in viscosity can be accomplished by 
varying the plasticizer content. The relation is 
linear, except in the 0 to 10 percent plasticizer 
range, pointing to a close parallel between the 
effects of increasing temperature and increasing 
plasticizer concentration. 

The parallel plate plastometer has also been 
operated as Type 1 ; that is, the plates have the 
same area as the ends of the specimen. In this 
case, the sample has to be accurately lined up 
with the plates. For this test a \/h l vs. time 
straight line law is applicable (Eq. (13)). Experi¬ 
ments on polyethylene and vinyl chloride-acetate 
resins showed that this measurement of viscosity 
agrees with that obtained with the Type 2 
plastometer. Experimentally, it has been more 
convenient to operate the plastometer as Type 2 
because the alignment of the specimen is less 
critical. 



Fig. 15. Viscosity-plasticizer content curve for 
VYNS4-dioctyl phthalate at 160°C. 
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The General Relations for Flow in Solids and Their Application to the Plastic Behavior 

of Tire Cords 

W. James Lyons* 

Southern Regional Research Laboratory ,** New Orleans , Louisiana 
(Received January 30, 1946) 

Numerous researches on metals, rocks, glass, rubber, and textiles are cited to show that what 
may he regarded as normal creep in amorphous and poly crystal line solids conforms to the 
general relation 

t««i+a/+&log /, 

where e is the total strain at time /, a is a parameter interpretahle as the approximate initial 
strain, and a, b are other parameters. A special form of this equation, having a = 0, has been 
frequently applied. Reference is made to several other, studies on the same class of solids, which 
have established for normal relaxation the relation 

a«<ri-/3 log /, 

where a is the stress at tim* t, o\ is the stress at unit time, and 0 is a parameter. A theoretical 
foundation for both equations is provided by the reaction-rate theory of plastic flow. Observa¬ 
tions in the present study indicate that creep extension in cotton and rayon tire cords over 
prolonged periods of time follows the above creep equation, and, in general, is not adequately 
represented by an equation omitting the term at . From the presence of this term in the equation, 
the existence of a component of the viscous type in tire cord growth is deduced. The pattern of 
creep recovery in cotton tire cord appears to be set by the behavior of the cord in creep extension 


T HE phenomena of creep and relaxation 
arising from flow in solids has been studied 
in a wide variety of materials ranging from soft 
bread doughs to the rocks in the crust of the 
earth. Attention has frequently been called to 
the technical importance of these flow phe¬ 
nomena in rubber products, textiles (particu¬ 
larly the industrial textiles, such as tire cord), 
high polymeric plastics, metals, and numerous 
other materials normally accepted as “solids.” 
Considering the great diversity of chemical com¬ 
position, molecular character, and general physi¬ 
cal behavior, it is indeed remarkable that the 
laws describing the general pattern of creep and 
relaxal 1 >n in a large numb A these substances 
take the sjtme two analytical forms. The only 
characteristic which is evidently common to all 
of this broad group of substances is a structure 
which is predominantly either amorphous or 
polycrystaliine. This observation suggests that 
the types of behavior in creep and relaxation 
common among these substances are to be 
associated with randomness of structure. 

* Present address: The Firestone Tire & Rubber Com¬ 
pany, Akron 17, Ohio. 

** One of the laboratories of the Bureau of Agricultural 
and Industrial Chemistry, Agricultural Research Adminis¬ 
tration, U. S.'Department of Agriculture. 


Any attempt to bring experimental data on a 
wide variety of otherwise unrelated materials 
into conformity with a general law should pro¬ 
ceed with caution. On the other hand, the 
scientific ideal of systematized knowledge dic¬ 
tates that such possible generalizations be recog¬ 
nized, though they should not become the means 
for the entrenchment of misinformation. In the 
field of plastic-solid flow, a dispersive trend has 
prevailed, new empirical equations having been 
advanced with no apparent attempt having been 
made to correlate the data with earlier, applicable 
equations. The benefit of a general , empirical 
law, especially if there is a concomitant explana¬ 
tory theory, lies in its suggestion of the ele¬ 
mentary processes giving rise to exceptional 
behavior in particular cases. 

THE LAW OF CREEP 

The deformation resulting from creep under 
constant load at constant temperature in a 
large number of materials is in conformity with 
the relation 

e**€i+at+b log/, (la) 

where < is the strain at time t 9 d is a parameter 
having the dimensions of strain, and a, b arc 
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parameters depending on the load, material, and 
ambient experimental conditions. c(t) in Eq. (la) 
is to be regarded as a function describing the 
creep process; in general, some other function 
of time describes the deformation in the initial 
stage. Thus, while the two processes are con¬ 
tinuous physically, Eq. (la) is invalid at * = 0, 
and no attempt to evaluate e(t) at / = 0 should 
be made. The parameter «i may be interpreted 
as an extrapolated initial strain, for if unity on 
the time scale used with Eq. (la) is taken as the 
instant at which the initial strain is completed, 
and the insignificant contribution of at during 
the very brief initial stage is neglected, it will 
be seen that the deformation at later times 
behaves as if its initial value were ci. In general, 
d only approximates the strain actually occurring 
during the initial stage. Equation (la) was 
advanced by Weaver 1 to represent the total 
creep extension of various steels at constant 
stress and temperature in tests lasting, in some 
cases, five years. The parameter corresponding 
to ci was negative, however, and was not given 
the interpretation outlined above. 

An approximate relation of a type similar to 
Eq. (la) omits the term at , thus implicitly 
placing a = 0, and giving 

c = ci+6 log/. (lb) 

The creep component of the total deformation is 
here represented solely by a logarithmic function 
of the time. The possibility of so representing 
creep appears to have been first recognized by 
Boltzmann 2 in 1874. He used an equation of the 
type of (lb) to express the torsional deformation 
in a filament as a function of time. 

In order to define the function c(/) so that it 
will be continuous at / = 0, the argument of the 
logarithmic term may be written in the binomial 
form (ct+1 ). Applying this modification, Eqs. 

(la) and (lb) become 

c-d+aZ+ftlog (c/+l), (lc) 

and 

€ = «i+& log (ct “h 1)» (Id) 

where c is a parameter having the dimension of 
inverse time. For moderately large values of ct , 


1 S. H. Weaver, Trana. A.S.M.E. 58, 745 (1936). 

# L. Boltzmann, Pogg. Ann. 7, 624 (1876), Sitz. K. 
Akad. Wiss. Wien, Math.-Naturwiss. Classe 70,275 (1874). 


however, the relation 

b log (ct+1 ) log c+b log t 

holds very closely. Hence, if ci in Eqs. (la) and 

(lb) is assumed to include the constant term 
ftlogc, no distinction between Eqs. (la) and 

(lc) or (lb) and (Id) can be made on the basis 
of conformity with experiments in which cf>l. 
For this reason, the form log (e/+l) appears to 
be more comprehensive than is usually necessary 
for the representation of creep. Equation (lc), 
which may be regarded as the most general law 
of creep under constant load, has not been found 
in the literature. Equation (Id), however, has 
been used, as indicated below. 

Since its application to creep in steel by 
Weaver, 1 Eq. (la) has been employed to repre¬ 
sent the slow yield of limestone, and of a single 
crystal of halite under compression, 2 as well as 
the creep in molded phenolic plastics. 4 Other 
applications of this equation have been cited by 
Findley. 5 Furthermore, there are in the literature 
several researches on creep which have yielded 
results evidently in conformity with Eq. (la); the 
reports, however, do not cite the equation. Among 
these may be mentioned the tensile tests of 
Trouton and Rankine 6 and Andrade 7 on lead, 
those of Bailey 8 on molybdenum steel at elevated 
temperatures, and the three-hour compressive 
tests of Lyons 9 on copper and lead. The data 
published on creep under tension in eight organic 
plastics of various types 10 "” 12 appear to be in 
accord with Eq. (la) when moderate deforming 
stresses are employed. Examination of the results 
of Findley 5 * 12 indicates that under high stresses 
the creep in cellulose acetate proceeds as if a in 
Eq. (la) had a negative value, which is a rather 
unacceptable condition. Griggs 2 has noted a 


* D. Griggs, J. Geol. 47, 225 (1939). 

4 D. Telfair, T. S. Carswell, and H. K. Nason, Mod. 
Plastics 21, 137 (Feb. 1944). 

• W. N. Findley, Symposium on Plastics (Philadelphia, 
A S T M 1 QAA} n 118 

1 F. T. Trouton and A. O. Rankine, Phil. Mag. [6] 8, 


53 »1! Andrade, Proc. Roy. Soc. A84, 1 (1910); A90, 329 

' R. W. Bailey, J. App. Mech. (Trans. A.S.M.E.) 58, 
(A)l (1936). 

9 W. J. Lyons, J. App. Phvs. 9, 641 (1938). 

10 B. Chasman, Mod. Plastics 21, 145 (Feb. 1944). 

11 J. Delmonte and W. Dewar, Mod. Plastics 19, 73 
(Oct. 1941). 

11 W. N. Findley, Mod. Plastics 19, 71 (Aug. 1942). 
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similar behavior in creep in shale. The physical 
interpretation of Eq. (la), however, provides an 
explanation of this behavior at high stress. 

In the field of textiles, several studies have 
yielded results which arc amenable to expression 
by means of Eq. (la). Among these are the long 
duration creep results of Lcaderman 1 * on silk, and 
viscose and acetate rayon filaments. The data on 
single Nylon filaments, however, present an 
anomaly with reference to Eq. (la) which re¬ 
sembles that found in cellulose acetate under high 
stress. The creep results of Busseand co-workers 14 
on rayon tire cord suggest that both the parame¬ 
ters a and b increase with temperature. In the 
study of Dillon and Prettyman, 1 * creep in cotton 
and rayon cords, at three different: atiperatures, 
is represented by straight lines on an elongation 
vs. logarithmic-time graph, indicating a value of 
zero for a. However, the curves found by Dillon 
and Prettyman for Nylon cord show a definite 
upturn at later times. In the experimental portion 
of the present study, results on tire cord creep 
extending into thousands of minutes were ob¬ 
tained. For these results Eq. (la), as will be 
shown, provides a good representation. 

The creep of soft copper 14 under constant 
tensile load, as well as that of viscose yarns, 17 has 
been shown to be in accord with Eq. (Id), the 
coefficients b and c being functions of certain 
material characteristics and experimental con¬ 
ditions. The omission of the constant rate term at 
from the equation, as made in Eqs. (lb) and (Id), 
appears to be applicable only in short duration 
tests, in which the viscous type of flow represented 
by at has little opportunity to become appreci¬ 
able. Equation (lb) has been used to represent 
tensile creep in rubber, glass, and annealed 
copper, p> itisum, silver, and . uid wires. 18 It has 
also been ipplied to creep results on cotton and 
rayon fibers in tension 18 and lead cylinders in 


u H* Lcaderman, Elastic and Creep Properties of Fila¬ 
mentous Materials and Other High Polymers (Washington, 
Textile Fourddtion, 1943). 


M Busse, Lessig, Loughborough, and Larrick, J. App. 
Phys. 13, «S (1942). 

* J. II. Julian «nd I. B. Prettyman, J. App. Phys. 16, 
159 (1945).* 

14 A. Nadai and E. A. Davis, J. App. Mech. (Trans. 
A.S.M.E.) 58, (A)7 (1936). 

17 1 J. Press, J. App. Phys. 14,224 (1943). 

12 P. Phillips, Proc. Phys. Soc. London 19,4! 


. _,491 (1905). 

14 R. L. Steinberger, Textile Research 6, 325 (1936). 
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Fig. 1. Hypothetical diagram of the components of total 
creep deformation, as applied to terms in Eq. (la). 

compression 70 in thirty-minute tests. That creep 
in soft iron, also, is not a direct function of the 
time, but a function of the logarithm of the time, 
has been noted. 21 


THE LAW OF RELAXATION 

The relaxation of stress at constant deforma¬ 
tion also has been studied in a variety of ma¬ 
terials. The general, empirical relation, for 
behavior at constant temperature, may be 
written 

<r=s<ri—/3 log t, (2a) 

where a is the stress at time t, a\ is a parameter 
interpretable as the initial stress, with the same 
limitations as were put on the interpretation of 
€|, and (l is a parameter depending on the initial 
stress, the material, and the particular tempera¬ 
ture of the experiment. A variant of Eq. (2a) has 
been announced, and we give it forthwith: 

o=o\—01 og (yf+1). (2b) 

where y is a parameter like c. 

Equation (2b), which, like Eq. (lc), is continu¬ 
ous at 1 = 0, was given in 1904 by Trouton and 
Rankine 4 for the decay of longitudinal stress in 
lead wire. In the same article they indicate that 
Eq. (2a) fits the data on the relaxation of tor¬ 
sional stress in a lead wire. In subsequent re¬ 
search, Eq. (2b) was applied to stress relaxation 
under constant strain in concentrated gels of 


24 W. J. Lyons, J. App. Phys. 10, 651 (1939). 

21 H. Cassebaum, Ann. d. Physik 34, 106 (1911). 
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gelatine, 22 and recently* it has been applied to 
results on rayon yarn. 17 It has been observed that 
Eq. (2a) represents the decay of stress in rubber 
under tension. 18 The graphical plots of relaxing 
stresses in rubber against log t yield straight 
lines. 23 Equation (2a) has also been found to hold 
for relaxation in cotton, rayon, and Nylon tire 
cords at various temperatures. 24 

No equation for relaxation containing a vis¬ 
cous-flow term such as at in Eq. (la) has been 
found in the literature. There are some data, such 
as those of Trumpler 28 on relaxation at constant 
elongation in steel, which seem to call for such a 
term (with a negative sign), but in such cases the 
major portion of the relaxation is satisfactorily 
represented by Eq. (2a). 


THEORETICAL CONSIDERATIONS 

At least four equations 8 * 7 * 26 ’ 27 which have been 
advanced to relate stress (r, strain e, and time t 
during flow in various solids involve power 
functions of t combined with coefficients having 
incomprehensible dimensions. In general, the 
power is not integral. In many of the applications, 
with a suitable choice of coefficients and ex¬ 
ponents, good fits to experimental data have been 
made. The utility of the equations, however, is 
limited to convenient analytical expression, for 
purposes of extrapolation or prediction. Even 
aside from the difficulty of interpreting fractional 
powers of /, these empirical equations provide no 
insight into the physical processes occurring 
during plastic deformation. Equations (la-d) and 
(2a, b), on the other hand, are not only inter¬ 
pretable in terms of gross physical effects, but find 
explanation in a theory of molecular mechanism. 

As long ago as 1904 it was recognized by 
Trouton and Rankine 6 that the plastic deforma¬ 
tion of solids involves a component of the elastic 
type and one of the viscous type. The former 
consists of flow which gradually decreases with 


“A. O. Rankine, Phil. Mag. [6] II, 447 (1906). 

“A. Tobolsky and H. Eynng, J. Chem. Phys. 11, 125 
(1943). 

24 H. R. Wakeham, Southern Reg. Res. Lab., private 
communication. 

» W. E. Trumpler, Jr., J. App. Phys. 12, 248 (1941). v 
,# A. A. Michelson, Proc. Nat. Acad. 3, 319 (1917); 
6, 122 (1920). 

27 P. G. Nutting, J. Frank. Inst. 191, 679 (1921); 235, 
513 (1943). 


time, and is more or less recoverable on removal 
of the deforming load. It has been designated by 
a seemingly endless number of names, among 
which “transient flow,” used here, is one. The 
relation of these components (represented by 
dashed curves) to the total deformation c (the 
solid curve) during creep, is shown in Fig. 1. Such 
a graphical analysis may be made without refer¬ 
ence to a specific equation. Figure 1, however, 
lends itself well to the identification of the terms 
in Eq. (la). The term represents the deforma¬ 
tion occurring in the initial stage, though as 
indicated above, numerically the representation 
is merely approximate. In the second term, a is 
the constant rate of flow characterizing the 
viscous component, which persists indefinitely. 
The transient flow is expressed with good fidelity 
by the final term b log /. As Eq. (la) indicates, 
the total strain at any instant during steady 
creep is given by the simple arithmetic sum of the 
components. The strain due to creep alone is 
€ c =<Z t-\~b log /. 

The processes outlined in Fig. 1 have been 
interpreted in terms of another well-known creep 
equation, 28 namely, 

€ = €i+X/+€«[l-exp (-//t)], (3) 

where X is the constant rate of viscous flow, €» is 
the final, maximum strain due to transient flow, 
and r is the Maxwellian relaxation time for the 
system. This equation was developed for a 
system of models of the type considered by 
Maxwell in the derivation of his classical equa¬ 
tion for relaxation. Involving the evaluation of 
four coefficients, instead of three as does Eq. (la), 
Eq. (3) is less manageable. Furthermore, as was 
found in the present study on tire cord, the fit to 
experimental data which is finally achieved is not 
as good as that which Eq. (la) readily gives. 
Equations of the type of (3), however, have found 
favor, presumably because of their theoretical 
foundations, which until recently Eqs. (1) and (2) 
have lacked. Except insofar as the transient term 
b log / is an approximation to **(1 —exp (— t/r)) 9 
Eqs. (1) and (2) are not derivable from Maxwell’s 
equation. Integration of the latter equation for 

*• J. M. Burgers, First Report on Viscosity and Plasticity 
(Committee of Academy of . Sciences at Amsterdam, 
Amsterdam, 1939), second edition, p. 28. 
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constant deformation leads to 

<r=»<nexp (—//r) f (4) 

as the expression for the relaxation of stress. This 
equation, however, has been notoriously poor in 
representing experimental data. While it may be 
in accord with data on a few materials, it fails for 
all those cases in which the corresponding em¬ 
pirical Eq. (2a) holds. Trouton and Rankine 6 
were among the earliest to abandon Eq. (4) in 
favor of Eqs. ( 2 a) or ( 2 b). Since the Maxwell 
equation is empirically unsatisfactory in the 
simplest applications, there appears to be little 
reason to accredit the underlying theory, and 
attempt to interpret more complicated processes 
in terms of it, as use of Eq. (3) implicitly does. 

It is on the transient flow that most theoretical 
interest in creep and relaxation has centered. It 
will be noted that it is in the term for this 
component that Eqs. (la) and (3) differ. The 
transient flow reappears in relaxation processes 
and is represented in Eqs. ( 2 a) and ( 2 b) by p log t, 
or 01og ( 7 /+I). Some of the earliest analytical 
considerations of solid flow 7 * 18 associated the 
transient part with local rupture, rotation, or 
reorientation of the submicroscopic elements of 
the material. Transient flow, as the integration of 
localized movements, was distinguished from the 
shearing process in continuing viscous flow. The 
later ideas considered the transient flow to be 
imposed on the viscous. This view is in line with 
the diagram of Fig. 1. 

While qualitative theory has retained this 
picture of the general character of transient flow, 
the justification for the empirical, logarithmic 
form has been lacking. It is possible to set down a 
general differential equation for the process of 
deformat I n in solids, from v «i the initial and 
transient vrqfe ;n Eqs. (1) and (2) can be derived 
and correlated. The treatment, however, is a 
mathematical formalism, not unlike those ac¬ 
companying application of Maxwell's equation; 
it contributes nothing toward establishing the 
logarithmic form as the unique expression for 
specific molecular processes. The descriptive, 
reaction-rate theory of Eyring 29 does provide a 
basis for the logarithmic form in a mechanism at 
the molecular level. This theory leads to the 

*• H. Eyring, J. Chem. PhyB. 4, 283 (1936). 
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following relation between stress and time: 

B<r Bai 

tanh — = tanh-exp (— ABGt ), (5) 

2 2 

where <r\ is the initial stress, G is an elastic 
modulus, and A and B are parameters involving 
temperature among other factors. Tobolsky and 
Eyring 23 have shown that, applied to longitudinal 
creep under constant load, beyond the range in 
which the cross section is changing rapidly, 
Eq. (5) leads approximately to Eq. (lb). For stress 
relaxation at constant elongation they derive 
Eq. (2a). 

The constant-rate term at in Eq* (la) does not 
emerge from the reduction of Eq. (5), which re¬ 
fers to the integration of localized slipping 
processes, such as might occur in crystalline solids 
or high polymeric network-structures. These 
processes consist of recrystallization arising from 
the assumption of new equilibrium positions by 
displaced atoms, and the reformation of ruptured 
bonds between chain molecules. In the complete 
Eyring theory of solid flow, however, there 
appears an equation for the motion of the 
amorphous portion of linear-polymeric substances 
(“segment motion”). If this equation is inte¬ 
grated independently for constant stress, the 
resultant expression yields a strain which in¬ 
creases at a constant time-rate. The theory in its 
present form, however, does not employ the out¬ 
right addition of this strain to that given by 
Eq. (5). It does not appear feasible to dismiss the 
constant-rate term at as an insignificant experi¬ 
mental deviation from the logarithmic law, for in 
some materials, as lead in creep-extension 6 meas¬ 
urements for instance, the deformation resulting 
from viscous-like flow is the most prominent 
component. It may be concluded that in the creep 
of the numerous solids which behave in accord¬ 
ance with Eq. (la), there is an actual underlying 
constant-rate flow corresponding to the term at. 
The constant-rate, viscous-type flow may be 
interpreted as a slow general distorting motion 
within a connected, reticular system, or between 
such systems, through a matrix of unassociated, 
amorphous substance. This slow movement could 
conceivably take place whether the motive force 
were an external load, or internal restoring 
stresses in the networks. 

Journal of Applied Physics 




Fig. 2. Creep in a “hot-wel-stretched” 17/4/3 cotton cord. 

As a measure of the constant rate of viscous 
flow in a mateiial or product, the parameter a 
has technical importance. The comparison of 
values of a for different materials under equal 
loads will indicate which will offer the most 
resistance to continuous yielding or growth in 
service. 

Reference was made above to the anomalous 
behavior of cellulose acetate strips and Nylon 
filaments with reference to Eq. (la). A deceler¬ 
ated creep at the longer times was observed in 
these materials, contrary to behavior predicted 
by Eq. (la). In the light of the foregoing analysis, 
the observed behavior indicates extensive re¬ 
orientation of the chain molecules and enlarge¬ 
ment of crystalline areas: an excessive strain¬ 
hardening effect. Such an effect might be ex¬ 
pected in the linear high polymers, but would 
not be likely to be found in polycrystalline 
metals having a granular structure. Presumably, 
under the action of high stress, or because of 
easy susceptibility to orientation, the strain¬ 
hardening in the acetate and Nylon becomes so 
pronounced as to alter seriously the viscous 


properties of the material and depress the value 
of the parameter a. In the case of the cellulose 
acetate the strain over the anomalous region 
was not much below that at which fracture 
occurred. The strain-hardening in this region 
may be regarded as the preliminary stage of the 
rupture process, and abnormal effects are to be 
expected. This downward curvature of the creep 
vs . log t curve at high limiting values of t has a 
counterpart in the complete graph of Eq. (S). 28 

CREEP AND RECOVERY IN TIRE CORDS 

The measurement in the laboratory of creep 
and other visco-clastic effects in tire cords pro¬ 
vides a useful insight into the “growth” behavior 
of the cords in a tire in service. Creep experi¬ 
ments with a constant load would appear to 
parallel closely the conditions in a tire which 
lead to growth. The cords in an inflated tire on 
the wheel are continually under tension. The 
rubber encasing the cords contributes very little 
toward supporting the load on the tire, and 
limiting the plastic extension of the stressed 
cords. In this respect, conditions in a tire differ 
from those of stress-relaxation experiments of 
the type in which provision is made to hold the 
specimen at constant length. 

Since the experimental phase of the present 
study was intended primarily as an exploration 
for constant-rate flow in tire cord, relaxation 
experiments have not been included. Relaxation 
experiments should, however, provide valuable 
data complementary to those on creep, when the 
plastic behavior of a particular cord is being 
exhaustively examined. In tensile creep, the 
decay of stress is accompanied by an increase in 
strain tending to offset the decay. By eliminating 
strain as a variable, the experiments at constant 
length provide a means for studying the stress 
history of a cord directly. The observed stress- 
relaxation in a cord is presumably a reflection of 
the adjustments taking place at the micellar and 
molecular levels, without the complication of 
concomitant deformation in the fiber substance. 
Furthermore, the glide of fiber on fiber, which is 
conceivable as a component of the observed creep 
in cords composed of staple fibers, is substantially 
eliminated in stress-relaxation experiments. 

Creep measurements under constant load were 
made at room temperature on cotton tire cords 
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Fig. 3. Creep in a regular, wct-twisicd 29/5/3 cotton cord. 


of three different types and on a rayon cord. 
In general, for each cord sanies at each of the 
several >ada employed, r ’.« time-sequence of 
observa.ions was made on five specimens. The 
mean values of the lengths of the specimens at 
selected times were used in plotting the elongation 
vsvtime curves. The observations on the cords, 
which were hung in a vertical position, were 
made by means of a cathetometer. The experi¬ 
ments were conducted in an air-conditioned 
laboratory in which the relative humidity was 
about SO percent. The results were not intended 
for purposed of rigorous comparison between 
these cords and those tested elsewhere at different 
times, 8Q extensive equipment for close humidity 


control was not set up. In most cases, tests on 
individual specimens of a particular sample were 
staggered in such a way that observations corre¬ 
sponding to the same duration of creep were not 
made simultaneously. Thus, while moderate up¬ 
ward and downward drifts in the relative hu¬ 
midity and temperature may have had an 
influence on the creep behavior of individual 
specimens, it is believed that their effects on 
the measurements cancel out completely enough 
in the sample averages to justify the main con¬ 
clusions of the present exploratory study. 

The results of these measurements are shown 
graphically in Figs. 2 to 5. In each figure the 
original load, based on the cord number (dr 
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specific linear weight) of the sample before 
loading, is given on the left-hand side of the 
figure, adjacent to the appropriate curve. In 
Figs. 2-4 the elongation € is expressed in per¬ 
centage of the original length of the unstressed 
cord. 

Figure 2 shows the creep in a cotton cord of 
17/4/3 construction under a scries of loads in 
which the maximum is about 60 times the 
minimum. This cord had been given a treatment 
in which it was stretched in a wet condition, and 
then dried while still undei tension. Since the 
creep tests extended over a period of only thirty 
minutes, no constant-rate flow is discernible. 
The behavior conforms to Eq. (lb). The graph 
reveals two features having general application 
to creep in textile materials: viz., the initial 
deformation, «i, is clearly not proportional to the 
original load, or even to the initial load <n, nor is 
the value of the coefficient b , in the transient 
term, proportional to these quantities. In the 
simplified theories of creep, the quantities corre¬ 
sponding to ci and b are often represented as 
being proportional to <ri. Typically, Fig. 2 indi¬ 
cates the invalidity, from the empirical stand¬ 
point, of such generalizations. Dillon and Pretty- 
man 16 have noted a similar lack of linearity 
between the slope b and the load, in their creep 
data on tire cords. 

The results given in Fig. 3, for a regular wet- 
twisted 29/S/3 cord, cover a much longer period 
of creep (4320 minutes) than do those given in 
Fig. 2. The creep behavior here shows a con¬ 


sistent deviation from Eq. (lb). The broken lines 
are the graphs of equations of the type of Eq. 
(lb) determined by the method of least squares, 
while the solid lines are for the best fitting 
equations of the type of Eq. (la). The particular 
numerical equations giving c in percent are 
shown. The experimental points for the loads of 
0.185 and 0.549 g/grex fall in better agreement 
with the latter curves than with the straight 
lines. For the remaining two loads one curve 
shows as good conformity with the observations 
as the other. All four sets of data, however, 
show a tendency toward greater elongations at 
the later time than would be predicted by the 
best-fitting straight lines drawn through the 
first eight or nine points in accordance with 
Eq. (lb). The constant creep rate a tends to 
increase with the load. 

That the constant-rate component of the 
observed creep in Fig. 3 arises from slippage 
between fibers is a reasonable tentative inference. 
If such slippage is the cause, the constant-rate 
flow should be absent from creep in continuous 
filament cords, for here the linear coherence does 
not depend on inter-filament forces. To examine 
this point, creep observations were made on a 
commercial viscose rayon cord of 1100/2 con¬ 
tinuous-filament construction. The observations, 
extending over nearly 13,000 minutes are sum¬ 
marized in Fig. 4. It will be readily seen that, 
though a very moderate load (710 g, or 0.290 
g/grex) was used, a constant rate component is 
in evidence. It becomes appreciable, however, 
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Fig. 5. Creep and recovery in a regular 29/5/3, and a dual stretched 17/4/3 cotton cord. 
Creep in both cords took place under an original load of 0.549 g/grex. 


only after about 1000 minutes of creep. Up to 
about 1440 minutes (1 day), the elongation is 
well represented simply by Eq. (lb), as indicated 
by the dashed straight line. The continuous 
growth, which in this continuous-filament cord 
may be confidently taken as arising from viscous 
flow, p* >ceeds at a slightlv ’ er rate than in the 
cotton < orctfin Fig. 3, under a comparable load. 

While the extensive experiments of Dillon and 
Prettyman 1 * on cotton and rayon cords fail to 
show the upward curvature in the graphs of 
elongation vs. logarithmic time , the reason for 
this would appear to be simply the limitation on 
the duration of their tests. Most of their tests 
covered a period of about one day. As has been 
noted, in the present room temperature tests the 
constant rate flow did not become noticeable 
until after about 1000 minutes had elapsed; 
presumably such a lower time limit would apply 

4&0 


also to elevated-temperature tests such as Dillon 
and Prettyman’s. 

In Fig. 5 are shown recovery, as well as creep 
data, on two cotton cords, one the 29/5/3 
regular cord to which Fig. 3 refers, and the other, 
a 17/4/3 dual-stretched cord, treated by the 
process of Philipp and Conrad.*® On completion 
of the creep observations, the loads were re¬ 
moved, except for a clamp which weighed about 
30 g, and carried the index mark. The subsequent 
contractions of the cords were measured periodi¬ 
cally to yield the recovery curves in Fig. 5. To 
condense the graphs, only the creep < c , i.e., the 
sum of the terms for the transient and constant 
rate flows, has been plotted. The points represent 
the means of the creep in each specimen, ex¬ 
pressed as percentage of the particular initial 

** H. J. Philipp and C. M. Conrad, J. App. Phys. 16, 
32 (1945). 
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(1-minute) length of the specimen in the creep 
test. 

The data on the 29/5/3 cord appear to support 
Eqs. (la) and (lb) equally well, for both the 
creep and recovery processes, if the parameters 
a and b are given negative signs in the application 
to recovery. Similarly, the creep data on the 
17/4/3 cord favor neither equation, but those 
for the recovery in this cord show a definite 
conformity to Eq. (la). The Boltzmann super¬ 
position principle 18 does not hold for these results 
since very little of the initial strain was recovered 
when the cords were unloaded. However, it is 
found, in partial agreement with this principle, 
that a single value for the coefficient of the 
transient term b log t can be used in the equations 
for both creep and recovery in both cords, to 
yield curves which satisfy the data moderately 
well. The necessary values for the rate parameter 
a are not found to be the same; in one case, that 
of recovery in the 29/5/3 cord, a = 0, if b is given 
the value 0.264, which the creep data favor. 
A smaller value of b which, with a = 0, would 
give a better fit to the recovery data, would lead 
to a poorer fit in the creep curve. The particular 
equations and the corresponding curves are 
shown in Fig. 5. 

The appearance of a constant-rate term in the 
expression for recovery may be deduced from 
the Eyring theory. In recovery there is no con¬ 
stant external load producing continuous flow. 
However, the molecular network structure, such 
as exists in cellulosic fibers, provides small re¬ 
tractive stresses, which come into play when 
the external load is removed. When the stresses 
become very small, the rate of deformation, 
according to the Eyring equations, becomes 
sensibly constant. The tendency of recovery to 
approach a constant rate of flow after long in¬ 
tervals of time has been noted also in phenolic 
plastics by Telfair, Carswell, and Nason. 4 

SUMMARY 

As has been shown in the foregoing discussion, 
there is abundant evidence for accepting Eq. 
(la) as the basic, empirical law for creep under 
constant load. Equation (lb) is merely a special 
form of Eq. (la), for the case of a=0. Equation 
(la) has an adequate foundation in the reaction- 


rate theory of deformation, through which also 
it is related to the empirically-sound Eq. (2a) for 
stress relaxation. As with other general laws 
(Newton’s viscosity law, for instance), there are 
materials which behave in an anomalous manner 
with respect to Eq. (la), and there are limits 
outside which the equation does not hold. It 
evidently does not apply at high stresses near 
the breaking load, for instance. Notwithstanding 
their limitations, Eqs. (la) and (2a), together 
with their underlying general theory, provide 
the framework of what may be regarded the 
normal flow behavior of amorphous solids. As the 
basic, empirical relations for normal elasto- 
viscous phenomena, Eqs. (la) and (2a) would 
appear to be in the same category as Hooke’s 
law for pure elastic and Newton’s law for pure 
viscous phenomena. 

The cited work of Bussc and co-workers, Dillon 
and Pretty man, and Wakeham, as well as that 
reported in the present exploratorv study, all 
point to the applicability of Eqs. (la) and (2a) 
to the normal plastic behavior of tire cords. The 
equations have the usual limitations of empirical, 
semi-theoretical relations, in that they cannot 
be used validly to compute strains or stresses 
for periods 100 or 1000 times as long as that over 
which the constants were evaluated. When Eq. 
(la), with the constants for tire cord, is used in 
such extrapolations, absurdly large elongations 
are obtained. It must therefore be concluded that 
the constant-rate flow, represented by the param¬ 
eter a, does not go on indefinitely, but that after 
creep times on the order of 10 6 minutes the 
structure of the cord or its component fibers (as 
in the case of the acetate and Nylon samples 
mentioned previously) becomes sufficiently stabi¬ 
lized to counter-balance the residual forces pro¬ 
ducing the constant-rate flow. 

In view of their wide verification, extending to 
non-textile materials, it would appear feasible to 
use Eqs. (la) and (2a) as the basis for more or 
less standardized tests of creep and relaxation 
in cords and yarns. Just as a sample of steel is 
characterized by its moduli of tensile elasticity 
and rigidity at a certain temperature, so the 
plastic, or growth, properties of a cord may 
be identified by the values of the parameters 
€i, a, 6, cri, and ft under specified conditions of 
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load, temperature, and humidity. Dillon and 
Prettyman 15 have taken a step in this direction 
with their use of the quantities “initial com¬ 
pliance” and “weighted creep.” There can be 
no doubt that the utility, for purposes of com¬ 
parisons, of creep and relaxation data on tire 
cord and other textiles, will be broadened if 
they are interpreted in terms of generalizations 
which are valid and at the same time are gener¬ 


ally recognized. Equations (la) and (2a) may be 
adopted as such generalizations. 
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Fatigue Failure of Rayon Tire Cord 
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Tire-cord fatigue tests are characterized and interpreted in terms of the following parameters: 
magnitude and frequency of the cyclic stroke, average load, minimum load, temperature, and 
humidity. By varying one test parameter at a time, it is shown that the effects of creep and 
degradation are minimized by using a high frequency and a high stroke. The relative rating 
of two samples of rayon depends on the parameters of the test and on the modulus and twist 
structure of the samples. Fatigue breakdown is interpreted in terms of progressive fracture 
under localized strains occurring at the peak stress of the cycle. A comparison of the fatigue 
behavior of rubbers, metals, and tire cord suggests they may all involve the same basic process 
of crack growth. 


INTRODUCTION 

U NDER repeated cyclic stresses, most solids 
show mechanical breakdown under stresses 
far below the normal breaking values. This 
failure of materials under cyclic deformations is 
called fatigue or dynamic fatigue, while the 
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Fig. 1. Sjrain cydes for various fatigue tests. 
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failure of a material under steady load is called 
creep-failure or static-fatigue. 

Since 1900, many papers have appeared on the 
fatigue of metals. More recently, failures in 
plastics, elastomers, and fibers have been shown 
to result from continued cyclic deformations. 
The fatigue failure of tire cord is responsible for 
a type of tire failure important in certain classes 
of service. 

The present paper discusses some aspects of 
the general theory of fatigue and the behavior of 
rayon tire cord in various laboratory fatigue 
tests. 

FATIGUE TESTS 

The rate of fatigue is affected by the structure 
of the sample, presence of chemically reactive 
materials, humidity, temperature, period, and 
magnitude of the localized cyclic strain, and the 
local magnitude of the minimum strain at the 
end of a cyclic stroke. 

Figure 1 shows the strain throughout the cycle 
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Table I. Fatigue tests. 


for four classes of constant-stroke fatigue tests. 
These classes differ in the ratio of cyclic strain 
to average strain and in the changes of average 
strain from one cycle to the next. These classes 
of fatigue tests are different from the tests with 
constant cyclic stress, as usually used for metals. 
The Class I test of Fig. 1 involves a constant 
cyclic elongation with a constant minimum strain, 
S m , throughout the fatigue life. The Class II test, 
having equal compression and elongation, is a 
special case of Class 1 in which S m is negative 
and equal to one-half the cyclic displacement. 

Instead of keeping the minimum strain con¬ 
stant as in Classes I and II, one may adopt a 
Class III test by taking up the slack in a sample 
under a constant minimum load by means of a 
ratchet mechanism operating at the point of 
minimum strain in the cycle. The cyclic defor¬ 
mation remains constant, while the total length 
of the sample increases, as shown by the increase 
in minimum strain for Class III of Fig. 1. 

Another way of taking up the slack is to hang 
a weight on the sample, while vibrating the 
other end up and down with the weight re¬ 
maining practically stationary. This procedure 
maintains a constant average load, which like¬ 
wise causes tiie sample to grow in length, as 
shown for Class IV of Fig. 1. The essential 
difference between the tests of Classes III and 
IV is in the minimum load being constant in 
Class III, while the maximum load is constant 
in Class IV; however, the samples in both tests 
grow in length until failure. 

As either the minimum load in Class III or 
average load in Class IV is increased, these tests 
approach a static-fatigue or creep-failure test. 
As the stroke is increased, these tests become 
more sensitive to elongation characteristics or 
elastic limit of the material. A stroke may be 
chosen that will break a low elongation material 
in the first stroke and yet not break a high 
elongation material in many thousand cycles; 
under such conditions the test will cease to be a 
fatigue test for the lower elongation material. 
Therefore, the use to be made of the results of 
the test must be considered in selecting the 
conditions for a fatigue test. 

A fatigue test may have two purposes, namely, 
an over-all fatigue rating under service condi- 


Teat 

Class 

Stroke 

elong. 

Load 
in grams 
per denier 

Temper¬ 

ature 

% regain Fre- 
moisture quency 
in cord in c.p.m. 

A 

III 

1.6 

0.14 (Min.) 

49 °C 

3.7 

360 

B 

IV 

1.6 

1.0 (Av.) 

100°C 

2.0 

3000 

C 

IV 

0.5 

0.65 (Av.) 

170°C 

Drv 

3650 


Table II. Properties of yarns at 23.9°C (75°F) (3"Z" 
twist wet or 60 percent relative humidity). 


Coid Tenacity g.p.d. % elongation 

No. Cond. Wet Cond. Wet 


1 

3.62 

2.25 

10.1 

20.3 

2 

3.70 

2.30 

9.8 

19.6 

3 

3.56 

2.12 

9.8 

17.9 

4 

5.23 

3.81 

7.4 

7.8 


Table III. Properties of cords at 23.9°C) (75°F) 
(1100/2 construction 15"Z"-11"6 V ' twist). 


Conditioned at 60% relative humidity 


Cord 


% 

Strength elong. 
in at 10# 


% 

elong. 

at 


Oven-dry cord 


Strength elong. 
in at 10# 


A. 

at 


No. 

Denier 

lb. 

load 

break 

lb. 

load 

break 

1 

2492 

16.4 

9.0 

16.5 

20.1 

4.1 

12.1 

2 

2412 

16.0 

8.1 

13.5 

19.0 

3.9 

10.5 

3 

2449 

15.1 

8.1 

13.1 

17.8 

4.0 

9.8 

4 

2439 

18.6 

5.0 

9.4 

21.7 

2.1 

6.4 


tions, or a measurement characterizing a sample 
in terms of what we may call a “true fatigue” 
resistance which is independent of creep under 
static load, heat-aging, and deteriorating agents. 
This true fatigue will be a function of the 
temperature, moisture content, stroke, and struc¬ 
ture of the sample. A complete fatigue rating 
involves both a rating under standard conditions 
and the sensitivity of this rating to each of the 
conditions of which the fatigue test is a function. 
To obtain practical relative fatigue ratings of 
materials having widely different properties, such 
as glass, cotton, rayon, and Nylon, it is necessary 
to duplicate closely the degree of strain occurring 
in service failure. Since service conditions are 
varied and difficult to define, one chooses what 
appears to be a reasonable set of parameters for 
a laboratory fatigue test. For narrow classes of 
materials having similar elongations and temper¬ 
ature sensitivities, etc., such measurements 
should correlate with service fatigue. 

Class 1 and II tests have been used on rubber 1 

1 S. M. Cad well, R. A. Merrill, C. M. Stowman, and 
F. L. Yost, Ind. Eng. Chem. Anal. Ed. 12,19 (1940). 
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Fit* 2. Effect of frequency of stresses on fatigue life. 

and a Class 11 test has been designed by Ray 2 
for tire cord embedded in rubber. This latter 
test gives an over-all fatigue rating for the 
service conditions simulated by the test; how¬ 
ever, the results of this test depend on the 
technique and materials used in embedding the 
cord in rubber, as well as on the inherent fatigue 
resistance of the cord materials. Class III and 
IV fatigue tests have been developed for tire 
cord by Castricum 8 and Busse and others, 4 
respectively. Class I and II tests are much more 
difficult to apply to tire cord free of rubber than 
the Class 111 and IV tests. To simplify both the 
technique and the interpretation of the results, 
the present investigation has been confined to 
the Class III and IV tests. 

Experimental Tests 

The conditions of some of the sejy ted standard 
tests are given in Table I. The toad is in grams 
per denier, and the frequency is in cycles per 
minute. 

The effect on fatigue life of varying each of 
thesotparameters except stroke, one at a time, 
has been studied tor one or more of these fatigue 
tests in order to find conditions where the fatigue 
life is ^dependent of heat-aging and least 
dependent* Upon creep under static load. The 


* F. Ray, U. S. Patent No. 2,235,622. 

1 M. Castricum, U. S. Patent No. 1,923,296. 

4 W. F. Busse, E. T. Lessig, D. L. Loughborough, and 
L. Larrickj J. App. Phys. 13, 715 (1942). 


properties of the cords used in this study are 
given in Tables II and III. 

All tests were made on a Scott IP4 tester 
using a loading rate of 16 g.p.d. per minute. 
Cords 1, 2, and 3 represent three different types 
of commercial viscose rayon tire yarns, while 
Cord 4 represents a low elongation viscose rayon 
yarn. 

The coefficient of variation for 54 determina¬ 
tions in Test A was 20 percent. For a normal 
distribution and a probability of 90 percent, 
this corresponds to an uncertainty of 18 percent 
for six observations and 11 percent for 12 
observations. Most values reported in this paper 
represent averages of either six or 12 observed 
values. 

EXPERIMENTAL RESULTS 
Effect of Frequency of Stresses 

The effect of the frequency of cyclic stresses 
on the fatigue life (time to failure) of Cords 1 
and 2 may be seen in Fig. 2, where frequency 
and fatigue life are plotted on logarithmic co¬ 
ordinates. A straight line has been drawn through 
the points from 60 to 3,000 c.p.m. The relation¬ 
ship represented by the straight line may be 
written in the following form 

F« fear", (1) 

where F is fatigue life in minutes, &> is frequency, 
and k and m are constants. The fatigue life is 
proportional to the frequency raised to the 
negative fractional power —m; the number of 
cycles to failure is equal to the product of the 
life and the frequency and, therefore, propor¬ 
tional to the frequency raised to the positive 
fractional power 1—w. Busse and others 4 re- 


Table IV. Irreversibility of fatigue processes in 
fatigue test A. 


Initial 

fatigue 

time 

(hours) 

Intermediate treatment 

Fatigue 
time after 
treatment 
(hours) 

Total 

fatigue 

(hours) 

4.7 

Control: fatigued direct to 
failure 

3.6 

8.3 

4.7 

Conditioned 24 hours at 
60% R.H. 23.9°C 

4.2 

8.9 

4.7 

Wet out, dried on jig at 
original length 

3.4 

8.1 

4.7 

Heated for 1.5 hours at 
150°C in a dry evac. tube 

3.8 

8.5 
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Fir.. 3. KfTcet of fatiguing on breaking load and elongation 
of a tire cord. 


ported the fatigue life of rayon and cotton cords 
to be independent of the frequency; this was 
due probably to the heat-aging involved in their 
test and to the limited frequency range wherein 
the stress-strain behavior of their tester was 
unaffected by resonance. No dispersion or critical 
frequency ranges have been observed, indicating 
that no critical relaxation frequencies of the 
cellulose occur in the frequency range employed 
in this study. The values of m in Eq. (1) arc 
the same for Cords 1 and 2 within the limits of 
experimental error. Increase in the fatigue life 
with increasing frequency was reported for 
rubber by Yost, 5 although the functional rela¬ 
tionship was not given. 

Irreversibility of Fatigue Processes 

The fatigue processes involved in Test A 
appear to be irreversible. Samples, of Cord 3 
having an average fatigue life of 8.3 hours were 
fatigued for approximately one-half of this time, 
given an opportunity to recover, and then 
fatigued to failure. The total time of fatiguing 
and the kind of intermediate recovery treatment 
used are given in Table IV. None of the fatigue 


•F. L. Yost, Trans. A.S.M.E. 65, 881 (1943). 
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resistance expended in the initial period was 
recovered by the various treatments tried; the 
differences in total fatigue life are within the 
experimental error. Busse and others 4 have shown 
that the processes of 'Pest C are not reversed by 
treatments such as mechanical flexing, condi¬ 
tioning, or wetting with various solvents. 

The effect of fatiguing, for various times short 
of failure, on the breaking load and breaking 
elongation of a tire cord having a fatigue life of 
7.6 hours is shown in Fig. 3 for Test A. There 
is no appreciable change in the breaking load 
until near the end of the fatigue life; however, 
the breaking elongation rapidly decreases during 
the first part of the fatigue life. 

Growth during Fatigue Testing 

The repeated deformation of a cord results 
in the production of a permanent elongation. 
A continuous record of elongation vs. timers 
given in the upper, left part of Fig. 4 for a 
sample of commercial tire cord in Test A. The 
cords grow very rapidly in the first few minutes, 
after which the rate of elongation becomes pro¬ 
portional to the logarithm of the time as shown 
by the straight line part of the curve in the lower 
right part of Fig. 4. The stage just before failure 
is characterized by a period of rapid growth. 
Similar straight line plots are obtained for a 
large part of the creep of a cord under static 
load. Leaderman 6 has observed similar behavior 


rtr/coc r/Mc w voaej 



• H. Leaderman, Elastic and Creep Properties of Fila¬ 
mentous Materials and other High Polymers (The Textile 
Foundation, 1943). 
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Fig. 5. Effect of moisture on fatigue life. 

of the creep under static load for various textile 
fibers while Chasman 7 has obtained such creep 
curves for plastic sheets. 

Effect of Moisture on Fatigue 

Under conditions approaching those in fatigue 
Test B where heat degradation is insignificant 
the fatigue life is increased by increasing the 
moisture content of the cord. Figure 5 shows a 
plot of the fatigue life of two types of tire cord 
as a function of the moisture content of the 
cord obtained on desorption. This effect of 
moisture is the opposite of the effect of moisture 
on the lift of a cord under a static load. The 
increased fatigue lives at the higher moisture 
contents probably result from ' ’ e lower cyclic 
stresses pxstipt in moist cotu. Increasing the 
moisture content of cord in a tire is undesirable, 
since it increases the rate of growth of the tire. 

« Effect of Temperature on Fatigue 

The effect of temperature on life has been 
determined with conditions other than temper¬ 
ature as in T'est B and Test C and for creep 
failure under two different static loads. It was 
impractical to surround the cords with com¬ 
pletely dry air or to provide a constant moisture 

7 B. Chasman, Modem Plastics 21, 6, 145 (1944). 
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content in the cord at each temperature. the 
air supplied to the testers for these temperature 
coefficient studies contained 60 percent relative 
humidity at 23.9°C with other conditions as in 
Test C or 13 percent relative humidity at 23.9°C 
with other conditions as in Test B. As the 
temperature of the test is lowered, the moisture 
content of the cord will increase. Only below 
80°C will sufficient moisture be present to affect 
the life with other conditions as in Test B. 

The results of these temperature-coefficient 
measurements arc given in Fig. 6. The lives in 
both the creep and fatigue tests are exponential 
functions of the reciprocal of the absolute 
temperature. For each fatigue test, the tempera¬ 
ture coefficient is nearly the same for the two 
types of high-tenacity rayon yarns. 

It follows from the Arrhenius equation giving 
the activation energy of a physical or chemical 
molecular rate process 8 that 

log ,L-(E/RT) + C, (2) 



Fig. 6. Effect of temperature on fatigue life. 


* S. Glass tone, K. J. Laidler, and H. Eyring, Theory of 
Rate Processes (McGraw-Hill Book Company, Inc., New 
York, 1941). 
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where L is the time required for a selected 
amount of change to take place, E is the activa¬ 
tion energy for the process, and C is a constant. 
Table V gives the activation energies determined 
from the slopes of the straight lines in Fig. 6. 
The value of the activation energy reported in 
the table for the fatigue test of Busse and others 4 
is a corrected value calculated from the original 
data. 9 This test approaches the conditions of 
Test C, and the activation energies of these two 
tests are in reasonable agreement. 

Table V also gives a rough activation energy 
determined in our laboratory 10 for the degrada¬ 
tion of Cord 2 in an oven containing air. 'Phis 
activation energy was calculated using the times 
for equal loss in strength on heating rayon cord 
at 160°C and 185°C in an oven. The difference 
between the activation energies for the two 
creep tests is within exi>erimcntal error. The 
activation energy for Test C agrees, within 
experimental error, with values for creep and 
with the value for the thermal degradation of 
tire cord under conditions similar to those in 
Test C. On the other hand, the comparatively 
low activation energy found for fatigue Test B 
indicates that the most important process occur¬ 
ring in this test is not the same as that involved 
in either heat-aging or creep under static load. 
In addition, the large difference between the 
activation energies for Tests B and C suggests 
that their rates are determined by basically 
different processes. 

The conditions for Test C are more likely to 
involve heat-aging than the conditions of Test B , 
since the time available for aging at the high 
temperature is larger by 600 percent. The im- 
I>ortance of heat-aging and creep in Test C 
cannot be reduced by merely lowering the 


Table V. Activation energies. 


Cord test 

Activation energy in 
calories/kinetic unit 

Fatigue Test B 

7800 

Fatigue Test C 

23000 

Fatigue Test of Busse et al . 

19000 

Creep (1.8 g.p.d.) 

22000 

Creep (2.0 g.p.d.) 

19000 

Thermal degradation of tire cord 

25000 


•W. F. Busse, E. T. Lessig, D. L. Loughborough, and 
L. Larrick, T. App. Phys. 16, 120 (1945). 

10 E. A. Tippetts and A. W. Powell, unpublished data. 


temperature, since the temperature coefficient 
for this test is the same as that for heat-aging 
and for creep. On the other hand, the effects of 
heat-aging and the creep under static load for 



Fig. 7. Effect of heat degradation on fatigue life. 

Test B become relatively less important as the 
temperature is lowered. Since straight lines are 
obtained for the Test B conditions of Fig. 6, it 
appears that neither of these factors is important 
for this test even at the highest temperature 
studied. 

Considerable heat degradation is in evidence 
in cords fatigued in air under the Test C condi¬ 
tions. This is indicated by discoloration of the 
test samples. Under the conditions of tempera¬ 
ture, moisture, and time in the Type C fatigue 
test, an unloaded cord may lose 25 percent of 
its strength because of heat degradation in a 
normal failure time. Fatigue life is particularly 
sensitive to previous heat degradation, as shown 
by the data in Fig. 7. Two hours’ heating at 
150°C, in sealed tubes containing air and 0.12 
gram of moisture per gram of cellulose, reduces 
the fatigue life by 90 percent, while the loss in 
tenacity is relatively small. This parallels the 
behavior of metals where corrosion may greatly 
reduce fatigue life without greatly changing the 
tensile strength. 

Effect of Load on Fatigue 

The life under the conditions of fatigue Tests 
B and C except for variable load is an exponential 
function of the average load on the cord. The 
logarithm of fatigue life is plotted against the 
average load in Fig. 8. The plot shows that the 
two samples have the same fatigue life in a Type 
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C l est at an average load of 1.2 g.p.d.; however, 
the fatigue resistance of Cord 4 is superior to 
that of Cord 2 at low loads. A change in the 
relative fatigue ratings of cotton and rayon on 
changing the load has been reported by Busse 
and others 1 for a test similar to fatigue Test C. 
Cords tested at lower average loads are more 
affected by heat-aging than are those tested at 
higher loads. This effect may be responsible for 
the change in relative fatigue ratings observed. 
Similar transpositions of fatigue ratings at high 
and low loads are well known in the case of 
metals. It has been shown for metals 11 and cellu¬ 
lose acetate sheets 12 that cyclic stresses below 
the “endurance limit” of these materials do not 
produce failure in an infinite number of cycles. 
At stresses above the endurance limit, the fatigue 
life is proportional to the applied stress raised 
to a fractional power. It is possible that if the 
effects of creep under static load and heat-aging 
were eliminated, the fatigue lif» of rayon might 
follow a relationship 

Effect of Stroke and Elongation Characteristics 
of the Sample 

small change in the stroke makes a great 
difference in the fatigue life. Changing the stroke 
of Test A from 1.6 percent to 1.7 percent de¬ 
creased the fatigue life of a commercial tire cord 
by 40 percent. Decreasing the modulus of a cord 
has an effect on the fatigue life similar to de- 


“ B. Landau, Fatigue of Metals (The Nitralloy Corpo¬ 
ration, 23Q Park Avenue, New York, New York). 

11 W N. Findley, Modem Plastics 18, 9, 57 (1941). 


Fig. 9. Fatigue life of yarns vs. cord. 

creasing the stroke. The modulus of an 1100/2 
rayon cord is usually reported in terms of its 
reciprocal, the elongation of the cord under 10- 
(KHind load. A yarn dried under conditions per¬ 
mitting shrinkage gives a cord with a high 
elongation under a 10-pound load when com¬ 
pared with a cord obtained from a yarn dried 
under tension. Such an increase in fatigue life 
may be considered, in part, artificial, since in¬ 
creasing the 10-pound load elongation .above the 
normal value for a commercial tire-cord yarn is 
usually accompanied by an objectionable increase 
in the initial rate of enlargement or growth of 
the tire under the inflation pressure. For this 
reason, fatigue ratings of various productions 
arc usually made using cords of equal 10-pound 
load elongations. If the elongation under 10- 
pound load deviates a small amount from the 
specified value, an empirical correction factor 
may be applied to correct the fatigue to the 
standard elongation. 

Cords with inherently different elongation 
characteristics will have relative fatigue ratings 
which depend on the stroke and other conditions 
of the fatigue tests as Table VI indicates. Cord 

Table VI. Comparison of ratings on Tests A and C. 


Conditioned elong. 
at 10# load 

(see Tables II Fatigue rating 

Sample and III) Test A Test C 


Cord 2 

8.1 

190 

90 

Cord 3 

8.1 

100 

100 

Cord 4 

5.0 

3 

120 
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4, a high-strength, low elongation viscose-rayon 
cord, compares unfavorably with commercial 
tire Cords 2 and 3 in Type A Test, while it is 
superior in a Type C Test. This appears to be 
due to the lower stroke of Test C, which measures 
largely creep and heat resistance. 

Fatigue of Filaments, Yams, and Cords 

The fatigue life of a single filament measures 
its resistance to cyclic stresses along the fiber 
axis, but when a number of filaments arc incor¬ 
porated into a twisted structure such as a cord, 
additional possibilities for failure are introduced 
by the interaction between the filaments. Since 
tire-cord rayons are highly anisotropic, a fatigue 
failure resulting from the transverse forces 
present in a twisted structure may be of a 
different character than one produced by cyclic 
stresses along the fiber axis. Single filaments and 
zero-twist yarn were tested, but the large spread 
in these results necessitated the use of a low 
twist yarn (3Z twist) to measure the longitudi¬ 
nal fatigue resistance. 

The fatigue life of yarn (3Z twist) is plotted 
against that of cord (1100/2) in Fig. 9 for the 
fatigue Test A. This test shows a longer life for 
the cord than for the yarn, while in the fatigue 
Test C the yarn has the greater life. The longi¬ 
tudinal fatigue resistance, as measured on a low 
twist yarn, does not appear to correlate with the 
fatigue resistance of its cord. This suggests that 
the relative fatigue ratings of tire yarns may be 
a function of cord construction. It is well known 
that the absolute fatigue life of cords from a 
given type of yarn is also a function of cord 
construction. The optimum cord construction 
for one type of rayon yarn is not necessarily the 
best construction for another type of rayon yarn 
having different properties. 

Effect of Parameters of Test on Fatigue Rating 

The ratings of a series of tire cords determined 
on Test B correlate very well with those from 
Test A , as shown in Fig. 10. These two tests 
have strokes with the same percent elongation, 
but they differ considerably in temperature, 
frequency, and moisture content of the cord. 
Figure 10 shows that the results of Test C, using 
a low stroke and very high temperature, correlate 



Fro. 10. Relative fatigue ratings with three different tests. 

very poorly with the results of the other two 
fatigue tests. The test parameters to be used in 
determining a fatigue rating should approach 
service conditions as closely as possible without 
making the test life too long. For rayon tire 
cord, the conditions of the Type B Test give a 
reasonably short fatigue life in which creep under 
static load and heat-aging are relatively unim¬ 
portant. A test combining fatigue, heat-aging, 
and creep under static load would give more 
nearly a service rating for a cord if one could 
make these factors of the same relative impor¬ 
tance in the test as in the particular type of tire 
service for which the tire cord is being evaluated. 

DISCUSSION OF THE MECHANISM OF 
FATIGUE FAILURES 

A rayon cord fatigued to incipient failure 
shows a large number of broken filaments all 
along the cord. Such a cord shows little loss in 
strength. Relatively few broken filaments are 
observed along the length of a cord broken in a 
tensile tester. These observations suggest that 
the fatigue occurs in varying degrees at many 
points in the individual filaments making up the 
cord. Fatigue failure of the cord results after a 
critical number of filaments have failed near a 
point in the cord so that the remaining filaments 
rupture rapidly because of increased load per 
filament at this weak spot. 

In a cord or yarn it is impossible to watch 
crack growth in the individual filaments. Some 
partially broken filaments have been observed in 
samples of fatigued cords. Fibrillation of the 
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Fig. 11. Photomicrographs of filaments from fatigued cords. 


filaments has been observed in fatigued cords in 
unpublished observations of L. M. Welch in 
this laboratory. Some of his photomicrographs 
of filaments from fatigued cords made from 
typical tire yarns are shown in Fig. 11. Many 
filaments throughout the fatigued cord show 
surface fibrillation. Examination of cords re¬ 
moved from the point of maximum fatigue of a 
tire showing fatigue failure has failed to show 
this surface fibrillation. This may be due to the 
difficulty in removing filaments from the partially 
impregnated cord of a tire and to reduction in 
the slippage of one filament over another by the 
adhesive coating which cements the surface fila¬ 
ments together. Cords broken in a tensile tester 
do not show surface fibrillation and the broken 
ends v the filaments s'..w less longitudinal 
fracturing than the ends of filaments from 
fatigued cords. These observations suggest that 
fatigue of tire cord is associated with an internal 
fracturing of the filaments and that surface 
fibrillation is only important in cords not coated 
with adhesive. 

Tbft initiation of cracks should be more fre¬ 
quent’ for the higher peak stresses. Increasing 
the stroke, the average load, or the modulus of 
the cord .reduces the fatigue life. The effect of 
the latter factor is true whether the modulus is 
increased • by increasing the frequency of the 
.cycliC stroke, decreasing the moisture content of 


the cord, or decreasing the 10-pound load elonga¬ 
tion of the cord. The use of a fatigue test with 
a constant peak load, as one uses usually for 
metals, should reduce the effect of the above 
variations in modulus on fatigue life. 

The temperature coefficient of fatigue is 
practically zero for most metals. Deviations 
from this rule have been explained as due to the 
test sample becoming a different material with 
different strength properties on changing the 
temperature. 1 * For normal metals, there appears 
to be practically no variation of the critical 
rupture stress with temperature; zinc and bis¬ 
muth show almost no change in this property 
from liquid hydrogen temjx'ratures up to room 
tem liera lures. 14 A comparison of the behavior of 
tire cord with metals raises the question as to 
whether the change in fatigue life with tempera¬ 
ture may not be due to a change in the nature of 
the fiber. The strength of nearly dry rayon cord 
decreases as the temperature is raised. 15 If fatigue 
life is as sensitive to strength as it is to average 
load in l est B, a large part of the change in 
fatigue life with temperature can be accounted 
for as being due to change in strength. In addi¬ 
tion, changes in the modulus with temperature 
should affect fatigue life. The available informa¬ 
tion does not exclude the possibility that the 
basic process in the fatigue of tire cord may have 
a zero temperature coefficient as one finds for 
metals. If the temperature coefficient of the 
rate determining step is zero for tire cord, then 
this step must involve the simultaneous rupture 
of a large number of bonds between aggregates 
of molecules. These bonds may include one or 
more of the following types: van der Waals, 
hydrogen, or chemical bonds. Crack growth by 
such a mechanism appears to be the most satis¬ 
factory explanation covering the fatigue of all 
types of materials. 

The origin of a crack will be the point of 
maximum microscopic strain. The crack will 
tend to grow in the direction of the larger 
adjacent strains. A crack may run into a region 
of low strain whereupon this crack may cease 
to grow while new cracks are being formed else- 

“M.L E Oliphant, Proc. Roy. Soc. 171 ,19 (1939). 

14 F. Seitz, The Physics of Metals (McGraw-Hill Book 
Company, Inc., New York, 1943), p. 164. 

14 J. H. Dillon and I. B. Prettyman, J. App. Phys. 16, 
159 (1945). 


490 


JOURNAL OF APPL1BD PHYSICS 



where. A large perfect crystal or even a region 
of greater order would be a region of low strain, 
and therefore the presence of such material may 
retard crack growth. This picture of fatigue 
predicts the very large observed effect of minute 
flaws or “stress risers" on fatigue life; it is well 
known that a high polish on metals greatly 
increases their fatigue resistance. 

In the case of rubber, neoprene, and Butyl B, 
Cadwell and others 2 showed that the fatigue life 
increases to a maximum and then decreases as 
the minimum elongation of the test is increased. 
After reaching the maximum, the fatigue life 
decreases because the effect of increased load is 
more important than increased crystallization. 
Fielding 16 has shown that no such increase in 
fatigue life is found for either Buna-N or GR-S 
synthetic elastomers. Since this latter group 
does not show a fiber type of x-ray pattern on 
stretching, while the first group does, it is prob¬ 
able that crystallization is responsible for the 
improvement in the fatigue of the first group 
and that crystals retard crack growth. 

Isotropic cellulose and rubber have been shown 
by Hermans 17 to possess many similarities in 
their mechanism of deformation. Rayon yarns, 
on the other hand, arc oriented and quite crystal¬ 
line so that a maximum fatigue life on stretching 
yarns would not be expected as in the case of 
rubber. High tenacity viscose rayon may be 
considered somewhat like stretched rubber, and, 
like rubber, it will be in the region where 
increased stretch would rapidly decrease the 
observed fatigue life by reducing the elastic 
limit of the substance. Material with a low 
elastic limit may have excellent fatigue under 
conditions involving low stroke. A highly ori¬ 
ented rayon may be like rubber at 500 percent 

16 J. H. Fielding, Ind. Eng. Chem. 35, 1259 (1943). 

17 P. H. Hermans, J. Phys. Chem. 45, 827 (1941). 


minimum stretch, where rubber has an excellent 
fatigue life, but on doubling the stroke the 
fatigue life of rubber is decreased by a factor of 
over 100. A less crystalline rayon may correspond 
to rubber stretched 300 percent, where doubling 
the stroke decreases the fatigue only threefold. 

In addition to the gross structural factors 
affecting fatigue, there are rate factors which 
affect the behavior of a material in a fatigue test. 
If a material is very hard, like glass, at normal 
temperature so that strains are slowly relieved, 
it will rupture quickly once the elastic limit is 
exceeded. A very ductile material may be de¬ 
formed above its elastic limit without fracturing, 
since the strains are rapidly relieved. Such a 
material on repeated cyclic stressing under load 
may be very highly deformed without producing 
a fatigue rupture, anti it is characterized by 
showing a large creep under high static loads. 
In some tests it may have a very high observed 
fatigue life. Rayon is intermediate between very 
hard and ductile materials. 

CONCLUSION 

The type of degradation occurring in a fatigue 
test is determined by the parameters of the test, 
and varying the values of these parameters may 
change the order of rating for some samples. 
Parameters of a fatigue test for tire-cord rayon 
have been chosen to minimize the effect of heat 
degradation and creep under a static load. 

Metals, plastics, elastomers, and fibers have 
in their fatigue behavior similarities suggesting 
progressive frac ture as a common basic mechan¬ 
ism for all fatigue failures. 
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Dynamic Characteristics of Rubber Supports from Vibration Table Data 
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Measurements of the vibration of a free mass which is isolated by a rubber support from a 
surface vibrating at constant amplitude permit calculations of the dynamic characteristics of 
the support. This method permits high loadings and the application of considerable force. 


INTRODUCTION 

T HE determination of dynamic character¬ 
istics of rubber, both natural and synthetic, 
has been described by a great number of authors. 
Values of dynamic rate (or modulus) and internal 
faction (or damping) in both compression and 
shear have been determined under many con¬ 
ditions. 1 '" 3 

However, the usual laboratory apparatus used 
to find these characteristics in the raw material is 
rarely capable of withstanding the necessary 
dead loads, or applying forces of the order of 
those experienced in service. Gehman 4 and 
Kosten 5 have described methods based on the 
centrifugal force of revolving eccentric masses. 

The method described here utilizes a “vibra¬ 
tion table,” a horizontal surface made to vibrate 
vertically with a certain pre-set amplitude and 



Fig. 1. Schematic diagram of vibration system. 


•Now on l*ave of absence at Stanford University, 
California^ 

1 S. D. Gehman, D. E. Woodford, and R. B. Stambaugh, 
Ind. Ent. Chem. 33, 1032 (1941); Rubber Chem. Tech. 

14,**2(1941). 

* RTbTS tambaugh, Ind. Eng. Chem. 34, 1358 (1942); 
Rubber Chem. Tech. 16, 400 (1943). 

* J. H. Dillon, I. B. Prettyman, and G. L. Hall, J. App. 
Phys. 15, 309 (1944). 

♦S. D. Gehman, J. App. Phys. 13, 402 (1942); Rubber 
Chem. Tech. 15, (1942). 

§ C. W. -Kosten, Proc. Rubber Tech. Conf., London 
987 (1938); Rubber Chem. Tech. 13, 381 (1939). 


continually variable frequency. Upon this surface 
is mounted the specimen under test, and it, in 
turn, supports the desired load. By recording the 
amplitude of vibration of this load it is easy to 
determine the transmissibility of the specimen at 
the particular frequency. Resonance, however, 
the condition of maximum transmissibility, is 
usually chosen as the point at which physical 
characteristics are determined, for at this point 
calculations become fairly simple. It will be 
shown in the derivation how both dynamic rate 
and internal friction can be determined from the 
values of resonant frequency and load amplitude 
together with the known constants of the system. 

DERIVATION OF EQUATIONS 

Although the motion of the table surface is not 
perfectly simple harmonic, it is close enough to 
assume it to be of that form. 

Let, therefore, the table motion be described 
by the equation: 

Xi = acos «/, 

where Xi = the distance of the table surface from 
its neutral position at time a = the amplitude, 

or maximum value of “xi,” and w = the frequency 
of the motion. 

The force due to the inertia of the load is given 
by the product of the mass m of that load and its 
acceleration cPx/dt 2 , where x is the displacement 
of the load from its neutral position at any time 
(see Fig. 1). 

The force due to the dynamic rate of the 
specimen is proportional to the relative displace¬ 
ment of its ends, and thus to the difference x—xi. 
While the internal friction force is similarly 
proportional to the difference in velocities, 6 

dx/dt—dxi/dt. 

6 Viscous friction has been assumed in these calculations 
for reasons of simple mathematical treatment as in 
references 1--4. 
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Hence, with due regard for direction, the equa¬ 
tion of forces of the system can be written as: 

d a x /dx dxi\ 

m—+*(—— —)+c(x—xi) =0, (1) 

dP \dt dt / 

where k is the damping or friction constant and c 
is the dynamic rate or modulus. Substituting for 


and 

we get: 


X \=a cos cot 
dxi/dt = —aw sin w/, 


(p 2 —w 2 ) M — 2ncoN = — 2anw, 

(p? —a? 2 ) N + 2nuoM ** /> 2 a. 

Solving these equations for M and N : 

2naw* 

-, (4) 

(£ 2 —w 2 ) 2 +4» 2 w 2 * £ 

•« * 

a (4n 2 w 2 +/> 4 — p 2 <a 2 ) 

N=— -————-. (5) 

(£ 2 -w 2 ) 2 +4n 2 w 2 

By setting dx/dt*=* 0 it is easily shown that the 
maximum value of x: 


m(Px/dt 2 +kdx/dt+cx — ca cos w/ — kaco sin w/. (2) 

The transient part of the solution of this 
differential equation is of little inteiest as it 
describes the first few moments of motion before 
the steady state has been reached. The stead\- 
state solution, however, is of the form: 

x = M sin ot + N cos cot. (3) 

Differentiating this: 

dx/dt = Moo cos oot — Nco sin w/, 
d 1 x/dt l = — il/co 2 sin cot — Nco 2 cos at = —co 2 x. 

Substituting in (2) and letting cot assume values 
of 0 and ir/2, respectively, we get: 

(c — ma 2 )M—kcoN = — fcow, 

(c — moo 2 )N+kaM = ca. 

Using n*=k/2m and pP^c/m this becomes: 7 




Fig. 2. Typical vibration support with 100-lb. 
load on vibration table. 


7 S. P. Timoshenko, Vibration Problems tn Engineering 
(D. Van Nostrand Company, Inc., New York, 1928), 
pp. 23 and 26. 


je limx = (M 2 +N 2 )* = amplitude *=A. 
Substituting for M and N from Eqs. (4) and (S): 
a (4n 2 w 6 +16 nV+/> K - 2 />V 

+£ 4 w 4 + &n 2 co 2 p* - 8» 2 w 4 /> 2 ) * 

^ 4 =-( 6 ) 

(p 2 —w 2 ) 2 +4n 2 w 2 

At resonance, when A is a maximum, 

P = a* (7) 





Fig. 3. Vibration support with 400-lb. load in 
heavy-duty vibration machine. 

* This is strictly true only for if-*0; it can, however, be 
shown by setting dA/dw-0 that is in error only by a 
term proportional to n 4 . Since in most practical cases n is 
quite small, the assumption is well founded. 
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Flo 4 Small shear type rubber 90 port with 2-lb. load 
or, in other words, the natural frequency 


or 

r — m/A _ 2 

Substituting (7) into Kq (*) we find 


n 


A=- ( Wn 2 +4 tt*)' 

In 


Figure 4 shows a very light shear type support 
tested under a load of approximately 2 It 
T\ pical results obtained with this type of suppor 
are shown below. A visual amplitude meter i 
used to locate the point of resonance and i 
capable of measuring amplitudes to within 0 
inch, while a crystal pick-up will give greate 
accuracies in determining both frequenev am 
amplitude The output of this pick-up is recorde< 
with an oscillograph 

Figure 5 shows a full view of the light vibratioi 
table unit fitted with air conditioning cquipmen 
that allows tests to be made at a wide range o 
temperatures. 


TYPICAL RESULTS 

The results shown in Table I were gained fron 
a set-up similar to that shown in Fig 4. Test 
weie made at room temncratuie of 25°(\ 

DISCUSSION 

The method des< nbed here lends itself well to < 
speedy determination of dynamic charactei istic \ 
of rubber supports The variables of the physic a 


Re-substituting: 

k 

n= —, 
2m 


or 


A=-{<* n W+k*)\ 

k 


w n ma 
U 2 -a 5 )*' 


W 


Thus, with the observed ♦> data, both r and k 
can < «tty be determin'u. 


APPLICATION 

Considerable use has been made of the above 
> ’theory in determining the vibration character¬ 
istics <>f automotive and industrial supports 
Figures 2 and 3 show typical examples; one, a 
Iglft £ngjne support tested under a load of 100 
lb., "me other (Fig. 3) a heavy motor mounting 
assembly tested under 400-lb. load. Even heavier 
loads than this are anticipated, but apparatus 
them has not been completed 
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Fig. 5. View of vibration testing equipment. 
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set-up can be changed quickly and separately to 
give any desired resonance conditions. They are 
easily recorded, for displacements, frequencies, 
and dead weights are the only quantities to be 
measured. Calculations, also, are simple and 
straightforward. 

A limitation is the fact that it is difficult with 
the present machines to make tests at constant 
strain which may, however, be remedied by 
redesigning the vibration table so that the 
forcing amplitude can be varied while the ma¬ 
chine is running at the resonant frequency of the 
test piece. 
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Table I. 


Type stock 

Hevca 

Buna-S 

Neoprene 

Butyl 

Buna-N 

Shore A 
durometer 

40 

41 

42 

38 

40 

Load (g) 

1027 

1027 

1027 

1027 

1027 

Nat. freq. 
(c.p.s.) 

23.15 

27.85 

24.3 

26.5 

26.2 

Dyn. rate 
(p.s.i.) 

70 

102 

77 

92 

89 

Table ampl. 
(inches) 

.0125 

.025 

.0125 

.025 

.025 

Dyn. strain 

.21 

.13 

.17 

.08 

.14 

Int. friction 
(kilopoises) 

1.99 

7.83 

2.63 

13.18 

6.84 
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The Absorption of Microwaves by Gases 

W. D. Hershberger 
RCA TMboratories, Princeton , New Jersey 
(Received December IS, 1945) 

The absorption by ammonia of electromagnetic waves having a length in the one-centimetcr 
range has been known for some years. An investigation has been made to determine whether 
other gases show similar absorption for microwaves and as a result fourteen additional gases 
have been found whose absorption is comparable to that of ammonia. Among these gases are 
dimethyl ether, a variety of amines and alkyl halides, and several others. Measurements on the 
absorption coefficient and dielectric constant of these gases taken at 1.25 cm at room tem¬ 
perature and a pressure of one atmosphere are given. The frequency at which the absorption 
coefficient attains its maximum value may be inferred from the curve: absorption coefficient 
vs. pressure. Data on the absorption of several gas mixtures are given. Possible molecular 
mechanisms adequate to account for the large absorptions observed arc discussed together 
with the conclusions reached. 


I T has been known for ten years that ammonia 
strongly absorbs 1.25-cm microwaves. This 
paper presents the results of a somewhat detailed 
study of this effect in ammonia and also gives the 
results of an investigation which was made to 
determine whether there are gases other than 
ammonia which show similar absorption. 

Among the absorbing gases found are a variety 
of alkyl halides, dimethyl ether, and various 
amines. However, the mechanism of absorption 
for some of these other gases obviously is dif¬ 
ferent from that involved in ammonia absorption. 


The order of magnitude of these absorption 
effects will be made clear by reviewing the per¬ 
tinent information for ammonia as originally 
given by Cleeton and Williams. 1 For this gas, 
at room temperature and at a pressure of one 
atmosphere, the absorption is such that a plane 
wave having a wave-length of 1.25 centimeters 
will be attenuated to 1/e of its initial power on 
traversing a layer of ammonia 1.2 meters thick. 
Further, the absorption band is relatively wide, 

1 C. E. Cleeton and N. H. Williams, Phys. Rev. 45, 234 
(1934). •£ 
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WAVE DETECTOR 



Fig. 1. Wave guide system for measurements on gases. 


since under the above conditions absorption falls 
to one-half of its maximum value at approxi¬ 
mately 1.0 centimeter and 1.5 centimeters. 

TECHNIQUES 

Cleeton and Williams measured absorption in 
ammonia by passing a parallel beam of micro- 
waves through a cell with a 36-inch by 45-inch 
cross section such that a transmission path of 16 
inches in the gas was traversed. The transmission 
loss through this cell was observed experi¬ 
mentally on substituting ammonia for air in the 
cell. Since the time of their investigations, wave¬ 
guide measuring techniques* have been developed 
and were used in these experiments. The power 
absorption coefficient for unconfined plane waves 
having a length X in a given gas is given by 

«P=«.[1-(X/2OT, (1) 

where X„ is the experimentally measured ab¬ 
sorption coefficient of the gas which is enclosed 
in a rectangular wave guide used in the IIm 
mode, b is the width of the guide. 

The derivation of Eq. (1) is given in the ap¬ 
pendix as well as that of other quantities that 
depend on the solution of Maxwell’s equations 
in a wave guide containing a dielectric with small 
losses. 

a a is determined expfrifjfcntally by noting an 
initiaf power reading Po in the receiver and a 
secorra power reading P, after introducing the 
gas under study into a length of guide L situated 
between the source of microwave power and the 
receiver. 
l%n 

log P/Po** —ctgL, 

- ([1 “ (X/2ft)‘]» log P/P t )/L. (2) 

*G. C. South worth, Bell Sys. Tech. T. IS, 284 (1936); 
W. JL Barrow, Prpc. I.R.E. 26, 1520 (1938); J. C. Slater, 
Microwave Traiamitsion (McGraw-Hill Book Company, 
I^c., New York, 1942), Chapter III. 
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Figure 1 shows in schematic fashion the micro- 
wave system used in taking measurements. 
Components used include a generator, a receiver, 
a standing wave detector, and a section of wave 
guide. Various guide lengths in the range from 
three feet to 30 feet were used. Two mica windows 
sealed into the wave-guide system were used to 
confine the gas in a given section of the guide. 
The reflection introduced by a window was com¬ 
pensated by a reflection set up from a tuning 
element so the over-all effect was a matched 
guide at the operating frequency. In measure¬ 
ments in which dielectric constant alone was 
desired, only one window and tuner of this sort 
were used while the remote end of the guide was 
closed by a metal diaphragm, thus giving a pro¬ 
nounced standing wave in the system. The posi¬ 
tion of a minimum in the standing wave pattern 
was located just outside the window by the use 
of a standing wave detector. This minimum was 
located with the test section of guide evacuated, 
and the shift in its position observed as the gas 
under study was admitted to the guide. This 
technique closely resembles that used in optical 
refractometers in which a specific interference 
fringe is kept on a cross hair by means of an 
optical adjustment. The theory of the method 
as it applies to wave guides is given in the ap¬ 
pendix. If e is the specific inductive capacity of 
the gas and 3 is defined by 

e = l+5, 

then 



where A L is the shift in the position of the 
minimum in the standing wave pattern, L is the 
length of the test section of guide, and X„ is the 
free space wave-length. 

A method which permits simultaneous deter¬ 
mination of specific inductive capacity and ab¬ 
sorption coefficient involves the use of a voltage 
standing wave ratio of the order of 1.1. Under 
this condition, Fig. 2 shows the wattmeter 
reading obtained as a function of the pressure of 
ethyl chloride in a guide 10 feet long. The 
i maxima in this figure occur when the tuning 
conditions for maximum power transfer have 
been satisfied. The cyclic variations in wattmeter 
reading permit calculation of specific inductive 
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capacity* while absorption is determined from 
the behavior of the axis of the curve which is 
shown as a broken line. This method is best 
suited for work with gases having relatively high 
specific inductive capacity but only moderate 
losses. In any event, it is of the utmost im¬ 
portance to have a closely controlled standing 
wave ratio in measurements by any of the 
methods outlined. 

RESULTS AND DISCUSSION 

It was anticipated that the most promising 
gases for microwave absorption would be those 
organic gases having a dipole moment and in 
which there exists the possibility for hindered 
rotation of a methyl group with respect to some 
other group about a single carbon-to-carbon 
bond. The two equilibrium positions in the 
ammonia molecule for the nitrogen atom are 
separated by a potential barrier of about 6 keal. 
per mole, while the height of the barrier which 
separates two adjacent minima in the internal 
rotation energy curve in ethane is estimated to 
be about 3 keal. per mole. The energy level 
splitting responsible for ammonia absorption 
at 1.25 centimeters decreases exponentially as 
the square root of the area of the potential hill 
cut off by an energy level, so it seemed reasonable 
to expect that the level splitting in ethane-like 
molecules, while considerably more complicated 
than in ammonia, would lead to absorption in 
the microwave frequency region. Accordingly, 
the first new gas used in taking measurements 
was ethyl chloride. This gas was found to exhibit 
about one-fifth the absorption of ammonia. 


Tablk I. 


Material 

«X10' 

«Xio» 

Ammonia 

78. 

5.5 

Methyl fluoride 

10.0 

9.2 

Methyl chloride 

8.25 

10.5 

Methyl bromide 

6.6 

9. 

Ethyl chloride 

14.5 

12 . 

Freon 22 CHC1F, 

10.5 

5.4 

Freon 21 CHC1*F 

10.6 

5.8 

Freon 12 CCltF* 

3. 

4. 

Dimethyl ether 

4.1 

4.5 

Ethylene oxide 

7. 

11 . 

Sulphur dioxide 

8 . 

3.5 

Methylamine 

9. 

4.2 

Dimethylamine 

7. 

3.1 

Ethylamine 

11 . 

4.1 

Hydrogen sulphide 

0.5 

2.7 


ETHYL CHLORIDE X* I 25 CM 



PRESSURE - ATMOSPHERES 

Fig. 2. Receiver power using mismatched wave guide. 

Samples of various amines and dimethyl ether 
were then secured and were also found to absorb 
microwaves. However, the simple hypothesis 
involving only hindered rotation was not found 
to be adequate when measurements showed that 
the methyl halides and the various gases known 
commercially as Freon also strongly absorb 
microwaves. Table I gives the values for absorp¬ 
tion and 6 for the gases found to be highly ab¬ 
sorbing. These values were obtained at room 
temperature and a pressure of one atmosphere 
absolute at a wave-length of 1.25 centimeters. 
The reciprocal of a is the path length in meters 
which suffices to reduce the power in a plane 
1.25-centimeter wave to 1/e of its initial value. 
Thus for ammonia this path length is 1.28 
meters while for methyl fluoride it is ten meters. 
The present measurements indicate that the 
values reported by Cleeton and Williams for 
ammonia are perhaps seven percent too high. 
Measurements on the first ten materials were 
taken with the 30-foot guide and are accordingly 
more accurate than the measurements on the 
remaining five substances where the 5-foot 
section only was used. 

Polyatomic gases whose absorption is either 
zero or too small for measurement with the 
present technique include: hydrogen, oxygen, 
nitrogen, carbon dioxide, carbon monoxide, 
ethylene, acetylene, nitrous oxide, methane, 
ethane, propane, propylene, n-butane, isobutane, 
butene-1, butene-2, isobutylene, butadiene, and 
trimethylamine. 
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AMMONIA 


AMMONIA 



<*M3SURE-ATM(}‘fPHERES 


Fig. 3. Absorptive offammonia at 1.25 and 3.0 centimeters. 



0 12 3 4 5 


PRESSURE -CM OF HG 

Fig. 4 Absorption of ammonia at 1.227, 1.243, 
and 1 320 centimeters. 


The smallest absorption which it is possible 
to detect using a 30-foot section of wave guide 
is in the neighborhood of 0.5X10~ 2 per meter, 
which means that measured power at the receiver 
falls to 94 percent of its initial value on intro¬ 
ducing a gas characterized by this absorption 
coefficient. This is the same change that one 
would observe in a mismatched wave guide 
system with a voltage standing wave ratio of 
1.03 and which arises because the specific 
inductive capacity of the gas differs from unity. 
Thus the problem reduces to one of distinguish¬ 
ing between monotonic received power changes 
which arise from gas losses, and the cyclic power 
changes which arise purely from wave guide 
mismatch. 

For low loss materials, 6 is less than 10“ 8 and 
may be as low as 10~ 4 . It will be noted that in 
Eq. (3) the factor 2[1 — (X„,/26) 2 ] is of the order 
of unity, so 6 approximately equals A L/L. Thus 
if L tp three meters, atdx 5 of the order of 10~ 8 , 
we riust measure AL to 3 millimeters, which is 
feasible. However, if we attempt to increase 
precision by increasing L to, say, six meters, the 
standing, wave pattern becomes poorly defined 
owitag to copper losses in the guide giving rise to 
tfm$iderable uncertainty in setting the standing 
^detector, hence giving us no marked 
increase in precision. 

The location of the maximum in the curve 
relating absorption and frequency is of great 
theoretical iifyerest in studies involving molecular 
sfruetbre. Ithe maximum in this curve was deter¬ 



mined for ammonia by Cleeton and Williams by 
the use of a scries of microwave generators and 
they made a point-by-point experimental deter¬ 
mination. A useful method entailing less labor is 
to employ experimentally determined curves 
relating absorption and pressure taken at several 
discrete frequencies and then use the theory of 
Loren tz broadening of spectral lines to determine 
the parameters which enable this curve to be 
constructed. The character of these pressure- 
absorption coefficient curves for ammonia is 
shown in Figs. 3 and 4. When the operating 
frequency is nearly the same as the proper 
molecular frequency, the curve displays a knee 
at a relatively low pressure. The effect may be 
described qualitatively as follows: At first ab¬ 
sorption increases very nearly linearly with 
pressure until a pressure is reached such that 
collision frequency in the gas becomes com¬ 
parable with the operating frequency. At still 
higher pressures, the increase in absorption due 
to increase in density is very largely offset by the 
fact that intermolecular collisions limit the 
length of the absorbed wave trains. The spectral 
distribution in these interrupted wave trains is 
such that very little absorption is gained at the 
proper molecular frequency but absorption at 
neighboring frequencies only is enhanced. At a 
frequency well removed from the proper fre¬ 
quency, absorption may increase with the square 
of the pressure. The curve for 3.0 centimeters in 
Fig. 3 shows an increase in absorption of this 
character. The curves in Fig. 4 show how sen- 
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sitive absorption is to frequency at reduced 
pressures. 

The effect on absorption of impurities was 
studied by mixing a non-absorbing gas with an 
absorbing gas, and some results are shown in 
Fig. 5. Mixtures of ammonia with hydrogen, 
with oxygen, and with methane were used and no 
difference in the net effect could be measured 
which might arise because of the quite wide 
range in molecular weights of the non-absorbing 
gases—from two to 32 —in comparison to the 
molecular weight of the ammonia which is 17.03. 
The solid lines represent the experimental results 
obtained. The dashed lines which were drawn 
in later represent the absorption of a constant 
quantity of ammonia in a given length of wave 
guide but with an increasing partial pressure of 
the nun-absorbing gas. The curves indicate that 
the non-absorbing gas has a relatively small yet 
measurable effect on the absorption of the am¬ 
monia; that is, absorption is to a first approxi¬ 
mation dependent on the partial pressure of the 
ammonia. The presence of the foreign gas pre¬ 
sumably widens the absorption band at the 
expense of absorption at its maximum. In these 
experiments it is essential to use premixed gases; 
that is, quite misleading results will be obtained 
if ammonia is admitted to an evacuated guide to 
some chosen pressure, and the foreign gas is then 
admitted at one end of a guide section com¬ 
pressing the ammonia before it into one end of 
the section. Under these conditions the manner 
in which net absorption changes with time might 
well be made the basis of measurements in dif¬ 
fusion rates in slender tubes. 

Absorption by the methyl halides strongly 
suggests that we are dealing with transitions 
between the lowest rotational states of these 
molecules. However, the calculated absorption 
due to rotation for these gases is much less than 
that observed. The theoretical absorption for 
methyl chloride is approximately the same as 
that calculated for carbonyl sulphide which is 
triatomic and linear. The use of this material in 
a critical check on the theory was suggested by 
J. Turkevich. However, measurements show 
that the absorption of carbonyl sulphide is cer¬ 
tainly less than one-tenth that of methyl 
chloride. The small calculated absorption due to 
rotation arises primarily from the sparsity of the 


molecular populations in the lower rotational 
states at room temperature. Thus but one mole¬ 
cule in 1000 of carbonyl sulphide is in the 
appropriate rotational state for 1.25-cm absorp¬ 
tion at room- temperature. Hence, we are forced 
to look to “inversion doubling” of energy levels 
in the methyl halides akin to that found in 
ammonia to account for the experimental results. 
Further studies designed to evaluate the con¬ 
tributions from all causes to the measured ab¬ 
sorption are now under way as well as analyses 
of pressure versus absorption curves for the 
materials listed in Table I. 


APPENDIX: THE EFFECT OF THE DIELECTRIC 
ON PROPAGATION IN WAVE GUIDES 

The //oi or TE\ 0 solution of Maxwell's 
equations which satisfies the boundary condi¬ 
tions imposed by the conducting walls of a rec¬ 
tangular wave guide of width b has the form 

Iix—A sin ( ry/b ) exp (jwt — vz), 

II y = B sin (ry/b) exp (jut — vz), 

II M = Ho cos (ry/b) exp (jut — vz). 

It is, of course, trivial to express A and B in 
terms of 7/ 0 by the use of Maxwell's equations. 
However, here the interest centers in the propa¬ 
gation function v which is complex when we have 
losses in the dielectric. Each of the components 
of H or E satisfies the wave equation which now 
includes a dissipation term. We require v in 
terms of wave guide dimensions, operating fre- 


X 


1.25 CM 


MIXTURE 

AMMONIA AND OXYGEN 



PRESSURE-ATMOSPHERES 


Fig. 5. Absorption of mixtures of ammonia and oxygen. 
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quency/*«/2x, and the properties of the dielec¬ 
tric. Thus II t must satisfy the wave equation 

V 2 //,—opti t — n€lig = 0. 

This is true if 


v 2 = (r/b) 2 — uPyit+jo)fi<r. 
If wc let v=a+jP, 


while 


P 2 = o> 2 At€ — (x/ft ) 2 +a 2 , 
2 a = u/i<r/0. 


P determines wave-length in the guide and the 
speed with which power is transmitted, which 
a is the amplitude damping fnctor. Hence 2a is 
the power absorption coefficient, c is the permit¬ 
tivity of the dielectric inside the guide, m is the 
permeability of this dielectric while <r is its con¬ 
ductivity. 

In this paper the m.k.s. system of units is 
employed. Thus for free space, we use the sub¬ 
script zero and have € 0 = 8.85 micromicrofarads 
per meter, /x 0 = 1-257 microhenries per meter, 
while 

C=[>lo€o]~*. 


position of the minimum in the standing wave 
pattern resulting from the admission of gas into 
a wave guide, we take y*l and again neglect 
the effect of attenuation on wave-length in the 
guide. 

Then 

P 2 * t(w/ c ) 2 — (x/ b) 2 . 

Wave-length in the guide is given by 
\ a = 2 r/p. 

Let X,, represent the free space wave-length in 
vacuum. Then 

x ,= x .,[£-( x m /2 byyK 

We let 

* = 1 + 6, 

and since the wave-length in the guide in vacuum 
is given by 

Xrp = X,r,[l — (X r ,/2&) 2 ]-*, 
we have finally 

X.Ar, - j 1 -|d - (W2&)*] 1 1, 


For media such as those considered here 

€ = C€ 0 , 

where c is the specific inductive capacity and y 
is the specific permeability. For attenuation of 
the order of magnitude encountered in gases, a 
has a negligible effect on wave-length so 


treating 5 as a quantity which is small compared 
to unity. A L is the shift measured in this inves¬ 
tigation and the length of guide containing the 
gas is L. Let n be the number of the wave-lengths 
in the guide when evacuated. Then 

n\ vg = L. 


0=(«A)[l-(X/2 *)*]». 

where v = [/*«]“* which is the speed of propaga¬ 
tion in the gas for unconfir.ed waves. Also 
r » 

i **»//. 

4 

while Xo*“2 b is the cut-off wave-length for the 
guide; thus there is no wave propagation when 
X>X«. Then 

* a.g «= 2a=<r(n/ «)*Ql — (X/26) 2 ] - *. 

is the power absorption coefficient 
ap tor plane waves. Or 

«p-«,[l-(X/2&)*]». 

This is Eq. (I). 

| To derive Eq. (3) dealing with the shift in the 


We now admit gas to the guide but vary the 
position of the probe in such a manner as to 
follow a specific minimum in the standing wave 
pattern. Then 

rikg^L—AL, 

and 

X,/X, e -1—AL/L. 

Hence 

2AL 

-[l-(X„/2ft)»] 

Zr 

which is Eq. (3). 

When l is so large that the approximation used 
in deriving (3) is not justified, we can always go 
back to the exact expression, namely 

(X„/X e )»+(X../26) , -t. 
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Pressure-Volume Relation for Cylindrical Tubes with Elastomeric Walls: 

The Human Aorta 

Allen L. King 

Dartmouth College , Hanover , New Hampshire 
(Received December 19, 1945) 

The general theory of the elasticity of elastomers as developed by James and Guth (refer¬ 
ence 9) is extended and applied to cylindrical elastomeric tubes. Data obtained by Hallock 
and Benson (reference 4) on human aortas of several age groups are described rather well by the 
resulting equations. On the basis of this analysis an interpretation of the aging process for 
aortas is given. 


D URING systole, blood from the left ventricle 
of the heart is forced into the aorta. From 
here it is distributed throughout the body by 
means of systemic arteries. With their elastic 
walls, the aorta and large systemic arteries 
apparently regulate the flow of blood to the 
capillary bed by smoothing the pulsating outflow 
from the heart—much as an electrical filter 
smooths out the pulsating d.c. from a rectifier 
circuit. With advancing age the arterial walls 
become less clastic and thicker as collagenous 
fibers increase in number and elastic tissue seem¬ 
ingly disappears. Lesions often occur, especially 
in old age, and senile degeneracy sets in. In spite 
of these several changes, the aorta and immediate 
systemic arteries continue to serve as a regulating 
system. 1 - 2 

Evidently, elastic arteries have an important 
function in the cardiovascular system. At the 
same time, they are subject to an irreversible 
aging process which decreases their efficiency in 
smoothing out the pulsating blood flow. Many 
investigators have measured elastic character¬ 
istics of arterial walls in the hope that some in¬ 
sight would be gained regarding the nature of 
this aging process. 

In 1880 Roy 8 published an extensive report on 
the elastic properties of the ^arterial wall. He 
showed that animal tissues have thermoelastic 
properties comparable to those of caoutchouc 
and established the fact that static pressure- 


1 C. J. Wiggers, Physiology in Health and Disease (Lea 
and Febigcr, Philadelphia, 1944), p. 555; H. D. Green, 
Glosser's Medical Physics (Year Book Publishers, Chicago, 


4), p. L__. 

1 E. V. Cowdry (ed.), Arteriosclerosis (The Macmillan 
Company, New York, 1933). 

•CS. Roy, Foster's J. Physiol. 3, 125 (1880). 


volume curves for human aortas are normally 
S-shaped, especially in youth. In 1937 Hallock 
and Benson 4 published measurements on seg¬ 
ments of human aortas obtained post-mortem 
for several age groups and showed how the 
pressure-volume curve is changed in shape with 
advancing age. Observations on strips of aortas 
yield similar results. 6 In all cases, normal healthy 
aortas have been found to possess non-linear 
characteristics and a decidedly rubber-like be¬ 
havior. For convenience, therefore, in the follow¬ 
ing discussion an arterial wall will be considered 
replaced by a uniformly thick cylindrical elas¬ 
tomeric shell. 

The aortic wall has been found to consist of 
three fairly well-differentiated layers.® Its great 
extensibility is ascribed to the presence of elastic 
tissue in all three layers, but especially in the 
tunica medialis. The principal constituent of 
elastic tissue is an albuminoid called elastin. 
Interspersed with elastin are found other rela¬ 
tively inelastic substances. As a matter of fact, 
even these latter substances probably should be 
considered elastomeric. Because of their presence, 
the actual aortic wall has a greater thickness 
than the ideal one to be discussed below. 

As mentioned above, an important factor 
generally recognized as influencing the rate of 
blood flow in the aorta is the distension of the 
wall. Elsewhere 7 a general relation for the rate of 
flow of viscous fluids in cylindrical tubes with 
distensible walls has been given. In order to 

4 P. Hallock and I. C. Benson, J. Clinical Invest. 16, 
595 (1937). 

* J. Krafka, Arch. Pathology 29, 303 (1940). 

•Reference 2, pp. 53-61. 

'•A. L. King, A. P, S. Bull. 20, 8 (1945). 
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Fig. 1 . Curves show Hallock and Benson's observed 
volumes per unit length of aorta as a function of applied 
fluid pressure. Theoretical values are plotted at live points 
for each age grbup: O 20-24 yr., X 29-31 yr., □ 36-42 yr., 
A 47-52 yr., • 71-78 yr. 


obtain an explicit function for this rate, the 
variation of pressure with radius along the tube 
needs to be known. Although this variation 
should be a dynamic one, the static pressure- 
radius relation deduced below may be used to a 
first approximation. 

During the preparation of this article, Rashev- 
sky 8 published in his journal an interesting 
treatment of the blood-flow problem. In his 
analysis he assumes the arterial wall to follow 
Hooka’s law, although sewjjd well-known experi¬ 
ment^ results, such as tnosc mentioned above, 
suggd&t that an entirely different approach should 
be made. 

In this, article a pressure-volume relation for 
cylindrical tubes with elastomeric walls is de- 
rive&'and applied to Hallock and Benson’s data 
aortas. 

PRESSURE—VOLUME RELATION 

From the general theory of elastomers, the 
force exerted at right angles to a surface yz by a 

* N. Rashevsky, Math. Biophys. 7, 25, 35 (1945); see 
afeo O. Frank, Zeits. f. Biol. 71, 255 (1920). 


on^human 


mesh of molecular chains is given by*' 10 

F^BtyoZoZ-'ikxx), ( 1 ) 

where yoSo represents the undistorted area and 
£~ l (kzx) is the inverse Langevin function of 
argument k^c. k x is a parameter which depends 
inversely on the maximum lengths of the molecu¬ 
lar chains. If t represents the inverse Langevin 
function, then 

£(/) =coth t—i/t (2) 

is the Langevin function, where t = F x /B x yoZa and 
£(/) = kzX. The coefficient B x has been assigned 
various values. For this discussion, however, the 
exact value does not enter. Nevertheless, it is 
of some interest to note that it increases directly 
with absolute temperature. 

Consider a cylindrical tube of length z 0 with 
an elastomeric wall of thickness Co and internal 





H* •« ure al*v« aTmatflartc in mm Hf 


Fig. 2 . Relative volumes of aortas in five age groups as a 
function of applied pressure. The curves are obtained from 
experimental data and the points from theory, (a) 20-24 
yr., (b) 29-31 yr., (c) 36-42 yr., (d) 47-52 yr., (e) 71-78 yr. 

•F. T. Wall, J. Chem. Phys. 10, 485 (1942); 11, 527 
(1943). H. M. James and E. Guth, J. Chem. Phys. 11,455 
(1943). See also A. V. Tobolsky and R. D. Andrews, 
j. Chem. Phvs. 13,3 (1945). E. Guth, "The Problem of the 
Elasticity of Rubber and Rubber-like Materials'' in Surface 
Chemistry, F. R. Moulton (ed.) (A. A. A. S., Smithsonian 
Inst., Washington, D. C., 1943), pp. 103-127. 

»• A. L. King, Am. J. Phys. 14, 30 (1946). 
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radius ro, oriented so that its axis lies along the 
z coordinate of a set of cylindrical polar axes. 
Initially, the pressure within and outside the 
tube is assumed to equal po . For the moment, 
the weight of the tube is considered sufficiently 
small so that any distortion of the tube due to 
it may be neglected. As a further simplification, 
the thickness e 0 is assumed to be small compared 
with ro. Even for eo as much as 20 percent of r 0 
this approximation appears justified, as sug¬ 
gested later in the application of this theory to 
human aortas. 

Experimental 11 and theoretical 12 evidence indi¬ 
cates that the volume of a rubber-like material 
should remain constant as it is stretched up to 
300 percent elongation. Thus, if the radius of 
the elastomeric wall changes to r due to an 
increased pressure within the tube, the thickness 
and length change to e and z , respectively, so 
that 

Irrtz — lTr^^. (3) 

For the present problem suppose e 0 and Zo are 
multiplied by equal factors; then it follows that 
for Eq. (3) to be satisfied, 

e-eo(r Q /r)^ and z=z 0 (r 0 /r)K (4) 

In order to find the elastic forces within the 
wall, the randomly twisted and intermeshed 
molecular chains arc replaced by a three-dimen¬ 
sional network of chains extending along the 
tube wall, around the tube wall, and radially 
between the outer and inner surfaces of the wall. 
These chains usually exert a tension on their 
colinear neighbors or on any free surface in 
which they end, since the most probable state 
for them is one of more complete coiling and 
random twisting. On the other hand, due to 
their sidewise thermal motions, the chains push 
outward on a free surface until the contractile, 
thermal, and any external forces thereon are in 
equilibrium. The thermal force may be con¬ 
sidered to equal a uniform internal pressure P 
multiplied by the area of the free surface. 

Since the molecular chains around the tube 
wall do not end on free surfaces, the internal 

» W. L. Holt and A. T. McPherson, J. Research Nat. 
Bur. Stand. 17, 657 (1936). 

“ D. R. Elliot and S. A. Lippmann, J. App. Phys. 16, 
50 (1945). 



of a ©rTa in year* 

Fiu. 3. Variation of radius, wall thickness, and a charac¬ 
teristic parameter with age of undistended aortas. The 
wall thickness here is an effective value. The parameter 
depends on the reciprocal length of molecular chains within 
the aortic wall. 

peripheral force F e comes out to be 

F c = eaZoBc£- 1 (2 vrk e ) . (5) 

The longitudinal force is 

Fi = 2Trr&oBi£- l (kiz) —2icreP ; (6) 

and the radial force is 

F r = 2*roZQBr£~ l (kre) — 2vrzP. (7) 

Pressure P may be found from the fact that F r 
must equal 2rrzpo , since the outside surface of 
the wall is in equilibrium. Furthermore, the ends 
of the tube are supposed to be acted on by an 
external force Z which can become adjusted so 
that at all times Fj+Z = 0. 

To obtain a relation between pressure p and 
radius r, a small increase br in the radius is 
assumed to be accompanied by incremental 
changes be and bz in thickness and length, re¬ 
spectively. Then, by the principle of virtual 
work: 

2 ots(/> —-/>o) • Z • te 2irF e • 6r+F r • 5e+F* • 8s, 
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Tabll I. Constants for human aortas of various ages. 


Age 

groups 

years 

Vo 

cc 

ro 

mm 

$ 

A 

mm Hg 

<0 

mm 

ears 

mm* 

ke 

cm 1 

do 

cm 

20-24 

~ToT 

\sX 

0.302 

88 

Tm 

7.7 

To^r 

1.41 

29-31 

1.23 

6.2 

.415 

74 

1.20 

7.45 

.106 

1.48 

36-42 

1.30 

6.4 

.462 

70 

1.17 

7.5 

.114 

1.52 

47-52 

1.39 

6.6 

.510 

65 

1.12 

7.4 

.122 

1.54 

71 78 

1.96 

7.9 

.640 

44 5 

0.92 

7.* 

.129 

1.76 

r - — 

— — 

— 

- — 

_ — 

— 

——=_ 

—— = 



SO that 

GqZo 

p—po—Bc — £~ l (2rrk r )+po(6e/6r). (8) 

rz 


But from Eq. (4), — ifco/roXro/r^-Sr and 

letting j8=2»roJfee, Eq. (8) reduces to 

p-po - («o/ro)[5« (r 0 /r) (/3r/r 0 ) 

— 4/>o(r 0 /r) *]. (9) 

Since />=/># when r=r 0 , evidently Pa = 2Bc£~ l (p). 
Thus J3, may be eliminated from Eq. (9) to get 
the desired pressure-radius relation 

r £r l (fir/u) i 

p-p 0 =A\ (r 0 /r)*-—-(r 0 /r)» , (10) 

L £- J (/9) J 


where A =eoPo/2r a . 

The initial volume within the tube is V 0 = ir r 0 % 
and the final volume is V — rrh, so that V/Vo 
= (r/fo) 1 ; and the desired pressure-volume rela¬ 
tion for cylindrical tubes with elastomeric walls 
is found to be 


p-po=A (Eo/E) 1 




je-H/s) 


~(V«/V)\ (11) 

♦ 4 * 

Btf^ausc k e , which depends on the reciprocal 
of th4 maximum molecular chain lengths, cannot 
be determined readily, it is convenient to con- 
raider 0(*2*ro&«) an adjustable parameter of 
Eq. f (Jl).'Pressure po is that of the surrounding 
medium; for the above analysis it is assumed 
If the surrounding medium exerts a 
variable pressure, however, Eq. (11) can be 
modified accordingly. 

Frequently the weight of the tube, and possibly 
other small extraneous factors, may cause a 
partial collapse of an elastomeric tube unless 
the pressure within is somewhat in excess of 


that outside. This means the actual external 
pressure should be considered replaced by a 
somewhat greater effective pressure. 

THE HUMAN AORTA 

Perhaps the most widely quoted recent experi¬ 
mental data on human aortas are those of 
Hallock and Benson. Isolated segments, eight to 
ten centimeters long, of the descending aorta 
from just beyond the arch were obtained in'the 
age groups 20-24,29-31,36-42,47-52, and 71-78 
years. As far as could be determined all speci¬ 
mens but those of the last group were healthy 
and normal. Those beyond seventy years showed 
some degree of coronary disease. The experi¬ 
mental curves are shown in Fig. 1. 

To prevent collapse of the aortas an initial 
pressure of 10-cm saline solution (~7.5 mm Hg) 
was used in every case. The volumes per unit 
length for this initial pressure are given in 
Table I. Pressures were measured relative to 
atmosphere by means of a manometer. Since 
Hallock and Benson fail to state the prevailing 
atmospheric pressure for any of their observa¬ 
tions, in the following discussion the standard 
value of 760 mm Hg is assumed to apply in all 
cases. But 7.5-mm Hg pressure are required to 
balance weight sag and other small factors, so 
that the effective external pressure po is taken 
to be 768 mm Hg. 

A better appreciation of the relative variation 
in pressure-volume characteristics with age may 
be obtained by plotting V/Vo as a function of 
pressure difference as shown in Fig. 2. These 
curves are well represented by Eq. (11) of the 
above theoretical discussion. For convenience 
both /3 and A were adjusted so as to fit these 
curves. The resulting values are given in Table I. 
The function is very sensitive to slight variations 
in (3. 

Since Vo represents the initial volume per unit 
length of aorta, the initial radius r 0 is given by 
(Vo/* 1 )*. Values of ro are listed in Table I and 
are plotted in Fig. 3. With these values of A and 
ro and />o = 768 mm Hg, the effective initial wall 
thicknesses «o are computed from eo = 2roA/Po 
and also are plotted in Fig. 3. Notice that So 
decreases with advancing age; probably this 
decrease is associated with the apparent dis¬ 
appearance of elastic tissue. On the other hand, 
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the product 6or 0 , as seen in Tabic 1, is constant, 
at least for the data under examination. The 
mean value is 7.5 mm 2 with an average deviation 
of only ±0.1. As dilation of an aorta proceeds 
with advancing age, the effective cross-sectional 
area of the tube wall remains nearly constant 
and equal to 47 mm 2 between the ages of 20 and 
80 years. Perhaps this observation may be 
interpreted as follows: the materials within the 
vessel wall that render it elastic really do not 
disappear, but rather become more thinly dis¬ 
tributed in the enlarged wall of the older aortas. 
More extensive experimental data, however, may 
show a real divergence from the above mean, 
especially at either end of the time scale, in one 
case due to new tissue growth and in the other 
to senile alterations. 

External diameters do of the undistended 
aortas approximately equal 2(r 0 +Co). The values 
shown in Table I are in rather good agreement 
with measured values. For instance, Roy 18 ob¬ 
served circumferences of 45 mm for a 22-year 
old and 52 and 55 mm for 71- and 76-year old 
aortas. These values correspond to diameters of 
1.4 cm for the young aorta and 1.7 cm for the 
old aortas. Observed wall thicknesses, on the 
other hand, \ary greatly, as illustrated by 
Krafka’s data for strips of human aortas having 
no marked sclerotic lesions (Table II). 6 These 
values, for the most part, are outside the limits 
of 1-2 mm mentioned by Krafka in an earlier 
paper. 14 It should be recognized, however, that 
on cutting strips from an aorta, peripheral chains 
are shortened and made to end on free surfaces. 
The equilibrium is thereby altered and, perhaps, 
the wall then becomes thicker. In any case, as 

11 C. S. Roy (reference 3), pp. 148 and 152-153. 

14 J. Krafka, Am. J. Physiol. 125, 5 (1939). 


Table II. Observed wall thicknesses of human aortas. 


Age (years) 

7 20 

31 

37 

37 

41 

47 

48 

Thickness (mm) 

1.8 2.6 

2.6 

2.9 

1.76 

3.18 

2.34 

2.46 


suggested previously, eo should be expected to 
have values somewhat less than the actual wall 
thicknesses. 

From 0 = 2irro&c the parameter k e is computed 
and entered in Table I. Its variation with age is 
shown in Fig. 3. Evidently k e is an important 
age-dependent physical characteristic of aortas. 
Since it is defined as the molecular chain length 
reciprocal, clearly its increase with age corre¬ 
sponds to an effective decrease in distance be¬ 
tween chain ends around the aorta. Perhaps a not 
unreasonable interpretation may be this: with 
advancing age, bonds between chains become 
established, thus making the effective chain 
lengths less and, consequently, producing a more 
rigid structure. In other words, arterial walls 
may be thought to lose their elasticity as a 
result of increased interchain bonding. Notice 
that chain lengths are reduced, on the average, 
by a factor of nearly two-thirds during the age 
interval from 20 to 80 years. The parameter 0 
itself is a factor which represents the amount of 
coiling and twisting experienced by the peripheral 
molecular chains. Thus the distance between ends 
of a single chain around the aorta is only 0.302 
of the maximum chain length for 20-24 year old 
specimens, whereas this ratio becomes 0.640 for 
71-78 year old specimens. 

The above analysis does not exclude the 
possibility of chains aggregated in strands. Per¬ 
haps it is such strands which produce the wavy 
dark streaks in sections of aortic wall that have 
been properly stained to show the presence of 
elastin. 
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Approximations to Planckian Distributions 

Parry Moon 

Massachusetts Institute of Technology, Cambridge, Massachusetts 

AND 

Domina Ebrrle Spencer 
Tufts College, Medford, Massachusetts 
(Received January 22, 1946) 

The use of Planck’s equation in theoretical photometry and colorimetry has been hampered 
by the difficulty of integration. The following investigation attempts to eliminate this obstacle 
by replacing Planck's equation in the visible region by simpler expressions that are easilv 
integrated. Two such approximations are emploved—a three-term polynomial and the Wien 
function. Both allow analytic integrations to be performed with considerable ease and satis¬ 
factory accuracy. The method applies even in the weighted integrations of colorimetry: the 
standard weighting functions representing characteristics of the human eye are introduced in 
their analytic form and mak< possible the use of analytic methods in place of the unwieldy 
numerical approximations employed previously. 


1. INTRODUCTION 


T HE importance of Planck’s equation in 
photometry and colorimetry can hardly be 
overestimated. Unfortunately, however, the equa¬ 
tion does not lend itself to easy manipulation. 
Ratios of Planck functions obstinately keep their 
form instead of simplifying as Wien functions do, 
and integrations are performed only with 
difficulty. 

It seems doubtful if a simple approximation to 
the Planck equation is possible when the entire 


Table I. Polynomial approximation to Planckian distri¬ 
butions. J(k) —Kt+Kik+Kik* (watt m - * micron -1 .) 


T 

<°K) 

Kt 

Kt 

Kt 

2000 

2.15635 XI0» 

- 9.7454X10* 

11.1290X10* 

2100 

3.03280 

-14.0909 

16.5959 

2200 

3.95017 

-19.0373 

23.3151 

2300 

4.73990 

-24 0395 

30 9838 

2400 

5.15858 

-28.2523 

39.0340 

2500 

4.88558X10* 


46.6020X10* 

2600 

5.53336 

—29.3414 

52.5395 

2700 

n .0.65957 

-23.0210 

55.4300 

2800 

-*4.21592 

- 9.6010 

53.6250 

2842 

- 6.97760 

- 14168 

51.0905 

2900 

-11.57840 

+12.9650 

45.3400 

3000 

- 2.19248X10* 

- 3.56774 

+ 4.6864X10* 

2.8599X10* 

9 

9.4090 

+ 0.1550 

- 5.32508- 

15.6716 

- 3.7805 

3300 

*/.49365 
—TO.09439 

23.6450 

- 9.1200 

3400 

33.4790 

-16.0250 

3500, 

w 1.31403 X10 7 

"SJiS! 

4.5300X10 7 

- 2.4642 XIO 7 

4000 

4500 

13.5166 

26.7200 

- 9.5855 
-21.1150 

5000 

- 7.84826X107 

40.8458X107 

-34.9482X107 

5500 

- 7.13490 

50.9390 

-47.4900 

6000 

- 2.10080 

51.4390 

-54.4858 

6500 

+ **89830 

37.0600 

-51.7500 

7000 

+ 2.71395X10* 

3.5735X10* 

» - 3.5870 X 10* 

20000 

+ *09456X10** 

- 8.4853X107* 

+ 6.1053X10** 
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wave-length scale is needed. But in photometry 
and colorimetry, only the visible region is con¬ 
sidered, and in this region the radiation curves 
have very simple shapes which can be approxi¬ 
mated by elementary functions. 

The following pages present the results of an 
investigation of approximations to Planckian 
distributions. Both polynomials and Wien func¬ 
tions are employed. In either case, analytic 
integrations are easily performed and various 
kinds of mathematical manipulation are ex¬ 
pedited. 


2 . POLYNOMIAL APPROXIMATION 


The simplicity of the plot of Planck’s equation 
in the visible region suggests the possibility of 
approximating it by a few terms of a power 
series. At temperatures above 2500°K, a fairly 
satisfactory representation is obtained with two 
terms; 

J(K)=Ko+K,\*, ( 1 ) 

where Ko and K, are constants and X is the wave¬ 
length. At 2000°K, however, three terms are 
found to be necessary; and in the interests of 
standardization, three terms were adopted for 
approximating Planckian radiation at all tem¬ 
peratures. 

The equation being approximated is 


m 


Cl 1 

X»exp(cyxr)-l' 


( 2 ) 


* J 
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where 1 Ci=3.6970 X10 8 , C 2 = 14320, X=wave¬ 
length (micron), and /(X) = spectral pharosage 
(watt m -2 micron -1 at blackhody opening). The 
approximate equation is 

/(X)=A„+AiX+A 2 X 2 . (3) 

If /(X) from Eq. (3) is made to coincide with /(X) 
from Eq. (2) at wave-lengths 0.45, 0.55, and 
0.65/*, the constants A<>, At, and A 2 arc de¬ 
termined by the equations, 

A» = 17.875/(0.45)-29.250/(0.55) 1 

+12.375/(0.65), 

Ki— — 60/(0.45)+110/(0.55) (4) 

-50/(0.65), 

A 2 =50/(0.45) -100/(0.55) +50/(0.65). 

The constants of Eq. (3) are evaluated by 
means of Eq. (4) for a number of temperatures, 
and the results are listed in Table I. Values for 
other temperatures are easily computed by means 
of Eqs. (2) and (4). The discrepancies 'between 


Planckian radiation and the three-term approxi¬ 
mation may be visualized by considering Figs. 1 
to 4. These graphs cover the range ordinarily 
employed in colorimetry and show that a rea¬ 
sonably good lit is obtained at all temperatures 
through most of the visible region. The dis¬ 
crepancies at the ends of the visible region do not 
prove troublesome in most applications. It is 
interesting to note that curves of such diverse 
shapes as Figs. 2 and 4 can be fitted by the same 
form of expression. 

If a more accurate representation is desired, a 
seven-term polynomial may be used: 

/(X) = A„+AtX+A 2 X 2 + • • • +A*X*. (5) 

The details in the evaluation of the constants arc 
discussed elsewhere. 2 For example, take Planckian 
radiation at 2842°K and pass the approximate 
curve through the correct values at 0.40, 0.45, 
0.50, • • -0.70 it. The constants are found to be, 

A„=-1,185.36370, 

Ai = +13,764.24041, 

A 2 =-63,762.05721, 

A, = +148,682.59032, 

A«=-182,496.89139, 

A 6 = +114,098.58438, 

A,= -28,888.87725. 

A comparison of the true values of /(X) and the 
values computed by Eq. (5) is shown in Table II. 
Values at 0.40, 0.45, etc., are of course correct, so 
only intermediate values are included in the 
table. It will be noted that the maximum error is 
only 1/50 of one percent. 

Table II. Planckian radiation at 2842°K. /(X) in 
watt m" 2 micron” 1 for Planckian radiator. True values 
calculated by Planck’s equation (Ci- 14320), approximate 
values by seven-term polynomial, Eq. (5). 


X 

/(X) 

(Hue) 

(approx.) 

Percent 

difference 

0.425m 

0.475 

0.525 

0.575 

0.625 

0.675 

18.924 X10 4 
37.799 

62.940 

92.018 

122.274 

151.245 

18.923 X10 4 
37.791 

62.930 

92.003 

122.255 

151.219 

—0.005 

-0.021 

-0.016 

-0.016 

-0.016 

-0.017 


1 The international temperature scale is used. See G. K. 
Burgess, Bur. Stands. J. Rea. 1,635 (1928) ; H. T. Wensel, 
Bur*Stands. J. Res. 22, 375 (1939); Parry Moon, J. Math, 
and Phys. 16, 133 (1937); M. I. T., Elec. Eng. Dept., 
Contribution No. 131 (1938). 


Parry Moon and D. E. Spencer, 
ation of reflectance curves, J. 
(1945). See particularly Table V. 
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Fig. 2 . Planckian radiation at 2842°K, showing the 
degree of approximation afforded by a three-term poly¬ 
nomial at a common operating tempera lure for incandes¬ 
cent lamps. - Planckian radiation;-three- 

term analytic approximation. 


3* WIEN APPROXIMATION 

Another method of approximating the 
Planckian distribution is by means of the Wien 
radiation equation. This approximation, while 



Fig. 3L Planckian radiation at 7000°K. Three-term 
» polynomial approximation is shown dotted. 



Fig. 4. Planckian radiation at 20,000°K. Three-term 
polynomial approximation is shown dotted. 


not as simple as the three-term polynomial, 
allows comparatively easy integration. Since the 
Planck curve and the Wien curve are of different 
shapes and cannot be made to coincide, it is 
necessary to decide what aspect of the two will be 
made identical. Estey 8 has used color tempera¬ 
ture as the criterion by plotting the Wien points 
in the chromaticity diagram and obtaining 
shortest distances by Judd's method. 4 Gage 8 used 
the simple and definite criterion of making the 
two curves pass through the same points at 0.4S 
and 0.65/x. 

We have chosen Gage’s method but have 
altered both T and Ci in order to obtain coinci¬ 
dence at 0.45 and 0.65 p. Previous work of this 
kind has been confined entirely to the change in 
quality, in accordance with the astonishing 
propensity of colorimetrists to ignore magnitude. 

Planck’s distribution is expressed in Eq. (2). 
The Wien distribution is represented by the 
equation 

C 9 

m -- exp ( —Cs/xr'). (6) 


* R. S. Estey, I. Opt. Soc. Am. 28, 293 (1938)., 

* D. B. Judd, f. Opt. Soc. Am. 26,421 (1936). 

* H. P. Gage, J. Opt. Soc. Am. 23,46 (1933); H. 
and N. Macbeth, Trans. I.E.S. 31,99S (1936). 


P. Gage 
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where C* has the same Value as in Eq. (2) but C\ 
and V differ from the Planckian values. If the 
ordinates of the two curves are to be identical at 
wave-lengths Xi and Xj (Xj>Xi), 


~ exp (C,/XiD =^-[exp (C,Air) -1], 

Ci' Ci 

. , (7) 

— exp (C.A.n --[exp (C.A.D -1J 

Ci Ci 

Dividing, and substituting 

l/r-l/r+l/* f ( 8 ) 

we obtain 


1 AiX, rl—exp ( — Ca/Air)! 

- =-In-. (9) 

5 Ci(a.-Xi) Li -exp (-c*A*r)J 


The quantity 1/6 is the correction in reciprocal 
temperature that must be applied in going from 
the Planckian temperature to the corresponding 
temperature for the Wien distribution. This cor¬ 
rection is always positive, corresponding to uni¬ 
versal decrease in temperature from Planck to 
Wien. The advantage of Eq. (9) over those used 
by Gage and Estey is that the former is a 
correction term which is usually small and which 
therefore needs little accuracy in its computation. 


Table III, Temperatures for Wien approximation. 


r 

(Planck) 

1 /« 

(mired.) 

A7" 

(°K) 

T > 

(Wien) 

ACi 

CY 

(Wien) 

2000°K 

0.00167 

-0.0067 

1999.9933 

0.002 X10 7 

3.6972X10* 

2100 

0.00281 

0.0124 

2099.9876 

0.003 

3.6973 

2200 

0.00442 

0.0214 

2199.9786 

0.005 

3.6975 

2300 

0.00697 

0.0369 

2299.9631 

0.008 

3.6978 

2400 

0.01035 

0.0596 

2399.9404 

0.012 

3.6982 

2500 

0.01490 

0.0931 

2499.9069 

0.018 

3.6988 

2600 

0.02085 

0.1409 

2599.8591 

0.025 

3.6995 

2700 

0.02844 

0.2073 

2699.7927 

0.033 

3.7003 

2800 

0.03791 

0.2972 

2799.7028 

0.045 

3.7015 

2842 

0.04252 

0.3434 

2841.6566 

0.050 

3.7020 

2900 

0.04953 

0.4165 

2899.5835 

0.059 

3.7029 

3000 

0.06354 

0.5718 

2999.4282 

0.076 

3.7046 

3100 

0.08018 

0.7704 

3099.2296 

0.096 

3.7066 

3200 

0.09967 

1.0203 

3198.9797 

0.119 

3.7089 

3300 

0.12222 

1.3305 

3298.6695 

0.146 

3.711b 

3400 

0.14803 

1.7103 

3398.2897 

0.177 

3.7147 

3500 

0.17725 

2.1700 

3497.8300 

0.213 

3.7183 

4000 

0.37919 

6.0580 

3993.9420 

0.462 

3.7432 

4500 

0.67991 

13.7262 

4486.2738 

0.841 

3.7811 

5000 

1.0778 

26.8020 

4973.1980 

1.356 

3.8326 

5500 

1.5631 

46.8832 

5453.1168 

2.005 

3.8975 

6000 

2.1216 

75.4192 

5924.5808 

2.780 

3.9750 

6500 

2.7377 

113.6445 

6386.3555 

3.668 

4.0638 

7000 

3.3962 

162.5522 

6837.4478 

4.661 

4.1631 

20000 

17.9979 

5293.6610 

14706.3391 

45.350 

8.2320 


Table IV. Computed values of /(X) (watt micron** 1 ). 


X 



Percent 


Percent 

(mi- 



differ- 


differ- 

cron) 

Planck 

Wien 

ence 

Polynomial 

ence 



r-2842.0°K, 

r-2841.66°K 




Ci -3.6970XW 

Ci' -3.7020X10* 


0.40 

12.214 X10* 12.212X104 

-0.017 

6.302X104 

-48.3 

0.45 

27.475 

27.475 

0 

27.475 

0 

0.50 

49.711 

49.716 

+0.010 

50.866 

+ 2.3 

0.55 

77.159 

77.170 

+0.014 

77.159 

0 

0.60 

107.17 

107.18 

+0.010 

105.65 • 

- 1.4 

0.65 

137.05 

137.05 

0 

137.05 

0 

0.70 

164.65 

164.61 

-0.024 

170.65 

+ 3.6 



r-7000.0°K, 

T* — 6837.46°K 




Ci-3.6970 X10*. 

Ci'-4.16312X10* 


0.40 

2.1830X10* 2.1638X10* 

-0.88 

2.2830X10* 

+ 4.6 

0.45 

2.1483 

2.1483 

0 

2.1483 

0 

0.50 

2.0111 

2.0204 

+0.46 

1.9959 

- 0.76 

0.55 

1.8254 

1.8359 

+0.57 

1.8254 

0 

0.60 

1.6254 

1.6320 

+0.41 

1.6370 

+ 0.71 

0.65 

1.4306 

1.4306 

0 

1.4306 

0 

0.70 

1.2508 

1 2432 

-0.61 

1.2065 

- 3.5 



r-20,000°K, 

r-14,706.3°K 




Ci -3.6970 X10*. 

Ci'-8.23200X10* 


0.40 

7.2360 X10* 7.0468X10* 

-2.6 

6.7731 XI0* 

- 6.4 

0.45 

5.1251 

5.1251 

0 

5.1251 

0 

0.50 

3.7120 

3.7574 

+1.2 

3.7827 

+ 1.9 

0.55 

2.7451 

2.7847 

+1.4 

2.7451 

0 

0.60 

2.0689 

2.0890 

+0.97 

2.0134 

- 2.7 

0.65 

1.5862 

1.5862 

0 

1.5862 

0 

0.70 

1.2350 

1.2187 

-1.3 

1.4651 

+18.6 


This advantage is particularly noticeable at the 
lower temperatures. 

Equation (9) is exact. Usually, however, the 
exponentials are small in comparison with unity 
and a simpler expression is possible. Since 

In (1 —jc) = -]» 

Eq. (9) may be written, 


1 AA* 

S C*(Xi—Xi) 

X[exp ( —C,/X,r)— exp (-C,/X,r)]. (10) 


If Xi = 0.450m, X* = 0.650m, and C t = 14,320, 
Eq. (9) becomes 


1 

& 


1.0213X1^ In 


1—exp (—31,822/r) 
I—exp (— 22,031/7') 


] 


(9a) 


and Eq. (10) is 

-=1.0213X 10~ 4 [exp (-22,031/D 
1 -exp (—31,822/DJ. (10a) 

l 

Next the constant Ci is evaluated. From 
Eqs. (2) and (6), 

exp (Ci/\iT') 

CV = Cr-- (ID 

[exp (Ci/XjD-13 

‘ A %‘I09 
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Let 

Ci — Ci+ACi. 

Then the increment in Cu to be used in changing 
from Planck to Wien radiation, is 

ACi® Ci — Ci 


or 

ACi® Ci 

rexp (C»/\iS) -1 +exp (— Ct/\iT) 1 

X-. (12) 

L i-ex P (-c,/Xir) J 

Equation (12) is exact. At temperatures below 
approximately 3500°K it may be approximated 
by 


[Ct 1 1 

ACiSCi -[-exp ( — Cs/X,7’) . 

LXi 5 J 


(12a) 


Below 2800°K, the exponential may be neglected, 
resulting in the simple equation, 


CiCil 

ACi=-. 

X, S 


(12b) 


If Xi= 0.45m, Ci = 3.6970X10“, C,= 14,320, Eq. 
(12) becomes 

AC, = 3.6970X10" 

rexp (31822• 1/5) — 1 +exp (-31822/7)1 

X - (13) 

L 1 —exp (—31822/T) J 


and Eq. (12a) reduces to 

ACi==3.6970 X 10»[31822 • (1/S) 

+exp(-3182ia/D]. (13a) 

Also Eq 12b) becomes 

ACi^l 1.765 X10 ,l (l/«). (13b) 

Values of 1/S and AC, are listed in Table III. 
Aljo given are values of T', AT', and Ci. A 
comparison of computed values of J(\) is shown 
in Table IV. The values calculated by Planck’s 
equation are listed in the second column, and the 
Wien values are in the third column. Computa¬ 
tions made by use of the three-term polynomial 
approximation are also given (fifth column). 
Table IV shows that at 2842 e K, the maximum 
error caused by using the Wien equation instead 
of the Planck equation is only 1/40 percent. 

•Ju 


Table V. Radiant pharosage in visible spectrum. 
D, (watt m - *) for Planckian radiator. 


7 -2842°K 7000 20,000 


Planck 2.4290 X10* , 

Wien 2.4290X10* 5 3933X10* 9.6566X10* 

1 2-term polynomial 2 4264X10* 5-3929X10* 

(2-term-Wten) /Wien 0 0011 0 00007 

3 term polynomial 2.4244X10' 5.3955X10’ 9.6090X10* 

(3-term-Wien) /Wien 0 0019 0 00041 0.0049 

fMvisible region) /Dr(total) 0.0652 0.3935 0.0106 


For higher temperatures, the discrepancies be¬ 
tween the Wien and Planck distributions are 
more pronounced. For 20,000°K, differences of 
one or two percent are encountered at some 
wave-lengths between the true curve and the 
correlated Wien curve (T' = 14,706, Ci' = 8.232 
X10 8 ). The Wien distribution is always too 
peaked, giving values that are too high in the 
center and too low at the ends of the visible 
spectrum. The three-term polynomial represen¬ 
tation is inferior in accuracy to the Wien 
distribution at low temperatures; but at tempera¬ 
tures above 7000°K, the two are not widely 
different. 

4. INTEGRATION WITHOUT WEIGHTING 
FUNCTION 

J t is sometimes necessary to obtain the radiant 
power in a specified wave-length band. For 
instance, the portion of the radiant power of a 
Planckian radiator may be required for the 
visible region or for a portion of the visible region 
between the wave-lengths Xi and A*. The Planck 
equation then proves to be inconvenient since it 
can be integrated only by expansion in an infinite 
series of exponentials. A numerical method of 
integration was developed by Holladay, 6 based 
on the tables of Frehafer and Snow. 7 The work 
differs completely from the present paper in that 
analytic methods were not used. 

The integral to be evaluated is 

I J(\)d\, (14) 

Xi 

where 2?,=radiant pharosage (watt m -1 ) be¬ 
tween the wave-lengths Xi and Xi, and Xi>Xi 
(micron). 


* L. L. Holladay, J. Opt. Soc. Am. 17, 329 (1928). 

7 M. K. Frehafer and C. S. Snow, Miscellaneous Publica¬ 
tions of the Bureau of Standards, No. 56 (1925). 
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If a three-term polynomial approximation is 
employed, 


J(\) =K t +K{k+Ktf, 
and the integration is very simple: 


(3) 


J ffXt 

I (K 

Xi 


o+ K{k+K a\ 2 )rfX, 


K x 


~K o(X 2 ""Xi)H—(X 2 2 — X 1 2 ) 
2 


K t 

H-(X,*-Xi a ). ( 15 ) 

3 


As an example of the use of Eq. (15), Table V 
was computed. It gives the radiant pharosage in 
the wave-length band from 0.40 to 0.70/i for 
Planckian radiators operating at several temper¬ 
atures. The values calculated by means of Eq. 
(15) are compared with the correct values ob¬ 
tained by series integration of Planck’s equation. 
The discrepancies arc seen to be less than a half 
percent in all cases. 

Now consider the integration of the generalized 
Wien equation: 

7(X) - C 1 X- 6 exp (-nC 2 /XD. (16) 

Equation (14) becomes 


I /(X)dX = Ci I X“ 6 exp { — nCi/\T)d\ 

Xt •'Al 

or 

0 '- c '(^)'b [(S) ,+3 (xl)’ + <S) +6 ] 


K nCsX* /nCi\* /nCt\ It 

+3 fe) +6 fe)Hr <17) 


For Planckian radiation, a series expansion is employed: 

C ! 1 

/(X) =- 

X s exp (c*/xr) — 1 


=^[exp ( —Cj/Xr)+exp (-2 C t /\T)+-- •], 
X® 


(18) 


and the integration of each term is obtained by use of Eq. (17) which becomes 

I r/14320»\* /14320»\ 2 /14320n\ l 

D r =0.87918(r/n)<|exp(-14320«/X 2 7>|^ +3 \~^T~) +6 V^T T / +6 J 

K 14320»\ 2 /14320»\ 2 /14320»\ U 

ff) + 3 (ff) + 6 vFF) +6 lr (17a) 

Evidently Eq. (18) leads to great complication, particularly at high temperatures. Simplification is 
effected by using the Wien equation (w = 1) with temperature T' and constant C\. Then Eq. (17) 
becomes 

( r/14320\* /14320\ 2 /14320\ 1 

D,.CAr/14320)-|exp(-14320A.n{(—) +^(—) + 6 (^f) +6 J 

K 14320\* /14320\ * /14320\ 11 

if) +3 (ff) + (if) + Jr (17b) 
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Table VI. Coefficients for integration of polynomial 
approximation, light sources. 


* 

X/K 


Y/K 

M 

Z/K , 

M 

0 

>10666 

57240 

>10685 

35175 

>10677 

25053 

1 

>60921 

26156 

>59773 

82336 

>48473 

18484 

2 

>35226 

72563 

>33616 

34585 

>22066 

86373 

3 

>20585 

29574 

>19006 

76935 

>10073 

48896 

4 

>12138 

18444 

>10804 

00986 

*46112 

93726 

5 

>72128 

04822 

>61741 

99087 

*21167 

64643 

6 

>43147 

45424 

>35472 

77575 

>97438 

95977 

7 

*25962 

45164 

>20489 

36516 

*44978 

64475 

8 

*15703 

36300 

>11898 

18699 

*20820 

78752 

9 

>95428 

23493 

*69462 

88390 

*96651 

46038 

10 

>67101 

94957 

*40770 

52600 

*44992 

86102 

0 

>10666 

57240 

>10685 

35175 

>10677 

25053 

- i 

>18945 

52333 

>19203 

57729 

>23583 

64653 

- 2 

•34207 

93241 

>34696 

72926 

>52233 

94835 

- 3 

>62918 

49167 

>63023 

83522 

1.1600 

63798 

- 4 

1.1809 

92005 

1.1508 

72075 

2.5834 

18571 

- 5 

2.2652 

57902 

2.1127 

61624 

5.7688 

38040 

- 6 

4.4431 

71306 

3.8991 

48094 

12.916 

93227 

- 7 

8.9117 

26706 

7.2340 

0186Z 

29.000 

44752 

- 8 

18.261 

13996 

13.491 

81539 

65.286 

16073 

- 9 

38.177 

40910 

25.295 

17554 

147.36 

87925 

-10 

81.275 

83667 

47.673 

01938 

333 54 

52442 


Note. —Superscripts refer to the number ot zeros utter the d« imal 
point. Thus >7212804822 -0.007212804822. 


Values of D r computed by means of Eq. (17b) 
for Xi=0.40 and X*=0.70#i are listed in Table V. 
At 2842°K, the value obtained from Eq. (17b) 
agrees with the true Planckian value, Eqs. (16a) 
and (17), in the fifth digit. The Planckian results 
are 

« = 1, Z) r = 2.4283 x10 s ; 
n = 2, Z) r =0.0007 X 10 s ; 
n = 3, D r — negligible. 


The summation of these values gives the true 
result, D r =2.4290X10* watt m“*. Note that the 
results obtained by using our corresponding T' 
and Ci are correct to five figures, while the 
common practice of assuming that T' =*T and 
Ci — Ci gives a result that is low by 7 in the fifth 
figure. At higher temperatures the exact compu¬ 
tation becomes very laborious and the approxi¬ 
mate methods are correspondingly advantageous. 

5. INTEGRATION WITH WEIGHTING FUNCTIONS 

Even more important than the integrations 
described in the preceding section are the 
weighted integrations that occur so frequently in 
colorimetry. If the weighting functions are £(X), 
y{\), 2(X), then 

X= f Jr(X)7(X)dX, 

Jq 

K- f t(X)J(X)dX, (19) 

•'o 

f 2(X)J(X)dX. 

•'o 

If J(\) is expressed as a polynomial, 

/(X) = E»X n X" (20) 

and the weighting functions arc given by their 
analytic representations,* then the integrals are 


Table VII. Three-term polynomial approximations. 



T —2000®K 

2842 

3500 

7000 

20,000 

A', Planck 

Polynomial approximalion 
Percent <; ifcrence * 

2812.4 

2834.5 t 

i 79 " 

97,871 

96,917 

+0.98 

49221* 

49007* 

-0.44 

18413® 

18490® 

+0.42 

28581 4 

28219 4 
-1.3 

Y, Planck € 

Polynomial approximation 
Percent difference 

2203.0 

2201.0 

—0.091 

89,0.10 

88,721 

-0.34 

47543* 

47531* 

-0.025 

19073® 

19077® 

+ 0.021 

28727 4 

28705 4 

-0.077 

Z , Planck 

dfolynomial approximation 
Percent diffeifer.ee 

326.03 

343.04 

+4.5 

31,808 

31,371 

-1.4 

25058* 

24905* 

-0.61 

22738* 

22794® 

+0.25 

54090 4 

53830 4 

-0.48 

x, Planck 

Pol> noniia! 

Difference 

0.52653 

0.52700 

+4.7Xl0-< 

0.44749 

0.44660 

-8.9X10-* 

0.40404 

0.40354 

-5.0X10 - 4 

0.30574 

0.30632 

+5.8X10 - 4 

0.25656 
0.25479 
— 17.7X10*” 4 

y, Planck 

Polynomial 

Difference 

0.41243 

0.40922 

-32.1X10-* 

0.40707 

0.40884 
+ 17.7X10- 4 

0.39027 

0.39138 
+ 11 . 1 X 10 -* 

0.31671 

0.31605 

— 6 . 6 X 10 “® 

0.25788 
0.25918 
+ 13.0X10“ 4 


Note .— Superscript* denote the number of zeros before the decimal point. For instance, 49221* -492.210. 

* Parry Moon and D. E. Spencer, “Analytical representation of trichromatic data,” J. Opt. Soc. Am. 3S, 399 (1945); 
and ^Analytic e xpr essi ons in photometry and colorimetry,” to appear in J. Math, and Phys. 
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evaluated analytically by use of the formulas, 


(L/K) m 


T(p-m-l) 
i ’ 


Table VIII. Seven-term polynomial approximation 
at 2842°K. 


X, Planck 97,871 

Polynomial approximation 97,856 

Percent difference —0.015 


(L/KU X = (L/K) m ---, (21) 

/>—ra —2 


Y , Planck 89,030 

Polynomial approximation 89,016 

Percent difference —0.017 


p—m — l 

(L/K) m ^ = {L/K) m -, 

9 

where L represents X, Y, or Z and where p and q 
are the constants given previously.® These equa¬ 
tions were used in the calculation of the constants 
of Table VI. 

To obtain the trichromatic specification of any 
radiation whose spectral distribution can be ap¬ 
proximated by a polynomial, one multiplies the 
polynomial coefficients K m by the corresponding 
values of Table VI and adds: 

L = Z m (L/K m )K m . (22) 

For Planckian radiation, the values of K m for 
a three-term polynomial approximation may be 
employed. Examples are given in Table VII. 
Generally the error in X, Y, or Z caused by the 
polynomial approximation is less than one 
percent. The homogeneous coordinates x and y 
are also given in the table and the discrepancy 
caused by polynomial approximation is usually 
less than 20 X10 -4 . 

If greater accuracy is desired, a seven-term 
polynomial may be employed. Table VIII shows 
that at 2842°K the trichromatic coordinates X, 
Y, and Z are in error because of polynomial 
approximation by less than 1/50 percent, while * 
and y are within 0.1 X10 -4 of the Planckian value 
obtained by the analytic method. 

When /(X) is expressed in terms of a corre¬ 
sponding Wien distribution 

c 9 

/(X)—-exp (-Ci/xr), (23) 

X® 

the trichromatic coefficients of the radiation are 
found by evaluating the expression® 

aftTOj± (24) 

(s+cyr)*< 


Z, Planck 31,808 

Polynomial approximation 31,802 

Percent difference —0.019 

x , Planck # 0.44749 

Polynomial approximation 0.44750 

Difference +0.1 X10 ' 4 

y, Planck 0.40707 

Polynomial approximation 0.40707 

Difference 0.0 XIO^ 4 


for Z, Xn , Xc, Y At Yd , and X\ and by using the 
relations 

X = X A +Xc-X th 
Y=Y a -Y d . W 

The corresponding values of Ci and T 9 for 
Planckian distributions, Table IV, were used in 
evaluating X, F, and Z. The results are shown in 
Table IX. It will be noted that X , F, and Z are 
always within one percent of the values obtained 
with Planckian distributions. As would be ex¬ 
pected, the errors are only a few thousandths of 
one percent at low temperatures. The homogene¬ 
ous coordinates are accurate to five decimal places 
at low temperatures, and at 20,000°K arc still 
accurate enough for practical purposes. 

The total lamprosity y t (luminous efficacy) is 
also computed very easily by the methods of this 
paper. By definition, 

h = / £ J(\)dX. (26) 

Multiplication® by 648 gives lumens per watt. 
The numerator is obtained from Eq. (21) or (23), 
while the denominator is obtained from the 
Stefan-Boltzmann relation, 



5.709Xl0-®r 4 watt/m 1 . 


(27) 


When Planckian radiation is transmitted 
through a selective medium or reflected from a 
surface, the additional weighting function r(X) or 
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Table IX. Comparison of Planck and Wien equations, where Wien temperature and Ci are 
adjusted in accordance with Eqs. (9) and (12). 



r-2000°K 

2842 

3500 

7000 

20,000 

X, Planck 

2812.4 

97,871 

49221* 

18413* 

28581 4 

Wien 

2812.5 

97,879 

49237* 

18467* 

28741 4 

Percent difference 

+0.0036 

+0.0082 

+0.037 

+0.29 

+0.56 

Y, Planck 

2203.0 

89,030 

47543* 

19073* 

28727 4 

Wien 

2203.0 

89,040 

47563 1 

19165* 

29079 4 

Percent difference 

0 

+ 0.011 

+0.042 

+0.48 

+0.87 

Z, Planck 

326.03 

31,808 

25058 1 

22738* 

54090 4 

W’ien 

326.03 

31,808 

25059* 

22737* 

54013* 

Percent difference 

0 

0 

+0.0040 

-0.0044 

-0.14 

x, Planck 

0.52653 

0.44749 

0.40404 

0.30574 

0.25656 

Wien 

0.52653 

0.44749 

0.40405 

0..10590 

0.25700 

Difference 

0 . 0 X 10“ 4 

o.oxio- 4 

+0.1 X10 " 4 

+ 1 . 6 X 10" 4 

+4.4X10 - 4 

y, PL* nek 

0.41243 

0.40707 

0.39027 

0.31671 

0,25788 

Wien 

0.41243 

0.40708 

0.39031 

0.31746 

0.26002 

Difference 

0.0 X 10 “ 4 

+ 0.1 X 10~ 4 

+0.4X 10“ 4 

-7.5X10 ' 4 

+21.4X 10 “ 4 


p(A) is introduced. If the spectral reflectance or 
transmittance curves are represented also by 
polynomials, the integrations can be handled as 
in the preceding paragraphs. This subject is 
treated in a previous publication. 2 The total 
luminous reflectance is 

p(A )p(X)J(\)d\ j f (28) 

where numerator and denominator are evaluated 
analytically. A similar expression applies to the 
total luminous transmittance r/. 

6 . CONCLUSIONS 

An in\ estigation has been made of the possi¬ 
bility of simplifying computations pealing with 
Planckiar radiation. It is foi<" » that Planckian 
distributions #an be approximated in the visible 


region by three-term polynomials. Integrations 
can be made analytically with surprising ease 
and the results are generally correct to within one 
percent. Values of the coordinates x and y in the 
chromaticity diagram obtained by this method 
are in error ordinarily by less than 20 X 10~ 4 . 

If greater accuracy is desired, it can be ob¬ 
tained by the same methods, using a larger 
number of terms in the polynomial. Data are 
given for a seven-term approximation which 
gives accuracy to five figures. 

The Planckian distribution can be approxi¬ 
mated also by a Wien distribution. The tempera¬ 
ture is altered and a modified constant C\ is used. 
Equations and tables are given so that the 
corresponding temperatures and values of C\ can 
be obtained. The Wien distribution is more 
accurate than the three-term polynomial but is 
more trouble to compute. 
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Approximate Calculation of the Range of a Winged Jet Projectile 

M. Zbigmew Krzywoblocki 
Palo AUo , California 
(Received January 2, 1946) 

The purpose of this note is to discuss the possibility of launching winged jet bombs or mail- 
rockets on very long flights of perhaps 3000 miles y but the problem is considered from one 
standpoint only, i.e., that of mass ratio. There will be no discussion of the directional and 
stability instruments of a long distance winged jet projectile and the real mechanics of flight 
of such a unit, nor on various problems connected with winds, accuracy, etc. The problem 
will be treated in simplified form from the point of view of mass ratio at the beginning and 
at the end of flight. The simplified equations of 3 periods of flight are given: climbing, hori¬ 
zontal flight, and gliding. The simplifications introduced present a very rough approximation 
to the actual problem, but exact solution is not possible because of mathematical difficulties. 
A short example at the end of this note shows that the required mass ratio for a flight of 2000 
or 3000 miles is high. 


1. CLIMBING 

SSUME the flight path of a winged jet 
projectile consuming external air to be a 
straight line inclined to the level at an angle <£. 
The initial velocity is equal to zero. The reac¬ 
tional force of the exhaust gases is 

F=m/[c+a(c -»)], ( 1 ) 

where 

F ’, rcactional force of the outflowing gases. 
c, velocity of the outflowing gases with respect to the 
nozzle. 

w/, mass of the propulsive material (fuel), 
a, air/fuel ratio by weight or by mass. 
v 9 velocity of flight. 

Substitute the following expression 

m/ = (l/g)kW, ( 2 ) 

where 

W, instantaneous weight of the jet bomb. 

* k, coefficient. 

g, acceleration of gravity at sea level. 

Neglect as a first approximation the influence of 
height on the value of the acceleration of gravity. 
Thus 

F-(l/f)kW[c+a(c-v)J (3) 

The rate of fuel injection is 

dW=-kWdt. (4) 

From (4) with the initial condition, i.e., for 

*«0, IF* IFo, one obtains 



Express the change in density of the air by the 
Hohmann’s formula 1 



where 

p, density at the given height, 
po, density at sea level. * 

h, height. 

The lift at any height may be given by the 
formula 

L = W cos 4> = (p/2)c L Sv*, (7) 

where 

L, lift. 

cl % lift coefficient. 

5, wing area. 

At sea level one has 

Wo = (po/2)c l Sv 0 *, (8) 

where v 0 denotes the velocity of horizontal flight 
at sea level. In a motion with subsonic velocity 
it is permissible to assume that the coefficient Cl 
is constant. Thus one obtains: 



Similarly the drag may be expressed in the form 


D=^c D Sv*=tL, (10) 

2 

1 Eugen SSnger, Raketen flugtechnik (Verlag von R. 
Otdenbourg, Mttchen and Berlin, 1933). 
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where 

CD, drag coefficient assumed to be constant in subsonic 
flight. 
cd/cl* 

Front the equation of equilibrium of forces in 
the direction of motion one obtains 


$ = - 


400,000 
sin <t> 


[ / Vot sin 4>(k\ cos 0)*\ 1/M,5 1 

'-(■—ssr—) } 


( 15 ) 




w 


( 11 ) 


dv dv ds dv 
dt ds dt ds 


r»o s fci sin 24 >~vr 

s sin <t> T 

L 32,640 JL 

400,000J 


Assume as a first, very rough approximation 

that W is a constant and equal to the mean of Substitute (16) into (11) and compare (11) 
the values of the weight of the rocket at the w jth (3) 
beginning and end of the climbing pen <l l 


Wo+Wt 

W 

Wo+Wt ' ( 

- )ife[c+a(c—r)] = sin <f> +•€ cos 0 

w -, 

- SSS 

-= fei = const., (12) ' 

g' 

2 

Wo 

2W 0 

r»o 2 J«ti sin 2<Hr 5 sin 0 T -60 

where 



L 32,640g Jl 400,000 J 


Wi, weightof the jet projectileat the end uf the climbing Substitute (15) into (17) and obtain 
period. 


From (9) one obtains 
\ 

ds 

V = — = Vo(&lCOS0) , | 

dt 

where 


[ s sin <f> 6 

400,000J 


(13) 


s, distance of flight measured along the path. 

t, time. 
h, s sin 4>. 

Integration of (13) between the limits 0 and t 
with the initial condition /=0 for 5 = 0 gives 


k = I- - -l[sin 0+e cos <t>+AB~ l «], (18) 

Lc(a+1) —otij 

A — - =—, (18a) 

(18b) 


c(a+l)- 
Po 2 fci sin 2<t> E 
32,640g 

»o t sin <t>(k i cos <£)* 


B = 1- 

15,689 

Substitute (13) into (14) and obtain 
r 15,689 
Lvo sin <l>(k j 


/ = 


[ cos 


«)*J 


t 


r 15,689 I 
Lvo(£i cos 4>) i sin 




(19) 


* r\ 




x f j _ /i 5 sin <f> \ 1 By the use of (5), the final expression for the 

L V- 400,000/ J’ mass ratio at the end of climbing is 

■ = 2fci—1 =cxp | — J* 


Wi 


1 g[sin ^+e cos 4+AB" 1 **] 

-dt\, 


c(a+l) — CB~° M 


C = avo(ki cos <f >) 1 = all ; 


or 


Wi 

W 9 ‘ 


=cxp 


H 


" cos t+Ajv/Hy Q4 ]G w j 

[c(a+l)—cw]£ 


( 20 ) 

(20a) 

( 21 ) 
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( Si sin 4> \ Wi r 

1-), (21a) — = 2ftj—l=cxp| — 

400,000/ Wi L 

-exp- 

L vi’(k 




where v x is the velocity at the end of climbing: 

Vi=HG-**', ( 22 ) 

/i=SiCos0 = Acot0, (23) 

where the symbols denote 

lu horizontal distance traversed during climbing. 

5i, total length of flight path during climbing. 

2. HORIZONTAL FLIGHT 

To obtain the equations of horizontal flight, 
put in the above formulas the following values: 

A=const., 0=0, v=v h . 

As the initial values for this flight assume 

W=W\, s — $\, v = v/; 

and as the end values: 

t = ti, W=Wt, s=s it v=vi. 

Assume *=const. 

W /v\* W Wi+Wt 


r(a+l) — a»/(**) 4 . 
gt(s,-si) 




w /v y w 

fFTW/ Wi 


2Wi 


- = ki = const., 


Wi=-c L Svi'\ 

2 


dv 

(5-S|)=ri'(fei)*(<-/i). —==0, 

dt 


or 

W 

Wi 


=exp 


c(a+l)- 
gt(t-h) 


r g«(*-*0 I 
L cCa+D-ari'ftOU* 


c(a+l) — ax>i(kt)*j 

At the end of horizontal flight one has 


(29) 

fea )*c(a+1) — otVi*kil 
(s 2 -Si) = Vi'(* 2 > *(^2 — /l). (30) 

3. GLIDING 

During gliding there is no reactional force, 
and the weight of the projectile remains un¬ 
changed. In the case where the flight path is a 
curved line and the velocity of flight is very 
great, one has to take into account the cen¬ 
trifugal force. In flight with supersonic velocity 
the lift coefficient is a complicated function of 
several parameters, but as S&nger showed it may 
be given in a first very rough approximation by 
the formula 

✓ 165,300\ 

CLS = {-— -j+0.01. (31) 

Assume as the initial values J = v=v 2f 5 = 5*; 
and as the end values / = /«, Apply 

the following symbols: 


F<=WvV(Rg)> 


(32) 


(24) 


ds r j— si n 

v=-=viW, (/-/,)= —- , (25) 

dt Lt»i (fts)*J 

(26) 
It 

*-[——~r -1- (27) 

lc(a+l) — a»J 

“)' cxp [“ rf r+o-J 


P0 /165,300 \/ h \* 

L=~S{ -+0.01 If 1-I »*, (33) 

2 V v* /V 400,000/ 

D = L ( , J+=const., T=(W/g){dv/dt), (34) 

where 

F„, centrifugal force; 

T, inertia force in the tangential direction; 

R, average radius of the earth. 

Use the substitution: 

p = poS/ (2W)= const., « = const., (35) 

/165,300 \/ h \ 4 * 

L=pW[ -+0.011(1-I r*. (36) 

V v* A 400,000/ 

The equilibrium of forces in the radial and tan¬ 
gential directions gives two conditions: 


(28) 


( 165,300 
— 


-O.OlVl--—) V* 

A 400,000/ 

+ (£> 


: cos 0, (37) 
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/165,300 

n—* 



h \« 

1-) v ! 

400,000/ 


1 /dv\ 

=sin —I — 1, (38) 
g\dt/ 


where <t> is the instantaneous angle between the 
tangent to the path at an arbitrary point and the 
horizontal. It is assumed that the motion is 
decelerated. 

Eliminating h from these two equations 

d*s dv r* 

—=— = cos <f>—g sin <)> - 1 . (39) 

dt* dt P 


In order to solve this equation in an elementary 
way assume for <f> a constant mean value. The 
difference between the straight flight path and 
the curved one is that the term representing the 
centrifugal force remains. After the first inte¬ 
gration one obtains 


or 



(40) 

/«* « V 

A' = ( — g cos 0- g sin 0 1 , 

\R R / 

(40a) 

N=(M-v^/iM+vtK), 

(40b) 

M—gt cos </>—g sin </>; 

(40c) 

/Af\{exp[2(t-t t )K]-N} 
V= *\k) {expl2(t-t t )Kl+N}' 

(41) 


The second integration gives 

>|- + “ Pn 




N+1 
M 




(42) 


The horizontal distance covered during this 
period uu* be calculated as a first approximation 
from the value (j—5 *) and from the chosen value 
of the angle 

If the flight path is assumed to be a straight 
line one obtains from (39) 

«e^*T*UcGS*-Bin ^) (/—/*) * (43) 

511 


5~5 2 = ( g/2) (« cos 0 - sin 0) (/ - h)* 

+02 (/—£ 2 )* ( 44 ) 

The horizontal distance during gliding is 

1% = (s — Si) cos (45) 

In case the velocity of flight is smaller than 
the velocity of sound the coefficient Cl is con¬ 
stant. Another way to approximately calculate 
the horizontal distance is 

h = Ki/D = Ki/Wi y ( 46 ) 

where K 2 is the kinetic energy at the end of 
horizontal flight. Assuming for D or € a mean 
value during gliding one may obtain by short 
calculation the desired result. 

Example 

For the sake of simplicity only the distance 
covered in the horizontal flight period will be 
calculated. Assume the coefficient of internal 
efficiency of the motor to be 0.25, which is fairly 
high. As is known this coefficient is given by the 
expression 

V>=c*/cf, (47) 

w+ere 

c, real velocity of the exhaust gases. 
c t , theoretical velocity of the exhaust gases. 

Consequently in the formulas employed, the real 
velocity c i.e., c = 0.5c<, will be included instead 
of the theoretical velocity. 

Use formula (29) with 

a = 15, € = i,* Ct — 10,000 ft./sec., 

V\ =* 300 ft./sec. 


* The tests of several airfoils at high speeds showed the 
following limits of e at V/c 9 ** 1.08 ( c» is the speed of 
sound at temperature of jet) and at 0° or 2° of angle of 
attack relatively: RAF Family, 0.282 to 6.2 and 0.185 to 
3.030, Clark Y Family, 0.318 to 4.530 and 0.167 to 3.290, 
Reed airfoil 0.698 and 0.435, Flat Plate 3.08 and 0.42. 
(L, J. Briggs and H. L. Drvgen, “Aerodynamic character¬ 
istics of twenty-four airfoils at high speeds,” N. A. C. A. 
Tech. Report No. 319, Washington, D. C.) The maximum 
theoretical velocity of the exhaust gases is o *9610(01 
ft./sec., where Q denotes the number of kilocalories jjer 
gram of mixture. The value of 0 for several substances is: 
acetaldehyde 1.32, benzene 2.46, methane 2.63, normal 
hydrogen and normal oxygen 3.21, normal hydrogen and 
monoatomic oxygen 7.73, monoatomic hydrogen and 
monoatomic oxygen 13.35. (Aldo Vieira Da Rosa, “Notes 
of rocket fuels,” 1. Am. Rocket Soc., No. 61, 4-6 (March, 
1945).) The hydrogen oxygen mixtures with Q greater 
than 3.21 are very unstable and they have not, as yet, 
been used. 
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The values of a and c t may refer to gasoline. 
The result is 

Wt/Wi 1:50 1:100 1:200 1:300 

(st-si) in miles 1897 2220 2558 2745 

As is seen, long distance bombing or mailing 
demands a high mass ratio. For c = 30,000 ft./sec., 
a = 15, t= j, one obtains 

Wt/Wi 1:50 1:100 1:200 1:300 

(it-*,) in miles 25,900 30,380 34,800 37,420 

A final remark should be made concerning 


formulas (7) and (27) given here in the original 
form in which they appeared in the literature. 
These formulas were derived for h in meters and 
v in m/sec. For calculations in ft. and ft./sec. 
one has to change the denominator of the second 
term inside the bracket in (7), i.e., to multiply 
it by 3.28083 and the numerator of the first term 
in (27), i.e., to multiply it by 10.763845. All the 
calculations based on these formulas should be 
adjusted to the new dimensions, i.e., the nu¬ 
merical coefficients in those formulas will be 
subject to a change. 


Design of Broad Band I.F. Amplifiers 

Richakd F. Baum 

Raytheon Manufacturing Company , Waltham , Massachusetts 
(Received February 19, 1946) 

This paper deals with the design of broad band I.F. amplifiers with single tuned circuits in 
/ stages. It is found that the figures of merit ( Q n ) of the individual circuits should be related 
to the Q of a reference circuit according to: 


Q/Qn= sin [(2ro-H V/2f]—ro«0, 1,2, • • •(/—1). 

to On 

Then by proper tuning either an oscillatory or a monotonic response may be obtained. The 
relative band width BW/f o and the gain tolerance do within the band determines the 
value of Q. The minimum number of stages for a given minimum attentuation in the cut-off 
region depends only on the gain tolerance and on the desired kind of response. Gain maxima 
(attenuation minima) appear at frequency deviations &f n min from middle band frequency/o 
given by: 

2A/ n “i»/W«cos [(2m+l)r/2/]. 

Their location depends only on the number of stages. The resonance deviations of the 
tuned circuits are proportional to with a proportionality factor F dependent on t and do- 
The circuit impedances are calculated from a prescribed gain or from the maximum attainable 
gain. A formula for the maximum gain band width product is derived. The result is extended 
to double tuned stages. A practical example is given. 


(A) IOTRODUCTION 

F several types of broad band I.F. amplifiers 
the types designated as “stagger tuned” 
will be considered here. They comprise a number 
of single tuned stages with distinct resonance 
frequencies and thus differ from the normal I.F. 
amplifier group using identical stages. The design 
problem is mainly the proper distribution of the 
resonance frequencies within the frequency band 
and the attribution of proper selectivities to the 
individual circuits. 


Amplifiers of this type have been described by 
several authors and their results given for a 
restricted number of circuits in tabulated form. 
It is obvious that a design procedure derived 
from general formulas is preferable, provided 
they do not include too complicated functions 
which obscure the mutual dependence of the 
parameters. One advantage of the proposed 
design consists in the simplicity of the resulting 
formulas, which involve only trigonometric and 
hyperbolic functions of real variables. 
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The success of the method is based on the very 
common assumption that the detuning c of a 
resonant circuit is proportional to the frequency 
deviation from the resonance frequency/o: 

« = 2(/-/ 0 )//o, 

whereas the exact expression reads: 

<=///o-/o//. 

This approximation restricts the correctness of all 
derived formulas to a limited range, because for 
a band width of about one-half the center fre¬ 
quency the error in the gain of the stages reso¬ 
nating at one end of the band reaches 10 percent 
at the other end. A slight detuning of the outside 
stages i9 needed for compensation. With a band 
width of one-quarter the mid-band frequency 
this error could be compensated. In the case of 
wider bands the method still furnishes a first 
approach to the correct design values. 

With this approximation the response curve of 
the amplifier becomes a function expressed by a 
polynomial of even powers of €. On the other 
hand, the most desirable response curve may be 
developed in a polynomial of the same power of e. 
By equalizing the two polynomials all circuit 
parameters may be calculated. This method of 
attack was outlined by Feldtkeller 1 who used the 
method of equalizing the coefficients of equal 
powers of «. His method leads to a system of 
non-linear equations, the solution of which seems 
impossible for more than four circuits. Further¬ 
more, it does not lead to general design formulas. 

If the validity of the polynomials is continued 
into the region of complex frequencies then they 
can be equalized by equalizin'' complex 

roots. Thi method has be' .1 applied in the 
present ca^e. Use is made of equivalent repre¬ 
sentation of the response curve derived from the 
Tschebyacheff function. The roots of this ex¬ 
pression can be calculated easily and lead to a 
very comprehensive result. 

Considered ns given design quantities are the 
r^tio of band wfdth to mid-band frequency, the 
gain, the gain tolerance within the band, and a 
certain rate of cut-off. Alternatively the design 
can be based on maximum gain. 

1 Dr. R. FUdikeller, Theorie der RundfunkstebschaUungen 
(S. Hifzet, Leipzig). 


(B) POSSIBLE ATTENUATION CURVES 

The following symbols are used: 

“mutual conductance, 

/?„ “shunt resistance, 

Q n = figure of merit, 

« w * twice the relative detuning, 

«“2 r times the frequency/, 

«o*2r times the mid band frequency/©, 
wo« !a *2r times the resonant frequency /o„, 
s n = normalized detuning, 

Ason = normalized resonance displacement, 
sl— normalized half-band width, 

/—number of tuned circuits, 

the' d ba h nd width} aCCOrdin8 todefinUion ’ 
d -attenuation (Nepers), 
do^gain tolerance within the band (Nepers), 
d m ^minimum required a f tcnuation outside the band 
(Nepers), 

/ = loss in amplification, 
w=0, 1,2, • • • (/—l), 

Dp =* possible response curve, 

D, “required response curve, and 
G “gain. 

The index n refers to the nth circuit of the am¬ 
plifier. Without this index the quantities apply 
to a reference circuit. 

The gain of a single tuned stage is 

G n =x n R n /(l+jQ n e n ), (1) 

\G n \=gnRn-(l+QnWy*, ( 2) 2 

(l+s„’)-‘. (3) 

Each tuned circuit is adequately defined by its 
shunt resistance, its Q» and resonant frequency 
/o». If a number of circuits are considered, we may 
calculate these quantities for a reference circuit, 
which docs not form part of the amplifier itself, 
and the ratio of the Q’s and the resonance fre¬ 
quency displacement between the circuit in 
question and the reference circuit. Then the 
expression for the gain becomes 

\Gn\ =gJ?„[l+(a. , 5+W , ]-‘. (4) 

The additional coefficient a/ defines the Q ratio 

and the coefficient b n relates the resonant fre¬ 

quencies. The following relations exist: 


’Compare: W. W. Hansen, J. App. Phys. 16, 529 
(Sept. 1945); H. Wallman, “Stagger tuned I.F. amplifiers,’' 
M.f.T. Report 524 (Feb. 1944). 
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Qn = ^»/ Wo»Z»»» 

Qs'U/woLi 

(5) 

€ n = 2 (« — G>0n) / 

« = 2 (w—wo)/«<>; 

(6) 

= Qn*nt 

s = ; 

(7) 

dn = Qn/Q, 

&n ^flnWo/Won I 

(8) 

&„=a»As n ; 


(9) 

A S n = Q2 (&>0 ~ Wow) / w o»« 


(10) 


All the detunings and frequency displacements 
appear in normalized form that is multiplied by 
Q. The reference circuit is assumed to resonate 
at the mid-band frequency /o. 

In accordance with Fig. 1, the index n = 1 and 
t is reserved to the stages resonating at the edges 
of the band, the index 2 and (/ — 1) to the stages 
next to it, and so on. In the case of an uneven 
number of stages, the index (t+1)/2 will apply 
to the stage resonating at mid-band frequency. 
The gain of / stages is 

\G\ -IIgn/?n[l +(a n '5 + &n) 2 ]- 1 . (11) 

n-1 

In the middle of the band 5 equals zero and the 
gain l>ecomes 

|Go|=ngnRnCl+&n 2 ]^. (12) 

n—1 

If all stages would tune at the same frequency, 
the gain would be 

I W | = II gnRn- 

n-1 

The root factor thus defines a loss Z 0 in gain 
because of the displacement of resonant fre¬ 
quencies 


n-~t 


p=n(t+w 

n— 1 

(13) 

which makes 


|Go|«(l//)ffg.K„ 

«—1 

It—f 

(14) 


\g\ =/ig.i n ci+fa.w.m as) 


n—1 

The factor in parenthesis defines the attenu¬ 
ation 

d«.5ig*np+(«.'*+w ( i6 ) 

»-l 


I 

I 

{ Af.»&Ul/£ 

I — • ** 

|— Afrs . 

f* u u w h fu 

f-;—i—i-1-1—i—i—i 

inefcx: 12 3 | t-t t 

Fig. 1. Disposition of indexes and resonant frequencies. 
The lowest index «■* 1 is given the stage resonating at the 
lowest frequency fou The indexes increase with increasing 
resonance frequencies. 

from which all possible response curves Dp follow 
with 

Dp = ff [1 + (a n 's+b n )>l. (17) 

n-1 

D P refers to the power response, whereas d refers 
to voltage attenuation and is measured in Nepers. 

For reasons of symmetry with respect to the 
mid-frequency /o we anticipate the circuits to be 
symmetrically disposed with respect to /o, or 

dn —CLt-n+lt 6n=—(18) 

In this case the attenuation curve Dp is a 
polynomial in 5 containing only even powers of 
s and of a highest power = 2/. This polynomial 
thus represents the general expression for all 
possible symmetrical response curves. 

(C) REQUIRED RESPONSE CURVE 
a. The Oscillatory Form 

The required response curve has either an 
oscillatory form as in Fig. 2a and 2b, or a 
monotonic form as in Fig. 2c. 

The former is defined by an oscillation of the 
gain between two fixed values. The magnitude of 
this oscillation shall be called “gain tolerance* 
do and expressed in Nepers. The latter form 
shows a steady increase in attenuation without 
any oscillation. The required response curves are 
designated D r . 

Each minimum of the oscillatory response 
curve corresponds to one tuned circuit. Thus 
it shows t minima and / — I maxima and can 
be represented by a polynomial of a highest 
power Jfe m = 2/ of the independent variable. Only 
even powers appear for reason of symmetry. 

The band width shall be defined in a somewhat 
unusual way by that frequency deviation at 
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which the gain falls off a given amount of do 
Nepers. *#i$'the oscillatory case do coincides with 
the admiswne gain tolerance. This band width 
will usually be narrower than the one defined by 
the half-power points. 

With a normalized T detuning s as abscissa 



Fig. 2c 

Fig. 2. Required response curves a and b show 
oscillatory, c monotonic behavior. The band 
width is reached for a prescribed attenuation do. 

The tolerance do is positive for an uneven number 
of stages (three in Fig. 2a) and negative for an 
even number (four in Fig. 2b). 

the half-band width appears in normalized form 
as 

s l =QBW/U (19) 

In Fig. 2 the ratio 

a=s/s L = 2Af/BW (20) 

is taken as the independent variable; the band 
width then is reached for a = =fc l. At mid-fre¬ 
quency a = 0 and the response equals one. 

It is interesting to note that the polynomial 
of a of the (20 th order is completely defined by 
the demanded oscillatory behavior within the 
band — l<a< + l. Thus there is one definite 
position of the extremes within the band. 

As proof, the roots of the derivative' equation 
dDr/da may be extracted. They are functions of 
(2 1) coefficients. If introduced into the equation 
for Dr and if D, is equalized to the prescribed 
extreme values, a system of (2/—1) equations is 
found for (2f+1) unknown coefficients. The re¬ 
maining two equations derive from a prescribed 
value Dro at the ends of the band. 
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If we can find another ^lynomial TV of a 
which within the same band shows the same 
oscillatory behavior as the polynomial Z) r , the 
two have to be identical. The reason for intro¬ 
ducing a new function 7Y will be apparent, when 
in the course of calculation the roots of D r = 0 
have to be known. The roots of an equation of 
higher degree than the fourth may be expressed 
in general form only in special cases. With the 
aid of the new function 7Y it can be shown that 
the polynomial D r belongs to such a special case. 
Furthermore 7V allows writing clown the coef¬ 
ficients of D % almost without any calculation. 
Now these coefficients shall be given only as 
matter of interest; they are not useful for the 
present purpose. 

The function 7V is derived from the Tsche- 
byscheff function 7*..* 

7\ = cos [ k cob" 1 a], (21) 

in which ft is a parameter. Figure 3 shows this 
function for ft = 6. 7* oscillates between +1 and 
— 1 within a band of — 1 <a< +1. it equals one 
for a = rb 1. The number of minima equals ft/2. 
For values of \a\ >1 it grows steadily and an 
equivalent expression in this region is 

Tk =cosh [k cosh -1 a]. (22) 

Within the band, T k can be best described as a 
projection onto the a —7* plane of a cos curve 
inscribed on the surface of a circular cylinder of 
unit radius with the Tk axis as its axis, k being 
the number of periods around the circumference. 
This explains the location of maxima, minima, 
and zeros according to Fig. 3 where the circum¬ 
ference of the unit circle is divided into 2k = 12 
parts and the points thus found projected onto 
the a axis. The minima of T k thus occur at 

grain se cos [(2m+l)ir/fe]. (23) 

In order to show that T k is nothing but a 
polynomial of a of a highest power a fc , it is best 
to use a recursion formula obtained as follows: 


•See for instance, E. Madelunsp, Die mathemaliechen 
Hilfsmittel des Physikers (Dover Publications, New York, 
1943). 


Tk = cos (fry), y —cos" 1 a, 

cos [(ft+l)y]+cos [(ft-I)?]*2 cos (fey) cosy, 

r M i+r w -2nri. (24) 

This .formula allows one to compute T k +\ if T k 
and T k -i are known. Now as To^l and T\*=a 
we obtain immediately 

7*= 2a 2 — 1, ra = 4a*—a, 

7*4 = 8a 4 —8a 2 +l, etc. 

The coefficients obey the law 

A kt m = 2Ak-l,m-l Ak—l, m* (25) 

where Ai, m is the coefficient of a m in the poly¬ 

nomial 7*. This follows from (24). 

The desired response curve D ri Fig. 2a, differs 
from Tk only by a reduced magnitude of oscil¬ 
lation and the fact that D r always equals +1 for 7 
a = 0, provided we make ft equal to twice the 
number of stages. Thus an expression of the form 

l\' = pT K +q, ( 26 ) 

0</>< 1. V ’ 

k = 21 ( 27 ) 

can be made identical with D r by proper choice 
of the two coefficients p and q. Neither the 
position of the extremes nor the power of the 
polynomial is affected. 

The magnitude of oscillation is restricted by 
the maximum allowed gain variation within the 



Fig. 3. The Tschebyscheff function 7*(a) for ft»6. 
The position of maxima, minima, and zeros is evident 
from this construction. The number of mintmas equals ft/2. 
7*(a) oscillates between +1 and -1 and reaches +1 for 
a-±l. 
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band. It shall be called gain tolerance do (Nepers). 
Now there is a slight difference in 7* according 
to the value of k — 21, as for an even number of 
stages 

7*(0) = +l 

and for an uneven number of stages 

r*(o)=-i. 

The requirement then is 

7V(0)-1 for n(«)-7i<0) 

and 


7V=«=exp (2(i 0 ) 


for 7\ = +1 if it is • ven, 
or 7\= — 1 if it is uneven. 


Furthermore, for an even number of stages the 
attenuation falls below zero level and do has to 
be taken negative. The two cases are compared 
in Fig. 2a and b for 2t = 6 and 2/ = 8, respectively. 
As we consider only small values of do we may set 

exp (2do) = 1+2rfo (28) 

obtaining 

g=l-Mo, p=\do\, (29) 

D r = 7V = I do 17*(«) + (1 +do). (30) 

As mentioned before, the purpose of writing 
the polynomial / or the required attenuation by 
means of the Tschebyscheff function was the 
possibility of expressing the roots of D,=0 by a 
general formula. As these roots are complex, it 
has to be assumed that (27) is valid within the 
complex region if it is defined on the real a-axis. 
The proof of this shall not be given here. 

D t — |</«! cos [2t cos -1 ao]- 1 -' 1 -Hfo) =0, 

21 co* ‘^(a#) =cos _1 [- v i -tdoY/doJ (31) 

The value of (l+d 0 )/d 0 is always larger than one. 
Let an auxiliary constant c be defined by 

cosh c=(l+d 0 )/do (32) 

or 

cos (jc—r) <= — (1 +do)/do. 

Because of the periodicity of the cos function 
the real part of its argument is multiple valued 
with a period of 2*: 


cos (jCttt—2 i»ir)« — (l-Mo)/do, 


m«0,1, 2, 


This introduced into Eq. (31) gives for the roots 
of D r : 

[ c 2m+l 1 
j -*•, I (33) 

It 2 1 J 

and for their real and imaginary part 

oir =cosh (c/20 cos [(2m+l)r/2£], (34) 
a/=sinh (c/20 sin [(2 ot+1)t/2/]. (35) 

b. The Monotonic Form 

If in the polynomial defined by Eq. (17) all 
coefficients but one are made equal to zero, the 
pol\ nomial reduces to an expression of the form 

D,>*=A+Bs k . i 

This suggests the second form of response curve 
Dp as sketched in Fig. 2c, which shows a flat base 
within the band. In order to obtain the flattest 
response together with the steepest cut-off slope, 
k has to be chosen as large as possible, that is 
equal to 2t. 

The half-band width in this case shall be 
defined by the value of s—s^ at which the attenu¬ 
ation attains a prescribed value do (Nepers). 
Again a=s/si is used as the variable and zero 
attenuation is required at mid-band frequency 
(a = 0), which gives with the approximation of 
Eq. (28) 

D r * = 1 +2doa tt , (36) 

as the expression for the required monotonic 
response curve. 

The roots of this expression can easily be found 
a 0 * !( = —l/2d 0 =exp [J{ir+2mit)']/2do, 

(37) 

ao* = [2do] m> exp [j(2m+l)T/2/]; 

their real and imaginary parts are 

«** * [2do]- l/, ‘ cos C(2w+l)x/20, (38) 

o/*» [2d 0 ]- ,/2 ‘ sin [(2m+1 )t/2/]. (39) 

The close relationship of these expressions to 
Eqs. (34) and (35) should be noted. They contain 
the same cos and sin factors. The cos factor again 
coincides with the expression for the location of 


4 AU quantities referring exclusively to monotonic 
response are distinguished by a star. The solution of this 
case is given in Wallman’s paper, reference 2. 
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the attenuation minima, according to Eq. (23). 

a m,n “C08 C(2»»+l)ir/2/]. (40) 

The physical meaning of these resemblances shall 
be discussed in the next paragraph. 

(D) CALCULATION OF CIRCUIT PARAMETERS 

a. Selectivities and Resonant Frequencies 

By equalizing the roots given by Eq. (37) or 
Eq. (33) with the roots of Eq. (17), all necessary 
relationships between circuit parameters are 
obtained. The roots of Eq. (17) arc 

so n = b n 'a n '+j/a n '; (41) 

by division with it: 

« 0 » = bn/dnSL+j/anSr.. (42) 

By comparing Eq. (42) and Eq. (33) we obtain 
for the oscillatory case 

1 a n '=si sinh (r/2f) sin [(2m-(-l)* 2f], (43) 

b„ «„' = i/cosh (c/20 cos C(2m+1)ir 2/]. (44) 

The value of it now can be fixed b\ demanding 
that for an uneven number of circuits the refer¬ 
ence circuit should be identical with the circuit 
resonating at mid-band frequency, that is by 
requiring a„' = l, 6„=0 for m = (/ — 1 )/2. This is 
possible only if: 

it=l/sinh (c/20. (45) 

Together with Eqs. (8) and (9) 

1 /a n ' - (<?/(?n)(«On/«o) 

= sin [(2m + l)ir/2f], (46) 

bjdn's t = (A/„/A/o) = a m,n cosh (c/20. (47) 

where A/ 0 » is the displacement of the resonance 
frequency from the mid-band frequency and A/o 
is half the band width, as shown in Fig. 1. 
Between m and n a relation exists of the form 

m = n— 1, (48) 

which means that by setting successively m 
equal to m«0, 1, 2, 3, •••(!—1) all circuit 
parameters for u—1, 2, 3, • • -t are obtained. 

The same reasoning in the case of a monotonic 
response curve leads to the formula 

5i*-[2d,]*'«, (49) 


«?*/<?.*)(«o»V»o)-sin [(2m+l)x/2f], (50) 
A/o**/A/o - • [2d,]-»'«. (51) 

Equation (50) is identical with Eq. (46). For the 
following discussion, Eq. (40) is joined in the 
form 

A/„ mln 

grain —-= cos[(2m + l)T/2/]. (52) 

A/o 

It should be noted that, in the first approxima- , 
tion, the factor u o„/o>o and u<>n*/uo equals one; 
but that in the case of wide bands and especially 
for the circuits tuning at the cut-off region, this 
factor may be considerably different from 1. The 
asymmetry it introduces shows an increase in 
Q when passing through the band from the low 
to the high frequency end. 

The best insight into the result is obtained by 
using the first approximation only and may be 
stated now this way: 

In order to achieve either a monotonic or an oscillator) 
type of response for a given number of t circuits, the 
selectivities of the individual circuits have to be stag¬ 
gered according to the law 

Q/Qn£; sin [(2w+1W2/]. (53) 

Thus the circuit tuning nearest to the mid-band 
frequency/o receives the lowest () and the further 
a circuit tunes off /o the higher a Q it obtains. 

The circuits of a monotonic amplifier should 
resonate according to Eq. (51) at frequency dis¬ 
placements proportional to the displacements, 
where an amplifier with oscillatory response has 
its gain peaks, that is at resonance displacements 

A/o n /A/o = [2do]-‘ /8 < cos [(2m+l)r/2/]. (54) 

From this expression it is apparent that the 
resonance points crowd more and more together 
as one moves from the middle to the edges of the 
band. This behavior as well as the increased 
selectivity could have been predicted from 
the general appearance of the Tschcbyschcff 
function. 

For an amplifier of oscillatory response the 
resonance displacement is larger by a propor¬ 
tionality factor F 

F =cosh (c/2t), (55) 

where 

cosh c*(l-Mo)/|</o|. 
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The larger the admissible gain variation do and 
the larger the number of stages, the better the 
resonance frequencies and the peak frequencies 
will coinride. 

The absolute value of selectivity follows from 
Eq. (19) with 

Q - Sl/o/B W. 

For a given relative band width BW/fo thus 

QBW/fa-SL- (56) 

The larger the relative band width the lower 
the Q of the circuits has to be. For a given relative 
band width for oscillatory (Eq. (45)) or mono¬ 
tonic response (Eq. (49)) Q increa js with the 
gain tolerance do. 

b. The Minimum Number of Circuits 

The minimum number of circuits can be cal¬ 
culated if a minimum attenuation of d m (Nepers) 
at a given frequency displacement from mid-band 
frequency is required, as shown in Fig. 2a. If 
this displacement equals a m times the half-band 
width, then with Eq. (22) and (30) 

\do\ cosh [21 cosh -1 a m ]+(l+do) = « 2<< ", 

cosh [2/cosh -1 a m ]S[e M --(l+d 0 )]/|d„|. 

Introducing an auxiliary quantity h by 

cosh (1-Mo)]/Idol, (57) 

and solving for t 

2/sSft/cosh -1 a». (58) 

The minimum number of stages thus increases 
with the required attenuation dm but decreases 
with tht admissible gain v > don d 0 . In most 
cases ’ ^1+do) and Eq. (,57) can be reduced to 

cosh h&t**”/ |do|, (59) 

and-iurther to 

' h'=2d m —lg(do/2). (60) 

On the other hand a given attenuation will be 
reached ihr frequencies given by 

a*'-cosh:(A/2l). (61) 

The corresponding formulas for the monotonic 
case, usin^ Eq. (16), are l+2doa« ,, i- 

it , **«JgC(«“"-l)/2do] 


and -v 

2 (63) 

Equation (62) again most frequently reduces to 

h*g*2d m -lg(2do). (64) 

Equations (57) to (64) should be used with 
caution as they refer to the behavior of the 
response curves outside the band width. It was 
pointed out before that in this region the as¬ 
sumption for c (according to Eq. (6)) becomes 
increasingly incorrect. It is well to restrict a m 
to values 1 <a m <2. Also if the required minimum 
attenuation d m is taken very large compared with 
the gain tolerance, that is if 

2dm »/gdo, 

the minimum number of stages becomes pro¬ 
portional to d m . Then it would not make much 
difference if the amplifier has t stages or if it is 
broken up, for instance into two identical parts 
of t/2 stages each. This is another reason to 
restrict a m to small values, where the attenuation 
is not so large. 

By means of (58) and (63), it can be shown 
that within the restricted region of a m breaking 
up of the amplifier into two or more parts leads 
to a greater number of stages for the same re¬ 
quired attenuation d m and the same tolerance do. 
This statement, in other words, says that a 
single unit amplifier designed according to the 
present scheme has a better cut-off characteristic 
than any other amplifier of the same number of 
stages either identical or identical in pairs or 
triplets or more sub-units. Indeed for the single 
unit amplifier (with (58) and (60)) 

2i » [2dm-/g(d 0 /2)]/cosh“ 1 a m . 

If this amplifier is composed of i identical 
parts, then each has to have a minimum attenu¬ 
ation dm/i and a tolerance do/i. The total 
number of stages necessary is: 

i • 2t % « i[2d m /i - lg(d 0 /2i) ]/cosh ~ l a m . 

The previous statement is correct if always 

il2d J .A-fg(do/2i)]>2d 1 n«/g(do/2) 

or if 


(62) 


[do/2]-i<*; 
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In the latter case 


this is correct, as always 

i> 1 and tf 0 < 1. 

The analogous proof in the case of mono tonic 
response leads to the condition: 

which is also true. 

This result represents a justification for the 
choice of the required response curves. Another 
one is derived from the property of the Tscheby- 
scheff function 7*(a) of being the one polynomial 
of highest exponent k and smallest coefficient +1 
or —1 which within the band — l<a< + l 
approaches closest zero. Any other polynomial 
of the same order k attains a larger value at 
least at one point within the band. The chosen 
response curve D r thus is the curve which within 
the band most closely approaches constant gain, 
if the number of circuits is prescribed. 


c. Impedances and Gain 

The staggering of resonance frequencies results 
in a loss l in gain at the mid-band frequency given 
by Eq. (13). By dividing Eq. (44) by Eq. (43), 
/ becomes 

P-lifCl+coth* (r/20 

m=0 

Xcot* [(2m+l)ir/20] (65) 


in the oscillatory case, whereas in the inonotonic 
case 

J**-“ ff 1 D+cot 1 [(2«+l)*/20] 

m—0 


or 

J*-"ff l [l/«n [(2«+l)*/2f]]-2»->. (66) 

w—0 

Each additional stage here reduces the gain by 
a factor of 2. 

In order to calculate the gain, an assumption 
about the shunt resistance R n has to be made. 
The stages of the amplifier will most likely be 
designed either with the same capacity C and 
inductively tuned, or with the same inductance 
L and capacitively tuned. In the former case 


Qn “ CuonRn, Q * C<i>qR, 
R n /R “ Q h wo/ Qu «i» * ®» / • 


(67) 


Qn = Rn/<ti OnL, Q^R/uoL, 

( 68 ) 

Rn/R — Q*U On /Qu 0 — a* («o»/«o) *■ 

Only the first case shall be considered here, as 
it gives a slightly larger gain. The corresponding 
equations for the other case can be derived 
easily. Introducing Eq. (67) into the gain 
formula (14) 

|Go|=(gW//)ff«» / (69) 

n—1 

and with 


IIo*'= II [1/sin [(2m+l)r/2/]], 

n«»l m—0 

= (70) 

\Go\=(2gRy/2l. (71) 

Identical tubes have been assumed. The first 
stage often consists of an input transformer with 
a step-up ratio gr. Then g l would have to be 
replaced by gTg M > 

In some cases by reason of the large number of 
tubes involved the required gain is easily 
achieved and R may be calculated from Eq. (71) 

logic (2 gR) - [logic | Go | +log 10 2:/]//. (72) 

For the monotic response the gain expression 
becomes extremely simple because of the relation 
(70); namely, 

I G.*| =(**)». (73) 

The gain of the monotonic amplifier is the same 
as the gain of an amplifier consisting only of 
reference circuits, all tuned at mid-frequency. 

Gain formula (71) involves the loss /, which 
has to be calculated by means of Eq. (65). It is 
a function of c/2t*=y. In order to facilitate the 
practical design logio (2/) is drawn in Fig. 4 as a 
function of t and y. 

The gain can as well be represented as a func¬ 
tion of the capacity C. With 

Q**RCao 

and 

QBW/U-Sl 

the shunt resistance equals 

R=s,J 9 /CuoBW (74) 
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Fig. 4. Value of log (21) as a function of y and the 
number of stages f. The loss in gain l is cailsWl by the 
staggering of the resonant frequencies. 

and the gain 

\(h\-l(K/*CH.n/BW)yW (75) 

and 

|Go*|- Ut/*C){sL*/2BW)y 9 respectively. (76) 

The maximum gain is obtained by setting C 
equal to the sum of input and output capacities 
of the tube 

C = Cm + Cout = Cm. 

The maximum average gain band width product 
follows with 


is within the practical region for y f namely* 
. 2 < 7 <. 8 , almost independent of the number of 
stages and given in Table 1 , for 3 to 8 stages 
(with an accuracy of ±5 percent). We thus find 
.81 < m <.45. 

In the monotonic case 

M* = .5(2d 0 ) ,/2< 

which is always smaller than one-half and ap¬ 
proaches this value as the number of stages t 
increases. 

(S) EXTENSION OF RESULTS 

Instead of using only one single tuned circuit 
in each stage, we may use two or more tuned cir¬ 
cuits either capacitively or magnetically coupled. 
With certain assumptions all of them lead to 
response curves represented by polynomials of «. 
This equivalence is treated in a series of articles . 8 
The results obtained for stagger tuned single 
circuits apply just as well to these cases provided 
the calculated coefficients are properly inter¬ 
preted. 

Of special interest is the case of two magneti¬ 
cally coupled circuits. If the coupling is specified 
by a coupling coefficient n (equal to one for 
transitional coupling) the gain of one stage can 
be written 


\Go\BW~(g/rC m )s L (2l)-''* (77) 

and 

\Q**\BW-(£/rCJst*/2. (78) 

In the quantity in parenthesis the theoretical 
maximum is recognized, obtainable by optimum 
distributi n of an infinite r> -aber of circuits 
within tin t£nd.‘ The additional factor then will 
give a clue for the estimation of the gain efficiency 
of the presented method. It should not be for¬ 
gotten though that the theoretical maximum is 
based on constant gain within the band and zero 
tolerance for the definition of the band width, 
whereas for a limited number of circuits the 
band width has to be defined by a given finite 
tolerance.* 

This additional factor n 

•4 

/*-n(2/)-‘/‘ 

* Sse\v. W. Hansen, reference 2. 



|GY| ^[(l+», a - 5 s ) ! + 4 s*]-» 

(79) 

S [1-t-(s+» n )*]-l[H-(j-«,) a ]-‘. 

By comparing with the gain of two single tuned 
stages 

| GY' | 1 + (a„'r+ 6 ,) J ]-‘[l+(a.'j - &„)’]-*, 

it follows that the coefficient b n now has to be 
interpreted as coupling coefficient. The distribu¬ 
tion of coupling through the band thus is given 
by 

«» * coth (c /20 cot [( 2 *»+ \)v/2t] (80) 

and 

n n *=cot £(2m+ l)r/2 !/]. (81) 

Furthermore o,'»l requires RC^RnC ,,. The 
number of stages now equals 2 1. 

'Maynard, Communications 38 (J& n > 1945); Gardiner 
and Maynard, Proc. I.R.E. 676 (Nov. 1944); R. Feldtkeller, 
reference 1. 
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(F) EXAMPLE 

An example best shows the application of the 
derived formulas to a practical problem: 

An intermediate frequency stagger tuned am¬ 
plifier is to be designed having a mid-band 
frequency of 2 me, a band width of .5 me, and 
a gain of 100,000. The gain tolerance is do = A 
Nepers and an attenuation of at least 20 db (or 
2, 3 Nepers) has to be reached at 1, 3 times the 
band width. An oscillatory response is desired. 
Thus: 

ft = 2 me, A/ 0 = .25 me, | Go | = 10‘, 
do —A, dm “2.3, otm = 1.3. 

*=4.60+.693+2.302 = 7.595, (60) 

2f&7.595/.76 = 10; (58) 


Table I. Value of n for 2 to 8 stages for different values 
of y. The maximum gain theoretically attainable corre¬ 
sponds to />■>!. 


y-r/ll- 

.2 .3 .4 .5 .6 .7 .8 . 

M-.81 ."75 .675 ^61 35 ~ 45 


cosh (c/2t) =cosh .309 = 1.048, 

A/on 

-= ±.998 and ±.617 and 0. (47) 

A/o 

A/oi = — .250, A/o*=— .154, A/oj = 0| 

1 me. 

A/«,= +.250, A/»4= +.154. I 

The shunt resistances follow from the required 
gain: 


thus at least 5 stages arc needed. Maximum gain 
occurs at: 

A/„ m,n /A/o= ±.951 and ±.588 and 0. (52) 

A fn mia = ±.238 and ±.147 and 0 me. 

The correction factors in (50) and (51) thus are 
approximately 

/o« Vo—/i» rain //o = .88, .926, 1, 1.073, and 1.119. 

The auxiliary parameters c and S/. give the 
selectivities: 

1.1 

c = cosh -1 —=cosh 11 = 3.09, (32) 

.1 

7=c/2f = .309, S/, = 3.18, (45) 

2 

<2 = 3.18— = 12.72, (56) 

• 5 

0 Wo, 0 

ZL =.309 and .809 and 1. (46) 

Qn WO $» ft 

$1=36.2, $0 = 14, $0 = 12.72 = $, 
$,«46.1, $« = 16.3. 

The resonance displacements A/o» derive from 


log 10 (2gR) = [5+3.19]/5 = 1.64, (72) 

where log (2/) is taken from Fig. 4. With a trans¬ 
conductance g=5000 pmhos., 

/? = 4370 ohms. 

R/R n = l /a*,' = .309 and .809 and 1. (67) and (46) 


/?i = i?, = 10900 
fl 2 =7?o= 5300 
/?, = /?=4370 . 


H)hlllS. 


Each circuit thus is specified by its shunt re¬ 
sistance, its $ and its resonance point. 

(G) CONCLUSION 

A method has been outlined for the design of 
broad band amplifiers, based on identification of 
the response curve with either the Tschebycheff 
polynomial or a parabola of higher degree. The 
former applies to an oscillatory and the latter 
to a monotonic response. The simplicity of the 
resulting formulas was achieved by an approxi¬ 
mation which restricts their use to a limited 
range of band width. The method of attack lends 
itself just as well to the exact calculation (for 
any band width) and shall be published in 
another paper. 
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The Relation between Nodal Positions and Standing Wave Ratio in a 
Composite Transmission System* 

Eugene Feenberg 

New York University , New York , New York 
(Received December 21, 1945) 

Reflection generally occurs at a lossless transition region joining two uniform lossless lines. 

If the output line feeds into a matched load (no reflection) a standing wave ratio 170 different 
from unity exists on the input side of the transition region. If the output line is terminated 
by a movable short circuit, a relation exists between the nodal positions on opposite sides of 
the transition section. The relation can be used to determine 170 thus dispensing with the need 
for a calibrated detecting system to measure this quantity. 


F )R the purpose of this note a composite 
transmission system is defined to be a trans¬ 
mission line composed of two uniform lossless 
sections (coaxial or wave guide) joined by any 
sort of lossless adapter. In particular the system 
may be simply a single uniform line containing 
a lossless irregularity (window, supporting bead, 
stub section, etc.) localized somewhere along the 
line. Systems of this general type are employed 
in many varieties of microwave equipment and 
measuring apparatus. Actual systems are not, 
of course, lossless, but it is generally true that 
power losses arc kept to a minimum by good 
design. 

In Fig. 1 the incident wave travels from left to 
right. Region 1 feeds into a matched load so that 
no reflection occurs from the output end of the 
system. However, reflection may occur at the 
adapter or irregularity resulting in nodes and a 
standing wave ratio 170 different from unity in 
region 2. 

If region 1 is terminated by a shorting plug 
the locatior of the nodes in bor! *<$ions depends 
on the povfbn of the shorting plug. We show 
that the standing wave ratio 170 which exists in 
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region 2 when region 1 feeds into a matched load 
(no reflection) can be expressed simply in terms 
of the relation between the nodal positions in 
the two regions when region 1 is terminated by 
a shorting plug. This statement has the practical 
consequence that standing wave ratios can be 
evaluated without the use' of a calibrated de¬ 
tecting system. ' 

The analysis is based on the assumption that 
outside of a transition region centered about the 
origin the nodes are uniformly .spaced. In each 
uniform section the distance between alternate 
nodes defines wave-lengths Xi in region 1 and X 2 
in region 2 which may or may not differ from 
each other and from the wave-length X in free 
space. The assumption of uniformly spaced nodes 
does not exclude the possibility that the uniform 
sections are capable of transmitting more than 
one mode without attenuation, but does require 
that under the experimental conditions only one 
such mode is present in each uniform section. 

Let E represent the voltage (in the case of a 
coaxial line) or the transverse electric field (in 
the case of a wave guide). Outside of the transi¬ 
tion region the fields are given by the expressions 

E\**A exp \-jk i(x-xi)}, 

Ei*=B[exp {-jkt(x-xt)} 

-&exp {#*(*-**)}] (1) 

for the case pictured in Fig. 1. Here A and B 
are real quantities which may depend on trans¬ 
verse coordinates, but are independent of x . The 
reflected amplitude b is real and positive. Then 
the voltage squared standing wave ratio in 
region 1 has the value 

Ho»(l+ft)Vd-*) 2 . (2) 
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Figure 2 illustrates the field relations when (the associated magnetic field or current quantity 
region 1 is terminated by a shorting plug. is replaced by the negative of its conjugate when 

To construct solutions for this case we make E is replaced by E*). Taking a suitable linear 
use of the fact that the complex conjugate of the combination of the two fields at our disposal we 
field defined by Eq. (1) is also a possible field obtain 


Ei'=.4[exp { —jki(x—xi )} —exp {jk i(x-*i'))], 

E*'~Bexp { —jki(x—xt )}[exp {j*i(*i'-* t )}+&exp | -jfei(*i'-£i)}] 

-B exp |jfc 2 (x-# 2 )![exp { -j*i(xt'-Xi)J +b exp \jk t (x i'-Xi)}]. (3) 


This solution vanishes at the short (je=xi') and 
thus represents the situation pictured in Fig. 2. 
In region 2 a nodal surface is located at the 
position 

#*'=**+ l/k* -tan -1 [l/ij« J -tan ki(xi'— *i)]. (4) 

Equation (4) can be transformed into 

kt(Xi'-Xi) -ki(Xi -Xi) 

[ (ijo 1 —1) tan k\(x\— Xi)l 

- - - -I. (5) 

{tan k^xi’— Xi)} 2 J 

The Eqs. (4) and (5) reduce to the linear relation 

^2(x 1 '-X S ) = fei(Xi'-Xi)±MT, (6) 

if the transition region produces no reflection 
0 »o=l). 

A plot of the quantity kjXt'—kiXi is shown in 
Fig. 3. The range D over which ktXt—kiXi 
varies is readily found to have the value 

D = 2 tan -1 $(W~ 9 o -1 ) 

=W — 1 ?o _ *= 2 & (when &<C 1 ). (7) 

The maximum and minimum values of 
ktXt'—kiXi occur at values of x\ given by the 
relation 

tan k\{x\— *i) = ifjo*. ( 8 ) 

If tfo is known, Eq. (7) supplies the answer to 
the question of how much the relation between 
the nodal displacements departs from linearity. 
Conversely an experimental determination of 
the relation between the nodal displacements 
yields a value for 90 - 

The phase k&i which appears in Eq. (1) is 
not readily accessible to measurement under the 
conditions of Fig. 1. However, a suitable linear 
combination of Eq. (1) and its conjugate complex 
yields a solution for the situation in which input 


and output are interchanged and no reflected 
wave occurs in region 2. This solution is 

Et'=KB(l — ft*)* exp {./*,(*—* 2 )} 

E=KA( 1 -& 2 )-‘[cxp [jkiix-xi )} 

+b exp { -jki(x-xi) j ], (9) 

in which K is a constant. Thus nodes occur in 
region 1 at the positions 

kiXi” = ktXi +(»i _ J)ir, »i = 0, ±1, ••• (10) 

when the source is located on the right (region 1) 
and region 2 feeds into a matched load (no 
reflection). 

In the special case of a uniform line containing 
a reflecting element (which may occupy an 
arbitrary length of the line) Poynting’s theorem 
yields the relation 

4 s =23*(l-&*). (11) 

With the help of Eq. (11) the double primed 
solution can be expressed in the form 

Ei’=*KA exp {jk i(.r—* 2 )}, 

^("“/CBtexp \jki(x—xi)} 

+b exp { -jk\{x-xi) } ]. (12) 

Now, assuming a symmetrical reflecting element, 
Eqs. (1) and (12) are related in the same way as 
object and image in a plane mirror. Applying 
the mirror image relation to the location of the 
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nodes we get 

= — k\ .Vj+WjT, tt 2 = 0, dbl, (13) 
Consequently, 

ki(xi+x 2 )^(n+i)r t » = 0, dbl, • • •. (14) 

In the limiting situation produced by reducing 


the irregularity to the vanishing point continuity 
requires 

k^-kiXi+mr, m=0, =fcl, ••• (15) 

or 

£i#2-(2/>+1)x/4, /> = 0, dhl, - • •. (16) 

Equation (16) can also be expressed in the form 
*2 = X i/8+pXi/4. (17) 

There are evidently two physically distinct cases; 
one associated with even values of p t the other 
with odd values. One can show that an infini¬ 
tesimal lumped capacitative element across the 
uniform line produces a node at * 2 =— Xi/8 
(when power flows from left to right). On the 
other hand a very large lumped inductive ele¬ 
ment across the line places a node at x 2 = — 3Xi/8. 
Thus the lumped capacitative case is associated 
with odd values of p and the lumped inductive 
case with even values. 


Erratum: Small Prism Infra-Red Spectroscopy 

[J. App Ph\s 16, 77 86 (194S)] 

R. Bowiinc. Barm^, Robert S. McDonaid, and Van Zandt Wiliiams 
Stamford Reseanh Laboratories, American Cyanamid Company, Stamford, Conneituut 

AND 

Richard F. Kinnaird 

The Perkin-Elmer Corporation, Glenbrook, Connecticut 

E GANZ, Basle, Switzerland, has called our attention to an error in our 
• paper. The formula on page 81 should read 


A B 

A l~n* sin 2 ~ J 
V 2/ Si+S 2 * 

Av( r -nr 1 ) =-f~ 

adn f dn 

8 sin- 26- 

2 d\ d\ 


This was an error in the submitted manuscript. The above formula was 
used in calculating the results of Table 1. 

-Discussion with Dr. Ganz has brought out the fact that the contribution to 
the spectral slit width caused by the limiting resolving power of the prism, the 
B term, is not independent of the slit width, but should be multiplied by a 
factor which is dependent on the slit width (5). This factor is a maximum of 
about 0.87 when 5*0 as shown by P. C. Cross and E. R. Nixon,* and a 
minimum when 5 (cm ~ l )*=vlb(dn/d\). It remains constant for S>v/b(dn/d\). 
The use of this factor removes the discrepancy between our theoretical and 
experimental spectral slit widths. 

* P. C. Cross and E. R. Nixon, J. Opt. Soc. Am. 34, 517-520 (1944). 
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Here and There 


New Appointments 

Effective March 1, Wallace Waterfall was appointed 
director of research and product development for the 
Celotex Corporation. He had been on leave from Celotex 
for three years, as a member of the scientific staff of 
Columbia University Division of War Research. 

Arthur D. Little, Inc., industrial research organization, 
has announced two new appointments. Austin W. Fisher 
will supervise chemical engineering research, and Bruce S. 
Old will engage in metallurgical research. 

Charles D. Coryell, who has been active in atomic re¬ 
search at the Clinton Laboratories, Oak Ridge, Tennessee, 
has been appointed professor of chemistry at the Massa¬ 
chusetts Institute of Technology. He will join the staff 
in July. 

Carroll L. Wilson, executive assistant since 1942 to Dr. 
Vanncvar Bush, director of the Office of Scientific Research 
and Development, has been elected vice president of 
National Research Corporation, Boston, Massachusetts. 

Midwest Research Institute, Kansas City, Missouri, 
recently announced the following new appointments: Max 
H. Thornton and Loren E. Morey, biochemists, John D. 
Fulton, biological research specialist, and Howard M. 
Gadberry, chemist. 

J. Mitchcl Fain, lately a colonel with the Army Air 
Forces, has rejoined the staff of Foster D. Snell, Inc., as 
account executive in charge of technical development for 
a group of manufacturers of chemical specialties. 

John D. Kraus, formerly of the Radio Research Lab¬ 
oratory at Harvard University, has been appointed as¬ 
sociate professor in the Department of Electrical Engineer¬ 
ing at the Ohio State University. 

Effective July 29, Richard A. Beth will become professor 
of physics and head of the Department of Physics at 
Western Reserve University. Since 1940 he has been 
associated with the National Defense Research Committee 
at Princeton University, directing research on terminal 
ballistics. 

Awards 

The annual Young Author’s Prize of the Electrochemical 
Society was presented at the Society’s meeting in April 
to Austin E. Hardy, 25-year-old chemist in the Lumines¬ 
cent Materials Laboratory of the Tube Department of 
Radio Corporation of America. He received $100 for his 
paper on “Photoconductivity of Zinc Cadmium Sulphide 
• as Measured with the Cathode-Ray Oscillograph.” 

The American Russian Institute reports that the 1946 
Stalin Prize for Physics was awarded to K. A. Petrzhak^ 
and G. N. Flerov for their discovery of spontaneous 
fission of uranium. 

In recent months The Franklin Institute, Philadelphia, 
Pennsylvania, has presented honor award medals to the 
following research scientists in recognition of outstanding 
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work in their various fields of interest: Major General 
Gladeon M. Barnes, Dr. Karl Terzaghi, Dr. George C. 
Southworth, Dr. Henry C. Sherman, Sir Henry T. Tizard, 
Dr. Sanford A. Moss, Dr. Bengt Edl6n, and Dr. Ir^S. 
Bowen. 

New Applied Science Department at Harvard 

Haivard University announced in February the forma¬ 
tion of a new Department of Engineering Sciences and 
Applied Physics. The department was organized to 
consolidate and strengthen the University’s research and 
instruction in applied science and will give instruction at 
both undergraduate and graduate levels. 

A primary educational aim of the new department will 
be to fill in the “blind spot” which exists between in¬ 
struction afforded by departments of physics and mathe¬ 
matics in which primary emphasis is upon pure science, 
and the training afforded by mechanical, electrical, and 
metallurgical engineering departments in which instruction 
is concentrated on the technology of engineering practice. 
The wholesale mobilization during World War II of trained 
scientists and scientists-in-training taught certain lessons 
which are being used to guide the planning for the activities 
of the new department. Administrators and supervisors of 
many OSRD war research laboratories had an unusual 
opportunity to observe in action men who had been ex¬ 
posed to various kinds of scientific training. Most of the 
scientific military objectives centered around novel ap¬ 
plications and extensions of principles and techniques 
which were still in the research laboratories in the late 
1930’s. It was an almost universal conclusion that those 
people succeeded lx*st in such advanced development work 
who had acquired the most thorough basic training in 
mathematics and fundamental physics, without regard to 
whether their previous inclinations had veered toward 
pure science or engineering. The “pure scientists,” in 
particular, were able to adapt their thinking to the require¬ 
ments of engineering development with surprising facility 
and success. Since the postwar demands on scientific 
understanding are likely to become more rather than less 
exacting, these considerations have influenced the pro¬ 
nounced emphasis on basic training in the programs of 
study for both undergraduate and graduate degrees. 

The undergraduate program will embrace Harvard’s 
series of courses in general education as recommended in 
the report of the Harvard Committee on Objectives for 
General Education in a Free Society. It will constitute an 
“honors” program open only to students qualified to 
profit by the rigorous training in fundamental mathematics 
and physics. No attempt will l>e made to provide at the 
undergraduate level the various specializations which 
characterize the different specific branches of engineering. 
Emphasis will be placed instead on a strong basic training 
which will qualify the student to pursue graduate work 
and to carry on research in any of the specialized branches 
of applied science. 

The nucleus of the new Department of Engineering 
Sciences and Applied Physics is composed of several 
faculty groups which have been engaged in instruction 
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and research in acoustics, communications, electronics, 
applied mathematics, metallurgy, and mechanical engineer¬ 
ing science. All of these staff members will bring to their 
new teaching duties the experience gained from extended 
war assignments in military research or training where 
there was opportunity to observe the end results of many 
methods of instruction in applied science. Associate 
Professor F. V. Hunt has been appointed chairman of the 
new department, whose membership will include Professors 
C. H. Berry and E. L. Chaffee, Associate Professors H. W. 
Emmons, H. R. Mimno, H. H. Aiken, and R. W. P. King, 
Assistant Professor L. A. Pipes, and Doctors R. W. Hick¬ 
man and P. LeCorbcillcr. In addition to current endow¬ 
ment support for this group, the University has assigned 
to the use of the new department the income from 
$2,000,000 of the Gordon McKay Fund, with which it will 
be possible to make new appointments. 

Among the unique facilities which will be available for 
research under the auspices of the Department of Engineer¬ 
ing Sciences and Applied Physics are the Automatic 
Sequence Controlled Calculator presented to Harvard in 
1944 by T. J. Watson, president of International Business 
Machines Company, the large anechoic (echo-less) 
chamber constructed in 1942-43 for free field sound meas¬ 
urements, other rooms specially treated for research in 
acoustics, and a supersonic wind tunnel constructed at 
Harvard during the war. 

The scholarship program for the department will be pat¬ 
terned after the Harvard National Scholarships. Stipends 
of these scholarships are adjusted to meet the students' 
need and provide opportunity for a few carefully selected 
candidates to pursue their entire program of study without 
financial concern. Other student aids and teaching fellow¬ 
ships will also be provided. 

New A.S.H.V.E. Research Facilities 

The American Society of Heating and Ventilating 
Engineers has purchased property at 7218 Euclid Avenue, 
Cleveland 3, Ohio, to provide adequate research facilities 
for serving t ? 'e entire heating, ventilating, and air condi¬ 
tioning industry as well as the associated industries. 

Atomie Research at Genet? * *j*etric 

General Fir 4* Company plans an expansion in its 
program for ue study of the basic physics of atomic power, 
which eventually will require attention of “a substantial 
part" of^its research staff. Already approximately twenty 
scientists who formerly were engaged on the Manhattan 
District Projects have been appointed to the laboratory 
since the war's end. The company plans to add another 
forty te^hnlpil men to its research staff before the com¬ 
pletion of a tiew laboratory sometime next year. 

Expansion at University of Rochester 

Recently the Eastman Kodak Company and the Bausch 
and Lomb Optical Company presented gifts totaling 
$150,000 'to the -University of Rochester for its Institute 
of Optics. {This will support the Institute’s teaching and 
research work, and provides for the appointment of 



Professor Brian O'Brien to the newly created post of 
research professor of physics and optics. 

This enlarged program is in addition to plans for expand¬ 
ing the Department of Physics, for which $550,000 was 
recently appropriated by the University. The two programs 
in physics and optics will be coordinated under the ad¬ 
ministrative direction of Dr. Lee A. DuBridge, chairman 
of the Department of Physics. 

General Electric Science Fellowships 

Again this summer General Electric Company will 
provide all-expense science fellowships at Union College 
for high school chemistry and physics teachers, selected 
from ten northeastern States. Fifty teachers will be ap¬ 
pointed for the six-week term of study, which will begin 
July 7. 


Electrochemical Society Officers 

At the Congress of the Electrochemical Society (first 
since the beginning of the war) held at Birmingham, 
Alabama, April 11 to 13, the following new officers were 
elected: 

President William C. Moore. New York 
Vice President A. L. Ferguson, Umverstty of Illinois 
Treasurer W. W. Winahip. New York 
Secretary Colin G. Fink, Columbia Umverstty 

New Laboratory for Cluett, Peabody and Company 

In April ground was broken for a new $600,000 research 
laboratory which will carry on scientific research on a scale 
"without precedent in its industry," according to C. R. 
Palmer, president of Cluett, Peabody and Company. 
The company's enlarged research program will be carried 
out along broad general lines which will include chemical 
process studies, textile research, mechanical process re¬ 
search, and fundamental research into such projects as the 
development of new synthetic fibers. The laboratory will 
contain a number of pilot plants where the results of 
research developments will be tested in pilot plant opera¬ 
tion before being attempted in actual commercial pro¬ 
duction. 


New Quarters for National Research Corporation 

Under lease arrangements with Massachusetts Institute 
of Technology, National Research Corporation will build 
new quarters on the comer of Memorial Drive and Wads¬ 
worth Street, Cambridge, on the Charles River Basin. 
Construction should be completed by December 15, 1946, 
Larger facilities are needed as a result of the company's 
increased research operations and broadening of research 
programs to include in some fields work for other organiza¬ 
tions on a contract basis. 
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New Books 


General Meteorology 

By Horace R. Byers. Pp. x+645. McGraw-Hill 

Book Company, Inc., New York, 1944. Price $5. 

The extensive wartime training of new weather fore¬ 
casters for the Army and Navy severely taxed the uni¬ 
versity meteorology teachers. The few available textbooks 
tended to be either too specialized and advanced for the 
student's comprehension, or too elementary to teach him 
enough for his future job. Consequently, many professors 
wrote self-contained and comprehensive lecture notes at 
an intermediate level, some of which have recently ap¬ 
peared as books. Because of their origin, these books 
provide an unusual opportunity for the non-meleorological 
reader to acquire a very considerable knowledge of weather 
science without having to refer to numerous specialized 
texts and articles. 

General Meteorology , by Professor Horace R. Byers of 
the University of Chicago, appears to be the type of btxjk 
descrit>od above, although it is partly based on the same 
author’s 1937 book, Synoptic and Aeronautical Meteorology. 
The great part (in general, the last two-thirds) of General 
Meteorology is devoted to.synoptic meteorology—that is, 
the description of the earth's air masses and their inter¬ 
actions, the use of weather charts in describing and 
forecasting the weather, the general circulation, and such 
special topics as tropical cyclones. Also included in this 
part are five valuable chapters of particular importance to 
aeronautical meteorologists; these discuss precipitation, 
fog, icing, thunderstorms, and turbulence. The author is 
one of the nation’s leading synoptic meteorologists, and 
the chapters on this subject arc a gold mine of both 
classical and recent information and theories. This descrip¬ 
tive material and its presentation are alone quite enough 
to make General Meteorology an excellent book. The chapter 
on fog seemed especially good to the reviewer. 

There are abundant references to the literature, and 300 
well-drawn figures and maps illustrate the text. Three 
appendices give code tables, unit conversions, and a number 
of graphs useful to forecasters. The typography is excellent, 
and the reviewer found almost no misprints. 

Professor Byers states in the preface that at present 
“More and more dynamic meteorology and synoptic 
meteorology lose their separate identities, and a general 
broad treatment of the subject becomes necessary." So we 
find that one-third (in general, the beginning) of the book 
is devoted primarily to such topics as atmospheric radiation 
balance, meteorological instruments and observations, 
thermodynamics, and the hydrodynamics of the atmos¬ 
phere. The chapters on instruments are very good and as 
up-to-date as military censorship could permit in 1944. 
The dynamics material chosen for treatment is generally 
well-selected, and one topic (turbulence) is nicely blended 
with the related observational information. Some of the 
material, like Elsasser's radiation chart, is believed to 
appear here for the first time in a general textbook, and it 
is very welcome. One cannot feel, however, that the author 


has made much progress toward the truly difficult goal of 
integrating dynamic and synoptic meteorology in a "general 
broad treatment." 

A more serious deficiency of the dynamics chapters 
results from the author's apparently limited skill or interest 
in writing mathematics and physics. In these chapter one 
finds too often that the definitions are loose, that the dis¬ 
cussion is vapid, and that the mathematical derivations are 
clumsy. Worst of all, the physics is occasionally wrong 
(see, for example, the derivation of the Coriolis force at 
the top of page 192). While the inclusion of these chapters 
serves a very useful purpose, one can only wish that they 
were up to the standard of the rest of the book. 

The book is especially recommended to persons in¬ 
terested in modern developments in descriptive and 
synoptic meteorology. It will also be well liked by many 
readers who want a general survey of meteorology complete 
in one volume. 

A list of chapter titles follows: The Sun and the Earth; 
The Nature of Radiation; The Heat Balance of the Atmos¬ 
phere; The Distribution of Temperature; Observations and 
Station Instruments; Upper-air and Cloud Observations; 
Thermodynamics and Statics; Horizontal Motion in the 
Atmosphere—the Winds; The General Circulation; Factors 
Determining Air Mass Structure; Air Masses of North 
America; Air Masses of Europe, Asia and the Southern 
Hemisphere; Frontogenesis and Frontal Structure; Fronts 
and Cyclones; Technique of Synoptic-chart Analysis; 
Highs, Lows and the Upper Air; Dynamic Effects in the 
Troposphere; Tropical Cyclones; Forecasting Technique; 
Condensation and Precipitation; Fog; The Formation of 
Ice on 1 Aircraft; Thunderstorms and Related Phenomena; 
Atmospheric Turbulence and the Wind Structure Near the 
Surface of the Earth. 

George E. Forsythe 
Seattle , Washington 

Elementary Statistics 

By Hyman Levy and E. E. Preidel. Pp. 184, Figs. 29, 
5JX7J in. The Ronald Press Company, New York, 
1945. Price $2.25. 

This little book presents in simple and interesting fashion 
some of the fundamental concepts of statistics as taught by 
the authors at the Imperial College of Science, London. 
It appears to have been designed for students at about the 
sophomore level in a typical American engineering cur¬ 
riculum; the mathematics employed is for the most part 
algebra, although mo attempt is made to avoid simple 
differentiation and integration where they can be used 
effectively. 

The subjects covered are: types of frequency distribu¬ 
tions; the arithmetic mean; measurement of dispersion; 
the accuracy of the mean; related measurements, correla¬ 
tion, and the correlation coefficient; elementary proba¬ 
bility; the Gaussian "normal" distribution, and some of its 
properties; the binomial and Poisson distributions; and the 
elements of statistical quality control. The text is en¬ 
livened by many examples and a list of problems follows 
each of the fifteen chapters with answers at the back 
of the book. 
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The authors begin by making a distinction between a 
problem in which it is known that a true value exists al¬ 
though experimental difficulties prevent its determination, 
and one in which measurement presents no difficulty, but 
random variations in the quantity measured must be 
expected. As an example of each they cite “The current 
that will circulate in a wire of given size and material when 
connected to the two poles of a lottery whose voltage 
difference is one volt,*' and “The number of visitors enter¬ 
ing a museum per day.” The practicability of such a 
differentiation is questionable. The existence of a true 
value of any physical properly is del>atal)le. In addition, 
it is doubtful that the system of causes of variability of 
current in an electric circuit is any less complex than that 
governing the numlier of museum visitors. The apparent 
difference in the two examples is caused by the great 
difference in “scale'* of the units of measurement^compared 
with the smallest integral units of the things measured. 
Unquestionably some data exhibit some of the charac¬ 
teristics of both classes. Thus it appears to the reviewer 
that this classification lacks a clear dividing line and is 
open to question, but it may be that, in questioning, the 
reader is led to an appreciation of the nature of data 
amenable to statistical treatment, which is, after all, the 
authors’ purpose. Several minor typographical errors were 
found, particularly in exponents, but all are obvious 
mistakes. 

Otherwise, this book should appeal to engineers and 
engineering students. Most American statistics texts fall 
into one of two classes: those designed for courses offered 
to sociology, economics, and education students, and those 
intended for mathematicians. The first have avoided all 
but the simplest algebra and have consequently been 
wordy with few developments or proofs. The others have 
been discouraging to the applied scientist, particularly if 
he is studying on his own. The book reviewed here is very 
readable and furnishes sufficient mathematical develop¬ 
ment to allow the student to use the results with con¬ 
fidence. It is recommended as an introduction to more 
advanced texts, and, as such, should contribute to the 
growing use of statistical methods. 

D. K. Wright, Jr. 

Case School of Applied Science 

Engineering Mathematics 

By Harky Sohon. D. Van Nostrand Company, Inc., 

New York, 1944. 

* The increasing use of analytical methods in engineering 
probltm* has been reflected in recent years in a rapid 
growth of textbook literature in applied mathematics. 
Among the contributions published during the war years 
is the. buqfc, under review, a compact treatment of the 
mathematMT^I^diground in algebra, differential equations 
and vector analysis, useful to the engineer. As the author 
states, this book “is intended to strengthen the student in 
algebra and to provide him with certain mathematical 
tods which depend on thf calculus,” The author is Assist¬ 
ant Profefesor of ^Electrical Engineering at the University 
of P^nnsy^anbu 
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Following a brief but clear presentation of interpolation 
formulae and techniques is a detailed treatment of de¬ 
terminants and matrices with many problems. Although 
the idea of a matrix and some of its properties are very 
clearly presented, it seems to the reviewer that an example 
or two indicating direct application 'to electric circuit 
theory or to a coupled vibrating system would prove highly 
instructive to the student engineer. 

A chapter on dimensional analysis furnishes {he student 
with an insight into a phase of applied mathematics which 
is altogether loo often neglected in undergraduate engi¬ 
neering training. The numerous, complete illustrations of 
the methods give the reader an excellent idea of the power 
and utility of dimensional analysis. 

Algebraic equations and their solution by exact and by 
approximate methodsare treated in great detail in Chapters 
5 and 6. It is unfortunate that Descartes’ rule of signs for 
predicting the number of positive and negative roots of 
an algebraic equation is not mentioned. The inclusion of 
the ideas of continuity and derivative and the use of the 
latter in conjunction with the solution of algebraic equa¬ 
tions lends strength to the presentation. The reviewer feels, 
however, that somewhat greater use of graphical aids would 
enhance the value of these chapters to the student. 

For the most part, the discussion of ordinary differential 
equations and vector analysis is done in the usual manner. 
Gamma and Bessel’s functions are introduced, and their 
properties are briefly discussed. Fourier series are discussed 
in Chapter 7, together with a numerical method of solving 
for the coefficients which seems to the reviewer somewhat 
inferior to other methods that have been devised. An 
interesting discussion of approximations to the Fourier 
coefficients concludes the chapter. 

The book closes with a discussion of several problems 
in physics and engineering which illustrate admirably the 
use of the mathematical tools developed in the preceding 
chapters. 

Taken as a whole, the book forms a compilation of 
mathematical background, which should enhance the 
powers of the serious student in his approach to the solution 
of engineering problems. 

S. W. McCuskky 

Case School of Applied Science 

Infrared Spectroscopy 

By R. B. Barnes, R. C. Gore, U. Liddel, V. Z. 

Williams. Pp. 236. Reinhold Publishing Corporation, 

New York. Price *2.25. 

The early infra-red work by Coblentz in 1905, which 
pointed out the characteristic spectra of each molecule, 
laid the foundation for the present application of infra-red 
spectroscopy to the qualitative and quantitative analysis 
of chemical compounds, which is ably presented in the 
book Infrared Spectroscopy, This recent contribution from 
the American Cyanamid Research Laboratories is a worthy 
addition to the knowledge of infra-red spectroscopy because 
it points out the application of a relatively new physical 
tool in solving analytical problems in a large chemical 
industry. Unquestionably the book fulfills a long-felt need 
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for a readable text in this rapidly expanding field, which 
would appeal to chemists as well as physicists. 

The material on pages 1 to 113 appeared first in /»- 
dustrial and Engineering Chemistry (Analytical Edition ), 
Volume 15, No. 11, Pages 659 to 709 (1943) as an article 
by the present authors entitled “Infrared Spectroscopy, 
Industrial Applications." For formal publication a bibli¬ 
ography of 2701 references was added under an author and 
subject index on pages 114 to 236. This bibliography is a 
unique and highly useful section both to those now en¬ 
gaged in and about to enter the field of infra-red spec¬ 
troscopy. 

Included, also, is an extensive library of transmission 
curves on 363 different organic compounds with accom¬ 
panying empirical formulae and alphabetical indices to 
these reference curves. Each of the spectral curves is 
mapped between 1000 and 2000 cm -1 in a space approxi¬ 
mately 3 by 1.5 inches. While a few curves are given to 
775 cm -1 , it is regretted that the frequency range was not 
extended to 3500 cm” 1 . However, it is recognized that no 
prism material, such as LiF or CaFs, was available for 
dispersion in this region at the time this work was done. 
Of special interest to physicists is the structural formula 
on the curve sheet of each compound. 

The body of the book is divided into the following 
sections: (a) Qualitative Applications; (b) Quantitative 
Applications; (c) Experimental Equipment and Tech¬ 
niques; (d) Spectrometer; (e) Preparation of Samples; 
(f) Origin of Infrared Spectra; (g) Intensity of Absorption 
Bands; (h) Qualitative Analysis; (i) Quantitative Ana¬ 
lytical Techniques; (j) Present Status of Infrared Spec¬ 
troscopy in Industry. The theory of infra-red absorption 
and its relation to molecular structure are discussed to 
provide the essential background for detailed descriptions 
of techniques useful in analysis. Instead of presenting the 
mathematical theory of normal modes of vibration, the 
concept of normal modes in molecules is clarified by analogy 
with mechanical models. It helps those unfamiliar with 
infra-red spectroscopy to visualize the origin of the 
spectra. 

A number of empirical correlations between bond fre¬ 
quencies and structural relationships are cited. For ex¬ 
ample, the characteristic C—O frequencies in different 
anhydrides, esters, acids, ketones and aldehydes, and the 
C <*C frequencies in aliphatic and aromatic compounds are 
plptted for easy comparison. The quantitative analysis 
section, although not as detailed and specific as more 
recent publications, serves as an excellent introduction 
to this new infra-red application. 

W. C. Sears 

The Firestone Tire and Rubber Company 

Climatology 

By Bernard Haurwitz and James M. Austin. 

Pp. 410, Figs. 38. McGraw-Hill Book Company, Inc., 
New York. Price 84.50. 

This book is intended to be an introduction to clima¬ 
tology for students of meteorology and it is assumed that 
the reader is familiar with the basic physical concepts of 


the subject. It is doubtful if it will prove of much interest 
to the average reader who has not had a previous intro¬ 
duction to meteorology since the description of the various 
climates is given in terms of the dynamics of the atmos¬ 
phere, of air mass types, and of frontal activity. 

The book is divided into two parts, the first of vMich 
presents a general survey of the various meteorological 
elements, their distribution over the globe, and their 
seasonal and diurnal variation. The factors that determine 
the distribution and variation of the meteorological ele¬ 
ments are discussed. 

The first chapter deals with insolation, its variation, its 
absorption by the atmosphere, and the heat balance over 
the earth maintained by radiation. In the second chapter, 
the temperature and its distribution over the surface of 
the earth as a function of latitude and time and the 
modifications introduced by the effects of the land and sea 
are discussed. Lapse rates and the temperatures at high 
altitudes are also briefly treated. A discussion of the winds 
and some of the important factors that modify them 
follows in the third chapter. 

In the following chapters, precipitation as a climato¬ 
logical element is discussed at some length, also the 
precipitation as a function of the latitude, and the effect 
of various factors of time and space upon its distribution 
is explained. Evaporation and condensation are likewise 
treated. After a brief discussion of air masses, climatic 
zones and types of climates are outlined and then dis¬ 
cussed in considerable detail. The first part ends with a 
chapter dealing with various microclimatology. 

The second part of the book is devoted to regional 
climatology: The special climatic characteristics of each 
continent and of the oceans are set forth in considerable 
detail. The effects of the mountain chains, bodies of inland 
waters, and ocean currents on each of the continents are 
discussed. The air masses that affect each continent, their 
source regions, their characteristics, and modifying in¬ 
fluences are given. The influence of the physical charac¬ 
teristics of the various regions of the earth Is explained 
completely and clearly. 

It will be a useful textbook for every meteorologist and 
student of weather and climate. It contains thirty-eight 
figures, most of them maps and charts; it has also eighty- 
three tables of illustrative and useful climatic information. 
A pocket inside the back cover contains seventeen plates of 
climatic information. 

John G. Albright 
Rhode Island State College 

Frontiers in Chemistry. Volume III. Advances in 
Nuclear Chemistry and Theoretical Organic 
Chemistry 

Edited by Robert Emmett and Oliver Grummitt. 

Pp. 165. Interscience Publishers, Inc., New York, 

1945. Price $3.50. 

This volume contains lectures delivered at Western 
Reserve University to an audience of graduate students 
and industrial chemists. The lecturers and their subjects 
are: A. S. Keston, “Isotopes and their Applications in 
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Biochemistry**; H. S. Taylor, “Applications of Isotopes in 
Catalytic Reactions at Surfaces**; H. R. Crane, “Techni¬ 
ques in Nuclear Physics**; L. G. S. Brooker, “Resonance 
and Organic Chemistry**; W. H. Rodebush, “The Hydrogen 
Bond and its Significance in Chemistry.'* 

This book is expensive, considering its contents. The 
chapters by Taylor and Brooker represent excellent pre¬ 
sentations of their subjects, although Brooker's chapter is 
somewhat deceptively titled since 46 of its 74 pages deal 
with the application of resonance theory to the problem 
of color and constitution. No doubt the other lectures were 
useful and interesting as lectures, but it seems an extrava¬ 
gance to present them in this expensive form since many 
more thorough textbook and reference treatments of the 
subjects are available. 

A. L. Robinson 

The University of Pittsburgh 

i 

Electron Optics and the Electron Microscope 

By V. K. Zworykin, G. A. Morton, E. G. Ramberg, 
J. Hillier, and A. W. Vance. Pp. 766-fxi. Wiley 
and Sons, Inc., New York; Chapman and Hall, Ltd., 
London, 1945. Price $10. 

This extensive and authoritative work has been compiled 
by the authors in recognition of a growing need for an 
instructive book on the theory, construction, and operation 
of the electron microscope Their task has been made more 
difficult by the fact that a satisfactory presentation of 
electron optical theory and design requires a liberal use of 
mathematics that is frequently beyond the grasp of those 
who desire only to make intelligent use of the electron 
microscope as a research tool. In order not to discourage 
the practical electron microscopist, the authors have 
divided the book into two parts. The first is surprisingly 
non-mathematical while the second employs mathematics 
to a degree appropriate for methodical exposition. 

Part I provides a qualitative introduction to electron 
optical principles and their application in numerous devices 
of such diverse character as the beam power tube, mass 
spectrograph, and cyclotron. Electron microscopes of all 
kinds are treated but the main emphasis is on the magnetic 
type which has proved the most successful. A chapter 
devoted to c^ctron optics of high m i j u&ation contains 
much useful utfiirmation for the p*«iuti0Sl electron micro¬ 
scopist. Dis -usaRm of lenses and their aberrations is under¬ 
taken in qualitative manner. Since special preparative 
techniques in electron microscopy are undergoing rapid 
development and improvement the description of this 
asp£t of the subject lags, of necessity, behind present 
practice. A dual chapter deals with applications and is 
profusely illustrated with electron micrographs repre¬ 
senting rbsenfcQh in many branches of science. 

Part II oohiains a thorough, mathematical presentation 
of electron optical theory and design that is sufficiently 
broad to be of interest to many who are not primarily 
interested in electron microscopy. Chapters devoted to 
determination of potential distribution and trajectory 
tracing, afid a section on ion optics, may be cited in this 
catopory*' Electrostatic and magnetic lenses, electron 
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mirrors, and their aberrations are treated systematically 
and at length. The discussion is supplemented by a con¬ 
sideration of the increase of electron mass in high velocity 
beams. Finally, present knowledge concerning image forma¬ 
tion in the electron microscope is summarized in a sizable 
chapter embracing such topics as electron scattering in 
thin objects, diffraction effects, contour phenomena, and 
resolving power, all of which will be of interest from the 
practical as well as the theoretical point of view* 

Except for the application of the electron microscope to 
research, which is to some extent beyond the scope of the* 
book, the contents and bibliography are apparently com¬ 
plete to about the end of 1944. Liberal use is made of 
explanatory diagrams, charts, and micrographs throughout. 
The almost complete elimination of mathematical ex¬ 
pression from the first part detracts from its value and the 
somewhat arbitrary division of the l>ook tends to place 
obstacles in the way of the reuier who attempts to corre¬ 
late pertinent facts on some topics. In logical development, 
the two parts would be in the order indicated in the title. 
An historical note is injected occasionally but oddly enough 
the authors do not find it necessary, until page 493, to 
mention Busch, who first demonstrated the application of 
the lens formula in electron optics. 

By gathering and presenting this material, some of it 
hitherto unpublished, the authors have performed a service 
to the rapidly expanding number of workers in the field. 
This book will be found useful to the beginner and the 
advanced worker alike and will undoubtedly stimulate 
progress in electron microscopy. 

C. E. Hall 

Massachusetts Institute of Technology 

Seeing the Invisible 

By Gessner G. Hawley. Pp. 195-f-xv, Figs. 71 (48 
photos.), 13X19 cm. Alfred A. Knopf, New York, 
1945. Price $2.50. 

This little book is directed primarily towards those 
readers who have a sort of generalized curiosity about 
current advances in science, but whose interest is not 
sufficiently specific to allow them to be exposed profitably 
to a more precise and comprehensive discussion of the 
operation and use of the electron microscope. This much 
is already implied in the internally inconsistent title; 
only a scientifically uncritical mind would fail to realize 
that either the word “seeing** or the word “invisible** is 
used in an unusual and inaccurate sense, and that the 
purpose of the title is not to describe the book, but to 
catch the eye. However, the author himself in the preface 
leaves no doubt as to the purpose of the book, and con¬ 
sequently the technically informed reader should not be 
disappointed to find a considerable degree of semi-explana¬ 
tion and an almost overwhelming number of colorful 
adjectives. 

If we look at the book then from the point of view of 
the reader to whom it is directed, we find that it presents 
certain- attractive features. At the start it makes worthy 
effort to explain why we continue to be on the search for 
the ultimately small, and why this search has been 
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definitely limited in the field of optical microscopy. The 
discussion of resolving power, while somewhat vague owing 
to the avoidance of technical words commonly found in 
small dictionaries, is well done, and probably will explain 
for the first time to many uninitiated readers the im¬ 
portance of resolution in determining the useful magnifying 
power of optical instruments. 

There follows a description of the construction and 
operation of the microscope, and then, greatly to the credit 
of Mr. Hawley, a chapter on the limitations of electron 
microscopy. Among the welter of popular books on the 
unlimited wonders of science, this reviewer finds as a most 
welcome novelty a chapter devoted exclusively to pointing 
out that there are still some hard nuts to crack in our 
progress toward knowing all! There arc also several pages 
given to the history of the instrument, about which one gets 
the impression that the author has tried to be inter¬ 
nationally minded, but has not been thoroughly informed 
as to the enormous priority of the developments of the 
German microscopists. For example, there is the state¬ 
ment that as late as 1944 one would have to say that the 
microscope was of “little or no use in determining the 
irregularities on the surface of metals." Anyone familiar 
with the early work of Mahl and others in Germany will 
know that surface replicas were successfully studied some 
years l>efore 1944. 

The expected descriptions of the use of the microscope 
in studying surface replicas, small particles, and biological 
objects comprise the last chapters. The fields covered arc 
the ones most seriously studied to date, and the coverage 
is good for such a small book. The illustrations suffer 
badly, however, from being neither the most current nor 
the best ones available, and from being in many cases 
reprints of previously published illustrations. The "intelli¬ 
gent layman" should not be blamed for feeling, from an 
inspection of the illustrations, that the electron microscope 
mainly produces hazy, non-informative pictures on a 
gigantic scale of objects which we used to photograph 
hazily on a much smaller scale. 

Robley C. Williams 

University of Michigan 

Synthetic Rubber from Alcohol 

By A. Talalay and M. Magat. Pp. 298. Interscience 

Publishers, Inc., New York. Price $5.00 

This treatise deals with the Russian method of making 
synthetic rubber from alcohol and is based principally on 
a survey of the Russian literature on this timely subject. 
Theoretical aspects, technology, and production practice 
on the conversion of alcohol to butadiene and the sub¬ 
sequent polymerization to polybutadiene are given, which 
ma kes this a valuable book for research chemists, physi¬ 
cists, and chemical engineers who are working in these 
fields. The book is of value for these reasons in spite of its 
limited field which does not cover the two-step process of 
converting alcohol to butadiene, which is used in the 
United States, nor does it cover compounding of the 
finished polymers. 


The first chapter contains a discussion of the chemistry 
and theoretical mechanisms involved in the Lebedev 
Process for the direct conversion of alcohol to butadiene 
by the use of a dual catalyst producing simultaneous 
dehydration and dehydrogenation of ethanol resulting in a 
commercially satisfactory yield of butadiene. Consideti&le 
theory is given regarding the process utilizing the Lebedev 
concepts of “a” and u b" fragments and how they combine 
to produce not only butadiene but the by-products which 
are formed in the process. Gorin's work, which led to the 
recirculation of aldehyde with rectified alcohol to sub¬ 
stantially increase the yields of butadiene, is mentioned. 
Methods of purification, temperature effects, as well as 
the use of catalysts and their theory of action, are given 
in some detail. 

The second chapter concerns the technology of the S.K. 
Process. This chapter is particularly well written as it 
develops the process from the laboratory stage straight 
through the pilot plant stage to the final commercial 
production installation. Sufficient diagrams and flow sheets 
are given along with the description to make this a real 
contribution. Temperature, catalysts, yields, by-products, 
purification, and methods of analytical control, as well as 
explosion hazards, are covered. 

The third and fourth chapters of the book deal primarily 
with the polymerization of the butadiene to polybutadiene. 
The theory of the processes leading to the production of 
macromolecules, such as polycondensation and polymeriza¬ 
tion, arc explained in some detail along the concepts of 
“ionic” and “free radical” type polymerization catalysts. 
Autopolymerization, along with polymerization in liquid 
and vapor phases, is gone into in some detail. Emulsion 
polymerization is also described. A complete description of 
the “rod” and “rodless” methods of sodium polymerization 
are given along with the yields and effects of impurities. 

The fourth chapter is concerned mainly with the 
physiochemical properties of the polymer. Considerable 
information on molecular weight, and molecular weight 
distribution, is given along with the various methods of 
determining molecular weight. The study of the properties 
of solutions and cements includes not only a study of 
viscosity, molar weight, and structure, but also a discussion 
of adhesion of these cements. 

All of the chapters of this book are written in a clear and 
concise manner. A resumd of the contents of the chapter 
is given in the first paragraph, followed by a detailed de¬ 
scription of the subject matter. Sufficient details are given 
in most cases so that laboratory set-ups can be duplicated, 
and sufficient flow sheets are given so that plant operations 
can be followed through. This book will be of particular 
interest to research chemists and physicists working in 
high polymer and rehted fields, not only because of the 
valuable information and logical presentation, but because 
of the large number of literature citations of which there 
*are some five hundred and eighty in number. Complete 
author and subject indexes are included. 

R. S. Havenhill 

St. Joseph Lead Company 


Volume i7 f June, w 


539 



Dr. V. C. RSntgen 

By Otto Glasser. Pp. 169, Illustrated, 21X14 cm. 

Charles C. Thomas, Springfield, Illinois, 1945. Price 

14.50 

This little volume, sponsored jointly by the American 
Roentgen Ray Society, the Radiological Society of North 
America, and the American College of Radiologv, has been 
prepared to celebrate the one-hundredth anniversary of the 
birth of W. C. Rdntgen, and the fiftieth of his discovery 
of x-rays. It gives a brief, well-illustrated account of his life 
and work. A considerable portion of the text is occupied 
b> new translations of the three classic papers in which 
Rontgen first announced the discovery of the rays and some 
of his subsequent investigations of their properties. They 
read a little more smoothly than those made by G. F. 
Barker in 1896 and 1897 which can be found ^printed in 
part in the American Journal of Physics 13, 281 (1945), 
but a quick comparison discloses no essential difference in 
meaning. 

The whole book is based largely on Glasser’s earlier 
volume, Wilhelm Conrad Rontgen and the Early History of 
the Roentgen Rays , which is detailed and authoritative. 
Some new information is included, derived from “numerous 
letters, documents, and other communications obtained 
subsequent to that publication." A reader who is not 
making an intensive study of the subject, however, will 
gain from the smaller volume a clearer and more human 
picture of Rbntgen, and will appreciate better the brilliance 
of the mind which led him, step by step, in inevitable 
logical sequence, through the series of experiments by 
which he convinced himself of the existence of a new 
kind of rays. 

His first three papers on x-rays are models of clarity and 
straightforward exposition. Seldom was he led aside from 
the main theme by mistaking as significant an observation 
which today would be classed as trivial; he could seize 
upon an obseivation, select it like a magician from the 
worthless superficialities which threatened to conceal its 
true value, and devise crucial experiments from which a 
new property of the rays would emerge with such directness 
that the process of scientific discovery, to the uninitiated, 
was made to appear one of the simplest of tyan’s activities. 

Perhaps ii this masterly but 1 active simplicity 
of his experiim nand writings whim caused some less able 
minds to be skeptical, to be critical, and to belittle his 
achievements, and made Rbntgen, at the same time, over¬ 
sensitive to these adverse buffets of fortune. Perhaps, too, 
some <pf the misunderstandings arose from the haste with 
which hjg discoyjprv after its first publication, was trans¬ 
mitted to the Whole civilized world, often by individuals 
who oou& neither understand nor evaluate it. In an 
apparently book, published in 1896, one finds, 

for example*. Kdntgen’s papers catalogued under the 
heading X-rays and a New Art . Whether or not the com¬ 
piler intended tips as a translation of the original title, 
Eine Neste Art von StraMen , some seeds of misinterpretation 
were undoubtedly sown. { 

In reading aUfnt Rrintgent life, scientists will find that 
•cuo^MMMties of their profession have not changed or 

M¥' ' 


vanished in the intervening fifty years. They will under¬ 
stand his high hopes in moving to a new position, and his 
disappointment if, as sometimes happened, the equipment 
did not come up to expectations. They will be interested in 
his struggle to gain a foothold on the lowest rung of the 
academic ladder, an achievement that was made difficult by 
his somewhat unorthodox educational background. They 
will recognize a modern parallel in the fact that ability 
can very often be spelled without the letters Ph.D. 

The book is strongly recommended, especially to young 
scientists. 

Thomas H. Osgood 
Michigan State College 


New Booklets 


The General Radio Experimenter for February, 1946, 
features “The Constant Waveform Frequency Meter ” 
Eight pages. Published by General Radio Company, 275 
Massachusetts Avenue, Boston 39, Massachusetts. 

The Chemical Publishing Company, Inc, 26 Court 
Street, Brooklyn 2, New York, has issued a new catalog 
of technical books of all kinds. The catalog gives the date 
of publication of each book as well as price, number of 
pages, detailed descriptions, and full table of contents. 
Free on request. 

Wabash Corporation, Photolamp Division, 335 Carroll 
Street, Brooklyn 31, New York, has published the latest 
phototechnical data on the complete Wabash Photolamp 
line with detailed exposure information, in Bulletin No. 
743P. Photoflash and photoflood tables Jor use with all 
black and white and color films are included, with a special 
section devoted to color photography with both standard 
and daylight-blue photoflash bulbs. Four pages. Free on 
request. 

Miniature Precision Bearings of Keene, New Hampshire, 
manufacturers of miniature radial, pivot, and special 
bearings, precision parts and tools, have issued a six-page 
leaflet entitled “Ball Bearings for Precision Instruments." 
Free on request. 

Bulletin of the Atomic Scientists of Chicago for February 
15 discussed “Operation Crossroads," and contained the 
fourth in a series of articles on atomic energy controls: 
“Aerial Survey-—An Aid in Mining Control.” The office 
of this organization is in Room 6, Social Science Building, 
University of Chicago, 1126 East 59th Street, Chicago, 
Illinois. 

North American Philips Company, Inc., 100 East 42 
Street, New York 17, New York, has recently published a 
16-page booklet entitled Phosphors and Their Behavior in 
Television . Photographs and graphs included. 
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A Spark Shadowgraphic Study of Body Waves in Water* 

J. Howard McMillen** and E. Newton Harvey 
Department of Biology f Princeton University , Princeton , New Jersey 
(Received April 17, 1946) 


Shadows of shock waves in water were photographed by 
means of a point-spark of less than one-tenth micro¬ 
second duration; the waves were formed when high ve¬ 
locity spheres struck the water surface. The shock wave 
front had the form of an elliptical arc of small eccentricity; 
the ellipticity was caused by the greater strength and 
velocity of the wave at its center. The absence-of-light 
band had a varying width which depended on the strength 
of the wave. A large number of secondary waves behind 
the impact wave were observed; these were produced by 
the vibrating spherical missile as it traveled through the 
water. The period of vibration was determined from the 
spacing of t^e waves for 4/32", 6/32", and 8/32" spheres; 
these agreed to within 19 percent of the periods calculated 
on the basis of Lamb’s theory. Interference of the vibration 
waves was alsosobserved when two spheres were shot into 
the water simultaneously. The cavity behind the missile 
was nearly conical in shape with the forward tip being 
distorted by pressure changed immediately ahead of the 
missile. A sphere produced a cusp at the forward tip of 
the cavity; cylinders and cones each produced their own 


characteristic shadow pattern. When a grid was placed in 
front of the tank, distortions in its shadowgram were 
observed. These were caused by the high pressures sur¬ 
rounding the missile and, from the shift in the grid pattern, 
the direction and magnitude of the pressure gradient 
could be inferred. When the shock waves were reflected 
with the wave front nearly normal to the surface there was 
an indication that the stem, which is characteristic of 
Mach reflections, was present. All other reflections were 
regular. Focusing of the wave by a brass mirror was 
demonstrated in the spark shadowgram. Waves reflected 
near normal incidence from substances having a lower 
acoustic impedance than water, were reflected with a 
prescnce-of-light band ahead of the usual absence-of-light 
band. At glancing incidence this reversal occurred even 
when the reflecting substance had a higher acoustic 
impedance. Striations frequently appeared in the shadow- 
grams when waves were reflected. These striae were from 
0.02 to 0.08 cm apart and represented a quasi-stationary 
state. They were believed to be formed when the reflected 
vibration waves passed through the incident waves. 


T HE spark shadowgraph is one of the most 
useful methods of studying transient phe¬ 
nomena. In this method a point-source spark of 
microsecond duration is employed to record 
photographically the shadows of moving ob¬ 
jects. Not only is a sharp silhouette of the 
moving objects reproduced, but any changes of 

* This work Has been carried out under a contract 
recommended by the Committee on Medical Research 
between die Office of Scientific Research and Development 
and Princeton University. 

** Now in the Research Department, Naval Ordnance 
Laboratory, Washington, D. C. 


density that might occur in the medium are also 
recorded. Density changes may be produced by 
waves of displacement, by regional alterations 
in temperature, and by the mixing'of different 
liquids. The first spark shadows were produced 
by Dvorak 1 in 1880; heated gases from a flame 
and striations in optical glass were some of the 
shadows studied. C. V. Boys,* in 1893, photo¬ 
graphed the shadows of fast moving bullets and 
the acoustic waves which accompanied the mis- 

1 V. Dvorak, Ann. d. Physik 9, 502 (1880). 

* C. V. Boys, Nature 47,415 (1893). 
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siles. R. W. Wood, 1 in 1900, and Foley, 4 in 1912, 
obtained shadowgrams showing the reflection 
and refraction of the acoustic waves in air, the 
waves being produced by sparks. Since then 
many investigators have used the spark shadow¬ 
graph to study both the permanent and transient 
changes in fluid density. 

A report recently released for publication by 
the U. S. Navy Department reprints several 
spark shadowgrams showing waves produced in 
water b> explosions. These photographs were 
made by P. Libessart and appear in an article 
by H. Polacheck and R. J. Seeger. 6 Schlieren 
photographs of waves in water have also been 
made; these were spark excited and \*ire photo¬ 
graphed by O. v Schmidt. 6 Other photographs 
of body waves in water, using processes similar 
to spark photography, have been made by: D. P. 
MacDougall, C. H. Messerly, and E. M. Boggs; 
E. C. Campbell and C. W. Wyckoff; R. W. 
Spitzer and R. S. Price; and A. M Shanes. 5 

In the present investigation the spark shadow¬ 
graph was employed to study body waves in 
water when these waves were produced by the 
impact of an object on the water surface. Some 
of the results of this investigation have already 
been published. 7 In all experiments the wave 
was produced by the impact of a fast moving 
sphere on the water surface. Many of these 
impact waves were strong enough to be shock 
waves and were observed to possess the usual 
characteristics of such waves. Others of these 
waves were either weak shock waves or simply 
acoustic waves, it being very difficult to distin- 
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guish between these two wave types when they 
occur in water. 

1. APPARATUS AND METHOD 

The illuminating spark was patterned after a 
spark which was developed jointly by the Gen¬ 
eral Electric Company and Aberdeen Proving 
Ground. The spark was produced between two 
magnesium electrodes by discharging a condenser 
at 4400 volts having a 0.2 pf capacitance. The 
light from the spark traversed a tank of water, 
T, and fell on the photographic plate, PP, as 
shown in Fig. 1. Almost all the waves which 
were shadowgraphed were produced by small 
spheres that were shot vertically downward into 
the water, following the path, G, in the diagram. 
The spheres struck the water with velocities 
between 1000 and 5000 ft./sec. and their sizes 
varied from 1/8" to 1/4" in diameter. The 
largest kinetic energy possessed by these missiles 
was about 1500 ft. lb. or 2.03 X10 10 ergs. 

The spark was triggered after the wire screen, 
0, was broken by the missile. The time interval 
between breaking the screen and ignition of the 
spark was controlled by an electronic delay sys¬ 
tem. Shadowgraphs of spheres moving through 
air with velocities of around 5000 ft./sec. showed 
very little blurring, indicating that the effective 
duration of the spark did not exceed a tenth of 
a microsecond. 

The water tank had two Plexiglas walls which 
were either 1/4" or 1/2" thick, depending upon 
the size sphere being shot. The distance between 
the Plexiglas walls was 5£" and between the 
other two walls it was 14J". The water was 
10$" deep. The shadowgrams were recorded on 
11X 14-inch lantern slide plates of medium 
contrast. 

The shadowgrams gave a magnification of 1.11 
diameters to a central object in the tank. The 
spark was placed in either one of two positions. 
In the first, the axial ray from the spark passed 
through the water surface and was perpendicular 
to the Plexiglas walls and missile path. In the 
other, the axial ray was lowered so as to be 10 
cm below its previous position. Because of the 
refraction of the rays as they passed from the 
water to the air, two rays originating in the tank 
and striking the plate would be about 18.2 
percent farther apart than they would be if 
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there were no refraction. Further details con¬ 
cerning the apparatus are given elsewhere. 7 

2. WATER IMPACT WAVES 

When a fast moving object strikes a water 
surface a high pressure pulse is formed. This 
pulse or wave travels out from the point of 
impact along radial lines and its front bounds a 
region of high pressure, high density, and high 
refractive index. When the impacting object 
transfers a large amount of momentum to the 
water, the wave front marks a discontinuous 
change in pressure and the wave is called a shock 
wave. The shadowgram of Fig. 2 shows such a 
wave; the abrupt density change across the 
wave front produces the light and dark bands as 
it is recorded in the spark shadowgram. The 
wave was formed by a 4/32" steel sphere striking 
the water with a velocity of 4840 ft./sec. and 
.at the time the wave was shadowgraphed the 
peak pressure was about 141 atmospheres. At 
the front of the wave the refractive index was 
increased by 0.14 percent while the density was 
raised by 0.64 percent. 

The width of the leading absence-of-light or 
dark band indicates the strength of the wave 
and can be used to measure the wave’s peak 
pressure. This peak pressure, as was shown by 
Hilton, 8 is proportional to the three-halves power 
of the band width and inversely proportional to 
the square root of the wave’s radius of curvature. 
Inspection of the band width along the spherical 
wave front reveals 7 that the pressure is greatest 
directly ahead of the sphere and that it tapers 
off along the arc as the surface of the water is 
approached. This variation in pressure is con¬ 
sistent with the angular distribution of the linear 
impulse delivered by the sphere to the water at 
entrance. 

Shock waves in air are distinguished from 
acoustic or sound waves by the fact that their 
velocity increases with their strength or peak 
pressure. The same is true in water but to a 
lesser degree. In the spark shadowgram this 
dependence of wave velocity on strength is 
revealed by the shape of the wave front. The 
center portion, being stronger, travels faster than 
the portion near the surface so that the wave is 

• W* F. Hilton, Proc. Roy. Soc. A169, 174 (1938). 
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Fig. 2. Spark shadowgram of shock wave produced by 
4/32" steel sphere. Wave had advanced 10.7 cm into the 
water. Debris from trigger causes weak waves in front of 
main wave. 

not hemispherical but rather ellipsoidal. The 
long axis of the elliptical wave front shown in 
Fig. 2 is 3.4 percent larger than the short axis, 
showing that the average velocity of the central 
portion was supersonic b\ the same percent; 
the weak portion of the wave along the surface 
travels with the normal sound velocity. The 
velocity of sound in water at 1S°C is 4789 ft./sec. 

The shock wave in water eventually weakens 
and travels with a constant velocity, the acoustic 
velocity. The sphere on the other hand is 
retarded by forces proportional to the square of 
its velocity. Just after entering the water the 
sphere in Fig. 2 is subjected to a negative 
acceleration equal to two million g. As a result, 
the wave moves farther and farther away from 
the sphere. The sphere in Fig. 2 entered the 
water with a velocity of 4760 ft./sec., but at the 
time the shadowgram was made the velocity 
had dropped to 2570 ft./sec. The sphere produces 
a cavity which is opaque to the light from the 
spark and which extends all the way to the 
surface. Above the surface a splash is shown 
moving vertically upward with a velocity which, 
in Fig. 2, is about 1600 ft./sec. This velocity is 
supersonic in air and the shock wave produced 
by the splash is clearly visible, as are the shock 
waves formed in air by the sphere in its down¬ 
ward flight. 

By measuring the band widths of shock waves 
formed by spheres having different diameters 
and impact velocities, it was found 7 that the 
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Fig. 3. Spark shadowgram showing sec «$ary waves 
produced by vibrations of a 4/32" steel sphere. Tne wave 
nas advanced 4.0 cm into the water. The bottom of the 
horizontal black band is the water surface, the black band 
being a shadow of the meniscus on the Plexiglas wall. 


pressure in the wave varies as the 2.17 power of 
the impact velocity and is a linear function of 
the projection area of the sphere The pressure 
which is developed at impact depends on how 
much water is compressed between the surface of 
the entering sphere and the outgoing shock wave. 

3. SECONDARY WAVES FORMED BY 
VIBRATING MISSILE 

When a missile strikes the water it is generally 
set into vibration and produces a series of 
acoustic waves in the water as it proceeds along 
its trajectory. These waves are found in the 
spark shadowgram just behind the main shock 
wave. Those formed by spherical missiles have 
been studied more extensively because of the 
sphere’s symmetry. 

A good example of second y Waves formed 
by a 4/ $2^ steel sphere is shown in Fig. 3 
where the waves completely fill the region be¬ 
tween the vibrating sphere and the leading wave. 
Theses waves or bands are circular arcs with 
center* whigh He between the surface of the 
water and the sphere, an observation which 
show4*ttyat they originate with the sphere as it 
moves forward in the water. 

The bands generally form a continuous line 
throughout Jhe arc covering an angular sweep 
of from 160 d rfco 170°. However, it is not uncom¬ 
mon to fin<ji many bands disappearing or be- 
cqpiing* imprtinct along their arc. Some bands 
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change along the arc from sharp to diffuse or 
from diffuse to sharp. This change seems to take 
place most frequently near the angle of about 
45°, as measured from the water surface. 

It is interesting to note that those secondary 
waves or bands which lie close to the missile a#s 
not perfect arcs of a circle but are distorted? 
This distortion is caused by the change in the 
refractive index near the missile which is pro¬ 
duced by the large pressure gradient there. 

In spite of the complex nature of these bands 
a definite band pattern can be discerned. This 
pattern is more distinct directly in front of the 
missile; it is also easier to identify after the wave 
has advanced into the tank an appreciable dis¬ 
tance. This pattern consists of a series of sharp 
absence-of-light bands with a broad absence-of- 
light band in between them. These dark bands 
are flanked by a narrower presence-of-light band. 
Figure 4 shows the band pattern produced by a 
4 32" and 6/32" steel sphere. One observes that 
the bands of the smaller spheres are closer to¬ 
gether. When the broad dark band is examined 
in the shadowgrams, as one moves away from 
the center along the arc, one observes that it is 
really two bands which only become resolved 
away from the center. Here it is observed to 
resolve itself into two narrow bands and thus 
the repetitive pattern is really composed of three 
bands, one sharp band and two bands which 
remain unresolved except at the side. 

The separation between the sharp bands was 



Fig. 4. Spark shadow¬ 
grams of tne secondary 
waves produced by a vi¬ 
brating spherical missile. 
The one on the left was 
produced by a 4/32" steel 
sphere; theoneon theright 
by a 6/32" steel sphere. 


Tattdwat nv Anwren Duvsirfi 





measured for those waves which are^in a line 
with the flight of the sphere. These are recorded 
in Table 1 for the 4/32", 6/32", and 8/32" steel 
spheres. It is observed that the band separation 
increases with the size of the sphere. 

Since these secondary waves have centers 
which advance in the direction of the sphere, as 
consecutive bands are considered, it is clear that 
these waves originate with the moving sphere. 
This is substantiated by the observation that 
the waves become further apart as the sphere is 
slowed down. These secondary waves are pro¬ 
duced by vibrations of the sphere; with each 
expansion of the sphere, an impulse is imparted 
to the water producing a region of increased 
density which travels away from the sphere as a 
wave. In order to calculate the time interval at 
which these waves are produced it is only 
necessary to know the band separation, 5, the 
impact velocity of the sphere, V 0 , and the wave 
velocity, C. The time interval, T , is then given 
by 7'=S/(C— Vo ), where all measurements refer 
to those made in the line of flight of the sphere. 
The time interval between the production of 
successive sharp bands is recorded in the Table I. 
These intervals are proportional to the diameter 
of the spheres, showing that the band pattern is 
produced by oscillations of the sphere. By 
dividing the time interval between the sharp 
bands by the total number of bands enclosed by 
them, namely, three, one obtains the period of 
the vibrating sphere. The period varies from 
0.97 to 1.72 microseconds. 

The period of a vibrating sphere is generally 
expressed in terms of the time required for an 
elastic wave to traverse the diameter of the 
sphere twice. The period is given by T=2kD/W 
where D is the diameter of the sphere, W the 
velocity of the elastic wave, and k is a constant. 

Table I. The band separation, 5, of the vibration 
waves are given for steel spheres having three different 
diameters, D . The period of vibration for these spheres 
is also recorded ana compared with Lamb’s theoretical 
values for distortional vibrations. 


D 

s 

Band 

separation 

cm 

Period 

of 

vibration 

microsecond 

Period 

Lamb's 

theory 

microsecond 

1/8" 

0.21 

0.97±0.08 

1.18 

3/16" 

0.32 

1.55±0.05 

1.76 

1/4" 

0.52 

1.72 ±0.03 

2.37 


Fig. 5. Spark shadowgram of two 4/32" steel spheres 
shot into water simultaneously. The vibration waves 
produce an interference pattern; the arrows indicate the 
paths of reenforcement. The wave has advanced into the 
water 12.2 cm. 

The vibrations of a sphere which give periods 
closest to those measured in this investigation 
are those in which the sphere changes shape, 
altering from an oblate to a prolate spheroid. 
For such vibrations Lamb 9 has shown that 
k = 0.595. Using this constant and a distortion 
wave velocity of 3220 meters/sec., the periods of 
vibration for the three different sized spheres 
were calculated and recorded in the table. They 
agree to within 19 percent of the measured 
values. 

The principal source of error here is not that 
of measurement but of the identification of the 
bands. The bands are not always clear in the 
photographs and further resolution may possibly 
show that the bands are more complex than the 
present experiments indicate. It is clear, however, 
that their origin is the vibrating sphere and that 
the spacing of the bands is proportional to their 
diameter. 

A confirmatory piece of evidence regarding 
the nature of the vibration waves appears when 
two spheres are shot into the water simultane¬ 
ously. Figure 5 shows two 1/8" spheres moving 
side by side in the water. Since both spheres are 

9 A. E. H. Love, The Mathematical Theory of Elasticity 
(Cambridge University Press, New York, 1934). 
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producing waves which overlap, an interference 
pattern is set up. A region of reinforced waves 
and weakened waves is to be seen along radial 
paths spreading out from the spheres. These 
paths are indicated by arrows in the figure. The 
interference pattern is similar to the one observed 
with ripples when two oscillating prongs are 
moved slowly across the surface of the water. 
Measurement of the wave-length which produces 
this interference pattern, in which the distance 



Fig. 6. Comparison of cavity shadow as produced with 
spark (left) and with x-rays (right). Spheres nave advanced 
about 3.5 cm into the water, having had an impact velocity 
of 2700 ft./sec. 

apart of the two spheres and the direction of 
reinforcement is used, shows that it is com¬ 
parable with the spacing of the vibration waves. 
For example, from the interference bands in 
Fig. 5 one calculates that the vibration wave 
separation is 0.14 cm. This is to be compared 
with the average spacing of 0.21 cm, found with 
a 4/32" sphere. More precise determinat'on is 
not feasible jvith the present ’ jdpwgrams. 

4.' SHADOW OF THE CAVITY 

As the spherical missile moves through the 
water it tosses the water to one side, and a large 
cavify is pfbduced. The pressure in the cavity 
is considerably less than atmospheric. For a 1/8" 
sphere tayejjhg with a velocity of 3000 ft./sec. 
the cavity can have a volume which is 25,000 
times that of the sphere. The cavity is nearly 
copical in shape and is opaque to the rays from 
the spark. The pressure is very great immediately 
ahead of the sphe/e, usually being measured in 
t^pusands of atmospheres, and the refractive 


index of the water in this vicinity is increased. 
Because of these changes in refractive index the 
tip of the cavity produces an image on the 
shadowgram which is quite different from the 
true geometrical shadow. The tip in the shadow- 
gram has a cusp, and it also flares out at the 
sides, making the shadow much wider than the 
cavity itself. 

The true shape of the cavity was disclosed by 
taking x-ray shadowgrams also of microsecond 
duration. Since x-rays are not refracted, the true 
geometrical shadow was observed. Comparison 
with the spark shadowgrams revealed that their 
shadows of the cavity were as much as 250 
percent wider at the tip than those produced by 
x-rays. For purposes of comparison, an x-ray 
and a spark shadowgram of a 6/32" sphere 
taken under almost identical conditions are 
reproduced in Fig. 6. It is clear that the center 
of the sphere is somewhere near the top of the 
cusp and the most advanced point of the sphere 
is level with the most advanced point of the 
cavity. Hence the light forming the cusp has 
been bent around and behind the sphere. The 



Fig. 7. A shadow of an aluminum due (with spike), 
taken with the dug at rest, is shown superimposed on the 
spark shadowgram of the slug as it is moving through the 
water at a high speed; the picture shows the true relation¬ 
ship between the dug and the cavity in the shadowgram. 
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Fig. 8. Shadowgrams of the tip of the cavity as produced by various missiles. (The magnification can 
be determined from (G) where the cavity width is 1.0 cm.) (A) A slow 4/32" steel sphere at 915 ft./sec. 
(B) A 6/32" steel sphere at 1950 ft./sec. (C) A 8/32" steel sphere at 1710 ft./sec. (D) A 1/16" cylindrical 
dart 19/32" long and pointed at the ends; velocity between 1000 and 3000 ft./sec. Long axis is horizontal 
and perpendicular to the plane of the paper. (E) A cylindrical dart like the one in (D) with the long 
axis inclined about 30° with horizontal and perpendicular to the plane of the paper, velocity between 
500 and 2000 ft./sec. (F) A 1/16" cylinder, 17/32" long with square ends. Velocity between 500 and 
2000 ft./sec.; long axis in plane of paper. (G) A 1/16" cylinder, 17/32" long with square ends. Velocity 
between 500 and 2000 ft./sec. The cylinder is toppling. (H) A spin stabilized slug of aluminum with a 
nose having a total cone angle equal to 90°. The velocity is between 1300 and 1800 ft./sec. Total length 
of slug is 1.5 cm. (I) A flat-nosed slug. 


position of the sphere relative to the shadowgram 
of the cavity was also verified by another method 
in which aluminum slugs were u&d. The alumi¬ 
num slugs were machined with hemispherical 
ogives to which a needle point was attached. 
The tip of the needle showed little or no refrac¬ 
tive effects and the hemispherical nose of the 
slug was located with respect to the tip of the 
needle by direct measurement. A spark shadow¬ 
graph of the slug at rest was superimposed on 
one of the slugs traveling through the water 


with a velocity of 1500 ft./sec. and the composite 
photograph is shown in Fig. 7. The shadow of 
the cavity is about 38 percent wider than the 
cavity itself at the equatorial plane of the 
spherical ogive. The light forming the cusp bends 
in behind the spherical ogive at all points along 
a 50 or 60 degree arc. The length of this arc 
increases with the pressure in front'of the sphere. 
The remainder of the semi-circular arc is near a 
low pressure region. In the low pressure region 
the rays are bent away from the sphere while in 
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Fig. 9. The distortion in the grid shows the magnitude 
and direction of the pressure gardient in the vicinity of a 
fast moving sphere. The 6/32" steel sphere was moving 
with a velocity of about 1900 ft./scc. The lines in the grid 
are 1 mm apart. 


the high pressure region they are bent toward 
the sphere. 

An interesting confirmation of this explanation 
for the large shadow of the cavity tip occurs 
when two spheres are shot into the water simul¬ 
taneously. The flow velocity between the spheres 
is increased by the proximity of the two spheres, 
resulting in an even greater reduction in pressure 
on one side of each sphere. This is shown in 
Fig. 5 where the shadowgram shows a broadening 
of that lobe of the cavity tip which is closest to 
the neighboring sphere. 

The piessures acting on the spheres are quite 
high. The force in dynes which acts to retard 
the sph<re equals 0.15.4 V* .Jfere V is the 
velocity ntlm/sec., and A ifie projection area of 
the sphe ein cm 8 . If one assumes that this force 
is spread out over the entire projection area of 
the sphere, an assumption which gives the 
largest possible area, then the average pressure 
in dynes/cm 8 is equal to 0.15 F 8 . For a sphere 
moving, with a velocity of 4800 ft./sec. the 
aver^gpv^refisure is 3290 atmospheres, and a 
sphere having a velocity of 1200 ft./sec. has an 
average pressure of 206 atmospheres. The pres¬ 
sures arei&rge enough to produce considerable 
deviqtidgt of the; rays; the pressure of 3290 
wifi produce a change in the index 
. equal to 3.3 percent. 





The cusp at the tip of the cavity is more 
pronounced when fast spheres are used. In Fig. 8 
arc shown several of these cusps. The one for 
the 8/32" sphere, Fig. 8C, shows that the light 
has been so refracted as to focus into a straight 
vertical line behind the sphere. A slow 4/32" 
sphere traveling at 915 ft./sec. produces a pin¬ 
point of light instead of a cusp, as' shown in 
Fig. 8A. The interesting cavities shown in Fig. 
81) and Fig. 8E are of steel darts viewed endwise. 



Fig. 10. A double spark shadowgraph, taken before and 
during the flight of a sphere through water, is shown when 
a one-millimeter point-grid is used. The 6/32" steel sphere 
was moving with a velocity of about 2000 ft./sec. The 
white streak to the right of the sphere is a blemish. 


In one of these the refraction effects cause the 
tip to be wider than any other part of the cavity. 
A cylinder traveling sidewards produces a shadow 
with bulbs at the end of the cylinder, as shown 
in Fig. 8F. The cylinder erf Fig. 8G is toppling 
in a plane which makes an angle with the rays 
from the spark. An aluminum slug with a 90° 
conical nose produces the symmetrical shadow 
of Fig. 8H, while a cylindrical slug with a flat 
end gives the shadow shown in Fig. 81. By 
inspecting these shadowgrams one can determine 
in a general way where the points of greatest 
pressure are located. 
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5. PRESSURES BETWEEN THE CAVITY 
AND IMPACT WAVE 

The spark shadowgraph can be used to meas¬ 
ure pressures in other regions as well as those 
appearing in the shock wave. For this purpose a 
grid was placed between the tank and the spark. 
The grid was made by scratching lines one 
millimeter apart on a sheet of Plexiglas; it was 
placed on the outside wall of the tank. The 
pattern of the grid around the missile is distorted 
by the changes in pressure as is shown in the 
shadowgram of Fig. 9. The rays above a line 
running perpendicular to the axis of the cavity 
and tangent to the two lobes of the cusp are 
bent downward, while those below are bent 
upward. The distorted pattern is also symmetri¬ 
cal about the axis of the cavity. A disturbance 
in the pattern is observed to extend to at least 
ten sphere diameters in front of and to the side 
of the missile. 

_When a grid made up of a series of opaque 
dots is used, a better idea of the distribution Of 
pressure is obtained. This grid was made by 



Fig. 11. Wave 
originating at the 
surface is shown 
being reflected from 
the steel plates on 
both sides. The ar¬ 
row points to what 
appears to be a 
Mach reflection 
The wave is 13.5 
cm below the sur¬ 
face. 



Fig. 12. A concave surface of brass mirror (dotted line 
shows surface in profile) is shown focusing the wave along 
R. Wave P originates at 0, center of mirror at C. Concave 
surface of radius 8 cm was cut out of 1"X5"X5" block. 
Transmitted wave at T. 

indenting a Plexiglas plate with a needle, the 
indentations being aligned in rows and columns 
one millimeter apart. The shadow cast by the 
indentation consists of an opaque part and a 
bright speck of concentrated light; the latter is 
black in the print. The result of recording a 
before- and during-the-shot shadowgraph on the 
same plate is shown in Fig. 10. The double 
image of the black dots very clearly shows the 
direction of the displaced ray and the orientation 
of the lines of the pressure gradient. Because the 
displacement of the rays occurs in planes which 
are perpendicular to the rays and which are in 
front of and behind that of the bullet, the 
pressure gradient map may be regarded as a sort 
of average map for all these planes. The gradient 
lines in front of the sphere appear to be nearly 
straight and to spread out radially from the 
nose of the spherical missile. Those behind the 
missile are curved, the curvature being greatest 
near the sphere. From measurements on the 
displacement of the rays it is possible to obtain 
values for the large pressures near the sphere. 
As yet these calculations have not been made 
because of their length; the distorted grid pat¬ 
terns have only been used in a qualitative way 
to show the direction of the pressure gradient 
and to indicate its magnitude. 
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Fig. 13. Concave brass surface with center at C and 
radius of 8 cm is shown focusing wave at Y. Vibration 
waves are shown converging and diverging at the focus. 
Block is 1X5X5 inches. 

6 . REFLECTION OF WAVES 
Mach Reflection 

Shock waves traveling through a compressible 
medium such as air are known to be reflected in 
a manner quite different from any other waves. 
The incident and reflected waves do not always 
meet at the reflecting surface but at a point 
just above it. In a spark shadowgram this 
configuration looks like a Y in which the stem is 
the vertical section and the incident and reflected 
waves are the arms of the Y. These reflections 
are called Mach reflections. 10 

Water is less compressible than air and the 
Mach reflections are less easily produced. Mach 
intersections which are similar to the Mach 
reflections have been observed with waves that 
were generated by underwater explosions.* Mach 
reflection- occur when the .vve is either very 
strong >r Crhen the wave is reflected near 
glancing incidence. Since impact waves are much 
weaker than explosive waves, Mach reflections, 
ifathey are to appear at all, would appear at 
very' small 'angles of incidence. In Fig. 11 is 
shown a wave being reflected from a steel plate 
at a glartdng angle of 9.5°. The pressure in the 
wave is about 40 atmospheres. A stem, perpen¬ 
dicular to the plate, is visible although it is not 
nearly as yrell defined as those observed in air. 
The arrow in the picture points to the stem. 
For a good‘example of the Mach Y’s in air, one 

^•E. Mach, Sits. Akad. Wiw. Wien 77, 819 (1878). 
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is referred to Fig. 2 and Fig. 4, where the wave 
from the splash and the head wave of the missile 
intersect. 

Reflection from a Spherical Surface 

When the acoustic waves in water strike a 
concave surface, the curvature of tfye wave is 
inverted in the same way that it is for light 
waves and sound waves in air, thus converting 
a diverging wave into a converging one. In Fig. 
12 is shown a diverging wave front being reflected 
by a brass mirror having a radius of curvature 
equal to 8 cm. The dotted lines in the picture 
show the profile of the mirror; the origin of the 
wave is at 0 and the center of curvature of the 
mirror is at C. The envelope of the reflected 
wave now converging is labeled R and the 
diverging incident wave P. A shadowgram of 
another shot triggered at a later time is shown 
in Fig. 13 when the reflected wave has passed 
through the focal point and again become di¬ 
verging. The vibration waves are shown ap¬ 
proaching and receding from the focal point, Y ; 
they are converging below the point and diverg¬ 
ing above. The waves are reflected by the brass 
block in the same way that light waves are 
reflected by mirrors in a reflecting telescope and 
other optical equipment. 

The reflection from a convex surface is demon¬ 
strated in Fig. 14 where a lenticular-shaped 
object of cork composition reflects the wave. 
The convex surface has a radius of 11 cm and 
the wave originates at the water surface 11.5 cm 
away. The reflected wave has its center about 
3.8 cm below the cork reflector; it is between the 
principle focus of the mirror and the mirror 
surface, just like optical images in convex 
mirrors. 

7. REVERSAL 

Reversal at Normal Incidence 

During a study of reflected waves it was 
observed that some reflected waves appeared 
with an additional presence-of-light band ahead 
of the wave. Reflections from air, paraffin, and 
cork, for example, showed the reflected wave 
with the presence-of-light band foremost, where¬ 
as the incident wave has an absence-of-light band 
in the lead. This addition to the band pattern is 
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shown in Fig. IS where a wave reflected from a 
block of paraffin is shadowgraphed. The wave 
was formed at the water surface, 10 cm above 
the block, and has traveled about 4 cm after 
reflection. The incident wave can be seen at the 
side. The missile has not yet hit the paraffin 
although it has perforated the reflected wave. 
This new light band appears to be about as wide 
as the light band which regularly follows the 
black band. However, in most of the reflections 
from other media which also produce a leading 
light band, the bands are broad and indistinct. 
This is shown in Fig. 16 where a wave is reflected 
from a block of cork. (The cork was large grained 
but had been smoothed by a sander.) Soft wood 
also produces this type of reflected wave. Re¬ 
versal by cork-composition is seen in Fig. 14 
where the wave is reflected from a convex 
surface. Similarly when a wave is reflected from 
an air surface, light is thrown out ahead of the 
wave. In Fig. 17 the wave is reflected from the 
end of an air-filled cylinder having a thin rubber 
membrane for a cover. The membrane is some¬ 
what obscured in the picture by the cavitation 
which follows the reflected wave. 

Other materials such as steel, brass, Plexiglas, 
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Fig. 14. Reflection from convex surface of cork showing 
reversal. Virtual origin of reflected wave is at 0 which 
lies between the mirror's principle focus and its surface. 
Cork surface Is 11.5 cm from the water surface. Note 
waves originating from internal reflections within cork lens. 



Fig. 15. Reflection from paraffin block showing reversal. 
Wave is 4.1 cm above block at furthest point. 



Fig. 16. Reversal upon reflection from block of large- 
grained cork. Wave is 1.4 cm above block at furthest 
point. 


Fic». 17. Reversal of reflected wave from container of air 
covered with thin rubber diaphragm. Cavitation in water 
above rubber diaphragm causes surface to look fuzzy. 
Diameter of container is 12 cm, rubber is 0.028 cm thick. 
Wave is 3.5 cm above diaphragm at furthest point. 

and lead reflect waves without any change in the 
arrangement of the dark and light bands. Figure 
18 shows a wave being reflected from a 1/4" 
steel plate and Fig. 19 shows a wave reflected 
from a 1/2" sheet of Plexiglas. Both waves 
resemble the incident wave in regard to the 
order of bands. In the last shadowgraph there 
is also present a wave reflected at the lower 
Plexiglas surface. Since the wave in this case is 
being reflected by water which is less dense than 
Plexiglas, the wave is reversed and possesses a 
light band in front. Figure 20 shows a reflection 
from a brass plate one-half of which has been 
roughened, demonstrating that the smoothness 
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Fig. 18. Wave is shown being reflected from 1/4" steel 
plate. Wave has advanced 3.1 cm after reflection. 

of the reflection surface does not affect the order 
of bands upon reflection. 

Reversal of the band order takes pi^ce when 
the wave is reflected from a medium of lower 
acoustical impedance, where acoustical imped¬ 
ance is defined as the product of density and 
wave velocity. The acoustic impedance for the 
materials encountered in this report is recorded 
in Table II. All substances below water in the 
table have low impedances and reflect water 
waves with a light band in front. Likewise, 
waves reflected from inside those substances 
which are listed above water in the table also 
are reflected at the substance-water interface 
with a light band foremost. This is in accord 
with the accepted theory of wave reflection, 
namely, that when a reflection occurs in a wave 
going from a medium of high to low acoustical 
impedance there is a change in phase and the 
high pressure wave is reflected as a low pressure 
wave. Just what this change of phase does to 
the steep pressure front of the shock wave is not 
known. It te possible that only a change in the 
distribution t>f the pressure is accomplished; on 
the other hand a definite negative ^essurc region 
may develop In either case tut effect on the 
rays from :\vf spark is to throw the beam forward 
producing the reversal in band order. A wave 
possessing a front having a pressure lower than 
thattof the medium through which it is traveling 
would ref rrot the rays from the spark so as to 
throw in advance of the wave; but it is 
also kdbw|| that there are certain distributions 
of positive pressure behind the front which will 
also refract rays so that they produce light in 
adtgance of the dark band. It is interesting to 
nqte that paraffin yrjiich possesses an acoustic 
impedance that is only slightly less than that of 
ws^er produces a very narrow light band, while 


F;. 


* 



is- . ■' 

' V 

w 

* 


£ 






PU XI r 

>L AS 



Fig. 19. Wave R is reflected from 1/2" Plexiglas plate 
without reversal. However, second wave SR is reflected 
from lower surface of Plexiglas and is reversed. Wave 
had advanced 4.8 cm after reflection. 



Fig. 20. Wave reflected from partially roughened brass 
plate showing no reversal. Left half was rough, right half 
smooth. Reflected wave is 5.9 cm from plate at furthest 
point. 

other substances having a very small acoustic 
impedance produce wide bands. 

Reversal at Glancing Incidence 

When the wave front is nearly normal to the 
reflecting surface (the rays are then at glancing 
incidence), it is found that reversal occurs even 
when the reflecting surface has a high acoustic 
impedance. This is illustrated in Fig. 21 where 
a wave is shown being reflected from a 1/2" 
plate of steel. The wave front formed by rays 
having glancing angles of about 45° or less 
consists of a band of light at the front, ahead of 
the wave followed by a dark band. This reversal 
does not depend critically on the angle and 


Table II. Acoustic Impedance X10“* g cm sec. 


Steel 

4.67 

Brass 

3.60 

Plexiglas 

0.331 

Water 

0.148 

Paraffin 

0.126 

Cork 

0.099 

Rubber 

0.003 

Air 

0.000043 
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Fig. 21. Wave showing reversal upon reflection at 
glancing incidence from 1/2" steel plate. S is the surface 
of water, R the reflected wave, and P the incident wave 
of radius 13.4 cm. 


Fig. 22. Wave is shown reversed when reflected at 
air-water interface* S is the water surface, P the incident 
wave of radius of curvature 25.6 cm, and R the reflected 
wave. Angies of reflected rays measured with respect^to 
the normal are also shown. 

appears under various orientations of the re¬ 
flecting plate. A reflection from an air surface 


Fig. 23. Striations are shown when wave is reflected 
from steel plate. P is the incident wave and R the reflected. 
This is a detailed view of Fig. 18. 

also shows reversal as can be seen in Fig. 22. It 
was once believed that the reversal could be 
attributed to the fact that the reflected wave 
was close behind the leading wave. When, 
however, an identical arrangement of wave fronts 
was produced by shooting two spheres into the 
water simultaneously, no reversal was observed; 
see Fig. 5. 

8. STRIATIONS 

A very interesting set of striations put in their 
appearance when the waves from vibrating 
spheres are reflected. The striations do not 
appear to move, but form a stationary pattern 
which persists for a very short interval. They 
are from 0.02 to 0.08 cm apart. Figure 23 shows 
these striations when the wave is reflected from 
1/4" steel plate. The incident wave P with its 
vibration bands is also shown. The striae are 
parallel to the reflecting plate and extend 
throughout the region bounded by the plate and 
the reflected wave if. The incident and reflected 
rays are nearly normal to the reflecting surface 
in Fig. 23; when the rays are near glancing 
incidence, the striations produce a different 
pattern, as shown in Fig. 24. Here the striae 
follow curved paths behind the reflected wave 
front and are perpendicular to both the wave 
front and the reflecting steel plate. There are 
three separate waves present in this picture, for, 
in addition to the primary P and reflected wave 
R there is also the head wave H produced by the 
Rayleigh wave on the reflecting steel plate. In 
the region bounded by the head wave, reflected 
wave, and primary wave, the striations form a 
pattern of parallel straight lines. 
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Fig. 24. Striations are shown when wave is reflected at glancing incidence from steel plate. R is re¬ 
flected wave of radius 9.8 cm, P the incident, and H the head wave from the steel plate. 


Another example of these striations is shown 
in Fig. 25 where a wave RR is shown being re¬ 
flected from two lead bars, L and IX, 1/8"X 1". 
The bars are separated by about aa inch and the 
diffracted D are also The region 

traversed liy the reflected wave is filled with 
striae. (Tne other objects which cast white 
shadows are supports that arc not in the plane 
of ^e*shot.) 

Since the striations always appear when a 
reflected wave passes through a region just 
traveuftty by die incident wave, it is believed 
that produced by the secondary or 

vibration waves from the vibrating missile. 
These wareq always occupy the region immedi¬ 
ately behind the leading shock wave and inter¬ 
sect each otjier when the wave is reflected. In 
support of this idea one finds that the distance 
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between striae increases with the spacing be¬ 
tween the vibration waves; the striae are farther 



Fig. 25. Striations arc shown when wave is reflected 
from lead bars L and XX. D is the diffracted wave and 
R the reflected. Note the vertical bands where the reflected 
waves intersect. Lead bars are 1/8" thick. 
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apart when produced by large rather than small 
spheres. Since these striae are oriented in a 
direction which is normal to a line which bisects 
the incident and reflected rays, it is quite 
possible that these striae are shadows of the 
wake produced by the intersection of these 
vibration waves. This wake may be either a 
region of abrupt temperature change or simply 
one of great turbulance. It is interesting to note 
that the striae occupy the same relative position 
as the “slip stream” does when shock waves in 
air intersect. 

In addition to the striations in Fig. 25 a set 
of bands appears, where the diffracted wave 
from the two lead plates, L and LL, intersect. 
These bands resemble the optical diffraction 


pattern produced by a narrow slit. While the 
pattern resembles an optical diffraction pattern, 
the pattern is more likely to be the shadow of 
an interference between the acoustic waves 
themselves. It is quite plausible that the vibra¬ 
tion waves from the sphere, after being diffracted 
from the lead bars, intersect and produce these 
bands. The details of this wave interaction and 
the method by which the rays from the spark 
produce this effect arc still obscure. 
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Lightning Recorded by Aeroplane Propeller 

J. M. Bryant and M. Nkwman 

Department of Electrical Engineering, University of Minnesota, Minneapolis, Minnesota 
(Received March 11, 1946) 

A lightning stroke to the propeller blades of an aeroplane in flight left a remarkably complete 
record of its own characteristics. Sputtering of the discharge on the rotating blades left a clear 
time scale of duration of the stroke. The lightning current direction was also recorded by mag¬ 
netization of steel rings inherent in the propeller mechanism. 


A RECENT lightning stroke to an aeroplane 
in which the rotating propeller intercepted 
the discharge gives a measurement of the time 
duration of lightning at the cloud level that may 
be met in aircraft travel. The aeroplane was an 
all-metal twin-motored transport traveling at a 
normal cruising speed of 190 miles per hour at 
an altitude of 11,000 ft. A retouched photo¬ 
graphic representation of a probable discharge 
path involving the aeroplane is given in Fig. 1. 
The propeller tip protrudes furthest below the 
aeroplane fuselage, thus forming the highest 
gradient point and hence the most probable dis¬ 
charge terminus of the plane when in a strong 
vertical electrostatic field in or between clouds. 

The rotation of the propeller at 1200 r.p.m. 
spread out the pitting effects of the lightning 
discharge to a time scale, as indicated in Fig. 2, 
determined by the rate of rotation of the pro¬ 


peller, and the distance of the track from the 
axis of rotation. 

Upon examination of the propeller, shown in 
Fig. 1, it was found that all three blades showed 
burning marks owing to relatively low current 
values. Instead of a angle stroke of short dura¬ 
tion (40 to 100 fisec.) usually associated with 
lightning discharges, the stroke lasted for at 
least 0.15 second. This is proven by the fact that 
each blade cut across the ionized path which 
shifted sufficiently to leave separate sweep traces 
so that blade No. 1 as shown in Fig. 2 was in 
contact with the arc at least four successive times. 

The polarity of the propeller was positive to a 
negative cloud region as determined by the mag¬ 
netic polarity of steel retaining rings about the 
base of the blades as shown at R in Fig. 3. The 
propeller blades and the housing are of non-mag- 
netic material, and the steel rings were insulated 


VOLUME IT, JULY, 1M6 


555 




Fig. 1. Photograph showing pit marks left by a multiple 
lightning discharge as the rotating propeller blades swept 
through the stroke channel The pit marks were retouched 
for clarity. The lightning channel was drawn in a probable 
position at the completion of the discharge process, the 
channel being drawn out circumferentially by the last 
receding propeller blade contact point. 

from the blades by plastic material bushings 
inherent in the mechanism designed to change 
the propeller pitch while in flight. Currents in 
each blade were thus confined to flow entirely 
inside each ring. Each ring is split for assembly 
purposes and each of the three rings was found 
to be magnetized in the same circular direction, 
showing from the polarity that tb ^current flowed 
through thtifngine shaft to fetch blade and thence 
to the do i(f. 

Each complete revolution of the propeller repre¬ 
sents 0.05 second and the time scale between 
centers of blades represent 1/60 second. Rows 
of pit marVsfshowin the forward face of each pro¬ 
peller blade and a more serious burning occurred 
on th£ fpHinf edges of the blades. One of the 
pit marks is shown much enlarged in Fig. 4, 
the depth of the pit being about one-tenth mm, 
th« melted tnaterial being thrown outward by 
centrifugal force Upward the tip of the blade. 
The < wft|ole%vfa}*of events points to the prob- 

556 



tiG. 2. Photograph showing the pitting which could b 
caused by successive current contacting the propellc 

U.J____a. 4.1_U 4.U.. A.. . U--I 

ability that the plane was hit by a “multipit 
stroke” of lightning of relatively long duration 
The nature of the discharge from the cloud en¬ 
tering the blades was such as not to burn tht 
blade between pits, which could be accounted 
for by sudden peaks of discharge current occur¬ 
ring at short intervals, and thus damaging tht 
blade in “pits” along the line of travel of tht 



Fig. 3. Photograph showing location of the steel rings, 
R, and the insulating sleeves, S, in the propeller pitch 
control mechanism. 
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arc channel. The contact time with the trailing 
edges was so much longer, in proportion to the 
ratio of the space between blades to that between 
pits, as to permit considerable burning. 

Multiple strokes of lightning to the earth’s 
surface have been previously recorded by photo¬ 
graphic methods, 1 by magnetization effects in 
the “folchronograph,” 2 and by special magnetic 
^^oscillographs. An oscillographic record is re¬ 
produced in Fig. 5 of a long duration discharge 
with repeated peaks, as recorded by McEachron. 8 
However, the time scale recording method fur¬ 
nished by the rotating blades gives a spacing of 
the successive peaks in the case of this airplane 
stroke as of much shorter intervals, as seen in 
Fig. 2, these intervals being from 10 to 100 
Msec, between the pits across the face of each 
blade. 


It is of interest that the aeroplane propeller 
left a record of effects of the lightning channel 
near the point of origin of the stroke. From its 
character of shorter intervals and absence of very 


Fig. 4. Photographic enlargement of a typical pit mark, 
showing how the molten metal was thrown out radially 
by centrifugal force because of propeller rotation. 


1 B. F. J. Schonland and H. Collens, Proc. Roy. Soc. 
A152, 595 (1935). 

*C. F. Wagner and G. D. McCann, Trans. A.I.E.E. 
60, 497 (October, 1941). „ _ 

# K. B* McEachron, Elec. World 113, No. 6,430 (Febru¬ 
ary 10, 1940). 
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Fig. 5. Reproduction of a crater lamp oscillogram, from 
a paper by K. B. McEachron, showing successive peaks 
and continuing current in a stroke to the Empire State 
Building. 

severe currents, it is quite likely that the stroke 
was from cloud to cloud rather than from cloud 
to ground, in which case it would be the first 
recorded data on such a stroke. A short cloud to 
cloud discharge might account for the shorter 
time between the consequent peaks than in 
those cases of strokes to ground recorded in 
Fig. 5. Another more likely possibility based on 
some preliminary calculations is that the aero¬ 
plane intercepted a discharge from a charge 
center, progressing upward toward the positive 
charges in the higher regions of the same cloud 
rather than to another charged cloud or to earth. 
Such a theory would fit the observed polarities 
and most probable path of the discharge, and 
in such a case the current peaks could correspond 
to sudden jumps of current, in the progressive 
development of the lightning channel such as 
those observed by Schonland, 4 for the formative 
stages of stroke to earth. The observed time in¬ 
tervals of the pitting on the propeller correspond 
approximately to the time intervals between the 
light-intensity jumps observed by Schonland. 
The fact that the over-all time corresponds to 
about ten times greater than the duration of the 
formative stage would fit with a case of a very 
long developing discharge directed through the 
aeroplane upwards from the cloud charge con¬ 
centration rather than down to earth. 

In conclusion the writers wish to express their 
appreciation of the cooperation of the Mid- 
Continent Airlines and the Northwest Airlines 
in the investigation of lightning strokes to 
aircraft. 

4 B. F. J. Schonland, The Lightning Discharge (Clarendon 
Ptess, Oword, England, 1938), p. 6. 


Volume iy, July, 1946 


557 



A Microwave Dielectric Loss Measuring Technique 

William R. MacLean 

Electrical Engineering Department , Polytechnic Institute of Brooklyn , Brooklyn , New York 

(Received April 8, 1946) 

Dielectric loss is measured by Q determinations of a resonator partially filled with the 
sample. Double sample technique is used to eliminate dominant spurious losses. Metal loss is 
reduced by confining: field mostly to sample. Detuning for Q determination is accomplished bv' 
large movement of small rod. Detuning is calculated by action theorem. 


INTRODUCTION 

M EASUREMENT of the dielectric constant, 
c, and the loss factor, d, of dielectrics at 
ultra-high frequencies has been described by 
several authors. For instance, Works, Dakin, 
and Boggs 1 have devised a method using a 
tunable reentrant resonator, and Englund 2 has 
used a transmission line method involving a 
plug made of the dielectric to be measured. All 
these methods and also the one described in this 
paper are based upon measurements of the Q of 
a resonator or other tuned circuit. 

When the loss factor is very small certain 
difficulties arise which might be tabulated ap¬ 
proximately as follows : 


(a) Resistance losses at joints, particularly at sliding 
joints, can cause trouble. 

(b) It often happens that the loss due to the dielectric is 
small compared with the loss due to the metal and, hence, 
one is in the unfavorable position of measuring a small 
quantity in the presence of a larger parasitic one. 

(c) The loss due to the metal cannot be calculated due 
to the variability of the “roughness factor." 

(d) A measurement of the loss due to the metal is often 
placed in some doubt if it is measured at a different fre¬ 
quency or if it is measured at a different internal con¬ 
figuration (rf is problem arises since ' 4£*onator without 
the sample <i<i|£hot resonate at the sarnie frequency as with 
the sample Y 

(e) There is a certain amount of loss due to the coupling 
into and out of the resonator for which a correction might 
be necessary. 

(fi Since the Q of the resonator is high in the case of 
small low r adtors, the detuning to half-power points 
involves $n wetremely small shift in either the resonator or 
the osafmrK jforinstance, in the transmission line method 
it is rictiesSCy to measure a movement of only a few 
thousandths of an inch of the sliding plug. 


1 Works, Dakin, and Boggs, A.I.E.E.Tech. Pap. 44-161, 
Mw. 1944. / 

JC. R. Englund, “Djdectric constants and power factors 
at centimeter wave-lengths," Bell Sys. Tech. J. 23, 114— 
129 (194*). * 
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(g) The half-power point of the crystal itself is at times 
in doubt, particularly if an assumption of a square law is 
made or if the crystal is calibrated at a much lower fre¬ 
quency. 

The present method is restricted to the diffi¬ 
cult measurement of small loss factors. If the 
loss factor is large, it will not work. It requires 
also a preliminary approximate determination of 
the dielectric constant, c. The final measurement 
bv the present method checks the value of e 
and determines a small loss factor, d, by a method 
which minimizes most of the difficulties tabulated 
above. The means by which these are overcome 
are briefly the following: 

(a) By the use of a cylindrical resonator in a transverse 
electric mode no current flows across the cracks. 

(b) The sample is placed inside the resonator as a 
dielectric core which confines the field almost entirely to 
the dielectric. This practically eliminates the losses on the 
side walls. The losses on the end pieces can in principle be 
made relatively as small as desired by using a resonator 
and sample which is long enough. 

(c) A calculated value for the loss on the side walls 
although inaccurate is sufficient to prove it negligible. 

(d) The actual losses on the end pieces, whatever thev 
may be, are eliminated in the measurement by observations 
taken with first one and then two identical samples. 



Fig. 1. Resonator disassembled showing samples. 
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(e) Any loss due to the input and output coupling is also 
eliminated at the same time. 

(f) The resonator is detuned for the Q measurements by 
pushing a small metal rod through the center. The detuning 

( created by the rod is so small that a large movement may 
be obtained no matter how high the Q. 

(g) The method of measurement includes a determina¬ 
tion of the half-power point of the crystals at the frequency 
of operation. 

DESCRIPTION OF APPARATUS 

It is perhaps best to describe first the physical 
apparatus used in an experimental test of this 
method involving the measurement of poly¬ 
styrene at 10-cm wave-length. Figures 1-3 are 
photographs of theequipment. In Figs. 1 and 2 can 
be seen a hollow metal cylinder and two identical 
dielectric samples and also a cover plate. Into 
the metal cylinder protrude two small rotatable 
and retractable coupling loops, one for the driv¬ 
ing oscillator and one for the detecting crystal. 
To assemble the equipment one sample, for in¬ 
stance, is placed inside and the cover inserted 
The cover is a loose sliding fit in the metal cylin¬ 
der. The cover is then clamped in place with a 



Fig. 2. Resonator disassembled showing samples. 


clamping spider which is also visible in Figs. 1 
and 2. As can be seen, the samples are bored 
through the center with a small hole through 
which moves the small metal rod also visible in 
the figures. Attached to the cover plate is a 
millimeter scale for measuring the penetration 
of the tuning rod into the sample. The equipment 
is assembled with either one or both samples 
inside. In Fig. 3 the equipment is shown fully 
assembled and ready for measurement with two 



Fig * Resonator assembled 


samples inside. It is observed, of course, that the 
dielectric sample is considerably smaller than 
the diameter of the metal cy Under. It is an essen¬ 
tial part of the scheme of measurement that this 
dielectric core confine the field to keep it away 
from the side walls. If the two samples are alike, 
the resonator will have a resonant frequency 
with two samples identical to that with one 
sample. 

METHOD OF MEASUREMENT 

The method of measurement is basically a Q 
measurement as is common to all these methods. 

Assume the resonator assembled with one 
sample and assume a signal transmitted through 
the resonator by means of the two loops. To 
achieve this condition it will, of course, be neces¬ 
sary to tune the oscillator very close to the 
resonant frequency. It will then be found that 
by means of the tuning rod the resonator can 
be tuned to resonance with high precision. The 
loops are, of course, retracted until the coupling 
is the smallest value for satisfactory response. 
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Since in the mode of oscillation used the mag¬ 
netic lines are vertical, the response of the crystal 
will vary as the loop is rotated in an approxi¬ 
mately sinusoidal manner. Actually, the open 
circuit voltage generated in the crystal loop will 
vary exactly in a sinusoidal manner but the 
rotation will have a very slight effect on the 
impedance seen by the crystal. The weaker the 
coupling the less is this effect. If it were not for 
this impedance variation the crystal could be 
calibrated to its half-power point with certainty 
by rotating the loop 45 degrees from the position 
of maximum response. In actual operation with 
a small value of loss factor and a fairly sensitive 
crystal galvanometer and a driving poorer of the 
order of a watt available in the oscillator this 
variation in impedance will be negligible and 
can be so proved by repeating the calibration 
with two samples instead of one in the resonator; 
for in this case the impedance fluctuation differs 
by a factor of two and hence if both measure¬ 
ments give the same calibration this phenomenon 
is negligible. The crystal is now calibrated for 
its half-power points. With one sample in the 
resonator it can be tuned to resonance with the 
push rod, and thereafter it can be tuned to the 
upper and lower half-power points by advancing 
and retracting the push rod. Readings of the 
push rod penetration at the upper and lower 
half-power points will indicate the Q of the 
resonator if the characteristics of the push rod 
as a tuning element can be calculated. It will be 
shown later how this is done. If it is impossible 
to reach the half-power points with the push 
rod, then it is too small: on the other hand, if 
the half-power points lie too close together the 
push rod i- tfo large. It will 1, shown later how 
to estima*u gne proper size for the push rod al¬ 
though this is not critical. 

By this method it is therefore possible to de¬ 
termine the Q of the resonator when it contains 
first one antf then two samples. 

It is. grace convenient to calculate in terms of 
damputg^ctors, d, which are the reciprocals of 
the Q’a. Let us suppose, for instance, that the 
stored energy of the resonator is given by W and 
th$ power loss is given by D. Then, as is well 

known: ? . 

\ '• ‘ • 

, •? a— n/,.w m 


If there are two sources of loss it is possible to 
consider a damping factor, d, due to each, after 
which the total damping factor is their sum. This 
is clear from (1). 

In actual operation we speak of a di observed 
with one sample and a dt observed with two 
samples. These are determined experimentally. 
Now suppose that d i consists of several parts 
one of which, do, is due to the dielectric loss. 
We first seek do ( *\ i.e., the damping factor due 
to the dielectric when two pieces are used. Sup¬ 
pose that the same maximum field strength 
existed in both cases, then W and D of (1) are 
both doubled, hence do is the same in both cases. 
Now let us consider d B , i.e., the loss due to the 
end plates when one sample is present, and 
seek d B w when two samples are present. In this 
case, W is doubled but D is the same, hence: 

d*<» = id*. (2) 

Consider now the loss factor d t due to the 
coupling loops and suppose for the moment that 
in introducing a second dielectric sample we also 
introduced another identical pair of coupling 
loops with associated loads. It is obvious that 
then the double resonator is merely two copies 
of the original one and hence d e would not be 
changed. But then imagine one of the pairs of 
coupling loops removed. This would halve the 
loss. Therefore the loss factors d c obey the same 
law as d B . 

The losses on the tuning rod and the losses 
on the side walls do not behave like (2) but it 
turns out that they can be made negligible as 
will be shown later. 

Neglecting then the tuning rod and side wall 
loss we can express d\ and dj in terms of do and 
d x which latter represents the sum of end plate 
and coupling losses. These would be related by 

di=do+d«, 

dj^do-f-Jdac, ' 

which can immediately be solved as: 

d 0 -2d|-d,. (4) 

We now have by a very simple formula the 
loss due to the dielectric in terms of the two 
measurable loss factors. However do is the loss 
due to the dielectric but it is not the loss factor of 
the dielectric. These differ because die field is 


540 


Journal or Applied Physics 



not entirely confined to the dielectric. However 
a simple correction factor can be calculated as 
will be shown later. 


DESIGN 

The problem of designing the equipment will 
be posed as follows. The dielectric constant, c, 
and the vacuum wave-length, X, at which the 
measurement is to be made are given. It is first 
of all necessary to calculate the diameter, 2a, of 
the sample, and its length, /. It is then necessary 
to calculate the diameter, 2 b, of the resonator. 
This can be so large that it has no appreciable 
effect on the frequency of resonance. That means 
the frequency should be practically the same as 
for a resonator of infinite diameter. This is 
readily achieved since the field is confined almost 
entirely to the dielectric. In addition the di¬ 
ameter of the resonator must be so large that 
the loss factor due to the side wall is negligible. 
It is then necessary to calculate the approximate 
size of the tuning rod and to calculate its calibra¬ 
tion curve as a tuning element. Then the factor 
relating the dielectric loss, d, with the do of (4) 
is calculated. One should then calculate approxi¬ 
mately the loss due to the tuning rod. 

11 is not necessary to construct a new resonator 
for every measurement since the diameter is not 
critical as long as it is big enough and since the 
lid slides inside and adjusts itself to the sample 
length. As soon as these quantities mentioned 
above are known one can immediately proceed 
to the measurements just described. The rest 
of this article will be devoted to the calculation 
in convenient form of the necessary design quan¬ 
tities. They will be given as functions of e and X 
so that they can be used directly for this purpose. 
It turns out that there is one arbitrary degree of 
freedom in the evaluation of these quantities 
and the curves given at the end of this article 
are for a particular choice of this parameter, 
which merely determines whether the resonator 
should be short and fat or long and thin. 

SIZE OF SAMPLE 

Since it is planned to construct a resonator so 
that the outer wall has a negligible effect, calcu¬ 
lations are first made assuming this radius, b f to 
be infinite. That is, the system is taken to be a 


dielectric wave guide bounded on two ends by 
infinite conducting planes. A discussion of such 
a configuration is found for instance in Schel- 
kunoff. 1 For the present application the r£ 0 i 
mode is desired. * 

In cylindrical spaces it can be shown that the 
complete transverse electric field can be derived 
from a Hertz vector, Q, having only an axial 
component, Q. For this component the desired 
solution of the homogeneous wave equation is 
given by : 

Q=lsin(7Z)Jo(pr) 

. . . inside dielectric core, 

Q=*A sin(yZ)Ko(ar) W 

. . . outside dielectric core. 


Jo is the Bessel function and Ko is that modified 
Bessel function which behaves as a negative 
exponential at large arguments. In (5) the in¬ 
tensity factor has been made unity inside the 
dielectric and A outside dielectric, y is the axial 
propagation factor and p and a are the radial 
propagation factors related to the phase factor, 
0, by: 


7*+p*= B € f ^ J , 


( 6 ) 


where c r is the relative dielectric constant of the 
material. 4 

In this case, the formulas for E and H in 
cylindrical components become : 

Inside 

E$ * —jeopp sin( 7 Z)/i(pr) 

H r « - 7 P cos(7 Z)J i(pr) 

/f, = p 2 sin(7Z)/ 0 (pr) 

(7) 

Outside 

£# = —Ajtopa sin(yZ)Ki(ar) 

H r = — Aya cos(yZ)K\(ar) 

II,= -Aa* sin(yZ)K 0 (ar). 

A must then be chosen to satisfy the boundary 
condition on the dielectric interface. This leads 
to equations for A which in matrix form would 
be: 

f f>Ji(pa)-aKi(aa) Til « (8) 

|y/«(pa) a*ifo(aa)X^J 

• S. A. Schelkunoff, Electromagnetic Waves (D. Van 
Nostrand Company, Inc., New York, 1943), p. 425 ft. 

4 Rationalized Giorgi units are used, p is permeability. 
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Fig. 4. Functions for symmetrical modes of dielectric wave guides. 


Roots of the determinant yield the charac¬ 
teristic or eigenvalues of the system. 

To systematize the solution somewhat we de¬ 
fine the auxiliary quantities, x, R, by: 



(The equations in boxes arc those pertinent to 
the actual design.) 

( 10 ) 

The det rminantal equation (8) must be 
solved by atmerical method#, and to facilitate 
this we d< fine the functions: 



/ i---. 

which .are Rjotte^'to ft log-log scale as Fig. 4. 
In^thofe terms the determinental equation be- 
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comes: 

♦(*)-#(*/*) • ( 12 ) 

The design problem is usually posed in the 
following manner: e, and 0 are given and it is 
desired to find a, the radius of the sample and l, 
the length of the sample. The degree of freedom 
left to the experimenter which was mentioned 
earlier can best be used to fix the value of R. 
Having done this, one solves (12) for the lowest 
root, * = po. Then by means of (6) and (10) the 
desired quantities may be expressed as: 


(13) 


In these equations X is the wave-length in air 
and l is such that the sample will be J wave¬ 
length long. 
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The value of A which is needed for later cal* 
culations now follows from (8) as: 


RMx) R'Jo(x) 
Kib/R) m ~Kfa/R) 


!« set up convenient explicit directions for a quick 
appl'cation of the present method, a value for R has been 
chosen. I take: 


1.200 

which gives 

* = 2.965, 

A =8.66. 

hor this arbitrary choice of the degree of freedom con¬ 
tained in R , Eqs. (13) are plotted as a function of dielectric 
constant in Fig. 5. This finishes the calculation for the size 
of sample, since from Fig. 5 for any value of «, the sample 
dimensions can be immediately read off in terms of the 
air wave-length. 


CORRECTION FACTOR 

It was mentioned before that the value of do 
obtained from the measurements must be cor¬ 
rected to yield the true value of dielectric loss 
factor, d. To find this, it is necessary first to 
calculate the value of the stored energy, W. This 
involves a calculation of the integral of E 2 
throughout the volume of the resonator. 

In terms of evaluated Bessel integrals: 


and 


A-Jfc/*) 1 

X(Ko(x/R)K 2 (x/R)-K^x/R)) • 


such a calculation gives: 

W-p^rhierB^AtBi), (17) 

where h is the length of the resonator, i.e., / or 21. 

Similarly the loss factor due to the dielectric, 
do , can be calculated and related to the loss 
factor of the dielectric, d. The latter is: 

d = Y#/a>« 

where y« is the conductivity of the dielectric. 
Then the ratio d/do , i.e., the correction factor 
mentioned above can be expressed as: 



do *rB\ 


(18) 


For our numerical choice of /? = 1.2000 wc find: 

£ t » 1.075, 

5,-0.00284. 


x 2 

5i- W(x)-Mx)Jt(x)) 

2 


(IS) 



Fig. 5. Curves giving size of sample as a function of c r . 


For these numerical values the ratio (18) is plotted as 
the lower curve of Fig. 6. By means of this curve the ob¬ 
served value do can be immediately corrected to the desired 
value, d . 



Fig. 6. Upper curve: ratio of maximum detuning to 
volume ratio of rod to sample. Lower curve: factor to 
correct for field outside sample. 
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SIZE OF RESONATOR 

Since the lid of the resonator slides freely in¬ 
side, the height of the metal cylinder is not 
relevant so long as it is large enough. Its di¬ 
ameter, 2 b t must, however, be larger than two 
separate numbers: namely, it must be large 
enough so that the change in frequency due to 
its presence is small, and it must also be large 
enough so that the loss on the side walls is 
negligible. 

We first calculate a minimum diameter to 
assure only a negligible change in frequency. 
This calculation is carried out by imagining first 
an envelope placed at infinity which is subse¬ 
quently brought in to the finite radius, b. At 
very large .values of the variable radius, r, the 
effect of the metal envelope is to cancel E and 
the perpendicular component of H, and also to 
double the parallel component of H. This can be 
proved by a direct calculation, but it is also 
obvious from the nature of electromagnetic 
reflection. Such an electromagnetic field being 
parallel to the wall exerts thereon a pure pres¬ 
sure, p y whose magnitude is given by: 

P=hn\H\\ 

The change in frequency resulting from a 
movement inward of the surrounding envelope 
can be calculated from an action theorem 5 ac¬ 
cording to which the change in energy AW is 
related to the change in frequency Aw by: 

Au/u=AW/W. (19) 

(For the purposes of this calculation the damping 
is ignored and it is assumed that (he resonator 
isoscillatit^ continuously with ^driving forces.) 

To find qfe change in energy of the field 
within the resonator when the envelope is brought 
from r* qo to r* 6, we calculate the work done 
agqjpst the radiation pressure which can be seen 
to be:* 



<b 


K 0 2 (ar)rdr. 


This integral can be evaluated with sufficient 
accuracy by' using for the modified Bessel func- 
' * 

•W. Ife MacLean, “The resonator action theorem,'* 
Quir. Apfc. Math. 2, 329-335 (1945). 






tion K o the asymptotic approximation: 

«r* 


*•(*)« 


(«/ 2 )« 


( 20 ) 


This gives for the fractional detuning, 5, the 
value: 


Aw \ 2 a 2 A 2 

S—- —-. • (21) 

W 2** € r Bi+A 2 B2 


However, the problem is not to determine the 
detuning but to determine the minimum value 
of b for an arbitrarily given value of detuning. 
Equation (21) can be re-arranged for this pur¬ 
pose to yield: 



XwBtSd+R*) 

tr~ 1 

X l+(B l /A*B t ) tr 


( 22 ) 


where the necessary minimum value of b as a 
ratio to a to satisfy the detuning condition is 
explicitly given. 

But b must also be large enough so that the 
loss on the side wall is negligible. This loss, D„ 
can be expressed in terms of an integral over the 
surface of the cylinder, and evaluated as: 

D. = atflrKba'A *A**(a&), 

where 6 is the depth of penetration into the 
metal. This value of loss yields for Q due to the 
shield, Q. — l/d,: 

0* tr B t +A*B t 

Q.= -. (23) 

2bSa* A*KJ{ab) 

The problem posed however, as was the case 
before, is to find a minimum value of b for a 
given large value of Q,. By the use of asymptotic 
expression for Ko this can be evaluated as: 
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Fjg. 7. Dotted curve: minimum ratio of resonator to 
sample diameter to assure frequency change of less than 
1 percent. Solid curves: minimum ratio of resonator to 
sample diameter to assure side wall Q in excess of half* 
million plotted for various vacuum X in cm. 


For our choice of R** 1.200, (22) and (24) have been 
plotted as a function of dielectric constant in Fig. 7 for 
the follow ing arbitrary choice of S and Q,: 

S= 1 percent, 

Q m = 500,000, 

and where in (24) the value of 3 for copper has been used. 
(24) depends explicitly on X which is involved in 3 and 
hence a family of the curves is necessary. 

A value for b must be chosen large enough to 
meet the requirements of both (22) and (24). 

TUNING ROD 

At the center of the resonator H has only a z 
component and E is zero. Hence a very small 
axial wire all or partly immersed in the resonator 
does not disturb this field appreciably. Consider 
the circumstance of a small rod of radius, f, 
projecting into the resonator a distance z. If this 
rod were shrunk to zero radius and then expanded 
to its finite but small radius it would produce 
practically no change in the magnetic field H x . 
However, in the process of expanding this rod, 
work would be done against a radiation pressure: 

p=l\ii.\y ( 25 ) 

The total work done would be: 

AW* f priHz. (26) 

•'o 

Therefore the total work done is found by 
evaluating (26), and if we use the expression (17) 
for W and also make use of the action theorem, 


Fig. 8. Relative fractional detuning as function of fractional 
penetration of tuning rod for one and two samples. 


we can get for the fractional detuning, t 9 at 
penetration z the value: 




(p’Xf) 


X. 2y2—sin 27s 


, (27) 


wherein X. is the wave-length along the axis of 
the resonator. In our application the resonator 
mode used is either 77 soh or TE 0 n, or generically 
77 £ol, where n is the numlx*r of samples used, 
either one or two. Hence: 


X./A = 2/». (28) 

Let us call /o the detuning brought about by 
full immersion of the rod, i.e., 2=A. In these 
terms: 


t lrs sin 2 t( 2/7 )i 
/o ML l 2 t J 

where 

t (IX 

\4*r/ trBi+A'Bi 


(29) 


(e/l) is the fractional immersion of the rod 
and runs from 0 to 1 or from 0 to 2 depending 
on the number of samples. This function is 
plotted in Fig. 8. 

It is now convenient to introduce the ratio, T, 
of the volume of the fully immersed rod, to the 
volume of the sample. This ratio is independent 
of the value of n. In terms of this quantity the 
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total detuning becomes: 


to X * R* *r -1 

r = 4i4 ! 5,1 +R* 1 +t r Bi/A i B t 


(30) 


For R «1.200 this latter function is plotted as the upper 
curve of Fig. 6. 

It is now also useful to check the Q due to the 
tuning rod. This is of course a variable quantity 
depending upon the immersion. However at its 
worst, i.e., lowest, which occurs for full immer¬ 
sion it can be calculated by similar processes to 
be: 

( 2a \* 2 x/a 2 \ 

t) AtJ ( * b ' +a ' b '' ■ 


highly critical position of the tuning rod. Unless 
this position coincides with a point at which a 
reading must be made it can merely be ignored. 
If it does so coincide the half-power points can 
readily be shifted to another region by a small 
change in the oscillator frequency. 

The equipment described in this paper was 
tested by measuring the loss factor of a sample 
of polystyrene. To determine the reproduc- 
ability of the measurements, a series of thirteen 
pairs of readings of di and dj were taken and 
thirteen values for d calculated. These readings 
yielded for the loss factor a mean value of 
2.7X10“ 4 and an r.m.s. fluctuation of O.lXlO” 4 . 

Ah an example, the numerical values for the test sample 
and resonator and for one pair of measurements will be 
given: 

Desired X * 10 cm; assumed e r = 2.55. 


In the experimental application described, this 
Q r came out to be several hundred thousand i.e., 
negligible. 


CONCLUSION 

By accepting the arbitrary choice of /?= 1.200 
the curves of this article make it jjossible to 
proceed immediately to measurements by this 
method. Other curves could be calculated by the 
same process for other values of R which would 
yield samples of a different shape. 

In the practical application of this method the 
writer would like to call attention to one spurious 
phenomenon that may occur. Because of the 
configuration of the field of the TEoin mode the 
tuning rod detunes the resonator but a very 
small amount: of the order of one part in a 
thousand. However it detunes other modes 
radically. It is therefore conceivably possible 
that in pushing the rod through the resonator 
some other mock becomes tuned tQ j^pOperating 
frequency. Thif ,mode will moreover probably 
not be confined fto the dielectric and hence will 
couple the input and output loops very strongly. 
The practical result of such*an occurrence would 
be that tflfe galvanometer deflects sharply at one 
i 


From Fig. 5: 


2a = 9.9 cm; / = 3.92 cm. 

Two samples cut to size. [Actual measurement of samples: 
2« = 10.0, / =3.92.] 

Radius of resonator chosen: 2b = 15.9 cm. Hence 
b/a = 1.59. From Fig. 7 A< 1 percent and Q .>J million. 
Sample resonated at X = 10.03 checking closely assumed #. 
Tuning rod diameter 0.240 cm chosen, yielding 

r-1/1740. 


From Fig. 6: J 0 *=3.91 • 10~ 4 . 

Crystal calibrated to half-power points and following 
readings taken: 


$ power penetrations (cm) 
fractional penetrations 

t/to from Fig. 8 

difference 
t **d\, dt 

calculation of do 
d from Fig. 6 


n = 1 

CN 

II 

s 

t.l 1 

10.9* 

2.7 J 1 

15.8i 

0.28 I 

[0.24 

0.70 1 

11.49 

0.12J J 

10.04 

0.85 ' 

(0.74 

0.72 J 

0.70 

2.83 X10" 4 
2.65 X10“ 4 
2.86X10- 4 

2.74X10' 4 


Since the stability of the oscillator used was poor, 
and since the means for measuring the penetra¬ 
tion of the tuning rod in the present equipment 
is not very accurate, it seems that better results 
could be obtained by better equipment. 
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Magnetically-Controlled Gas Discharge Tubes 

R. E. B. Makinson, J. M. Somerville, K. Rachel Makinson, and P. Thonemann 

University of Sydney, Australia 
(Received February 4, 1946) 

Discharge tubes arc described in which a low pressure glow discharge is initiated by means 
of a magnetic field pulse. A tube has been developed in which a glow discharge so triggered 
leads to the formation of a cathode spot on a mercury pool; this tube will hold off 20 kv until 
fired and will then pass a current pulse of several hundred amperes. Its use in radar modulator 
circuits is envisaged. 


I. INTRODUCTION 

T is known »-* that the application of a mag¬ 
netic field of sufficient strength can initiate a 
discharge between charged electrodes in certain 
configurations, such as coaxial cylinders, when 
the gas or vapor pressure is too low to permit a 
discharge otherwise. The magnetic field lengthens 
the electron trajectories so that the average 
number of ionizing collisions suffered by each 
electron is sufficient for a glow discharge to be 
sustained. A detailed study of such glow dis¬ 
charges carrying continuous currents up to sev¬ 
eral amperes between coaxial cylinders has been 
made by Penning,* who has also used the same 
principle in the construction of a low pressure 
manometer and a low pressure ion gun. 4 6 

The work described below was mostly con¬ 
ducted with current pulses, the peak current 


initiated by a magnetic field pulse, and bombard¬ 
ment of the pool by ions from this glow discharge 
produced an arc spot on the pool through which 
the main current passed. These tubes passed 
currents up to 200 amjx'res in 2-megawatt pulses 
of duration 1 to 10 microseconds at repetition 
frequencies up to 1200 c/sec. with very small 
power loss in the tube itself. 

Although simple two-electrode concentric cy¬ 
lindrical tubes were not satisfactory as radar 
modulators it was found that in such tubes, if 
the glow discharge was not allowed to pass into 
an arc, currents up to 50 amperes could be 
switched off against supply voltages of a few 
thousand volts by removal of the magnetic field. 
It seems therefore that such tubes may be useful 
where a rapid high current or high voltage 
switch is needed. 


being of the order of a hundred amperes and the 
discharge normally an arc, with consequent low 
voltage drop between the electrodes. The main 
object was the development of magnetically- 
controlled discharge tubes which would be suit¬ 
able for use as modulators in radar equipment. 
Both permanent gases and vapors were used, 
tube life in the former case being limited by 
clean-up of the gas. A satisfactory type of tube 
was developed having two coaxial cylindrical 
electrodes, together with a mercury pool as an 
auxiliary cathode* (Fig. (5a)); a glow discharge 
in the mercury vapor between the cylinders was 


1 Strutt, Proc. Roy. Soc. 89A, 68 (1913). 

»Engel und Steenbeck, Elektnsche Gasentktduneen 
(Verlagsbuchhandlung Julius Springer, Berlin, 1934), Vol. 
II, p. 236. 

* Penning, Physica 3, 873 (1936). 

4 Penning, Physica 4, 71 (1937). „ 

* Penning and Moubis, Physica 4, 1190 (1937). 

* The name "Hodectron" is proposed for tubes of this 
type. 


+ s c, L. 



Fig. 1. (a) Showing pulse-forming line and load, R; 
(b) Arrangement of biased diode to hold off H.T. from 
oscillograph. 
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Fig. 2. Examples of two-electrode tubes. 


2 . CIRCUIT ARRANGEMENTS 

The magnetic field was produced by a short 
coil coaxial with the electrodes and was applied 
in pulses of about 50 Msec, duration at repetition 
frequencies which were usually 50 or 100 per 
second; the peak value of the field was of the 
order of 500 oersted. The current in the coil was 
produced by charging a condenser from a d.c. 
source and discharging it through the coil by 
means of a vibrator or mercury thyratron. 

The performance of the tubes was studied 
mainly in the circuit shown in Fig. 1 (a), which 
approximated that in which they would be re¬ 
quired to operate as radar modulators. In this 
circuit the resistive load R corresponded to that 
placed on the modulator by the oscillator. 
The condense* forming with the inductances 
Li and L\ an artificial line, were charged through 
the hold-off resistance S to between 1 and 20 kv, 
and we^ discharged th tough the tube and the 
load R on the /nitiaiion of a discharge by the 
magnetic field pulse. The variation of potential 
difference between the electrodes was studied by 
means of a triggered oscillograph, a diode being 
used as shown in Fig. 1(b) to hold off potentials 
greater than a few hundred volts. The oscillo- 
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graph was also used to study the current through 
the tube, represented by the voltage drop across 
the small resistance r. 

3. GENERAL NATURE OF THE DISCHARGE 
IN TWO-ELECTRODE TUBES 

Examples of two-electrodc tubes studied are 
shown in Fig. 2. Essentially the electrodes were 
concentric cylinders; with the outer cylinder as 
cathode a smaller magnetic field was required to 
initiate the discharge, so this arrangement alone 
was used. Copper, aluminum, steel, and nickel 
were used as cathode material, copper, nickel, 
and tungsten for the anode. Tubes were filled 
with helium, argon, air, and carbon dioxide and 
with iodine, mercury, and water vapors. 

The tubes were initially studied while still 
sealed to the vacuum system, so that the pressure 
could be controlled. The pressure at which a dis¬ 
charge could be initiated by a magnetic field 
depended on the configuration of the electrodes 
and the nature of the gas or vapor, but in general 
was of the order of 0.1 mm for permanent gases. 
The range of pressures for a controlled discharge 
in one tube was about 10 to 1. 

When the applied magnetic field reached its 
critical value the potential drop across the tube 
in general fell rapidly and the condensers C dis¬ 
charged completely in a few microseconds. The 
line circuit constants determined that the cur¬ 
rent through the tube should flow as an approxi- 



Fig. 3. Variation with anode voltage of the peak current in 
the field coil necessary to fire a two-electrode tube. 


Journal of Applied Physics 





Fig. 4. Typical oscillograph traces of the voltage across the tube during discharge. 


mutely square pulse of a few microseconds dura¬ 
tion ; with the circuit used a small reverse current 
sometimes flowed after the main pulse. The cur¬ 
rents passed were of the order of 100 amperes. 
The hold-off resistance 5 was large enough to 
ensure that the condensers did not charge up to 
breakdown potential twice during the same mag¬ 
netic field pulse. The variation with anode volt¬ 
age of the minimum field-coil current necessary 
to fire the tube is shown in Fig. 3. 

Voltage Drop in Tube 

When visual inspection was possible the dis¬ 
charge was seen to fill the whole inter-electrode 
space. It was usually associated with a bright 
white spot which moved about on the* cathode 
and particularly favored a metal-insulator junc¬ 
tion. Most of the current passed through this 
spot. When the spot was present the voltage 
drop across the tube was between 30 and 100 
volts, in its absence about 400 volts. It was con¬ 
cluded that the presence of the spot meant that 
the discharge was an arc. Rapid alternation be¬ 
tween arc and glow in successive discharges 
sometimes occurred. 

Typical oscillograph traces of the voltage 
across the tube during the discharge are shown 
in Fig. 4. The initial deep valley ABC shown in 
Fig. 4(a) is spurious, and is caused by the rapidly 
falling anode potential acting through the inter¬ 
electrode capacity of the protecting diode. The 
portion CD shows the potential across the tube 
while it is conducting (the potential drop across 


the diode being negligible). When the tube be¬ 
comes non-conducting, the characteristics of the 
line produce the portion DEF of the trace. The 
valley ABC and the portion DEF have been 
omitted from Figs. 4 (b), (c), (d), and (e). 
Figures 4(a) and (b) are typical of arc discharges, 
the voltage dropping rapidly to a value of about 
50 volts, which does not vary greatly either with 
current, over a range of 100 to 1, or with the 
nature and pressure of the gas in the tube. Fig¬ 
ure 4(c) is typical of a glow discharge, the voltage 
usually falling to between 300 and 600 volts, 
although much higher values have sometimes 
been observed; these traces vary markedly with 
tube conditions and current. Figure 4(d) shows 
a delayed transition from glow to arc. 

The arc discharge in a helium-filled tube with 
a copper cathode was a characteristic pink color 
and photographs of the spectrum showed both 
He and Cu lines. In tubes of this type another 
kind of discharge was also observed, bright 
green, with a voltage drop of the order of 700 
volts and a si>ectrum showing morfe intense cop¬ 
per lines than those of the arc discharge. 

The transition from the glow to the arc was 
favored by irregularities or discontinuities in the 
electrodes or the magnetic field and by an in¬ 
crease in the supply voltage (and consequently 
in the tube current). The glow-arc transition 
showed no marked dependence on the nature 
and pressure of the gas. 

Owing to the low power dissipation in the 
tube with the arc discharge, this mode is to be 
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preferred. Consistent striking of the arc during 
the whole life of the tube was not obtained using 
a solid cathode. Tubes are described in Section 4 
in which this difficulty was overcome by using a 
mercury pool as cathode. 

Figure 4(e) shows an unstable type of voltage 
trace, frequently observed, in which the voltage 
was subject to rapid, apparently random fluctua¬ 
tions, no two consecutive traces being the same. 
Because of its appearance on the oscillograph 
such a trace has been called “grass.” The height 
of the peaks varied from a few volts to about 200 
volts. In tubes of the mercury pool type shown 
in Fig. 5(b) (see Section 4), grass occurred only 
when the tube temperature was below about 
40°C. With permanent gases the appearance of 
grass was unaffected by changes in prestige and 
was also insensitive to changes in the magnetic 
field strength. No satisfactory theory of its oc¬ 
currence has been evolved, but it is suggested 
that it may be associated with the motion of the 
cathode spot; alternatively its cause may be in 
the mechanism of formation of the arc spot. 

Clean-Up of Gas 

Considerable clean-up of gas took place during 
the discharge, severely limiting the life of any 
sealed-off tube which depended for its satisfactory 
operation on the presence of permanent gas. 
Some reduction of the clean-up was obtained by 
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Fig. 5. Three-electrode tubes with anode, starting 
cathode, and mercury pool cathode; (a) with external 
resistance, (b) with internal resistance. 

/ 


preliminary saturation of the walls with gas and 
by the addition of a buffer volume, but the long¬ 
est life so achieved was only 50 hours. The 
effects of clean-up were avoided in tubes de¬ 
scribed in Section 4, which would start running 
on mercury vapor at room temperature. At¬ 
tempts to run tubes on iodine and water vapor 
were unsuccessful. 

4. ARC DISCHARGES IN MERCURY POOL TUBES 

By addition of a mercury pool to the coaxial 
cylinder electrodes described in the preceding 
section a tube was obtained which operated on 
mercury vapor at room temperature and in 
which the discharge always took the form of an 
arc. Such tubes are shown in Fig. 5. The mercury 
pool acted as the cathode taking the main cur¬ 
rent and the outer cylindrical electrode merely 
as a starting cathode. Between the starting 
cathode and the anode a glow discharge was 
initiated by the magnetic field; bombardment 
of the mercury by ions from this discharge 
caused an arc to strike on the mercury surface. 

These tubes operated satisfactorily at ambient 
temperatures between a few degrees C and 80°C, 
but below about 30°C unsteadiness occurred in 
the current trace on first switching on, disappear¬ 
ing as the tube warmed up. To ensure that the 
arc regularly formed on the mercury and not on 
the starting cathode, a resistance was placed in 
the starting cathode circuit. This was either an 
external resistance as in Fig. 5(a), or an internal 
resistance as in Fig. 5(b) where the starting 
cathode was a thin coat of Aquadag or sputtered 
tungsten. The latter type of tube had a life of 
only a few hours under the test conditions, i.e., 
as in a radar modulator, failure resulting from 
one of two causes; sometimes the action of the 
arc spot as it moved around the line of contact 
of the mercury and the glass separated the coat¬ 
ing from the mercury pool; sometimes sputtering 
from the anode during current reversal after 
passage of the main pulse so lowered the re¬ 
sistance of the starting cathode that the arc 
spot formed on it instead of the pool, the voltage 
drop in the tube being then much higher and 
arcs sometimes forming again between the mag¬ 
netic field pulses. 

Of all types tested, the tube of Fig. 5(a), with 
the external resistance between starting cathode 
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and pool, gave the most satisfactory operation. 
Its life was limited by the formation of a con¬ 
ducting path of sputtered material and mercury 
between the pool and the lead to the starting 
cathode, with consequent arcing on the starting 
cathode as described above. Such tubes have 
handled powers up to two megawatts from a 
power supply of 10-20 kv at rej)etition fre¬ 
quencies up to 1200 c/sec. with pulse lengths from 
1 to 10 /usee. One had a life of 150 hours; the con¬ 
ducting path mentioned above could then still 
be broken up by shaking. The interval between 
the beginning of the magnetic field pulse and the 
beginning of the current pulse through the tube, 
which was from 20 to 50 /usee., never varied from 
pulse to pulse by more than 2 /usee.; the varia¬ 
tion decreased as the supply voltage was in¬ 
creased, its average value being less than 1 
/usee, with a supply voltage of 10 kv. A mag¬ 
netic field pulse of peak intensity 350 oersted 
was sufficient to fire the tube. 

The value of the resistance Ri was not critical, 
values from 0.01 to 0.5 megohm being satis¬ 
factory. Operation was not affected by tilt of 
the tube so long as the mercury did not touch 
the starting cathode. Alignment of the electrodes 
was not critical, nor was that of the field coil. 

Graphite, which does not amalgamate with 
mercury and sputters at a slow rate in mercury 
vapor, was found to be a suitable material for 
starting cathode and anode. The clearance be¬ 
tween these two electrodes and the pool was 
made greater than since “stalactites” of mer¬ 
cury sometimes grew downwards from them 
towards the pool. For a similar reason, the 
clearance between the starting cathode and the 
glass was kept greater than //'. 

In o(>eration of the tube, gases are cleaned up 
and it was found that rigorous outgassing or 
very low pressures were not necessary before 
sealing off. 

Figure 6 shows the oscillograph traces of tube 
current, anode potential, and starting cathode 
potential; these may be interpreted as follows. 
When the magnetic field reaches the critical 
value a glow discharge is initiated between the 
anode and the starting cathode, and the poten¬ 
tial of the latter rises. About 0.7 /*sec. later the 
arc strikes on the mercury, and the starting 
cathode potential drops nearly to the cathode 






Fig. 6. Oscillograph traces of tube current, anode potential, 
ana starting cathode potential. 

!>otential (zero), remaining at this value while 
the discharge continues, and afterwards so long 
as the anode is negative. When the anode be¬ 
comes positive the starting cathode potential 
also rises until deionization in the inter-electrode 
space is complete, when it falls again to zero. 

It was observed that on first operating new 
tubes of this type the arc spot at first formed on 
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Fig. 7. Tubes with electrodes other than coaxial cylinders. 

the free surface of the mercury pool, then formed 
only with difficulty until (after about 10 minutes) 
the mercury had begun to wet the glass; the 
spot then formed regularly at the meniscus. 

Other Mercury Pool Tubes 

During work leading up to the design of the 
tube just described, it was found that discharges 
could be initiated between electrodes whose 
geometry differed widely from the concentric 
cylindrical types and the configurations used by 
Penning. 4,1 Some examples are shown in Fig. 7, 
all of which required a permanent gas in addi¬ 
tion to mercury vapor for operation at room 
temperature and were thus subject to clean-up 
troubles. 

5. INTERRUPTION OF CURRENTS BY REMOVAL 
OF THE MAGNETIC FIELD 

The general features of the glow discharge 
initiated by a magnetic field have been discussed 


in Section 3. It was r found that, so long as the 
discharge did not pass into an arc, reduction of 
the magnetic field below the critical value in¬ 
terrupted the current through the tube, causing 
it to fall to a negligibly small value in less than 
one microsecond. Once the arc had been formed, 
however, removal of the magnetic field caused no 
change in the tube current, which continued to 
flow until the condensers were discharged. 

Some attention was given to the production 
of a tube which would switch moderate or heavy 
currents off as well as on. It will be seen that the 
chief problem involved in this was to prevent 
the transition of the discharge from a glow to an 
arc. Concentric cylinder two-electrode tubes 
were used, and to prevent arc formation it was 
found necessary to keep the supply below about 
3000 volts; this limit did not depend much on 
the current. Currents up to SO amperes were 
interrupted in this way. 

It is possible that in a tube with a large cathode 
area, containing a gas such as nitrogen, which 
has a large normal cathode current density, large 
currents could be switched on and off, passing 
with a few hundred volts drop across the tube. 
A cold cathode tube might thus be obtained 
which would do what is now only done with 
difficulty by high vacuum hot-cathode tubes. 

We wish to acknowledge the extensive co¬ 
operation and help of Professor V. A. Bailey, 
the C.S.I.R. Radiophysics Laboratory, Sydney, 
and of Professor L. H. Martin, L. G. Parry, and 
W. R. Watson. While this work was being car¬ 
ried out, one of us (J.M.S.) was a holder of a 
Commonwealth Research Fellowship and an¬ 
other (K.R.M.) was employed by the Radio¬ 
physics Laboratory. 


572 


Journal of Applied physics 



Depreciation of Fluorescent Lamps without Passage of Current 

H. C. Froelich 

Lamp Development Laboratory, General Electric Company, Cleveland, Ohio . 
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Fluorescent lamps with thin and with partial coatings of phosphor on bulbs of ultraviolet 
transmitting glass were irradiated with Hg 2537 radiation. Comparison with similar lamps 
which were burned showed a decline in lumen output which was of the same general character 
in all experiments, except for different time factors. This indicates that the process of lamp 
depreciation is fundamentally of photochemical nature, involving excited mercury, but not 
requiring cither Hg ions or neutral atoms. It is assumed that superficial oxygen ions of the 
phosphor crystal react with Hg* to form links of the type-SiO-O-Hg-Hg.. , thus tying 
mercury to the crystal with a resulting loss of phosphor brightness. 


INTRODUCTION sence of the effect; and the simplicity of the aet- 


1 T is common knowledge that the light output 
of fluorescent lamps declines on burning. It 
has also been shown that this depreciation is 
caused by a screen of condensed mercury and 
mercury compounds in an extremely thin though 
discontinuous surface spread; it is not the result 
of a breakdown of the phosphor crystals in 
their bulk. 1 

It seemed to be of fundamental interest to 
find out whether this depreciation is necessarily 
associated with the passage of current through 
a lamp, or whether it could also be brought about 
simply by a photochemical reaction involving 
excited mercury or perhaps excited phosphor. 
In the absence of mercury the phosphors do not 
depreciate. If a photochemical reaction should 
occur between mercury and the solids of glass 
wall or phosphor, then a new approach to the 
study and understanding of phosphor quality 
and “stability’* (lamp maintenance) would have 
been found. Such reactions would have to be 
confined to the surface of the crystals because 
the bulk (or interior) of the crystals remains un¬ 
changed in brightness, and also because of the 
ease with which phosphors can be demercurized. 

The problem, then, was to expose phosphors 
to the action of excited mercury and follow their 
brightness changes with time. Two types of de¬ 
vices were used for the purpose, the limitations 
of which with respect to rigorous treatment will 
be pointed out later. However, the accuracy 
desired for this exploratory work is believed to be 
sufficient to establish either the presence or ab- 

1 H. C. Froelich, Trans. Electrochem. Soc. 87,365 (1945). 


ups was a persuasive factor in deciding against 
more complicated apparatus. 

EXPERIMENTAL 

The first type of experiment has already been 
described recently. 1 In a jacketed lamp device 
the phosphor was irradiated from within, ex¬ 
posed to both X2S37 and excited mercury vapor. 
The light output fell 25 percent during about 600 
hours of irradiation, but the recovered phosphor, 
after proper demercurization, was found to be as 
bright as it was originally.* 

* External to a lamp, the brightness of phosphor powder 
was measured as follows: A layer of powder about 2 mm 
thick, with flat and well-defined surface area, was irradiated 
with a l>eam of X2537 under oblinue incidence. The 
amount of visible light generated by the excited phosphor 
was then measured with corrected photo-cells in terms of 
the brightness of an arbitrary standard of equal area, 
measured similarly and immediately before or after the 
sample. The accuracy of measurement was 1 percent or 
better. A differential method might be more desirable. 

Unfortunately, the mercury resonance line X2537 is the 
only monochromatic radiation which can be conveniently 
and abundantly produced in the spectral region where 
phosphors for use in F lamps are most sensitive. This fact 
necessitates complete absence of mercury and its com- 
unds, solid, liquid, or gaseous, before the phosphor can 
excited for correct measurement. With an equally good 
source of, say, X2500 or X2600 radiation, disturbance by 
mercury vapor would be eliminated but a reduction in 
brightness of non-demercurized phosphor would still be 
found. It would be in proportion to the area and density 
shaded by condensed Hg and Hg compounds, provided 
the latter are opaque to that radiation, which is likely, to 
be the case. Demercurization is easily effected by heating 
the phosphor in a good vacuum to low temperatures 
(300®C or even as low as 150°C). 

Removal of phosphor from a lamp involves complete 
random reorientation of the billions of individual crystals 
comprising the coating. Such bulk measurements, then, 
showed no significant difference in brightness between 
demercurized phosphors from unburned Tamps and those 
from lamps several hundred or thousand hours old. 
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In the second type of experiment the same 
principle was used but the technique was re¬ 
versed. The phosphors were irradiated from the 
outside, through ultraviolet transmitting glass. 
Phosphor brightness was measured in terms of 



lamp brightness with current passing through 
the lamp, but without disturbing the orientation 
and the bulk of the phosphor crystals. Regular 
“white” phosphor was coated on 18“ T8 germi¬ 
cidal bulbs of Corning No. 9741 glass, and 
regular lamps were made. The lamps were 
seasoned, photometered in a sphere for their 
lumen output, and then divided into several 
groups. One group was stored to be re-read at 
intervals to check accuracy. Another group was 
burned normally and also photometered at cer¬ 
tain intervals. The last group was irradiated 
with X2537 in the following manner: Each lamp 
was surrounded hy 6 regular genst«itml lamps 
which were bun*jjla in order to provide a fairly 
uniform and reasonably high amount of X2S37 
radiation. No attempt was made to measure the 
wattage ral density of X2537 radiation actually 
entering the testjlairtp'. It was estimated, how¬ 
ever, that it should be of the order of one-half 
to one-fourth\^f the amount generated in a 
normally burning' lamp. The lamp to be irradi¬ 
ated was not burned except for the time when it 
was being measured. 


In the first series the irradiated lamps were 
only half coated—i.c., half around their circum¬ 
ference but full length. In the second run, a 
uniform coating of less than normal thickness 
was applied all around the bulbs. A few controls 
of fully coated lamps in germicidal as well as 
lime glass were also made which were only 
burned. All lamps were photometered in a 
sphere at constant current of .300 amp. The 
data obtained are averaged and considerably 
condensed in Tables I and II. 

Figures 1 and 2 show plots of the data in 
Tables I and II. It is apparent that the irradiated 
lamps decline in their output and follow the same 
qualitative pattern as the burned lamps. Be¬ 
cause of the nature of the 9741 glass the deprecia¬ 
tion curves of burned lamps cannot be expected 
to follow the same uniform pattern as regular 
lead or lime glass lamps. The scale of the time 
ordinate for the irradiated lamps in groups C 
had to be reduced in order to make the similarity 
apparent; this was pointed out above. The re¬ 
duction factor in Fig. 1 was 3.6, while that for 
Fig. 2 was 2.6, as found by trial. To make the 
analogy more complete, the irradiated lamps 
were rejuvenated by application of external heat 
in a tube furnace at 300°C. The averaged lumen 
values were as follows: 

After 2 hours After 1501 hours Rejuvenated 

400 302 427 

The apparent slight improvement of the re¬ 
juvenated lamp over the 2-hr. reading is be¬ 
lieved to be caused, at least in part, by a slight 
deterioration during the first 2 hours. 

Finally, a test was devised where depreciation 
and no depreciation could be produced in a single 
lamp. A 36“ T8 lamp was made with a thin 
coating of white phosphor on a bulb of 9741 

Table 1. First run with half-coated lamps of normal 
coating thickness. (9741 glass). Averaged lumens at 0.300 
amp. 



Lamps 

Depredation due to burning for 

2 44 204 421 hours 

A.’ 

Full coat 

675 

600 

523 

480 

B. 

Half-coat 

452 

367 

359 

323 



Depreciation due to irradiation for 



2 

166 

736 

1501 houra 

C. 

Half-coat 

409 

361 

311 

302 


Hours of irradiation, 





divided by factor 3.6 

46 

204 

416 
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glass. One-half of the lamp was surrounded by 6 
regular germicidal lamps, while the other half 
was surrounded by 6 lime glass lamps which 
generated light and heat but no external ultra¬ 
violet; these lamps were also of the 18" T8 (15- 
watt) size. All 12 lamps burned in order to pro¬ 
duce nearly uniform radiation and temperature 
distribution within and around the test lamp in 
the center. Again, the test lamp did not burn 
except for the time when it was being measured 
after removal from the 44 light bath." It proved 
impractical to take sphere readings of lumen 
output. The two ends of the lamp, therefore, 
were photometered against a known standard by 
taking readings with a cell box arrangement 
which caught the light from about two-thirds of 
each section. After each interval of irradiation 
the test lamp was burned for at least 15 minutes 
before output readings were taken. The lamp 
was photometered at constant current of 0.350 
amp. and under these conditions the meter de¬ 
flections should be proportional to the lumen 
output. Initial readings for the two ends of the 
lamp were not equal because a coating thickness 
differential existed. It was decided to irradiate 
the thicker coated, brighter section of the lamp 

Table II. Second run with full coated lamps of less 
than normal coating thickness. (9741 glass). Averaged 
lumens at 0.300 amp. 


A. Normal coating, 


lamps burned 

B. Thin coating, 

690 

lamps burned 

C. Thin coating, 
lamps irradiated 

550 

539 

Hours of irradia¬ 


tion, divided by 
factor 2.6 

.8 


168 305 360 928 hours 

607 536 

458 420 

443 425 

117 357 


with X2537, because this might produce less 
favorable results (lower depreciation). 

In addition to several other effects, a notice¬ 
able change of color was observed in the section 
which was irradiated with ultraviolet; the color 
temperature went up by a few hundred degrees 
K (estimated). The decline in output, however, 
was several times greater than might be expected 
on that basis alone. This and the other effects 
observed require further study. 


Averages of several measurements arc given 
in Table III and plotted in Pig. 3. Again it is 
apparent that the light output of the ultraviolet- 
irradiated section declined as though the lamp 
had been burned with normal passage of current, 


• 4 



Fig. 2. Depreciation of thin coated lamps. 


while the other half of the lamp remained sub¬ 
stantially unchanged. The slight departure (up 
and down) from a straight horizontal line re¬ 
flects the accuracy of measurement. 

DISCUSSION 

The experiments have given two results which 
are of fundamental interest. First, they have 
shown that fluorescent lamps can depreciate in 
the presence of excited mercury alone, without 
actual passage of current and in the absence of 
positive ions. Secondly, they have shown in a 
semiquantitative way that the depreciation due 
to excited mercury follows the same pattern as 
the depreciation of burning lamps: the decline is 
relatively greater during the initial periods than 
during the later stages. Excited mercury was 
produced by irradiation of its vapor with its 
resonance radiation X2537. This seems to prove 
that the phenomenon of F lamp depreciation is 
primarily of photochemical nature, involving ex¬ 
cited mercury and/or excited phosphor. It would 
be of great interest to separate the two possi- 
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Fi(f. 3. Depreciation and stability ot 
double-irradiated lamp. 


bilities in repeat experiments with other than 
mercury resonance radiation. However, the latter 
should be near the peak of phosphor sensitivity, 
i.c., close to X2S37. 

One of the chief limitations of the present ex¬ 
periments lies in their semiquantitative nature. 
In plotting the s curves with a linear time abscissa 
it is assumed that the wattage input of X2537 
into the test lamp remains constant. Actually, 
the output of the germicidal lamps declines grad¬ 
ually (about 25 percent) during the course of the 
experiment, and the transmission to X2537 of the 
glass of the test lamp also declines through 
solarization. Therefore, the amount of X2537 
actually getting into the test lamp becomes 
progressively smaller. In a quantitative experi¬ 
ment this amount should be determined, at 
least from time to time, and the output curves 
should be plotted against watt-hou'',# of X2537 
rather than aga^ist time alone. 3udi a plot will 
show a change jof absolute slope compared with 
the present data, but qualitatively the decline 
pattern will remain unchanged. The scope of the 
present 4£aper did not attempt to go beyond 
these limitations. 

What are the forces which cause the deposition 
of mercury Afcdjtd compounds on the phosphor, 
thus maskin^in part its otherwise unaffected 
capacity as a light transformer? One is forced to 
assume^hat a surface reaction (or, if one wishes, 

5*6 


“deterioration") does take place between the 
phosphor or glass and excited mercury atoms. 
This reaction does not proceed into the interior 
of the crystals, but is confined to the surface; it 
requires a relatively low energy of activation, 
and is reversible. If it were to go deeper, it would 
necessarily result in a physical destruction of the 
phosphor. Recovery of initial phosphor bright¬ 
ness indicates that such disintegration docs not 
take place. Exact measurements of the extinc¬ 
tion coefficient for X2537 in silicate, etc., phos¬ 
phors would be another means of following the 
stability of these crystals. To the author’s 
knowledge, such measurements have not been 
made with fine powders and X2537 radiation. 

In the absence of mercury, phosphors do not 
depreciate; in its presence, they do it to varying 
degrees. There are phosphors which give good 
maintenance in a lamp, and others of about the 
same chemical composition which show bad 
maintenance. The tangible and intangible fac¬ 
tors which play an additional role in the art of 
phosphor manufacture cannot be discussed here. 


Table III. Averaged meter deflections at 0.350 amp. 



2 

162 

647 

1625 hours 

Ultraviolet-irradiated 

section 

63 

55 

51 

51 

Visible-irradiated section 

45.5 

46.2 

46 

45 
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Suffice it to say that chemical composition alone 
is not a criterion for phosphor performance in a 
lamp. If a phosphor gives good maintenance, less 
mercury reacts with it and deposits on it com¬ 
pared with phosphors of poor maintenance. One 
might even speak of “mercurophobic" and “mer- 
curophilic" phosphor surfaces although, strictly 
speaking, a lamp coated with phosphor of true 
mercurophobic surface should have no deprecia¬ 
tion whatever. 

It is easy to eliminate unexcited, atomic 
mercury as the agent responsible for deteriora¬ 
tion. Atomic mercury could reach the phosphor 
surface through condensation from the vapor 
phase, as a wetting or non-wetting continuous 
liquid or in form of innumerable discontinuous 
droplets. Either assumption can be shown to be 
absurd. Consider, for example, a regular 40 
watt, 48"7T2 White lamp which has an inner 
(geometric) surface of about 1320 cm 2 , contains 
about 2.2 g of phosphor and about 25 mg mer¬ 
cury. If the mercury were spread out into a uni¬ 
form cylindrical film, it would form a layer of 
about 52 atoms or 156A thickness. It is incon¬ 
ceivable that the large surface tension forces 
would permit the free existence of a film stretched 
to that extent. Electron microscope pictures of 
metal films in thicknesses up to 100A or more 
show that they are completely broken up into 
separate particles. 2 Differences in thermal co¬ 
efficients of expansion of metal and substrate 
likewise would cause rupture and coagulation of 
the “film." The concept of a continuous film of 
mercury seems untenable. 

Simple condensation in form of innumerable 
tiny droplets also has its limits. If it is assumed 
that the normal 10 or 20 percent lumen loss 
of a fluorescent lamp be due merely to the shadow 
cast mechanically by subdivided mercury drop¬ 
lets, then the 25 mg of Hg in a 40-watt lamp 
should be expected to cover an area of 10 to 20 
percent of the lamp surface or 132 to 264 cm 2 . 
Assuming the droplets to be spheres, it can be 
calculated that this would require a subdivision 
into particles of the order of .1- to .05-micron 
diameter. Such small drops, however, would 
have a greatly increased vapor pressure compared 
with the larger drops from which they form. The 

f R. G. Picard and 0. S. Duffendack, J. App. Phys. 14, 
291 (1943). 


well-known Thomson equation permits calcula¬ 
tion of these increases in vapor pressure. 

dp 2ftM 

p rXsp.g.X-Rr 

(^* = 450 dynes/cm; Af=200; r « 5 X10^* Vm ; 

sp.g.» 13.55; 

i? = 8.3Xl0 7 erg/dcgrec mole; 7"= 323). 

The equation holds so long as the surface ten¬ 
sion <r Hg is independent of the radius; in other 
words, r must be large against atomic dimensions. 
Substituting the proper numerical values it fol¬ 
lows that a mercury particle of about .1-micron 
diameter (1000A or about 330 Hg atom diam¬ 
eters) would have a 10 percent higher vapor pres¬ 
sure at 50°C than a drop of 1-mm diameter. 
Such small particles would be thermodynamically 
unstable and would disappear by distillation. A 
few large particles would grow at the expense 
of most small particles. It would follow, then, 
that a lamp whose lumen output declined 10 or 
20 percent should regain its initial brightness if 
it were simply left lying for weeks, months, or 
years; this has not been found by experiment. 
Conversely, a new lamp has likewise not been 
found to depreciate if it was neither burned nor 
irradiated. 

Mercury droplets of thermodynamically stable 
size can account for not more than about 1 
percent lumen loss if the latter is caused by 
mechanical shading of the phosphor against 
X2537. The calculation left entirely untouched 
such energetic difficulties as are connected with 
seed and phase formation when vapor atoms con¬ 
dense to form stable sub-micron particles. The 
situation becomes even more difficult if the 
(geometric) phosphor surface is considered in¬ 
stead of the glass surface. A 40-watt (G.E.) 
lamp contains about 2.2 g of white phosphor of 
sp.g. 4.5. Particles of all sizes from 1 micron and 
lower, up to 4, 5 microns or more are represented. 
Their total number is of the order of 10 10 , and 
their total (geometric, not true) surface is of the 
order of 10 4 or 10* cm 2 —many times the area of 
the glass on which they rest. To summarize, the 
depreciation cannot possibly be produced by 
chemical action or by condensation from the 
vapor phase of neutral, atomic mercury. 
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This leaves excited mercury atoms as responsi¬ 
ble for a reaction with the phosphor surface which 
can tie them up in a form in which their vapor 
pressure is lower than that of free Hg at the same 
temperature. Excited mercury could attack mer- 
curophilic phosphors or compounds by a reaction 
of the following types: 

ZnO+Hg*->HgO+Zn+Ei 

Si()*+Hg*—>—SiO—O —Hg+Ej 
—SiO—() —Hg+Hg-* 

—SiO—O —Hg—Hg-, etc. 

If we abandon the narrow chemical viewpoint 
of oxides and consider the phosphor or glass 
lattice as a whole, it is known that the latter 
consists of SiO« (or WO«, etc.) tetrahedra with 
interspersed Zn, Mn, etc. ions or ato: lg. The 
crystal surface layer contains more ions of oxy¬ 
gen than of any other species, and unsaturated 
oxygen valencies may conceivably become tied 
up with Hg*. Existing stronger bonds may even 
be broken by the energy available from excited 
Hg (4.9 ev or 113 Cal.). Excess energy would be 
dissipated as heat as indicated by E in the equa¬ 
tions. Thus the oxygen atoms may become a 
bridge linking Hg atoms to the bulk of the phos¬ 
phor crystal by semi-chemical forces. Further 
growth involving — Hg —Hg bonds is quite 
plausible. After one or more additional “layers” 
of Hg atoms, if such should be present, these 
semi-chemical forces could be assumed to de¬ 
teriorate into physical adsorption, providing a 
condensed and opaque phase of sufficient density 
and stability to account for 10 to 20 percent ab¬ 
sorption of X2S37. Thus, only a fraction of the 
25 mg of mercury in a 40-watt lamp would be 
required for the entire process of deterioration, 
and this is borne out by experience yisual in¬ 
spection of lamps of many hundred vC thousand 
hours burning radicates that a good portion, if 
not the bulk, of the mercury is still present in 
form of free droplets. The condensed phase of 
mercury^pould also provide an effective barrier 
for more excitqd^atohis to react with the silicate 
surface underneath; the latter is then protected 
against further deterioration and the loss of 
brightness shoi&T occur at a greatly diminished 
rate, which is also observed. Complete clean-up 
of mercury by the* phosphor occurs only when the 


amount of mercury originally present was very 
small, or for other non-pertinent reasons. 

It should be noted that this proposed mech¬ 
anism of deterioration differs from somewhat 
similar suggestions which, however, go so far as 
to assume complete chemical reduction of the 
crystal surface to elemental zinc, silicon, etc. 
According to this theory, the oxygen is disposed 
of by assuming that it is liberated in gaseous 
form and is then free to diffuse and react else¬ 
where in the lamp. The loss of brightness is 
believed to be caused by the absorption of X2537 
by this opaque coating of elemental zinc, silicon, 
etc. The present tests indicate that this assump¬ 
tion is erroneous. The recovery of initial lamp 
brightness after simple application of external 
heat of depreciated lamps speaks against the 
presence or formation of material with a high 
vapor or decomposition pressure. Moreover, sili¬ 
con in its elemental form is a very stable sub¬ 
stance which reacts with oxygen only at rather 
high temperatures. It is hard to visualize a re¬ 
action which would make it innocuous when the 
phosphor is heated in a vacuum to 150°C. On 
the contrary, the tests on the full recovery of 
phosphor and lamp brightness indicate that a 
permanent deposit could not have formed on 
the phosphor. 

The change in color of the ultraviolet-irradi¬ 
ated white lamp, which was mentioned above, 
can be understood by assuming that the oxygen 
atoms or ions in tungstates are bound more 
tightly than in silicates. A relatively stronger 
attack by excited mercury atoms on the Zn-Be- 
silicate phosphor compared with the magnesium 
tungstate component would result in a shift of 
color temperature toward higher values. 

These speculations have been advanced chiefly 
in order to show what possibilities exist for chemi¬ 
cal reactions which would stop at the crystal 
surface, tie the mercury to it, yet make it re¬ 
coverable by such mild treatments as heating 
in a vacuum to low temperatures. With reference 
to the performance of fluorescent lamps, on the 
other hand, the term “depreciation” covers 
quite a complexity of processes. Each of these is 
contributory, though not individually responsible 
for the entire loss of lumen output. They include 
formation and deposition of a number of mercury 
compounds produced from excited mercury and 
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a variety of gaseous trace impurities left or 
formed in the lamp. This has been discussed in 
detail by Kenty and Cooper.* 

SUMMARY 

It has been shown that the process of lamp 
depreciation is fundamentally of photochemical 
nature, involving excited mercury atoms and the 
surface ions of phosphor or glass. Fluorescent 

8 (\ Kenty and J. Cooper, Trans. Electrochem. So«\ 87, 
287 (1945). 


lamps containing mercury could be depreciated 
simply by irradiation with the mercury resonance 
radiation X2537, without passage of current. 
Semiquantitatively, this depreciation is of the 
same magnitude and of the same character as 
that of burned lamps; it is greater during initial 
periods than during later stages. Theories and 
suggestions for the tie-up of mercury are ad¬ 
vanced. Superficial oxygen ions of the phosphor 
crystals are assumed to function as a bridge, link¬ 
ing mercury atoms to the bulk of the crystal. 


The Interpretation of Harker Syntheses 
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An elegant way of studying the geometrical meaning of 
a Harker synthesis is to transform it into a diagram here 
termed the implication diagram. This is done by trans¬ 
formation of polar coordinates, the characteristics of the 
transformation depending on the number of operations in 
the cyclical group of the axial symmetry for which the 
Harker synthesis is prepared. The implication diagram 
has the important property that it is a map of the location 
of atoms in the crystal structure plus additional locations 
(ambiguities) which would give rise to the same Harker 
synthesis, plus satellitic locations. Fortunately the satellite 
locations can be identified as such. Satellitic peaks are 
caused by powers of rotation operations and by reflections. 
Satellitic peaks occur in specialized locations which are 
discussed for the several cases. On the other hand, it is 
not generally possible to decide between ambiguities. 
An implication diagram which is a map of the crystal 
structure, with ambiguities, but without satellitic loca¬ 
tions, exists for the following 18 of the 21 possible 
parallel-axial symmetries: P2 % P2 1 , C2, 7/3, H3i t H3 j, R3, 
Pi, /?, P4i, P4i, F4,, /4i, H6\, 776*, 776,, 7/6 4 ,and 7/6,. 
This is also true of certain axial symmetries combined with 
reflections, such as 2c and 3c. Only for the three axial 
symmetries 7*4, 74, and H6 do no implications exist without 

INTRODUCTION 

HE major difficulty besetting crystal struc¬ 
ture analysis is the loss of phase relations 
in the recording of the diffraction. If these phases 
could be determined, all crystal structures could 
be solved. Patterson 1 ** investigated the alterna¬ 
te L. Patterson, “A Fourier series method for the 
determination of interatomic distances in crystals,' 1 Phys. 
Rev. 46, 372-376 (1934). 

1 A. L. Patterson, “A direct method for the determina- 


satellitic peaks. The implication diagrams of the Harker 
syntheses P(ry£) for the space groups 7/6i, 7/6*, 7/6i2, 
and 7/6*2 and for Harker synthesis P(xyO) for /?3 lack 
both ambiguities and satellitic peaks. For these space 
groups the implication diagrams are true maps of the 
crystal structure. Harker syntheses greatly exaggerate the 
electron densities of atoms in the structure, and for this 
reason their greatest usefulness lies in the location of the 
more compact atoms. Diffuse atoms, and therefore 
especially anions, provide Harker peaks of such low mag¬ 
nitude as to be often lost in the background. Background 
due to non-Harker interactions is discussed. An important 
characteristic of Harker syntheses, which is independent 
of any interpretation of their meaning with regard to the 
location of atoms in the crystal structure, is that they 
provide criteria for distinguishing space groups which 
cannot be distinguished in ordinary qualitative x-ray 
crystallography. This is because the Harker synthesis 
provides definite criteria for identifying reflection planes 
and rotation axes. It fails only to distinguish pairs of space 
groups which differ by a group of inversions alone. Harker 
synthesis thus realizes the ultimate possibilities of x-ray 
crystallography because it is quantitative. 

tive question, namely, what information can be 
ascertained about a crystal structure if the phases 
of the diffraction spectra are unknown. He dis¬ 
covered the important function, 

pfcj*)- £ £ £ iftwi' 

Xcos 2ir (hx+ky+lt), (1) 

tion of the components of interatomic distances in crys¬ 
tals," Zeits. f. Krist. A90, 517-542 (1935), 
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Fig. 1. Transformation of position of two points related 
by operation A (a) from crystal to Harker diagram and 
return, a: Relations in crystal, b: Relations in Harker 
diagram, c: Relations in implication diagram 

and proved that this function is equivalent to 
another giving the average value of the product 
of the electron density at the two ends of a vector, 
as the vector, fixed in direction and length, is al¬ 
lowed to range over the crystal cell. This function 
has a high value when two atoms in the crystal 
structure are separated by this vector. Conse¬ 
quently (1) has maxima at points whose locations, 
with respect to the origin, define vectors which 
correspond to interatomic vectors within the crys¬ 
tal. 

Harker* pointed out that, for crystals having 
any symmetry elements other than inversion 
centers, certain special regions of Patterson’s 
three-dimensional function are the loci of the 
ends of vectors relating syrtime* Equivalent 
atoms. These ar# therefore very useful in locat¬ 
ing the position/of such atoms. For the purpose 
of locating atoms related by axes of symmetry, 
certain plane sections of the graphical repre¬ 
sentation of Patterson’s function arc useful, 
while certain Mes are useful in aiding in the 

location of ^atoms related by symmetry planes. 

__ • * 

• * m.r 

' * David Harker, “The application of the three-dimen¬ 
sional Patterson method and the crystal structures of 
premstite, AgtAsSt, and pyrargyrite, AgiSbS*,” J. Chem. 
Phys. 6, 381-?84 (1966). 


In this paper, the discussion is concerned with 4 
atoms related by axial symmetry elements, witi^ 
or without symmetry planes parallel with the t 
axes. For axial symmetry, Harker recommends 
the particular Patterson functions P(ryO) and 
P(xy\). For these he gives the following form 
(axis assumed parallel to Z). 

Screw Component of Axis=0 

P(xy0)= £ 21 Ceos 2ir(hx+ky), (2) 

A— -00 Ar=—x 

where 

c= E |Full*. 

Z—oo 

Screw Component of Axis = c/2 

P(xy\) = E E Ccm2w(hx+ky) (3) 

A=-x k - x 

whore 

C- E (-D'lfiuil 4 - 

Z—-00 

It will be evident from what follows that these 
two cases, P(xy0) and P(xy%), are not sufficient, 
and are not even recommended in some cases 
where they apply. A more general form for 
P[xy(\/w)'\ is 

p(xy— 2Z 21 C\ cos 2v(hx+ky) 

\ W / x Jr-> x 

— H 2Z C% sin 2ic(hx+ky), (4) 



h -00 Jr 

—X 

where 

GO 

2x 


Ci— E 

cos — l\Fhki\ 2 t 


/— -GO 

w 

and 

GO 

2x 


II 

sin — l\Fhki\*. 
w 


THE IMPLICATION DIAGRAM 

The interpretation of Harker diagrams for 
certain axial symmetries is greatly simplified by 
a transformation of the data to another diagram 
which will be termed the implication diagram . 
The transformation is as follows: In Fig. la, 



580 


JOURNAL OF APPLIED PHYSICS 



suppose that the two atoms, 1 and 2, are related 
by an operation A(a) f of a group of rotations. 
(The notation here is that ordinarily used in dis¬ 
cussions of crystal symmetry, namely, the axis 
of the rotation is designated by A and the 
amount of the rotation by a.) The atoms 1 and 
2 determine two interatomic vectors, namely 1,2 
and 2,1. Consequently the Harker diagram, 
Fig. 1b, contains two peaks, 1,2 and 2,1, which 
correspond to these vectors. Thus, to each dis¬ 
tribution of atoms in the crystal there corre¬ 
sponds a unique distribution of peaks on the 
Harker diagram. 

Consider the reverse* transformation. What 
inference can be drawn from the Harker diagram 
regarding the distribution of atoms in the crys¬ 
tal? To find the possible atomic positions which 
have given rise to the Harker peaks, all that is 
nu cssary is to find two points in the crystal 
equidistant from axis A which subtend an angle 
a at A, and which are separated by distance 
1,2 = r. There are two solutions to this implica¬ 
tion, Fig. Ir, unless a = T, in which case the two 
solutions coincide. 

The mechanism for transformation of any peak 
from the Harker diagram to the implication 
diagram is easily formulated. If the polar co¬ 
ordinates of the Harker point are r and <p (Fig. 
2a), the polar coordinates of the corresponding 
two implication points (Fig. 2b) are 



An especially easy way of making use of this re¬ 
lation for certain axial symmetries will be dis¬ 
cussed after certain other properties of the impli¬ 
cation diagram are mentioned. 

From (5) it is evident that each pair of points 


on the implication diagram corresponding to 
one point on the Harker diagram is separated 
by an angle of (x/2 —a/2)+(x/2—a/2) = x-c* 
at the axis A . The following discussion will show 
that if each of the » points of a symmetrical set 
on a Harker diagram is transformed to« the 
implication diagram, the points of the implica¬ 
tion diagram with azimuth fa in (S) may Ik* 
disregarded. 

Harker syntheses are cosine summations, so 
that for each point, p i, at coordinates Xu yi there 
is another point, p%, at coordinates y\. The 
point, pi, subtends an angle x at the axis A 
with point p . Because of the symmetry of the 
axis A , there is a third point, pi, which subtends 
an angle x+a with pi. Now consider the implica¬ 
tion points corresponding with pi and p *. The 
second implication point of pi has an azimuth of 
— x/2+a/2; the first implication point of pi 
has an azimuth of <p+r+a+(r/2 -a/2)**<p 
+3x/2+a/2 ^ —x/2+a/2. Thus the fa of P\ 

is identical with the \pi of pi. As a consequence, 
if all points of the axially symmetrical set of n 
Harker points are to be transformed into their 
respective implication points, it is sufficient to 
locate on the implication diagram merely one 
point with azimuth ypi for each Harker point, 
since the second point with azimuth fa will ap¬ 
pear as the \pi point corresponding with another 
j>oint of the symmetrical Harker set. 

It follows from this discussion that to every 
Harker set of n axially equivalent points there 
corresponds a symmetrical set of n points on the 
implication diagram. Furthermore, these n im¬ 
plication points, except for the ambiguities dis¬ 
cussed in the following sections, are the posi¬ 
tions of atoms in the projection of the crystal 
structure on the plane normal to the axis. 

The several kinds of ambiguities involved in 
implication diagrams will now be considered. 


Harter Implication 



a b 

Fig. 2. Relations between polar coordinates of points on 
Harker diagram and implication diagram. 
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AMBIGUITIES IN THE IMPLICATION 

Ambiguities Due to Centrosymmetry 

Since, for every interatomic vector there 
exists the reverse vector, all Harker diagrams as 


A 



Fic;. 3. The combination of an operation of rotation, 
A (a), with an operation of translation, /, and the consc- 
quent operation A'(a). 


well as all implication diagrams are cent rosym- 
metrical. Thus the group of symmetry opera¬ 
tions of the axis A of the Harker diagram or 
implication diagram must contain the operation 
i4(ir) whether the symmetry of the crystal axis 
A contains this operation or not. The only 
crystallographic case where it does not is for 
w = 3 (not including the symmetry designated by 
“3”). This requires sixfold axes to appear on 
the Harker diagrams and implication diagrams 
corresponding to n = 3 in the crystal. Thus for 
n~3 only, a twofold ambiguity arises in the 
interpretation of implication diagrams due to 
this cause. 


Ambiguities Due to Translations 

The interpretation of Harker diagrams and 
implication diagrams is complicated by the trans¬ 
lation symmetry of crystals. This is funda¬ 
mentally caused by the well-known fact 4 (Fig. 
3) that if the operation of a rotation, -4(a), is 
combined with a translation / at right angles to 
the axis, the combination is equivak'^t to an¬ 
other rotation, ^(a), of identic*! magnitude 
about a parallel <ycis, A \ This causes the parallel 
symmetry axes (as well as the axes representing 
their subgroups of operation?) of space groups to 
occur in 4teveral sets which are not necessarily 
translation-equivalent. These two axes are trans¬ 
lation equivalent, however, for »*6, where they 
are related translation at right angles to 

4 Harold ,Hilton, Mathematical Crystallography and the 
Theory of Groups of Movements (Clarendon Press, Oxford, 
1903), p. 147. 


the axis; they may also be equivalent by a trans¬ 
lation which is not perpendicular to the axis fo$ 
other values of n when they occur in the centered 
and rhombohedral lattices. 

The consequences of this for the interpretation 
of Harker diagrams and implication diagrams 
may be illustrated for the simple case of a one- 
diniensional “space group*' represented by a 
linear array of twofold axes, Fig. 4b. The twofold 
axes occur in sets A and A\ which are not transla¬ 
tion-equivalent. If an atom is placed at 1, then 
the twofold axis requires another at 2, and the 
translation reproduces these at 1/, 2/, etc. In 
addition to the interatomic vector 1,2 and its 
reverse, there arises vector 1/, 2, and its reverse, 
due to translation. The Harker diagram, Fig. 4c, 
then displays peaks at the ends of these two 
vectors, both of which radiate from the same 
origin. This kind of multiplication of peaks does 
not give rise to any ambiguity, for in transform¬ 
ing the Harker diagram to its implication, one 
need only consider any section of total length t 
(most conveniently the section within the range 
dot/2 of the origin). Only vectors corresponding 
to points within this range are distinctive, and 




•• X • X • X '. 


Fig. 4. Relations between crystal, Harker diagram, and 
implication diagram, and the cause of ambiguity. Locations 
of symmetry elements on implication diagram, which are 
not present in crystal, are indicated by outlined symbols. 
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one therefore disregards vectors corresponding 
to points beyond this range. 

There is, however, a second consequence of 
principle illustrated in Fig. 3. If the same dis¬ 
tribution of atoms with respect to axis A, shown 
in Fig. 4b, occurs about axis A', as shown in 
Fig. 4a, the same Harker distribution as that 
shown in Fig. 4c results. It is therefore impossible 
to determine whether the Harker diagram im¬ 
plies Fig. 4a or Fig. 4b. This is a general feature 
of implication diagrams, and it arises because 
the space group, in consequence of the principle 
illustrated in Fig. 3, contains several sets of non¬ 
equivalent axes of equal n . In space groups, the 
number of sets of such parallel axes depends on 
the symmetry of the axis. For uncentered 
lattices there are always four sets of twofold 
axes, three sets of threefold axes, two sets of 
fourfold axes, and only one set of sixfold axes. 
This number is reduced in centered and rhombo- 
hedral lattices by the factors 2 and 3, respect¬ 
ively. Let this number of sets be represented by 
m. Then, in transferring a Harker synthesis to 
the implication diagram, an w-fold ambiguity 
is involved, since one cannot tell which of the 
m sets of axes in the crystal relates the atoms so 
as to give rise to the Harker points. 

In order to take care of this ambiguity, the 
implication diagram requires that the inferred 
locations of atoms shown in Fig. lc be plotted 
about each of the m non-equivalent axes of the 
space group, as illustrated in Fig. 4d for this 

Table I. 


Atiibiguii} of 
location, m 


n 

Axial 

symmetry 

Marker 

syn¬ 

thesis 

Primi- 

ti\e 

lattice 

Centered 

or 

rhorn- 

bohedral 

lattice 

Subgroups of 
same n 

2~ 

2 

P(xy(T 

4 

2 

?», 4* 6 ,*, 64 * 


2, 

PM) 

4 

2 

4,*, 4,*, 6 ,', 6 ,» 

3 

3j(=3+2), 

P(*yO) 

3 

1 

6 »* 


6(-3 /m) 






3i, 3, 

P(xyi) 

3 

2 

6 ,*. 6 .‘, 6 ,«, 6 ,‘ 

4 

4,1 

P(xyO) 

2 

1 



4>, 4, 

4, 

P(xyf) 
P(.xy 1) 

2 

2 

2 

2 


6 

6 

P(xyO) 

1 

— 



6i, 6. 

P\xy 1 ) 

1 

— 



6., 6. 

W*yl) 

1 

— 



61 

PM) 

1 

— 



Table II 





n 



2 

3 

4 

6 


1 

1 



5 

2 f 

v3 f 

2 r 

r 

i 

<P 

<pd=30° 

^d=45° 

60° 

Shrinkage factor 

1 

2 

1 

v3 

v2 

”2 

1 

Rotation 

0° 

30° 

45° 

60° ©0° 

simplified case. This 

has 

interesting 

conse- 


quences. Since identical implications are plotted 
about non-equivalent axes, the latter take on 
the characteristics of translation equivalence in 
the implication diagram. This diagram therefore 
always has shorter translation periods than the 
crystal (except in the case* of w = 1). 

Table I succinctly summarizes some important 
properties of the Harker diagrams and implica¬ 
tion diagrams for the several axial symmetries. 
Unfortunately, for n> 3, one cannot deal with 
sets of parallel axes of equal n. This is because 
the powers of the operatic >ns of such axes form 
subgroups of lower n. In the last column of Table 
I a superscript, r, appended to the symbol of a 
symmetry axis, designates a subgroup composed 
of the rth, 2 rth, 3 rth, etc., powers of the funda¬ 
mental operation of the axis. All subgroups on 
the same line are identical in character with the 
group indicated by the symbol in column 2. 
The arrangement is intended to bring out the 
fact that for purposes of constructing and in¬ 
terpreting Harker and implication diagrams, 
atoms related by a 6i axis, for example, can be 
studied by the Harker synthesis P(xy\)\ or by 
the synthesis P{xy \), thus studying, in implica¬ 
tion, atoms related by the second power of the 
operation of the screw; or by the synthesis 
P(xy», thus studying, in implication, atoms re¬ 
lated by the third power of the operation of the 
screw. Harker’s original paper recommends the 
last two cases. The study should always be made 
by P(xyl) t however, for the ambiguity factors are 
very different, namely 1, 3, and 4 for the powers 1, 
2, and 3, respectively. When the implication of 
P(xyi) is prepared, there is no ambiguity due to 
translation, and the implication diagram is a map 
of the crystal structure projected on the plane 
normal to the sixfold axis. 
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Crystal 

Projection 


Harker 


Implication 





Fig. 5. Relation* between the symmetry elements of the crystal, Harker diagram, and implicatioH diagram for the 
four poasibje values of n. The outlines of the crystal cells are indicated by broken lines. The figure shows the domains 
(outlines in full lines) of the Harker synthesis and their transfer to the implication diagram for each case. The locations 
of new symmetry in’ the implication diagram for the case of primitive cells are indicated by outlined symbols. 
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CONSTRUCTION OF IMPLICATION DIAGRAMS 

It is evident that an implication diagram can 
be constructed by taking the desired features, 
such as peaks, of the Harker diagram and trans¬ 
forming these, point by point, to an implication 
diagram. A better way of handling the manipula¬ 
tion, however, will be evident from the following 
discussion. 

It will be observed from (5) that every point 
on the Harker diagram transforms into a point 
on the implication diagram by a shrinkage of its 
radial polar coordinate and a rotation of its 
azimuth. The shrinkage and rotation are con¬ 
stant for a given value of the axial symmetry 
parameter, n. The specific values of shrinkage 
and rotation for various values of n are given in 
Tab!'* II. 

Evidently an implication diagram can be 
plotted from the Harker synthesis by transforma¬ 
tion of the polar coordinates of the synthesis. A 
practical way of performing this is to plot the 
Harker synthesis to a scale reduced by the cor¬ 
rect radial factor of Table II, rotate the plot by 
the correct angle given in Table II, and lay 
down the resulting plot on the m locations of 
similar axes discussed under “Ambiguities Due 
to Translation. M The implication diagram con¬ 
structed in this way shows all the detail of the 
Harker synthesis, instead of just the peaks. 

No interpretation need take place up to this 
stage. Any proposed crystal structure can then 
be plotted directly on the features of the implica¬ 
tion diagram. 'Phis procedure has the advantage 
of deferring any decisions about the meaning 
of doubtful features of the Harker diagram until 
they can be tested directly in comparison with 
the features of the proposed crystal structure. 

Figure 5 shows the relations between sym¬ 
metry elements in the crystal, the Harker dia¬ 
gram, and the implication diagram for the four 
possible values of n for pure axial symmetry. 
This figure also shows domains in the Harker 
synthesis and their transfer to the implication 
diagram for the several axial symmetries. Sym¬ 
metry elements in the implication diagram shown 
in outline represent locations of symmetry not 
present in the crystal. Cell outlines are shown in 
broken lines. 


SATELLITIC PEAKS ON IMPLICATION DIAGRAMS 

Satellitic Peaks Due to Powers of 
Rotation Operations 

The groups of operations represented by axial 
symmetries (pure rotations, screws, and roto- 
reflections) are cyclical. Hence only powers of 4 the 
fundamental operation are members of the group. 
This gives rise to important consequences. In 
the case of screw symmetry, each atom can only 
be related by any selected operation of the screw 
to two other atoms, namely, one atom above 
and one atom below. There are thus only two 
Harker vectors from the atom due to this oper¬ 
ation and its reverse. The two vectors have equal 
length and diverge by an angle of r — a = x — 2*/n. 
For the case of n = 2, the two vectors coincide, but 
they are distinct for all other cases. Thus, unless 
further complications occur, implication diagrams 
for screws are comparatively simple, and indeed, 
each peak on the implication diagram is the 
location of an atom, except for ambiguities. 

No further complication occurs for symmetries 
with « — 2 or 3, nor for the screws 4 lf 4a, 4j, 6i, 
and 6*. Unfortunately, however, complications 
do arise for the axial symmetries 4, 6, 6 2 , 6 S , and 
6 4 . This is due to the fact that for these five 
symmetries (Fig. 6) there occur in the same 
plane not only the atom related to the original 
atom by the first power of the symmetry opera¬ 
tion, but also one or more additional atoms re¬ 
lated to the original atom by higher powers of 
the same symmetry operation (possibly reduced 
by a translation parallel to the axis). This gives 
rise to Harker vectors in addition to the two 
mentioned in the last paragraph. The several 
cases are illustrated in Fig. 6. 

The additional vectors complicate the in¬ 
terpretation of Harker syntheses. The implica¬ 
tion diagrams not only contain peaks at location 
of atoms, plus their ambiguities, but also addi¬ 
tional peaks where there arc no atoms. Of course, 
implication diagrams for such symmetries are 
easily interpreted if the crystal contains only one 
set of equivalent atoms, an extremely rare case 
indeed. In the more usual case of a crystal con¬ 
taining several sets of atoms, the diagram is 
more difficult to interpret. The interpretation is 
aided by taking account of the relations between 
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the multiple sets of points, both with regard to 
geometry and comparative intensities. 

The confusion due to the multiple sets of 
points is mitigated, for the symmetries 6 *, 6 S , 
and 64 , by the fact that Harker syntheses can 
be prepared for these symmetries for powers 
other than the first power. Thus, the symmetry 
63 can be treated as 6 s 2 by using P(xyO). The 
implication diagram then has the characteristics 
of n = 3. Similarly, the symmetries 6 s and 64 can 
be treated as 6 s* and 64 * by using P(xyO). The 
implication diagrams then have the character¬ 
istics of » = 2. Each of these treatments involves 
the ambiguities characteristic of its «. It is 
possible to make use of this change in character 
of the ambiguity so as to provide a criterion for 
discarding satellitic j>eaks. This can be done by 
preparing implication diagrams for the several 
different powers of the same operation. Each 
implication contains the true implication plus a 
false implication due to ambiguities plus satellitic 
peaks. The peaks which these* diagrams have in 
common are the true locations of the atoms, the 
false ones being, in general, different on the 
implication diagrams prepared for two different 
|x>wcrs of the operation. 

The characteristics of the possible implication 
diagrams can be formulated by considering the 
implication diagrams of the possible axial space 
groups instead of merely the individual axes. 
There are 21 space groups involving only opera¬ 
tions about sets of axes parallel to a single line. 
The characteristics of the implication diagrams 
of these groups arc set forth in Table III. The first 
column of this table lists the Hermann-Mauguin 
symbol of each of the 21 parallel-axial space 
groups. The second column provies the possible 
Harker sections for each such space group. The 
third column gives the possible values of n for 
which the implication can be constructed. For 
each of these values the axial symmetries and 
their ambiguity factor are listed in the next two 
columns. In the last column are shown the sub¬ 
groups (if any) of the space group which give 
satellitic peaks in the implication diagram for 
that implication construction. 

The table brings out the point that for several 
parallel axial space groups there exist implica¬ 
tion diagrams which have neither translation 
ambiguity (i.e., n* 1 ) nor satellitic peaks (no 


interfering subgroups). These are R3 , 7/6i, and 
// 6 ». The perfection of R3 in this respect is 
marred by the fact that there is an ambiguin 
due to centrosymmetry. The group 7?3, however, 
is perfect in this respect. Evidently all axial 
space groups' having R5, H 6 lt or H 61 as sub¬ 
groups have implication diagrams whose |x?aks 
are located at the positions of the atoms in the 
crystal structure. Thus implication diagrams 
exist for the following space groups which are 
maps of the crystal structure: RS, 776 i, H 6i2, 
7 / 65 , 7 / 632 . The following axial space groups have 
trigonal implication diagrams which are maps of 
the crystal structure plus a ccntrosymmetrical 

Table III. 
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• • 

Fig. 7. The appearance of satellite peaks due to reflection symmetry. The relative 
heights of the peaks are indicated by small numerals on the implication diagram. 


ghost: R3 t R32, and all the axial isome ric space 
groups, namely P23, F23, 123 , P2i3, /2i3, P43, 
P4,3, F43, F4i3, 743, P4 S 3, P4,3, and 74i3. 
Further useful information of this character is 
assembled in Table IV. 

The conclusions of this section can be sum¬ 
marized as follows: For 18 of the 21 possible 
parallel-axial symmetries (i.e. f all symmetries 
except P4, 74, and 776), there exists an implica¬ 
tion diagram which is a map of the crystal struc¬ 
ture repeated m( = 4, 3, 2, or 1) times by transla¬ 
tion (and, in the case of trigonal crystals lacking 
a center of symmetry, repeated again by in¬ 
version). For each axial space group containing 
one of these parallel-axial space groups as sub¬ 
groups, therefore, there exists an implication 
diagram which is a map of the crystal structure 
plus m —1 ghosts (all repeated by inversion in 
the case of trigonal crystals lacking a center of 
symmetry). For the three axial symmetries P4, 
74, and 776, all possible implication diagrams 
contain, in addition, one or more times this 
number of satellitic peaks due subgroup 
operations. | 

*5 

Satellitic Peaks Due to Reflection Symmetries 

The addition of reflection symmetry in planes 
normarto the symmet«y axes does not give rise 
to any additfdhal peaks. The addition of sym¬ 
metry planes parallel to the symmetry axes may 
or may not fe^xurise to satellitic peaks on implica¬ 
tion diagrams. For purposes of discussing this, 
suppose that all symmetry axes are regarded as 
screws-(the screw component of which may be 


zero in the special case of a pure rotation axis) 
and that all symmetry planes are regarded as 
glide planes (the translation of which may be 
zero in the special case of a pure reflection plane). 
Suppose that the Harker synthesis, 


is made for a translation component, 1 /w, of the 
screw. Then, if the symmetry plane does not 
also have a translation component, \/w, it does 
not provide additional atoms separated by this 
level difference. Hence it does not give rise to 
new interatomic vectors of this separation, and 

Table IV. 


Symmetries without satellitic peaks 

Translation 
Total Centro- ambiguity 

ambiguity symmetry factor, 

factor factor m Parallel-axial groups 

1 1 1 /f3, Hti, Hfn 

2 2 1 Ri 

2 1 2 C2, Ii, P4,, P4», P4 t , 14, 

i I i Hi, Hi,, Hit, H6A 

4 1 4 P2, P2, t PiH6,,\ //6,t 


Symmetries with satellitic peaks 

Number of Translation 

sets of ambiguity 

satellitic factor. Parallel-axial 

peaks m groups 

~f I 14, 

1 2 P4 

2 1 #6t,* H6f 

3 1 Ht 


* Subgroup is without satellitic peaks, 
t Subgroup only. 
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Fig. 8. The relations between peaks and satellite peaks for the symmetries 2mm, 3m t 4 mm, and 6mm. 
The relative heights of the several peaks, where these are different, are indicated by small, numerals on 
the implication diagram. Points and symmetry not present in the crystal are indicated by outlined symbols. 
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consequently no new peaks appear on the Harker 
synthesis, 

In this case the implication diagram is a map of 
the crystal structure, with the exception of the 
ambiguities and satellitic peaks already dis¬ 
cussed. Important cases of this are two-, three-, 
four-, and sixfold axes combined with parallel 
glide planes whose glide component is c/2. 

If, on the other hand, the translation com¬ 
ponent of the screw axis and the axial component 
of the glide plane are the same, the reflection 
symmetry introduces additional atoms at the 
same level, and the Harker syntheses contains 
peaks representing vectors from each ijom both 
to its rotation and its reflection equivalent. It 
is convenient to divide the discussion of such 
instances into two cases, according as the plane 
contains the axis or is parallel with the axis. 

Symmetry Plane Containing Symmetry Axis 

Figure 7 shows the simplest example of this 
case, namely a rotation and reflection combina¬ 
tion in which only one plane has the same transla¬ 
tion component as the axis. This example may 
serve as a basis for the development of more 
complicated examples. The solid circles and 
double circles each constitute sets which, in 
themselves, are related by the twofold screw 
only. The interatomic vectors for these sets 
within themselves are the usual ones, and are 
shown in the general positions of the correspond¬ 
ing Harker and implication diagrams. There is 
only one other kind of interatomic vector intro¬ 
duced by glide plane, namely a vector at right 
angles to the plane; this is shown in the lower 
part of the crystal diagram. Such ^ >pctor always 
gives a point in a specialized iltfc&tion on the 
Harker-and implication diagrams, namely on the 
central line at right angles to the plane. Its 
coordinates are 2 jc, 0 on the Harker diagram for 
the situation shown, but xfi on the implication 
diagram. Sin<$ thfe relation of scale on implica¬ 
tion to Harker varies with n, it is better to ob¬ 
serve th6*gefieral geometry of the location of 
this satellitic^int with respect to the true impli¬ 
cation points than merely the coordinates of the 
satellitic points* 


In Fig. 8 are shown the relations between the 
atoms in the crystal, the Harker diagram, and 
the implication diagram for the important cases 
of reflection planes containing the several n-fold 
rotation axes. The Harker diagram in each case 
is derived in a manner similar to the simple 
case just treated: The atoms are first regarded 
as divided into two axially symmetrical sets. 
The two sets are related to one another by the 
several reflection symmetries of the planes. The 
total number of interatomic vectors in the two 
sets consists of (a) the vectors within each set 
due to axial symmetry, plus, (6) the vectors 
from one set to the other due to each reflection 
plane. The first collection of vectors, (a), lo¬ 
cates, in the implication diagram, just the posi¬ 
tions of the atoms in the structure (plus attend¬ 
ant ambiguities characteristics of n, and satellitic 
peaks previously discussed). The second set of 
vectors all lie in special positions, namely on 
lines in the Harker diagram at right angles to 
the plane producing the vector in the crystal. 
In the implication diagram, this line is rotated 
out of normality with the plane prtxlucing the 
points by an amount characteristic of the number 
n (see Table IJ). This rotation places the line 
normal to another plane of the centrosym- 
metrical group. The peaks at the ends of these 
vectors on the implication diagram do not repre¬ 
sent possible positions of atoms. They can be 
recognized by their geometrical relation to the 
peaks in the general position. In the diagrams of 
Fig. 8, the derivation of the satellitic peaks on 
the Harker diagram due to a single reflection 
plane of the symmetrical set is given. Vectors 
represented by solid lines are those due to re¬ 
flection. Vectors represented by broken lines are 
certain ones due to axial symmetry which are 
included to show the relation of rotation vec¬ 
tors to reflection vectors in producing the ge¬ 
ometry of the pattern of true and satellitic 
peaks. Note that for n> 3, both axial and re¬ 
flection vectors occur for powers of operations. 
These are shown in bracketed sets in the left 
column of Fig. 8. 

The method of analysis of diagrams having 
axes with intersecting reflections is indicated in 
the right column of Fig. 8. To relate satellitic 
peaks to non-satellitic peaks caused by the same 
symmetrical set of atoms, first locate the non- 
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Fig. 9. The possible combinations of twofold screws with parallel reflections! and their implication 
diagrams. Points and axial symmetry in the implication diagram which have no counterparts in the crystal 
are shown by outlined symbols. 
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satellitic peak. Unless the atom is in a special 
position on one of the reflection planes, this is 
the peak in the general position closest to the 
origin. From this peak, drop a pair of lines to 
each of the two nearest symmetry planes of the 
crystal (for «*3, ignore the spurious extra 
planes introduced by centrosymmetry; they can 
be identified by not containing satellitic peaks) 
and making angles with the plane of 90° for 
n™2, ±60° for n= 3, ±45° for »=4, or ±30° for 
n = 6. (For n**2, these two lines coincide, causing 
a satellitic peak of double height.) At the points 
of intersection of the two lines with each sym¬ 
metry plane lie the two satellitic peaks due to 
reflection for »=2, 3, 4, or 6, respectively. 

This completes the process for n = 2 < r 3, but 
for 4 or 6, there are further satellitic peaks 
due to powers of the operation and their at¬ 
tendant reflections. The following directions for 
analyzing these additional peaks rest on the 
fact that (left column of Fig. 8) for the fourfold 
case, a reflection vector is common to the two 
zones n=4 and « = 2, while for the sixfold case, 
a reflection vector is common to the two zones 
»»6, »=>3, and another is common to the two 
zones » *= 3, n=»2. Thus the outer reflection peaks 
just found are also related to the required axially 
satellitic peaks. For the fourfold case, draw a line 
at right angles to each of the two non-equivalent 
reflection planes at the positions of the outer 
satellitic peaks, found as described above. These 
two lines intersect each other in the axially 
satellitic peak. This completes the analysis for 
the fourfold case. For the sixfold case, the first 
subgroup has «—3. To find the axially satellitic 
peak corresponding with this, drop lines from 
the two outer reflection-satellitic peaks (one on 
each plane) as found above, each lipfe making 
an angle of W’jjrith its plane, tW IP** converg¬ 
ing outward. '1 jrese intersect in an axially satel¬ 
litic peak due to the subgroup with »«3. Com¬ 
plete the ft«3 diamonds, thus locating the «=*2 
reflectiqgpeateliitic peaks at their outer points. 
At these draw perpendiculars from the planes. 
Their intersections are the »—2 axially satellitic 
peaks. Thlv^l^ip^etes the process for the sixfold 
case. 

In this manner, starting with a peak in a gen¬ 
eral position, all satellitic peaks caused by the 
same symmetrical set of atoms can be located. 


Thus located, satellitic peaks can be discarded 
and only non-satellitic peaks need be considered 
in the further analysis of the implication diagram. 

By giving attention to the geometrical rela¬ 
tions between rotation and reflection peaks on 
implication diagrams, such diagrams can thus be 
easily interpreted for cases where the axis con¬ 
tains the plane. The only theoretical difficulty 
arises when the atoms responsible for the peaks 
are not in the general position but rather are 
located on the specializedjposition on the line 
through the axis and normal to the plane. When 
this occurs, the peak due to such an atom is 
correctly located on the implication diagram, 
but the location superficially suggests that the 
peak is satellitic. It can be distinguished from 
the reflection-satellitic peaks just discussed be¬ 
cause it is not geometrically related (in the man¬ 
ner discussed) either to ( a ) peaks in the general 
position, or ( b ) to other peaks on its own sym¬ 
metry line. 

Symmetry Plane Parallel with Axis 

Even when the symmetry plane does not con¬ 
tain the axis, the positions of reflection-satellitic 
peaks are confined to specialized locations so 
that these can be recognized. Several simple 
cases involving twofold‘screws and representa¬ 
tive kinds of reflections are shown in Fig. 9. 
Two different kinds of cases can be recognized. 
In general, the atoms of a set o lt o s , o» . . ., are 
related by the operations of rotation, and this 
set is related to another set, a u , a*,, a*. . . ., by 
the operation of reflection. If the Harker syn¬ 
thesis is carried out (symmetry permitting) so 
that vectors 1 —Is, 2—2s, 3—3s . . . result, 
then the reflection-satellitic peaks are confined 
to a line normal to the reflection plane (Fig. 9a 
and 9b), a situation similar to that resulting 
when the reflection plane contains the axis, as 
discussed in the last section. 

A slightly different situation 6ccurs when the 
Harker synthesis is carried out so that vectors 
other than l-*-Is, 2—2s . . . result. Figs. 9c 
and 9d illustrate cases containing twofold axes 
where vectors 1—2s, 2—Is result. This general 
situation can be analyzed as follows: Let the 
operation of rotation relate ai to a y, of which the 
corresponding atoms by reflection in the plane 
are a u and ay.. Let the Harker synthesis be car- 
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ried out to that vector j—ls results. Now ay is 
related to at* by a combination of a rotation 
(to ai) followed by a reflection (to Ou). This 
combination is equivalent to a reflection in some 
other plane of the space group making an angle 
with the first of i(a t Aa*). Thus the vector 
j—ls is normal to this plane, and the reflection* 
satellitic peak again appears in the implication 
diagram on a line normal to some reflection plane 
in the space group. 

In both the above instances, if the glide of the 
reflection operation has a component normal to 
the axis of amount g (Fig. 9b and 9d), then the 
reflection-satellitic peaks are still on a line normal 
to the reflection plane, but are displaced by an 
amount g/2 from the axis. 

INTERPRETATION OF IMPLICATION DIAGRAMS 

The conclusions arrived at in the foregoing 
discussions may be summarized in more compact 
form as follows: Implication diagrams may be 
prepared for any space group involving axial 
symmetries with or without additional reflec¬ 
tion symmetries. The diagram is a map of the 
crystal structure, usually, but not always, com¬ 
plicated by the presence of peaks not correspond¬ 
ing with any atoms in the crystal strurture- 
These unwanted peaks may be divided into two 
categories, namely ambiguities and satellites. 

The ambiguities are, in effect, ghost images of 
the crystal structure repeated by inversions (in 
the case of threefold axes only), and translations 
(not the translations of the space group). The 
second kind of ambiguity is a consequence of the 
translational symmetry of crystals. The number 
of ghosts and their placement, arising from this 
cause, is a function of the number of operations 
in the axial symmetry group. It is usually im¬ 
possible to resolve this ambiguity. 

Satellitic peaks differ from ambiguities in that 
they are not ghosts. They invariably occur in 
positions where they can be recognized and re¬ 
jected. They are of two kinds: rotation-satellitic 
peaks and reflection-satellitic peaks. The rota¬ 
tion-satellitic peaks occur in a special pattern, 
geometrically related to non-satellitic peaks. 
The reflection-satellitic peaks are concentrated 
in lines normal to reflection planes, and also 
occur in recognizable patterns. 

Satellitic peaks are missing in space groups 


characterized by purely axial symmetries of cer¬ 
tain sorts. They are absent when the Harker 
synthesis can be made for the following axial 
symmetries: 2, 2i, 3, 3j, 3s, 3—3+2, 4i, 4s, 4,, 
i, 6i, 6|, and 3—3/m. They are also absent for 
certain Harker* syntheses of 6s, 6s, and 6«. They 
are also absent for certain axial symmetries 
combined with glides having translation com¬ 
ponents parallel with the axes. For all such cases, 
the interpretation of implication diagrams is 
comparatively simple, for the implication dia¬ 
gram is the crystal structure plus m—1 ghosts. 
(The value of m is given in Table I.) 

The value of m is unity for sixfold axes. As a 
consequence of this, space groups containing the 
two kinds of sixfold screws listed in the last para¬ 
graph are without ghosts. For this reason, the 
implication diagram is a map of the crystal 
structure for the particular space groups #6i, 
/76», H6i2, and #6,2 (CV, C.», 2V, and ZV, 
respectively). This is also true of J?3, except that 
the implication of this group has a Harker peak 
at the origin. This opens the possibility of solv¬ 
ing the structures of crystals belonging to such 
space groups, no matter how large the cell. 

In addition to the ambiguities and satellitic 
peaks, each Harker synthesis for P(xyO) has a 
satellitic peak at the origin. This is not true for 
syntheses 



where l/w is different from zero. For this reason, 
other things being equal, the latter synthesis is 
to be desired. If it is desirable for other reasons 
to utilize P(xyO), then the additional synthesis 

should also be carried out if possible merely to 
locate a possible atom at the origin. 

SPACE GROUP DETERMINATION BY 
HARKER SYNTHESIS 

It is generally recognized that ordinary x-ray 
diffraction studies do not provide criteria for 
distinguishing the 230 space groups from one 
another in all cases. Rather, one is able to dis¬ 
tinguish 121 diffraction groups' from one an- 

‘M. J. Buerger, X-Ray Crystallography (John Wiley 
and Sons, New York, 1942), p. 510-511. 
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other. Where a diffraction group contains only 
one space group, then that space group is 
uniquely characterized, otherwise not. This is 
fundamentally because such methods depend on 
extinctions, which are able to detect symmetries 
with translation components only. Thus it is 
impossible to distinguish between 1, 2, and m, 
between 4 and 1, or between H3ml and H3im. 
For example, within the diffraction group 

mmmP -, the sqme extinction effects and 

other qualitative diffraction effects are given by 
JP222, Pmml, and P2/m 2/m 2/m. 

Harker synthesis may be described as quanti¬ 
tative x-ray crystallography, since by its aid it 
is possible to distinguish all space groups except 
pairs differing only by an inversion. In other 
words, by means of Harker synth^toes, it is 
possible to push x-ray crystallography to the 
limits set by the fact that diffraction effects are 
centrosymmetrical. This is because a Harker 
synthesis provides unique characterizations of 
the symmetry elements m, 2, and 4 vs. i, as well 
as of other symmetry elements. This is an out¬ 
come of the fact that x-ray data is utilized in a 
quantitative way as against the qualitative cri¬ 
terion based on the mere presence or absence of 
reflections used in ordinary x-ray crystallography. 
Harker synthesis provides these space group cri¬ 
teria without any attempt being made to interpret 
the synthesis for the locations of the atoms. 

To give an example of the way the synthesis 
can be used in space group identification, sup¬ 
pose one has a crystal belonging to the diffrac¬ 
tion group mmmP -. The possible space 

groups are P222, Pmml, and P2/m 2/m 2/m. The 
distinction between these can be settled on the 
basis of reflection-satellitic peaks. Representing 
the presence of sateliitic peaks by 5 and their 
absence by 0. the Harker synthoM for the sev¬ 
eral axes give the following^dombinations of 
sateliitic pt4Rs: 

P222 000 

m Pmml * 552 

^ fl/mH/m 2/m 555 

It is even easier to distinguish between such 
cases a»'lpp|g£and H3tm. The distinction be¬ 
tween these two depends on whether the sym¬ 
metry planes are parallel to the long diagonal or 
the sjrort diagonal of the cell. In Fig. 8, the right 


column shows that the threefold case has syn\v 
metry planes parallel to both directions, but mf 
true symmetry plane is marked on the impHcaf^fd 
diagram by containing the sateliitic peaks, ppf 
false symmetry planes lack the sateliitic peaks. 
(On the Harker diagram the situation is re¬ 
versed.) Since the long and short diagonals are 
easily distinguished on the implication diagram, 
this analysis quickly fixes the space group. 

NON-HARKER BACKGROUND 

Although Harker pointed out* that certain 
one-dimensional and two-dimensional Patterson 
syntheses could be used to find interatomic vec¬ 
tors between atoms not related by symmetry, it 
will nevertheless be convenient to adopt the 
following nomenclature: 

Harker peak: a peak corresponding to an interatomic 
vector between symmetry-equivalent atoms. 

Non-Harker peak: a maximum corresponding to a vector 
between atoms or parts of atoms which are not 
symmetry-equivalent. 

One of the confusing aspects of Harker and im¬ 
plication diagrams is that they contain a non- 
Harker background. This is always present in 
varying degree. Its characteristics may be such 
as not to seriously affect the interpretation of the 
diagram, or, on the other hand, it may furnish 
peaks of magnitude equal to, or greater than, the 
Harker peaks. Since one does not usually know 
at the outset of the analysis of a crystal structure 
which of these cases he is dealing with, it is 
dangerous to assume that every peak occuring 
on a Harker or implication diagram is a Harker 
peak. This point is emphasized here because 
there appears to be a prevailing opinion that any 
peak on a Harker diagram is a Harker peak; or, 
if non-Harker peaks are recognized at all, that 
at least all strong peaks are Harker peaks. 

Non-Harker background would be absent, ex¬ 
cept for special cases such as mentioned beyond, 
if atoms were composed of matter concentrated 
at discrete points. The background arises from 
the circumstance that the electronic matter of 
atoms is distributed over a comparatively large 
volume. For pairs of symmetrically equivalent 
atoms, every point in one atom is separated from 
a corresponding point in the other atom by the 
translation component of the symmetry opera¬ 
tion. But there are usually parts of the volumes 
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of pairs of atoms not related by symmetry which 
arc separated by the same translation. The in¬ 
tegration of the Patterson function extends over 
the entire height of symmetry-equivalent atoms, 
but only over as much of the height of non¬ 
equivalent atoms as overlap by the translation 
component of the symmetry element. This effect, 
of course, usually causes the peak due to the in¬ 
teraction between non-equivalent atoms to be 
comparatively weak compared with that due to 
equivalent atoms. The difference is augmented 
by the fact that the dense centers of equivalent 
atoms interact, while in the case of a pair of 
non-equivalent atoms either the diffuse periph¬ 
eries interact, or at best, the dcnSe center of one 
interacts with the diffuse periphery of the other, 
unless the atoms are fortuitously separated by 
exactly the translation component of the sym¬ 
metry element. 

Vet non-equivalent atoms can give rise to 
strong peaks. For example, suppose that a very 
heavy atom is on the symmetry axis. Its Harker 
representation may be a peak at the origin which 
is not distinct from the origin peak. The Harker 
diagram selected for this axis will contain strong 
non-Harker peaks if any other atom has a co¬ 
ordinate differing from that of the heavy atom 
by ,the translation component, 1 /w, of the syn¬ 
thesis, and the peak will also be strong if its 
coordinate has approximately this value. 

Furthermore, in simple structures, or in struc¬ 
tures derived by substituting different atoms in 
simple structures (substitution structures), pairs 
of atoms not symmetrically related may occupy 
levels differing by 0, J, J, }, or J, which are the 
level differences utilized for finding interatomic 
vectors between symmetry-equivalent atoms for 
various axes. In these instances, intense non- 
Harkcr peaks appear on the Harker diagrams. 
While it is not generally possible to distinguish 
between Harker and non-Harker peaks, the 
latter should be suspected in crystals of simple 
structure and in crystals expected to show sub¬ 
stitution relation to simpler structures, for ex¬ 
ample superstructure crystals. In syntheses in¬ 
volving satellitic peaks, the non-Harker peaks 
are not accompanied by satellitic peaks located 
in the same way as those to be expected for the 
particular implication. Inthese c&ses, non- 
Harker peaks can be recognized. 


HEIGHTS OP HARKS* PEAKS 

It will be recalled that the value of the three- 
dimensional Patterson function at a point, 
P(xyz), is the average value of the product of 
the electron densities .at the ends of a vector 
defined by a line extending from the origin to 
the point xyzr, as the vector, fixed in direction 
and length, is allowed to range over the volume 
of the cell. For a pair of atoms, A, related by 
symmetry, the two atoms at opposite ends of the 
vector, are the same, and the height, H, of the 
Harker peak, above any non-Harker background, 
is given by 

Ha«(pa%u* (6) 

where (pa s )<»ii * is the average squared density 
of the atom A, the average being taken over 
the cell. Now, the average over one volume 
differs from the average value over another 
volume merely by a scale constant. It is possible 
to determine (pa*)» * the average squared density 
of the atom over an arbitrary volume, v, provided 
only that the arbitrary volume is greater than 
that of any atom which might come up for con¬ 
sideration. For any cell, the peak height, Ha, 
due to the Harker interaction between a pair of 
identical atoms can then be expressed 

//a-*(pa*W (7) 

The proportionality constant holds for all atoms 
in the cell, but changes when a new cell is con¬ 
sidered. The value (pa*)* * is characteristic of an 
atom, and the interpretation of Harker diagrams 
would be aided by a list of such values for the 
several chemical atoms. 

The function (7) has a high value for compact 
atoms and a small value for diffuse atoms. Con¬ 
sequently, Harker peaks tend to be high for the 
compact cations and low for the diffuse anions. 
Thus, for the silicates, the silicon and oxygen 
atoms, which are approximately isoelectronic, 
provide Harker peaks between which there is 
great contrast. Indeed the oxygen peaks are 
swamped by background. Peak contrasts in 
such cases are even more pronounced than the 
peak heights would lead one to believe, for the 
background contrast is enhanced by the fact 
that atoms with large volumes have peaks which 
decline gradually over larger areas than peaks 
due to small atoms. 
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Dissociation Energies of Surface Films of Various Oxides as Determined by 
Emission Measurements of Oxide Coated Cathodes* 
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A mechanism of falling emission in vacuum tubes is discussed. It is demonstrated that when 
an electron achieves a critical kinetic energy in moving from the cathode to the anode, and if 
the anode is an oxide, the electrons will cause a dissociation of the oxide. The liberated oxygen 
will return to the cathode and falling emission will result. The critical energy of the electron* 
starting the dissociation is found to be equivalent to the heats of formation of the oxides bom¬ 
barded in the case of five different oxides. Using this equivalence principle, the heats of forma¬ 
tion of two compounds are found which have not been recorded in the literature, Ta«0< and 
ZrO. In addition, the contact potential between barium oxide cathodes and seven various 
oxides are determined and the work function of the seven oxides computed. 


PART I v 

Introduction 

Fj'OR some years it has been well known that, 
when a metallic oxide, such as nickel oxide 
or copper oxide, is bombarded by electrons, this 
oxide will decompose releasing large quantities 
of gas. If such bombardment of an oxide takes 
place in a vacuum tube, this may result in 
“gassy” tubes and “low emission” tubes. 1 
Usually, the emission in the tubes will noticeably 
decrease and the gas pressure may increase. This 
falling emission will be shown in a series of 
experiments later in this papeV. Although it has 
been thought that oxides decompose upon elec¬ 
tron bombardment, there has not been very 
much reported as to the fundamental manner by 
which the phenomenon of the release of gases 
from oxides upon electron bombardment occurs. 

In this report, we shall propose an hypothesis, 
and then subject this hypothesis to experiment. 
An electron in motion will have a certain kinetic 
energy. When this electron bon*1 4 ttd s a surface 
film of it transfer* tin*'energy to the 

bombarded material. As the kinetic energy of 
the electron 'reaches a critical value, the oxide 
will decompose. We propose that the critical 
energy of the electron required for decomposition 
of the oxide ^forresponds to the heat of formation 

*Sum|Mri* 0 ? thesis submitted in partial fulfillment of 
the the degree of doctor of philosophy 

at Nw^aPraTverBity, July 10, 1945. 

** The author Is now employed at Syivania Electric Pro¬ 
ducts, Inc.. Kew Gardens, New York. 

l L. B, Hesdock and E. A. Lederer, Phys. Rev. 50, 
1094,(1936), 


of one molecule of the oxide. We shall determine 
the energy of decomposition by bombarding the 
oxide at various applied voltages and observing 
emission from an oxide coated cathode. As the 
bombarded material emits gases, these gases 
“poison” the oxide coated cathode and falling 
emission is observed as a function of bombarding 
voltages. 

If a relationship can be shown between the 
heats of formation of molecules and the energy 
required for dissociation, we shall be able to 
determine the heats of formation of molecules 
whose values have not been determined by 
physical chemical methods. However, before 
discussing the hypothesis further, we shall discuss 
in some detail the nature of alkaline earth oxide 
cathodes, since this is the tdol used throughout 
all of these experiments. 

A great deal of work has been done on the 
alkaline earth oxide cathodes during the nineteen- 
twenties and nineteen-thirties. It was found that 
because of an extremely low work function these 
materials produced a copious electron emission 
at relatively low temperatures.* These cathodes 
are usually composed of physical or chemical 
mixtures of barium oxide and strontium oxide 
(BaO+SrO). Sometimes, another mixture is used 
containing a third component in addition to the 
other two, calcium oxide (CaO). In the rest of 
this paper, we shall use barium in the written 
work, but it should be remembered that the 
properties of calcium and strontium can be 

1 A* Wehnelt, Ann. d. Physik 14 (1904). 
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described throughout in a somewhat similar 
fashion. We choose only to speak of barium 
since this is the component which has the lowest 
work function 1 and is most often referred to in 
the literature. 

To make an indirectly heated cathode, the 
alkaline earth carbonates are often sprayed on a 
nickel sleeve and mounted in a tube. During 
exhaust the cathodes go through a process known 
as “activation.” The cathodes are heated to 
about 1000°C and the carbonate decomposes 
according to the reaction 

BaCOa->BaCf+C0 2 . (1) 

The carbon dioxide is pulled out through the 
exhaust tubing leaving a deposit of barium oxide 
on the nickel sleeve. Upon further heating and 
application of voltage to tube elements, free 
barium is formed, some of which diffuses to the 
surface of the cathode in a process which will 
be discussed later. It is the presence of this free 
barium which is responsible for the low work 
function and high electron emission from the 
cathode. 4 In the “activation” of a cathode, there 
are many processes at work, all of which combine 
to form a sort of equilibrium. 

Some of the factors at work arc as follows. On 
the side of those factors producing free barium, 
we have 

(a) reduction by core metal, 1 

(b) electrolysis of the cathode coating,* and 

(c) reduction of the cathode by gases. 7 

Several factors have been indicated by experi¬ 
ments as hindering the production of free 
barium. 

(a) High voltage operation has brought about a loss of 
surface barium in the form of sputtering by ions 
formed from residual gases in the tubes. 8 


*J. P. Blewett, Gen. Elec. Bull. No. 1001 (December, 
1931). 

4 J. A. Becker and R. W. Sears, Phys. Rev. 38, 2193-2213 
(1931). 

• E. F. Lowry, Phys. Rev. 35, 1367-1378 (1930). 

• J. A. Becker, Phys. Rev. 34, 1323-1351 (1929). 

7 J. H. DeBoer, Electron Emission and Absorption 
Phenomenon (Cambridge University Press, Cambridge, 
England, 1935), p. 365. 

•A. W. Hull, Gen. Elec. Rev. 32, 213 and 390 (1929). 
Massachusetts Institute of Technology Department of 
Electrical Engineering, Applied Electronics (J. Wiley Sc 
Sons, New York, 1043). 


(b) Residual gases have been found chemically to com¬ 

bine with free barium. Furthermore, the barium 
oxide is quite permeable to these gases 9 ; i.e., 

2Ba+Or-»2BaO. (2) 

(c) Some free barium is continually being lost by evapo¬ 

ration. 19 

Thus we have a balance of factors, the slightest 
disturbance of which can cause large variations 
in emission. This balance was the indicator used 
in detecting at what voltages dissociation of 
oxides started to occur. 

PART n 

Method of Determining Critical Kinetic Energy 
of Electrons Required for Falling Emission 
to Occur 

A. Vacuum Tubes 

Tubes were made as per sketches in Fig. 1. 
These tubes consisted of a Nonex glass envelope 
with tungsten leads in which a rotating nickel 
cylinder that could be turned by a magnet 
outside the tube was assembled in the mount 
structure. On this cylinder was welded a strip 
of the metal to be investigated. This strip was 
as long as the cylinder and somewhat wider than 
the cathode. Great pains were taken to insure 
purity and lack of contamination of the strip. 

The metal strips chosen for test purposes were 
taken from metals such as are used for spectro¬ 
scopic standards. All free metal parts were 
acetone washed, rinsed in distilled water, acid' 
washed, distilled water washed, acetone-rinsed 
again, and hydrogen fired for ten minutes at 
800°C. During sealing, N, flushing gas and low 
fires were used to prevent oxidation. 

B. Exhaust 

The tubes were then sealed on an exhaust 
system and the metal was oxidized at exhaust. 

* J. A. Becker, Phys. Rev. 34,1323 (1939). Several tubes 
were made by the author containing an oxide coated 
cathode and a square anode (1 cmXl cm) a distance of 
} cm from the cathode surface. These tubes were placed 
on a vacuum system and emission measurements made. 
In the first tube with the pressure <Kone micron, the 
emission was 12pa at 5 v on the anode and 650 pa at 30 v. 

In the presence of 15 p of oxygen, the emission dropped to 
0 pa at both 5 v and 30 v. In the second tube, the emission 
read 15 pa and 360 pa at a pressure«one micron. In the 
presence of three microns of oxygen, the emission read 
.3 pa at 5 v and 1.9 pa at 30 v. All measurements were 
made at 7.0 v, .66 amp. on a 6.3-v filament. At lower 
wattages on the cathode filament the effect of oxygen was 
found to increase. 

“ L. R. Roller, Phys. Rev. 25, 671-676 (1925). 
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rotiti aiotol cylinder 


Uui imltft 



Cxthod* 

(oIom *pacing to woAo) 


Itetel strip to to studied 


Support wlru 

Fig. 1. Experimental tube for measurement of dissociation energies of surface films of oxides 


This exhaust system contained a mercury cut-off 
and an AgO flask. A high frequency furnace 
was used to heat treat the anode for 30 seconds 
at 800°C brightness in 500 p of oxygen. 


C. Method of Measurement 

The filament in the cathode sleeve was usually 
adjusted to roughly about half the rated vQltage, 
i.e., 3.5 v, .38 amp instead of 6.3 v, .65 amp. 
This would bring the temperature down to an 
estimated temperature region of 350® to 450°C. 

The metal oxide to be studied had been kept 
free of contaminations from the cathode activa¬ 
tion and a Jog by rotating u from the 
cathode. \f^r the cathode temperature was 
lowered, the sample was rotated by means of a 
magnet to a position directly in front of the 
ca tb &- The use of low cathode temperatures 
was essentia^ because 

(a) metalji^ evaporation from the alkaline earth cathode 

could tQ m minimum, and 

(b) theafiftftf oxygen in inhibiting emission was more 
marked with lower temperatures of the cathode. 


Atvoltage'was then applied to the anode and 
increased in i-volt qteps for one minute each. 




At lower voltages, the current would rise with 
the voltage and not decay with time; however, 
at a critical voltage, the emission would slowly 
start to fall. Beyond this voltage, the decay in 
emission became more marked. This critical 
voltage was noted. 

By varying filament currents, the cathode 
emission could be varied. It was found that 
falling emission is independent of the wattage 
but is only dependent on electron volts of energy 
applied. Furthermore, time was not important, 
for below the critical voltage, the emission could 
be maintained. 

Now the voltage applied is not the true 
measure of energy of the electron because of 
contact potential and thermal kinetic energy of 
the electrons. The true energy of electrons was 
approximated as follows. The measurement of 
falling emission was made. This was determined 
by the beginning of falling emission as recorded 
by a milliameter. The smallest amount of falling 
emission which could be determined by this 
instrument was in the order of one microampere. 
Therefore, the anode was biased down to that 
voltage (Ep) on the anode such that emission 
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from the cathode of one microampere was just 
reached. This latter voltage was arbitrarily called 
the retarding cut-off potential (£«). Then Ep—E, 
was used as the real potential (Fig. 2). 

Ep—E C =E real. (3) 

.These measurements were repeated several 
tim$s at different wattages and on several 
temples of similar types. In addition to this, a 
farther check was made on sample to insure 
thkt the same surface was being bombarded. 
This was done by measuring the contact potential 
between each surface and the cathode. If the 
contact potentials were the same from tube to 
tube of the same sample, the consistency of 
producing the same oxide surface could be 
further assured. 

The method of measuring the contact potential 
was done as follows. The filament voltage was 
still further lowered and both accelerating and 
retarding potentials were applied, emissions 
measured and extrapolated. Against this, ac¬ 
celerating potentials were applied and extrapo¬ 
lated (Fig. 3). 

The point at which these extrapolations meet 
was assumed to be the contact potential, for if 
there were no contact potential, the retarding 
potential would change to an accelerating po¬ 
tential at 0 volt (Fig. 4). 

Thus the shift in the theoretical curve is 
caused by a contact potential E contact between 
the work function of the barium cathode 0 and 
the work function of the oxide being studied 0', 
or in other terms, the difference in the work 
functions of the two materials 

<j>—<t>'=*E contact. (4) 

part m 
Data 

The data in Table I were taken on tubes, 



Fig. 2. Measurement of electron energy. /.—emission, 
Em —applied potential, R<— cut-off potential. 




Fig. 4. Ideal emission curve with no contact potential. 


anodes of which were prepared as in the discus¬ 
sion above. It might be pointed out that the 
values “critical potential” for falling emission to 
occur were independent of time, distance, and 
current density of the bombarding current pro¬ 
vided that the anodes were not caused to increase 
in temperature to any great extent. 

Figure S illustrates a typical case of how falling 
emission occurs as the voltage is raised. In this 
case the voltage was raised in 0.5-volt steps and 
held at each level for three minutes. The partic¬ 
ular sample being studied under bombardment 
was FeO. 

In the study of falling emission while bom¬ 
barding oxides with electrons at various voltages, 
the idea came up that if the oxides were re¬ 
sponsible for the falling emission, a clean metal 
surface would not cause falling emission when 
bombarded. 

In order to test this hypothesis, a tube was 
made with a copper strip on the anode. Instead 
of oxidizing this strip on exhaust, however, 
hydrogen was introduced and all parts of the 
anode were heated at 750°C for three minutes 
in 500 microns pressure of hydrogen. The gas 
was removed and the process repeated. After 
this treatment, the copper appeared very bright 
and it was assumed oxides were reduced. 

Here it was seen that with pure Cu (hydrogen 
fired at exhaust) there is no falling emission. 
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Table I. 


Tube 

No. 

Metallic 

oxide 

Filament 

voltage 

Potential 

applied 

falling 

emission 

Em 

Retarding 

cut-off 

potential 

Em 

Po¬ 

tential 

for 

falling 

emis¬ 

sion 

Er 

101 

FcO 

3.5 v 

7.0 v 

1.5 v 

5.5 v 

101 

FeO 

3.1 

7.0 

1.7 

5.3 

101 

FeO 

4.1 

6.5 

1.3 

5.2 

103 

FeO 

4.0 

7.0 

1.2 

5.8 

103 

FeO 

3.7 

7.0 

1.4 

5.6 

110 

FeO 

3.6 

7.5 

1.95 

5.55 

110 

FeO 

4.0 

8.0 

1.8 

6.2 

104 

CuO 

3.4 

4.5 

2.3 

2.2 

104 

CuO 

4.0 

4.5 

2.4 

2.3 

105 

CuO 

3.5 

3.5 

1.9 

1.6 

105 

CuO 

4.1 

3.5 

l* 1 * 

1.7 

106 

CuO 

3.3 

4.0 

1.9 ' 

2.1 

106 

CuO 

3.5 

4.0 

1.9 

2.1 

114 

MoO, 

4.1 

9.0 

1.5 

7.5 

114 

MoO, 

3.4 

9.0 

2.4 

6.6 

115 

MoO, 

4.0 

9.5 

2.2 

7.3 

115 

MoO, 

4.0 

9.5 

2.2 

7.3 

115 

MoO, 

3.3 

9.5 

2.4 

7.1 

116 

NiO 

3.6 

7.0 

4.2 

2.8 

116 

NiO 

4.2 

7.0 

4.0 

3.0 

117 

NiO 

3.4 

4.5 

1.8 

2.7 

117 

NiO 

4.0 

4.5 

1.7 

2.8 

117 

NiO 

3.2 

5.0 

2.2 

2.8 

118 

NiO 

3.5 

6.0 

3.8 

2.5 

118 

NiO 

4.1 

5.5 

3.3 

2.2 

216 

WO, 

3.3 

7.0 

2.1 

4.9 

216 

WO, 

3.7 

6.5 

1.8 

4.7 

218 

WO, 

4.1 

8.0 

3.1 

4.9 

218 

WO, 

3.2 

7.5 

3.5 

4.0 

218 

WO, 

4.5 

7.5 

2.9 

4.6 

203 

Ta,O t 

3.1 

7.5 

3.0 

4.5 

203 

- Ta,0, 

3.5 

7.0 

2.7 

4.3 

204 

TaP, 

3.4 

7.0 

M 

5.2 

204 

1 

3.1 

7.5 

2.5 

5.0 

214 

Ta4„y 

3.3 

7.5 

2.8 

4.7 

214 

Ta,0« 

3.7 

7.5 

2.3 

5.2 

210 

ZrO, 

3.5 

4.5 

2.6 

1.7 

210 ~ ZrO, 

4.1 

3.5 

2.2 

1.3 

211 

ZrO, 

4.1 

3.5 

1.2 

1.7 

211 

ZtOt' 

3.4 

4.0 

2.1 

1.9 

212 


, 3.6 

4.0 

2.2 

1.8 

212 


3.3 

5.0 

2.5 

2.5 

212X 

ZrO, 

3.3 

3.5 

1.4 

2.1 

212X 

ZrO,. . 

3.5 

3.5 

2.0 

1.5 





If anything, there seems to be a slight tendency 
towards rising emission. This may be caused by 
hydrogen still remaining in the copper metal or 
it may be caused by some other effect. In agy 
case, this shows that falling emission 'did not 
occur when the oxide was not present. 

Summary of Data 

In Table II we have listed the experimental 
value of the energy required for falling emission 
to occur. Next to this value is the value of the 
heat of formation (II) required for the probable 
chemical reaction to occur. It is assumed that 
23 kilogram calories per mole is equivalent to one 
electron volt per molecule. E real “electron 
energy at first sign of falling emission and 
E contact “contact potential .between surface 
studied and barium oxide cathode (Fig. 6). 

PART IV 

Conclusions and Discussion 

From the section containing the data we might 
first conclude that the phenomenon of falling 
emission in this study is related to the anode to 
which the current is being drawn. If falling 
emission were caused by something occurring in 
the cathode itself, i.e., electrolysis or caused by 
residual gases in the tubes, there would be no 
reason for the change in E t (energy necessary to 
show falling emission) from one anode material 
to another. However, this critical energy of the 
electron is different for every chemically different 
surface. Furthermore, in studying different tubes 
with the same chemically prepared anode surface, 
we find the same E„ It was also shown that when 
a “clean” metal was bombarded, no falling 
emission occurred. Falling emission did occur, 

Table II. 

Handbook H 

(Heat of Probably 

Com- B real formation B contact dissociated 
pound volts for reaction) volts to: 

2FeO 5.6d= .2 A.D. 5.5 volts 2.7dt.3A.D. 2Fe+0. 
CuO 2.0dh.2 1.5 3.2 dr.1 Cu+K>> 

MoO. 7.15±.03 7.4 3.1 ±.2 Mo+jO, 

NiO 2.7±.2 2.5 4.4±.2 Ni+Ps 

WO, 4.7dr.l5 5.5 3.8d:.6 W+O, 

Tap, 4.8 ±.3 unknown 3.5 ±.2 TaP,+}0, 

ZrO, 1.9±.3 unknown 3.6d:.4 ZrO+iO, 

A.D. -average deviation. 
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HEAT or FORMATION OF MOLECULE 


Fig. 6. Relationship between heat of formation of 
molecules and energy of electron required for falling 
emission. 


Fig. 5. Falling emission as voltage is increased 
(three-minute intervals). 

however, when this same type of metal (Cu) 
was oxidized and then bombarded at or above a 
critical voltage. We might then conclude that 
the falling emission was a function of some 
property of the oxide on the anode. 

It was seen that a certain amount of energy 
(electron volts) was needed to cause the effect. 
When the quantity of energy reaches a critical 
value, something occurs in the cathode which 
causes falling emission. We might assume that 
the bombarded molecule decomposes and that 
the free oxygen returns to the cathode, combines 
with the barium on the cathode, and lowers the 
emission. The statement that oxygen from the 
oxide is the agent of falling emission is further 
verified by a relationship in the cases of five 
metals between the heats of formation and the 
energy of the electrons at falling emission. These 
values are found to be equivalent. 

There were in general two considerations 
involved. First, an oxide was chosen which was 
very common and very likely to be present. 
Second, the compound in the same series of 
oxides which had the next lower heat of forma¬ 
tion was considered. The difference in energy of 


the two molecules was taken as the energy 
required to release oxygen in terms of the heats 
of formation. 

For iron the likelihood of the presence of FeO 
was high since this compound is common and 
easy to form. A molecule of 2FeO was assumed 
to exist. In terms of Heats of Formation approxi¬ 
mately 5.5 electron volts would be required to 
strip this of its oxygen. The value obtained by 
direct electron bombardment was found to be 
5.6±.2 A.D. electron volts. 

In the case of copper, it was assumed that 
the oxide was CuO. This was done since CuO is 
one common oxide and Cu*0 is the other. Now 
the II for CujO is slightly higher than the H for 
CuO (roughly 39 kg cal. as against 34). There¬ 
fore, if energy were supplied to a system, 
CujO-*Cu-f CuO and this reaction would not 
liberate oxygen and thus could not be perceived 
by measuring emission. However, as more energy 
was added in the form of higher voltages, the 
CuO would decompose to Cu+JO* an d it is this 
reaction which would affect the emission from 
the cathode. 

In the case of molybdenum, MoOj was com¬ 
mon and its heat of formation was so close to 
the experimental value that this compound was 
chosen. Why die compound seemed to decompose 
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Table III. Work functions of several oxides. 


Compound 


4 oi oxide 


FeO 

3.85 electron volts 

CuO 

4.35 

MoO, 

4.25 

NiO 

5.55 

WO, 

4.95 

TaiOt 

4.65 

ZrO, 

4.75 


completely to molybdenum and oxygen instead 
of going down the transition steps, i.e., to MoOj 
is not known. 

NiO was chosen for nickel since it is the most 
prominent form and because of good agreement 
with the H value. * 

WO* was chosen for tungsten since It is a 
common form of oxide and since the agreement 
was fairly good with the H listed in the Hand¬ 
book. It was also noticed in the making of the 
tube that the yellow WO* had not been reached. 
In one tube not recorded in the data, the oxi¬ 
dizing process was allowed to cont’nue and it 
took from two to four times the time used to 
obtain the yellow color. 

In considering tantalum and zirconium the 
same line of reasoning was used. It was assumed 
that during the oxidation process a common 
oxide was formed. Since zirconium and tantalum 
both have a great affinity for oxygen, it was 
assumed higher oxides were formed, i.e., ZrO, 
and TajO,. 

The H (heat of formation) for both of these 
compounds is known: the H for their lower 
oxides, however, have not been reported. The 
experimental values for the higher forms did not 
coincide with their values of H; therefore, just 
as in the prevjglis cases, it was .*S$Red a low 
oxide form wa&eached in the reducing process, 
rather than free metal. 

For tantalum and zirconium the next common 
lower qgides were considered ZrO and Ta*0«. 
The energy nu&sured thus would be for the 
following reactions 

>T a| 0 4 +J0., 

ZrO*-*ZrO+JO*. 

Usmjf our experimental values of H, we arrived 
at the condusjon that $he lower oxides had the 


following values oi H: 

TajO* 

H —300 

TajO.+JO* 

if—110 

TajO. 

H —190 

ZrO, 

if—178 

ZrO+JO, 

II- 43 

ZrO 

II —135 


kg cal. by Handbook 
kg cal. by frieasurement 
kg cal. by calculation 

kg cal. by Handbook 
kg cal. by measurement 
kg cal. by calculation 


PART V 


Further Considerations of Conclusions 

(1) Conclusion No. 1 concerns the mechanism 
by which falling emission occurs. It describes a 
manner in which oxides may decompose when 
bombarded in vacuum and explains why oxidized 
parts are in general harmful when used in 
vacuum tube construction when subjected to 
electron bombardment. It also suggests the 
possibility that other compounds may decompose 
in a similar manner upon bombardment, i.e., 
salts, silicates, etc. As far as the author knows, 
no tests of this type have been reported in the 
literature. 

(2) Utilizing the data concerning contact po¬ 
tentials the work functions of various oxide films 
may be determined. 

By 0 oxide = E contact+1.15 volts (<f>' of 
Ba:BaO).“ 

Values found experimentally for the contact 
potentials were used to compile Table III. 

(3) We have found in the methods outlined a 
means of predicting the heats of formation of 
two compounds the H value of which has not 
been reported in the literature. 

H Ta*0« -190 kg cal. per mole, 

H ZrO — 13S kg cal. per mole. 

This method may possibly be used further in 
determining the heats of formation of other 
compounds whose values are undetermined. 

There is one more point worthy of mention. 
While the voltages found necessary to decompose 
the oxides correspond to the heats of formation, 
it njay not be the actual heats of formation that 
are being Btudied, but rather the free energy of 
dissociation. In this case however, the heats of 

u J. H. DeBoer, reference 7, p. 357. Thi* value of work 
function is not identical with all experiments. Thus then 
is an error probably of rfc.3 volt m this value and the 
values of oxides listed below. 
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formation and the free energies of dissociation 
are so close that the means by which we measure 
these quantities would not separate them. 
Actually then, we may be reading free energies 
of dissociation by our measurements rather than 
heats of formation. 

L$wis and Randall give the following relation¬ 
ship 1 * 

F=II- TS~ (E+PV) - TS , 

where 

y F —free energy per mole, 

H~ heat of formation per mole, 

T —temperature, 

E —internal energy, 

P —pressure, 

V —volume, and 
<5—entropy. 

It is known that there is a slight variation in 
F and H with P and T , but in our case P=0 by 

** G. N. Lewis and M. Randall, Thermodynamics 
(McGraw-Hill Book Company, Inc., New York, 1923). 


approximation, S is small for metallic oxides, 1 * 
even though the temperature of the anode oxides 
is slightly higher than room temperature. Hence, 
F is nearly equal to H which is nearly equal to 
£, and we have a rough means of measuring 
these quantities in the method described above. 

(a) Free energy of dissociation per mole, F ; 

(b) Heat of formation per mole, H\ 

(c) Internal energy per mole, 22. 
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A. Lederer for suggesting this problem and to 
Mr. D. H. Wamsley, Dr. L. B. Headrick, Mr. 
G. Widell, and Dr. L. Matter of the RCA 
Laboratories and Professors S. A. Korff, C. W. 
Barnes, and A. F. Myers of New York University 
for their suggestions pertaining to this work. 

u Bulletin 384, U. S. Department of the Interior, 
Bureau of Mines (Entropy of CaO is reported to be 9.5 
calories at 298.1° absolute, page 16. Entropy for CuO— 
10.4 calories at same temperature, page 19. Entropy for 
FeO—14.2 calories at same temperature, page 20). 


An Experimental Investigation of Forced Vibrations in a Mechanical System 
Having a Non-Linear Restoring Force 

Carl A. Ludeke 

Department of Mathematics and Mechanics , University of Cincinnati , Cincinnati , Ohio 

(Received April 4, 1946) 

This paper introduces a mechanical apparatus capable of generating and recording forced 
vibrations in a system having a non-linear restoring force. The experimental wave forms are 
then compared with the theoretical results given by three graphical methods. These are the 
methods of Martienssen, Hartog, and Rauscher. Provided a suitable first guess for the ampli¬ 
tude can be made, one application of Rauscher's method gives better results than the other 
methods. A graph is made of the experimental amplitude as a function of the disturbing 
frequency. These results are compared with the theoretical results of the above three methods. 

Again one application of Rauscher's method gives satisfactory results. In all experimental 
results it is noted that even though the restoring force is distinctly non-linear, the wave forms 
of the resulting motion are nearly sinusoidal as long as the frequency of the observed motion is 
the same as the frequency of the disturbing force. However, steady oscillations can be main¬ 
tained for which the observed frequency is a sub-multiple of the disturbing frequency. Two 
such subharmonics were recorded and the experimental wave forms are shown. 


C ONSIDER an undamped system of one 
degree of freedom with a curved spring 
characteristic and under the influence of a har¬ 
monic disturbing force. The equation of motion 
is given by: 

m(ePx/dP) +/(*) • Pt cos ut, (1) 


in which m is the mass of the system, fix) 
represents the spring characteristic, Po is the 
amplitude of the disturbing force, and u is the 
angular frequency of the disturbing force. An 
exact solution of Eq. (1) exists only for some 
very special forms of fix). There are however 
three approximate methods available, namely: 
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the methods of Martienssen, 1 Hartog, 4 and 
Rauscher. 4 In each of these methods f(x) need 
only be known graphically, and the methods 
themselves can then be completed by an entirely 
graphical procedure. The method of Martienssen 
gives a one-term solution, the method of Hartog 
gives a two-term solution, and the method of 
Rauscher gives a graphical solution capable of 
being repeated until the desired accuracy is 
obtained. In this paper only one application of 
the Rauscher method is used. It would be of 
interest therefore to compare the results of the 
three approximate methods with exact solutions 
if they were in general available. Since this is 
not the case, they are compared with experi¬ 
mental results. 

These results were obtained by means of the 
system shown in the diagram of Fig. 1. By 
changing springs a variety of load deflection 
curves could be obtained; all however of the 
“increasing stiffness" type. Every effort was 
made to keep the damping forces to a minimum. 
The unb$lance was rotated with a constant 
angular velocity by means of an electric motor. 


1 0. Ifertienssen, Phya'k. Zeit*. II, 446-460 (1910). 

* J- P. Den Hartog, "The amplitude* of noa-harmonic 
vijbjmtioos," J. Prank. In*. 216, No, 4, 459-473 (October, 

4 hi. Rauscher, "Steady qsdfetions of systems with 
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The equation of motion for this system is then 
I(d*e/dP) +/(0) — MrLw* cos cos o>/ t (2) 

in which 

•/ is the moment of inertia of the vibrating parts * .31 
slug-ft.*, 

f(6) is the spring torque, 

o) is the constant angular velocity of the unbalance, 
M is the mass of the unbalance, 
r is the radius of the unbalance, 

L is the distance from the center of rotation of the 
unbalance to the center of rotation of the beam, 
and 

PfMrLJ. 

A diagram of the experimental set-up is shown 
in Fig. 2. A typical load deflection curve is 
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dbowa in Fig. 3. This spring charscteristic was 
used when recording the wave form shown in 
Fig. 4. The series of dots at the bottom of the 
picture represent time intervals of 1/30 sec. The 
series erf dots at the top represent the position of 
the unbalance at 00* intervals. The heavier dot 
indicates that the unbalance is vertically upward, 
i.e., that w^O. The simplest approximate solu¬ 
tion 1 of Eq. (1) is based on the assumption that 
the motion x —f(t) is sinusoidal and has the 
“forced” frequency. That is, the solution is 
assumed to be 

x»xocoa<rf. (3) 

Using this solution, the forces involved are the 
inertia force — cotut, the external force 
P# cos ut, and the restoring force fix). We note 
that these are all zero when x=0, i.e., Eq. (1) 
is satisfied by Eq. (3) when *»0. We shall now 
require the solution to satisfy Eq. (1) when 
x»Xo. Thus 

—m«*x#+/(x o)=Po 
or 

f(x o) - mu?x o+Po. (4) 

A very convenient way of finding the value of 
Xo which satisfies Eq. (4) is as follows: Plot f(x) 
load versus deflection, superimpose on this curve 
a straight line having a load intercept Po and a 
slope imo*. The point of intersection of the 
straight line and the curve will determine x 0 . 
This value is then used in Eq. (3) to give the 
approximate solution. Obviously this method is 
only true for all values of / when fix) is linear, 
for any other form of fix) it is true only at the 
middle and the end of the “stroke,” 

Figure 5' shows a load deflection curve with 
the construction lines for the one-term solutions. 
The experimentally recorded wave forma arc 
shown in Fig. 6, together with the Martienssen 
solutions. Tile Hartog solution uses the same 
basic idea of the Martienssen solution, namely, 
to hold the frequency fixed and to choose an 
amplitude corresponding to rt; but it extends 
the solution to two terms instead of one term. 
This allows us to balance the forces at three 
points of tile "stroke” instead of at only two 
points of the stroke. 

In this method, the solution of Eq. (1) is 
assumed to be of the form 

afcos cos 3ut, (5) 


andf(x) is assumed to be of the form 

/Oc)«*Aicos«t+ Aico»$ut. (6) 

Substituting Eqs. (5) and (6) in Eq. (1) we h<i\c 

(Ai—tmfOi —Po) cos ut 

+(i4»—9 m«A>») cos 3w<"*(). (7) 

Equation (7) must be satisfied for all values of /. 
Thus 

rf) a 9wtAi|, (8) 

Therefore Eq. (6) takes the form 

/( x) = (mw s Oi+P 0 ) cos 9mw*0| cos 3 at. (9) 

We must now choose the o’s in Eq. (5) so that 
when the A’s are calculated by means of Eq. (8), 
f(x) as represented by Eq. (9) turns out correctly. 

We notice that when ut—r/ 2, Eq. (7) is 
satisfied whether or not Eqs. (8) are satisfied. 
Since Eq6. (8) contain two parameters a t and a t , 
we can satisfy Eq. (7) at two other values of ut. 
Let us choose «/=0, and ul-w/6. 

At «f=0, x*oi+a»; 

f(x)<=mu i ai+P n +9mu i at 

( 10 ) 

at «/ = *■/6, jc»v3<*i/2; 

f(x) <= (mw*ai+Po)v3/2. 



Fig. 5. Load deflection curve with construction fines for 
one-term solution. 
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Fig. 6. Wave forai recorded when using the load deflection curve of Fig. 5. 


These relations can be written in the form 
/Oiv3\ /atV$\ vJ 

\T) mm i—) +, T 

do 

/(a»-f-o*) «9»»«*(oi+Os)+ (Po—Sma'ai). 

The right sides of Eqs. (11) represent straight 
lines with slopes «w* and 9««*, respectively, and 
having intercepts PovJ/2 and (Po—8m«*Oi), 
respectively. The left sides of Eqs. (11) represent 
the function /(*) evaluated at and 

**■«»+<*». Thus oi and a$ can be solved for 
graphically as shown in Fig. 7. The results for 
the load deflection curve of Fig. 5 are shown on 

Fig. 6. 

In botfcfmethods presented thus far the pro¬ 
cedure was to determine an amplitude corre¬ 
sponding to a given frequency. Perhaps die most 
exact method* available does just the opposite. 
It chooses an amplitude and then solves for the 
axrwgXtadh^'ftequency. It is a method which 
qtw'Jha until the desired accuracy is 



attained. The main problem is to make a suitable 
first choice for the amplitude. 





Fig. 8. Load deflection curve. 


Fig. 10. Load deflection curve. 



In tlds method Eq. (1) is reduced to an equa¬ 
tion in which the right side » aero, i.e., 

m(dhc/dP)+Xfr t) -0. U2) 


in which R{x, t) =*f(x) — P 0 cos ad. In a system 
in which/(x) is linear, the solution is x = A cos <at, 
hence R can be written as a function of * alone, 
i.e., 

R(x)~f(x)-Ptx/A. (13) 

For systems which are slightly non-linear this 
equation can be assumed valid. Thus Eq. (1) 
takes the form 

m(d*x/dP)+R{x)=0, (14) 

in which R is given by Eq. (13). 

This equation of a free vibration is solved as 
follows: A first integral of Eq. (14) gives us: 

2 f* dx 

pirn— I R(x)dx', pm —. (IS) 

m J, dt 

The time corresponding to any displacement x 
is then found from the equation 



For a purely graphical evaluation of this integral 
a change of variable is introduced by letting 
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Fig. II. Amplitude versus frequency when using loud 
deflection curve of Fig. 8. 


x*A sin <p. Thus Eq. (16) becomes 

J * w,t A cos v 

-dy>. (17) 

V » 

The procedure is therefore as follows: After 
choosing A, a table of values of x and v is made 
by graphically integrating Eq. (15). The variable 
x is changed to ^ by means of the relation 
x~A sin and a new table of values of <p and t 
is made by graphically integrating Eq. (17). 
From these two tables a plot is made of x and t, 
and the frequency corresponding to the choice of 
amplitude A is then determined. The entire 
process can then be repeated by using the 
relationship between x and t to determine a more 
exact value of the function R(x) used'in Eq. (15). 

Having the experimental results as shown in 
Fig. (6), the initial choice of A is greatly simpli¬ 
fied. Choosing A equal to the experimental values 
of the amplitude, the results of one application 
of this method are shown on Fig. 6. 

In Figs. 8-10 are shown three load deflection 
curves of varying non-linearity. On these curves 
are superimposed the. construction lines for one 
term solutions. From these results we can plot a 
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Fig. 12. Amplitude versus frequency when using load 
deflection curve of Fig. 9. 



Fig. 13. Amplitude versus frequency when using load 
deflection curve of Fig. 10. 

relationship between amplitude and frequency. 
The experimental results together with the theo¬ 
retical results of all three methods are shown in 
Figs. 11-13. The lack of agreement between the 
experimental results and theoretical results for 
the small amplitudes observed at frequencies 
higher than the "jump" frequency is caused 
primarily by the errors involved in recording 
the small amplitudes and In determining accu¬ 
rately enough the load deflection curves for 'very 
small amplitudes. 

In the three theoretical methods illustrated, 

jotpittt mmu» ?#wea 
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Fig. 14. Sub-harmonic resonance wave forms recorded 
when using the load deflection curve of Fig. 15. 

the initial assumption was made that the solution 
of Eq. (1) should have a frequency approximately 
equal to the frequency of the disturbing force. 
This, however, does not cover all possible solu¬ 
tions. In fact one of the most interesting phe¬ 
nomena observed in non-linear vibration systems 
is that of sub-harmonic resonance. 4 This is the 
phenomena of a steady forced vibration whose 
frequency is a sub-multiple of the disturbing 
frequency. The recorded wave forms of sub¬ 
harmonic resonance (|) and (|) are shown in 
Fig. 14. These were observed when using the 
load deflection curve shown in Fig. 15. The three 
theoretical methods as used in this paper would 
not apply to these wave forms. 

Before drawing final conclusions, let us empha- 

<C. A. Ladefcs, “Sssoawwe,” J. App. Phy». 13, No, 7, 
414-423 (July 1*42)* 



Fig. 15. Load deflection curve. 

size the fact that the theoretical methods were 
applied as if the system contained no damping. 
This is of course impossible to achieve experi¬ 
mentally. Also, there is considerable experi¬ 
mental error when observing frequencies higher 
than the jump frequency. Bearing this in mind, 
however, we can draw the following conclusions. 
First, even though the load deflection curve 
varies considerably from a straight line, as 
indicated in Fig. 3, and even though the ampli¬ 
tude of the maintained vibration is quite large, 
as indicated in Fig. 6, A *0.0171, nevertheless 
the resulting wave forms, Fig. 6, are very nearly 
sinusoidal. This means that the very simple 
approximation of Marticnssen is nevertheless a 
very good one, at least for the cases herein 
considered. Second, though the two-term method 
at some particular frequency gives the exact 
amplitude, see Figs. 11-13, nevertheless the 
values depend so critically on the values of Po 
and u that for the most part the results are not 
as good as the one-term solution, see Fig. 6. 
Third, provided the experimental amplitude is 
known, the short cut method of Rauscher can 
be applied once with excellent results. Fourth, 
as soon as the case of subharmonic resonance is 
considered the recorded wave forms are no longer 
sinusoidal. 

It is a pleasure to thank Miss M. Seuberling 
for her assistance in preparing the drawings. 
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A New Method for Measuring Dielectric Constant and Loss in the 
Range of Centimeter Waves 41 

S. Roberts and A. von Hippbl 

Laboratory for Insulation Research Massachusetts Institute of Technology , Cambridge , Ma s sa c h us ett s 

(Received April 29, 1946) 

In 1940, dielectric measurement* in the centimeter range were considered as difficult and not 
very accurate. The authors, therefore, developed a “hollow-pipe” method which overcame these 
objections and required only a weak oscillator and small amounts of the dielectric material. 
The theory and its practical applications, as perfected by March 1941, are presented in this 
paper. 


T HE capacitance of a condenser is propor¬ 
tional to the dielectric constant or per¬ 
mittivity «* of the dielectric material which it 
contains. 

( 1 ) 

where C« is called the vacuum capacitance and 
«• is the permittivity of free space. When sub* 
jected to a sinusoidal voltage V, a condenser 
passes a current I which normally does not lead 
the voltage by 90® but only by (90°— t) (Fig. 1). 
If the current is defined in the general way 

«* 

I=j u CV«jvC e -V, (2) 

«o 


the existence of the loss angle t can be repre¬ 
sented by introducing a complex permittivity 

(3) 

The charging current is proportional to the 
loss current to and the loss tangent 

tan 4 ■»«"/«' (4) 


is given by the ratio of loss current to charging 
current. «' and «" or «' and tan 4 are the param¬ 
eters normally used for describing the frequency 
response of a dielectric material. The lass tangent 
is identical with' the power factor cos # for small 
angles A 


* this mouth, about which « preliminary report was 
ghwo at the meeting of the American Physical Society in 
April, {940, was ready for publication by Mai#. I Hi, but 
bad to be classified and withheld from g«i«ifamuation. 
The method, now one of common knowledge, baa been 
refined farther hi our laboratory during the war and la 
being used with coaxial lues ana hollow ware guides in 
the hum tan one meter to one centimeter. A survey of 

S&Sfearri <“«* 


The "lumped” circuit aspect used above be¬ 
comes invalid in the ultra-high frequency range, 
but the concept of a complex dielectric constant 
is not affected. It describes the physical fact 
that a dielectric in a periodic electromagnetic 
field carries an electric current of the density 

J=<rE+dD/dt - (, (5) 

consisting of two components, a charging current 
of the density 

J.-JjmE (6a) 

storing electric energy by the reversible displace¬ 
ment of charge carriers, and a loss component 

(6b) 

measuring the dissipation of energy in heat 
caused by traveling charge carriers as well as 
by the time lag between the electric field E and 
the dielectric flux density D. 

The dielectric constant and loss can be found 
indirectly in the microwave range by transmis¬ 
sion line or optical methods. In the former «* is 
derived from the intrinsic wave impedance Z* or 
propagation function y« of the dielectric medium, 
while in optical methods it is evaluated from the 
complex index of refraction n* equal to «(1 —Jk). 
Standing or traveling waves can serve for meas- 
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tiring any one of these interrelated sets of 
parameters. 

The normal optical procedure employs travel¬ 
ing waves. Hie intensities of the reflected and 
transmitted beam are measured and » and « 
evaluated by Fresnel’s equations. Esau, with his 
co-workers B&z 1 and Kebbel,* has carried this 
method over into the ultra-high frequency 
range, but here it becomes definitely inferior. 
Serious boundary problems arise because the 
wave-length is of the dimensions of the sample, 
and standing waves are set up between trans¬ 
mitter and receiver, producing intensity fluctua¬ 
tions by interference. 

The macroecopical wave-length, on the other 
hand, proves of great advantage if standing 
waves, that is interference optics, are applied 
because a detector may travel directly through 
the profile of the wave pattern. Drude’s two 
classical methods* utilize this possibility and 
have since been employed in many variations. 4 
However, a handicap of the Lecher system re¬ 
mained: an empirical calibration of the con¬ 
denser system was necessary, and extreme care 
had to be taken to avoid perturbation of the 
waves by the detector system and to shield the 
detector against stray fields. These limitations 
have been overcome by the development of a 
“hollow-pipe” method, to be described in the 
following paragraphs. 


PRINCIPLE OF THS METHOD 


By limiting the electromagnetic field to the 
enclosure of a hollow pipe or coaxial line, all 
boundary and stray effects disappear auto¬ 
matically and smalt amounts of any dielectric 
can be measured with precision. With this con¬ 
cept in mind we developed the apparatus shown 
schematically in Fig. 2. A transmitter radiates 
waves of a given frequency into one end of a 
dosed wave guide; they are reflected by the 
metallic boundary at the other end. Standing 
waves are set up and can be measured by a probe 
detector traveling along a slot io the pipe parallel 





fiSktEltkSS' M. 81(1939). 
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to its axis. The dielectric is inserted in the closed 
rad of the pipe opposite to the transmitter, filling 
the volume to a height d. Above it the wave 
pattern ts measured in air.«' and «" are Calculated 
from the ratio of the field strength in node and 



Fig. 2 . Diagram of the apparatus showing principle of 
the method. 


antinode £mi./Em>x and the distance x« of the 
first node from the surface of the dielectric. 

It is a known procedure to calculate the ter¬ 
minating impedance of a transmission line from 
the voltage ratio F»u/ F mu and the distance ««,* 
or an acoustic impedance, by the location and 
relative magnitude of the sound-pressure maxima 
and minima.* But measurements of the terminal 
impedance of a short wave guide filled with a 
dielectric material have not been applied, so 
far as we know, to the evaluation of «' and 
We are giving, therefore, in the following pages 
a mathematical theory of the method, the de¬ 
scription of our apparatus, and some results 
illustrating its performance. 


»H. 0. Rosenstein, Zeits. f. Hochfrequetutechnik 36, 
81 (1930); N. N. Matov, Physik. Zeits. Sawjetumon tl, 
539 (193/) 

• w. M. Hall, J. Aeons. Soc. Am. It, 141 (1939). 
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MATHEMATICAL THEORY 


and their ratio is 


A standing wave in the pipe can be repre¬ 
sented as the sum of two traveling waves pro¬ 
gressing in opposite directions parallel to the 
axis of symmetry. The transverse held com¬ 
ponents E(x) i and H(x)i in air (medium 1) at a 
variable distance x from the dielectric surface 
along a line parallel to the axis are given below. 


E(x)i=A,i exp exp (- 71 *) 

“ A a[exp ( 7 i*)+roexp (- 71 *)]. 
A ,1 A a 

//(*) 1 *—exp ( 71 *)-exp (- 7 !*) 

Z x Zi 


(7) 


A a 

• — [>xp ( 71 *) - r e exp (- 71 *) 3 . 

Zi 


E m i» l-er*> 

- ss - - tanh 0 . 

£»« t+r* 


(12) 


The first minimum above the dielectric bound¬ 
ary occurs at a distance xt where the incident 
and reflected electric waves have a phase dif¬ 
ference of v radians, that is, 


or 


2mce 

Ai 


2ir*o 



^-2*(i-*oAi)- 


(13a) 

(13b) 


The wave impedance Z(0) can now be expressed 
in terms of the directly measurable parameters 
* 0 , Ai, and £*i B /£m»x. Expanding coth <t> in Eq. 
(9) one obtains 


4,i and A rl arc the amplitudes of the incident 
and reflected waves at the dielectric surface. 
Their ratio 


where 


A a/A ,1 — To * r - **, 


( 8 ) 


defines a reflection coefficient which character¬ 
izes the terminating pipe section containing the 
dielectric medium 2. The wave impedance Z(Q) 
erf this section, given by the ratio of the electric 
to the magnetic field intensities at the dielectric 
surface, is related to re and <t>. 


12(0) 1+ro 1 +er* 

Z(0) =——=Zi-=Zi-=Zi coth <f>. (9) 

H(0) l-r 0 


Normally the attenuation in the air-filled part 
of the pipe can be neglected, that is, the propaga¬ 
tion 71 , is reduced to its phase factor 

7i-7/Ji-j2*/Xi, (10) 

^ where ^1 is the wave-length in air inside the 
wave* guide. Since 71 is imaginary, that is, 
|exp(^ 7 )*)| - 1 , it follows from (7) that the 
maximum and minimum field amplitudes of the 
standing wave are 


tanh p—j cot V' 

Z( 0 )»Z,--- 

1 —j tanh p cot ^ 


Emin 2 t*« 

- j tan - 

Emex Xl 

1 -• 

jSroin 2tXq 

l—j -tan- 

E m mx Xl 


(14) 


The impedance Z( 0 ) is determined by the 
length d and the propagation function 7 t of the 
short section of pipe containing the dielectric, 
or conversely, if Z(0) and d are known, 7 * can 
be derived from them. 

The standing wave in the dielectric is 


£(*)»**A« exp ( 7 **)-Mr*exp (- 7 **), 

Aa A a 

//(*),«— exp ( 7 s*)——exp (- 7 **), 
Z t Z, 


(IS) 


and at* — —d (Fig. 2) the pipe is terminated by 
a metal plate, introducing at this boundary a 
voltage node. 

0—A« exp (—7*0+4,* exp (ytd). (16) 

Solving (16) for A a/A a and substituting this 
value in (15) gives 


M<{(1- tM)« |4,r(l-r^), 


Z(0) 


m» 

tW)~ 


Z$ tanh ytd. 


(17) 
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Fig. 3. Chart of the function Ce' f =tanh Te iT /Te‘\ with { and t expresbed in degrees. 


The characteristic impedance Z* and the pro¬ 
pagation function 7 » of any TEM or TE wave 
in a dielectric are related in the following manner • 

ytZt^ju/H, (18a) 

where m* is the permeability of the dielectric 
medium. The permeability of dielectric materials 
is generally mo of free space; therefore 

7 *Zi *jufto “ 71 Z 1 , (18b) 

and 


Z(0) =Zx- tanh y^L. (19) 

7* 



Equating (19) and (14) yields 


tanh y*i 

yd 


Emin 2 tX|) 

- j tan- 

“Jnl Em«x X, 


2nd Emin 2w*0 

1 — j -tan- 

Emax Xl 


Ce'f. 


( 20 ) 


The function Ce lC can be found, as shown 
above, by measuring the thickness of the sample 
d, the wave-length Xi in the air-filled pipe, the 
ratio of minimum to maximum field strength 
Emin/ Emax , and the distance *# of the first mini¬ 
mum from die dielectric surface. 

The next step is the determination of 7 «" 
»- ytd from charts or from a scries approximation 
of the function 


tanh Te ir 

- m Ce*. 

Te” 


( 21 ) 


In Fig. 3 the argument r is the ordinate, the 
absolute value T the abscissa, while C and £ are 
parameters of intersecting curves, r and £ are 
expressed in degrees. The hyperbolic functions 
are multivalued so that measurements with a 
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Fig. 5. Constructional details of the apparatus. 


geometry of the pipe and the mode of propaga¬ 
tion. The frequency of plane waves with a wave¬ 
length X« in the medium to which 7 refers is 
called the cut-off frequency. The values of X. for 
the lowest order waves in different wave guides 
are 

rectangular pipe 7 X, * 2 X width 

round pipe 1 X,«1.71Xdiameter 

coaxial line X*~«o 

The value of Yi is given by 



Bearing in mind that n for dielectrics is generally 
Mo of free space, one obtains 

. (1A.)*-(W2 *)* 

«** <o-. (25) 

(1/X,)’+(1/Xi)’ 

For the coaxial line this equation reduces to 


single thickness d of the dielectric may leave the 
value of in doubt. But if two different thick¬ 
nesses are used, only one set of values T/d and 
r, will satisfy both experimental results. 

For low loss materials it is desirable to use a 
thickness near Xj/4 or higher odd multiples of 
Xt/4. As Fig. 4 shows, EmiJEma. reaches maxima 
for these values of thickness. The apparatus used 
in 1940 could measure the loss if £ m ia/£n*x 
were larger than 0.003. For <f=X*/4 in Fig. 4, 
the loss would be below this limit, while for a 
thickness d»3X*/4 or T “3r/2, the loss could 
be determined easily. In handling dielectric 
materials with low loss one can obtain more ac¬ 
curate results than are obtainable from the 
chart, by using the following series approxima¬ 
tion, valid in the range C> 1 when 7£*3/2ir. 


Te ir *"j^4.7l — 


0.212 


-eft- 


0.0096 \ 

( 2 « 


The'complex dielectric constant can be found 
from Yt by the general relation 


Y*» 



(23) 


The cutoff wave-length X, is determined by the 


«2*“«o(y»/Yi) s . (26) 

The determination of e»* may now be sum¬ 
marized as follows. The ratio En, ia /E max , the 
distances *» and d and the wave-length Xi arc 
measured. From these measured values C and 
t are calculated with the help of Eq. ( 20 ). From 



Cand f the values of T and r are found from the 
chart or by a series approximation. 71 is found 


7 L. J. Chu sad W. L. Barrow, Proc. I.R.E. 26, 1520 
(1938). 

•G. L. Southward!. Ml Sys. Tech. I. 18, 284 (1936); 
W. L. Barrow, Proc. MU5. 24, 1298 (1936). 
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by dividing TV' by d. Finally «,* is determined 
from 7 * by Eq. (25) or (26). 

APPARATUS AND PftOCBDUBB 

The apparatus used in 1940 is shown in Fig. 5. 
It is now obsolete in many details and will 
therefore be described only briefly. 

A round wave guide P is mounted vertically 
and is fitted at the bottom with a detachable 
end piece in which either solid or liquid dielec¬ 
trics may be inserted. A magnetron oscillator T 
with its magnet M is located at the upper end 
of the pipe. The output of the magnetron is 
monitored by a bolometer detector B. The stand¬ 
ing wave above the dielectric is measured by 
means of the traveling crystal detector E which 
is driven by the lead screw W while its position 
is indicated to an accuracy of .001 inch by the 
revolution counter C. 

The magnetron oscillator is of a special design 
shown in Fig. 6. An open anode construction, 
which serves to radiate the energy into the pipe, 
avoids the tuned parallel transmission line which, 
in conventional constructions,* feeds the energy 
through the glass envelope to a dipole antenna. 
The principal advantage of this design is its 
simplicity of construction. It has an efficiency of 
about one percent and requires a critical adjust¬ 
ment of the magnetic field intensity and the 
orientation in the field. 

The output of the magnetron is filtered and 
stabilized by means of a resonator R, a cylindrical 
tube fitting in the pipe and closed on both ends 
by diaphragms. The approximate dimensions of 
this filter for a wave-length of 6.0 cm are: length 
3 inches, diameter of tube 1J inches and diameter 



Fig. 7. Bolometer circuit sad method of construction. 


• E. G. Linder, Proc. I.R.E. 47, 732 (1939). 
VOLUMB 17. f&Vt. 1946 


of hole in the diaphragm J inch. The resonator 
R is inserted for part of its length in the pipe 
section holding the magnetron. The main pipe, 
which slides over the free end of the resonator, 
is adjusted to resonance and then clamped in 
position. 



Fig. 8. Details of traveling crystal detector. 


The construction and circuit diagram of the 
bolometer detector B are shown in Fig. 7. This 
arrangement proved very stable and troublefree, 
but of course less sensitive than a crystal de¬ 
tector of the silicon-tungsten type. 

The slotted pipe maintains a wave which is 
polarized so that the electric field is most in¬ 
tense ami the longitudinal magnetic field zero at 
the slot. The electric field is shown in Fig. 8 
together with a more detailed drawing of the 
detector construction. Good metallic contact be¬ 
tween detector housing and pipe is required and 
is provided by the slider L held firmly with the 
phosphor-bronze spring A. 

In principle, one measurement with die di¬ 
electric material in the pipe would be sufficient. 
After tuning to resonance by adjusting the 
plunger D (Fig. 5), *#, Emin/E m *x and Ai are 
found by the rectified current and position of the 
traveling detector. In practice, a second meas¬ 
urement is carried through with the empty pipe 
for calibrating the detector. Here the field 
strength is known. It should go down to zero at 
the minimum and increase towards the maadr 

mum proportionally to the sine of the phase 

« 

m 



angle 9, where 


Table 1. Dielectric constant and loss at -6.0 cm. 
(Temperature 2S±2°C except where noted.) 


d-2r(*-* 4 )/X 1 . (27) 

Then 

|£(*)i|-£»«|«>indi. (28) 

The calibration curve of the detector is found by 
noting the detector current for several positions 
on both sides of the minimum. The amplitude 
at the minimum is an indication of attenuation 
in the pipe and frequency instability of the os¬ 
cillator, which should be very low for proper 
operation. The wave-length is determined by 
measuring the positions of two minima. 

With a low loss dielectric in the pipe, the 
measurements are carried out only in the neigh¬ 
borhood of the minimum, because the maximum 
is flatter and the detector is likely to be over¬ 
loaded. In this case a simple formula can be de¬ 
rived for calculating the ratio of minimum to 
maximum field strength. The absolute value of 
electric field strength is found from (7). 

|*toiM*al|l+«" M, * H * , l 

-Uto||l-r*w*>|. (29) 


Then the ratio of this field strength to the mini¬ 
mum, given by (11), is 


JJStoil I 

sinh (p+j9) 

E mim 6? —f^ 

sinh p 


sinh p cos 8+j cosh p sin 81 


sinh p 

The square of this ratio is 


I *(*)i|* 


'cos* 9- 


sin* 9 


(30) 


(31) 


Enin* tanh*p 

Solving for tanh p, one obtains the desired result. 


nia 


E a 


•tanh p» 


sin 9 


|£(*)i|’ 


V £»ta* 


l 


—cos’d 


y 


. (32) 


The use of this indirect method of determining 
Emitp/Bmut. make* it possible to measure much 


Material 

«7* 

tan# 

Solids 



Polystyrene 

2.53 

.0005 to .002 

Ludte 

2.57 

.005 to .008 

Plexiglas 

Cellulose acetate 

2.60 

5.24 

.006 

.038 

Polyethylene 

Glass 

2.25 

.0002 to .0012 

Soda-lime-silicate 

6.7 

.014 

Pyrex No. 774 

4.8 

.009 

Pyrex No. 707 

3.9 

.0012 

Fused quartz 

3.80 

.0001 

Paraffin wax 

2.25 

.0002 

Plywood (Bakelite bonded) 

1.9 

0.060 

Poplar, grain || electric field 

2.05 

0.075 

Poplar, grain X electric field 
Liquids 

Distilled water (28.5°C) 

1.75 

0.065 

71 

0.22 

Glycerine U.S.P. (28°C) 

5.6 

0.60 

Benzene (thiophene free) 

2.25 

<.001 


smaller values of this ratio than could be done 
directly. 

RESULTS 

Table I gives the values of «' and tan J at 
X«6.0 cm for a number of common materials 
including solids and liquids. The first measure¬ 
ments on most of these substances were made in 
1940 on the apparatus described above. Since 
that time extensive and more accurate data at 
X*3 cm, X-= 10 cm and at longer wave-lengths 
have been obtained for a wide variety of di¬ 
electrics in this Laboratory and summarized in 
the two volumes Tables of Dielectric Materials 
prepared under O.S.R.D. Contract OEMsr-191. 
Table I has been edited to some extent on the 
basis of these more recent data. 
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Int erp ola tion witl1Mot of First Differences 

Go*don S. Futawi 
Washington, D. C. 

(Received February 25, 1946) 


Given the value® of y~i, y% yt, and y% corresponding to 
*-i, x$, x u and x«, we first plot Ay/A*, the ratio of first dif¬ 
ference to abscissa interval, as a function of mean abscissa 
Jt, and then draw a smooth curve through the graph points 
which gives the values of a function 5(e). To determine 
the value of y p for any value of x 9 between xq and x lt we 
substitute values of 5(4') and S(x"), obtained from the 
curve, in the following equations: y'”*yo+/Ax'5(£'); 
/'-yi-(W)A*.S(*"); *-y+(y"~/)(H-/)/3; where 
*'-!(#•+**); and /-(*„-*•)/A*. With 

a carefully drawn smooth curve, the error in the result is 
only about one-sixth of the fourth difference term in the 
Newton-Beasel interpolation formula. In a simpler varia¬ 
tion of the method, the function L(&), whose values are 
given by straight lines connecting the graph points, is 
substituted for 5(a) in the equations; however, the ac¬ 
curacy of the result is only atout one-sixth. It is shown 


that the accuracy obtainable in any case can be estimated 
from the sagittas n and ro for * equal to x% and ** respec¬ 
tively, where *i«*£(8i)—S(*i) and #♦«»/.(*§)—5(* 0 ), 
since the error is proportional to (y "—/) times 
(<ri—o , o)/(*i*f<rp). This is true for unequal datum point 
intervals as well as for equal intervals. When the sagittas 
are equal or approximately so, the results may be as ac¬ 
curate if the rectilinear variation is used. Taking advantjge 
of this fact, a diagram is given which enables the logarithm 
of any number to be determined to eight places by sub¬ 
stituting values of £(£), obtained by linear interpolation 
between given figures, in certain equations. The method 
has been found useful when a number of interpolations are 
required in a single set of data. An important advantage 
is that it can be used as easily when the abscissa intervals 
between datum points are unequal as when they are equal. 


T HE author became interested in methods 
of interpolation while making ballistic 
calculations during the winter of 1944-45 
for the National Defense Research Committee. 
Accurate interpolation formulas have been avail¬ 
able since the time of Newton; but not being a 
mathematician, I have a preference for graphical 
methods; so I amused myself investigating the 
use of a plot of first differences in connection 
with interpolation. This led to the method de¬ 
scribed below which has proved useful when a 
number of interpolations are required in a single 
set of data, such as can be represented by a 
single curve, and also when the interpolation is 
between datum points that are unevenly spaced. 


Table 1. Data used to illustrate the method. 


Datum Abscissa 
point x 

Ordinate 

y 

Difference 

Ay 

Ay/Ax 

M y x 

Graph 

point 

a 

0 

0 








3698 

139.6 

2.5 

P\ 

h 

5 

3698 








2646 

529.2 

7.5 

Ft 

e 

10 

6344 








2007 

401.4 

12.5 

Pi 

d 

15 

8351 








1638 

327.2 

17.5 

Pi 

$ 

29 

9987 








1411 

282.2 

22*5 

Pi 

f 

25 

11398 








1247 

249.4 

27.5 

Pi 

t 

30 

12845 




-- 


1. DESCRIPTION OF THE METHOD 

To explain the method we Bhall first apply it 
to an actual case with evenly spaced datum 
points, using the data given in Table I. To 
determine the values of y, for a series of values 
of x P between 10 and 20 we proceed as follows: 

Step one: plotting first difference as a function 
of mean abscissa. If tfie abscissa interval Ax 
between datum points is constant, first difference 
Ay may be plotted as a function of mean abscissa 
t\ otherwise the ratio Ay/Ax must be plotted. 
Figure 1 shows a plot of Ay/Ax as a function of 
t for the graph points Pi to Pi whose co-ordinates 
are given in columns 5 and 6 of Table I. The 
original plot is 10 by 12 inches. 

Step two: drawing smooth curve through the 
graph points. My procedure is first to draw a 
smooth curve through the points freehand, in 
pencil; neat to draw through each point in ink 
a short segment of the curve with the help of 
French curves; and then to complete the curve 
between segments, again using French curves. 
Great care in drawing the curve is required only 
when maximum accuracy is desired. The smooth 
curve gives the values of a function of I which 
we shall call 5(f). 

These two steps complete the graphical part 

air 


volume tvjftur, m 




Fio. 1. 


of the method. The straight lines shown con¬ 
necting the graph points in Fig. 1 are used in 
connection with the rectilinear variation of the 
method which will be described later. 

Step three: making the calculations. Assuming, 
for example, that we wish the value of y for x 
equal to 14, we make the following three simple 
calculations. First, using y t as starting point, 
we compute what we shall call yua by adding 
(14—10) times the value of S(t) for 2 equal to 
§(14+10), as read from the graph; then, using 
yt as starting point, we compute what we shall 
call yua" by subtracting (15—14) times the 
value of S(2) for 2 equal to §(15+14), as read 
from the graph; and finally we obtain a weighted 
average of the two approximate results by adding 
(l+/)/3 times their difference to yua, where/ 
is the ratio of (14—10) to Ax. We thus obtain 
the following results: 

yua -6344+4X411.6 * 7990.4; 

^#"-8351-1X367.6=7983.4; 

yua - 7990.4+.6X(—7.0) - 7986.2. 

M weshalf see, this result happens to be correct 
within .3 unit The Subscript S is used to dis¬ 
tinguish values obtained with the aid of the 
smooth carte obtained by use of the 


straight lines connecting the graph points, as is 
done in the rectilinear variation of the method. 

In general, the equations used in calculating 
the value of y p corresponding to abscissa x p 
between x« and x\ are: 


y p a *y«+ for- *») • S(x') =y 0 +/Ax• S(x'); 
y p a" - yi - (*1 - Xp ) -S(X") 

=yi-(l-/)A*-S(*"); 
y,a - y,a' + bpa"-y,a) • (1 +/)/ 3 ; 
where 

2'=§(* p+*o); 

2"«§(* !+*„); 

and 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


/«(*„-**)/(* !-*#)•»(*,-*.)/£*. (6) 


To check the result obtained above for yu we 
shall calculate the correct value by use of the 
Newton-Beasel formula 1 which may be written 



, lM0)«idW Other books on interpolation; table* 
giving the numerical yah— of the ooemcleat* for the Greg- 
ory-Newtoo and tagta*gsfarn»nla* am included in Herbert 
B. Dwight’* Motkmemu Tahiti (MeGraw-Hfil Book Com- 
pany, Inc., New Y^lWtfiad b IT T. Dnvb* TUfet of 
Siffur MetktmBHM tommea t (Prtedpia Pren, Inc., 
Blooming tony Indiana, l*JI). 
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aatoBova: 

Jv~l<y#+y»)+(/- i)Ay»-i/(i “/)<A**+A*y,)-i/(i-/)(/- j)A*y, 

3! 

+^-/ ( ^/ )( /+ 1)( 2-/ )( A^+A^ 1 ) +^/ ( l-/ )( /+l )(2 -/ )( /~i ) A‘y, 

* ,/d ~ /)(/+ 2) (/+1) (2 —/) (3 —/) (A*yo+A*yi)—etc. (7) 
2X6! 


To apply this formula we need the differences 
given in Table II. Using these differences we 
obtain: 

y M -7347.5+602.1+40.4 - 2.144 

-1.922+.020- .048 - 7985.91. 

The Lagrange seven-term formula gives 7985.92. 
Comparison of the value for yuB obtained above 
with these correct values shows an error of +.3 
unit. Other values obtained with the aid of 
Fig. 1 are given in Table III together with accu¬ 
rate values given by the formula. The figures in 
the last column show that the maximum error 
comes out less than .5 unit in this case, that is 
less than Ay/3000. 

To test the accuracy of the method further, 
four new plots of the data in Table I were made, 
and the smooth curves drawn through the graph 
points were used to repeat the calculations. For 
the 40 values thus obtained, including those in 
Table III, the average error came out less than 
.4 unit and in only two cases was the error more 
than 1 unit. The time taken to plot the six graph 
points and to draw the smooth curve was less 
than ten minutes in each case and only two 
French curves, not particularly suitable, were 
used. 

An important advantage of the method is that 
it may be used when the datum points are not 


Tablb II. Extension of Table I, giving second to 
sixth di ff erences. 


* 

y 

A* 

A* 


A* 

A* _ 

A 

5 

3698 

-1052 


-150 


22 

5 



413 


5 


7.5 

10 

6344 

- 639 


-145 


18 

10 




268 


23 


12.S 

IS 

8351 

- 371 


— 122 


14 

15 


146 


37 


17.5 

20 

9987 

- 225 


- 85 

47 

to 

20 


61 



22,5 

2S 

Tf-.-- 

11398 

- 164 


- 38 

tssacs 

6 

25 


evenly placed as easily as when Ax is constant. 
Before giving an example of such use, however, 
we shall describe the rectilinear variation of the 
method which is somewhat simpler, since it does 
not require the drawing of a smooth curve, and 
yet is sufficiently accurate for many cases. 


Table III. Values obtained with the aid of Fig. 1. 


*p 

»« 



Graphical 
result 
for y 9 

Correct 
value 
of y P 

Error 

of 

11 

6789.2 

6781.8 

7.4 

6786.2 

6785.95 

+.25 

12 

7210.8 

7199.6 

11.2 

7205.6 

7205.4 

+.2 

13 

7610.9 

7599.8 

11 1 

7605.0 

7604.7 

+.3 

14 

7990.4 

7983.4 

7.0 

7986.2 

7985.9 

+.3 

16 

8703.8 

8699.0 

4.8 

8701.9 

8701.65 

+.25 

17 

9042.6 

9036.0 

6.6 

9039.5 

«9039.35 

+.15 

18 

9368.6 

9363.0 

5.6 

9365.6 

9365.4 

+•2 

19 

9683.8 

9679.8 

4.0 

9681.4 9681.0 

+.4 


2. RECTILINEAR VARIATION 09 THE METHOD 

After plotting the graph points, we draw 
straight lines connecting them, as shown in 
Fig. 1. If we designate by L{£) the function 
whose values are given by these lines, then the 
equations used in calculating y p /, are the same 
as Eqs. (1) to (6) except for the substitution of 
L(£) for 5(f). That is, instead of Eqs. (1) to (3) 
we use the following: 

y,L ~ye+ (x p -x»)-L(£') **y,+/A# •£(*'); (8) 

«yt-a-/)A**L(*"); ( 9 ) 

y,A-y„A'+(y,L"+/)/3, (io) 

where and / have the same meanings as 

above. For example, to determine y u we make 
the following calculations: 

yut'-6344+4X414.0 “8000.0; 
yui" - 8351 -1X372.0 - 7979.0; 
yui,“ 8000.0+.6X (—210)-7987.4, 


619 


Volume it, Jtfiir, ww 



The error of this result is +1.5 unit. Other 
results obtained with die aid of Fig. 1 are given 
in Table IV. The average error for these results 
is about six dmes the average error for die 
results given in Table III. As we shall see, this 

Table IV. Result* obtained using values of L(t) 
from Fig. 1. 


Xp 


ypL 

Error of ypL 

E*t. Rpi> 

li ’ 

-22.4 

”6787.6 

+ 1.6 

+2.3~ 

12 

-33 0 

7208.2 

+2.8 

+3.3 

13 

-33.0 

7607.4 

+2.7 

+3.3 

14 

-21.0 

7987.4 

+ 1.5 

+2.3 

16 

-13.0 

8702.8 

+ 1.2 

+ 1.6 

17 

-18.8 

9041.5 

+2.1 

+2.3 

18 

-18.6 

9367.7 

+2.3 

+2.3 

19 

-13.5 

9682.9 

+ 1.9 

+ 1.6 


is the ratio to be expected if the smooth curve is 
accurately drawn. 

This rectilinear variation does not require a 
plot since the values of L(f) and L(X n ) can be 
calculated by use of the following equations: 

(li) 

A* •£.(*")* Ay,+|/*A*yt. (12) 

However, when a number of interpolations are 
to be made, a plot is useful. 


3. GRAPHICAL METHOD OF ESTIMATING 
THE ACCURACY OF RESULTS 


If the smooth curve is drawn and also the 
chords connecting the graph points, as in Fig. 1, 
the accuracy obtainable by this method of 
interpolation can be estimated as follows. The 
error of y P L is approximately given by the 
following equation: 


E,i 


3 (vi—vt) 

8 (ffj+ee) 


(y,i"-y„t'). 


(13) 


where «r, represents the vertical sagitta at Xu 
that is the vertical distance between the chord 
PiPi and?the smooth curve at X equal to x lt and 
n represents the corresponding vertical sagitta 
at Xf Evidently, 

ffj—Z,(*i)—S(ii), (14) 

ami 

(15) 

Aqo#rding t» fig, t&,9M, and are equal to 




about 2.3, 4.6, and 8 units, respectively. Using 
these values, we obtain for Ept the estimates 
given in the last column of Table IV, These 
estimates are seen to agree approximately with 
the actual errors given in the preceding column. 

If the smooth curve is accurate, the error of 
y„a will be about one-sixth of Epi. With an 
inaccurate curve, the ratio may be greater or 
less than six. In the case of Fig. 1, in spite of 
the fact that the values of S(X) given by the 
curve are from .3 to .8 unit too large, the errors 
in the values of y P a happen to come out somewhat 
less than if the smooth curve had been accurate, 
averaging +.27 instead of +.37 unit. (See Table 
X, below.) Thus, even with a hastily drawn 
smooth curve, the values of y P a obtained with 
the aid of it are likely to be several times as 
accurate as values of y p i obtained from the 
chords. 

An interesting case is when the two sagittas 
are approximately equal. In this case, according 
to Eq. (13), the error of results obtained from 
values of L(X) will be very small, and there is no 
point in using the smooth curve except to 
asrertain that the sagittas are equal. Therefore 
when the sagittas are found to be nearly equal 
accurate values of L(X), calculated by use of 
Eqs. (11) and (12), should be used to determine 
y P L if maximum accuracy is desired. 

4. CASE OF UNEQUAL INTERVALS BETWEEN 
DATUM POINTS 

In the example used above to illustrate the 
method, the abscissa interval Ax between datum 
points is constant. We shall now apply the 
method to a case where the abscissa intervals 
are unequal, using the data given in Table V. 


Table V. Data uaad to illustrate the method as applied to 
unequally (paced datum points, (y—log x.) 







Mean x Graph 

X 

y 

Ay 

Ax 

Ay/Ax 

* 

point 

40 

1.60206,0 

.04139,3 

4 

.01034,82 

42 

Pi 

44 

1.64345,3 

6 

47 

P* 

.05551,7 

.00925,29 

50 

1.69897,0 




.064454 

8 

.00805,72 

54 

P. 

58 

1.76342,8 

10 

63 

Pi 

.06988,1 

.80690,81 

68 

1.83250.9 




80 

■07058,1 

12 

.00588,17 

74 

P. 

1.90309,0 


JfUVKJDHii V* ArrUfV V 




Whereas when Ax is constant either Ay or 
Ay/Ax may be plotted as a function of mean x, 
when Ax is not constant it is necessary, of course, 
to plot Ay/Ax. Figure 2 shows such a plot of the 
data in Table V. The original is about 10 by 13 
inches. Using the smooth curve drawn through 
the graph points, values of y P s were determined 
for integral values of x p between 50 and 58. The 
resulting values of (y P s"— y P s') and of E a are 
given in Table VI. The maximum error came 
out only 0.5 X10 -1 less than Ay/10,000. Another 
similar plot, made independently, gave the same 
maximum error. 

Much to my surprise, the results obtained by 
use of the chords between the datum points came 
out as accurate as those obtained with the 


Tablb VI. Results for log 51 to log 57 from data in 
Table V. (Unit is .00001.) 


# 


Ea 

<FI*2) 

(accurate) 

£* 

(accurst*) 

51 

—4.1 

.0 

-15.09 

-.21 

52 

-6.2 

+.i 

-23-87 

-.14 

si 

-7.6 

•m 

—3134 

*••.13 

54 

—8.2 

-.5 

-34.49 

-.0$ 

55 

-8.2 

-.3 

-32.34 

-.06 

56 

57 

1 1 

N»Qft 

-.4 

.0 


-.06 

-.10 

Avemgp: 


±.2 

-25.87 

-.12 


smooth curve. Then, in place of the values of 
L{1) read from the chords, I tried values accu¬ 
rately calculated by use of Eqs. (11) and (12). 
The resulting values of (y p z,"— y pL ') and of El 
are given in Table VI. The maximum error 
came out only — 0.21 X10"*, less than Ay/30,000. 
Then I calculated El by use of Eq. (13), substi¬ 
tuting for vi and <ro the values 4.3 and 4.1, 
respectively, as determined from Fig. 2. For x 
equal to 54 the estimated value for El comes out 
(y*/," — y P i')/\\2 or — 0.31X10This is as 
close to the actual value as is to be expected. 

As will be described later, investigation of 
other series of uneven intervals shows that with 
uneven datum point intervals as with constant 
intervals, Eq. (13) gives, at least approximately, 
the value of El to be expected. From this it 
follows that if when interpolating in a certain 
interval, the adjacent intervals can be adjusted 
so that the two sagittas come out equal, then 
the interpolation results obtained by using accu¬ 
rate values of L(£) will be unusually accurate. 
This principle has been used to construct a 
diagram, see Fig. 5 below, which enables the 
logarithm of any number to be determined to 
six to eight places, from die data on the diagram, 
by interpolation, using the rectilinear method. 
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Pic. 3. Plot of a function of x and of S(t), a (unction of i. 


The same method can be applied to any function 
for which the values of Ay/Ar do not vary too 
widely, for example to sine 9 or cosine 9 or to 
tangent of 0° to 45°. 

5. INVESTIGATION WHICH LSD TO THE 
INTERPOLATION METHOD 

We shall assume that we are given the co¬ 
ordinates of the datum points a, b, c, and d of 
the function of x plotted in Fig. 3 and that we 
wish to determine the value of y* at a point p 
with abscissa x,. We plot the datum points, 
draw a smooth curve through them in order to 
locate p approximately, and draw the chords 
between datum points and finally the chords bp 
and pc. Now since 

y P “y»+(**—**) • (slope of chord bp), 
and 

y P m y c —(Xe—Xp) • (slope of chord pc), (16) 

if we knew the slope of bp or of pc we could 
determine y P . It occurred to me to investigate 
Whether them slopes can be determined from 
the kno|rn slopes of the chords between datum 
poiilA* 

If dm pouit p is moved along the curve from 
* to b, the slope of pb varies continuously from 
that tif ah to that of the tangent to the curve 
at hj if p k then moved on to c, the slope of bp 
varies continuously from that of die tangent at 
fr to Wad of die fhord be, while the dope of pc 
wfert* tebthadowdy from that of he to that of 


the tangent at c; and if p is then moved to d, 
the slope of cp varies from that of the tangent at 
c to that of cd. Meanwhile, the mean abscissa 
of the chord to or from p increases from h(x«+*») 
to $(x«+x<<). From this it is evident that the 
slope of the chord between p and one or other 
of the two nearest datum points, considered 
always as extending to the right, is a continuous 
function of the mean’abscissa f. If we designate 
this function by F(i), then Eqs. (16) become 

y P «5fc+(**-*»)/W 

-y.-(*«-*,)-F(f"), (17) 

where £ is the mean of x p and x*, and f " is the 
mean Of x v and x». 

In Fig. 3 the slopes of the chords ab, be, and 
cd, that is the values of Ay/Ax for the three 
intervals, are plotted as a function of mean 
abscissa and a smooth curve is drawn through 
the graph points. If we designate by 5(f) the 
function of f represented by this curve, then 
5(f) has the same values as F(£) for f equal to 
the mean abscissas of the chords ab, be, and cd. 

To investigate the relation between 5(f), 
whose values can be determined graphically 
with more or less accuracy from the data, and 
F(t), whose values we wish for substitution in 
Eq. (17), the function y«logx was chosen for 
study since it is an unusually difficult one for 
accurate interpolation. Given the data included 
in Table VII, the first problem was to determine 
the relation between 5(f) and F(£) for this 
function. 

Using a seven-place table of logarithms, the 
values of F(f) were computed for all integral 
and half-integral values of f between 45 and 70. 
The values so obtained were plotted in Fig. 4 

Table VII. Dsta for the function y—log x. 


Datum 

point s ? 

~*o 30 147713,12 

b 40 ij&OOtfiO 

c so i Mmjoo 

4 60 1.77015,12 

t 70 I4450M® 

s to \mmm 


Ajf/A* 

t 

*8t 

.01249,39 

35 

Pn 

40969,10 

45 

Pt» 

4679141 

55 

P** 

40669,47 

65 

Ptt 

40579,92 

75 

Pt* 







Fig. 4. 



and a dashed curve drawn through them. The 
original plot is 10 by 15 inches; and in order to 
increase the vertical scale, lines of constant 
ordinate were drawn in at 45° to the lines of 
constant abscissa. The curve for F(£) passes 
through the graph points, of course. 

A smooth curve through the graph points will 
obviously lie near the F(£) curve. To investigate 
the relation between these functions, the smooth 
curve shown in Fig. 4 was drawn through points 
whose ordinates were calculated by use of the 
following equation: 

10*5(£)-«log (£+5)— log (£—5). 

This was done to eliminate effects of inaccuracy 
in drawing the curve. Finally, the graph points 
were connected by straight lines which give the 
values of the function L(£). It then became 
evident that the S(£) curve lies everywhere 
between the functions F(£) and L{£) and the 
difference 5(f) minus F(£) is about one-third of 
the difference L(£) minus 5(£) in this case. It 
was found that for £ between 50 and 60 the 
ratio of the differences is in fact dose to 3 on 
the average, being equal to 3.12. This suggested 
that if we subtract from 5(f) one-third of 
[Z(£)-S(£)3 we shall obtain a function of £ 
whose values are approximately equal to F(£). 

vo mu* ir, im 


If wo call this function C(£), then 

C(£)-5(£)-i[i(*)-5(*)3; (18) 

and if we substitute C(£) for F(£) In Eq. (17), 
we sh all ^ob tain approximately correct values 
for y p . * 

Since the error in the result obtained is 
(x p —xt) or (Xt—Xp) times the error in C(£') or 
in C(£")» we shall reduce the error on the 
average if we write two equations, as follows, 

ype' =y*+ (Xp—Xh) • C(f') “ Vh+fAx • C(x') ; (19) 

y«e" * y-- (*« - xp) ■ C(x") 

-y,-(l ~/)A*-C(*"); (20) 

and use Eq. (19) for rases where / is between 0 
and |, and Eq. (20) far cases where / is greater 
than j. 

Results for log 51 to log'59, obtained by 
substituting values of C(£) from Fig. 4 in Eqs. 
(19) and (20), are given in Table VIII. The 
average error comes out about .5X10“*, or 
Ay/16,000. This shows that the method is suffi¬ 
ciently accurate providing an accurate smooth 
curve can be drawn through the graph points. 

To determine whether die relation between 
the functions F(£), £(£), and 5(f) suggested by 


m 




I'ABLK Vtll. Results for log 51 to log 59, obtained by 
substituting values of C(i) from Fig. 4 in Eqs. (19) and 
(20). (Unit is .09001.) 



£ 

FG> 

C(£) 

V 


51 

50.5 

860.0 

859.9 

- .1 


52 

51 

851.7 

851.5 

- .3 


53 

51 5 

843.5 

843.3 

- .7 


54 

52 

835.6 

835.4 

- .8 


55 

52.5 

827.8 

827 6 

-1.3 


55 

57.5 

755.8 

755.9 


-.7 

56 

58 

749.1 

749.2 


-.5 

57 

58.5 

742.5 

742.6 


-.2 

58 

59 

736.2 

736.2 


-.1 

59 

59.5 

729.9 

729.9 


.0 


Fig. 4 is a general relation, equations for these 
functions in terms of the differences were derived 
from the Newton-Bessel formula, Eq. (7). From 
these equations, which are given in Appendix A, 
it follows that 


A* •[£(*')-W3 


/(I-/)(!+/) 

-(A 4 yo+A 4 yi)-hctc. (21) 

144 


A*-[CCr") -F(2")] 

,/<W)(2-/) 

■H- 

144 


(A 4 yo+A*yi)—etc. (22) 


In absolute value these differences each amount 
to less than one fourth of the fourth difference 
term in the Newton-Bessel formula, Eq. 7. In 
our example above, since (A 4 y 0 +A 4 yi) equals 
—.00702, the value of these differences for 
should be about ±1.8X10"* divided by Ax, that 
is ±.18X10-*. The differences between columns 
3 and 4 of Table VIII agree with this result. 

When an inaccurate smooth curve is used in 
obtaining the values of C(2) for substitution in 
Eq. (19) or (20), however, any error in 5(2) is 
multiplied by (4/3) (x„-**) or (4/3)(x„—*,) so 
that in the case of Fig. 1, for example, the results 
for came out with errors which average four 
timas me average error for y pC when accurate 
values W S(f) were used. (See Table X, below.) 

it occurred to me that if values of 5(2) are 
substituted in Eqs. (19) and (20) for correspond¬ 
ing values of 0(2), since $(#) is greater than 
C(*') If 5^0 ^-greater than C(2"), the errors 
to the W and y>*", will 

be therefore, a wetted mean 




of the two values might be fairly accurate. To 
test this, accurate values of 5(2) from Fig. 4 
were substituted in Eqs. (1) and (2), and values 
for y p s' and y P a" were obtained for integral 
values of x p between 50 and 60. From these, the 
figures in column 2 of Table IX were obtained. 
Figures for the difference between y P a and the 
correct values are given in column 3, and the 
ratios of these differences to the differences in 
the second column are given in column 4. A plot 
of this ratio as a function of / showed that the 
values run parallel to the values of (1 +/)/3 and 
differ from them by only about .067. It follows 
that, approximately, 

y,~ypa'+(y P s"-y pa ’)(i+f)/3 • (23) 


If we call this result y p s, then Eq. (23) is the same 
as Eq. (3); hence we have arrived at the method 
described at the beginning of the article. 

Equation (23) is equivalent to the following 
equation: 



(24) 


The value y P a is thus a weighted average of 
y P H and y P a". It was found that the error of 
this average is less, with an inaccurate curve for 
5(2), than the error of the corresponding result 
y P c obtained from the function C(2), on the 
average. This conclusion is illustrated by the 
figures given in Table X for the errors in the 
results obtained, by use of various equations, 
from the data in Table I and from Fig. 1. 
Although with an accurate smooth curve Ec 
averages only half Ea, with the actual curve for 
5(2), which gives values which are up to .8 unit 
too large, Ec averages three limes Ea. Of course, 


Tablb IX. Results calculated from S(t) in Fig. 4. 
(Unit is .00001.) 


x. 

fc-«s"-W> 


Ratio of 


(l) 

<3» 

(3) 

(3) to (2) 

W+i) 

51 

- 6.45 

-2.80 

.434 

.367 

52 

—11.25 

-5.27 

.468 

.400 

53 

-14.49 

-7.28 

.502 

• .433 

54 

-16.36 

-8.70 

.535 

.467 

55 

56 

-16.62 

-isi> 

-9.44 

-9,40 

.568 

.600 

.500 

.533 

8 

59 


—3J6 

.632 .567 

,663 .600 

.693 .633 
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•hew* that Ecp. (!) to (3) will give mere accurate 
value* than Eq*. (19) and! (30), as a rule. 
Nevertheless, since only one of the two Eqs. (19) 
and (30) need tie wed in any particular case, 
it may be convenient to use the C(t) function 
rather than the 5(f) function when this gives 
sufficient accuracy. 

Table X also gives the values of El, the errors 
of results obtained by substituting values of 
L{St) in Eqs. (8) to (10). When accurate values 
of L{St) are used, 

/(W)(/+l)(2-/) 



X (A 4 y 0 +A 4 yi)—etc.; 

(25) 

and since 



iy P L" y p t') = - A’y,; 

(26) 

and 

(o-i-o-o) 1 (A 4 y*+A 4 y>) 

(<ri+«r 0 ) 4 A*y t 

(27) 

where <n and <ro are the vertical sagittas defined 
above by Eqs. (14) and (15), therefore, approxi¬ 
mately, 


3 (ffi—<ro) 

EL=-—~—(y P L''-y P i!). 

8 Ori+tfo) 

(28) 


This is the same as Eq. (13) above. In the case 
of Fig. 4, <rx is equal to 51.33 and v 0 to 89.55; 
hence El should be equal to about .1017X(y P z," 
—y P z/) for values of x p between 50 and 6.0 

Table X. Errors of results from data in Table I, (1) 
using values of the functions from Fig. 1, and (2) using 
accurate values. 


Xp 

(1) Values from 
El Ec 


(2) Accurate value* 

E L Be Bs 

11 

+1.6 

+ .8 

+.3 

+2.00 -.15 

+.34 

12 

, +2.8 

+1.2 

+.2 

+3.07 -.3 

+.50 

13 

+2.7 

-2.2 

+.3 

+3.03 -.25 

+ 47 

14 

+1.5 

-1.0 

+.3 

+1.96 -.1 

+.33 

16 

+1.2 

+ .7 

+.25 

+1.55 -.1 

+.27 

17 

+2.1 

+ .8 

+.15 

+2.40 -.25 

+.42 

18 

+2.3 

- .4 

+.2 

+2.30 -.15 

+.40 

19 

+19 

- .5 

+.4 

+1.47 -.05 

+.22 

Average: +M 

db .9 

+J 

+2.22 -.17 

+.37 


7GK 


Table XI. fenlts for log 54 interpolated in several ^cricb 
of datum points with various intervals. 


AMwof 

Ma of 

Bul 

MmL 

3 (#i—**) 

P 4,S 

tatias potato 

later vils 

XM8<#i+w) 

NlO# 

43,41, to, to. to to 
totoJmto,to 

87,4sftodM7,n 
38,44, Ml to 86,74 
38,40, totototo 

H4-1H8 

4-4-8-10-13 

-3to 
—Oto 

+401 

+.003 

+to0 
+J015 i 

- i 

L +I 

8-7-8-0-10 
8-8-8 8 8 
13-10-8-8-4 

+1.48 

+310 

+6.40 

-MX 

US 

-to0 
-toft 
-.108 

+ 3 
+.1 
f 8 


Actually the average ratio erf El to iy P L" —y P i') 
comes out .101. 

With an accurate smooth curve, Eg is about 
one sixth of El. According to the figures in 
Table X, the ratio is one to six for accurate 
values and about one to six for values from Fig. 1. 

In the case of unequal intervals between datum 
points, after the results given in Table VI had 
been obtained, various other series of unequal 
intervals were investigated. Accurate values of 
List) were used. The results for El for / equal to 

that is for log 54, are given in Table XI; also 
values of the ratio of Eul to iyui!'— yuif) and 
of f(<ri—<ro)/(<n+ao). The agreement between 
the figures in columns 4 and 5 of Table XI 
indicates that Eq. (28) gives the value of El 
whether the intervals between datum points are 
equal or unequal as accurately as the ratio of 
(<ri—«ro) to (fri+v#) can be determined graphi¬ 
cally. 

The values of Eg given in the last column of 
Table XI were calculated by use of as accurate a 
smooth curve as could be obtained but are only 
approximately correct. They indicate that the 
ratio of El to Eg is practically equal to six 
except when the errors approach zero. The 
general conclusion is that the greater the value of 
the ratio of (<ri—e*>) to (<n-+*o) in absolute 
value, the greater the advantage in accuracy erf 
using the smooth curve rather than the chords 
between graph points in interpolation by this 
method. 

4. DIAGRAM WHICH ENABLES ACCURATE VALUES 
TO B£ QBTAIH1D BY LINEAR 
INTKKFOLATION 

For a certain interval, say log 50 to log 60, 
accurate values can be obtained by linear inter* 
potation between graph points, as we have awn, 
if adjacent datum intervals are correctly chosen. 
Now the effect of changing these interval* 4» to 
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change the slopes of the lines connecting the 
graph point at the center of the interval with 
the adjacent graph points. These dopes are equal 
to [£(*),-L(*),]/iA* and [£(*)«-£-<*)»]/JA*. 
where L(3t) j, L(S) t, and £(£)• represent the 
values of L{t) for # equal to x u *», and #o, 
respectively. Given the value of L(£)j, we can 
adjust the values of L(t) 1 and of £(£)* so that (1) 
the error of y\t is zero, and (2) so that the error 
for / equal to some value, say .2, is the same as 
the error for / equal to say .8. The equations 
for L(t)i and £(£)* are then as follows: 


A#C£(2)i+I>(f)«3 


-2A*- 


Qu-y.t) - (.8 - .2) • Ay t 

2X.8X.2X(.8-.5)/3 ’ 


A*C£(*)i-£(*)«] -4(yi+y*-2y*); (30) 


from which 2£($)i can be obtained by adding 
Eqs. (29) and (30), and 2£(£)o by subtracting 
Eq. (30) from (29). Substituting log 50, log 52, 
log 55, log 58, and log 60 for y», y.», y», y.*, and 
yi, respectively, we obtain: 

I<££(g)t+Z(*).] -.15836,25006-(.04742,46500 

— .04750,87476)/.032; 
* .15836,25006+.00262,8050 
-.16099,05506. 

10{X<£) J—£(£)• J »4(3.47712,12546 

-3.48072,53790) 

-—.01441,64976, 

Hfgftoe: 

£(!)»-.0073247026; and £(£)»«.00877,03524. 




If we substitute these values in the equhtiwtsi: 

L(^)-£(*),+(!-/)C£(*).~£(*)*3; (31) 
Z(*'0-^(*)»-/Ci(*)»-i(*)>3; (32) 


and substitute the values of £(£') and £(£") so 
obtained in Eqs. (8), (9), and (10), we shall 
obtain values of log#,, for values of #, between 
50 and 60, with a maximum error of .00000,18; 
and if we substitute for Eq. (10) the following: 


yp=y P L+(y,L"-ypL) 

[l . (/-« 


(33) 

(2 3 


where in this case A has the value 0.0456, the 
maximum error will be reduced to about 
0.00000,005. 

The constants in Table XII enable the loga¬ 
rithm of any number to be calculated. The 
result will be accurate to from five to seven 
places, depending on which interval is used, if 
Eq. (10) is used, and to two places more if 
Eq. (33) » used. For example, in computing 
log 48 we get y«»' — 1.68169,9564; y«»" —1.68092 ,- 
9260; (y«"-y«')- -.00078,0304; y«-1.68123.- 
7382, if Eq. (10) is used, and y«—1.68124,1243 
if Eq. (33) ts used. The errors of the two results 
are —.3856X10”* and +.0006X10“*, respec¬ 
tively. If log 48 is obtained by computing log 96 
and subtracting log 2 the corresponding errors 
come out —3.36X10"** and —0.16X10 - *, re¬ 
spectively. Thus, by using the interval 80 to 90 
or 90 to 100, logarithms accurate to eight places 
of decimals can be obtained from the data in 
Table XII. 


Table XII. Constant* for calculating log# by use of 
function £(*).* 


wudm I«£<»)| t OLm, iot(*)i 


40 1.60203.9*91 

30 1A00974004 

60 1.77013,1239 

70 1443094040 

SO 1.90206,6967 
90 1.964344406 
MO 2 4 900 94 000 


4*6*14013 

47MM2M 

4660647*0 

43)09,6967 

49*1949*2 

4*973419* 


.11010,7277 

467704324 46032.7149 

472094173 47220.7026 

40237.7330 46230.6403 

40431,7010 43463.9340 

4*66247*6 44349.6400 

40309.1031 


4337 

4430 

4303 

4333 

4293 
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Aktaagh « graph u not necessary, such a diagram as that in Pig. 5 is useful as a guide to the 
algffbrwir afegns to use in computing H$) and L(t "); moreover, it gives all the data included in 
TftMeXll. 

ARPBKDBL EQUATIONS FOR FUNCTIONS OF MXAN X. 

The datum points are equally spaced in all cases; and the functions are all accurate. The 
equations arc derived from the Newton-Bessei formula, Eq. (7) above. 


(1-/) (1-/) 
Ax-L(£') =* Ayt-(A*y#+A*yi)d-A*yi; 


(34) 


Ax-L(£")' 
A x-S{&’)' 


f f 

! AyH—(A*yo+A*yi)+ A*y»; 

4 4 

(1-/) (1-/)* 

•Ay 4 -(A*y 0 +A*y 4 ) H-A*y» 

4 8 


(35) 


<l-/)(l+/>(3-/). (W)’»+/)(3-/)., _ „„ 

—(A 4 yo+A 4 yO. . .A*y t —etc. (36) 


4*X3! 


A x-S(£")- 
Ax -Fix'): 


4*X4! 
/*( 2 +/)( 2 —/) 


/ P /(2+/)(2—/) 

=Ay t +-(A , yo+A s yi)+—A*y,-—jj—( A4 >°+ A ^‘) “ 4 , x4 , 

(i-/) , (!-/)(/“!) , 

*Ay 4 -(A*y 0 +A*y 4 )---A*y 4 


A*y»+etc. (37) 


2X4! 

Ax-F{£") — Ay»+-(A*y 0 +A ! yO — --A*y> 

4 3! 


3! 

(I -/)(!+/) (2—/) (t-/*)(2-/)(/-1) 

+- -— --(A 4 y«+A 4 yi)H-—-A*yi-etc. (38) 


5! 


/(/+!)(2~/)./(I +/)(2—/)(/— I) , ^ 

(A 4 y q -fA 4 y 4 )-—-A*y 4 +etc. (39) 


El* 

Eg* 

£c' = 

Ec"* 


/(i-/)(l+/)(2-/)r 2 


2X4! 

f (A 4 y 0 +A 4 y t ) + (/- J)A»yjl -etc. 

48 L 5 J 

/(t-/)(l+/)(2-/)f 9 1 

7 |(A 4 y*+A 4 y,)+-(/-DA^j+ctc. 


5! 


288 


144 

,/(l-/)*(2-/) 


144 


<4 4 y*+A 4 yj)'fetc. 

(A^+A^O -fete. 


/(!*“/> 


fa* 


(40) 

(41) 

(42) 

(43) 

(44) 

m 
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W-ya') 


(AS+A^O+etc. 


/a-/). 

—A*y»-r- 


1 1 

3 3 

at * -A*yi-f—A 4 yi- 


8 16 

128 256 

1 1 

3 3 

*•««*-A*y»-A 4 yo- 

—A*yi-A*yo—etc. 

8 16 

128 256 

1 

3 

w Q *— (A 4 ye+A 4 y t )- 

-(A'yo+A'yO+etc 

16 

256 


1 3 

ffi+ffo - -A*y»-A^j+etc. 

4 64 

(at—at) 1 (A 4 y®+A 4 yi) 

—.- - am —-..... — Ct€* 

(*i+ff«) 4 A*yt 


(45) 

(46) 

(47) 

(48) 

(49) 

(50) 


The Use of Color and Fluorescence Indicators for Determining the 

Structure of Glasses 


W. A. Wen. 
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The /art that light absorption and eouMioa depend on the environment of the ion* and 
molecules which absorb or emit light can be used to draw conclusions about the structure of 
liquids, glasses, and crystals. This method supplements, to a certain extent, information gained 
from other sources, such as x-ray diffraction data. Hie method is illustrated by several 
examples, like the influence of thermal history on the structure of glass and the constitution 
of the yellow fluorescing zinc orthoeilicate. 


L UfTRODUCTIOIf 


TX)R a long time chemists avoided studying 
* macroraolecular substances. The classical 


period of organic chemistry with its brilliant 
synthesis of natural and artificial dyes of alkaloids 
and pharmaceutical compounds left the field of 
hkh p o tyt ae rg poetically untouched. The chem¬ 
ist'.tf this period ne glecte d all those reaction 
p red u c h which had the slightest resemblance to 
* twin, Reactions leading to an amorphous 


product which could not he purified by crystal* 
.phsiifflit TWfry pjosidetetf jfritures. 

This hostile attfarifc to rverythirig with a 
['changed only when the 
with the c h w nist 




and when physical measurements became routine 
methods in the chemical laboratory. With the 
increase of the molecular weight certain physical 
properties become more characteristic, whereas 
the strictly chemical features of the macro- 
molecules lose some of their significance. It 
becomes difficult to distinguish similar macro¬ 
molecules of dif fere n t degrees of polymerization 
by purely chemical reactions. The distinguishing 
features are their diffusion speed, viscosity, 
cohesive forces, and their relaxation times. This 
is true for both organic and inorganic com¬ 
pounds. Tie wash which shall bp discussed here 
wa* cbiety designed to study inorganic high 
polymers, especially silicate glasses. 



Ttevitrpotts state of matter Iim certain cfcar- 
iC torlsti w vtitidl are brought about by the high 
de gr ee el polymerization and by the feet that 
die relaxation time of glasses is too high to 
allow the estab&hment of an internal thermo* 
dynamical equilibrium. Textbooks usually em¬ 
phasise that glasses are supercooled melts 
which are instable with respect to their crystal¬ 
line phases. This is no doubt true for many cases 
and it explains why certain glasses tend to 
devitrify, that is, to form crystals. For the 
understanding of the typical glass properties, 
however, it is much more important to realize 
that glasses possess an atomic configuration 
which had been stable at a certain higher 
temperature and which on its way to room 
temperature has been “'frozen in” because of the 
high relaxation time of the glass forming units. 

Water can be cooled below its freezing point. 
The water is then a supercooled liquid but not a 
glass, it is instable with respect to its crystalline 
form, the ice, but it is in internal equilibrium. 
No matter how the supercooled water was 
prepared, its properties are well defined if the 
variables, temperature and pressure, are fixed. 
For glasses, however, this is not true. Depending 
on its thermal history, the properties of a glass 
of given composition may vary widely. The 
density, refractive index, chemical resistivity, 
or the electric conductivity of a glass is no 
longer defined by its composition, temperature, 
and pressure. 

The thermal expansion of a supercooled liquid 
is uniquely defined by a-curve which gives the 
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volume a* a function of the temperature. If we 
allow a borowlicate glass to cool very slowly to 
room temperature and then determine its ther¬ 
mal expansion, we find a curve like that in Fig. 
la. If tiie same glass was chilled rapidly, so that 
the polymerization ia incomplete, it shows an 
entirely different thermal expansion. As indi¬ 
cated in Fig. lb the expansion at low temperature 
changes into a contraction around 350°C. This 
contraction is caused by a polymerization process 



or by a change in the geometrical arrangement 
of the glass forming units which could not take 
place on cooling because of the high relaxation 
time and the speed of passing through this 
temperature region. 

In order to describe fully how a glass of given 
composition will change its volume on heating 
at a certain rate, we need a space diagram which 
represents the volume as a function of both 
temperature and previous heat treatment (Fig. 
2 ). 

Based on economic and technological consider¬ 
ations web as the sounce of raw materials, the 
method* of manufacture, and the processes used 
for forming the material into its final shape, one 
has repeatedly tried to draw a sharp demarcation 
line between inorganic glasses and amorphous 
organic materials. Modern developments such 
as glasses free of silica (phosphate glasses) or 
even free of oxides (beryllium fluoride) and 
especially the organic derivatives of silica make 
a sharp distinction very difficult. From a scien¬ 
tific point of view there was never a justification 
for a distinction between organic and inorganic 
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glasses. The vitreous state with its characteristics 
such as optical isotropy, typical thermal expan¬ 
sion and its dependence of all properties on the 
previous thermal treatment is found among 
elements, oxides, sulfides, salts, and a great 
variety of organic compounds. G. Tammann 1 
to whom we owe much of the early work on 
glasses and their properties studied such com¬ 
pounds as brucin, salicin, betol, piperin as well 
as borates, phosphates, and elemental selenium. 
These glasses can be studied within a more 
convenient temperature range and their principal 
features are not different from those of the high 
melting silicate glasses. 

Just to give you another example of the close 
analogy of inorganic and organic high polymers, 
I want to mention that recently we synthesized 
a purely inorganic material with rubber elastic 
properties, a hydrated alkali-manganese-phos¬ 
phate. This was accomplished by cross-linking 
the long chain-like sodium-potassium-polymeta¬ 
phosphate molecules by means of a two-valent 
ion, in other words, by means of a unit having 
two functional groups. Sodium-potassium meta¬ 
phosphates can be obtained as high polymers 
with molecular weights of 100,000. Their aqueous 
solution forms a viscous liquid. If this solution 
is allowed to react with divalent ions, in partic¬ 
ular with manganese, a complex alkali-manganese 
phosphate is predpated. The divalent ions link 
together the long chains thus depriving them of 
their free mobility. The resulting rubber-like 
product shows birefringence when stretched. 

The polymerization of P«0» can still be studied 
by similar methods as that of organic compounds. 
Despite its tendency to form high polymers, 
PfO» is soluble to a certain extent in such solvents 
as chloroform. SiOt glass as compared with PiO* 
glass, however, is insoluble in aU solvents. The 
high viscosity of fused silica indicate that even 
at 1800°C this compound is still highly poly¬ 
merized. 

Tne methods for studying the structure of 
vitreous silica and silicates are greatly limited 
by the insolubility of these high polymers and 
by the high temperatures required to decrease 
their relaxation times sufficiently to bring them 
within experimental range. So far the Fourier 


‘G. Tan 
*8.1*03); 


on, (a) KrUtottMeren und Sthmtket s (Letp- 
thr G k mtkm i (Leiprig, 1933). 


analysis of the x-ray diffraction patterns has 
proved to be the most powerful tool for studying 
the structure of simple glasses. If the number of 
the atomic species does not exceed 3 or 4, one 
may obtain fairly reliable data concerning the 
average interatomic distances and the coordina¬ 
tion number of the cations. 

B. E. Warren 1 and his students have perfected 
this method and were able to derive the atomic 
structures of several simple glasses such as SiO», 
BeFi, B|Oi, and alkali borates and silicates. It 
must be considered as one of the major results 
of their work that they found the laws of crystal 
chemistry to hold true for the vitreous silicates 
as well as for the crystalline ones. 

Before it became possible to interpret the 
x-ray diffraction patterns of amorphous sub¬ 
stances, the author* and his collaborators used 
color and fluorescence indicators to obtain insight 
into their atomic structures. This method is 
based on the introduction of certain ions of the 
transition elements into the glass. Their light 
absorption and fluorescence is affected by the 
surrounding ions. Additions of new ions, substi¬ 
tutions, and changes in the structure due to 
temperature and heat treatment reflect on the 
indicate ions which in turn signal this change of 
their environment by changing their color or 
fluorescence. 


IL THE USB OF COLOR AND FLUORESCENCE 
INDICATORS 

Changes of color have been widely used to 
indicate changes in chemical and physical condi¬ 
tions. The arid-base indicators such as methyl 
orange and phenolphthalein are well known. 
Cobaltous chloride has been used to indicate the 
humidity of the air. Since the use of silver 
mercuric iodide to indicate temperatures above 
35°C, by its transition from the red to a yellow 
modification, many color indicators have been 
developed which permit us to estimate tempera¬ 
tures of moving machine parts or furnace walls 
over a wide range. 


1 B. E. Warren, I. Ape. Phya. 8 , 645 (1937). 

»W. A. Weyl, Vertifaitl. Kaiser Wtibem-Inatitut fdr 
Silikatforachiuig 7, 167-283 (1935). A rather complete 
bibliography on the subject of color and fluorescence 
Indicators can be found In dm author'* monograph on 
C&otoi (Shut prepared for the British Society of Glass 
Technology. Part I. The Constitution of Colored Glass, 
J. Soc. Gni* Tech. *, US-006 (1943). 
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The polymerization of anions to iso- or hetero¬ 
poly acids is associated with a change in light 
absorption. Studies in the ultraviolet and in the 
visible region revealed that the formation of 
polymer tungstates, vanadates, or chromates 
causes the absorption band to shift to longer 
wave-lengths. For example, the addition of 
sulphuric acid to a neutral chromate causes its 
yellow color of the CrO,* - to change into the 
orange of the Cr*0 7 *~ and finally-into the deep 
red of the Cr«Oj»*~. 

An analogous shift of the absorption edge 
with increasing molecular weight has been ob¬ 
served with alkali polysulfides. Both cases, 
chromates and polysulphides, have been studied 
in aqueous solutions as well as in silicate glasses. 

F. Weidert was the first to introduce color 
indicators into the glass melt. When studying 
the light absorption of glasses containing the 
rare earth element neodymium, he found that 
its spectrum is affected by the amount and the 
nature of the alkali present in the glass. Figure 3 
gives the light transmission between 550 and 
650 mu for four alkali silicate glasses containing 
neodymium. The fine structure of the neo¬ 
dymium band is most pronounced in the rubid¬ 
ium glass. Replacing the large rubidium ion by 
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other monovalent ions of decreasing size causes 
the fine structure to disappear. The small 
lithium ion causes the strongest perturbation. 
The disturbance caused by the electric fields of 
the alkali ions expresses itself in many different 
ways. The stronger the electric field of the alkali, 
the more fluid is the melt and the greater is the 
tendency of the glam to devitrify. Some potas¬ 
sium silicate glasses require many months of 
heat treatment to produce crystals. Lithium 
silicate glasses are so unstable that only small 
quantities can be obtained without crystallize- 
tion. Sodium silicates assume an intermediate 
position. Weidert showed that for a large number 
of glass compositions the fine structure of the 
neodymium band can be used as a means to 
determine the stability of a new glass composi¬ 
tion. Blurring of the fine structure was found to 
be an indication of pronounced tendency to 
devitrify. 

The light absorption of neodymium is caused 
by electron transitions taking place in rather 
well-protected inner orbits. The electrons which 
are responsible for the color are not identical 
with those which are involved in the formation 
of chemical compounds. In contrast to the 
colored salts of the elements of the transition 
group, all compounds of neodymium have nearly 
the same pink color. The oxide, the hydroxide, 
the sulphate, and the ammoniates have nearly 
identical absorption bands. Only minor shifts in 
the maxima and in the fine structure indicate 
that the deformation of the orbits of the outer 
valence electrons affects to a certain extent the 
incomplete inner shells. 

The author and his student used preferably 
those color indicators whose light absorption is 
caused by the outer or valence electrons. 

The light absorption of the salts of the ele¬ 
ments of the transition group such as Mn, Fe, 
Ni, Co, Cu, Cr, or V is caused* by electron 
transitions prohibited in the free ions but made 
possible by a deformation caused by surrounding 
ions (Molecular Stark effect). The maximum 
molar extinction coefficient of these ions is there¬ 
fore usually low and of the order of 0.1 to 1.0. 
Under certain conditions these ions form com¬ 
plexes with much stronger light absorption which 
can be attributed to electron transfer bands. 

There is no fundamental difference between 
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Fig. 4. Light absorption of qumizann in (a) hexane, 
(b.) hexane-nitrobenzene (7 percent), and (c.) hexane- 
nitrobenzene (24 percent). 

the light absorption of these ions, in aqueous 
solutions and in glasses. The rigidity of glasses, 
however, prevents their frequent collisions with 
their neighbors and as a result enables many of 
them to fluoresce. None of the simple ions such 
as Mn**, Cu + , V*+ fluoresces when dissolved in 
water, but they do so when introduced into 
glasses. The fluorescence—like the absorption 
spectrum—is also influenced by the environment 
as will be discussed later for the case of the 
divalent manganese ion. 

m. THE SPECTRUM OF INDICATORS AS 
AFFECTED BY SOLVATION 

The strength of the forces which different 
solvents exert upon the solute can vary very 
widely. They are weak if the solvent consists of 
molecules which have no permanent dipole and 
low polarizability. Such is the case for hexane 
and other “inert” solvents. Molecules with a 
greater dipole moment and greater polarizability 
exert stronger forces. These forces can be com¬ 
pared with external electric fields which are 
asymmetrical and which constantly change their 
direction with the thermal motion of the mole¬ 
cules. The splitting of spectral lines in external 
electric fields is well known. In case of asym¬ 
metrical fields a blurring of theffine structure 
nesplts rather than a sharp splitting of spectral 
lilies into their components. Change in direction 
of rite field, as caused by the thermal motion of, 
the surrounding molecules, acts in a similar way. 

Many organic compounds which are soluble 
in non-polar hexane have an absorption spectrum 
which exhibits softie fine structure. Figure 4a 
gives the light absorption of quinizarin in hexane. 
The two maxima are most pronounced in non- 
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polar solvents. Addition of 7 percent of the 
strongly polar nitrobenzene (Fig. 4b) blots the 
sharp maxima and in a mixture of hexane and 
24 percent nitrobenzene they have completely 
disappeared (Fig. 4c). 

The light absorption of quinizarin has here 
been used as an indicator for the polarity of the 
nitrobenzene. The electric fields of the nitro¬ 
benzene molecules exert an influence which can 
be compared with that of the lithium in neo¬ 
dymium glasses (Fig. 3). 

The absorption spectra of many crystalline 
compounds such as chromium salts resemble 
those of glasses containing the same color centers, 
but they differ in their behavior on cooling. The 
broad absorption bands of the green chromium 
glasses do not change much in their appearance, 
if the glass is cooled to the temperature of 
liquid air. The crystalline chromium salts in 
this temperature range possess fine structure 
resembling line spectra. Why do the spectra of 
crystals and of solutions or glasses respond to 
temperature changes in a different way? In both 
cases the transitions of electrons in the chromium 
ion are affected by the external electric fields of 
the surrounding ions. The lack of symmetry of 
these fields in crystals is caused by thermal 
vibrations. As the temperature approaches abso¬ 
lute zero the intensity of the vibrations decreases 
and the color centers find themselves in electric 
fields of identical symmetry which now do not 
change any more with time. In glasses the alter¬ 
nating electric fields produced by the surrounding 
ions in thermal motion become also more con¬ 
stant on cooling, but the glass structure causes 
each color center to be in a slightly different 
environment. As the light absorption integrates 
over a multitude of color centers, a blurred 
spectrum results even if the thermal motion has 
ceased. 

This behavior excludes all those pictures of 
the glassy state which are based on a heapwork 
of submicroscopic crystals. The state of disorder 
must be in molecular dimensions. 

Besides its influence upon the fine structure, 
the solvent determines the exact position of the 
light absorption. Increased solvation often shifts 
absorption to shorter waves, indicating an addi¬ 
tional energy requirement for the electronic 
lump. Perhaps the beet known example is the 
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Htttoftc «i an famft advent allows the iodine 
taotoegfe* to display optical properties similar 
to tinea to tito vapor state. Solutions of this 
type are parph, Woe todtoa vapor, and are 
characterised by a strong absorption band in the 
green region of the spectrum. Addition of mole¬ 
cules of higher polarity or greater polarizability 
to the hexane solution causes this band to 
broaden slightly and to shift to shorter wave¬ 
length (Fig. 5). The electronic transition which 
is responsible for the light absorption in the 
green region requires now a greater energy. For 
a theoretical interpretation of this shift we might 
use the same picture which D. M. Bose and S. 
Datta developed for explaining the different 
position of absorption bands and the variation of 
the magnetic susceptibility of an ion in different 
lattices. They assumed that a certain interpene¬ 
tration of the outer electrons of the paramagnetic 
ion and its environment has to be disentangled 
before the electron transition can take place. 
The energy required to loosen the “1-coupling” 
reflects on the position of the absorption band. 

Changing the solvent from hexane to benzene 
shifts the maximum absorption of iodine from 
525 m/i to 500 mp. Using toluene instead of 
benzene causes a similar but greater shift of the 
absorption band to 485 mp. The iodine can be 
used as an indicator for the solvation forces 
exerted by benzene, toluene, or similar com¬ 
pounds. The further the band is shifted to shorter 
waves, the stronger is the interaction between 
solvent and iodine, probably because of greater 
mutual deformation. 

If the solute can be excited to fluoresce, we 
And a similar influence of the solvent on its 
light emission, both on the fine structure and on 
the position of the bands. 

Addition of nitrobenzene to a solution of a 
fluorescing organic compound in hexane quenches 
the fluorescence. Even the strong fluorescence of 
mineral oil can be decreased to a small fraction 
of its original intensity if a few drops of nitro¬ 
benzene are added. Under standardized condi¬ 
tions, using a solution of nitrobenzene in hexane, 
one can use this effect as toe basis for working out 
quantitative method* for fluorometric analysis. 

In glasses elemental selenium produces a pink 
color; its absorption band broadens if potassium 


is replaced by sodium or lithium. The same 
change oS composition causes the red fluoresci nee 
of toe selenium to become fainter and to dis¬ 
appear.* 

More spectacular than the quenching of fluo¬ 
rescence in glasses and solutions is the shift of 
the emission spectrum. 

In the case of iodine we have noticed that 
increased solvation calls for larger light quanta, 
thus shifting the absorption to shorter waves. 
As far as the fluorescence is concerned toe 
increased solvation expresses itself in the emis¬ 
sion of smaller light quanta and consequently to 
a shift of the fluorescence color to longer waves. 
Using uranium glasses as an example, one finds 
that the uranyl group can produce a group of 
five relatively sharp emission bands in the blue- 
green part of the spectrum (potato glasses, 
certain phosphates, and borates) and as the 
other extreme a broad emission band with little 
or no fine structure ranging from green to orange 
(lithium or high sodium silicates). 

The organic chemistry offers numerous ex¬ 
amples for the variation of the fluorescence color 



Flo. 5. Light absorption of iodine in hexane-benzol. 


Carve t: Hexane pure. 

Can* 1: Hexane 14 percent benxol. 
Can* 3; Hexane 23 percent benxol. 
Carve 4: Hexane 54 percent benxol. 
Carve S: Benxol pate. 


* The fluorescence of cation* in silicate or phosphate 
glasses can be improved if the 0“ ions are partly ttflacyl 
by F" ion*. Introducing the more deformable Br* and I 
kms—even in email amount*—on the expense of the )m 
polarizable 0~ quenches the fluorescence. 
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Table 1. 


gg==g»T- . ■■ ■ - 

Sblvcnt 

Diamino tcrephthalic add ester 

para 

— 

Hexane 

green 

blue 

Bwuene 

green-yellow 

green-blue 

Ether 

green-yellow 

green-blue 

Chloroform 

green-yellow 

green 

Acetone 

yellow 

green 

Pyridine 

Ethyl alcohol 

orange-yellow 

orange 

green 

yellow-green 


with the nature of the solvent The most striking 
shift has been reported for the dimethylnaphth- 
eurhodine. In hexane this compound produces a 
strong bluish green fluorescence. With increasing 
polarizability and dipole moment of the solvent, 
the fluorescence is shifted to green, yellow, orange 
and finally becomes red in those solvents which 
contain strong polar groups, such as the alcohols. 
One is easily tempted to give a more specific 
interpretation of this phenomenon and correlate 
the maximum of the emission bands with the 
dielectric constant or the dipole moment of the 
solvent. One should keep in mind, however, that 
the deformation or interpenetration of the elec¬ 
trons responsible for the change of light absorp¬ 
tion and emission depends upon a number of 
factors among which the permanent and induced 
dipole moments, the polarizability, size, shape, 
and the position of the responsible atomic group 
within the molecule are the most important 

The interaction between solvent and solute 
can be intensified by introducing polarizable 
groups into the solvent, as can be seen from the 
influence of benzene and toluene on the light 
absorption of iodine. It can also be changed by 
introducing or varying the polar groups of the 
solute. 

Table I describes the influence which the 
solvent has on the fluorescence of the esters of 
para- and meta-diaminoterephthalk acids. Table 
II describes die change of fluorescence of the 
para ^taminoterephthalic acid eater dissolved in 
etbef'-'and In alcohol if the amino groups are 
made inert by acetyl groups and partly or fully 
replaced by hydroxyl groups. 

Increasing the forces acting between a solute 
and Its solvent shifts the light absorption to 
shorter and the Ught emission to longer wave¬ 
lengths, no matter how this increase In the 
mutual deformation and attraction is accom- 
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plished, by modifying the advent or by nwdi-' 
fying the solute. 

2. The Absorption Spectrum as Affected by 
Chemical Changsa 

We have interpreted the loss of fine structure 
and the gradual shift of the absorption bands to 
shorter wave-length as the result of increased 
solvation. Solvation must be pictured dynami¬ 
cally The solute molecules attract and orient 
surrounding solvent molecules, but thermal mo¬ 
tion does not permit the formation of more 
permanent configurations At low temperature 
especially if the forces acting between solvent 
and solute are strong, one may expect associa¬ 
tions of longer lifetime to form between solvent 
and solute. In this case one speaks of compound 
formation Iodine for example forms three groups 
of solutions. In hexane or carbon tetrachloride 
it produces the same purple as the vapor and 
one assumes little interference between the Ii 
molecules and the solvent. For benzene and 
toluene we have found some interaction which 
causes the absorption band to be slightly shifted: 
these solutions are red. In alcohol, ether, or in 
an aqueous solution of potassium iodide, iodine 
dissolves with a deep brown color, and it is 
generally assumed that a more or less defined 
chemical compound has formed. In the potassium 
iodide solution it is the anion (Ii)I~. Such an 
association of longer lifetime than the previously 
pictured dynamic solvation can give rise to 
different electron transitions.* 

Figure 6 indicates the change of the light 
absorption of iodine in hexane upon addition of 
ether. The formation of a compound between 
ether and iodine is indicated by the appearance 


Table II. 


Derivative 

Ether solution 

Alcoholic solution 

2,5-diamino eater 

2-ami no-5-oxye»ter 
2/5-dioxyeater 
MonoacetyldSamino after 
Diacetykbamine eater 

yellow 

green 

blue 

blue-green 

violet-blue 

orange-yellow 

gellow-green 

green 

violet-blue 


* Whether * purple. rsd, or brown solution i* formed 
depstods not only w tMasmte of the solvent but also on 
the tempyature. R«d eg*tfcme batons purple on heating 
because of decreased solvetion. grown solutions turn red 
because of the therm*! dissociation of the labile compounds 
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Fig. 6. Light absorption of iodine in hexane-ether. 

Curve 1: Hexane pure. 

Curve 2: Hexane 2.28 percent ether. 

Curve 3. Hexane 4.56 percent ether. 

Curve 4: Hexane 7.15 percent ether. 

Curve 5: Hexane 8.60 percent ether. 

Curve 6: Hexane 28 6 percent ether. 

Curve 7: Ether pure. 


of a new absorption band. The position of the 
new band depends on the nature of the reactant. 
It is 450 m n for ether and 440 mix for alcohol. 
In contrast to the addition of benzene to the 
iodine hexane solution, we observe here the 
formation of a new color center on the expense 
of the original one which we attributed to free, 
but solvated, I, molecules. 

This type of change, appearance of a new 
spectrum and simultaneous disappearance of the 
original one, is characteristic for all chemical 
changes. It is widely used in colorimetry and in 
the field of glasses it has given us much valuable 
information about their chemical reactions. As 
an example for an oxidation-reduction process in 
glass, we give Fig. 7 demonstrating the reduction 
of CiOi to CrjO» by means of AbjO». If chromium 
compounds are added to the glass batch, a green 
glass is formed. The color is produced by both 
Cr* + and Cr** which are in equilibrium. The 
position of the equilibrium depends upon the 
melting temperature, furnace atmosphere, com¬ 
position of the base glass and additions such as 
arsenic. The Cr** has its main absorption in the 
ultraviolet and in the short wave region of the 
visible. It does not absorb in the orange, where 



the Cr*+ has an absorption maximum. The heigkt 
of this band can, therefore, be used to evaluate 
the amount of Cr*+ and with it changes of the 
oxidation-reduction equilibrium. 

These chemical reactions are of great impor¬ 
tance to the glass technologist, especially to the 
one who has to make reproducible color filters. 
From the viewpoint of the glass structure another 
type of compound formation is far more signifi¬ 
cant, a change which cannot l>e expressed by the 
conventional chemical equations. 

3. The Spectrum as an Indicator of Changos 
in Coordination 

The different colors produced by iron, man¬ 
ganese, chromium, or vanadium result chiefly 
from these elements being capable of forming a 
number of different ions in glass. Iron occurs as 
Fe* + and Fc* + ; vanadium as V l+ , V 4f , and V* + ; 
manganese as Mn* + and Mn* f . Each ion is an 
individual and its optical properties are just as 
different as its chemical ones. 

Other elements such as cobalt and nickel 
when introduced into glasses can form only one 
type of ion, namely Co*"* and Ni++. Nevertheless 
there are cobalt glasses which are pink and 
others which are deep blue. Nickel-containing 
glasses range from yellow over grey shades to 
deep purple. In these cases the different absorp¬ 
tion spectra are caused by different coordination 
complexes in which the Co++ or Ni++ participate 
as the central cation. This is known from the 
behavior of these ions in aqueous solutions and 
in various host lattices. 
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Fig. 8. Light absorption of the Co* + ion in aqueous solutions 
containing increasing amounts of calcium nitrate. 

Cobalt ions diluted in aqueous solutions are 
pink. They have an absorption band in the green 
part of the spectrum. Color centers are the 
completely hydrated Co** ions. Dehydration 
caused by increasing the temperature, addition 
of dehydrating compounds such as calcium 
nitrate or glycerol produces a slight change in the 
light absorption. The maximum is shifted to 
longer wave-length ami its height increases 
Dehydration produces the opposite effect of 
increased solvation. The electronic jump becomes 
more probable and is caused by light quanta of 
smaller size. Figure 8 represents the deepening 
of the pink of a diluted cobaltous nitrate solution 
upon addition of calcium nitrate. 

The addition of halides such as LiCl cm- CaCl* 
in its first stages produces the same effect. If the 
halide concentration exceeds a certain limit, one 
observes the formation of a deep blue complex 
ion such as (CoCI«)*~. This process is pictured 
in Fig. 9. 

Whenever an anionic complex CoX« is formed, 
one obtains an intensive light absorption in the 
long wave part of the visible spectrum. If X is 
Cl“, CNS~, or O*-, the color is deep blue. Using 
more polarizable ions such as I~ causes the bands 
to shift to longer wave-length and green com¬ 
plexes result. This has been observed in solutions 
as well as in borate glasses containing iodine. A 
blue pigment is obtained by introducing cobalt 
into a crystal lattice where it is surrounded by 
four oxygens. That is the case in the cobalt 
aluminate Al»Co0 4 (Thenards blue). Mixed 
crystals between MgO and CoO on the other 
hand are pink because they have NaCl structure 
and each Mg*+ and CO++ is surrounded by six 
oxygens. This simple rule that CoO» complexes 


are pink and CoO« complexes are blue holds true 
only for those crystals which consist of rare gas 
ions. Ions with incomplete outer electrons exert 
a strongly deforming influence upon the oxygen 
ions which in turn reflects upon the Co—O bond. 
Cobalt zincate for example is green. 

The same two types of color centers can be 
formed in glasses. CoO« groups can be considered 
complex anions comparable to the SiO« groups. 
It seems reasonable to assume that in the random 
three-dimensional network of Si0 4 tetrahedra an 
occasional SiO* group can be replaced by a CoO« 
group. In this case the cobalt ion plays the same 
role as the silicon. According to B. E. Warren 
ions with these functions are called “network 
forming” ions. They usually have the coordina¬ 
tion number four; only boron in the B»0* glass 
has the coordination three. The polymerization 
of these randomly arranged X0 4 groups leads 
to a huge anionic three-dimensional network in 
whose interstices the “network modifying" ca¬ 
tions are distributed. 

The modern concept of N.W.F. and N.W.M. 
cations corresponds roughly to the older picture 
of add and basic glass forming oxides. Only the 
acids such as SiOi, P*Oi, BjOi can form glasses 
by themselves. The glass chemist also used the 
term “amphoteric” for oxides which in some 
glasses assume the role of an acid and in others 
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of a bate. In modem parlance, Af*\ for 
example, can set naan N.W.F. cation by entering 
the glass structure as AK)« tetrahedra or remain 
in inter s tices where it is surrounded by a larger 
number of oxygen* in greater distance. 

The distinction between N.W.F. and N.W.M. 
cations is based on the different strengths of 
their electric fields. Small ions of high charge are 
the first to surround themselves with oxygen 
ions. Tetrahedral groups are particularly favor¬ 
able to glass formation. If the chemical compo¬ 
sition of the melt does not provide sufficient 
oxygen ions to permit the formation of inde¬ 
pendent SiO« groups, the tetrahedra have to 
share oxygens.* This polymerization increases 
the viscosity of the melt very rapidly and finally 
leads to a rigid three dimensional network, the 
glass. 

If the chemical composition of the melt pro¬ 
vides sufficient oxygens to form independent 
Si0 4 tetrahedra as in the case of sodium ortho¬ 
silicate, Na 4 Si0 4 , there is no more necessity for 
sharing the oxygens and with it for polymeriza¬ 
tion. Such melts are fluid and can crystallize 
easily on cooling. 

Whether or not a melt forms a glass depends, 
therefore, on the charge and size of the strongest 
cation and on their number as compared with 
that of the oxygen. V. M. Goldschmidt has de¬ 
rived certain rules for glass formation appli¬ 
cable to oxide and fluoride glasses, which were 
based on the probable coordination, because of 
size and charge of the cations and the cation to 
oxygen ratio. 

The validity of these rules is limited to the 
anions of the rare gas type. The strongly de¬ 
forming influence which ions with incomplete 
outer electronic shells exert upon the large anions 
leads to bonds which cannot be predicted any¬ 
more by simple rules, because the ionic radii of 
the deformed ions have lost their significance. 

The orthosilicates of noble gas ions do not 
form glasses. However, lead and zinc orthosili¬ 
cates are known in vitreous condition. We have 
hoe a group of compounds which bridge the gap 
between the strictly ionic and the organic glasses. 


* The sharing of oxygens between two Si0 4 tetrahedra 
can be coeeMofed one prindpte of glass formation. It is 
die chief reason why meats melts polymerize. 


Whereas size and charge of the cobalt and 
nickel ions should classify them as N W.M. 
cations or baric glass constituents, their incom¬ 
plete outer electronic shells enable them to form 
Co0 4 and NK) 4 complexes in equilibrium wuh 



those Co* + and Ni 4+ which have their places in 
interstices or N.W.M. positions. The relative 
number of X0 4 groups formed by their cations 
might be very small but they possess very 
intensive light absorption. The covalent bonds 
between Co s+ and O* - in the strongly bonded 
Co0 4 complexes probably makes possible hori¬ 
zontal electron transitions, producing electron 
transfer spectra instead of the prohibited vertical 
transitions of Co 1+ ion. 

Figure 10 shows the absorption spectrum of 
a purple Ni*+ containing silicate glass. We at¬ 
tribute this characteristic absorption to Ni0 4 
groups. They form preferably in those glass 
compositions where the Ni s+ can successfully 
compete with the other cations and form 
independent anionic groups (rubidium silicate). 
Glasses built up from ions with higher electric 
potential (lithium silicate or phosphate glasses) 
prevent the formation of Ni0 4 groups and shift 
the Ni*+ into N.W.M. or interstitial positions. 
In this case the Ni*^ has a higher coordination, 
maybe 6, is farther away from the anions, and its 
light absorption is different (Fig. 11). Glasses of 
this type are yellow. The Ni ,+ ion is thus an 
indicator for the availability of anions in the 
glass. Its light absorption is a function of the 
extent to which it succeeds in forming its own 
anionic or covalent group. A few results obtained 
with Ni*+ as color indicator shall be mentioned. 
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Fig. 11. Light absorption of the Ni ,+ ion in a lithium- 
sodium siucate glass (yellow type). 

(1.) Sodium silicates containing Ni*" are grey. 
Their absorption spectra show the presence of 
both NiO< and NiOs groups. Replacing Na f by 
the smaller and therefore more effective Li + 
causes the color to change to yellow. Substitution 
of K + , and even more so of Rb + , for Na + produces 
purple glasses. The weaker the electric field of 
the other N.W.M. cations, the greater are the 
chances for the Ni^ ions to compete for their 
oxygens and form NiO« groups. 

(2.) If the gray Ni* 4- containing sodium silicate 
glasses are heated into the softening range, their 
light absorption indicates an increase in the 
number of NiCh groups (Fig. 12). On cooling to 
room temperature some of the nickel ions change 
back from N.W.F. to N.W.M. positions. The 
indicator ion signals a redistribution of the anions 
with temperature, not merely a change of the 
interionic distances. In the crystalline state such 
a change of geometrical arrangement of the ions 
produces a new modification. It has to take 
place abruptly because of the symmetry require¬ 
ments of the lattice and it is accomplished by 
cooperative maneuvers. Glasses show changes in 
their structure which are comparable with modi¬ 
fication changes of crystalline silicates but the 
adjustment takes place gradually; the single 
units do not have to cooperate to accomplish 
the cttknge. 

(3.) The light absorption of a chilled Ni i+ 
containing sodium silicate glass indicates the 
presence of more NX)« groups than in the an¬ 
nealed condition (Fig. 13). This indicates that 
glasses of different heat treatment possess differ¬ 
ent atomic arrangement. 

The fact that glasses of different heat treat¬ 



Fia 12*. Light absorption of the Ni ,+ ion in a sodium 
siucate glass of different temperatures. 

ment possess very different physical and chemical 
properties can be explained on the same basis as 
the difference of properties of the high and low 
temperature form of a certain crystalline com¬ 
pound. Now we can understand the meaning of 
the volume contraction which the quenched 
glass exhibits on heating. It corresponds to a 
change of the high temperature modification 
into the stable low temperature form. The rapid 
chilling of the glass had frozen in a high temper¬ 
ature form just as the cooling of molten sulphur 
produces the rhombic rather than the monoclinic 
form. 

The change in coordination or the role which 
a cation plays in the glass structure effects the 
emission spectrum in a very similar way as its 
absorption. The divalent manganese is one of 
the best examples. MnO« groups produce green 
and Mn 14 in N.W.M. positions produces red 
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ftuoreacence. The principles involved in using 
Mn*+ ions as fluorescence indicators are mostly 
the same as described for Ni++ as color indicator. 
N. J. Krridl 4 has recently published a paper on 
this subject where he describes the use of the 
Mn++ for exploring new Adds of optical glasses. 

It might be interesting, however, to mention 
that this fluorescence indicator had been used to 
draw conclusions concerning the structure of the 
yellow fluorescing zinc silicate. This compound 
represents an unstable modification of the zinc- 


<N. J. Kreidl, J. Opt. Soc. Am. 35, 249-257 (1945). 


orthosilicate activated by Mn which for a long 
time could not be obtained in well-developed 
crystals. It forms when ZnO and SiOt are allowed 
to react at relatively low temperature and by 
some authors it was considered to be amorphous. 
Only recently we could prepare this modification 
in better crystals as a devitrification product of 
some multicomponent zinc silicate glasses. These 
glasses precipitate zinc orthosilicate on heating 
and form the stable green modification at high 
temperature and according to “Ostwald’s Step 
Low" the yellow unstable modification at lower 
temperature. 


Calendar of Meetings 


July 

12-13 American Physical Society, Berkeley, California 

17- 19 American Society of Civil Engineers, Spokane, Washington 

Avgust 

14-15 Institute of Aeronautical Sciences, Los Angeles, California 

19- 20 Mathematical Association of America, Ithaca, New York 

20- 23 American Mathematical Society, Ithaca, New York 

September 

9-13 American Chemical Society, Chicago, Illinois 
16-20 The Instrument Society of America, Pittsburgh, Pennsylvania 

18- 21 Illuminating Engineering Society, Quebec, Canada 

19- 21 American Physical Society. New York, New York 
30-October 3 American Society of Mechanical Engineers, Boston. 

Massachusetts 


October 

| 3- 5 National Electronics Conference, Inc., Chicago, Illinois 
9-11 American Society of Civil Engineers. Kansas City, Missouri 
25 American Mathematical Society, New York, New York 

November 

7-9 Conference on Electrical Insulation. Division of Engineering 
and Industrial Research. National Research Council, Balti¬ 
more, Maryland 

29-30 American Physical Society, Minneapolis. Minnesota 

2-6 American Society of Mechanical Engineers. New York, New 
York 

17 Institute of Aeronautical Sciences, New York, New York 
26-28 Geological Society of America. Chicago. Illinois 
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Here and There 


Haw Appointments 

N. B. Nichols has been appointed director of the re¬ 
search division of the Taylor Instrument Companies. 
Carlton W. Miller and William A. Mersman, both formerly 
of the Radiation Laboratory, have joined the research 
department, and Walter G. Countryman has returned to 
research work at Taylor after four years of military service. 

Radio Corporation of America recently announced two 
appointments. John L. Reinartz has returned to the com¬ 
pany, to be in charge of the amateur radio program in the 
Commercial Engineering and Power Tube Sections. John F. 
Rider, radio engineer and writer, has been retained by the 
Victor Division as a consultant on test equipment. 

Fellowship at Michigan State 

Michigan State College has announced a $1000 fellow¬ 
ship available for graduate study and research m physics 
for one year from September 1946. This fellowship has been 
established from a Frederick Gardner Cottrell special 
grant-in-aid, contributed by The Research Corporation of 
New York, for a study of some of the properties of ions and 
electrons in gases. Applications will be considered from any 
able individuals who hold bachelors' or masters' degrees 
from approved institutions and whose work shows promise 
of originality. The Fellow will not be required to teach. 
Inquiries should be addressed to Dr. R. C. Huston, Dean 
of the Graduate School, Michigan State College, East 
Lansing, Michigan. 

Laboratory Clinks on Polymer Research 

The Institute of Polymer Research at the Polytechnic 
Institute of Brooklyn is sponsoring a series of summer 
laboratory clinks for 1946. Five sessions will occur, June 
through September. A fee is charged for each clinic, and 
attendance for each one will be limited. 

Journal of Polymer Science 

Journal of Polymer Science is now being published bi¬ 
monthly by Intersrience Publishers, Inc., and Elsevier 
Publishing Company, Inc. It is devoted to the advance¬ 
ment of our fundamental knowledge of the physics and 
chemistry of polymers. The new journal is an outgrowth 
of, and a successor to, the Polymer BuBdin, which has 
ceased to appear. It reflects the consolidation of independ¬ 
ent plans of the Elsevier Publishing Company, Inc., of 
Amsterdam, and Interscience Publishers, Inc., of New 
Yofit to publish separate journals on the same topic. Hie 
Journal will be international in scope. A# papers will be 
published in the English language. 

Duke Uhiverotty Fellowships 

Duke University is offering ten special research fellow¬ 
ships in microwave electronics and molecular physics 
with stipends from $1600 to $2400. Graduates of recog¬ 
nised colleges who have majored in physics are eligible. 
Some of the appointments are open to persons with only 
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an undergraduate minor in physics, provided they hive a 
major in chemistry or an equivalent training in 
Individuals interested in these appointments may write 
for particulars to the Chairman, Department of Physics, 
Duke University, Durham, North Carolina. 

Conference at Texas A. AM. 

Research personnel in industry and college teachers were 
invited to attend a graduate conference at College Station, 
Texas, devoted to the behavior of mass spectrometers, 
electron microscopies, and other electronic devices whose 
operation depends on the action of electron or ion beams. 
The conference was conducted by the Electrical Engineer¬ 
ing and Physics Department of the Agricultural and Me¬ 
chanical College of Texas June 24 through July 6. The lec¬ 
turers were Dr. Ladistaw Marton of the Division of 
Electron Optics of Stanford University and Dr. John A. 
Hippie of the Westinghouse Research Laboratories. 

Film on Compressed Air 

“Our Industrial Air Power” is the title of a new educa¬ 
tional film on the many industrial uses of comprcsbed air 
which is available for showing before students, engineering 
societies, and other groups. Among the sequences in the 25- 
minute, 16-mm sound-color film are: “‘Fundamentals of 
Air Compression,” “Properties of Compressed Air,” “How 
Different Types of Compressors Work,” and “How Com¬ 
pressed Air Is Used.” The film is available without charge 
on a loan basis. Write Quincy Compressor Company, 
Quincy, Illinois. 

Army Research and Developments Program 

Early in May the creation of a Research and Develop¬ 
ments Division as a top-level General Staff organization to 
coordinate Army research with the activities of industry 
and educational institutions was announced by Secretary 
of War Robert P. Patterson. At that time General Dwight 
Eisenhower, Chief of Staff, had completed plans for the 
operation of the Division on a level with the Personnel 
Intelligence, Training, Supply, and Operations section of 
the Genera] Staff. 

The Division has primary interest in the application of 
national scientific resources to the solution of military 
problems. The director will act as liaison between Army 
planning chiefs on one hand and industry and the uni¬ 
versities and research laboratories on the other. Great 
civilian advances are foreseen as a result of much of the 
Army-sponsored research. 

Coemk-Ray Investigation 

In search of fuller information in regard to cosmic-ray 
intensities as they vary with latitude and altitude, the 
National Geographic Society, the United States Army Air 
Forces, and the Bartel Research Foundation jointly con¬ 
ducted in May a series of four round-trip flights in a spe¬ 
cially equipped B-29 bomber. The principal apparatus 
carried in the plane consisted of multiple banks of Geiger 
counters, designed by Dr. W. F. G. Swann, Director of the 
Bartol Research Foundation. 
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Phytic* of tko TwwtMb Cental? 

By Pascuai, Jordan. Pp. 185+xii. Philosophical Li- 
btury, New York, iW4. Price $4,00 


Thi* is a simple tittle book, addressed to the non- 
physjdst who is curious about the results of modem 
physics, and intended to instruct the philosopher. Its 
merit lies in Its wealth of interesting examples designed 
to clarify the reputedly paradoxical teachings of relativity 
theory and quantum mechanics. The difference in outlook 
between classical mechanics and modem theory is very 
impressively sketched. Unfortunately, crudities of transla¬ 
tion and limitation of scope render it inferior, on the whole, 
to the elegant expositions of Eddington. 

The interpretation of quantum mechanics, to which a 
large part of the book is devoted, involves an unreserved 
avowal of the early view which saw in the new doctrine a 
mathematical reflection of the uncontrollable effects of 
measurement on physical objects, an establishment of 
fundamental discontinuity in nature, and a thorough re¬ 
jection of causality. Very little attention is paid to the 
formulation, implicit in the work of Dirac and Schrttdinger, 
according to which the concept of 41 'physical states” has 
undergone modification. As a result, comments on crucial 
matters are, in the reviewer’s opinion, sometimes super¬ 
ficial. Thus when the charge distribution of the electron 
in a hydrogen atom is asserted to owe its diffuseness to the 
unpredictable bombardment by gamma-ray quanta coming 
from the famous microscope, no explanation is given as to 
why the distribution should not depend on the frequency 
of the gamma-rays. 

As a philosopher, Jordan seem9 to urge two things: a 
recognition that materialism has been liquidated, and a 
bright-eyed positivism willing to accept all empirical facts 
even if they spell religion. His deliberations dealing with 
the theory of knowledge do not, it seems, rise to the level 
of technical competence that would impress philosophers. 

In spite of its faults, the book makes pleasant reading. 
Its misfortune is that it tries to enter a market—that of 
English scientific literature—in which the standard of 
excellence for works of this sort is extremely high. 

Henry Margbnau 
Yale University 


New B ooklets _ 

School of Mineral Industries, The Pennsylvania State 
College, recently published its Circular 20, Opportunities 
for Productive Work through Mineral Industries Research, 
a 36-page pamphlet generously illustrated with pnoto- 
graphs and drawings. Free on request. Address the School 
at State College, Pennsylvania. 

American Optical .Company, Scientific Instrument 
Division, Buftak) 11, New York, recently issued a four- 


page folder describing the Spencer Dark Field Quebec 
Colony Counter which has been placed on the matket. 

Televise Products Company, 7466 West Irving Park 
Road, Chicago 34, Illinois, has published Bulletin No. 31, 
a four-page description of the Series 200 Vacuum Tube 
Voltmeter. 

Scientific Development Corporation, 614 West 49 
Street, New York 19, New York, began in May a new 
publication service entitled Public Domain . Each weekly 
issue will be a 250-page reference book containing over 
1000 patents due to expire four weeks after date of issue, 
which will then be in the public domain, and open to 
exploitation by whoever cares to use them. Each patent 
shown will include a good reproduction of a draftsman's 
drawing together with a digest of typical claims and salient 
features. Charter subscriptions are offered for one yeai 
at $45; for six months at $25; and for 10 weeks at $10. 

Acme Scientific Company, 200 North Lafltn Street, 
Chicago 7, Illinois, has issued its Bulletin 453 , which gives 
an extensive listing of stock sizes of optical flats, both 
single and double surfaced. 

Nickel Steel Topics , published at 67 Wall Street, New 
York 5, New York, discusses in its March, 1946 issue the 
use of nickel alloys in tractor coil springs, aircraft engines, 
oil well drilling equipment, cutting saws, and tenting 
machinery. 

Precision Equipment Company, 32 North State Street, 
Chicago 2, Illinois, has published a new catalog for all 
factory superintendents, maintenance engineers, purchas¬ 
ing agents, and other plant executives interested in in¬ 
dustrial equipment and supplies. Any items of industrial 
equipment or supplies not listed in this catalog will be 
procured by Precision's Industrial Service Department. 

The Tin Research Institute, Fraaci Road, Greenford, 
Middlesex, England, has issued a 32-page report of its 
work covering the years 1942-1944. Free on request. 
Technical representation for the Institute in the United 
States is furnished by the Battelle Memorial Institute, 505 
King Avenue, Cohimbus, Ohio. 

Castle Films, Inc., 30 Rockefeller Plaza, New York, 
New York, is offering free to users of training films a new 
catalog fisting for the first time all U. S. Government 
16 mm sound films and 35 mm film strips, totaling 1158. 
They include training and other types of educational films 
produced by the Navy, War Department, Department of 
Agriculture, and U. S. Public Health Service. 

The March and April Ohmite News , published by Ohmite f 
Manufacturing Company, 4835-41 Flournoy Street, Chi¬ 
cago 44, Illinois, featured a biographical sketch of Sir 
Joseph John Thomson, discoverer of the electron, and a 
description of the new Ohmite Laboratory for Precision 
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Electrical Measurements at Illinois Institute of Tech¬ 
nology. Two pages. Free on request. 

The Frontier is published quarterly by Armour Research 
Foundation of Illinois Institute of Technology, Chicago 
16, Illinois. The March 1946 issue features articles on 
“limitations of Hardenability Indices/' “Recent De¬ 
velopments in the Use of Mold Bran," "Electron Micros¬ 
copy," and "Drinking Water Made Palatable by Chlorine 
Dioxide." Twenty pages, illustrated. 

The General Radio Experimenter for April 1946, pub¬ 
lished by General Radio Company, 275 Massachusetts 
Avenue, Boston 39, Massachusetts, describes an elec¬ 
tronic sequence timer which permits multiple exposures 
on a single film to be made with the Microflash. Eight 
pages, illustrated. 


Galvanometers and Dynamometers. This is a new, oomph 
rewritten edition of earlier Leeds and Northrop gstvaues pi" 
eter catalogs. 37 pages. Free on request 

The Gaertner Scientific Corporation, 1201 Wrightwood 
Avenue, Chicago 14, Illinois, has issued Bulletin 156-64, 
which describes Gaertner spectroscopes of the Bunsen- 
Kirchhoff type. Four pages. Free on request. The same 
company has also published Bulletin 153-64 on automatic 
linear dividing machines. Twenty pages. Free if requested, 
on company letterhead. u 

North Amarican Philips Company, Inc., 100 East 42d 
Street, New York 17, New York, has released a new four- 
page booklet (R1022) entitled "Geiger-Counter Used in 
Powder Metallurgy." Free on request. 


The Main Library of General Electric Company, Electro-Voice, Inc., 1239 South Bend Avenue, South 
Schenectady, New York, issues monthly an eight-page Bend 24, Indiana, has issued an illustrated four-page 

review of recent periodicals, giving the title, source, and bulletin on its new Model 950 Cardax, a cardioid uni- 

sometimes a very brief abstract, of current technical arti- directional crystal microphone. Free on request, 
cles The leaflet is called Library Sendee, College Edition 


A twenty-page pamphlet is available entitled Industrial 
Research Progress at Armour Research Foundation of Illi¬ 
nois Institute of Technology , 1944-45 , describing its facilities 
and activities in physics research, as well as those in the 
other major fields of chemistry, metallurgy, engineering, 
etc. The Foundation is a non-profit institution established 
in 1936 to render a research and experimental engineering 
service to industry. Copies may be obtained by addressing 
Armour Research Foundation, Chicago 16, Illinois. 


Interchemical Renew, winter issue of 1945, published bv 
Interchemical Corporation, 432 West 45th Street, New 
York 19, New York, has the following table of contents: 


k tow of loafed Host War 


Edmund N Harvey. Jr 

_ John O'Connor 

Hast War Plants Ernest W. Pittman 


Rausch and Lomb Optical Company, Rochester 2, New 
York, in its spring 1946 issue of The Educational Focus 
presents the following articles: 


Leeds and Northrop Company, 4934 Stenton Avenue, 
Philadelphia 44, Pennsylvania, has issued Catalog ED, 


OftkshifldsHflc Crlmt Dotation J. Edgar Hoover 

Color PnOtaSlcroEDRofev J. V Butterfield 

uom ofOptMg£ciipoant in the Aluminum Industry 

Stanley V. Malcuit 
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Oxide Coaled Cathode Literature, 1940-1945 

John P. Bjlewett 

RuMwrh Laboratory, General Electric Company, Schenectady, New York 


I. INTRODUCTION 

B EFORE the war, it appeared that the mech¬ 
anism of the oxide coated cathode was be¬ 
coming fairly clear. The impurity semiconductor 
picture developed by the authorities on the 
theory of the so|id state seemed to be a good 
representation of the behavior of an oxide coated 
cathode. Many phenomena which, were well 
authenticated experimentally and which had 
been mysteries as far as interpretation was con¬ 
cerned, dropped neatly into place and numerical 
agreement was achieved between experiment and 
theory within the rather wide limits of experi¬ 
mental error. It began to appear that sufficiently 
careful control over such parameters as particle 
size, packing density, and so forth would lead 
to accurately reproducible results predictable 
from theory. 

The situation fifteen years ago was somewhat 
different. At that time it was felt by such au¬ 
thorities as Reimann, Lowry, and others that 
the interface between 'oxide and ewe metal 
played an important part in the oxide cathode 
mechanism. Proponents of this view were silenced 
by the work of .Becker and Sears and others 
around 1931, who seemed to have demonstrated 
that the outer surface of the oxide and the body 
of the oxide Were the only regions which required 
consideration. 

In the light of this history, it is particularly 
interesting that experiments performed during 
the war and reported elsewhere in this issue, 


lead not only to reconsideration of the oxide- 
core interface, but also to a possible re-evaiuation 
of the' whole oxide cathode theory. The high 
pulsed currents which have been drawn from 
oxide cathodes during the war must have re¬ 
sulted in conditions within the cathode which 
were far removed from equilibrium. It therefore 
becomes increasingly doubtful that correct re¬ 
sults can be deduced from statistical mechanics 
which is a discipline related only to matter in 
equilibrium. The late Professor Fowler in the 
treatment of semiconductors in his monograph, 
Statistical Mechanics, emphasized this fact as 
follows: "It should be remembered that all these 
formulae are only valid so long as the rate of 
emission of eleotrons is very slow compared with 
the rate of readjustment of the internal equi¬ 
librium. The process creating the free electrons 
and free holes must be able to maintain the 
normal equilibrium supply. This is an essential 
assumption and there is no simple means of in¬ 
vestigating its validity—nor any a priori reason 
why it should be true.” 

Mr. Hahn of our laboratory has suggested 
that future theoretical work should include the 
concept of mass motion and has pointed out that 
the basic mathematical techniques are already 
available in Chapman and Cowling’s book 1 on 
the dynamics of gases. 


1 S. Chapman and T. G. Cowling, The Mathematical 
Them qf Nett-Uniform Gates (Cambridge University 
Press, New York, 1999). 
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Most of the recent work on oxide coated cath¬ 
odes has been performed under the veil of 
secrecy imposed by necessary wartime restric¬ 
tions. A literature survey will thus be, at best, of 
secondary interest. Several important papers 
have appeared in the literature, however, and 
are worthy of mention by way of introduction 
to the survey of wartime research presented in 
this issue of the Journal of Applied, Physics. The 
bibliography presented herewith is intended to 
be a supplement to the bibliography included in 
the author’s 1939 review paper. 

2. PROPERTIES OF BARIUM 

The disagreement between Becker and Moore 
and Benjamin and Jenkins as to whether or not 
barium migrates over the surface of tungsten 
was resolved in 1940 by Becker and Moore who 
obtained one of Benjamin and Jenkins’ experi¬ 
mental tubes and showed that Benjamin and 
Jenkins’ tungsten surface had been slightly con¬ 
taminated with oxygen. When this contamina¬ 
tion was removed, Becker and Moore demon¬ 
strated that barium migration does take place 
io»the temperature range above 970°K. They 
stowed also that the migration is predominantly 
toward the negative end of the filament, so that 
the barium must have been at least partly 
ionized. 

Timofeev and Aranovich (1940) studied the 
secondary emission from O-Ba and O-Mg 
surfaces and pointed out that the stability of 
such surfaces up to temperatures of the order 
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of 600°C makes them interesting for practical 
secondary emitter applications. 

Brilning (1940) pointed out that an alloy of 
copper and barium, when coated on tungsten, 
possesses a temperature stability much greater 
than that of a coating of pure barium on tung¬ 
sten. His experiments indicated that barium 
evaporates from such a surface at 1300°K at a 
rate slower than the rate of evaporation of 
barium from tungsten at 1000°K. Since the alloy 
has thermionic characteristics which are com¬ 
parable with those of pure barium on tungsten, 
such an alloy cathode may have considerable 
practical interest. 

5. PHYSICAL PROPERTIES OF OXIDE 
COATED CATHODES 

A method for determining the true surface 
area of an oxide cathode was devised by Wooten 
and Brown in 1943. They pointed out that this 
area is deducible, from the form of adsorption 
isotherms and measured the areas of a number 
of cathodes using ethylene at — 183°C and 
— 196 8 C and butane at — 116°C. The results 
were self-consistent and had the form predicted 
by theory. The measured surface areas of sup¬ 
posedly identical cathodes, however, varied be¬ 
tween fifteen and fifty times the apparent surface 
areas. Wooten and Brown concluded that this 
scattering was caused by inadequate control of 
the process of conversion of barium carbonate 
to oxide. 

Measurements of the thermal cmissivities of 
standard uncombined oxide cathode types were 
reported in 1941 by Moore and Allison. True 
temperatures were measured by Worthing’s 
method and the results were checked against 
reflec tome ter measurements obtained by the 
method of Prescott and Morrison. Both the 
spectral and total emissivities were found to lie 
between 0.23 and 0.S1 depending on the method 
of preparation of the cathode, and, in some 
cases, on the temperature. 

The crystal structures of a variety of two com¬ 
ponent mixtures of alkaline earth oxides were 
investigated by x-ray and electron diffraction by 
Huber and Wagener in 1942. They verified 
earlier results which had demonstrated the for¬ 
mation of mixed crystals, and studied variations 
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In lattice parameter with component concentra¬ 
tion. By electron diffraction they showed that 
barium oxide wan absent in the outer few hun¬ 
dred atom layers of an active barium oxide- 
strontium oxide cathode. 

4. SUtCTMCAL ARD THERMIONIC PROPERTIES 
OF OXIDE COATED CATHODES 

An interesting study of the energy levels in 
oxide coated cathodes was published in 1940 
and 1941 by Nishibori and his associates. By 
mounting a probe in the coating of an oxide 
cathode they were able to make simultaneous 
measurements of the conductivity and thermi¬ 
onic emission of the oxide. Since the conductivity 
depends exponentially on eQi/(2kT)(c{. Fig. 1 or 
Fig. 6 of the author’s 1939 review paper) and 
the thermionic emission depends exponentially 
on e(Qi/2+xp)/(kT), it was possible from these 
measurements to deduce the values of Q\ and #>. 
Typical results obtained were as follows: 

Before activation After activation 

Qi = 1.68 ev 0i = 1.40 ev 

#>=0.27 ev #> = 0.28 ev. 

Since #> remained effectively constant, it is evi¬ 
dent that activation of the cathode was caused 
by changes in the body of the oxide and not to 
any surface changes. Nishibori and his associates 
then proceeded to measure the photoelectric 
work function which should be given by (0i 
+ #>).* For an activated cathode they obtained 
a value of 1.66 ev in good agreement with the 
value of 1.68 ev deducible from the thermionic 
results. 

Several other studies of oxide cathode work 
functions have appeared since 1940. Fan (1943) 
studied the variation of the A factor of a cathode 
with work function during activation over a 
range of work functions from 1.5 to 1.8 ev and 
obtained a more or less linear relation as did die 
classical authorities. Sproull (1945) measured 
work functions for impulse operation about 0.2 
ev higher than the work functions observed for 
the same cathodes during steady operation. Sano 
(1941) described an ingenious method for meas- 


* Because ct an unfortunate error in the author s 1939 
review paper the photoelectric work function waa said to 
be given by (&/*+*). It b evident from Fig. 1 that the 
correct value S (<?»+*)» 


uring the work function of a cathode under zero 
held conditions, by studying the plate current of 
a diode in the retarding field range. This method 
was checked for metallic cathodes and proposed 
for use on oxide cathodes, but no oxide cathode 
results were reported. 

The Schottky effect for oxide cathodes was 
investigated by Fan (1943) and Sproull (1945). 
Schottky lines with slopes 3.7 and 2.5 times the 
theoretical slope were obtained by these two 
investigators, respectively. Presumably their 
cathode surfaces differed in roughness. 

Early work on determination of oxide cathode 
temperatures from the shape of retarding field- 
emission current curves led to temperatures 
which were too high by as much as fifty pen ent. 
The errors possible in such measurements were 
rather carefully investigated by Heinsse and 
Hass (1938) who showed that temperatures of 
oxide cathodes can be determined by this method 
with errors of the order of one percent if the 
major sources of error are eliminated. Fan (1943) 
checked this conclusion by deductions of oxide 
cathode temperature which agreed within five 
percent with thermocouple measurements over 
the temperature range from 582°K to 951°K. 

Generally qualitative electron microscope stud¬ 
ies of the surface distribution of emission from 
oxide cathodes were reported by Fox and Bailey 
(1941) and Mecklenburg (1942). The surface 
distribution was found to be very non-uniform, 
an observation already well-authenticated by 
previous work on oxide cathodes. Mecklenburg 
noted that some of the emission centers were 
very small, in some cases of the order of 400 
Angstrom units in diameter. 

The emission of negative ions from oxide 
cathodes which plagues operators of magnetically 
controlled cathode-rav tubes received further 
attention from Bachtnan (1940) and Schaefer 
and Walcber (1943). Bachman explained some 
of the anomalous effects associated with mag¬ 
netic resolution of negative ions in an oscillo¬ 
scope tube as due to secondary effects at ac¬ 
celerating or focusing electrodes. Schaefer and 
Waleher performed a refined mass spectrometer 
analysis of the negative ions and reported a 
formidable list of ion masses. Unfortunately, 
their tube was not sealed off and some of tftte 
ions which they detected may not appear in 
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conventional tubes. They made further observa- 
- tkxnft relating negative ion emission, particularly 
of olcygen, to cathode activity. 

Knowles and McNall (1941) described ex¬ 
tensive experiments on cathode sparking when 
high currents were drawn from oxide cathodes in 
the presence of mercury vapor. They made care¬ 
ful measurements of tube drop before breakdown 
of time elapsed before breakdown occurred, and 
of breakdown current. 

S. TIME EFFECTS 

Johnson (1944) observed that bombardment 
of an oxide cathode b> electrons from an ex¬ 
ternal source produced changes in the electron 
emission from the cathode which decayed rather 
slowly after the bombarding current was turned 
off. The anomalous current was not attributable 
to temperature changes but ma\ have its ex¬ 
planation in the electrolytic transport of barium 
which is considered to be responsible for the 
normal decay effect. 

The normal decay effect was noted by An¬ 
drianov (1944) who was able to draw currents 
as high as 30 amperes per sq. cm for periods of a 
few microseconds from oxide coated cathodes. 
Fan (1943) was unable to detect any decay effect 
whatever. This interesting observation is, per¬ 
haps, to be associated with the fact that his 
cathode, from his account, appears to have been 
incompletely activated. A detailed study of the 
normal decay effect was published by Sproull 
in 1945 who outlined and expanded a thepry of 
the effect. He showed that the effect was inde¬ 
pendent of cathode thickness and concluded that 
it depended, rather, on crystallite size. Also he 
discussed the “flicker” effect observed by J. B. 
Johnson and others and suggested that this 
effect might be associated with the decay effect 
since the time constants involved were of the 
same order of magnitude. 

r * 6. BIBLIOGRAPHY 

‘tk 

The parentheses after each paper listed below 
indicate the feature of the paper of particular 
interest in connection with oxide coated cathodes. 

1938. 

J. Ewfet, Prec. Roy. Soc. AltfT, 34 (1938) (Luminescence 
of atkalin* earth oxides). 


W.‘ Heinze and W. Hass, Zeits. f. tech. Physik 19, 148 
(1938) (Determination of oxide cathode temperature 
from retarding field emission characteristics). 

1939. 

J. P. Blewett, J. App. Phys. 10, 468 and 831 (1939) (Re- 
view article). 

N. D. Morgulis, Tech. Phys. (USSR) 9, 853 (1939) (in 
Russian) (Theory of secondary emission from composite 
cathodes) 

1940. 

C. H. Bachman, J. App. Phys. 11, 83 (1940) (Formation 
and focusing of negative ions in cathode-ray tubes). 

J. A. Becker and G. E. Moore, Phil. Mag. 29, 129 (1940) 
(Thermionic emission, migration, and evaporation of 
barium on tungsten). 

K. Brdning, Physik. Zeits. 41, 285 (1940) (Thermionic 
properties of lurium-copper alloy coatings on tungsten). 

B Gvsac and S Wagener, Zeits. f. Physik 115, 296 (1940) 
(Work functions of cathodes with non-uniform emitting 
surfaces) 

E. Nishibori and H. Kawamura, Phys. Math. Soc. Japan 
Proc. 22, 378 (1940) (Conductivity and thermionic emis¬ 
sion of oxide coated cathodes). 

B. N. Srivastava, Proc. Roy. Soc. A175, 26 (1940) (Ther¬ 
mal ionization of barium vapor) 

P. V. Timofeev and R. M. Aranovich, J. Tech. Phys. 
(USSR) 10, 32 (1940) (in Russian) (Oxygen-barium and 
oxygen-magnesium surfaces for secondary emitter ap¬ 
plications). 

Y Uehara and M. Takahasi, Bull. Chem. Soc. Japan 15, 
15 (1940) (Quantum mechanical theory of electron 
emission from oxide coated cathodes). 

1941. 

G. W. Fox and F. M. Bailey, Phys. Rev. 59, 174 (1941) 
(Electron microscope study of oxide coated cathode 
emission). 

D. D. Knowles and J. W. McNall, J. App. Phys. 12, 149 
(1941) (Sparking of oxide coated cathodes in mercury 
vapor). 

G. E. Moore and H. W. Allison, J. App. Phys. 12, 431 
(1941) (Spectral and total thermal emissivities of oxide 
coated cathodes). 

N. D. Morgulis, Bull. Acad. Sd. (USSR) (Ser. Phys.) (in 
Russian) (Izvestta Akademia nauk SSSR, Seda fizi- 
cheskaya) 5, 536 (1941) (Nine-page review of oxide 
coated cathode fundamentals). 

E. Nishibori, H. Kawamura, and K. Hirano, Phys. Math. 
Soc. Japan Proc. 23* 37 (1941) (Photoelectric work 
functions of oxide coated cathodes). 

C. H. Prescott, Jr-, “The pyrometry of oxide coated 
cathodes” in Temperature, Us Measurement and Control 
in Science and Industry (Reinhold Publishing Corpora¬ 
tion, New York, 1941), p. 1199. 

& Sano, Electrotech* Jf, (Japanese) 8, 78 (1941) (A new 
method for meaetlriaf work function* of oxide coated 
cathodes). 


«46 


jojtmm mmmh nm 



1942. 

K. M. Geyer, Ann. d. fliysik, 42, 241 (1942) (Secondary 
mMm from alkaline earth oxides). 

H. Haber and S. Wegener, Zdts. f. tech. Physik 23, 1 
(1942) (X-ray and electron diffraction studies of oxide 
eogted cathode*). 

W. Mecklenburg, Zei ita. f. Phytik 120, 21 (1042) (Electron 
microscope study of oxide coated cathode emission). 

1943. 

H. Y. Fan, J. App. Phys. 14, 552 (1943) (Thermionic 
emission from oxide coated cathodes). 

G. Herrmann and S. Wagener, Die Oxydkathode , Physi- 
kaliache Grundlagen (J. A. Barth, Leipzig, 1943), Vol. I 
(124 pages) (This book is not yet available in the 
United States). 

H. Schaefer and W. Watcher, Zeits. f. Physik 121, 679 
(1943) (Mass spectrometer analysis of negative ions 
emitted from oxide cathodes). 


C. F. Veenemans, Ned. Tijd. Naturkunde. 10, 1 (t943) 
(in Flemish). (Sixteen-page review on oxide coated 
cathodes). 

L. A. Wooten and C. Brown, J. Am. Chcni. Soc. 65, 113 
(1943) (Surface area of oxide coated cathodes by adsorp¬ 
tion of gas at low pressures). 

1944. 

M. Andrianov^ Bull. Acad. Sci. (USSR) (Ser. Phys.) (in 
(Russian) (Izvestia Akademia nauk SSSR, SerU 
lizicheakaya) 8, 290 (1944) (One-page discussion of 
impulse emission from oxide coated cathodes). 

J. B. Johnson, Phys. Rev. 66, 352 (1944) (Anomalous 
emission from oxide coated cathode bombarded by elec¬ 
trons). 

1945. 

R. L. Sproull, Phys. Rev. 67, 166 (1945) (Short time emis¬ 
sion from oxide coated cathodes). 


The Pulsed Properties of Oxide Cathodes* 

Edward A. CooMESt 

Radiation Laboratory , Massachusetts Institute of Technology , Cambridge , Massachusetts 

A survey of the results obtained in an experimental study of the pulsed properties of oxide 
cathodes is presented. Pulsed measurements reveal that unusually large electron currents are 
available in microsecond pulses, and that several other phenomena are modifications of the 
d.c. properties, namely (a) sparking and (b) pulse temperature rise. Sparking may be either 
current limited or voltage limited, depending upon cathode materials and life. The pulse 
temperature rise also depends upon materials and life and is indicative of the nature of the 
cathode resistance. Evidence for a layer structure of the oxide cathode can be drawn from 
pulsed data. 


I. INTRODUCTION 


T HE fact that oxide cathodes have inter¬ 
esting time-dependent properties was clear 
before the war. J. BIcwett pointed this out in his 
1939 paper 1 on the time changes in oxide cathodes. 
O. Schade, in his discussion of rectifier analysis, 2 
stated that transient peak currents of 25 amp. /cm 1 
had been observed from well-activated oxide 
cathodes. A good phenomenological picture of 
cathode sparking was also given, with a clear 
distinction between the two types. 

The extensive use of pulsed electron tubes 
during the war invoked interest in the properties 
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of oxide cathodes under pulsed conditions, since 
it appeared that unusually large electron currents 
were available in short pulses. Before 1942 at 
Radiation Laboratory, J. McNall* had obtained 
microsecond pulses of emission of more than 1 
amp./cm ! at 850 deg. C, under space charge 
limited conditions. He used a diode having an 
internal anode, and his measurements were taken 
at a relatively high pulse recurrence frequency 
(p.r.f.), so that currents were limited by anode 
dissipation. 

Ramsay at Bartol, using single pulses, ob¬ 
served two types of decay in the pulsed emission 
from oxide cathodes, the first type having a decay 
time of about 10~* second, and the second, a 
decay time of the order of milliseconds. The short 
time decay, which is of interest for microsecond 
pulse phenomena, was observed in aged cathodes 

* J. W. McNall, M.I.T. Doctor’s Thesis (1942). 
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Fig. 1. The dependence of microsecond pulsed emission 
on coating weight for plain oxide cathodes. The maximum 
spread of experimental points is indicated. 


but could not be found in very active cathodes. 
R. Sproull, 4 using pulse widths in the range 0.2 to 
300 microseconds, observed experimental^ that 
the rate of decay of emission was independent of 
cathode coating thickness. 

In the experiments that followed the work of 
McNall at Radiation laboratory, microsecond 
pulses of emission space-charge-limited* up to 
about 5 amp./cm* at 850°C were obtained from 
oxide cathodes of the prewar commercial variety, 
using an early design of test diode with an ex¬ 
ternal water cooled anode. About this time the 
screen cathode* emerged from the technological 
developments of oxide cathodes for pulsed trans¬ 
mitter tubes, and with this type of structure 
microsecond emissions of at least 35 amp./cm 1 at 
850°C were consistently obtained in test diodes. 
Apparently there was nothing very fundamental 
in the screen structure that could account for the 
difference in emission between the two types of 
cathodes, and in making a comparison only two 
significant differences were noted at the time: 
(a) the coating weight per unit area was much 
larger on screen cathodes, having a value of about 
20 mg/cm* compared with about 6 mg/cm* for 
the plain type and (b) because of the unique 


preparation technique for screen cathodes, the 
density of coating was about twice that ordinarily 
obtained with plain coatings. Tests were run on a 


«It Sproull, Phys. Rev. 67,166 (1945). 

’The maximum value of wao;-«.Mrve*liinited amission 
is taken at tba point where the cathode emission charac¬ 
teristic plotted on 4-power paper deviates frdm the com- 
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series of grade “A” nickel plain sleeves coated 
with a double-carbonate suspension, and a good 
dependence of pulsed emission on weight was 
obtained, with the highest value of microsecond 
pulsed emission at about 10-12 mg/cm*. The 
results obtained by J. Buck in his studies during 
the life of a series of plain cathodes is given in 
Fig. 1. This shows that the dependence of emis¬ 
sion on coating weight is maintained for at least 
150 hours of operation at 850°C. The result is 
also significant in that it was not found to apply 
in the case of d.c. emissions; no systematic 
dependence of d.c. emission on coating weight 
was observed. 

From the time that pulsed oxide cathodes be¬ 
came technologically important there was hope 
that correlations could be made between the d.c. 
and pulsed properties. It appeared from early 
diode experiments that definite correlations of a 
simple nature did not exist. About all that could 
be inferred from correlation experiments was that 
usually good pulsed cathodes were also good d.c. 
cathodes, but the reverse need not be true. For 
example, in a certain life test three groups of 
cathodes (a), (b), and (c) with selected structural 
differences all gave 4 amp./cm*, d.c. emission at 
800°C for over 500 hours of life. Group (a) gave a 
microsecond pulsed emission of 60 amp./cm*, 
group (b) 20 amp./cm*, and group (c) 4 amp./cm*, 
for the same life test conditions. 

IL PARAMETERS FOR DESCRIBING THE PULSED 
PROPERTIES OF OXIDE CATHODES 

Tests designed to give extensive information on 
the pulsed properties of oxide cathodes reveal 
phenomena and limitations which are usually 
not found by d.c. methods. Two effects are 
particularly serious in tending to limit and con¬ 
fuse the interpretation of pulse data. 

(a) The Temperature Rise 

When large currents are drawn in pulses with 
a relatively high pulse recurrence frequency from 
an oxide cathode, there is a large rise in the 
average temperature of tile cathode, as illustrated 
in Fig. 2. This effect stay be minimized by going 
to lower duty cycles; with microsecond pulses at 
60 p r.f. the effect is not observable by ordinary 
methods of optical pyrometry on usual oxide 
cathodes. 
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(b) Mifetai 

The second, and probably most serious, limita¬ 
tion encountered in the pulsed observations on 
oxide cathodes is the phenomenon of sparking. In 
this case the electron current from the cathode is 
limited by the physical transfer of particles of 
oxide coating from the cathode sleeve to the 
anode, accompanied by a large increase in elec¬ 
tron current with an extremely steep wave front. 
The sparking value of current on pulsing usually 
occurs before temperature saturation of emission 
is reached, and for the most active cathodes it 
will occur before the cathode emission deviates 
from space charge limitation. An example of this 
case is given in Fig. 3. With this situation the 
problem of improving the pulsed thermionic 
emission immediately transforms to the problem 
of improving sparking properties. Experiment 
indicates that the space charge limited value of 
pulsed sparking current is higher for shorter pulse 
widths; for example, during the normal life of an 
active oxide cathode the sparking current for 10 
microsecond pulses is about $ the value obtained 
for 1-microsecond pulses, at a low pulse recur¬ 
rence frequency. This means that to measure the 
highest instantaneous value of electron current 
available from an oxide cathode well-defined 
voltage pulses below a microsecond in width 
must be used. 

While sparking and temperature rise place 
limitations on the pulsing of oxide cathodes, the 
phenomena related with these two effects have 
good reproducibility and may be used to define 
parameters of measurements for different cathode 
types. 



Fic. 2. The rise in temperstous with increase of magnitude 
of pulse current for sn oxide cathode. 


Fig. 3. Space 
charge limited 
sparking 
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Fig. 4. Sparking diagram for a pulsed oxide cathode. 


1. The Sparking Points, 

These are defined by the 1—Y diode values 
at which the electron current from the cathode is 
limited by sparking. Data of this type cannot be 
taken on d.c., but with short pulses at a low 
recurrence rate not only can the data be re- 
prod uribiy obtained but important connections 
with the chemical and physical details of the 
cathode structure seem to exist. A comprehensive 
representation of the sparking phenomena may 
be arrived at by drawing 7* versus V curves at 
various stages in the life of the cathode as illus¬ 
trated in Fig. 4. This diagram represents the 
probable life cycle of a well-aged, well-activated 
oxide cathode for 1-microsecond pulsed emission 
at a low recurrence rate. While it has been 
recognised before* that there are two types of 
sparkihg, this is brought out clearly in the study 
of the pulsed sparking currents. Differentiation 
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between the two types may be made in the 
manner stated below. 

.(a) Space-charge limited sparking occurs early 
in the life of the cathode when the current is 
limited to a value I, = To, on the space charge line 
(see Fig. 4). As a result of experiment, an /«, value 
of at least SO amp./cm* at 800°C and 1 micro¬ 
second may be assigned to cathodes prepared 
with a good double carbonate coating on grade 
"A” nickel, while values as high as 130 amp./cm s 
have been obtained under pulsed conditions with 
purer nickels as base metals. The space-charge 
limited sparking current is an important parame¬ 
ter for pulsed oxide cathodes because it is the 
highest value of electron current that can be 
taken from th^ cathode, and because it seems to 
bear a definite relation to the material system 
which comprises the cathode. 

( b) Voltage limited sparking takes place late in 
the life of an oxide cathode when the diode 
sparking occurs at a value of anode voltage 
K, *■= Vj, (see Fig. 4). This may mean that 
sparking takes place at a critical value of field at 
the cathode surface, and, therefore, it is an im¬ 
portant parameter since it ma> depend in a 
fundamental way upon the nature of the oxide at 
the cathode surface. In experiments on cathodes 
prepared with strontium carbonate or double 
carbonates, the computed field corresponding to 
Vj, was found to be 40-60 kv/cm, while for 
cathodes prepared with pure barium carbonate 
the field was in the range 100-125 kv/cm. Using 
cathode coating prepared with alternate layers of 
the angle carbonates, results for sparking field 
checked the above ranges, giving the low value 
of sparking field when strontium oxide was 
formed on the surface, and the higher value when 
barium oxide was on the surface. 

While sparking of the two types may usually 
be distinguished for oxide cathodes daring a life 
test, there is experimental evidence to indicate 
that sAne cases sparking may be dependent on 
the state of the anode, which would prevent the 
observation of either one or both of the two 
fundamental types already described. 

Z. The Maximum Space- Charge-Limited Emission 

If the cathode does not spark on the space 
charge line, then the point J# at which the plotted 
experimental data first deviate from the theo- 

m 




retical Langmuir-Child line is the maximum 
electron current obtained from the cathode under 
space charge limited conditions. If this point is 
interpreted as the maximum thermionic emission 
current that can be obtained at a constant 
temperature with zero field at the cathode surface 
then this is an important parameter since it 
corresponds to the value of current given by 
Richardson's equation. 7 Figure 5 illustrates the 
manner in which /« is obtained. This figure also 
illustrates the general trends of pulsed data above 
the space charge limited value. At a given time in 
life, there will be observed one of two types of 
behavior: cathodes will either have I—V charac¬ 
teristics that follow the normal Schottky equa¬ 
tion but possibly with a temperature different 
than the observed value, or there will be an 
anomalous behavior which is much more pro- 


7 A aeries o l vs hm of It at various temperatures for 
average good cathodes prepared from double-carbonate 
acting on grade, “A" nfc&efc rave a computed value of 
about 1 volt for the work function. 
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Fig. 7. Oxide cathode resistance measured under pulsed 
conditions. (Data taken by J. Buck.) 
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Fig. 8. The effect of duty cycle on the life of a 
pulsed oxide cathode. 

nounced than in the case of the well-known d.c. 
effect. 8 

3. The Pulse Temperature Rise 

The average temperature rise which occurs on 
pulsing at higher recurrence rates may be used as 
a parameter, when measured in a standard way. 
This pulse temperature rise (ptr) may be specified 
at a given current level and duty cycle. For 
example, when an average oxide cathode is 
pulsed at 10 amp./cm 8 , 1-microsecond pulses, 
1000 p.r.f., the pyrometer temperature ihay show 
an increase of from about 5 to 60°C above the 
initial quiescent temperature at zero current. 
This ptr may be studied over the life of the 
cathode, or it may be compared for different 
cathode systems. Experiment indicates that, in 
general, during the life of a cathode rite ptr falls 

•See A. L. Heims on, Thermionic Emission (John Wiley 
and Sons, New York” 1934},'Chapter VI. 


to a minimum and then increases for later times. 
Figure 6 shows that the ptr for an average good 
screen cathode is always lower than the ptr for an 
average good plain oxide cathode. If the extra 
cathode heat which causes the ptr is attributed to 
the RP loss resulting from the passage of current 
through the resistance of the cathode, then the 
ptr is an indication of the cathode resistance, and 
the resistance R may be determined experi¬ 
mentally by a caloremetric method, based on the 
equation 

W H +RPbf-<Hbf-eeT*+ 2, 

where 

Wti — cathode heater power input, 

I — pulsed current, 

duty cycle, which is pulse width times p.r.f, 
thermionic work function, 
r«* total emissivity, 

Stefan’s constant, and 

conduction and convection heat losses. 

In this method at a chosen current I, and for two 
different values of duty cycle, values of Wh are 
alternately set to give the same temperature. 
Substituting these data in the equation (neg¬ 
lecting 4>I and 2) gives two simultaneous equa¬ 
tions from which a value of R corresponding to a 
given / may lx 4 computed. A typical plot of 
resistance versus current obtained in this manner 
during the life of a cathode is given in Fig. 7. 
Since there is a striking resemblance between the 
R versus I curve for an oxide cathode and this 
same characteristic curve for a blocking layer 
rectifier in the high resistance direction, the 
hypothesis first suggested by Reimann,* that a 
high resistance contact between coating and the 
base metal might be responsible for the observed 
variations of cathode resistance with current, 
deserves consideration. Measurements were made 
using probes embedded in the coating at various 
distances from the base metal, 18 and it was found 
that at least in the case of cathodes prepared with 
double carbonates on pure and Or plated nickel, 
the resistance by probe measurements had the 
same type of current dependence as found by 
calorimetric measurements, and that the resist¬ 
ance at zero life at the metal-to-coating interface 

•A. L. Reimann and R. Murgoci, Phil. Mag. 9, 440 
(1930). 

» A. Fineman and A. Eisenstein, "Studies of the inter¬ 
face of oxide cathodes," J. App. Phys. 17,603 (1946). 
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Fig 9. The effect of operating temperature on the life 
of a pulsed oxide cathode. 


at operating temperature of 850°C was in some 
cases an order of magnitude greater than the 
resistance of the coating. 

m. LIFE PROPERTIES AMD THE EFFECTS 
OF MATERIALS 

Interesting phenomena in the pulsed studies of 
oxide cathodes come out of life testing, and it 
becomes evident that before any comparison of 
the pulsed properties of various oxide cathodes 
can be made one must realize just how these 
properties vary during the life of a single cathode. 
As an example, some life studies of the cathode 
sparking current are given. Figure 8 is an average 
plot of the microsecond sparking current I, as a 
function of life on cathodes prepared with double 
carbonate coatings on grade “A” nickel, each 
cathode having a weight of 12 mg/cm* and having 
undergone a good standard processing schedule. 
While this diagram shows particularly the effect 
of d\»ty cycle, the nature of the curves is general 
for life test data taken under pulsed conditions. 
Each curve has an initial rise, a relatively flat 
portion, and then a definite falling off with life, 
the trends defining three different regions 'of 
activity in the life of the cathode. 

Resign I: The cathode is still apparently 
undergoing aging so that the activity is not 
constant. In the experiment from which these 
data were taken die activation waa purposely 
stopped at 10 amp./cm* to allow the observation 
of tiiis effect. 

Region II: This might be defined as the normal 
Hfe of the cathode, since in this region the activity* 
is at its highest measurable value and remains 
practically constant throughout the period. 


Usually, the sparking current density over this 
period of life remains near its space charge 
limited value Jo,. 

Region III: This is the region of constant 
sparking voltage, since over this period of life 
sparking takes place at practically the same value 
of voltage, V, equal to V/,. As the cathode 
activity falls with life, the sparking current 
density will show a decline, since it is measured 
at a constant anode voltage. 

The effect of operating temperature on the 
sparking properties of a pulsed oxide cathode is 
shown in Fig. 9. When compared with Fig. 8 this 
illustrates particularly that under pulsed condi¬ 
tions operating temperature exerts a much 
stronger influence on the obtainable level of 
cathode activity than does the duty cycle. 

Life tests have consistently indicated that the 
effect of cathode base metal on the pulsed prop¬ 
erties of oxide cathodes is a very strong one, and 
to date the nickels of higher purity than grade 
“A" have given higher values of pulsed emission. 
Figure 10 gives a comparison of results with a 
good electrolytic nickel 11 base metal against the 
results obtained with a good grade “A” nickel. 


IV. THE LAYER STRUCTURE OF OXIDE CATHODES 

Several types of evidence come out of pulsed 
measurements that might indicate a layer struc¬ 
ture for an oxide cathode as suggested by Fig. 11. 
There are the probe measurements of cathode 
resistance which show a comparatively high re¬ 
sistance in the interface region. The variation of 



» The electrojydc okfett wed in these tests was supplied 
by Mr. E. M. Wise of fafensattona} Nictol Company. 
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this resistance with current, and the temperature 
dependence of this relation are those that would 
be expected 1 * M the oxide cathode had a structure 
similar to a blocking layer rectifier. This model 
also leads itself to a straightforward explanation 
of high pulsed emissions when microsecond 
voltages pulses are applied. The conduction band 
of the semiconducting oxide, which is filled by the 
thermally excited electrons from the impurity 
levels, might act as a reservoir of electrons from 
which large transient currents could be taken at 
the oxide-vacuum surface. The emission limita¬ 
tions of the high resistance blocking layer at the 
interface may be overcome by the production of 
high fields in this blocking layer which in turn 
cause a copious emission of electrons at the base 
metal surface by means of the Schottky effect or 
even by field emission. Although theoretically a 
blocking layer that could withstand such a field 
ran be formed by simply placing a semiconductor 
in contact with a metal, it has been observed that 
metal-oxide interfaces both in the case of copper 
oxide rectifiers 1 * and in oxide cathodes are usually 
compounds that are different than the main body 
of the semiconductor. For example, A- Eisen- 
stcin, 10 by the use of x-rays has found complicated 
barium compounds at the interfaces of cathodes 
made on nickels containing small amounts of 
selected metallic impurities. 

There are other experimental facts that indi¬ 
cate the cathode interface as a possible important 
factor in any consideration of electron emission 
mechanisms from oxide cathodes. Extensive life 
tests have indicated that for pulsed emission the 
selection and treatment of the base metal before 
coating and the details of the subsequent break¬ 
down schedule are more important than the 
choice of carbonate coating. During processing, 
not only can impurities initially contained in the 
base metal reduce the oxide coating to produce 
free alkaline earth metal, but it is possible that 
they also effect the rate, type, and extent of the 
compound formation at the interface. For ex¬ 
ample, it was observed that ordinarily very thin 
coatings never produce good pulsed emissions; 
however in an experiment performed by A. 
Fineman, coatings of the order of 1 mg/cm* were 
converted in an atmosphere of several microns 


“N.F.MottRroc. 

“ L. O. GrondaM, Rev. 


A171, 27 (1939). 
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Fig. 11. A layer model for oxide cathodes. 

pressure of the breakdown gases from a larger 
cathode heated simultaneously, and pulsed emis¬ 
sions of 25 amp./cm* were obtained. Details such 
as sharpness and completeness of conversion 
entering as an essential requirement for obtaining 
high pulsed currents, may point to a critical 
pressure-temperature value at the base metal 
surface during conversion as being important in 
the cathode forming process. There is also the 
direct experimental evidence obtained by J. 
Buck, that preoxidation of certain nickel base 
metals produces cathodes that give higher pulsed 
emissions than the same base metal in an 
unoxidized condition. 

Rather good evidence has been obtained for the 
existence of the surface layer of an oxide cathode. 
While experiments that have been carried out to 
give direct evidence for a monolayer of barium 
have not been conclusive, H l * these same experi¬ 
ments did reveal that during the life of a barium- 
strontium oxide cathode there is formed on the 
cathode surface a thin layer of pure strontium 
oxide. Life test experiments in conjunction with 
x-ray measurements by A. Eisenstein 1 ' indicate 
that this layer reaches a thickness of about 10~* 
cm roughly at the time the sparking current be¬ 
comes voltage limited, or at the beginning of 
Region III of the life diagram. It has been noted 

14 J. A. Derbyshire, Proc. Phys. $oc. 30, 635 (1933). 

“ H. Huber and S. Wagener, Zeits. f. tech. Phywk 23, 
1 (1942). 

11 A. S. Eisenstein, J. App. Phys. 17,654 (1946). 
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that this is also the same time at which the ptr 
reaches its minimum value during life. It is thus 
apparent that the available pulsed emission can 
be limited cither by conditions at the surface or 
at the interface, and the nature of this limitation 
can only be ascertained by a careful consideration 
of the effect of the operating temperature and the 
thermochemistry of the cathode structure as a 
whole at this temperature. 


The author wishes to thank the members of the 
Cathode Research Group of Radiation Labora¬ 
tory for their cooperation in this wartime re¬ 
search. James Buck, Abe Fineman, and Albert 
Gisenstein were the staff members on whom fell 
the burden of the experimental program, and 
Earnest Parsons managed the test program that 
product'll the enormous amount of data needed to 
complete the work. 


A Study of Oxide Cathodes by X-Ray Diffraction Methods’" 

Part II. Oxide Coating Composition 

A. ElSENSTEINf 

Radiation Laboratory, Massac husetts Institute of Technology, Cambridge , Massachusetts 


X-ray diffraction methods were used to investigate time changes which occur in the com¬ 
position of oxkfc cathode coatings, initially equal molar (BaSr)O. Changes which occur in the 
composition of the bulk of the coating were detected by means of lattice constant measure¬ 
ments. A new method of analysis was developed to permit a determination of the variation of 
composition with depth below the surface. The bulk loss of BaO is primarily a function of the 
base metal used and the surface loss from the oxide is effected to a lesser extent. Possible 
correlations with thermionic emission arc discussed. 


P ART 1 of this paper described in detail the 
x-ray diffraction method as applied to the 
study of oxide coated cathodes. This technique 
is particularly suited to the analysis of time 
changes in composition which occur in oxide 
cathode coatings. Because of the non-destructive 
nature of this method extensive studies can be 
made of single cathodes. As a tool, x-ray diffrac¬ 
tion measurements reveal only the crystal struc¬ 
ture and the crystallographic lattice constants 
of the sample, hence some a priori knowledge is 
required of the relationship between crystal 
structure and molar composition. The oxides 
BaO and SrO, which have the some crystal 
structure, are reported 1 ** to form true solid solu¬ 
tion, ihe lattice constant of which varies con¬ 
tinuously and linearly with composition. 

By means of x-ray diffraction analyses, Benja- 


* This paper is based on work done for the Office of 
Scientific R es ear ch and Development under Contract 
OBMtf-262 with the Massachusetts Institute of Tech- 


t Now at the Research Laboratory of Electronics, 
Massachusetts institute of Technology. 

1 W. G. Bwgers, Zeits. f. PhywkW, 3S2 (1933). 

*H. Haber andsTWagener, Zeits. 1. tech. Physik 23,1 
(1942). » 




min and Rooksby* found that the compositions 
of several different (BaSr)O oxide solid solutions 
changed by a few percent during the thermal 
activation of the cathode because of the prefer¬ 
ential evaporation loss of the BaO component. 
They also report a considerable bulk loss of BaO 
at the ‘‘end of life” of a group oxide coated 
cathodes. 

Gaertner, 4 Darbyshire, 8 and Huber and Wag- 
ener,* using electron diffraction analyses, agree 
that in activated cathodes the bulk composition 
of the oxide Bolid solution, is not homogeneous 
throughout but that the surface usually consists 
of pure SrO. Burgers 1 has shown that a cathode 
“flashed” at 1225°C will develop a relatively 
thick BaO deficient surface layer in 30 minutes, 
this layer being detected by an asymmetry in 
the shape of the diffracted x-ray lines. 

In this paper, variations in coating composi¬ 
tion which are detected by changes in the crystal 
lattice constant ate presumed to be a character- 


* M. Benjamin and ft, P. Rookaby, Phil. Mag. 15, 510 
(1933). 

4 H. Gaertner, Ph». Mag. 10,52 (1935). 

* J. A. Datbyehin, Fit*? Phyt Soc. 50,635 (1935). 
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istir of the bulk of die coating and are termed 
butte changes. Surface changes refer to those 
variations in composition which occur near the 
external surface of the coating and which are 
detected by asymmetries in the shape of the 
diffraction lines. 

SXPBltlMSNTAL 

The experimental techniques used to obtain 
x-ray diffraction patterns of the chemically 
unstable oxides of barium and strontium have 
been described in detail. 8 X-ray diffraction pat- 
•tems were taken of the oxide cathode coatings 
in a 4.70-cm radius camera using filtered Curat¬ 
or CoXa-radiation. The following groups of 
cathodes were studied. 

Group 1 

In a preliminary survey, a group of 16 cathodes 
which had reached the “end of life” were 
examined to determine, if possible, what physical 
changes in the oxide coating could be correlated 
with the decline in thermionic activity. This 
group -consisted of standard 7 test cathodes run 
in the laboratory diode." For the 11 cathodes 
which were operated and tested* under pulsed 
conditions of 1 /isec., 400 and 50 p.r.f., respec¬ 
tively, the “end of life” was defined as that time 
at which the sparking current 7 fell below 10 
amp./cm 2 . For the 5 cathodes operated under 
d.c. conditions the “end of life” state was reached 
when the emission current fell below 0.1 amp./ 
ctn ! at an anode voltage capable of giving 
initially, 1 amp./cm* space charge limited emis¬ 
sion. Life tests were carried out at constant, 
uncorrected, pyrometered temperatures in the 
range 800°C to 950°C at which the initial pulsed 
cathode emission currents at sparking were in 
excess of 50 amp./cm* and the d c. cathode emis¬ 
sion levels were 1 amp./cm*. 

•A. Eisenstein, “A study of oxide cathodes by x-ray 
diffraction methods,” J. App. Phys. 17, 434 (1944). 

7 The cathodes were coated approximately 10 mg/cm*, 
with an equal molar solid solution carbonate (BaSr)COj, 
(Ratheon C51-2); 8-mm coated length on 3-mmXl4-mm 
indirectly heated sleeves. Pure nickel, grade A nickel, and 
nickels containing added amounts of chromium and silicon 
were used as base metals. 

* A 9.5-mm external Kovar anode tube. Anode outgassed 
by electron bombardment in a pre-processing treatment 
prior to mounting the test oxide cathode. Anode water 
coded during test and life run periods. 

• E. A. Coomes, “The pulsed properties of oxide cath¬ 
odes,” J. App. Phys. 19,44/(1946). 


Group 2 

To investigate the effect of temjierature, time, 
and base metal, on coating composition, twelve 
monodes containing standard cathodes wen* pro¬ 
cessed and life tested. Eight of these had as a 
base metal, electronic grade A nickel and four a 
pure nickel, RCA N-81. These monodes were 
evacuated using a three-stage oil diffusion pump 
and baked for one hour at 450°C. The cathodes 
were processed and the tubes sealed off at a 
pressure of less than 10“ 7 mm. These cathodes 
were operated quiescent, i.e., glowed without 
emission current at either 800°C or 875 # C for 
periods of from 50 hours to 1200 hours. At the 
end of this time interval the tubes were opened 
and x-ray diffraction patterns were taken of the 
cathode coating. 

Group 3 

Eight standard cathodes, prepared on the pure 
nickel, N-81, were processed in the laboratory 
diode. Five of these were operated for 40 hours 
in a quiescent state at a temperature in excess 
of 950°C and three were operated at a d.c. 
emission current of 0.5 amp. cm* at the same 
temjierature and for the same time interval. 
X-ray jiatterns were then taken of these cathodes 
to determine the effect of a thermionic emission 
current on the change of oxide composition with 
time. 



Fio. 1. Beryllium windowed, continuously pumped diode 
mounted at center of an x-ray camera. 


Volume 17, Axmsi , im* 


655 




Group 4 

Three standard cathodes were operated in 
continuously pumped, beryllium windowed di¬ 
odes.* Figure 1 shows a diode of this t\j>e 



Fig. 2. Idealized 200 diffraction line* from (a) homo¬ 
geneous phases BaO, (BaSr)O, and SrO and (b) an in- 
lomogeneous solid solution, see text. 


mounted at the center of the x-ray camera 
which is rigidly mounted with respect to the 
x-ray source. A pressure of less than 5 X10 -7 mm 
could be maintained in the vacuum system 
throughout the life test period. Diffraction pat¬ 
terns were taken at time intervals during the 
quiescent life test periods of these cathodes 
which in one case extended for 1200 hours. 
Analyses of the series of diffraction patterns 
thus obtained permitted evaluations of (1) bulk 
changes in the oxide coating composition and 
(2) surface changes in composition. 

To check the results obtained in the continu¬ 
ously pgmped diodes, one standard cathode was 
life ^tested in a sealed-off, beryllium windowed 
diode.* The copper anode block of this tube was 
outgassed by electron bombardment in a pre¬ 
processing treatment. Following a baking period 
of one hour at 450*0 the cathode was con¬ 
verted and activated, and the diode sealed 
off at a pressure of less than 10“ T mm. The 
diode was mounted in die x-ray camera and life 
tested at a quiescent temperature of 875°C. 


METHODS OF ANALYSIS 

In the absence of a del citable surface layer, 
the oxide solid solution was always homogenous 
throughout and produced relatively sharp diffrac¬ 
tion lines. Figure 2a shows an idealized repre¬ 
sentation of the 200 diffraction lines of (1) BeO. 
(2) equal molar (BaSr)O, and (3) SrO. The 
intensities are plotted both as a function of half 
the sc attering angle 20 and the molar composi¬ 
tion The breadth of the curves has been adjusted 
to correspond to an average value observed 
experimentally. If an oxide coating, initially 
equal molar (BaSr)O is heated at a high temper¬ 
ature. a preferential loss of BaO will occur near 
the surface and the shape of the intensity curve 
will change from that of (BaSr)O of Fig. 2a to 
the asymmetrical form as indicated in Fig. 2b. 
The peak of the curve represents the bulk 
composition of the coating while the asjmmetri 
corresponds to scattering from BaO deficient 
coating layers near the surface. 

The lattice constant, determined from the peak 
positions, was used to evaluate the bulk molar 
composition of the oxide solid solution which 
was assumed to vary linearly* between 5.523A 
for BaO and 5.143A for SrO. An experimen¬ 
tally determined correction was required* to 
compensate for line displacements due to absorp¬ 
tion and to the large sample diameter. In spite 
of this correction it was occasionally observed 
that measurements of the lattice constant made 
from the diffraction lines of 20 near 90° were not 
in agreement with measurements from the 
smaller 20 lines, 111, 200, and 220. This dis¬ 
crepancy was believed to be caused by a variation 
of bulk composition with depth since in these 
patterns the large 20 lines always gave slightly 
lower compositions of SrO than did the smaller 
20 lines. Only the 111, 200, and 220 diffraction 
lines were used in these analyses in order that 
the bulk composition always be determined in 
the same manner. The accuracy with which the 
bulk molar composition could thus be determined 
varied with the crystal size of the oxide and 
with its resulting effect on the '‘graininess” of 
tiie diffraction lines but was in general between 
two and five percent. 

A method of analyst* ha* been devised which 
allows a calculation of the composition vs. depth 
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function to lie made from the experimental 
intensity er. composition curves. It is assumed 
that the variation of composition with depth 
below the surface is a monotonic function be¬ 
tween die limits 100 percent SrO at zero depth 
and a known concentration (50 percent Sri) in 
Fig. 2b) at the maximum depth from which 
x-ray scattering is observed. 

For purposes of analysis, the oxide is assumed 
to possess a layered structure, in any layer of 
which the oxide is homogeneous in composition. 
Figure 3 shows a structure of this type consisting 
of layers A, B, C, -, -, having respective 
thicknesses l a, Ib, lc, -• An x-ray beam of total 
power P 0 incident upon the structure gives rise 
to sets of diffracted beams erf power Pa, Pa, Pc, 
—, —. Each set corresponds to one of the allowed 
hkl diffraction lines of the oxide solid solution. 
Since the composition and hence the lattice 
constant of each layer was assumed to have a 
unique value the diffracted beams Pa, Pb, Pc, 
—, —, will each be scattered at slightly different 
angles with respect to the incident beam, Po. 
The superposition of scattering from all layers 
gives rise to the asymmetrical diffraction line, 
Fig. 2b. When the composition increments dis¬ 
tinguishing adjacent layers are sufficiently small, 
the experimentally observed diffraction lines can 



Fig. 3. Assumed layered structure of oxide coating at the 
external surface (see text). 



Ftc. 4. Error curve fitted to experimental 
200 diffraction line. 


be synthesized by the summation of increments 
of power scattered by the various layers. Compo¬ 
sition increments of five percent were found 
adequate to give a reasonable agreement with 
the experimental curves. These curves were 
synthesized by two methods which differed only 
in the form chosen to describe the angular 
distribution of intensity of the diffracted power 
increments. In one, the increments of diffracted 
power Pa, Pb, Pc, -, were represented by a 
set of Gaussian error curves, each having the 
same coefficient in the exponent as the original 
diffraction line from the completely homogeneous 
oxide (see Fig. 4). Error curves were of the form, 

y*A exp (—fl**), (1) 

where A, the amplitude factor, is the height of 
the curve and a is the constant coefficient deter¬ 
mined from the original diffraction line. Figure 4 
shows an error curve fitted to the 200 diffraction 
line obtained from a homogeneous equal molar 
solid solution oxide. The obvious asymmetry of 
the diffraction line is caused 10,11 primarily by 
absorption in the sample. The coefficient a is a 
function of oxide crystal size, beam divergence, 
and sample dimensions. When once determined 
for the cathode at zero hours life, this factor 
should be applicable to diffraction lines from the 
same cathode taken later in life but under 
identical experimental conditions, assuming that 
crystal growth does not occur during the life 
test period.® With a knowledge of the coefficient 
o, the amplitudes A. of the diffracted power 

10 A. Taylor and H. Sinclair, Proc. Phys. Soc. 5T, 108 
(1945) 

>■ B. E. Warren, J. App. Phys. 16, 614 (1945). 
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Fig. 5. 200 diffraction line shape synthesized from 
diffracted power increments A, B, C, —, —. 


Fig. 6. 200 diffraction line shape synthesized from 
diffracted power increments A, B, C, —, —. 


increments P, are adjusted by sui restive approxi¬ 
mations such that the sum of the ordinates at 
any point along the abscissae gives the best fit 
to the experimental intensity curve In Fig. 5 
the sum of these increments taken at intervals 
of 2J .percent in composition an* seen to be in 
good agreement with the observed experimental 
curve. The diffracted power increments are 
simply the areas under the separate curves 
labeled A, B, C, —, and, 

P,-A.(w/o)‘. (2) 

As we shall be interested only in the ratio of 
diffracted power increments from layers having 
similar a coefficients, the power increments are 
simply' the amplitude factors A,. 

A considerably simpler method of snythesis is 
illustrated in Fig. 6. In this, a step function is 
fitted to the experimental curve and the areas 
of blocks A, B, C, —, represent increments of 
power scattered by the corresponding layers of 
Fig. 3. As the 5 percent breadth of these blocks 
is considerably less than the true line breadth, 
little significance can be attached to blocks at 
the extremities of the curve, e.g„ H and I of 
Figs 6. A first-order correction can be made 
however by fitting blocks to the zero-hour curve, 
Fig. 4, and using the results of a similar analysis 
on tide as a subtractive correction to be applied 
to subsequent curves. These two methods of 
synthesis will be referred to as the error function 
method and the step function method of fitting. 

The total diffracted power which is recorded 
on the photographic film is 

$4 


where 


1 

p,(o)=A,(e)P t '(e), 


and P,(B) is the total power arriving at the film, 
scattered by layer i into the diffraction cone of 
semi-apex angle 20; P/(0) represents a similar 
increment of scattered power neglecting absorp¬ 
tion and A,(9) is an appropriate correction for 
absorption in both the incident and diffracted 
beams. The form of this correction has been 
discussed 1 * for the cylindrical sample case of a 
thin layer of unknown thickness overlying a 
second layer having a considerably greater 
thickness. The thickness of this surface layer 
can be computed if the ratio of power diffracted 
from the two layers is known. 

In the present treatment, increments of effec¬ 
tive scattered power P, are treated in turn 
starting with Pa from the surface layer. Making 
use of the relationship 1 * between the surface 
layer thickness and the scattered power ratio, 
there results, 

Pa "NaHFa’/h) 
Ptou»-Pa~tf*W/wr) 

I “(1 -exp {- Malay })da 

y 

X- -, (5) 

J r" i 

I - exp {—Malayjdu 

__ • y 

“A. Biitenstein, Baft. AM. Vhy».Sac. 21, No. 1, A-12, 
(1946); PHyt. Rsv. 09 , 2i2{1946). 

joftutAi* to Jhmaj) tame* 



where 

ft»m umber of unit ceils per unit volume, 
molecular structure factor, 

^-linear absorption coefficient, 

y-U/eta«>+0/«fe 

2# “scattering angle, 

a wangle of incidence between primary beam and the 
tangent to the cylindrical surface, and 

Ia -thickness of layer A. 

The subscript A denotes properties of the 
surface layer and K represents an average of the 
properties of all underlying layers. A numerical 
evaluation was made” of the integrals of (5), as 
a function of haI for the particular values of 20 
which are of interest in this analysis. Designating 
the ratio of integrals as St/St. then, 

■St Pa NkWM 

Pu, m -Pa NaW/va) ' (6j 

A comparison of the power increment P A from 
layer A with the power diffracted by all under¬ 
lying layers, Pu,u,i—Pa, allows a determination 
of the layer thickness Ia- The diffracted powers 
Pb, Pc, Pd, —, can be lumped together as in (5) 
and (6) only if their A^FV/i) values are similar. 
As shown in Fig. 7b, this quantity varies by as 
much as 60 percent in the composition range 
50 percent-100 percent SrO; however an error 
considerably less than this is introduced by 
selecting a weighted average value of AP(FV/u). 

Similarly Pb is compared with Pu>u,\—Pa—Pb 
to obtain Ib or, as is usually done, Pa and Pb are 
lumped together (P a +Pb) and with an average 
WiF/n) are compared with Pu>^\—Pa—Pb to 
obtain (Ia+Ib). This process is repeated until 
the thickness of each layer has been evaluated. 


Table I. Monode cathodes coated with C51-2 and 
operated quiescent. 


Base Metal 

Coating 
tempera¬ 
ture °C 

Hours 

Bulk % 
SrO 

Surf. 

Gr. A Ni 

800 

300 

51 ±2 

none 

Gr. ANi 

800 

600 . 

54:4:2 

thin 

Gr. ANi 

875 

50 

49*5 

med. thin 

Gr. A Ni 

875 

75 

52±S 

mod. thick 

Gr. A Ni 

875 

75 

50*2 

thick 

Gr. A Ni 

875 

300 

56*2 

med. thick 

Gr. ANi 

875 

600 

62*2 

med. thick 

Gr. A Ni 

875 ' 

1200 

62*1 

very thick 

N-81 Ni 
N-81 Ni 

' 875 

280 

52*1 

med. thin 

875 

280 

51*2 

med. thin 
med. thin 
medium 

N-81 Ni 
N-81 Nt 

SS 

'ji 

$95 

1200 

56*3 

58*1 


Finally Ia, fx+f#, fx+/a+fc, - are plotted as <i 
function of composition to obtain the composi¬ 
tion distribution curves, 

RESULTS 

An analysis of the diffraction patterns of the 
16 cathodes of Group 1 which had reached the 
“end of life" showed that with one exception all 
oxide coatings had lost nearly all of the initial 
BaO content. These 15 coatings whose life test 
periods varied from 500 to 1000 hours had an 
average final bulk composition of 95 ±4 percent 
SrO. The one exception was a cathode prepared 
on a 5 percent Si-nickel base which had reached 
the “end of life” in 650 hours at 800°C under d.c. 
life test conditions. In this cathode a bulk 
composition of 52 percent SrO was found as well 
as a surface layer containing up to 95 percent 


r 



x> so 

M0L% SrO 



Fig, 7. (a) Computed linear absorption coefficient vt. 
composition for apparent densities p, of 1.0 and 2.0 g/cm*, 
and (b) computed Ity/p *»■ composition for 111, 200, 
and 220 diffraction tines. 
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Fig. 8. 200 diffraction lines from cathodes 1 and 2 of 
Table II. 

Tablf II. Diode cathode coated with C51-2 and 
operated quiescent. 


Grade A nickel base 
(!) 873*0— (2) 870°C— 

Vacuum fired Grade A Ni base 
(3) 950°r— (4) 87r~ 

pumped 

Bulk 


pumped 

Bulk 

scaled off 
Bulk 

Hours SrO 

Hours Srb 

Hours SrO 

Hours S% 


0 

30 

0 

50 

0 50 

0 

50 

13 

50dbl 

27 

30 

10 51 ±1 

34 

47d=l 

33 

34dkl 

115 

61 ±3 

20 50 ±2 

75 

50dbl 

64 

39 ±3 

260 

64dbl 

30 54 ±4 

147 

48 ±2 

113 

42 ±4 



40 52d=l 



206 

&A3 



50 52dbl 



299 

67 ±3 



72 52dsl 



393 

67 ±3 



115 49db2 



495 

67 ±4 






603 

69 ±4 






821 

68 ±2 






1205 

70 del 







Table 1 shows the results obtained from an 
analyst of the diffraction patterns taken of the 
catfiodf* from the twelve monodes of Group 2 
which were life tested in a quiescent state. In 
those patterns which showed a marked asym¬ 
metry in the shape of the diffraction lines, 
measurements of the peak positions were used 
to determine the bulk composition. The indicated 
± error represents the average deviation of the 
measured 111, 200, and 220 lines of the diffrac- 

m 


tion pattern and does not represent the absolute 
accuracy of the determination. 

In general, it appears that the bulk loss of 
BaO as well as the surface loss is slightly less 
for the cathodes prepared on the purer nickel 
base. This is consistent with the presence of 
larger amounts of the reducing impurities Mn, 
Mg, and Si in the grade A nickel than in N-81 
which were detected in a spectroscopic analysis. 
The effect of the operating temperature on the 
bulk loss of BaO is indicated by comparing the 
molar compositions of the grade A cathodes 
operated 600 hours at 800 8 C and at 875 # C. A 
thicker BaO deficient surface layer is found on 
the cathodes operated at 875°C than on those 
at 800°C. 

In the experiment designed to investigate the 
effect of a d.c. emission current density of 0.5 
amp./cm* on the loss of BaO, Group 3, the 
following results were obtained. In 40 hours at 
a temperature in excess’* of 950°C, a thick surface 
layer was observed on all of the seven cathodes. 
The four which were operated quiescent had a 
final average bulk composition of 63±4 percent 
SrO and the three life tested at 0.5 amp./cm* 
showed a bulk composition of 61 ±3 percent SrO. 
It is evident that the effect of the d.c. emission 
current is less than the experimental error in¬ 
volved in the composition determination. The 
error introduced into both the bulk and surface 
layer determinations could be reduced by using 
a lower operation temperature thus avoiding 
excessive crystal growth in the oxide coating 
and the resulting “graininess” in the diffraction 
patterns. 

Time changes which occur in the bulk compo¬ 
sition of the oxide coating are shown in Table II 
and were obtained from diffraction patterns of 
cathodes operated in the pumped and sealed off 
beryllium windowed diodes, Group 4. The effect 
of the base metal on the bulk loss of BaO is 
seen by comparing the three diodes operated at 
about 875*C. The vaepum bred grade A base 
cathode shows no loss of BaO in 147 hours at 
which time the regular grade A cathodes have 
increased to over 80 percent SrO. The second 
vacuum fired grade A base cathode shows no 

'* All cathode* werein&ally act at9S0*C but line voltage 
fluctuations in an over ni ght life test caused all cathode 
temperatures to increase Sy an unknown amount. 
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detectable BaO bulk km in 115 hoars at 950*C. 
All four cathode sleeves were chemically cleaned 
anil hydrogen filed prior to coating. Two of 
these were heated' to I05O®(' for 30 minutes in 
the additional vacuum firing treatment. The 
effect of this process is to evaporate possible 
reducing agents from the surface of the base 
metal. A spectroscopic analysis of the evaporated 
material shows it to contain major quantities of 
Mg, Mn, Cu, and Ni. All cathodes of this group 
showed asymmetrical diffraction lines indicating 
some surface loss of BaO as well. C'athodcs 1 
and 2 of Table II, Group 4, showed a more 
rapid loss of BaO than similar cathodes of 
Table 1, Group 2. No completely satisfactory 
explanation was found for this difference. 

The effect of time and temperature on the 
shape of the 200 diffraction line from initially 
equal molar BaSr(O) may be seen in Fig. 8. 
Microphotometer tracings converted to units of 
intensity and adjusted to the same maximum 
value are shown plotted as a function of the 
molar percent SrO composition. The grade A 
nickel base cathode operated at 875°C shows a 
progressive asymmetry change with time as well 
as a shift in the position of the peak (see Table 
II). The vacuum fired grade A nickel base cathode 
at 950°C shows only the progressive asymmetry 
which develops at a rapid rate. 

By means of the analysis method previously 
described, the intensity vs. composition functions 
of Fig. 8 have been transposed to the composition 
vs. depth functions of Fig. 9. The error function 
method of synthesizing the 875°C curves results 
in the composition distributions of Fig. 9a. In 
115 hours a layer containing less than 10 percent 
BaO is found to cover the surface to a depth of 
10~* cm while in 1205 hours this layer has 
reached a thickness of 3 X10 -4 cm. At this period 
a layer of pure SrO covers the surface to a depth 
of about 5X10- 1 cm. The simpler step function 
method of analysis when applied to the same 
curves gives the distributions of Fig. 9b. Apply¬ 
ing the zero hour, fortuitous curve as a sub¬ 
tractive correction to each of the other curves 
brings the results into fair agreement with the 
distributions obtained using die more laborious 
error function method. An analysis of the 950*C 
intensity curves using the step function method 
may be seen m Fig. 9c. The bulk composition 


remains equal molar as the BaO deficient surfau- 
layers take form. 

As a check on the validity of this method of 
comjiosition determination, analyses were jxt- 



(x 10* cm 


Fig. 9a. Composition vs, depth function, determined using 
error function methexi of fitting, 875°C 




Fig. 9c. Composition vs. depth function, step (unction 
method of fitting, 956°C. 
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Ftc. 10. (a) 111, 200, and 220 diffraction tines from 
cathode after 1225 hours quiescent at 875*C. (b) Compo¬ 
sition vs. depth functions computed from these lines. 

formed on three different diffraction lines of the 
same pattern. Figure 10a shows the intensity 
vs. composition traces of the 111, 300 , and 220 
diffraction lines from a cathode, initially equal 
molar BaSr(0), after 1225 hours at 875°C, 
quiescent. The marked effect of the scattering 
angle and the particular hkl reflection pn the 
line shape is readil) evident. Arrows at die 
half-maximum potation indicate the true line 
breadth extrapolated from the measured breadth 
of nearby* large crystal tungsten lines. The 
principal peak of these curves corresponds there¬ 
fore to a single homogeneous phase in accord 
with the initial assumption regarding this struc¬ 
ture. Analyses performed on these three curves 
using the step function method result in the 
distributions of Fig. 10b. The agreement between 
the computed distributions indicates the self- 
consistency to be expected from this method of 
analysis using different diffraction lines. This 
agreement serves also as a reasonable confirma¬ 
tion of the assumed monotonic distribution 
function. Actually, the BaO content of the 
coating may be very low 14 in the oxide layers 
adjacent to be base metal because of the chemical 
affinity of Ba and certain base metal compo¬ 
nents. 11 In general, these layers contribute very 

U L. A. Woptea, Bull. Am. Phys. Soc. 21, D-3 (IMS). 
,** 4* FfctMUMi sod A. Eimistein, "Studies of the te&smce 
of oxide coated cathodes, J. App. Phys. 17 ,663 (1946), 
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little to the observed diffracted intensity as 
evidenced by the weak scattering from the 
adjacent base metal. 

DISCUSSION 

The loss of the BaO component of an oxide 
cathode coating initially equal molar (BaSr)O 
manifests itself as (1) a surface deficiency and 
(2) a bulk deficiency. It appears that, given 
sufficient time, all cathodes will develop a surface 
deficiency which is detectable using x-ray tech¬ 
niques. in this time interval the bulk loss may 
or may not be sufficient to permit its detection, 
depending upon the base metal used and the 
operating temperature (see Table I). The loss of 
BaO may occur as an evaporation of Ba or BaO. 
In either case the loss is presumably from the 
surface; hence, unless the temperature is suffi¬ 
ciently high to permit rapid diffusion of BaO or 
SrO, changes in the surface composition should 
be very sensitive to this evaporation loss. The 
results of Table II would seem to indicate 
that the removal of certain surface constituents 
from the base metal by the vacuum firing treat¬ 
ment eliminates the bulk loss without seriously 
impairing the loss from the surface. A comparison 
of the cathodes of Table I made on grade A 
nickel and run at 875°C with those made on the 
purer nickel, N-81, shows the effect of the base 
metal on the bulk loss and a lesser effect on the 
surface loss. This would seem to indicate that 
the bulk loss arises largely from a chemical 
reaction between the coating and reducing agents 
in the base metal, giving rise to free barium 
which diffuses to the surface and is lost through 
evaporation. Although a surface deficiency is 
found in cathodes made on the pure nickel, the 
observation that it is less than in cathodes made 
on grade A nickel indicates that at least part of 
the surface loss in the grade A cathode is caused 
by evaporation of Ba. Reducing impurities 
present initially in the coating may be responsible 
for this surface low. The exact mechanism of 
the respective surface and bulk losses cannot be 
specified completefy until more information is 
available regarding the diffusion rates of Ba, Sr, 
BaO, and SrO at these temperatures as well as 
the thermochemistry of the reactions involved. 
It is interesting to note that the surface defici¬ 
encies extend to depths of about 10~* an, of 
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r&ughty 6J oi the total coating thickness. In the 
caae of cathodes 'Hashed” at a high temperature 
to promote crystal growth,* the observed compo¬ 
sition variation probably occurs in single crystals 
on the cathodes surface. It should be noted that 
an experimental upper limit exists on the compo¬ 
sition vs. depth function that can be determined 
using this method. This is reached when scatter¬ 
ing from the surface layers obscures the promi¬ 
nent peak from the bulk composition. This 
condition is nearly reached in the 115 hour, 
950°C curve of Fig. 8. A lower limit of about 
10~* cm is indicated. 

The effect of changes in the BaO-SrO compo¬ 
sition during life on the thermionic emission 
properties of the cathode remains problematical. 
No direct evidence has yet been obtained to 
prove the existence of such an effect although 
several indirect experimental observations would 
seem to substantiate it. The experiments of 
Benjamin and Rooksby 4 using d.c. thermionic 
emission cathodes, and Widell, 14 using pulsed 
cathodes, indicate an optimum coating composi- 

«* E. G. Wi'le’l, Bull Am. Phys. Soc. 21, E2 (1946). 


tton of near equal molar proportions. However, 
through the use of a high current density aging 
treatment, Fineman ,T has been able to obtain a 
pulsed emission at 850°C to 900°C of 30 amp./ 
cm 1 from a pure SrO coating and 60 amp./cm* 
from pure BaO, the latter value being in sub¬ 
stantial agreement with that reported 10 from 
(BaSr)O. Recent measurements of Nishibori and 
Kawatnura 18 give for the thermionic work func¬ 
tions of BaO and (BaSr)0 about 1.0 ev and SrO 
1.5 ev and for the conductivity activation 
energies (BaSr)O, 0.7 ev and Sri), 1.2 ev. The 
presence of a surface layer, deficient in BaO, 
may have an electronic conductivity somewhat 
lower than that of the bulk and, under certain 
conditions of operation, actually limit the 
thermionic emission. 

The author is indebted to members of the 
Cathode Research Group for valuable assistance 
during the course of this investigation, particu¬ 
larly to Mr. A. Fineman who contributed most 
of t he st andard diode cathodes used in this study. 

17 A. Fineman, private communication. 

18 E. Nishibon and H. Kawamura, Proc. Phys. Math. 
Soc. Japan 22, 378 (1940). 


Studies of the Interface of Oxide Coated Cathodes* 

A. FINEMAN AND A. ElSENSTEIN 

Radiation Laboratory, Massachusetts Institute of Technology, Cambridge, Massachusetts 


X-ray diffraction patterns are presented as evidence for the existence of a (r> stalline 
“interface" compound between the base metal and the coating of the oxide coated cathode. 
Measurements of the coating resistance to microsecond pulse currents, made with imbedded 
probes, indicate the presence of an anomalous “interface” resistance between the metal and 
coating. The relative magnitude of the coating and interface resistances are shown as a function 
of current for various operating temperatures. 


I. INTRODUCTION 


W HEN a system consisting of a metal coated 
with alkaline earth carbonates is heated 


in a vacuum, some combination of the metal and 
alkaline earth element takes place. The nature 
of the interface compound formed in the case of 
the oxide coated cathode has been postulated by 
various workers 1 to be of the Type ABO* where 


* This paper is based on work done for the Office of 
Scientific fae&rch and DevekmMent under contract 
OEMsr-262 with the Radiation Laboratory, Massachusetts 
Institute of Technology. 

1 H. D. ArooM. Phys. Rev. ML 70 (1920). A. Gehrts. 
Zeits. f. tech, Physik II, 246 (1930). L - A Wooten, 
Telephone Laboratory, private communication. 


A is the alkaline earth element and B, the base 
metal (e.g., BaPtO*, BaNiO,, BaTiO,). Arnold 
states that BaPtOs was identified on a Pt wire 
cathode but gives no indication of the method 
by which it was identified. The other estimates 
were based upon chemical or spectrographic 
determinations of the presence of the base metal 
in the coating layers close to the metal. Direct 
evidence, in the form of x-»y diffraction pat¬ 
terns, is presented in this paper to show that 
specific crystalline compounds are formed at the 
metal-coating interface of oxide-coated cathodes. 
The coating resistance to pulsed microsecond 
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currents is shown to be anomalous in the region 
of the coating close to the metal. This anomalous 
resistance, which is termed interface resistance, 
greatly exceeds the coating resistance in most of 
the cases examined. 

H, EXPERIMENTAL METHODS 

A. X-Ray Diffraction Studies 

The method used in obtaining x-ray diffraction 
patterns of oxide coated cylindrical cathodes 
has been described in detail. 2 The vacuum diode 
containing the cathode to be examined was 
opeiled in an atmosphere of dr> nitrogen because 
of the chemical instability of certain of the 



Fig. 1.^Construction of double probe cathode. 



-4 V -4 

Fig. 2. Experimental diode 


interface compounds. The cathode coating was 
scraped off until the interface became exposed, 
and the cathode was coated with a protective 
wax. The specimen was mounted in a 4.70-ctn 
radius x-ray camera and the exposure made using 
filtered Cu/Ca-radiatifcn. In some cases only half 
of the cathode was dipped into the wax, and 
patterns were then taken of the waxed and non- 
waxed portions in order to check the stability of 
the interface compound to oxidation by air or 
water vapor. 

B. Resistance Measurements 

Coating and interface resistance measurements 
wen» made by the use of embedded probes.* 
Figure l illustrates the construction of the double 
probe cathode. The cylindrical sleeve was 
weighed, mounted in a rotatable chuck, sprayed 
with carbonate coating, and re-weighed. Several 
turns of probe wire were tightly wound around 
the coating and a second layer of carbonate 
coating was sprayed on. The cathode was again 
weighed and the process repeated with a second 
probe wire. 

Figure 2 illustrates the test diode in which 
measurements were made, and Fig. 3 shows the 
electrical circuit. Determinations of pulsed anode 
voltage Va, microsecond pulse current /, and 
probe pulse potentials (Vpu Vp%) were made as 
indicated. The total resistance from the sleeve 



*1rHjitytytrifr &iia n. ivswamura, rroc, rny». Matn. ooc. japan 
FotmdatK*, pirate communication. 


method*" (preceding article, thisiwue). 

22, 378 (lew), W. E, Danforth, Bartoi Research 
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to each probe was obtained by dividing the 
corresponding probe potential by the current. 
The difference between these two resistances 
was taken as the resistance of the amount of 
coating lying between the probes. The resistance 
of the coating between the sleeve and first 
probe was then computed on the basis of simple 
weight proportion, and the substraction of this 
amount of coating resistance from the total 
resistance between sleeve and first probe gave 
the quantity which was termed interface re¬ 
sistance, R t . The quantity was defined as 
the resistance of 10 mg of coating. All cathodes 
were prepared with an area of 1 sq. cm. 

IU. RESULTS 

Interface patterns were found on all coating, 
base-metal systems examined. These included 
base metals of copper, pure and Grade “A" 
nickels, chromium plated nickel, and alloys of 
Si-nickel and Cr-nickcl. 




A. Grade “A” and Pure Nickel Base Metals 

The interfaces formed on Grade “A” nickel 
were light grey in color and usually too thin to 
give analyxable patterns with the x-ray technique 
used. In the case of the pure nickels a consistent 
pattern was obtained. However, because of the 
difficulty of obtaining good diffraction patterns 
of the interfaces on the pure and Grade “A” 
nickels, and since the interfaces observed on 
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Fig. 5. X-ray diffraction patterns 
of interfaces: 


(A) Synthetic “BaSiOs” prepared by 
heating BaCO« and StO» m air. 
\ hour at 1000°C (0.S mm sample 


diameter): 

(B) "BaSIOi" found at Interface of 

cathode made from (BaSr)CO» 
on S percent Si-Ni base, 

(C) Compound found at interface of 

cathode made from SrCOa on 5 
percent Si-Ni base; 

(D) Interface compounds **A* f and** B * 

from cathode of BaCOi on Cr 
plated Ni; 

(E) Interface compound **B” from 

cathode of either BaCOi or 
(BaSr)COi on Cr plated Nr. 

(F) Interface compound **C'* from 

cathode of BaCOs on Cr plated 
Ni: 

(G) Interface compound from cathode 

of SrCOa on Cr plated Ni. 




cathodes made of Cr and Si nickel alloys 4 were 
consistent and more easily identified, these latter 
systems were chosen in preference to Grade "A” 
and pure nickels for the more extensive studies 
of thw interface. Figure 4a shows a plot of the 
intfrfjpce and coating resistances as a function of 
microsecond pulse current for a pure nickel 
cathode coated with (BaSr)CO*.* The data given 
are for pyrometer temperatures of 750°C and 
850®C. It is noted that the coating resistance is 

4 AM hr nickels and alloys used in 'this work were 
dioM the Hid cooperation of Mr. E. M. Wise 
ImeMatiMal Nickel Company. 

► C3tr2 obtained from the Raytheon Manu* 

factdrinc^Company. Newton, Massachusetts. 
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essentially ohmic, and that the interface resist¬ 
ance which greatly exceeds the coating resistance 
has a decided maximum which shifts to lower 
currents as the temperature is decreased. The 
dependence of resistance upon temperature is 
seen to be more pronounced in the case of the 
interface than in that of the coating. 

B. Interface Compounds Formed on Si-lfi 
ABoy Base Metal 

Cathodes prepared from double carbonate 
(BaSr)CO, on t percent or 5 percent SiNi alloy 
showed an interface pattern identifiable with 

Joojtm o» applied Mates 




that of synthetically prepared BaSiOt* (we Figs- 
SA aft d 5B). The f value* of the interface and 
synthetic compounds are compared in Table I. 
The synthetic BaSiOi was white while the inter* 
face “BaSiOi" showed varying shades of grey, 
probably because of the interepersion of finely 
divided nickel. Although (BaSr)COi coated 
cathodes at different states of activity and at 
d.c. and microsecond pulsed life from 0 to 500 
hours were examined for interface patterns, the 
‘‘BaSiOi’’ pattern alone was observed in every 
case. This interface compound was stable to 
both air or water exposure. 

One cathode was prepared with pure SrCOj 7 
substituted for (BaSr)COj on the 5 percent Si-Ni 
alloy. The interface compound here was similar 
in crystal structure to “BaSiOi” but had con¬ 
sistently smaller d values, caused probably by 
the direct replacenient of Ba with Sr in the 
compound. See Fig. 5C. No resistance measure¬ 
ments were taken on these systems. 

C. Interface Compounds Formed on Cr 
Plated Nickel 

In the case of cathodes prepared of BaCO* on 
Cr plated pure nickel three separate interface 
compounds were identified. Their diffraction 
patterns did not correspond to any compounds 
of Ba and Cr listed in the ASTM x-ray diffraction 
card file. These compounds which arc here arbi¬ 
trarily designated as “ A ,” “5,” and “C” made 
their appearance at various levels of cathode 
activity and life (see Figs. 5D, E, and F). s 
The interface compounds were all clearly visible 
and colored. Those interfaces in which only “B" 
was detected showed homogeneous light or dark 
browns and in some cases brown mottled with 
green. “A” was never found alone, and "C” in 


' Finely powdered StOs and BaCOi mixed in bulk and 
heated in air or vacuum to 850 s to 1000 S C. See W. Jander, 
Zeits. anorg. allgen. Chenue 109, 8 (1927). 

7 Contained less than 0.01 percent Ba. Prepared by C. 
D. Prater, Bartol Research Foundation, Svarthmore, 
Pennsylvania. 

•Bulk synthesis of die barium-chromium interface 
compounds, A, B, and C, was attempted by hearing the* 
following combinations: (*) 150-mesh chromium powder 
and banum carbonate, (b) chromium powder and barium 
chromate, and (c) chromium aside (CriOi) and barium 
carbonate. Samples were heated in vacuum and in the air, 
at temperatures of 8S0*C and 1050*0, for times varying 
between 30 minutes to several hours. None of the interface 
compounds, A, B, or C, were observed in any case. 


the one caac in which it was found alone showed 
dark brown. Both “ A ” and “C” were converted 
to "J5" upon exposure to air. "5” was stable to 
both air and water at room temperature and 
was not affected by heating in air at 850°C for 
15 minutes. Analyses of the “B” compound with 
the Davey-Hull charts indicated a possible close 
packed hexagonal structure with the d values 
given in Table II. 

Cathodes prepared with SrCOi on Cr plated 
nickel showed an interface compound having a 
crystal structure similar to that of “B" but with 
somewhat smaller lattice constants. (See Fig. 
5G.) 

In the case of cathodes prepared of (BaSr)CO| 
on Cr plated nickel, only the “B" compound was 
identified. It is to be noted that as in the Si 
series, where both Ba and Sr were present in the 
coating, the Ba, alone, took part in the formation 

Table I. Observed d values and line intensities of the 
interface and synthetic BaSiOi compounds. 


Interface 


Synthetic BaSiOi 

d 

1 

d 

/ 

4.14 

M 

4.11 

M 

3.38 

S 

3 36 

S 

3.11 

M 

4.09 

MW 

2.97 

VS 

3.97 

VS 

2.89 

VS 

2.87 

vs 

2.67 

VW 

2.66 

w 

2.47 

w 

2.48 

VW 

2.38 

MW 

2.38 

M 

2.21 

MW 

2.20 

M 

2.06 

M 

2.07 

M 

1.865 

W 

1.875 

MW 

1.82 

w 



1.73 

w 

1.725 

M 

1.67 

M 

1.66 

W 

1.43 

w 



1.41 

w 




Table II. Compound “B" indices from Davy-Hull chart 
for simple hexagonal system. 


Computed values Compound “B 

Indices 4 4 1 


101 

3.19 

3.2! 

VS 

no 

2.89 

2.91 

s 

200 

2.50 

2.50 

VW 

201 

2.14 

2.16 

s 

002 

2.08 

2.08 

M 

102 

1.92 

1.92 

M 

121 

1.72 

1.725 

M 

112 

1.69 

1.690 

M 

202 

1.60 

1.615 

MW 

122 

1.46 

1.415 

W 

003 

1.385 

1.340 

M 

Computed d values for <H -$.77, c/a 

-0.72. 
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of the interface compound. The “B" compound 
was also identified in cathodes prepared with 
(BaSr)COt on 5 percent CrNi alloy. 

Plots of J? e oo) and R, vs. I for a cathode 
composed of BaCO« on Cr plated nickel are 
shown in Fig. 4b. Here, the coating resistance 
exceeded the interface resistance, and showed 
more dependence on temperature. Figures 4c, 
d, e, and f show resistance vs. current curves for 
four cathodes made of (BaSr)CO* on Cr plated 
nickel. Each of these tubes showed the Type “B" 
interface. It may be noted that usually the inter¬ 
face exceeds the coating resistance and is more 
temperature dependent than is the coating re¬ 
sistance in the range studied. Figure 4f shows, 
however, that the interface resistance may drop 
below the coating resistance at elevated tem¬ 
peratures. Variations in coating resistance from 
tube to tube are seen to be much smaller than 
corresponding variations in interface resistance.' 

IV. DISCUSSION 

The plots of coating and interface resistance 
shown above suggest that the interface may be a 

• The R vs. I curves shown were all obtained with either 
nickel or platinum probe wires. Tubes were also made 
with probes of Rh-Pt alloy, pure Fe, pure W, and pure Cu. 
In these cases and also in the case of some of the nickel 
and platinum probe tubes the R vs. I curves were of the 
type shown in Fig. 6. 

All tubes exhibiting this type of characteristic on either 
one or both probes were discarded for the following reason: 
impedance measurements at 1 megacycle, taken between 
sleeve and probe, showed that the tubes having a peaking 
R vs. I (Fig. 4) characteristic, demonstrate a shunt 
resistance which fell from megohms at room temperature 
to hundreds of ohms at 850°C, while the tubes showing a 
dropping R vs. I characteristic (Fig. 6) maintained a 
shunt resistance of megohms throughout this temperature 
range. The latter phenomenon was interpreted as meaning 
that in these cases the probe was electrically insulated 
from the coating. 


factor which enters into the limitation of pulsed 
emission in oxide coated cathodes. 

The interface resistance curves of Fig. 4 when 
plotted against the voltage drop across the inter¬ 
face (//?»), are similar in shape and in variation 
with temperature to those exhibited by multiple 



layer oxide rectifiers. 10 Since, in addition to this 
fact the x-ray data show the presence of a 
definite crystalline compound between the coat¬ 
ing and the base metal, it is suggested that the 
oxide coated cathode is dependent for its opera¬ 
tion upon the same physical structure (metal 
4-blocking layer4-semiconductor) as is present 
in the oxide rectifier. 

The authors wish to express their gratitude to 
Dr. E. A. Coomes and members of the Cathode 
Research Group for their helpful suggestions 
and invaluable aid throughout the course of this 
investigation. 

“ N. F. Mott, Proc. Roy. Soc. A171, 127 (1939). 
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Midwest Research Institute—A New Scientific 
Research Institution 

By George E. Ziegler 

Executive Scientist, Midwest Research institute, Kansas City, Missouri 


D URING the past year a new scientific 
research institution placing emphasis on 
research in physics and its closely related sciences 
has come into being in Kansas City, Missouri 
The Midwest Research Institute a >ear ago was 
just the dream of Middle America’s business men; 
now it is a going scientific institution with a staff 
of over ninety working on both research for 
industry and on regional research to benefit the 
people of Middle America as a whole. The Insti¬ 
tute’s research program is balanced between 
ph>sics, with its closely associated engineering 
sciences, and chemistry, with its man> branches 
It is the purpose of this article to describe briefly 
the Midwest Research Institute and to illustrate 
how its well-coordinated phjsical research and 
measurements groups serve as the mainstay for 
many t> pes of engineering and chemical research, 
as well as for industrial physics research. 

In 1943 a group of public-minded business men 
saw the need for an outstanding scientific insti¬ 
tution of broad base to aid in the region’s forth¬ 
coming industrial development. They crystallized 
their vision by calling to a Midwest Research 
Council meeting leading research men from the 
Middle Western universities and colleges, as well 
as state geologists and business people familiar 
with the research needs and potentialities of 
the region. Following through on their first step 
this group of men, under the far-seeing guidance 
of Mr. Robert L. Mehornay and Mr. J. C. 
Nichols—business men and civic leaders of the 
Kansas City Area—contributed over $500,000.00 
in 1944 to serve as an initial operating fund for 
the new institution. 

The soundness of the vision of this group of 
business men made it possible to attract ex¬ 
perienced personnel to the Institute for both 
administrative and laboratory research work. At 
the present time this same group of business men, 
now organized as a group of trustees with a 
board of governors from their own number, has 
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embarked on a much larger fund raising cam¬ 
paign to enable the Institute to increase still 
further its facilities and to increase significant^ 
its program of regional research so that Mi idle 
America will be assured of benefits that can 
result from research. 

PLAN OF ORGANIZATION AND STAFF 

The establishment of Midwest Research In¬ 
stitute by its Board of Governors and Trustees 
as a not-for-profit, scientific institute standing 
on its own feet gives it a unique opportunity" for 
service. It has the advantage of being able to 
cooperate with all the universities and colleges 
throughout the area at the same time it renders 
research service to industry and government. 



Fig. 1. High speed photographic study of chip formation 
with different cutting tools* 
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Fig. 2. 120,000-pound tensile testing machine in operation 
in the engineering mechanics laboratory. 


This was demonstrated recently when it 
sponsored a seminar on high polymers. This 
two-day seminar was attended by the senior 
staff members of fourteen universities and 
twenty-five industrial concerns. 

The Midwest Research Institute secured as its 
president Harold Vagtborg, whose pioneering 
spirit and vigorous organizational ability brought 
Armour Research Foundation, Chicago, to its 
outstanding position among research organiza¬ 
tions. The basic plan of operation of the Midwest 
Research Institute organization provides for a 
full utilization of his stimulating leadership. 

Frank H. Trimble, chairman of the Physics 
Section, received the Ph.D. degree from the 
University of Missouri for his work in x-ray 
diffraction before going to the Armour Research 
Foundation in Chicago. Here he first supervised 
extensive research in physical metallurgy and 
then served as co-chairman of physics research. 

The chairmen of Agricultural Chemistry, 
Inorganic Chemistry, and Organic Chemistry 
Research are Charles L. Shrewsbury, formerly of 
Purdue University; George W. Ward, of the 


Nationat Bureau of Standards; and Carl M 
Marberg, formerly of Interchemical Corporation. 
The Engineering Mechanics staff is under the 
chairmanship of Martin Goland, formerly of 
Curtiss-Wright Corporation Research Labora¬ 
tories, with C. O. Dohrenwend, formerly Chair¬ 
man of Engineering Mechanics Research at the 
Armour Research Foundation, as Research Con¬ 
sultant. 

The present staff of ninety-two consists of 
fifty-two research workers, twenty of whom have 
the Ph.D. degree, seven the master’s degree, 
and twenty-five the bachelor’s degree. There are 
also sixteen laboratory and technical assistants, 
and twenty-four non-technical employees. 

In its general plan of operation the Institute 
consists of a modern streamlined industrial re¬ 
search organization in which decisions concerning 
research methods and research expenditures are 
made by men as close as possible to the actual 
work. The research group leader on a particular 
project makes day by day decisions as to what 
research procedures shall be followed and what 
equipment procured. The chairman of a section 
thus can devote his major attention to “quality 
control” of the research and to looking after the 
sponsor’s interests. 

Since Midwest Research Institute is a public 
service, not-for-profit scientific institution it has 
heavy responsibilities to the community as a 
whole. The broad direction of the Institute’s 
program to benefit the people of Middle America, 
as well as helping American industry solve its 
specific problems, is a major responsibility of the 
Institute’s president, in addition to those 
normally incumbent on a chief executive officer. 

The author, as Executive Scientist, has a 
unique set of responsibilities consisting of: (a) 
The coordination of the research of all*sections 
so that each research problem will be^pursued 
along the lines that currently appear to be most 
promising, (b) the development of cooperative 
working relations with the universities and col¬ 
leges, and (c) the stimulation of professional 
advancement of the Institute’s research staff. 

INTERRELATED PHYSICAL TOOLS 

Despite the difficulties of war procurement and 
reconversion delays, the Institute has been able 
to assemble during its first year a well-rounded 
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complement of physical tools which permit the 
Physics Section to carry out a broad based but 
integrated program of physics research for 
industry, and to render invaluable aid to metal¬ 
lurgy, engineering, and the various chemical 
researches. 

In developing the Institute’s physical facilities 
and staff, special care has been exercised so that 
each tool or technique may be used in its range 
of greatest usefulness. Value and usefulness of 
individual scientific tools is increased by their 
integration into planned group application. The 
plan at Midwest Research Institute is so com¬ 
plete that its description is worth consideration 
as an illustration of the variety of tools that can 
converge on a single problem. 

For example, equipment to study the appear¬ 
ance of materials includes a latest model Bausch 
and Lomb research metallograph for opaque 
objects, or the surface condition of transparent 
objects; a Leitz polarizing petrographic micro¬ 
scope for studying transparent materials and for 
carrying out microchemical analyses; as well as 
a stereoscopic microscope for general studies of 
form. For those cases where the particle size is 
too small for ordinary optical equipment the new 
universal model RCA electron microscope has 
been installed and is kept in condition for im¬ 
mediate use. 

If information is needed concerning the crystal 
structure of materials, it can be obtained through 
the use of the General Electric x-ray diffraction 
unit with its assortment of tubes and newest type 
cameras. The nature of surfaces can be analyzed 
by use of the electron microscope operating as an 
electron diffraction unit. This assemblage of 
optical, x-ray, and electron optics equipment 
makes it possible to solve many industrial 
problems directly, and these tools are indis¬ 
pensable aids to metallurgy and chemistry. 

Another important aid to metallurgy and 
chemistry is a complete Dietert spectrographic 
analysis unit. Either qualitative or quantitative 
analyses can be made by the arc or spark method, 
and the spectrograph has been set up with its 
camera extending into its own dark room, so 
that the photographic work can be carried out 
without delay or inconvenience. The Dietert 
spectrograph has been supplemented by an 
ultraviolet Beckman spectrophotometer and a 


Coleman spectrophotometer. These instruments 
have proved very useful in glass technology 
research, as well as for the usual chemical 
analyses which are so conveniently made by 
absorption measurements. 

The Institute's equipment for physical metal¬ 
lurgy consists of a 30-kilowatt Tocco high fre¬ 
quency generator, a 2-kilowatt Westinghouse 15- 
megacycle generator, Rockwell and Brinell 
hardness testers, and a vapocarb heat treating 
unit, together with quenching equipment. Com¬ 
plete metallurgical specimen preparation, as well 
as the physical testing equipment which has been 
primarily secured for physics research in En¬ 
gineering Mechanics, is also available. 

Engineering mechanics laboratory measure¬ 
ments can be carried out for both static and 
dynamic states. For statics there are Baldwin- 
Southwark tensile machines of 120,000-pound 
and of 60,000-pound capacity. There is also a 
10,000-pound Dillon unit which is useful for 
plastics and light alloys. For work in dynamics 
there are available special high frequency 
response~bridge circuits and [impact equipment. 



Fic. 3. Hardness testing equipment in 
metallurgical laboratory. 
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For certain special impact problems modifica¬ 
tions of the Tinius Olsen metallurgical impact 
tester can be used. 

One part of the Physics Section which is of 
special value to the entire Institute is a complete 
photographic laboratory and studio. Here photo¬ 
graphs of any type can be made, either as part 
of research data or for reports. Regular studio 
production type printer, washer, and drier are 
installed. A liberal supply of all kinds of special 
photographic film and paper is kept on hand to 
be available for immediate use. The motion 
picture equipment includes an Eastman high 
speed 16-mm camera capable of taking up to 
3000 frames per second. The Photographic 
Laboratory is equipped with an Ozalid machine 
for quickly making copies of drawings and 
reports. 

The staff and equipment of the Electronics 
Laboratory have also proved of great value to 
all other sections of the Institute. The equipment 
now available includes an assortment of General 
Radio bridges and meters, as well as various 
types of oscillators, oscilloscopes, and a recording 
high frequency response galvanometer and the 
usual assortment of component parts for building 
up special electronic circuits. 

A physics section in a broad based research 
organization is in a position to render more 
assistance to all of the other branches of research 
than is true of any other section, because of the 
fundamental nature of physics equipment and 
techniques. Nevertheless, physics research as 
such does receive invaluable aid from the other 
sections. At Midwest Research Institute there is 
available a complete, fully staffed analytical 
laboratory so that accurate information can be 
obtained on the chemical nature of material 
under investigation. Many times the solution of 
problems in physics has been made easier through 
consultation and advice from the chemistry staff 
concerning the availability of materials or con- 
cefning means of making the needed materials 
out ofthose available. 

Of inestimable service to the Physics Depart¬ 
ment is the Institute's well-equipped Instrument 
and Machine Shop. In fact, the Physics Depart¬ 
ment, including Engineering Mechanics and 
Metallurgy, is one of the major customers of the 
shop. 



Fig. 4. Projection densitometer being used foi 
spectrographic analysis. 


RESEARCH PROJECTS—REGIONAL AND 
INDUSTRIAL 

One regional research project in physics has 
as its purpose the making available to the indus¬ 
try of Middle America as many physical tech¬ 
niques as possible. For example, one group is 
becoming proficient in the operation of the elec¬ 
tron microscope, so that when an industry calls 
for some electron microscope photographs it will 
be possible to render not only a quick service, 
but an economical one. Similar procedures are 
being followed for all of the equipment men¬ 
tioned in the description of facilities. This project 
is a particularly good one from the viewpoint 
of the professional standing of the men in the 
Physics Section because it provides an oppor¬ 
tunity for publishable research. The physics staff 
also actively participates on other regional proj¬ 
ects which consist of: 

1. Relation of properties of wheat to the baking proper¬ 

ties of flour. 

2. Improvement of wood properties through chemical 

treatment. 

3. Inexpensive surface hardening treatment for barn and 

feed lots. 

4. Non-fuel uses of petroleum and natural gas. 

5. Benefidation of the marginal cores of the region. 
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The industrial research of the Institute is 
carried on in confidence with all patents being 
fully assigned to the sponsor. Nine industrial 
projects were completed during the first year 
and twenty-six are now in progress with a budget 
of approximately $400,000 for the forthcoming 
year. Space in this article prohibits a detailed 
description of the projects now under way. This 


has been included in the Institute’s published 
annual report. 

The whole program of the Midwest Research 
Institute is proving to be an excellent oppor¬ 
tunity for physicists to demonstrate to the satis¬ 
faction of all that the arts, skills, and science of an 
experienced research physicist can properly enter 
the solution of every industrial research problem. 


Here and There 


New Appointments 

Richard C. Darnell, consulting engineer on instrument 
design and application, has been appointed by the Depart¬ 
ment of State, under its cultural cooperation program, to 
serve in China as a specialist in scientific instruments and 
laboratory equipment. He will assist in the selection of 
modern instruments needed to replace those worn out or 
looted from universities and research organizations. He 
will remain in China for about six months. 

Raymond T. El lick son, assistant professor of physics at 
the Polytechnic Institute of Brooklyn, has accepted an 
appointment as associate professor of physics at Reed 
College, Portland, Oregon. 

James W. McRae, electro-visual engineer for Bell Tele¬ 
phone Laboratories, has been appointed director of radio 
projects and television research for that organization. 
Ralph Bown, assistant director of research at Bell Tele¬ 
phone Laboratories since 1944, has been named director 
of research. 

David S. Saxon joined the research staff of Philips 
Laboratories, Inc., on April 1, 1946, as an associate 
physicist and is in charge of the section on theoretical 
physics. Edmund S. Rittner joined Philips’ research staff 
on May 15, 1946, as associate chemist. His work will lie 
carried on in the photo-cell laboratory. 

Brooklyn Polytechnic Symposia 

A series of eight symposia on “Recent Progress in the 
Field of High Polymers’’ will be conducted at the Poly¬ 
technic Institute of Brooklyn, October, 1946 through 
May, 1947. 

Awards 

Raymond D. Mindlin, associate professor of civil engi¬ 
neering at Columbia University, has recently been awarded 
the Medal for Merit by order of President Truman for his 
wartime work in the development of the radio proximity 
fuse. Professor Mindlin was largely responsible for the 
mechanical design of the radio tubes in the proximity fuse. 


For distinguished work in glass technology, the honorary 
degree of Doctor of Science was awarded to William C. 
Taylor, vice president and director of glass technology of 
Coming Glass Works, at the 110th annual commencement 
exercises held at Alfred University June 10. 

Stevens Institute Fellowships 

The Experimental Towing Tank, Stevens Institute of 
Technology, has announced the establishment of several 
fellowships for graduates of engineering colleges who are 
interested in learning the techniques of model tests of 
ship and flying-boat hulls as well as in acquiring experience 
in the broader principles of hydrodynamic research in 
which the Tank is engaged. For information and applica¬ 
tion forms address Professor John P. Fife, Director of 
Personnel, Experimental Towing Tank, Stevens Institute 
of Technology, Hoboken, New Jersey. 

Liquids Research Begun at Stevens 

Research on the properties of liquids has begun at 
Stevens Institute of Technology as the result of a grant- 
in-aid received recently by the college from The Research 
Corporation. The research concerns the study of liquids in 
the far ultra-violet section of the spectrum where the air 
is completely opaque, making it necessary to do the work 
in a very high vacuum. The liquids being used are mainly 
melted salts, and the research project will examine what 
happens internally when solids melt. Results of the experi¬ 
ments made possible by the $4000 grant-in-aid will l>e 
published on completion of the research. 

Training Program of the Clinton Laboratories 

Object 

The Clinton Laboratories, which are operated by the 
Monsanto Chemical Company under contract with the 
Manhattan District, are planning to conduct a combined 
training and research program during the fiscal year 
1946-47. The purpose of this program is to aid in the 
dissemination of information, both fundamental and 
applied, concerning chain-reacting piles and their uses for 
both science and engineering. The facilities of the Labora¬ 
tories will be made available to about 35 highly trained 
scientists and engineers from academic and industrial 
laboratories who have not had previous experience with 
piles. Those selected will have an opportunity to attend a 
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coordinated lecture program on the theory and operation 
of piles and to participate in the research and development 
program of the Laboratories. This program includes the 
following two broad fields: 

A. Fundamental Research in the Fields of Nuclear Physics and Chemistry . 
This research will involve both theoretical and experimental work. 

B. Design of Piles. This program has as its principal objective the 
extension of the technology of pile development into the important 
fields of peace-time application. 

Organisation of Laboratories 

The key administrative stall of the Clinton Laboratories 
is as follows: 

Research Director: Professor E. P. Wigner. 

(On leave from Princeton University.) 

Director of Physics Division: Dr. L. W. Nordheim. 

Director of Chemistry Division: Dr. J. R. Coe. 

Director of Technical Division: Dr. M. C. Leverett. 

Director of Power Pile Division: Dr. C. R. McCullough. 

Director of Training Program: Dr. Frederick Seit*. 

(On part-time leave from the Carnegie Institute of Technology.) 

The Research Divisions of the Laboratories have full¬ 
time staffs engaged in the activities of the Laboratories. 
These staffs include scientists and engineers who have been 
involved in nucleonics for a number of years. The par¬ 
ticipants of the training program are expected to work in 
close cooperation with the full-time staff in order that the 
Laboratories may function as a well-coordinated unit. 
Assignments will be made primarily on the basis of the 
interests of the participants; however, the interests of the 
Laboratories must also be kept in view. 

Time 

The training program began July 1,1946, and will extend 
for the entire fiscal year. The formal lectures will not begin 
until about September 1, 1946. However, it is highly 
desirable that the participants arrive as soon after July 1 
as possible in order to become familiar with the program 
of the Laboratories and to become adjusted to participa¬ 
tion in it. 

Nature of Lecture Program 

The lectures will be given by a select group of physicists, 
chemists, and engineers. The major portion of these will 
be chosen from the Laboratories 1 staff, but a substantial 
fraction will be visiting scientists and engineers who have 
had extensive experience in the field of nuclear science and 
engineering. The topics of the lectures will be chosen from 
the following fields: 

4 A. Fundamental Nuclear Physics. 

B. Pile Science (Theory and Operation) 

C. Radiochemistry. 

D. Engineering Design of Piles. 


Housing 

The Clinton Laboratories will request living accommoda¬ 
tions in Oak Ridge for the participants. These accom¬ 
modations consist of individual houses, apartments, or 
dormitory rooms, depending upon individual needs, in 
the town of Oak Ridge, which is a fully equipped modern 
community. Transportation is available from Oak Ridge 
to the Clinton Laboratories. Requests for housing will be 
handled by Dr. Prescott Sandidge (Address: Box 1991, 
Knoxville, Tennessee). Moving expenses can be arranged. 

Salaries 

All participants will be transferred to the payroll of the 
Clinton Laboratories. Questions concerning salaries will 
be referred to Dr. Prescott Sandidge. In general a no-gain, 
no-loss policy will be adopted. 

A pplication for Participation 

Such applications should be made to Dr. Frederick 
Seitz, Department of Physics, Carnegie Institute of Tech¬ 
nology, Pittsburgh, 13, Pennsylvania. 

As stated above, questions relating to housing and salary 
will be referred to Dr. Sandidge. 


Calendar of Meetings 

August 

19- 20 Mathematical Association of America. Ithaca, New York 

20- 23 American Mathematical Society. Ithaca, New York 

September 

9-13 American Chemical Society, Chicago, Illinois 
16-20 The Instrument Society of America, Pittsburgh, Pennsylvania 

18— 21 Illuminating Engineering Society, Quebec, Canada 

19- 21 American Physical Society, New York, New York 

26-28 American Physical Society (Division of High Polymer Physics) 
and The Fiber Society, Charlottesville, Virginia (Joint 
Meeting) 

30-October 3 American Society of Mechanical Engineers, Boston, 
Massachusetts 

October 

3- 5 National Electronics Conference, Inc., Chicago, Illinois 
9-11 American"Society of Civil Engineers, Kansas City, Missouri 
25 American Mathematical Society, New York, New York 

November 

7- 9 Conference on Electrical Insulation, Division of Engineering 
and Industrial Research, National Research Council, Balti¬ 
more, Maryland 

29-30 American Physical Society, Minneapolis, Minnesota 
December 

2- 6 American Society of Mechanical Engineers, New York, New 
York 

17 Institute of Aeronautical Sciences, New York, New York 
26-28 Geological Society of America, Chicago, Illinois 
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Contributed Original Research 


A Method for Preparing Rubber Latex Specimens for the Electron Microscope 

R. H. Kelsey* and E. E. Hanson 

Chemical and Physical Research Laboratories, The Firestone Tire and Rubber Company, Akron, Ohio 

(Received April 26, 1946) 

A new method was developed for preparing natural and synthetic rubber specimens for 
examination with an electron microscope. The technique consisted of mixing latex with a water 
solution of polyvinyl alcohol and forming a film from the mixture. Electron micrographs of such 
specimens showed none of the flattening of particles characteristic of the collodion film method 
and the micrographs were suitable for direct particle-size measurements. 


T HE preparation of natural and synthetic 
rubber latex specimens for examination 
with an electron microscope is difficult because 
the individual particles are easily deformed and, 
under the usual conditions of specimen prepara¬ 
tion, the particles tend to agglomerate. Von 
Ardenne and Beischer 1 and others 8 -* have used a 
method which consisted of depositing a drop of 
highly diluted latex on a collodion film and allow¬ 
ing the drop to dry completely. In some instances 
the drop was withdrawn again into a glass 
capillary. It was found that in either case the 
latex particles were flattened at their areas of 
contact with the collodion film. 

The collodion film method was tried in this 
laboratory with the same poor results observed 
by Hendricks, Wildman, and McMurdee. 2 Figure 
1 is an electron micrograph of a natural rubber 
latex particle deposited by evaporating latex 
diluted 200 to 1 on a collodion film. The film has 
broken and curled to give a profile view of the 
particle which is observed to be badly flattened 
at its area of contact with the film. Figure 2 is a 
typical electron micrograph of natural rubber 


latex particles deposited on a collodion film. 
The blurred outlines of the particles are ex¬ 
plained by the effect shown in Fig. 1. it was 
obviously impossible to make good particle size 
measurements from micrographs of this type. It 
was found further that severe aggregation of 
particles usually took place when a drop of the 


* Present address: Department of Physics, University 
of Minnesota, Minneapolis, Minnesota. 

1 Von Ardenne and Beischer, 14 Investigations of the fine 
structure of high molecular substances with the universal 
electron microscope," Rubber Chem. and Tech. 14, 15 
(1941). 

1 Hendricks, Wildman, and McMurdee, 41 Morphology 
of latex particles as shown by electron micrographs," Ind. 
Rubber World 110, 297 (1944). 

1 "Electron microscope studies of rubber latices and 
pigments," Columbian Carbon Research Laboratories, 
April, 1944. 
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diluted latex was dried down. The latex particles 
which were left behind when the drop was re¬ 
moved with a glass capillary usually were not 
badly agglomerated, but it was felt that there 
was some possibility that the latex particles 
might adhere selectively according to size to the 
collodion film. An attempt was made to reduce 
the amount of agglomeration by incorporating 
in the diluting water various amounts of such 
wetting or dispersing agents as sodium olcatc, 
orvis paste, aerosol OT, and ammonium casein¬ 
ate. None of these materials helped very much 
in reducing the agglomeration of particles, it 
was also found in this study that very often the 
latex particles appeared granular around their 
edges due to foreign material being swept in 
during the evaporation of the water and crystal¬ 
lizing out upon the surface of the particle. This 
effect may also be observed in Fig. 1. 

The metallic shadow casting technique used 
by Williams and Wyckoff 4 * was not tried in this 
laboratory. However, it is likely that, with this 
method also, the particles would be flattened at 
their areas of contact with the glass plate. It is 
also probable that the patticlcs would have a 
strong tendency to form aggregates. 

In this laboratory, the following approach to 
the problem was taken: to disperse the latex in 
a water solution of a film-forming material and 
to cast a film from it. In this way the latex par¬ 
ticles would be completely surrounded by the 
material of the film and thus the flattening tend¬ 
ency would be greatly reduced. Polyvinyl alco¬ 
hol, suggested by Mr. R. B. Keller, Jr., proved 
to be very successful as a water soluble film 
forming material. From the standpoint of form¬ 
ing strong clear films, the Type B, medium 
viscosity P.V.A.,* proved to be best. The 
method consists of the following operations: Into 
each of two 10-ml beakers is placed 1 ml of 0.5 
percent water solution of P.V.A. One drop of the 
latexWf placed in the first beaker and the mix¬ 
ture is stirred vigorously with a glass rod. Ap¬ 
proximately two drops of this suspension is 

4 R. C. Williams and R. W. G. Wyckoff, "The thickness 
of electron microscopic objects," J. App. Phys. IS, 712 

(l *R?*C Williams and. R. W. G. Wyckoff. "Applications 
of metallic shadow casting to microscopy, J. App. Phys. 
Is, 23 (194$)* 

* Supplied by E. L duPont de Nemours and Company. 



Fig. 2. Natural rubber latex. Collodion film method. 



Fig. 3. Natural rubber latex in polyvinyl. Alcohol film. 


transferred to the second beaker and the mix¬ 
ture is stirred vigorously. A 200-mesh specimen 
screen is first dipped in a 0.5 percent solution of 
aerosol OT, the excess liquid shaken off and the 
screen then dipped in the latex-P.V.A. suspen¬ 
sion. The water component of the film adhering 
to the specimen screen is allowed to evaporate 
to dryness and the specimen is placed in the 
microscope. 
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Fig. 4. Natural rubber latex P V. \ lilm broken. 



Fig. 5. Stereo electron micrograph of natural rubber latex 
imbedded in a broken P V.A. film. 

Several “kinks.” in the technique are to be 
noted: The specimen screen was held at its edge 
with a pair of especially prepared tweezers which 
could be locked shut with a wire catch. The 
films of P.V.A. were most quickly dried in a 
continuously pumped vacuum desiccator with a 
small air leak for providing air circulation. The 
use of the wetting agent aerosol proved beneficial 
in promoting the wetting of the wire mesh with 
the P.V.A.-latex dispersion. The dilution of the 
latex had to be varied slightly, of course, de¬ 
pending upon the solids content and the particle 
size. With a little experience a person can esti¬ 
mate the proper dilution of the latex from the 
turbidity of the final P.V.A.-latex suspension. 

The results obtained by using the P.V.A. 
technique are indicated in Figs. 3, 4, 5, and 6 


f" r : ’ "‘TAmii ~ 1 1 in 


Fig. 6. GR-S type latex in P.V.A. film. 

which are micrographs obtained with an RCA 
Type EMU electron microscope. Figure 3 is a 
micrograph of natural rubber latex. It is to be 
noted that the outlines of particles are sharp. 
Figure 4 is a micrograph of natural rubber latex 
particles in the edge of a broken P.V.A. film 
which has curled slightly. Figure 5 is similar to 
Fig. 4 except that it is a stereo view. There is no 
evidence of any flattening of the particles. In 
general, it has been found that whenever the film 
is stretched, as around a hole in the film, the 
latex particles tend to elongate in the direction of 
stretch as is illustrated in Figs. 4 and 5. Figure 6 
is a micrograph of a special GR-S type synthetic 
rubber latex and it illustrates that synthetic 
rubber latex specimens may also be prepared by 
the P.V.A. method. 

The aggregation of particles is prevented by a 
violent stirring of the P.V.A.-latex suspension 
and fewer aggregates occur than with the drying 
drop method used with collodion film. 

It is a pleasure for the authors to acknowledge 
the interest shown in this problem by Dr. J. H. 
Dillon and Dr F. W. Stavely. Thanks are due 
the Firestone Tire and Rubber Company for 
releasing this paper for publication. 
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Perturbation Theory of the Normal Modes for an Exponential 
3f-Curve in Non-Standard Propagation of Microwavesf 

C. L. Pekeris* 

Columbia University, New York , New York 
(Received May 6, 1946) 


In this paper a perturbation method is developed for 
treating non-standard propagation of microwaves beyond 
the horizon in the case when the deviation of the Af-curve 
from the standard («the Af-anomaly) can be represented 
by a term ae~** t where z denotes height in natural units. 
Here M denotes the modified index of refraction of the air. 
The method is also applicable to other forms of the 
Af-anomaly which can be derived from an exponential 
term by differentiation with respect to X; in fact, in its 
region of convergence it is formally applicable to the most 
general type, of Af-curve, including elevated ducts. The 
region of practical convergence of the method ranges from 
highly substandard conditions down to cases where the 
decrement is a fraction of the standard value. The pro¬ 
cedure followed is to express the height-gain function £/*(s) 
of the kth mode in the non-standard case as a linear com¬ 
bination of the height-gain functions Um°(z) of all the 
modes in the standard case: 

Udz)-ZA km U m '>(z). (a) 

m-i 

The execution of this plan hinges on the possibility of 
evaluating the quantities 

0'«< x )-jr wMivc«y-Hfc. (b) 


Here D m ° denotes the characteristic value of the with 
mode in the standard case. For large X the following 
asymptotic formula holds 




_ 2 _ 

8[3XH2X(D«M-Z>. ( )-J(A. # -1W 

[x>+2X(I>„»+D„»)-2+i(Z)«»-/).«) J 


(e) 


Having determined the 0„>»(X) from (d), or by a numerical 
solution of (c), • the characteristic values Du and the 
coefficients Akm are to be solved from the infinite system of 
equations 


2 A*,*[(Z}A--D»,®)fl*m-}”a/3,m(X)] ,, “0, »■* 1, 2, 3, (f) 

m-1 

where & nm denotes the Kronecker symbol. For this purpose 
a simple iterative procedure has been developed, which 
has been found to be rapidly convergent. The Akm are 
normalized by the condition 


Uk*(z)dz=* 1* (g) 


It is shown that PnmM satisfies the differential equation 

+J+ i 3 ? ( ZV- 2 V ) »], (c) 

whose solution is 

X fal-fr-'+w-n+sV-'-w]- <«> 


[The integral f\FUi?(z)dz diverges when taken along the 
real axis; it converges, however, and to the same limit, 
when the path is a radial line in the fourth quadrant of the 
z plane. In the sequel, whenever an integral is divergent, 
it will be understood that the path is suitably modified.] 
One can also expand ZXt as a power series in a 

(r w -r*) 

An alternative expression for ZV*> is given in Eq. (58). 


1. INTRODUCTION 

N the theoretical treatment of non-standard 
propagation of microwaves beyond the horizon 
by the method of normal modes, one is con- 


t Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University, New 
York, New York. 

* On leave of absence from the Massachusetts Institute 
of Technology. This paper is based on work done at 
Cofambia University under contract with the Office of 
Scientific Research and Development. 
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fronted with the task of solving the equation 

d'Um ^ 

—+* ! Dy(A)+A m ]tt.=o ( (l) 

<w* 

subject to the condition that t/*(0) *0 and that 
at h—* oo U m should represent an upgoing wave 
only. Here h denotes height in feet, 

y(h )« - 1 - 2 X 10“‘Af(A) , k-2 t/X, (2) 

where N(h) denotes the modified index of re- 
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fraction of the air and A m is the characteristic 
value which is generally complex. It is convenient 
to introduce natural units of height 

z=h/H, 11= (P§)-‘, 

dJV* 

q= —=*2.36X 10 - ' cnr 1 , (3) 

dh 

D m =\ m (k/q)\ 

whereby Eq. (1) is transformed into 

d*U„ 

- +lz+M+D»]U n = 0. (4) 

dz 2 

The term f(z) in (4) represents the refraction 
anomaly, and is equal to zero for a standard 
atmosphere. In the first instance we shall be 
treating the case where 

f(z)=aer Xt * (5) 

and we shall later generalize the treatment to 
deal with any M-curve represented as a series 
of 1 .aguerre functions. If the original M-curvc is 
represented by the expression 

M(h)=bh+ge-‘\ b =.036 ft. -1 , (6) 

then a and X are obtained as follows: 

« = 2X10r»(*/g)*g, X = c//. (7) 

It is to be noted that in contrast to the constants 
g and c in Eq. (6) which are independent of 
frequency, the constants a and X in Eq. (5) arc 
frequency dependent. For a given observed 
Af-curve the constants a and X will therefore 
differ with the frequency band used, as will 
also the height represented by one unit of z. 

2. FORMAL SOLUTION OF THE PROBLEM BY THE 
PERTURBATION METHOD 

In order to solve the equation 

d'Ukiz) 

- +lz+atr*+D k -]U k = 0, (8) 

dz * 

we seek a solution in the form 

U k = EA km UJ{z), (9) 

m-l 

* No confusion should arise from the use of X in (5) 
and the standard usage of X to denote wave-length. 


where U m \z) are the height-gain functions of 
the mth mode in the standard case, which satisfy 
the equation 

d*U m °(.z)/dz*+lz+DJlU m '>(z ) =*0, (10) 


r 


U m iW (z)dz = l. (11) 


The solutions of (10) and (11) are well known, 
UJ(z) = C m u*II llk ™(.u), u = |(z+ZV)*, (12) 
( 2 i-» 


C m = 


^‘-(DWC/y^)-/-*/*(»»)]j , (13) 


DJ=T m = (3e m /2)l, (14) 

where 

Jv,(v m )+J-iM =0. (15) 


For small z the power series development of 
U m \z) is useful: 

U n «(z)=iZA k z*, (16) 

1 

A l - [DJA^t+A, (17) 

*(*-D 

UJ(z) = i{z - (D m 0 / 6)z s - *«/12 

+(D m ™/l20)z*+(D m °/120)z*+ ■ • •], (18) 

while for large z one may use the asymptotic ex¬ 
pansion of (16) 

i?v3 (,> («)-♦(— 

[ Si 385 1 

1+- +••• • (19) 

72« 10368«* J 

If now the expansion (9) be substituted into 
(8), we obtain, on making use of (10), the con¬ 
dition 

* 

£ A km l(D k -D m o)+ae~^]UJ(z) =0. (20) 

m-l 

On multiplying this equation by I/«°(s), where » 
is any integer, and integrating from 0 to » we 
get a system of equations for the determination 
of D k and the Ah*: 

ZiAhMDk-DW^+afinnOi)]* 0, 

m—1 

n = l, 2,3* • (21) 
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0nm( X)- f UJ(z)Un°(z)er*‘dz. 

The characteristic values A are then obtained as the roots of the infinite determinant 


A — Di 0 +apn, 


oc0 12 * 

A ~ Df+afai, 
0(082, 


0 ( 018 , 

0 ( 038 , 

A“A° + tt033, 


- 0 . 


( 22 ) 


(23) 


Having determined A from (23), the A km are ob¬ 
tained by solving the system of linear Eqs. (21). 

3. EVALUATION OF § Hm (X) AS AN 
INDEFINITE INTEGRAL 

The primary task in the perturbation method 
is the evaluation of the exchange integrals 
0nm(\) defined in Eq. (22). We shall accomplish 
this by proving that j8 nm (X), as a function of X, 
satisfies a differential equation of the first order, 
for which an explicit solution can be given. For 
this purpose we shall study the function 

F(z)^Un°(z)U m °(z), (24) 

where 

Oj(z)+lz+D m ^U m °(z) = 0, (25) 

^-°(s)+[*+X?n 0 ]£/n°(«)=0. (26) 

By multiplying Eq. (25) by (/«“(«), Eq. (26) by 


U m °(z) and subtracting, we obtain 
d 

-(O„ 0 £/» u - U^Un") 

dz 

= -(D n °-D n '>)UJUA (27) 

r/ M w- u^On" 

= - (ZV -ZV) f UJ(x) Un a (x)dx. (28) 


Now it can be verified by direct substitution that 
d»F 

- +2F(D n +D m +2z)+2F 

d*z 

= (ZV--Z>A # )(f'W»°- UJUn°) 

= -(ZV-ZV>)*f F(x)dx* (29) 

•'o 


From (29) it follows that 


F=^(2z+DJ>+D,«)F+\-^+\(DJ-D n «y f F(x)dz. 
dz L d x z J o 


We may also note that 


d*F( 0) 


d*z 

r* d*F « /•* /»* 

I e -u — dz=e~*'(F+\F) | +X ! e~ x ‘Fdz = \- I tr x 'Fdz, 

J„ d*z 0 J o J, 

, n* r‘ 1 r” « 1 /•* 1 /*® 

? I er x, dz I F(x)dx=—e~ x ' I F(x)dx | +- I e~ x ‘F{z)dz=- I e~ x ‘F(z)dz. 
i/q i/q X v q ® X ^ o X •'o 

J r® d c* 

er x, sF(e)de «■- j er u F{z)dz. 

A <ZX » A 


! 2(7» # (0)f? B °(0)= —2, 


(30) 

(31) 

(32) 

(33) 

(34) 


* This is the fust occasion in the author's experience where use is made of the fact that the product of two 
functions, each of which it a solution of a distinct second-order ordinary linear differential equation, satisfies a fourth- 
order linear differential equation. See G. N, Watson, Theory of Basel Functions (The Macmillan Company, New York, 
1944), p. 146. 
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We now substitute Eq. (30) in the integrand of (22) and obtain 

er x, F(z)dz — J e~ x ‘dz\^-^(2z+D m u +D n 0 )F+l-~^+\(DJ > —D n ' > ) t j F(x)dx | 

1 r r d * F 1 . 

- (D m °-D H °y er*F(z)dz+\ (2s+D„«+JV)F+*-e~ x *| 

2X Ja L d 2 zJ 0 




+X e*H (2 z+D n *+DJ)F+\ -M* 


d*Fn 
— ws 

d 2 zJ 


1+J e"' x 'F(s)|^2X2+X(ZP m 0 +£> n 0 )+J\ 3 +^-(7) m 0 —Z?,, 0 )^, 
dp nm (\) 


■ 1 — 2X- 


dX 


. x * 1 1 
f/S»»(X)| X(ZV+/V)+-+-(iV-ZV) 1 . 

2 2X J 


{* 


It follows that the exchange integral /9„ m (X) satisfies the first-order differential equation 


d/J„»(X) l 


d\ 2X 

The solution of (36) is 


H 


X 2 1 


-+0n»(XH-+l(Z?™°+/?n°)+-+—(Z?» 0 -Z?n°) S V 

‘ 2X 4 4X 2 J 


(35) 


(36) 


1 rX X 2 1 t 

H«(X) —-exp -(D m »+ZV)+-(ZV-Z> B °) 2 

2y/\ L2 12 4X J 


/• x dx f * x* 1 n 

I —exp — (ZV+ZV)-+-(A» # -ZV) 2 . 

•Z 0 V* L 2 12 4x J 


x* 1 


(37) 


4. PROPERTIES OF g„„(X) 

For small X the solution of the differential Eq. (36) can be started with a power series in X. 

(a) . n?*m 

2Xe' 2r/a « 

/MX) -E C*e‘ 8W/8 X\ 

(r m — t,) ! 

Co-1, Ci=6/(t»— r«)*, 

Cj — [10Ci — 2(r m +T n )]/ (r„ — T„y, 

C,«Cl4C ! -2Ci(r M +T Il )]/(r w -r B ) 2 , 

C, = [(4«+2)C B _,-2(r B .+TH)Cn-,-Cn-,]/(r»,-r B ) 2 . 

(b) . n = m 

/J»»—l+BiX+i3jX*+ • ■ *, 

1 


(38) 


(39) 


£i=*An°, ZV< # \ 

15 14 105 (2»+l) 


(40) 

[2Z?,®B«_i+i5 B .,]. (41) 


t When this paper was first reported at a conference in June, 1945, Dr. W. F. Eberlein commented that he had inde¬ 
pendently derived Eq. (36) by an application of the theory of the Laplace transform. 
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For intermediate values of X one may either use the integral in (37) or one may integrate numerically 
the differential Eq. (36). The latter procedure was advocated by Professor Hartree. 

For large values of X an asymptotic expansion can be obtained directly from (36) by writing it 
in the form 

dfinmW 
-2+4X- 

d\ 2 

*«(X) --*- 

^X*+2X(Z7» # +/)» 0 )—2+-(Z7« # —Z?, # )*j - Jx»+2X(/? m # +Z>» # )-2+^(Z)»-Z?,)*j 

8^3X*+2X(D m # + 2) b 0 ) -^(D»®-2>,®)*j 


|x*+2X(ZV+2V) -2-MZV>-D B °)*J 


. (42) 


An alternative asymptotic expansion can be derived from (37) by partial integration 


ftmn * 


2 4^SX , 4-2X(Z> m °+D b 0 ) -^(ZV-ZV)»J 

^X*+2X(Z) 1B »+D B ®)+^(2) m «-P B «)>j J^X , -(-2X(Z) m 0 +D B 0 )+^(D m 0 —D n °) J j 


In doing so one needs to prove that 


r* dx r x x* l 1 

I —exp —(DJ+DJ) -+-(ZV-ZVH^ nm = 0 . 

J o V* L 2 12 4x J 


We shall state here without proof that 




**1 ry/r 




•>0 V* L 12 J 2 " ' ' 

where hi and A* are Furry’s functions of the first and second kind defined as 

*i(«)-«)«//,/,<»(!*•), (46) 

A 2 (x) = (})M 1/ ,<«(|x*). (47) 

Since by definition of DJ, h t (D m °) =0, it follows that Vw=0. The proof of (44) for n^m is left as 
an exercise to the interested reader. 


« 5. ITERATION METHOD OF SOLVING FOR THE CHARACTERISTIC VALUES 

D* AND THE COEFFICIENTS A km 

. In solving Eqs. (21) and (23), which are of infinite order, one proceeds by first assuming that 
Akm^O for m>p, where p is a convenient integer, and then evaluating D k and 4**, m**l, 2, •••,/>. 
Next, one assumes that for m>p +1 resolves for Dt and the Akm, and the accuracy of the 

results is judged by the agreement between the values in successive approximations. The direct 
solution of (23) and (21) is, however, a laborious process which rapidly increases in complexity as p 
exceeds about 4. The following iterative procedure has been found effective and of the same intrinsic 
simplicity for any value of p. 
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To begin with, the p equations in (21), being homogeneous, do not determine the absolute values 
of all the A km but merely the ratios of (/> —t) of them to a pth one. The absolute values arc then 
determined from the normalization condition 


Let therefore 


Jtk m—l 


Ckm^Akm/Akkt Gb*—1, 


(g) 


„ (48) 


and the p equations in (21) are just sufficient to determine the {p — 1) constants Ctm and Z>*. We 
divide the equations in (21) by and pick the &th equation {n — k) to solve for D k , while the other 
equations are used to solve for the Ct m , as is illustrated in the scheme below for the particular case 
ofA-1. 

D , DJ 

— —- Pn~Cufiu — • • •, (49) 

a a 


( 

( 

( 


Dx 

ZV 

a 

a 

Dy 

zv 

a 

a 

Dt 

zv 

a 

a 


—i8i2 — Cia/ 5 *a— Ci 4/824“ 
— /Sis— CujSs*" 

! — /Sl4 — C12/924 — Ci30a4“ 


(50) 

(51) 

(52) 


As a first approximation one puts 


D x ZV 
— —- fiiu 

a a 



D x ZV 

-f-0 22 

a a 

Z?i ZV 

-f-013 

a a 


)• 

)■ 


etc., 


(53) 

(54) 

(55) 


where the value of D\/a obtained from (53) is used in (54) and (55). Next, one substitutes these 
values of the C’s in the right-hand sides of Eqs. (49) to (52) and resolves for Di/a and the C’s. This 
procedure has been found to be rapidly convergent, andjs, furthermore, self-correcting in case of 
arithmetical errors. 


6. EXPANSION OF D t INTO A POWER SERIES IN a 

When a is small, it is convenient to expand Dt into the scries 


It is known from standard perturbation theory that 


2?* (1 >-/3«; !>*«-#*■/• £ 

m 


(t*-t*)' 


m 


(56) 

(57) 
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It is possible also to derive an alternative expression for : 

XV»(A) exp k«xAl f exp f -ZV*-— ] 

2y/\ L 12 J«/o L 12 J 

•[(i + 2 “)- d *< 1 ) ( x+ *) + A (,, (X)A ( 1) (*) J*y* 

*W>(X) 3 +^exp^ t <«> X+^J^ ^(»(X) + ^2+-^A n> (X+x)J 


xn 


• exp j — Dk°x ——JjcWjc. (58) 


Since the former expression is simpler for computational purposes we shall not give here the deriva¬ 
tion of (58). 


7. APPLICABILITY OF THE PERTURBATION 
METHOD TO A MORE GENERAL CLASS 
OF Af-ANOMALIES 

It is possible to apply the results obtained for 
the case when the Af-anomaly is of the form 
f(z) = atr u to more general types of M -anomalies. 
To begin with, if 

/(*) (59) 

then we merely write in Eq. (21) in place of 
[a/i xm (\) +y/3„ m (ju)3. Once the 0„ m (\) arc 
computed as functions of X, there is no additional 
labor required to deal with an f(z) which con¬ 
sists of a sum of any number of exponential terms. 
If instead of /(«)*= a«~ x * we had f(z) — aze~ x ‘, 
then the corresponding /3 nm '(X) would be 



UJ(z)U n °(z)ze-'‘dz 


d/?n»(X) 

d\ 


(60) 


If AuitX^is known, d& nm (\)/d\ can be computed 
directly from Eq. (36). When Eq. (36) is in¬ 
tegrated numerically, the derivative d/8„ m (X)/dX 
is computed at each point in any case. Evidently, 


for /(z) = az k e~ Xl , where k is a positive integer, 



U n °(z)U n ”(zye- u dz 

d*0»m(X) 

= (-)*- 

d\ k 


( 61 ) 


By successive differentiation of Eq. (36), it is 
possible to express any high order derivative of 
0»»(X) in terms of j8»m(X). From a purely formal 
point of view we can say therefore that by our 
method we can treat any Af-anomaly by ex¬ 
panding it into a series of Laguerre functions, 
since these functions involve only terms of the 
form z*e~ Xt . It may be pointed out that a single 
term z k e~ x ‘ vanishes both at the ground and at 
great height and reaches a maximum at z—k/\. 
Such a single term is therefore suitable to 
represent an elevated duct. 

Tables of /3* m (X) for n and m ranging from 1 
to 6 are available at the Columbia University 
Division of War Research, Mathematical Physics 
Group, for 0<X(0.1)<4 and 0<1/X(.01)<.25. 
These tables were computed by Mrs. B. Brown, 
and Misses D. Weinstock, L. Selig, F. Jones, and 
E. Herman under the supervision of Miss Alice 
Osterberg. 
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Stresses in Cylindrical Glass-Metal Seals with Glass Inside 

Albert W. Hull 

Research Laboratory , General Electric Company , Schenectady, New York 
(Received March 28, 1946) 

li was shown previously that, when a cylinder of glass is sealed to the outside of a metal rod, 
the principal stresses in the glass are of opposite sign, so that tensile stresses cannot be avoided 
except by a perfect match. In this article the stresses arc calculated for a solid glass cylinder 
sealed to the inside of a metal cylinder. It is shown that the stresses are all of the same sign , so 
that a moderate mismatch in thermal expansion, with the metal expansion the greater, is 
allowable and perhaps desirable. Large differences in expansion should be avoided, because of 
the shearing stresses at the ends. 


M ANY modern devices use cylindrical seals, 
in which a cylinder of glass is scaled to 
the inside surface of a metal cylinder, either with 
or without a central wire. These devices include 
microwave tubes, thyratrons, capacitors, and 
refrigerators. The stresses in such seals arc 
different from those in glass-wire seals. They 
can be calculated easily from the equations 
given in an earlier paper. 1 


CALCULATION OF STRESSES 


The form of seal is shown in Fig. 1. Let the 
components of stress be p r , pe, and p M} in the 
radial, tangential, and axial directions, respec¬ 
tively. Only the central portion of the seal will 
be considered, in which the stresses are inde¬ 
pendent of z , and in which no shearing stresses 
exist. The equations of the earlier paper, which 
refer to stresses in the outer cylinder, are: 

Radial stress, 


[ Erf *]p 2 fl2 l 
l+a+a/3/dL 2 r*J 


( 1 ) 


Tangential stress, 


P'= 


Erf 

1+a+apR 



Axial stress, 


( 2 ) 


P.= 

where 


-[ *» Ta£ 

Ll+a+a/Mul. 6 s 




1+/3 R J’ 


(3) 


elasticity (Young's modulus) of internal cylinder, 


1 A. W. Hull and E. E. Burger, "Glass to metal seals,” 
Physics 5, 387 (1934). 


Ez —elasticity (Young’s modulus) of external cylinder, 
* » Poisson’s ratio, assumed equal for metal and glass, 

«, 6* radii of internal and external cylinders, respec¬ 
tively, 

R=E 2 /Ri, «-(fl*/A»)(l-2«r), fimV/a'-l, 

5 ** (Aa — Ai) (/ — /o) f 

kt and ki are the mean contraction coefficients between 
to and t of the outer cylinder and inner cylinder, respec¬ 
tively, 

t is the temperature at which the stress is observed, and 

to is the “sealing temperature,” i.e., the temperature 
at which the glass ceases to flow after sealing. 8 is, there¬ 
fore, the difference in total contraction of metal and 
glass, in cooling from the sealing temperature to the ob¬ 
servation temperature (normally room temperature). The 
stress is defined to be positive when it is tension, negative 
when compression. 

These equations may be modified to represent 
the stresses of the inner cylinder by making use 
of three simple relations 2 : 

(a) The radial stress is the same for inner and 
outer cylinders at the boundary r = a f and is 
constant throughout the inner cylinder. 

(b) The tangential and radial stresses arc 
equal in the inner cylinder. 


Fig. 1. Cylindrical seal 
with glass inside. The stress 
in the central portion can 
be calculated from expan¬ 
sion data. 



* H. Poritsky, “Analysis of thermal stresses in ‘sealed 
cylinders,” Physics 5, 406 (1934). 
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I 2 3 4 5 


b/o —♦ 

Fig. 2. Stress in internal glass cylinder per unit difference of contraction, 8, between metal 
and glass (8“(Jk<*t.,«yi — )|1—*»)), as function of ratio 6/a of metal diameter to glass 

diameter. When 3 is negative, the stresses will be compression. 


(c) The total axial stress over any cross 
section z=constant of both cylinders is zero. 
Hence, 

b*— a* 

^.(internal) --/>,(external). 

a* 

The calculations will be made for an external 
cylinder of iron, for which £»=2.05 X10* kg/cm*. 
This is the metal most likely to be used in thick 
sections, i.e., with large values of b/a. For Fernico 

Table I. Stresses in internal glass cylinder per unit 
difference of contraction (, between metal and glass, as 
function of ratio b/a of metal diameter to glass^diameter. 
Positive stresses are tension; negative, compression. When 
8 is negative, die signs of all stresses are opposite to those 
given in the table. 


b/a 

Pr-P» 

. P. 

a 

+0.91 

+ 1.193 

5 * 

+0.882 

+ 1.18 

« 4 

+0.872 

+1.104 

*3 

+0.845 

+1.130 

2.5 

+ .811 

+ 1.102 

2.0 

+ .750 

+ 1.040 

1.732 

+ .091 

+0.975 

1.414 

+ .500 

+0.830 

1.30 

+ .400 

+ .735 

1.20 

+ .388 

+ .010 

1.10 

+ .230 

+ .401 

1.05 

+ .1285 

+ .230 

1X125 

+ .071 

+ .1325 

1.00 

0.000 

0.000 


(£*= 1.80X 10*), with thicknesses ordinarily used 
(6/o< 1.1), the radial and tangential stresses are 
about 2 percent greater than those given here, 
and the axial stress 4 percent greater; while the 
maximum difference, even for very thick Fernico 
tubing, does not exceed 10 percent. The elastic 
constants used for the calculations are therefore: 

E i (glass) == 0.65 X10* kg/cm*, 

Ei (metal) = 2.05X10* kg/cm*, 

<71 =17* = 0.30. 

The calculated values for the stresses in the 
inner cylinder are given in Table I and Fig. 2. 
For comparison, the stresses in external glass 
cylinders are shown in Fig. 3. 1 

COMPARISON OF INTERNAL AND 
EXTERNAL SEALS 

A comparison of Figs. 2 and 3 reveals one 
striking difference. The stresses in internal seals 
are all of the same sign. Thus, when the contrac¬ 
tion of the metal is greater than that of the glass 
(5 negative) all the stresses will be negative, 
i.e., compressions. This is a desirable condition, 
because glass is strong in compression. However, 
excessive differences of contraction should be 
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C.LASS-TO-MRTAL SEALS 



versa, 

avoided, since the shearing stresses at the ends 
are proportional to the difference in contraction. 

With external seals the situation is different. 
Here the two largest stresses, namely, the radial 
and the tangential stresses, are of opposite sign, 
so that there is no safe condition except that of 
zero stress. For example, a metal which contracts 
more than the glass will give an axial stress 
which is a compression, as observed with the 


quartz wedge testing equipment*; and this is 
sometimes mistaken for a desirable mismatch. 
Actually, as may be seen in Fig. 3, the tangential 
stress also is a compression, but the radial stress 
is tension, tending to break the bond between 
metal and glass. This bond is the weakest part 
of the seal; hence this type of 
stress should be avoided. 

INTERNAL SEAL WITH CENTRAL 
WIRE 

'When a central wire is added 
to the internal seal (Fig. 4), one 
has a combination of the two cases 
considered above, namely an in¬ 
ternal and an external seal. For 
the central wire seal, in which the 
glass is external, the only safe con¬ 
dition is a close match to the 
glass. The external metal cylinder, 
however, may be mismatched to 
yield a mild compression of the 
glass. The values given in Table 1 and Fig. 2 will 
apply to this case, with small error, provided the 
central wire is well matched to the glass. 

3 A. W. Hull and E. E. Burger, Rev. Sci. Inst. 7, 98 
(1936). 



Fig. 4. Cy¬ 
lindrical seal 
with central 
wire. 


Particle Size Determination from X-Ray Line Broadening 

L. S. Birks and H. Friedman 
U, S. Naval Research Laboratory , Washington , D, C, 

(Received April 8, 1946) 


The x-ray line broadening method of determining particle sue was compared with direct 
measurement on electron micrographs. By controlled heating of the carbonate, magnesium 
oxide particles were prepared from 50 to 1000A in diameter. Particle size calculated from 
x-ray data taken on a Geiger counter spectrometer agreed to =fcl0 percent with the microscope 
measurements. Mechanical mixtures of two different sizes were examined by the x-ray method, 
but the particle sizes could not be determined unless the two maxima of the distribution 


curve were complete!) resolved. 

INTRODUCTION 

HE broadening of x-ray diffraction lines is 
one of the most accurate indirect methods 
of determining particle size for crystallites smaller 
than 1000A diameter. The theory relating line 
broadening to particle size was developed by 
Scherrer, 1 von Laue, 1 and Bragg.* It was con- 

1 Scherrer, “Bestimmung der Grosse und der inneren 
Struktur von KolloMteilchen mittels Rontgenstrahlen ” 


sidered in more detail by Warren, 4 Patterson,* 


Nach. Gesell. Wiss. Gottingen, Zitzungsber., July 26,1918 
in R. Zsigmondy, KoUoidchemie (Otto Spamer, Leipzig, 
1920), third edition. 

1 Von Laue, Zeits. f. Krist. 64 , 115 (1926). 

3 W. Bragg, The Crystalline State (G. Bell and Sons, 
London, 1933), 

4 B. E. Warren, “X-ray diffraction study of carbon 
blacks,” J. Chem. Phys. 2, 551 (1934). 

1 A. L. Patterson, “The diffraction of x-rays by small 
crystalline particles,” Phys. Rev. 56,972 (1939). 
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Jones, 1 Murdock, 7 and others. Warren 8 in par¬ 
ticular showed that the sire of MgO particles 
could be determined from x-ra\ line broadening 
measurements. In the present paper, the particle 
size of MgO determined from x-ra> line broaden¬ 
ing wds compared with the size by direct meas¬ 
urement with the electron microscope over the 
range from 50 to 1000A. Magnesium oxide was 
chosen for the particle size studies because of 
the ease with which uniform specimens could 
be prepared by heating the carbonate. 

DIRBCT MEASUREMENT WITH THE 
ELECTRON MICROSCOPE 

Magnesium oxide was prepared by heating 
magnesium carbonate in air. The temperature 
of conversion was varied from 200°C to 1000°C 
and cheating periods ranged from 2 hours to 12 
hours. The electron microscope was calibrated 
with a grating replica. The replica spacing was 
determined to d=5 percent using the lines of the 
mercury spectrum. Nineteen different fields were 
photographed in the electron microscope and the 
mean deviation was 1 percent. Each of the oxide 
specimens was then photographed at the same 



Fig. 1. Commercial magnesium carbonate. 
Scale indicates one micron. 


1 F. W. Jones, Proc. Roy. Soc. A166, 16 (1938). 

7 C. C. Murdock, Phys. Rev. 36, 8 (1930). 

* B. £. Warren, J. App. Phys. 12, 375 (May 1941). 




magnification as the grating replica. Therefore 
the accuracy of the measured magnification was 
estimated to be d=5 percent. 

Figures 1 through 6 are typical micrographs 
of the unconverted carbonate and the oxide at 
various temperatures. Originally the carbonate 
was in the form of thin flakes of the order of 



Fk, 2 Magnesium carbon ite heitei at 200°C for 6 hour* 
Scale indie ueb one micron 



Fig. 3. Magnesium carbonate converted to magnesium 
oxide at 400°C for 6 hours. Scale indicates one micron. 


m 


journal of applied physics 




one micron in diameter. After treatment at 
200°C no apparent change had taken place. At 
400°C however, a definite mosaic appeared in 
the flakes and it was possible to make a rough 
estimate of the size of the particles comprising 
the mosaic. The accuracy of the measurement 
was not better than ±25 percent. At high tem¬ 
perature the particles were larger and clearly 
separated although the shape of the original 
carbonate flakes was still apparent. For each 
heat treatment, several hundred particles were 
measured and distribution curves plotted. Each 
specimen showed a narrow distribution curve 
with only slight asymmetry. The peak value in 




Fir. 5 Magnesium carbonate convened to magnesium 
ovule at 800°C for 6 hours Stale indicates one micron 


Fig. 4. Magnesium carbonate converted to magnesium 
oxide at 600°C for 6 hours. Scale indicates one micron. 


angstroms plotted against heating period for the 
various temperatures is shown by the dotted 
lines in Fig. 7. The sizes range from 50A at 
400°C and 2 hours to 1000A at 1000°C and 12 
hours. The rate of growth was slow at 400°C but 
increased rapidly with increasing temperature to 
a value of approximately 40A per hour at 1000°C. 
These results are compared below with those 
obtained by x-ray diffraction. 

X-RAY LINE BROADENING 

The determination of size by x-ray diffraction 
makes use of the relation that for particles 





Fig, 6. Magnesium carbonate converted to magnesium 
oxide at 1000°C for 6 hours. Scale indicates one micron. 


smaller than about 1000A the diffraction lines 
are broadened by an amount depending on the 
size of the particles. The width of the diffraction 
lines from large particles are a characteristic of 
the apparatus and do not depend on the particle 
size. An analogous effect is found in optical 
grating spectra; as the number of lines per inch 
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is increased, the diffraction pattern of visible 
light becomes sharper and sharper until the 
resolving power of the measuring apparatus is 
reached. In x-ray diffraction, planes of atoms 
correspond to the lines in an optical grating. 
For the type of x-ray diffraction equipment 
usually employed, a specimen with particles of 
the order of 1000A or larger gives the sharpest 
possible maxima. 

The problem of relating the broadening of the 
line to the size of the particles has been treated 
by many investigators. t_ * In general, their 
methods all lead to an equation of the form, 

D-K\/B cos*, (1) 

where 


D—diameter of the partide, 

AT—constant (value given below), 

B is the broadening of the line, 

X is the wave-length of the x-radiation, and 
8 is the Bragg angle. 

The broadening B may be determined in several 
ways. The method of Scherrer 1 was to measure 
the width of the diffraction line in radians at a 
point where the intensity was half the maximum 
value. Von Laue* measured the area under the 
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Fig. 7. Particle size in angstroms versus heating period 
in hours for conversion temperatures from 4«rC to 
1000*0. Solid lines represent results from x-ray line 
broadening and dotted lines, results from direct measure¬ 
ment on electron micrographs. 


diffraction line and divided by the maximum 
intensity. This is known as‘the integral width 
method. Recent investigators** adopted more 
rigorous derivations which took into account the 
shape of the distribution curves for the particles 
and the direction of measurement in the crystal. 
The diffraction lines from the MgO specimens in 
this investigation were symmetrical and their 
shape closely approximated an error function. 
The method of width at half maximum was used 
for all the determinations of broadening. No 
matter which equation is adopted, B must be 
corrected for the width of the diffraction line 
for large particles, known as the instrument 
width. The correction takes the form, 

( 2 ) 

where B is again the broadening, B' is the width 
of the line from the small particles, and b' is the 
instrument width or the width of the line from 
particles larger than 1000A. The constant K in 
the equation depends on the method of measuring 
B and on the assumptions as to the shape of the 
particle. Scherrer 1 arrived at a value of K** 0.89. 
Patterson* obtained a value of /C = i.ll when 
the particles were assumed to be spherical in 
shape and of cubic structure. From the electron 
micrographs, the particles treated at 1000°C 
appeared to be neither strictly spherical nor 
cubic, although the structure of MgO is cubic. 
A value of K -■ 1 was adopted as a compromise. 

The x-ray specimens were prepared by mixing 
approximately \ gram of the material with a 2 
percent solution of parlodion in amyl acetate. 
The mixture was smeared on a microscope slide 
to give a flat surface approximately 1 inch 
square. The N.R.L. Geiger counter spectrometer* 
was employed with a divergent beam and focus¬ 
ing geometry to give high intensity. The Geiger 
counter pulses were fed into either a scaling 
circuit for measuring the intensity at discreet 
points along the pattern or into a recorder for 
automatic scanning of the complete pattern. 

Each specimen was first scanned and the 
recorded patterns are shown in Fig. 8. The 
carbonate pattern contains many lines but they 
are not sharp or well defined. The pattern for 

* H. Friedman, Electronics 18,132 (April 1945). 
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Fig. 8. Automatically recorded x-ray diffraction patterns 
for magnesium carbonate and magnesium oxide converted 
at temperatures from 400°C and 1000°C. 

200°C is the same as for the untreated carbonate. 
Close examination reveals that there are no 
MgO lines present. This confirmed what was 
observed on the electron micrographs, which 
showed no change after treatment at 200°C. At 
400°C there was no semblance of the carbonate 
pattern, but two broad halos appeared corre¬ 
sponding in position to the two strongest lines 
in the MgO pattern. As the temperature was 
increased, the lines became sharper and more 
intense until at 1000 8 C they were almost as 
sharp as the lines from a powdered quartz 
crystal. The MgO line at 20 equals 43° was 
chosen and the intensity measured at discreet 
points in this neighborhood by counting for a 
given time interval. The counts were corrected 
for non-linearity of Geiger counter response and 
the lines were plotted as shown in Fig. 9. The 
width at half-maximum could be measured 
accurately to minute of arc for the higher 
temperatures and to ±2 minutes of arc for the 
lowest temperatures. The line from quartz at 
20 equals 42.2° was measured to obtain the instru¬ 
ment width used in correcting the broadening. 

From the measurements of the width at half¬ 


maximum, the diameter of the particles was 
calculated using Eq. (1). The results are shown 
as the solid lines in Fig. 7. The agreement 
between the two methods was ±10 percent for 
all particles larger than 100A. 

EFFECT OF NON-UNIFORM PARTICLE SIZE 

The above data were for specimens whose 
distribution curves showed a small range of 
particle size. The following are some data on 
mechanical mixtures of specimens of two differ¬ 
ent sizes. The distribution curve for such mix¬ 
tures has two peaks, one for each of the com¬ 
ponents. Figure 10 shows the x-ray results for 
three specimens, A, 1000°C, 6 hr.; B, 400°C, 
12 hr.; and C, a 50-50 mixture of A and B. The 
line for the 50-50 mixture had the same width at 
half-maximum as the 1000°C sample indicating 
the same particle size. However, the peak in- 



Fio. 9. Typical diffraction lines from magnesium oxide 
converted from the carbonate at 400°C ana 1000°C. The 
intensity was measured with a Geiger counter at the points 
shown on the curves. 



Fig. 10. Effect of a mixture of particles of different sixes. 
^ is for particles approximately 700A in diameter and B is 
for particles approximately 50A)in diameter. C is for a 
50-50 mixture by weight« A and B. 
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tensity was approximately half as great. Thus 
the maximum intensity could be used as a 
qualitative measure of the amount of large size 
material present. 

When the size of the two components was not 
greatly different so that the peaks of the dis¬ 
tribution curves for the two were not resolved, 
the true particle size could not be determined. 
Figure 11 shows the x-ray lines for three speci¬ 
mens, Z), 800°C, 6 hr.; £, 600°C, 6 hr.; and F, 
a 50-50 mixture of D and E. The line from the 
50-50 mixture is intermediate in both width and 
height between the two and a measure of the 
width gives particle size approximately half-way 
in between the two. 

SUMMARY 

Electron micrographs, at known magnifica¬ 
tions, were used as comparison standards for 
x-ray line broadening determinations. The line 
broadening was measured with a focusing type 
of Geiger counter spectrometer. Results by the 
two methods agreed to =fcl0 percent except for 



Fig. 11. 

particles smaller than 100A where the accuracy 
with which they could be measured on electron 
micrographs was only of the order of 25 percent. 

Although all the x-ray data shown here were 
for the magnesium oxide line at 43° 20, data were 
also taken for the second strongest line at 62° 20 
and the results agreed to within 10 percent. The 
material for this paper was condensed from 
N.R.L. report H-2434 prepared in the summer 
of 1944. 


The Effect of Hydrostatic Pressure on Plastic Flow under Shearing Stress 

P. W. Bridgman 

The Physics Laboratories , Harvard University , Boston , Massachusetts 
(Received April 25, 1946) 


This paper presents measurements of the forces required 
to drive a punch into plates of several grades of steel as a 
function of the distance of penetration, the entire punching 
operation being conducted in a fluid medium subjected to 
hydrostatic pressures up to 30,000 kg/cm*. Qualitatively, 
the effects are similar to those already found for the 
tensile properties of steel subjected to hydrostatic pressure, 
namely, ductility is greatly increased, and greatly in¬ 
creased distortion is tolerated without fracture. The effects 
are similar in general character for all the steels experi¬ 
mented on here, but are quantitatively accentuated for 
the sotyer steels. At a pressure of 20,000 kg/cm 1 or more a 
pudfch may be driven completely through a plate of mild 
steel, with no loss of coherence at any stage of the process, 
and with strain hardening, when expressed in terms of 
true shearing stress, which may increase by a factor of as 

INTRODUCTION 

NUMBER of experiments have established 
the very large effect of pressures up to 
30,000 kg/cm* in increasing ductility under ten- 


much as 3. If the punching operation is suspended at any 
intermediate stage before complete penetration and after¬ 
ward completed at atmospheric pressure, very material 
strengthening will be found as compared to virgin material 
of the same geometrical configuration. There are certain 
qualitative differences in the details of the ductility ex¬ 
hibited during the processes of punching and pulling. At 
intermediate pressures and penetrations the true shearing 
stress in punching may, under proper circumstances, 
exhibit maxima, for which there is no analog in the pulling 
operation. This is to be understood in terms of a difference 
of geometry, there being greater opportunity for self- 
healing during the punching operation, and, furthermore, 
partial deterioration of the coherence of the metal not 
necessarily leading to complete catastrophe. 


sile stresses. 1 In this paper a study is made of the 

1 P. W. Bridgman, Rev. Mod. Phys. 17, 3-14, 1945. 
Eight reports to the Watertown Arsenal, March 1943, 
through Dec. 1944, numbered No. WAL 111/7, 111/7-1, 
etc., through 111/7-7. 
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effect of pressure in increasing the magnitude of 
the flow which can be tolerated without fracture 
under the action of shearing stresses. In general, 
the results are of the same qualitative character 
as for tensile stress, in that much greater defor¬ 
mations are possible without fracture under 
pressure than at atmospheric pressure. 


THE METHOD 


Perhaps the most natural method would be 
that of twisting a rod. There are, however, great 
technical difficulties in applying, inside a vessel 
carrying high hydrostatic pressure, rotations of 
the magnitude which ex|>erimcnts with simple 
compressive stresses* suggested would be neces¬ 
sary to produce fracture, and no attempt was 
made to develop this method. Some form of 
punching seemed indicated by the instrumental 
limitations. Preliminary experiments were made 
in which a rod was passed through holes in a 
cylindrical sleeve and a closely fitting cylindrical 
core and sheared through by longitudinal dis¬ 
placement of the core within the sleeve. The 
apparatus was adapted to materials of various 
strengths by providing holes by which several 
rods could be sheared simultaneously. There 
were, however, difficulties in so fitting the speci¬ 
mens to the holes as to start the plastic flow in 
all specimens simultaneously, and the method 
was abandoned. 

The method finally adopted was the punching 
of a circular disk; the apparatus is shown in 
Fig. 1. The specimen to be punched, shown 
shaded, is compressed tightly between an upper 
and a lower annular clamp in order to prevent 
warping when the punch penetrates. The disk to 


'EZSZZZa 

d □ 


_ □ 


Fig. 1. The punch with specimen, 
shaded, in position. 


* P. W. Bridgman, J. App. Phys. 14, 273-283 (1943). 


be punched is 0.050 or 0.03 inch thick, deiiend- 
ing on its hardness. The two surfaces were 
ground to parallelism in a surface grinder. The 
punch was of "Teton” tool steel, left glass hard. 
The edge of the punch was sharp, and the face 
flat. The cylindrical side was full diameter for a 
length of 0.019 inch and then relieved. The die 
through which the punching is expelled was of 
the same Teton steel, with sharp edges, and 
tapered at a double angle of 1° to eliminate 
friction on the expelled punching in the die. The 
cylindrical holder for punch, specimen, and die 
was of a Cr Mo steel, heat treated to Rockwell C 
hardness 30. All parts were ground and fitted 
accurately together. The specimen in the holder 
was mounted in the 30,000 apparatus in the same 
position as that taken previously by the tension 
specimens. The force driving the punch was 
measured with the same “grid” that was used to 
measure tensile load, the displacement of the 
punch was measured in the same way as the 
elongation of the tension specimens, and the 
whole technique of the experiment was very 
similar. Since the total motion of the punch from 
initial contact to complete penetration was less 
than the total elongation of the tension speci¬ 
mens, the total change of hydrostatic pressure 
during the course of the punching was less than 
in the corresponding tension experiment, which 
is an advantage. 

The measurements consist in simultaneous 
measurements of the hydrostatic pressure, the 
force on the punch, and the displacement of the 
punch, the latter being measured externally from 
the displacement of the piston producing the 
hydrostatic pressure. This latter displacement 
includes, in addition to the actual penetration of 
the punch, the elastic distortions of all the inter¬ 
mediate parts, including the punch itself, the 
transmitting parts within the pressure chamber, 
and the external piston. These elastic distortions 
were corrected out of the final result by making a 
sufficient number of readings before plastic flow 
began to establish the slope of the line of elastic 
distortion, and subtracting from the total dis¬ 
placement after plastic flow began an amount 
proportional to the total load and the slope. 

The total load on the punch was converted 
into shearing stress per unit original area by 
dividing the total load, after correction for 
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COMCCTKD UNCTIUTION OT PUNCH, INCHES 


Fig. 2. The ex¬ 
perimental data at 
several different 
pressures, indi- 
cated on the 
curves, for heat 
treatment No. 3 
of steel No. 4. 


friction on the punch, by the area of the sheared 
region (product of thickness of plate and circum¬ 
ference of punch). This shearing stress on the 
original area was then converted to “true” 
shearing stress by multiplying by the ratio of the 
initial thickness to the running thickness. The 
“true” shearing stress was finally plotted against 
the penetration of the punch. The friction on the 
punch was computed from the readings at the 
end of the punching process, when the face of 
the punch had been driven completely through 
the plate, but the unrelieved sides of the punch 
were still in contact with the plate. This contact 
persisted for a displacement of 0.019 inch; during 
contact the driving force dropped proportionally 
to the distance still to go. The maximum cor¬ 
rection for the friction of the punch was about 
10 percent. 

It would have been desirable if the “true” 
shearing stress could have been plotted against 
the strain, so as to get a strain hardening curve 
for pure shear. The conditions of plastic flow 
were not, however, well enough defined to permit 
any clean cut evaluation of the strain. Ideally 
the strain might be localized in the thin cylin¬ 
drical shell included between the diameter of the 
pi^pch’ and the diameter of the die. Actually, 
however, the strain spread out into the sur¬ 
rounding region from this cylindrical shell in a 
way that would be most difficult to compute. The 
question was investigated by using punches of 
different diameters, thus varying the thickness of 
the cylindrical shell. If a true strain-hardening 
curve of stress against shearing strain could be 
obtained by the idealized calculation, then there 
should be a simple connection between the 

604 


results obtained with the different punches, the 
true shearing stress for a certain penetration with 
one punch being the same as that at a penetration 
twice as great with a punch of twice the clearance. 
Three punches were used, with clearances vary¬ 
ing from 0.0040 to 0.0008 inch. At the same 
penetration of the punch the force with the 
largest clearance was only 3 or 4 percent less than 
with the smallest clearance. This shows that the 
plastic flow must be pretty well spread outside 
the idealized cylindrical shell, and frustrates the 
attempt to express the results in terms of abso¬ 
lute strains. For this reason these experiments on 
punching have a more qualitative significance 
than the tension experiments. 

THE MEASUREMENTS 

All the final measurements were made with 
the largest punch, with a clearance of 0.0008 inch. 
Measurements were made on five grades of 9 teel. 
The first was a 1045 steel from the Watertown 
Arsenal in the “as received” condition; tensile 
data for this will be found in my reports to the 
Arsenal.* The others were two steels, Nos. 2 
and 4, which had been used in certain experi¬ 
ments for the N.D.R.C. during the war, 4 in two 
different heat treatments. The compositions and 
heat treatments were as follows: 

Steel No. 2, C 0.45, Mn 0.83, P 0.016, S 0.035, Si 0.19. 
Steel No. 4, C 0.90, Mn 0.47, P 0.015, S 0.036, Si 0.11. 
Heat treatment No. 3; annealed at 1900°F for 0.5 hour, 
giving a coarse grained structure. 

Heat treatment No. 9; held at 1800°F for 0.25 hour, 
quenched into brine, and drawn at 600°F for 1 hour. 

* In particular, in Report No. WAL 111/7. 

4 These reports have been recently declassified (7/12/46). 
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The qualitative nature of the effects is shown 
in Fig. 2, in which is plotted for heat treatment 
No. 4 the shearing stress on the original area 
(which is proportional to the total driving force 
on the punch) against the corrected penetration 
of the punch. In this instance the material 
4 ‘breaks” at atmospheric pressure after a pene¬ 
tration of the punch to one-tenth the thickness 
of the plate. This is indicated by the dotted line 
in Fig. 2. The force jumps down, and the punch 
jumps in, the intermediate configurations being 
unstable and controlled by elastic distortion in 
the punch itself and the transmitting members. 
After the break, a force comparable with the 
maximum is still required to advance the punch, 
the force gradually dropping off as penetration 
becomes complete. The first effect of hydrostatic 
pressure is to suppress the break, displacing it 
at the same time toward higher penetrations. 
In Fig. 2, at the next pressure above atmospheric, 
7800 kg/cm 2 , only a vestige of the break remains, 
and it has been displaced from a penetration of 
0.005 to 0.025 inch (one-half the thickness of the 



Fig. 3. The “true” shearing stresses corresponding to 
the data shown in Fig. 2. The original data for the run at 
25,000 kg/cm* are not shown in Fig. 2, in order to avoid 
confusion with the data for 17,600, 


plate). At the next higher pressure, 17,000, no 
vestige of the break remains. 

On converting total loads into true shearing 
stresses and correcting for friction, Fig. 2 is 
transformed into Fig. 3. The secondary rise in 
the true stress at atmospheric pressure after 
passing the break is explained by the character 
of the punching. This is not truly cylindrical, 
but the exit diameter, in contact with the die, is 
slightly less than the diameter at the face of the 
punch, so that the punching has the shape of a 
truncated cone. After the break, the larger base 
of the cone has to be forced through a smaller 
aperture, like forcing a conical rubber stopper 
the “wrong” way through an aperture, thus 
accounting for the increase in force. The drop of 
force when expulsion nears completion is caused 
by distortion in the thin lip of the plate. With 
increase of hydrostatic pressure the truncated 
cone becomes a.true cylinder, brightly burnished 
over its entire external surface, instead of being 
burnished only over the ring corresponding to the 
penetration of the punch before the break. The 
transition between the two conditions is gradual. 
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In Fig. 3 the true stress at the first pressure above 
atmospheric, 7800, rises to a maximum and then 
dro^s slightly before the vestigial break occurs. 
That is, there has been some deterioration of the 
steel after a certain degree of |>enetration f but no 
wide open break. At the next pressure, 17,400, 
strain hardening is approximately linear with 
the penetration up to a penetration to 0.8 the 
original thickness. The drop beyond 0.8 repre¬ 
sents deterioration, without actual fracture. The 
upper curve in Fig. 3 is for a pressure of 25,000; 
the corresponding curve was not drawn in Fig. 2. 
At this pressure any deterioration is displaced so 
nearly to complete penetration as to be beyond 
experimental reach. The upward curvature at the 
end of this curve is probably real, and corre¬ 
sponds to the fact that the average effective 
strain increases at an accelerated rate as pene¬ 
tration nears completion. 

The Watertown 1045 steel and heat treatment 
No. 3 for steels No. 2 are much similar. In Fig. 4 
is shown true stress versus penetration for the 
1045 steel, and in Fig. 5 for heat treatment No. 3 




Fig. 6. “True” shearing stress versus penetration at several 
pressures for heat treatment No. 9 of steel No. 2. 



Fig. 7. “True” shearing stress versus penetration at 
several pressures for heat treatment No. 9 of steel No. 4. 
Hie total thickness of the plate was .0302 inch. 
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of steel No. 2. These steels are both softer than 
No. 4, and the curves for both show upward cur¬ 
vature at the deepest penetrations and the 
highest pressure. Toward the end of penetration, 
the strain is increasing more rapidly than in the 
initial stages, because it has less chance to 
spread out from the idealized cylindrical shell, 
and the steels are soft enough not to show the 
deterioration at high strains shown by No. 4. 

Figures 6 and 7 show the results for heat 
treatment No. 9 on steels No. 2 and No. 4. This 
heat treatment gives a much harder product, 
with higher resistance to punching and much less 
plastic yield when the break does occur. The 
effects of pressure here are in the same direction 
qualitatively as for the softer steels, but they do 
not go nearly so far. The fracture phenomena are 
not suppressed in the pressure range shown in 
the figures; however, the penetration of the 
punch before the break occurs is much increased 
by pressure. This agrees with the results pre¬ 
viously found for tension, namely that the 
phenomena for the harder steels are qualitatively 
the same as for the softer steels, but the scale of 
the effects is changed, a much higher pressure 
being required for the same plastic flow without 
fracture in a harder steel as compared with a 
softer steel. 

In order to demonstrate that the punching 
may be moved bodily through the surrounding 
metal under pressure without fracture, an ex¬ 
periment was made on the 1045 steel in which 
the punch was driven 0.9 through the plate at a 
pressure of 23,000 kg/cm*, and then the punching 
operation was completed at atmospheric pres¬ 
sure, For comparison, another plate was punched 
at atmospheric pressure which had been ma¬ 
chined so as to have in it a depression of the same 
dimensions as that which had been driven into 
the plate by the punch under 23,000. At atmos¬ 
pheric pressure the maximum force required to 
start the punch moving through the prepunched 
plate was more than 80 percent greater than the 
maximum force supported by the geometrically 
similar virgin specimen. This is evidence of con¬ 
siderable strain hardening, and incidentally 
shows that the prepunched plate could not have 
had many wide open fractures, if any. 

In another similar experiment the punch was 
pushed 0.4 through the plate at a pressure of 


26,000 kg/cm 1 , and the punching operation was 
then completed at atmospheric pressure. In this 
case 42 percent more force was required to start 
the punch moving through the prepunched plate 
than was needed for a geometrically similar 
virgin specimen. The prepunched plate behaved 
in the way usual for strain hardened material in 
that the maximum penetration of the punch up 
to the break (calculated from the new zero) was 
only 0.38 of that for the virgin specimen. The 
true shearing stress at the maximum penetration 
under pressure was 8900 kg/cm*; it required 
7300 true stress to make flow resume at atmos¬ 
pheric pressure. Some of the difference between 
these two figures may be caused by a loss of 
strain hardening by an annealing effect on 
resting. However, if the total difference between 
these two figures is ascribed to a specific effect of 
hydrostatic pressure, it would mean a raising of 
the plastic flow stress by only 8 percent per 
10,000 kg/cm* pressure, and this is slightly less 
than has been previously found under similar 
circumstances. 

DISCUSSION 

The qualitative resemblance of the effects of 
pressure on plastic flow in tension and in shear 
has already been commented on. The greatest 
increase of shearing stress observed is that for 
the 1045 steel, which shows a maximum increase 
under 26,000 kg/cm* of something more than 
threefold. In tension a threefold raising of the 
flow stress for this steel is produced by a strain 
of 3.75, or an elongation of 43-fold (second 
Arsenal report). 

In addition to this rough qualitative resem¬ 
blance there is one significant qualitative dif¬ 
ference between the strain-hardening curves for 
tension and for pure shear. The strain-hardening 
curve for tension rises linearly with increasing 
strain until the point of fracture is reached, which 
occurs abruptly, with no previous warning. The 
difference between a strain-hardening curve for 
tension at one pressure and another higher 
pressure is merely, to a first approximation, that 
rupture on the second curve is not reached until 
a higher strain than on the first. In shear, how¬ 
ever, the strain-hardening curves for different 
pressures do not coincide over their entire 
extent, but, especially at the lower pressures, the 
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approaching fracture announces itself by a 
dropping away from the strain-hardening curve 
for high pressures. In a certain range of pressure 
the strain-hardening curve may show a maxi¬ 
mum. This is evident in Figs. 3-5 on the curves 
for the first pressure above atmospheric. This 
would indicate a deterioration of the steel before 
complete fracture. The physical explanation of 
the difference between shearing and tension is 
to be sought in the difference of the stability 
relations. If an incipient fracture occurs in ten¬ 
sion the adjacent parts are immediately removed 


from the region of atomic interaction and the 
fracture is catastrophic. On the other hand, when 
tangential slip of one part on another occurs, the 
slipping parts are not necessarily removed from 
atomic contact and cohesion remains to an 
extent depending on the degree of destruction of 
the lattice structure. In other words, in tan¬ 
gential slip the phenomenon of self-healing can 
occur, but it cannot in tension. Hydrostatic 
pressure keeps the slipping parts in contact, so 
that the self-healing is more complete the higher 
the pressure. 


Hysteresis and Related Elastic Properties of Tire Cords 

Helmut Wakeuam and Edith Honold 
Southern Regional Research laboratory* New Orleans , Louisiana 
(Received May 25, 1946) 

A method of evaluating mechanical hysteresis, elastic modulus, elongation, and growth rate 
of a yarn or cord subjected to cyclic loads in a fatigue test is described. The test is applied to 
seven typical tire cords—one Nylon, two rayon, and four cotton cords including both high 
stretch and low stretch cords. Results are presented showing the effect of cycle number, 
moisture content, temperature, and load range on the elastic properties of each of the cords 
tested. The influence of cyclic loading on the stress-strain curve is also discussed. It is con¬ 
cluded that moisture content is the dominant factor influencing the elastic properties of tire 
cords and that the heat produced by mechanical hysteresis of the tire cord contributes appre¬ 
ciably to the heat build-up observed in tires during heavy duty service. 


I N a previous publication 1 preliminary data on 
the mechanical hysteresis of cotton and rayon 
tire cords were presented. The results of a more 
extended investigation of the hysteresis and 
related elastic properties of tire cords are re¬ 
ported in the present paper. 

The phenomenon of elastic hysteresis for 
textile materials has received little attention by 
previous investigators in the field of textile 
properties. Barker and Tunstall* obtained ex¬ 
tension and recovery curves for wool fibers by 
means of an autographic recording stress-strain 
appyatus in which the rate of loading and 
unloading was relatively slow. I*ater methods of 
investigation were of the same type and ex- 

•*One of the laboratories of the Bureau of Agricultural 
and Industrial Chemistry, Agricultural Research Adminis¬ 
tration, U. S. Department of Agriculture. 

*H. Wakeham, E. Honold, and E. L. Skau, J. App. 
Phys. 16, 388 (1945). 

’ S. G. Barker ana N. Tunstall ,Trans. Faraday Soc. 25, 
103 (1929). 


tended over only a few cycles. 3-6 Such published 
results are of limited applicability, however, 
because they give little insight into the properties 
of the material during prolonged use. Whereas 
exposed fabric, such as wearing apparel, usually 
can be reliably tested at convenient intervals 
during its lifetime, the evaluation of the proper¬ 
ties of tire cords during service presents a 
unique problem because the cord is vulcanized 
in rubber and cannot be removed without 
destroying the usefulness of the tire. There is 
need for a testing procedure in which the change 
in properties during mechanical deterioration of 
the cord to the point of failure will parallel the 
changes in actual service. 

In a general sense, any test in which the test 


S W. F. Busse, E. T. Lcsig, D. L. Loughborough, and 
L. Larrick, J. App. Phys. 13, 715 (1942). 

4 W. S. Denham and T. Lonsdale, Trans. Faraday Soc. 
29, 305 (1933). 

1 0. Eisenhut and W. Grether, Melliand Textilber. 22, 
122 (1941). 
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specimen is subjected to cyclic deformation is a 
fatigue test. Numerous tests of this type for tire 
cord both in and out of the tire have been de¬ 
scribed** 7 in which the time, or number of 
cycles, to fatigue failure is measured. No doubt 
the information so derived is extremely useful, 
especially in control testing, but the research 
worker interested in improving cord needs to 
find out also what changes take place in the cord 
during its deterioration to failure. This phase of 
the problem seems to have been almost com¬ 
pletely overlooked by workers in the tire cord field. 

One of the major problems in the design of 
large heavy-duty truck tires has been the high 
temperatures built up during service as a result 
of the imperfect elasticity of the tire. The heat 
generated is unquestionably related to the elastic 
hysteresis of the rubber and the tire cord. While 
rubber hysteresis has received considerable atten¬ 
tion by investigators in the rubber industries, 8 
relatively little is known of cord hysteresis and 
the contribution which it makes to the high tem¬ 
peratures observed in tires during service. 

It was with these facts in mind that the com¬ 
parison of elastic properties described below was 
undertaken. 

APPARATUS 


When the tension on a cord is progressively 
increased to a maximum and then lowered again, 
the elongation for a given load differs, depending 
upon whether the tension is increasing or de¬ 
creasing. If percent elongation of the cord is 
plotted against the increasing and decreasing 
loads, a loop as shown in Fig. 2 (right-hand side) 
is obtained. The area within the loop is directly 
related to energy loss or hysteresis, because of 
imperfect elasticity of the cord. In the apparatus 
used the cord is stretched and relaxed in a 
straight line while the record of the elongation 
and load are traced on the moving paper of a 
kymograph. The tracings so obtained are sinu¬ 
soidal-like curves of different amplitudes from 
which the hysteresis and other elastic properties 
may be calculated. 


•W. H. Bradshaw, A.S.T.M. Bull. 13 (October, 1945). 
» L. Larrick, Textile World, 9S[51 107 (1945). 

•See for example: J. H, Dillon,!. B. Prettyman, and 
G. L. Hall, J. App. Phys. 15,309 (1944). E. T. Lemg, f 
~ * i. Ed. r . 


Eng. Cheat. Anal. Ed. 9, 582 


_Ind. 

M. Mooney and 

. Gerke, Ind. Rubber World, 103t4], 29 (1941). H. S. 
Sack, J. Motz, and R. N. Work, J. App. Phys. 15, 396 
(1944). 
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Fig. 1 . Mechanical loading and recording apparatus at 
the left-hand end of the oven. See text for complete de¬ 
scription. 

In this group of experiments, the cord is tested 
within a specially constructed oven, as described 
in the previous paper, 1 but the arrangement of 
the apparatus beyond each end of the oven 
( 0 , Fig. 1) has been changed. In scries, starting 
at the left-hand end, there are motor-driven 
geared eccentric (a), a calibrated spring (6), the 
left-hand tie, the cord, the right-hand tie, a 
connection, and movable brace which permits 
growth take-up. The eccentric and spring apply 
the increasing and decreasing load cycle to the 
cord; a slotted insert (c), which moves diametri¬ 
cally across the face of the eccentric and locks 
into position, permits the adjustment of the 
stroke to the selected load range. The connection 
between this pegged insert and the spring is 
made by means of a rigid bar (d) and a heavy 
wire ( e ). The latter is always in line with the 
cord, being held in position by frictionless 
pulleys. At each end of the spring, a recording 
pen is attached (/, g). Rigidly and immovably 
fastened to the framework is a third pen (A) 
which draws a straight line on the kymograph 
roll to serve as a guide line from which all calcu¬ 
lations are made. 

The pens rest lightly on paper passing through 
the kymograph ( i ), and trace the above-men¬ 
tioned simultaneous curves so that at any 
instant during a cycle, the distance between the 
pens is convertible to load and the tracing of the 
right-hand pen (g) permits the calculation of 
percent elongation of the cord. As a cord is taken 
through successive cycles, a permanent non- 
recoverable stretch occurs, which must be taken 
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up to keep the pens on the paper while main¬ 
taining the selected load range. This is accom¬ 
plished by an arrangement beyond the right- 
hand end of the oven (o). The right tie extends 
from the cord through a connector to a ring 
which slips around the shaft of a movable brace, 
the position of which is changed as the cord 
stretches. From suitable measurements on the 
tie at each end the length of the cord can be 
calculated. 

The apparatus at each end of the oven is 
mounted on a rigid frame so that the observed 
motion of the elongation pen accurately repre¬ 
sents the stretch in the cord rather than any 
flexibility or relative motion in the system. The 
precision of this arrangement was tested by 
placing a tempered steel wire of B. & S. No. 30 
gauge in the position to be occupied by the cord 
and its ties. The load cycle was applied to the 
wire and the elongation recorded was found to 
be closely comparable with that calculated for a 
steel wire by known values of Young’s modulus 
for steel. 

PROCEDURE 

The cord, of approximately 100-cm length, is 
taken through the cycles at a rate of 1 cycle per 
second. Tracings are made at designated cycle 
intervals as these are indicated by an automatic 
counter attached to the apparatus. Tempera¬ 
tures in the tubular oven are controlled and 
measured in the manner previously described. 1 

The moisture contents of the cords, in percent 
of their dry weights (frequently referred to as 
moisture “regains”) are found by actual deter¬ 
mination of the moisture after each run is com¬ 
pleted. The standard procedure for obtaining 
moisture and oven dry weight is followed 
throughout.* In certain experiments the cords to 
which the cyclic loads had been applied were 
later tested for their stress-strain characteristics. 
Since in such cases it was impossible to determine 
the ityoisture directly, the moisture content of 
another length of the same cord simultaneously 
contained in the tube was taken as the content 
of the loaded cord. Check determinations in 
which the moisture contents of both loaded and 
dummy cords were determined agreed within the 
experimental error of an individual measurement 

*A.S.T.M. Standards, Part III, D269-42T, p. 1952 
(1944). 

s 



Fic. 2. Method of calculating hysteresis loop on the 
right from the kymograph tracings on the left. For com¬ 
plete details of this calculation see text. 


The moisture content of the cord in the test 
oven is controlled by preconditioning the cord 
and by passing conditioned air through the tube 
while the run is in progress. The apparatus is in 
a room in which the humidity is controlled to 
±3 percent and cord moisture over the middle of 
the range is changed by merely adjusting the 
room humidity. For the dry runs the cord is 
first dried in a vacuum before insertion into the 
tubular oven and then kept surrounded by dry 
air during the run. When it is desired to keep the 
cord with a definite moisture content at high 
temperatures the air passed through the tube 
is conditioned by first being bubbled through 
water in a constant temperature bath. 

At the start of a run, the cord is introduced 
into the oven, a 4-ounce weight attached, and 
measurements taken to establish the cord length 
which is used as a basis of all percent elongation 
calculations. After all necessary connections and 
preliminary adjustments are made, the run is 
started but may be interrupted briefly at any 
time to make further adjustments as the cord 
grows in length. 

Figure 2 depicts schematically the method of 
plotting the hysteresis loop from the kymograph 
tracings. The base line is set parallel to and at a 
distance above or below the guide line as dictated 
by the observed length of the cord at a particular 
cycle. Two transparent right triangles (similar 
to those used in drafting work) are used to 
facilitate the measurements. The perpendicular 
side of the one is ruled in millimeters and that 
of the other in pound-equivalent distances. By 
fitting the base of the millimeter triangle against 
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Fig. 3. Typical mechanical hysteresis loops at various cycle 
numbers for dry Hylon at 100°C. 


the base line the distance to the elongation 
tracing {AB) can be read directly in millimeters 
and converted into percent elongation. The ruled 
side of the load triangle is moved along against 
the millimeter scale to convert the distance 
between the tracings ( BC) to load in pounds. 
These simultaneous readings are plotted on 
coordinate paper as shown—thus values from 
AB and BC are used to plot point ABC , values 
from DE and EF to plot point DEF, etc. Suf¬ 
ficient pairs of readings are made to permit 
drawing of the hysteresis loop. 

From the hysteresis loop elastic characteristics 
of the cord are obtained as follows. 

Hysteresis 

The loops are integrated graphically with a 
planimeter and converted into inch-pound values 
per 100 inches of length. Hysteresis may be 
expressed in any energy units as, for example, 
calories per centimeter length of cord or calories 
per gram of cord. 

1 inch-pound/100 inches 

-1.06 X 10~ 4 calorie/ccntimeter. 

(calories/centimeter) X10 6 

C alories/gram -—-. 

grex 

In the results reported below the hysteresis is 
expressed in inch-pound per 100 inches because 
this value is obtained directly from the plots of 
load in pounds vs. percent elongation. 

Elastic Modulus 

At each of two load levels, arbitrarily chosen, 
of 0.6 pound from top and bottom of each loop 
(RT and XZ, respectively), the average of the 


percent elongation readings is marked (5 and V) 
and a line drawn through these two points to 
establish the slope of the loop. Elastic modulus 
is determined as dynes |>er square centimeter 
from the formula derived from Young's modulus: 

100 

M = tx T^TJI x6S95xw > 

3.1416g 2 /4 

in which / is the tangent value of line SY t g is 
the gauge or diameter of the cord in inches, and 
6.895 X10 4 is the factor converting pounds per 
square inch into dynes per square centimeter. 

Percent Elongation 

The percent elongation at 2 pounds during the 
unloading portion of the cycle is arbitrarily 
chosen to represent the elongation of the cord 
for that cycle. This corresponds to point N in 
Fig. 2. 

Rate of Growth 

This is defined as the increase in cord elonga¬ 
tion produced by a tenfold increase in cycle 
number as, for example, the difference lietween 
the elongations for the tenth and for the 
hundredth cycle. 

Hysteresis loops were plotted at selected 
intervals during the run; i.e., at cycle numbers 
3, 6, 10, 30, 100, 300, etc., for 10,000 cycles. 
Such a series of loops for dry Nylon at 100°C 
is shown in Fig. 3. Secondary graphs were made 
of hysteresis, elastic modulus, and elongation, 
each vs. cycle number on a logarithmic scale for 
convenience in graphing. These are shown in the 
results described below. 
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Flo. 5. Hysteresis vs . cvcle nmnl>er at constant moisture and 25°C—cotton cords. 


EXPERIMENTAL RESULTS 

Seven different cords were chosen for this 
study: (1) 210/4/2 Nylon; (2) 1100/2 viscose 
rayon; (3) 2200/2 viscous rayon; (4) 18/4/3 
medium stretch cotton; (S) 16/4/3 low stretch 


cotton; (6) 17/4/3 unstretched experimental 
cotton; and (7) 17/4/3 stretched experimental 
cotton. Some physical properties of these cords 
under A.S.T.M. standard testing conditions 10 are 
shown in Table I. The two rayon cords have 


Table I. Some phybical propertieb of tire cords used in study of elastic properties 


Cord designation 

Nylon 

Rayon 

l 2 

Cotton 

Commercial Experimental 

Medium Low 

stretch stretch 1 2 

Gauge 


0.016 

0.023 

0.033 

0.031 

0.032 

0.035 

0.031 

Construction 1 


210/4/2 

1100/2 

2200/3 

18/4/3 

16/4/3 

17/4/3 

17/4/3 

Grex (drv) b 


1986 

2444 

5366 

4342 

5064 

4716 

4446 


Breaking fin lb. 

25.2 

14.2 

28.3 

20.0 

26.7 

23.4 

24.7 


load \ln g/grex 

5.76 

2.64 

2.39 

2.09 

2.39 

2.25 

2.52 

Standard < 

Percent f At 10 lb. 

12.4 

9.8 

6.1 

7.0 

5.0 

14.7 

6.2 

conditions 

elongation\At break 

22.0 

16.6 

17.5 

12.3 

11.2 

21.8 

11.8 

** 

Moisture, % of dry weight 

4 . 

14 

14 

8 

8 

8 

8 


Breaking fin lb. 

25.4 

18.0 

34.3 

17.7 

24.8 

18.5 

22.0 


load \ln g/grex 

5.80 

3 34 

2.90 

1.85 

2.22 

1.78 

2.24 

Bone dry 










Percent fAt 10 lb. 

11.8 

4.5 

3.3 

6.0 

5.2 

10.4 

6.0 


elongation\At break 

22.0 

10.8 

12.2 

8.7 

9.1 

15.4 

9.4 


* The first figure represents else of tingle yarns (denier for Nylon and rayon and yarn number for cotton); the second figure represents number 
of tingle yarns per ply; and the third figure represents number of plies in the cord. 
b The grex unit is defined as the weight in grams of 10.000 meters of cord. See A. G. Scroggie. Rayon Text. Mo. 25. 45 (1944). 


»• A.S.T.M. Standards, Part III, D179-42, p. 811 (1944). 
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Fig. 6. Hysteresis vs. cycle number at constant moisture and 25°C -rayon and Nylon cords. 


weight and strength ratios of approximately 2 :1- 
and comparisons of these two cords when tested 
at equal load ranges may be expected to demon¬ 
strate to some extent the effect of load. The 
first two cotton cords are samples of commercial 
cords which have been used as fabric in regular 
tires. The last two are experimental cords made 
in this laboratory as part of the research program 
on cotton tire cords. 

The hysteresis and related properties of a tire 
cord are functions of many variables such as load 
range, cycle number, cycle frequency, tempera¬ 
ture, and moisture content. In much of this 
investigation the cyclic tension was kept in the 
range between 1 to 4 pounds. The cycle fre¬ 
quency was standardized at approximately one 
cycle per second. Even at this rate 3 hours were 
required to run off 10,000 cycles. Since it was 
also desired to investigate the variables of tem¬ 
perature and moisture content, it was necessary 
to limit the number of cycles run in a routine 
test to approximately 10,000. Continued opera¬ 
tion beyond this point gave little additional 
information as the test described in Section 1 
demonstrated. 

It was, furthermore, not practicable to make a 


large enough number of runs under identical 
conditions with samples from any one cord to 
obtain anything like a statistical average. 
Duplicate and triplicate runs were made on 
numerous samples; and in most cases the devia¬ 
tions between individual curves of duplicate runs 
were less than the differences found between any 
two cords. Thus, the results herein presented 
demonstrate real dissimilarities between the 
cords studied, although the accuracy with which 
these have been determined leaves considerable 
room for improvement. 

1. Effect of Cycle Number 

As the tire cord is subjected to alternating 
loads its elastic properties “undergo gradual 
changes. These changes are illustrated in Fig. 4 
in which the hysteresis, elastic modulus, and 
elongation are plotted vs. cycle number (on a 
logarithmic scale) to the point of failure for 
experimental cotton cord-2. These curves are 
typical of those obtained for all cotton, rayon, 
and Nylon cords tested. In all cases hysteresis 
decreases whereas elastic modulus and elongation 
increase with continued cyclic loading. 

In the work here reported no study has been 
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Fig. 7. Elastic modulus vs. cycle number at constant 
moisture and 25°C. 

made of cord properties at or immediately prior 
to rupture. This has not been practicable because 
of the long time required to break a cord under 
the rates and magnitudes of cyclic loads im¬ 
posed by the apparatus used. There seems little 
doubt, however, that such a study would throw 
considerable light on the mechanism of fatigue 
failure of tire cords and other industrial fabrics. 

2. Effect of Moisture 

Hysteresis at 25°C as a function of cycle 
number is shown for each tire cord at various 
moisture contents in Figs. S and 6. It is evident 
that hysteresis in all case's increases with increase 
in moisture, with much more increase for Nylon 
than for the other cords. Hysteresis curves for 
the low stretch commercial cotton cord arc 
almost independent of moisture content—curves 
obtained with 4, 5, and 8 percent plotted prac¬ 
tically on top of those shown. On the basis of 
comparable moisture contents the rayon hys¬ 
teresis is less affected by moisture than that for 
cotton. Any advantage rayon may possess over 
cotjjpft in this respect, however, is offset some¬ 
what* by the greater hygroscopicity of the rayon 
which is responsible for its higher moisture con¬ 
tent under comparable conditions both in the 
tire and out. 11 After the first hundred cycles the 
hysteresis of all cotton and rayon cords are of 
the same order of magnitude with the possible 

11 H. Wakeham, E. Honold, and H. J. Portas, Ind. 
Rubber World, 113,659 (1946). 


exception of the experimental cotton-1 which is 
somewhat higher than the others over the whole 
range. 

The effect of moisture on the elastic modulus 
at 25°C as a function of cycle number is depicted 
in Fig. 7. As the oscillatory loading treatment 
progresses the elastic moduli of all cords increase 
at a fairly uniform rate—approximately 0.4 X10 10 
dynes per cm 2 for each tenfold increase in cycle 
number. In Fig. 8 the elastic modulus after 
10,000 cycles is plotted as a function of moisture. 
The cottons exhibit different curves from those 
for the rayons and Nylon in that the modulus is 
greatest in the vicinity of 4 to 5 percent moisture. 
One explanation which might be advanced for 
this phenomenon is that the swelling by water of 
the less organized cellulose chains in the inter- 
micellar regions results in a better stress distri¬ 
bution—as water is added to the dry state the 
resistance to deformation and the elastic modulus 
increases. Continued swelling beyond about 5 
percent water content, however, increases the 


xio ,§ 



Fig. 8. Elastic modulus vs . moisture after 
10,000 cycles at 25°C. 
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distances between chains to the point where the 
intermolecular forces decrease and less stress is 
required to produce unit deformation. This latter 
effect is observed over the whole moisture range 
for the Nylon and rayon cords. 

A comparison of the elastic moduli of the two 
rayon cords is of interest inasmuch as the 2200/2 
rayon is approximately twice the weight and 
strength of the 1100/2 cord. The heavier cord 
has a much lower modulus despite the fact that 
the modulus calculation takes into account the 
differences in cross-sectional area of the two 
cords. As was pointed out earlier, the comparison 
of these two cords with the same applied tension 
was, in effect, comparable to running one at two 
different load ranges. The results shown would 
seem to indicate that for viscose rayon the 
elastic modulus for reversible deformation is a 
function of the load range and increases with 
increasing load over the range studied. 

Typical curves of the elongation as a function 
of imposed load cycle are plotted in Fig. 9 for 
dry samples of the various cords studied. It is to 
be noted that these elongations, which are based 
on the original length of the cord with a 4-ouncc 
tension, are not accurately reproducible because 



Fig. 9. Elongation vs. cycle number for dry cords at 25°C. 



Fig. 10. Total elongation after 10,000 cycle*? v 
moisture at 25°C. 

of some unavoidable variations in handling when 
the cord is inserted into the oven for testing. 
The slope of the curve, or the rate of growth, is 
not appreciably affected by this manipulative 
error and is a significant characteristic of the 
cord. Slopes of the elongation curves in Fig. 9 
are seen to vary considerably for the different 
cords. 

The total elongation observed during the first 
10,000 cycles of cyclic loading is a function of 
moisture content as shown in Fig. 10. All cords 
exhibit an increase in elongation with increasing 
moisture. The cottons with a low stretch (Exp. 
cotton-2 and C. Cotton l.s.) increase much less 
than the others. In fact, the low stretch com¬ 
mercial cotton does not increase in elongation at 
all with moisture addition, simulating its hys¬ 
teresis behavior mentioned in connection with 
Fig. 5. 

In Fig. 11 are depicted the rates of growth as 
functions of moisture content. The rayons and 
high stretch experimental cotton-1 are found to 
be greatly influenced in their growth rates by 
moisture. This behavior is in line with the 
hypothesis that in a fiber with considerable inter- 
miccllar space the swelling effect of water de¬ 
creases the intermolecular forces between the 


VOLUME 17, AUGUST, 1946 


705 




high"polymer chains in these spaces. This allows 
the material to undergo greater creep and exhibit 
the progressive growth demonstrated in Figs. 9 
and 11. Cotton cords which have been subjected 
to stretch treatments to reduce their elongations 
are not only more compact in their cord organi¬ 
zations but also, it is believed, more oriented with 
respect to the cellulose chains in their inter- 
micellar regions. The intermolecular forces are 
strong enough to reduce the interference by 
water molecules. Dillon and Prettyman 12 thus 
found that tenacity and ultimate stretch in a 
tensile test of low-stretch cotton cords at room 
temperature are practically independent of 
moisture contents, whereas considerable effect 
was observed for the medium-stretch cotton cord. 

It is of interest to compare the curves for 
Nylon in Figs. 10 and 11. The rate of growth in 
Fig. 11 is independent of moisture ; yet, according 
to Fig. 10, the total elongation observed after 
10,000 cycles increases appreciably with moisture 
increase. Apparently the initial stretch during 
the first cycle is a function of moisture, but the 



Fig. 11. Rate of growth vs . moisture for cords at 25°C. 


M J. H. Dillon and I. B. Prettyman, J, App. Phys. 16, 
159 (1945). 


creep factor with continued loadings is not. This 
is in agreement with Leaderman’s 1 * findings on 
the effect of humidity on creep of Nylon with a 
static load. The initial deformation observed was 
considerably greater at the higher humidity than 
at the lower humidity, but the slopes of the 
curves at various humidities for deformation vs. 
log time are almost identical. 

3. Effect of Temperature 

'The effect of increasing temperature on the 
elastic properties of the tire cords herein de¬ 
scribed is, in general, the same as that of increas¬ 
ing moisture content. The magnitude of the 
effect due to temperature is, however, somewhat 
smaller than that of moisture over the ranges 
commonly encountered. 

Curves of hysteresis vs. cycle number at tem¬ 
peratures of 25°, 65°, and 145°C are plotted fey 
the dry tire cords in Figs. 12 and 13. Measure¬ 
ments were also made at 105° but the curves for 
these were omitted for the sake of simplicity in 
the figures—they were, within experimental 
error, all between those for 65° and 145°C. It is 
to be noted that the scale of ordinates in Figs. 
12 and 13 is considerably magnified over that 
shown in Figs. 5 and 6. Except in the Nylon tire 
cord, the temperature effect on the hysteresis 
curves is actually a small one, and for the dry 
cotton cords almost negligible, especially after 
the first ten thousand cycles. 

One characteristic of the rayon cord which is 
indicated by Fig. 13 deserves particular atten¬ 
tion. The 65° hysteresis curves of the rayon cords 
are lower than those for either 25° or 145°, and 
are also lower than those for 105°C. In fact, the 
105° curves were found to be almost super¬ 
imposed on those for 25° and, therefore, were not 
plotted. This result indicates that with increasing 
temperature on the dry rayon cord the hysteresis 
first decreases somewhat before rising. Whether or 
not this phenomenon persists much beyond the ten 
thousand cycle point is not indicated by the data. 

The effects of temperature on the elastic 
modulus arc illustrated in Fig. 14. A small or 
negligible increase in elastic modulus is shown 
for the commercial cotton cords in going from 
25° to 145°. The rayon modulus, on the other 

u H. Leader-man, Elastic and Creep Properties of Fila¬ 
mentous Materials and Other High Polymers (The Textile 
Foundation, Washington, D. C., 1943) p. 231. 
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Fig. 12. Hysteresis vs. cycle number at constant temperature for dry cotton cords. 


hand, drops considerably over the same tem¬ 
perature range, and the Nylon even more so. 
This greater reversible elongation which the 
rayon and Nylon cords show at elevated tem¬ 
peratures may be of some advantage in the tire 
under road conditions where considerable flexing 
of the tire is required. 

In Fig. 15 is plotted the rate of cord growth, 
or the elongation per tenfold increase in cycle 
number, vs. temperature for all seven cords in a 
dry condition. The cotton cords have low growth 
rates which increase more or less regularly with 
temperature; the growths of the rayon and Nylon 
are high to begin with and increase more rapidly 
with higher temperatures. These results are in 
keeping with the known greater growth of rayon 
and Nylon tires. 

4. Combined Effect of Temperature and 
Moisture Content 

After investigating the effects of the moisture 
content and temperature variables individually, 


a thorough survey of the combined effect of these 
variables did not seem necessary. Since for a 
given cord increase in either temperature or 
moisture generally produced similar changes in 
the elastic properties studied, it seemed logical 
to expect that increasing both factors simul¬ 
taneously would merely result in a greater 
change. 

The results shown in Fig. 16 on the medium 
stretch commercial cotton and the rayon-1 cords 
justify such an expectation. For the cotton cord, 
going from 25° and dry cord either to 25° and 3 
percent moisture or to 100° and dry cord pro¬ 
duces almost identical changes in elastic proper¬ 
ties; similarly for the rayon a change either to 
25° and 6 percent or to 100° and dry cord results 
in the same effect. Combining the temperature 
and moisture increases produces the new curves 
shown. 

In terms of the intermolecular forces between 
the high polymer chains in the intermicellar 
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Fio. H. Hysteresis vs. cycle number at constant temperature for dry rayon and Nylon cords. 


spaces of the cellulose fiber, the similarity in elas¬ 
tic behavior produced by high temperature and 
high moisture content is quite reasonable. The 
explanation has already been advanced that the 
addition of water molecules to the regions of 
unoriented chains decreases the intcrmolecular 
forces existing between the chains. An increase in 
temperature would likewise be expected to de- 




Oftlt Nialir 

Fig. 14. Elastic modulus tv. cycle number at constant 
temperature. 


crease the same forces and result in greater elon¬ 
gation and growth, and lower elastic modulus. 

S. Effect of Load 

The results so far reported have all been for 
cyclic loads over the same range of 1-4 pounds 
regardless of the cord being tested. It seemed 
reasonable to expect that the elastic properties 
of a cord should vary somewhat with the load 
range chosen for the cycle. An experimental 
exploration of this effect was possible with the 
present apparatus using the rayon-1 cord. The 
load range was reduced to approximately 1.6 
pounds (instead of 3 pounds) and runs were made 
at five mean loads varying between 1.3 and 4.6 
pounds. Elastic properties after 1000 cycles vs. 
the mean load are plotted in Fig. 17. It is to be 
noted from this figure that at low mean loads 
the hysteresis of the cord rises appreciably to 
higher values. This result is of practical interest 
since the average tensions on individual cords in 
the tire are thought to be fairly low. 

In view of this effect of load on the elastic 
properties of a tire cord, it appeared worth while 
to make a comparison of these properties when 
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the load cycle is on a comparable basis—for 
example t over the same range in grams per grex 
for each cord. The range 0.1 to 0.4 gram per grex 
was chosen and runs were made on all cords in 
the dry condition at 2S°C. The values obtained 
after 1000 cycles, shown in Table II, demon¬ 
strate that the properties of these cords when 
compared on this basis vary widely not only 
when cords of different types are considered but 
even when cords of the same group, i.e., cotton, 
are compared. 

6. Effect of Cyclic Loading on the Stress-Strain 
Curves 

In commercial testing much importance as a 
quality index is attached to the tenacity and 
elongation of a tire cord as measured by a con¬ 
ventional testing machine. Cords to which the 
cyclic loading treatment had been applied for 
10,000 cycles were tested for their stress-strain 
curves in such a testing machine and the curves 
compared with similar ones for untreated samples 
of the same cord. These are shown in Fig. 18. 
Since it was necessary to condition all cords to 
comparable moisture levels before testing, a 
tension of 0.5 pound was applied to the cord 
during the conditioning period in order to 
prevent undue relaxation during this time. Thus, 
in Fig. 18 there are shown for each cord the 
stress-strain curves for (1) the conditioned cord 
directly from the spool; (2) the conditioned cord 
to which a tension of 0.5 pound had been applied 
during conditioning; and (3) the conditioned 
cord which had been subjected to cyclic loading 
and to which a 0.5-pound load had been applied 
during conditioning. The resulting curves demon¬ 
strate that the cyclic loading process shifts the 
stress-strain curves to lower strain or elongation 
values. 

DISCUSSION 

In the foregoing experiments the hysteresis, 
elastic modulus, elongation, and rate of growth 
of several tire cords have been compared under 
cyclic loads similar to those applied in certain 
fatigue tests. It has been found that these cord 
properties vary with cycle number, moisture 
content, temperature, and load. It is unfortunate 
that the apparatus used in these experiments 
does not also permit investigation at higher rates 


of cyclic loading, as this is very probably an 
additional factor influencing cord properties. 
Such a study must be left for future investiga¬ 
tions. 

The most significant of the variables investi¬ 
gated appears to be the moisture content of the 
tire cord. The properties of all types of cords 
measured are affected to a greater or less degree 
by this factor, probably because the polymeric 
structure of the fibers is influenced by the added 
water. Some of the moisture may be thought of 
as entering into the intermicellar spaces and 
finding places between the cellulose chains in 
these regions. There the intermolecular forces 
of the water molecules are revealed as a viscous 
drag, increasing the hysteresis of the fiber. The 
water molecules, furthermore, may decrease 
somewhat the cohesion between chains per¬ 
mitting greater elastic stretch when a load is 
applied. Though such an explanation may not 
be the correct one, it emphasizes the funda¬ 
mental influence which moisture exerts on tire 
cord properties and the extent to which moisture 
should be considered in problems of fabric design 
and utilization. 

It seems reasonable to presume that the fatigue 
process which the cord undergoes in a tire, if at 



Fig. 15. Rate of growth vs. temperature for dry cords. 
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Fig. 16. Effect of temperature and moisture combined. Hysteresis, clastic modulus, and elongation 
vs. cycle number for a cotton and a rayon tire cord. 


all similar to that involved in these experiments, 
is slower than that followed in an accelerated 
laboratory fatigue test. Certainly the cord in the 
tire must go through many more load cycles than 
the few hundred thousand required to produce 
failure in the laboratory. This difference is prob¬ 
ably associated with the fact the cord in the tire 
is'Surrounded by rubber. The rubber restricts 
the tflbtion and deterioration of mechanical 
properties; and this restricting effect is absent 
in the cord tested in the laboratory. 

How significant hysteresis and elastic modulus 
of tire cords are in tire performance is, therefore, 
a problem difficult to evaluate. It Beems certain 
that hysteresis energy of the cord contributes to 
heat build-up in the tire. The authors in another 
investigation, for example, have demonstrated 



Fio. 17. Effect of load. Hysteresis, elastic modulus, and 
rate of growth vs. mean load for dry rayon-1 at 25°C 
after 1000 cycles had been run. A toad range of 1.6 
pounds was maintained for each mean load {dotted. 
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Table II. Comparison of elastic properties of tire cords after 1000 cycles 
(25 C, dry cords, 0.1 to 0.4 g/grex). 


Cord 


Nylon 
Rayon-1 
Rayon-2 

Com. Cotton (m.s.) 
Com. Cotton (l.s.) 
Exp. Cotton-1 
Exp. Cotton-2 


Grcx 

(dry) 


1986 

2444 

5366 

4342 

5064 

4716 

4446 


Elastic modulus 
dynes/cm* 

Growth rate at 

0.2 g/grex 

Hysteresis 

Inch-lb. per Calories 

100 inches per gram 

6.00X101® 

0.247% 

0.098 

5.25X10“* 

7.66 

0.105 

0.072 

3.10 

4.60 

0.215 

0.258 

5.10 

3.56 

0.073 

0.207 

5.07 

5.16 

0.130 

0.278 

5.83 

2.07 

0.170 

0.356 

8.01 

4.37 

0.086 

0.169 

4.05 


that the torsional hysteresis of tire sections con¬ 
taining cord are higher than the same sections in 
which the cord structure has been destroyed. 14 
But tire heat build-up is determined by so many 
additional factors involved in tire structure and 
rubber composition that the part contributed by 
the cord can only be estimated. A 7.00-20 truck 
tire, weighing approximately 65 pounds, contains 
about 12 pounds of cord. Assuming that the 
average stress cycle of the cord is such that the 
hysteresis energy loss is approximately SX10 -8 
cal. per gram of cord (Table II), one may estimate 
that the fabric produces around 27 cal. of heat 
per revolution of the tire. At 500 r.p.m., or 
approximately 50 miles pur hour, the cord is 
generating about 13,500 cal. of heat each minute. 
Since such a tire has a heat capacity of about 
10,000 cal. per degree C, the heat from the cord 
is sufficient to produce, under adiabatic con¬ 
ditions, a temperature rise of about 1.35°C per 
minute. This estimate indicates without much 
question that the elastic hysteresis of the cord 
fabric makes an appreciable contribution to the 
high temperatures observed in tires in service. 

One might deduce from a consideration of tire 
design and performance that a low elastic 
modulus in the tire cord would be desirable. 
Greater reversible stretch in the cord should 
produce a tire more homogeneous in elastic 
properties, with fewer ply and tread separations 
and increased bruise resistance. Here again, how¬ 
ever, it is only possible to surmise a correlation 
between laboratory testing and tire performance 
without making tests with actual tires. 

14 H. Wakeham and E. Honold, lnd. Rubber World 113, 
377 (1945). 



Fig. 18. Stress-strain curves for (1) moisture conditioned 
cord, (2) cord conditioned with a tension of 0.5 pound, and 
(3) cord subjected to cyclic loading for 10,000 cycles and 
conditioned with a tension of 0.5 pound. 
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Letters to the Editor. 


On the “Power Function’* 

Fidel Alsina Kuurtes 

Agrupacion Estudiantes de Ftsica, Institute de Fish a, La Fla ta, Argentina 
December 12, 1945 

I N a recH.Mil note, D. A. Wells 1 sets up a “power function" 
through which the generalized I-agrangian farces are 
determined for a wide variety of forces acting on a holo- 
noniic system, by the relation 

Qk-dP/dfr 

(P* power function; time derivative of the generalized 

coordinate ^a). 

When the forces are proportional to the speed of the 
particles acted upon, P reduces to the dissipative function 
considered by the late Lord Rayleigh.* The purpose of 
this letter is to show to what extent the P-function widens 
the field of allowable forces. 

Let us consider, for the present, a single particle. For 
such a simple system, the P-function reads 

P« f 2 F % dxi (1) 

J i-i 

(F,*cartesian component along the /-axis of the force 
acting on the particle; time-derivative of the /-Car¬ 
tesian coordinate). 

Integration limits, not shown in (1), must be chosen 
such that 

dP/dii-Fi. (2) 

P is, according to (1), a function of both upper and lower 
limits, and perhaps of the integration path. One of the 
limits is taken constant to obtain (2), and the independence 
of the integration path is assured when the “conditions of 
integrability" 

dFJdii~dFi/dii (3) 

are fulfilled. When F~av n , Eq. (3) holds (Wells). When F{ 
are proportional to ±i (Rayleigh), Eq. (3) holds auto¬ 
matically, since both sides are zero. 

Let it be now F a force depending on the speed v of the 
particle in an arbitrary way 

M«)J W 

f(y) may contain, further, coordinates and time. If the 
direction of F coincides with that of v , it can be easily shown 
that Eq. (3) holds for any f(v). Wc have 


4) 

(S) 

and, taking into account v* -» Si<*, 


dFt m d /f(v)\±j±< 

Big iv\ v ) v 

(6) 

a relation asserting the validity of (3). 



Thus, for single-particle systems, P-functions can be 
obtained under much mote general conditions than allowed 
by “dissipative functions." In spite of this, it is interesting 
to remark that anisotropic forces cannot enter in con¬ 
sideration, lest (6) ceases to be symmetrical in i,j. The only 


case of allowable anisotropy appears when the forces are 
proportional to the speed, i.e., Rayleigh's case. 1 

Let us proceed now to systems formed by P particles. 
In order to set up the P-function for the system, we first 
obtain the Pv-function for each of the p particles and then 
add up 

Pm ip, (.-1,2 ■■•P). (7) 

The existence of P is restricted by same conditions as 
above, namely: forces should be isotropic , directed along the 
tangents to the trajectories of the particles acted upon , and 
depending on the speeds , coordinates , and time in an arbi¬ 
trary way. 

When considering many-particlc systems, one is tempted 
to put simply a new sum sign in (1). By doing so, Eq. (3) 
would appear 

BFpt ^ dFttj 

djpj dx,i 

and the functions (4) should be taken independent of the 
individual particle in order to satisfy (6). This is a drastic 
restriction, as it cuts off even simple applications like 
Example 1 in Wells' article. Besides, it is an unnecessary 
limitation, since definition (7) does not differ from Wells*. 


In fact, the expression for P remains 


P- 2 f 2 F vx dx ¥% 

r—1 J J-l 

(8) 

with the integrability conditions 


dFyj^dFpj 
dXyj dX,i ‘ 

M 


It is easy now to find a simpler expression for P, Let us 
put, according to (4) 

W,(F,); 


the /-component of the force acting on the ^particle reads 


Vp 

and, using (8) 

(10) 

p ” & *»<**»<]• 

(11) 

The bracket can be written 


2 iM,i m - Jdp,*-Mo, 

<—1 i-1 

(12) 

and finally 


Pm f,{v,)dv,. 

(13) 


This expression is obviously independent of the frame 
of coordinates. The rest of the equations can easily be 
rewritten in generalized coordinates, if desired. 

Since the power-function has been specified, and used, 
only in relation to sbj's (or the 4*8), it is evident that it is 
determined for each system except for an additive arbitrary 
function of coordinates and/or time 

P- 3^ ff*(v w )dv ,+?(*/, t). 


* D. A. Wells, J. App. Phy». 16.535 <1945). 

« Lord Ray Men, in CoUaOad Paper* (1899). Vol. 1, p. 176. 

* E. T. Whittaker, Analytical Dynamics (1937). p. 231. 
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This paper presents data on the internal friction of four 
single crystals of zinc while oscillating longitudinally, and 
a description of various slow speed tension tests on a fifth 
crystal within and beyond the elastic limit. In the first 
named measurements the behavior of the crystals bears 
little resemblance to that of crystals of zinc of greater 
purity prepared by another method, which has previously 
been reported (see reference 1). The most outstanding 
feature is that the decrement, although higher at the lowest 
stress amplitude than for the previous ones, shows very 
little rise with increasing stress amplitude, even up to 
stresses far beyond the statically-determined elastic limit. 
The difference in behavior seems to be caused by the 
difference in purity of the zincs. An optically mosaic 


structure, such as that described by Schilling (see refer¬ 
ence 4), does not appear to be responsible. In the slow 
speed tension tests the zinc crystal, after a period of self¬ 
annealing at room temperature, has a Hooke's law region 
up to about 70 g/mm* (R.S.S.«28 g/mm*) and at greater 
stress shows transient and steady creep. Under some 
circumstances the transient creep is in two parts, a slow 
starting creep followed by much more rapid creep. The 
crystal, when measured following a permanent strain, 
shows creep at loads well below the previous elastic limit 
and has a large amount of hysteresis. Self-annealing occurs 
during rest periods and the initial elastic limit is gradually 
regained while the hysteresis disappears. 


INTRODUCTION 

T HE only previous work on the internal fric¬ 
tion of zinc single crystals is that described 
by one of the authors in a previous paper. 1 The 
specimens used in this earlier investigation were 
grown from spectrographically pure zinc (99.999 
percent Zn) by the Bridgman method in Pyrex 
glass tubes coated with graphite. The damping 
behavior of these crystals was very complicated, 
but may be briefly summarized by saying that 

* Westinghouse Research Fellow. Now at the Ord¬ 
nance Laboratory, Frankford Arsenal, Philadelphia, Penn¬ 
sylvania. 

* T. A. Read, Phys. Rev. 58, 371 (1940). 


after a one- or two-day anneal at room tempera¬ 
ture their internal friction was very low (decre¬ 
ment about 1X10"*) at small amplitudes, of 
vibration, but increased with increasing ampli¬ 
tude. This increase was very rapid for crystals 
whose hexagonal axis made an angle of from 15 
to 75 degrees with the axis of the rod. For ex¬ 
ample, the decrement of a crystal for which this 
angle was 74.5° was 1.7X10“* at a stress ampli¬ 
tude of .15 g/mm 2 , and 144X10'"* at a stress 
amplitude of 22.2 g/mm*. Both these figures for 
the stress refer to the values at displacement 
nodes. The corresponding values of the strain 
amplitude are 1.2X10"* 8 and 176X10"*. 


713 


The objects of the investigation described in 
the present paper were to compare the internal 
friction of zinc single crystals grown by another 
method with that of the Bridgman crystals, and 
to study the relation between internal friction 
and behavior in slow tension tests. 

SPECIMEN MATERIAL 

The zinc crystals used in the present investi¬ 
gation were grown from “Bunker Hill” zinc, 
a commercial zinc whose total impurity content 

Table I. Description of crystals. 


Designation Orientation R.S.S. factor Remarks 

2 <U5 ~ ~OM7 ~ 

3 72° 0.29 G.C. Pb, Sn 

4 70° 0.32 G.C. 

5 81° 0.17 O.M. Pb, Sn 

_6_ 6T _041_ G.C. _ 

O.M.: Optically mosaic. 

G 0.: Good crystal. 

Pb. Sn: Lead and tin impurities. 


is about 0.01 percent. It is to be noted that this 
purity is somewhat less than that of the spectro- 
graphically pure zinc used in the earlier investiga¬ 
tion referred to above. At the conclusion of the 
work a spectrographic analysis was made on four 
of the crystals and on a small ingot cast from 
the original material. It revealed that crystals 
Nos. 2 and 4 were identical with the original 
material but that Nos. 3 and S contained excess 
amounts of lead and tin, 2 which had apparently 
been introduced accidentally by the use of a 
“seed" crystal contaminated with these metals. 
The effect of the difference in purity between 
the two pairs of crystals was very marked as 
may be seen below. 

These crystals were grown by the modified 
Kapitza method described by Cinnamon. 2 The 
molds were made of well-baked transite with 
trapezoidal grooves, 0.25 cm 2 in cross section 
for crystals Nos. 2-5 and 0.5 cm 2 for crystal 
N«,*6. The surface of specimens grown this way 
is somewhat rougher than that of crystals grown 
in glass molds. This is caused by the wrinkling 
of a very thin surface film of oxide when the 


1 In crystals Nos. 2 and 4 and the ingot Sn was either 
not detected or less than 0.001 percent, while Pb was 
either not detected or less than 0.002 percent. In Nos. 3 
and 5 Pb was about 0.01 percent, and Sn 0.1 percent 
(No. 3) and 0.03 percent (No. 5). 

* C. A. Cinnamon, Rev. Sci. Inst. 5, 187 (1934). 


metal contracts in freezing. The method is 
believed, however, to be more likely to produce 
more nearly perfect crystals because of lack of 
constraint on the growing crystal. Two of the 
crystals were, however, purposely grown of the 
“optical mosaic" type. 4 * 6 

The specimens are described in Table I. The 
orientation is given as the angle between the 
hexagonal axis and the specimen length. The 
third column gives the factor by which a longi¬ 
tudinal stress must be multiplied to obtain the 
resolved shear stress in the basal (glide) plane. 
Further resolution into the glide direction would 
require an additional factor which must, how¬ 
ever, always lie between 1.0 and 0.866. Any 
deviation of this from 1.0 has been neglected in 
the following. 

The decision as to the presence of an optically 
mosaic structure was made on the basis of 
examination of the portions of the crystal ad¬ 
jacent to the specimen, and of the specimen 
itself after the completion of the measurements. 

After growth the first four crystals were cut 
to approximately the proper length for one half¬ 
wave of longitudinal vibration with a jeweler’s 
hack saw run automatically and so arranged 
that the blade pressed very lightly against the 
crystal. They were then packed in Vaseline in 
brass tubes which were in turn packed in cotton 
in a sturdy box. This box was mailed from Iowa 
City to East Pittsburgh. The authors feel that 
the care taken in this handling of the specimens 
sufficed to insure that their internal friction was 
not affected thereby. The results of the measure¬ 
ment arc consistent with this view with one 
exception, as noted below. In East Pittsburgh 
the crystals were cut to exact length with a 
jeweler’s saw after being waxed in two V-blocks 
with beeswax and rosin. One end of each crystal 
was ground flat by holding the crystal lightly 
in a V-block and grinding it on a cast iron surface 
plate. This same method of preparation was em¬ 
ployed in the previous work. 1 Crystal No. 6 was 
mounted in the measuring apparatus as grown. 
The crystal was 15 cm long and measurements 
were made on a central 9 cm length. 

4 H. K. Schilling, Physics 6, 111 (1935). 

1 Electrical and thermal resistivities of optically mosaic 
crystals differ in an erratic way from those lacking this 
structure. W. J. Poppy, Phys. Rev. 46,* 815 (1934) and 
C. A. Cinnamon, Phys. Rev. 46, 215 (1934). 
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INTERNAL FRICTION 

The internal friction of these crystals was 
measured for longitudinal vibration at a fre¬ 
quency of 33.5 kilocycles per second by the 
composite piezoelectric oscillator method. The 
apparatus used was similar to that previously 
described. 1 The dependence of the internal fric¬ 
tion of the specimen crystals on the amplitude 
of vibration was obtained by measuring the 
impedance of the composite piezoelectric oscil¬ 
lator as a function of the voltage impressed on 
electrodes attached to the quartz and of fre¬ 
quency in the neighborhood of the resonant 
frequency. It can be readily shown that the stress 
amplitude a at a displacement node in the 
specimen is given by the formula 

2E&(10)*K 

a = -X10* dynes/cm 2 , (1) 

Rq V 

where E = Young’s modulus in dynes/cm 2 of the 
specimen in the direction of its length. 

S«r.m.s. voltage applied to electrodes. 

proportionality constant between equivalent induct¬ 
ance of composite piezoelectric oscillator and its 
mass in henrys per gram. 

/?o» resistance at resonance in ohms for given value of S. 

F*velocity, in cm/sec., of sound in the specimen in the 
direction of its length. 

The formula (1) was given in reference 1 in a 
somewhat less convenient form. 

For all of the measurements the specimens 



Fig. 1. The internal friction of the four crystals investi¬ 
gated as a function of the stress amplitude at a displace¬ 
ment node. The arrows indicate a change with time at 
constant driving voltage. The crystal number is indicated 
on each curve. 


were suspended in a vacuum and maintained 
at a temperature of 23°C. 

A convenient measure of internal friction is 
the decrement, defined as the ratio of the energy 
dissipated in the specimen in a cycle of vibration 



Fig. 2. The lower curve gives the internal friction of 
crystal number 4 after a one hour anneal at 330°C. The 
upper curve, repeated from Fig. 1, shows the original 
internal friction. 

to twice the total energy stored in the vibration 
of the specimen. 

The dependence of the internal friction of 
each of the four specimens on the amplitude of 
vibration is given in Fig. 1. These data, obtained 
without any annealing or other treatment except 
as described above, are remarkable for five 
reasons. First, the recovery period of a day or 
two after mounting, during which the previously 
measured crystals 1 exhibited a decrease in in¬ 
ternal friction by a factor of from 10 to 100, was 
completely absent for these crystals, although 
exactly the same technique of affixing the speci¬ 
mens to the quartz rod was used. Second, the 
internal friction of the two crystals of lesser 
purity is only slightly greater at stress amplitudes 
of several hundred g/mm 2 than at very small 
amplitudes of vibration. Third, there is no 
marked difference between the behavior of the 
crystals of the same purity which have an opti¬ 
cally mosaic structure and those which do not 
(compare Nos. 2 and 4 and Nos. 3 and 5). 
Fourth, these crystals have considerably higher 
internal friction at small amplitudes of vibration 
than did the zinc crystals desc ribed in reference 1. 
Fifth, the change of the internal friction with 
time, at constant driving force, which occurs at 
the largest amplitudes is a decrease . This change 
is indicated by the arrows. 

Data were obtained on three methods of 
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a function both of increasing and decreasing amplitude of 
vibration. The sequence of the measurements is indicated 
by the arrows, (b) The changes in the natural frequency 
of longitudinal vibration of crystal specimen number 3 
which are observed simultaneously with the decrement 
values plotted in Fig. 3(a). 

changing the internal friction of these crystals, 
vis., etching, annealing, and cold-working. 

Etching one of these crystals does not appreci¬ 
ably affect the dependence of internal friction on 
amplitude, but does produce a lowering of the 
curve as a whole. For example, a three-minute 
immersion of crystal No. 3 in 30 percent HC1 
decreased the small-amplitude decrement from 
7.6X10“* to 4.0X10“*. This treatment decreased 
the weight of this crystal by 0.05 percent. 
Subsequent electrolytic etching of this crystal 
lowered the small-amplitude decrement further 
to 2.3X10“*. The corresponding loss in weight 
was 3.8 percent. It may be concluded that the 
greater part of the original internal friction of 
this crystal at small amplitudes was a surface 
effect rather than a property of the material. 

As shown in Fig. 1 (and in Fig. 2, where a 
more extensive curve is plotted), the internal 
friction of crystal number 4 was considerably 
higher and rose more rapidly with increasing 
amplitude than for the other crystals. For this 
reason this crystal was selected for an investiga¬ 
tion q& the effect of a heat treatment; it was 
suspected that this crystal may have been 
strained by the handling described above. The 
change in the internal friction which was pro¬ 
duced by an anneal of one hour at 330°C is shown 
in Fig. 2, with the lower curve depicting the 
results obtained after the anneal. Of the four 
crystals described in this paper, this particular 
crystal exhibited the greatest similarity in proper¬ 


ties to the crystals reported on in reference 1. 
For example, the internal friction of this crystal 
always increased with time when any change 
was observed at constant amplitude of vibration. 

Cold-working raises the internal friction of 
these zinc crystals, except in certain cases in 
which the cold-work is introduced by the internal 
friction measurement itself. This exception has 
been mentioned in connection with Fig. 1. The 
more typical case, in which the cold-working 
associated with the internal friction measure¬ 
ment raises the internal friction is exemplified 
by Fig. 3 (a). In this figure is plotted a sequence 
of measurements on crystal No. 3, beginning at 
a very small amplitude of vibration, proceeding 
in steps to a stress amplitude of 420 g/mm 2 , and 
then decreasing in steps to the initial amplitude 
of vibration. This curve is similar in shape to 
one given in reference 1, except that here the 
internal friction actually rises to a maximum as 
the amplitude of vibration is decreased. A period 
of only twenty minutes elapsed during the 
measurements. After approximately 24 hours the 
lower branch of the curve may be reproduced. 
The internal friction of the crystal shows a 
more rapid rise than that shown in Fig. 1 
because shortly before making the measurements 
for Fig. 3 this crystal was cold-worked statically 
in the manner described below. 

As is described at greater length in reference 1, 
there is in general associated with the change in 
the decrement produced by a change of the 
amplitude of vibration a change in the natural 
frequency of longitudinal vibration of the speci¬ 
men rod. This change in the resonant frequency 
is, in many cases, related in a simple way to the 
change in internal friction. In the instances cited 
there a plot of successive values of the change in 
natural frequency against the corresponding 
values of the decrement for a series of amplitudes 
of vibration produced a straight line. That this 
simple relation does not exist for crystal number 
3 under the present conditions of measurement 
is demonstrated by a comparison of Fig. 3 (a) 
with Fig. 3 (b) which gives the changes (de¬ 
creases) in the natural frequency of this crystal 
which were observed simultaneously with the 
decrement changes plotted in Fig. 3 (a). It is, 
however, important to note that a maximum 
slope of the frequency change curve given in 
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Fig. 3 (b) occurs at the same amplitude of 
vibration as the maximum of the internal friction 
curve of Fig. 3 (a). 

The effect on the internal friction of the cold- 
work introduced by a static load is shown by 
the difference between the lower and upper 
curves of Fig. 4, which were taken, respectively, 
immediately before and after subjecting crystal 
No. 3 to a compressive stress of 1.8 g/mm 2 for 
one minute. The greater part of this increase in 
internal friction disappeared in the course of 
two or three days. These data suggest that a 
previously applied static load which acts for an 
appreciable time is more effective in causing the 
decrement to show the rapid rise with increasing 
stress amplitude (i.e., the specimen acts less 
elastically) than is a much greater stress which 
is rapidly alternated. The slow speed tension 
tests described below seem to afford some clue 
to this behavior. 

SLOW SPEED TENSION TESTS 

Various slow speed tension tests were made on 
crystal No. 6 with the apparatus which has 
been described briefly elsewhere. 6 The tests con¬ 
sisted in observing the elongation under load for 
various conditions of the crystal, which were 
determined by the nature of the preceding runs, 
periods of rest between runs, etc. t'rcep curves 
under steady loads of various values were also 
obtained. Representative experiments are de¬ 
scribed in detail below. 

The first run taken on the crystal immediately 
after mounting it in the apparatus showed slight 
hysteresis and a lower elastic limit 7 than was 



K» ZOO S00 400 
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Fig. 4. The increase in the internal friction of specimen 
number 3 produced by a static compressive stress of 
1.8 g/mm* applied for one minute. Note that this static 
stress is much smaller than the stress amplitude in the 
internal friction measurements. 


6 1. H. Swift and E. P. T. Tyndall, Phys. Rev. 61, 359 
(1942). 

7 At a stress of 43 g/mm*. 



Fig. 5. Crystal No. 6: curve I, in the elastic state. The 
last load produced a permanent set of bl/l—2 X10~ 4 
(not shown on curve). Curves II, III, crystal in inelastic 
state. Curve IV, after two days rest. Curve V, hysteresis 
loop produced by small plastic strain at end of curve IV. 

expected. A slight permanent set (A///= 1.5 
X10~ 6 ) was given the crystal at this time. It 
was therefore allowed to rest under the minimum 
load (equivalent to a stress of about 7 g/mm 2 ) 
for two weeks. It was then found to be in an 
“elastic state” (see later) and the Young’s 
modulus was carefully measured, using the 
photoelectric multiplying device 6 and, for safety, 
with the maximum load kept below the pre¬ 
viously found elastic limit. After a total period 
of 42 days in which the crystal had either rested 
or been subjected to only small loads, the load 
was gradually increased. The data obtained arc 
shown in curve I, Fig. 5. It will be seen that 
the proportional region goes to a stress of 67.2 
g/mm 2 . The next load (stress = 69.9 g/mm 2 ) 
caused creep to an “off-scale” deflection and the 
specimen was hurriedly unloaded. The creep, 
however, was observed to occur rather slowly 
at first and then with increasing rapidity. In 
fact the point plotted at 69.9 g/mm* corresponds 
to the scale reading a second or two aftfer com¬ 
pleting the loading. 8 This phenomenon of slow 
creep followed by much more rapid creep was 
observed many times in subsequent experiments. 
The duration of the slow creep is far too long to 
be accounted for by the inertia of the load or of 
the moving parts of the observing apparatus. 
The permanent set left after unloading was 

• The loading is done by running mercury into a con¬ 
tainer hung from the lower end of the crystal. About 20 
seconds elapsed between the 67.7 and 69.9 g/mm* readings. 
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Fici. 6. Cr>stal No. 6: curve VI, crystal in elastic state 
after ten days rest. Permanent set at end of curve VI, 
A///-1.7XlO' 1 (not shown). Curve VII hysteresis loop 
and creep, immediately following curve VI. Curves VIII 
and IX, one and three days after curve VII. Curve X, 
typical hysteresis loops of crystal in inelastic state. 

A/// = 2X10“ 4 . The data shown in curve II 
were taken next. 9 This curve shows creep at 
two values of stress (41.4 and 46.9 g/mm 2 ) 
which were previously within the elastic or 
proportional region. The time interval between 
the two points plotted at 41.4 g/mm 2 is 3 
minutes; at 46.9, it is 2 minutes. On unloading 
there is a slight recovery in 1 minute as shown 
by the two points at the 'minimum stress. 
Curve III followed immediately, a well-defined 
and definite hysteresis loop. While at each load 
one point only is plotted, it should be mentioned 
that, if given time, noticeable creep will occur at 
the higher stress points on the increasing stress 
branch. On the descending branch, however, 
no observable creep occurs. After curve 111 was 
completed, the crystal was loaded to 50 g/mm 2 
and various observations of creep made. It was 
then left under the minimum load for 22 hours, 
following which curve IV resulted. The first, 
straight part of the curve is, within the accuracy 
of observation, identical in slope to the “elastic” 
cur#q (I). Definite creep occurs, however, at the 
highest stress shown (2 minutes interval between 
the two readings), and the following run, curve V, 
again shows hysteresis. This hysteresis is not as 

9 The first point on curve II and on the other curves is 
plotted at the correct stress value but the strain is set 
arbitrarily in order to separate or compare certain curves. 
Thus II and III are set together with the same initial 
strain whereas in fact III started from the last point ob¬ 
served in H. Curves IV and V are similarly arranged. 
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much as it is in curve III and the average slope 
is nearer that of the elastic curve. 

The results depicted in Fig. 6 are very similar 
to those just described. Curve VI is an elastic 
curve taken after the crystal had had quite a 
few runs taken on it but had then rested for 10 
days. Points were taken on this curve for both 
increasing and decreasing loads below 60 g/mm 2 , 
and no observable hysteresis was found. At the 
highest stress shown the results described in 
connection with curve I were duplicated. The 
permanent set after unloading was A///=1.7 
X 10~ 4 . The lower part (hysteresis loop) of curve 
VJ1 was taken next, and then the complete 
curve with repetition of the upper branch. In 
this curve the time intervals between successive 
points at the same stress are 1 minute, except 
for 2 minutes at 40.2 g/mm 2 . After taking the 
upper part of curve VII and returning to the 
minimum load, the lower part (hysteresis loop) 
was duplicated. Curves VIII and IX were taken 
one and three days, respectively, after the data 
for curve VII, with no other runs intervening. 
The gradual recovery of the crystal is obvious. 
In both these curves the ascending branch is 
almost straight and parallel to the “elastic” 
curve (VI). Curve X shows three successive 
runs on a hysteresis loop like that of curve VII 
with points indicated by circles (O), crosses (+), 
and triangles (A), and taken in that order. 
These sets of observations agree within the 
experimental accuracy and a definite cyclic 
state seems to be indicated. 

Creep data of the same type as that shown by 
the succession of points at each stress in curve 
VII, are represented in a different way in Fig. 7, 
These data were taken when the crystal was in 
a strained condition which was produced by 
starting with the crystal in an elastic state and 
then going beyond the clastic limit to a perma¬ 
nent set of A/// = 0.8X10“ 4 . For each curve, 
except XI, the strain at the point marked A is 
arbitrarily plotted as zero although it is really 
the strain reached at the end of the preceding 
run (curve of next lower number). At A the 
increment to the load commenced and was com¬ 
pleted several seconds before taking the reading 
at £, which is 20 seconds after A . The pronounced 
“toe” on curve XV shows the initial slowness 
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of the transient creep, to which attention has 
been directed previously. 

From the foregoing one may conclude that a 
zinc crystal of this orientation, 10 when sufficiently 
rested (self-annealed), has an elastic limit which 
is very well defined by the simultaneous occur¬ 
rence of the end of the Hooke’s law region and 
the point at which marked and rapid creep 
occurs. This limit is of the type previously re¬ 
ported for lead crystals* but the subsequent 
behavior of the zinc is very different from that 
of lead when the limit is passed and creep occurs. 
The zinc is now in an inelastic state in which 
Hooke’s law fails both for increasing and de¬ 
creasing stress and in which marked hysteresis 
occurs. It must be emphasized that the hysteresis 
loop cannot be wholly accounted for by assuming 
creep while the load on the sjxicimen is being 
increased since one should then find, at the end 
of the cycle, a permanent set equal to the 
accumulated deviation from the elastic curve. 
This inelastic state gradually disappears with the 
self-annealing of the zinc. Before complete re¬ 
covery the material may return to almost the 
original elastic state, with no or very little 
hysteresis, but with an elastic limit markedly 
lower than in the completely recovered state. 
Something like seven or eight days rest at room 
temperature seem to be needed for the limit to 
rise to the value of curves 1 and VI. 

During the whole set of experiments on crystal 
No. 6 the total accumulated permanent set was 
only AZ/Z^llXlO^ 4 , or about 0.1 percent. The 
specimen showed no strain nor slip bands on 
its surface. A careful measurement of Young’s 
modulus after an appropriate rest interval yielded 
E —11.6X10 11 dynes per cm 2 . This is about 3 
percent lower than the initial value of 12.0 
X10 u dynes/cm 2 , corresponding to the crystal 
in the state of curve I, Fig. 5. 11 

10 More recent work at the University of Iowa has con¬ 

firmed the behavior described above for crystals of orienta¬ 
tions above 45° but has shown that crystals of orientation 
lower than 45° act somewhat differently. . 

11 The critical reader will note that the slope of this 
curve does not correspond to the stated value of Young s 
modulus. This is because the curves were all plotted with 
the stress computed from a provisional value of cross 
section. The cross section was only obtained accurately at 
the conclusion of the work by cutting out and weighing 
the actual 9-cm length on which observations were made. 
It did not seem worth while to correct all the curves since 
the error in stress is small and is the same for all the 
curves. 
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Fig. 7. Crystal No. 6: creep under successively greater 
loads. At A the load is that shown on the curve of next 
lower number. Between A and B the load is raised to the 
value shown on the curve and thereafter kept constant. 
The loading is complete several seconds before B. 'Hie 
interval AB is twenty seconds. Time increases from left 
to right with the lowest point on each curve at /»0. The 
initial strain for each curve is arbitrarily set equal to zero. 


DISCUSSION 

Some of the hitherto puzzling phenomena ob¬ 
served in connection with internal friction of 
zinc crystals may receive provisional and qualita¬ 
tive explanations in terms of the slow speed 
observations. If a zinc crystal may be put into 
the inelastic state by accidental strains incurred 
during handling, mounting for measurement, 
etc., then such a crystal would be exacted to 
have a high decrement (as measured at the 
minimum stress amplitude). With some rest this 
decrement should decrease, but it might still 
rise with increasing stress amplitude until rested 
sufficiently for a complete return to the elastic 
state. When this state is reached the decrement 
at low stress amplitudes should be a minimum 
and the decrement curve should stay substan¬ 
tially level until at least the static elastic limit 
is reached. Indeed this point might be exceeded 
somewhat since it is the maximum stress ampli¬ 
tude which is plotted and this exists in only a 
very small portion of the crystal with less stress 
elsewhere. It is, however, rather obvious that in 
these experiments the decrement does not show 
any marked rise until the elastic limit has been 
greatly exceeded. Thus for crystal No. 4 (after 
the anneal, Fig. 2) a noticeable rise starts at 
about 230 g/mm 2 which is twice the elastic 
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limit to be expected 1 * from the observations on 
crystal No. 6, of the same purity. For crystal 
No. 2 (Fig. 1) the decrement has only doubled 
when the stress is four times the elastic limit. 
It has not, however, been definitely shown that 
an inelastic state can be set up in a crystal of 
such low orientation 10 by the means employed 
for the higher orientation crystals. Crystals 
Nos. 3 and S show level decrements to very 
much higher stresses. On account of their greater 
impurity the elastic limit may well be much 
higher than for crystal No. 6. No statement can 
therefore be made as to how much the elastic 
limit is exceeded in these crystals. 

The observation that the decrement may re¬ 
main fairly constant well beyond the static 
elastic limit seems to be connected with the 
initial slow rate of transient creep previously 
mentioned. With a rapidly alternating stress it 
seems likely that sufficient plastic deformation 
to cause an appreciable hysteresis loop, and a 
corresponding increase in the decrement, does 
not have time to occur. If the presence of dis¬ 
locations is essential for creep and if the rate of 
creep depends on the number present, 1 * then 
both the rapid and slow speed experiments seem 
to point to the necessity of supposing that some 
sort of incubation period exists for generation 
of the many more dislocations needed to give 
either a rapid rise in decrement or the greatly 
increased rate of creep shown by the steep parts 
of the curves of Fig. 7. 

If, however, the rate of creep depends on the 
rate of generation of dislocations it must be 
assumed that these are generated only at a low 
rate for the first small time interval following 
an increase in stress. . 

The difference found here between the two 
pairs of crystals of different purity may explain 
the behavior of the very pure crystals of refer¬ 
ence 1. Such pure material may have so low an 
elastic*limit that it is just about reached when 

* Computed on the basis of the same resolved shear 
stress. 

«*F. Seitz and T. A. Read, J. App. Phys. 12, 470 (1941). 
See in particular pp. 471 and 478. 


the stress amplitude is the lowest at which the 
measurements can be made. On this hypothesis 
the crystals would be in the inelastic state when 
mounting in the apparatus was completed, since 
strains due to handling would be unavoidable. 
The decrements observed immediately would be 
high, but would decline with time as the crystals 
annealed and approached the elastic state. The 
decrements could not be expected to stay level 
over any considerable range of stress amplitude, 
however. 

Miller’s 14 experiments bear out some such sup¬ 
position as to the very low elastic limit of very 
pure zinc since he obtained creep with a resolved 
shear stress equal to about one-third of that at 
the elastic limit of crystal No. 6. His creep rate 
(averaged for the first 80 hours) is roughly one- 
tenth of the steady creep rate taken from the 
last part of curve XV in Fig. 7. Such a rate would 
be well within observation with the present 
apparatus and definitely does not occur for a 
well-annealed zinc crystal of 99.99 percent purity. 
Of course if Miller’s crystal was in the inelastic 
state, due to handling, etc., both the rate of 
creep and the stress at which it occurred seem 
possible without assuming a vanishingly low 
elastic limit. The change to a much faster rate 
of creep, however, after the strain had reached 
5X10~* seems to point to the onset of an in¬ 
elastic state at this time rather than to its being 
present earlier. 

Attempts to compare creep rates and internal 
friction have been made by Seitz and Read. 10 If 
the mean transient creep rate taken from the 
steep parts of the curves of Fig. 7 is used, with 
a corresponding stress of 65 g/mm*, a decrement 
of about 10~* results. While this is of the right 
order of magnitude, the result must be regarded 
with some suspicion if there is any validity in 
the preceding speculations, in which it has been 
assumed that in the region of level decrement this 
rapid transient creep does not occur. 

The writers are indebted to Mr. George Kuck 
for making the spectrographic analyses. 

u See Fig. 40, reference 12. 

14 Reference 12, Eqs. (4) and (5). 
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Design of Broad Band I. F. Amplifier. Part II 

Richard F. Baum 

Raytheon Manufacturing Company , Waltham, Massachusetts 
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'1 his paper is a continuation of a previous article on the circuits, which have the same figure of merit Q n and tunc 

design of broad band I.F. amplifiers of the stagger-tuned at resonant frequencies/o» disposed in geometric symmetry 

type. The analysis is extended to unrestricted band width, around the middle band frequency /* thus making /<* 

It is shown that an exact solution is possible for either an equal to hnf* and / 0 /*n, respectively. Formulas for Q n and 

oscillatory or a monotonic response, with this result: 1. The 5* are derived. The circuit impedances arc calculated from 

necessary number of stages (t) for a given minimum attenu- a prescribed gain or from the maximum obtainable gain, 

ation in the cut-off region depends again only on the gain A formula for the maximum gain band width product is 

tolerance and the desired response. 2. Attentuation minima given. A comparison is made between the performance of 

and maxima again appear at frequencies within the band, amplifiers with monotonic and oscillatory response. A 

easily located and dependent only on the number of practical example is worked out. 

stages. 3. The amplifier consists of a number of pairs of 


(A) INTRODUCTION 

I N a previous paper on the design of broad band 
1. F. ampliers, 1 a method of calculating the 
circuit parameters was outlined, which leads 
to simple formulas both in the case of monotonic 
or oscillatory amplifier response. The formulas 
derived there give a very good insight into the 
influence and mutual dependence of the given 
and the calculated design quantities. This sim¬ 
plicity was achieved at the expense of band¬ 
width. It was necessary to introduce an approxi¬ 
mation for the expression of the detuning c. By 
replacing its exact value 

•-///•-/•// 

by its approximate"value 

«~2(/-/o)//o, 

this approximation restricted the validity of all 
derived formulas to a band width not larger than 
say one-quarter the center frequency /o. 

It is obvious that a design procedure per¬ 
mitting the exact calculation without restriction 
of band width would be welcome. This problem 
was successfully solved by Wallman 2 for the case 
of a monotonic response curve. In this paper the 
calculation is extended to the oscillatory case, 
which is often preferred to the monotonic case 
for its higher gain band width product and 
steeper cut-off slope. 


* R. F. Baum, J. App. Phys. 17, 519 (1946). 

* H. Wallman,i‘‘Stagger tuned I. F. amplifiers, M.I.T. 
Report 524, February 1944. 


Any particular desired response curve is sub¬ 
stantially described by 4 points. Two of them 
define a band width within which the gain 
does not vary* more than a definite prescribed 
amount. This amount is small and makes the 
gain in this region essentially constant. The two 
other points prescribe a certain minimum attenu¬ 
ation which has to be reached at certain fre¬ 
quencies outside of the pass band. The amount 
of required attenuation at these points as well 
as the admitted gain variation are given quan¬ 
tities for any particular design problem. In some 
cases two points may coincide with the half¬ 
power points; but formulas which are not re¬ 
stricted to the use of the half-power points are 
obviously more general and convenient. 

Wallman has shown that by arranging the 
circuits in pairs of same Q n and with resonance 
frequencies /oi and fat symmetrically disposed 
around the middle frequency /o so as to make 
/oi=*$i/o and fo% »/o/6i a monotonic response 
curve of the form 1+ ((?«)** can be obtained, 
from which the individual Q n and 6 n can be 
derived by factorization. In the present paper it 
shall be shown that the most general expression 
is a polynomial in c of highest power con¬ 

taining only even powers of c. The same line of 
reasoning is applied as in the previous paper; 
the polynomial is identified with an expression 
derived from Tschebyscheff’s polynomial, the 
roots of which have been calculated. They fur¬ 
nish the Q n and 6 n for the oscillatory case. 

The same designations are used, as in the first 
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paper, but some of the quantities will have to 
be defined in accordance with the more rigorous 
requirements of the present calculation. Because 
of the geometric symmetry, all corresponding 
frequencies will have the middle band frequency 
as their geometric mean, for instance the upper 
and lower band limits, the two points of pre¬ 
scribed attenuation outside the band, pairs of 
maximum or minimum gain, etc. The geometric 
symmetry of the response curve suggests further 
the introduction of a logarithmic frequency scale. 

As the line of reasoning is very similar to that 
of the first paper, the deduction of formulas and 
the arrangement of paragraphs proceeds in the 
same sequence. In order to distinguish between 
the formulas of the first and second part the 
formulas of the second part have an additional 
index 2. 

The introduction of a reference circuit, as in 
the first part, proves of only restricted value in 
the present case as no great .simplification of 
formulas can be obtained. 

(B) POSSIBLE ATTENUATION CURVES 

With the same designations as in the first part, 
the gain of a single-tuned stage is: 

Gn = g*Rn/(l+jQn'n) (2-1) 

and its absolute value 

\G n \-gnRn/(l+QnW )‘. (2-2) 

The exact expression for the detuning t„ is 

*«*///»* (2-3) 

Again a reference circuit is introduced, which 

resonates at mid-band frequency fo and for 

which* 

# •-///.“/.//• (2-4) 

A logarithmic coordinate system is to be used. 
The variables become 

&«lg (///«»), 0-lg (///«), (2-5) 

thus 

c N « 2 sinh fin, c» 2 sinh fi. (2-6) 

The resonance frequency /o» of the nth circuit 

, * Quantities without index n refer to the reference circuit. 
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Fig. 1. Response curves of S stages The center stage 
has the lowest Q and tunes at the geometric mean fre¬ 
quency /o. The other stages are arranged in pairs of equal 
Q„ and with resonance points shifted the same distance 
above and below/o on a logarithmic frequency scale. 


shall be determined by a factor i n : 


fon — 5 n /o* 

(2-7) 

Its logarithm is 


A0n = lg 

(2-8) 

which makes 


€ n *2 sinh (0-A0 n ). 

(2-9) 


In the new coordinate system the origin cor¬ 
responds to ///« = 1, that is, to the mid-band 
frequency. The fact that the nth circuit reso¬ 
nates at inf a thus appears as a simple shift of its 
response curve by an amount of Aj8„ to the right 
(Fig. 1). The gain becomes 

I Gn | = g„*»[l +0,*4 sinh* {fi - (2-10) 

which shows that the response curves arc sym¬ 
metric with respect to the point fi =A0„. 

The index n =* 1 again is given to the circuit 
resonating at the low frequency end of the band 
and the index n»f to the circuit resonating at 
the upper end. The indices n — 2 and n«f— 1 are 
reserved for the two adjacent stages, etc. 

The gain of t stages is 

\Gn I - 5+4 Qn* sinh* (/?-A/3 B )]-». (2-11) 

n-»l 

At the mean frequency, fi equals zero and the 
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gain becomes: 

n—t 

| Go I = n +4 Qn* sinh* A0„]-l. (2-12) 

n« l 

If all stages should tune to the same frequency 
the gain would be: 

iwi-n**.. (M3) 

, n—1 

The loss in gain due to the displacement of the 
resonant frequencies is thus 

P = H [1 +4QS sinh® A/3,], (2-14) 

n —1 

and the gain can again be written in the form 
|G.|=(l//)n^n. (2-15) 

n~l 

The part of (2-10) which is a function of fre¬ 
quency defines all possible response curves and 
is: 

= € 2<* = JJ [1 +4@„ 2 sinh 2 (0-A0 n )], (2-16) 

1 

where d is the voltage attenuation in Nepers. 

Now the circuits may be arranged in pairs of 
the same Q n and of resonance frequencies dis¬ 
posed in geometric symmetry to both sides of 
the mid-band frequency.* On a logarithmic scale 
this corresponds to a shift of A0» in the positive 
sense for one circuit and in the negative sense 
for the other. The response of such a pair is: 

[1 +2jQ n sinh (0-A0 n )] 

X[l+2 jQ n sinh (0+A0„)] 
= l-2Q* 2 [cosh (20) —cosh (2A0*)] 

+j4Qn sinh 0 cosh A0* 
* [1 +4 Q n * sinh 2 A0 H ]-4(V sinh 2 0 

* + j4Q* sinh & cosh ^0* 
-4Q n a sinh 2 fi+jlBQ n sinh 0. 

Reintroducing « from (2-6) the response of one 
pair becomes 

Dp'-IA -QnVy+QnVB', (2-17) 
where A and B are constants. 

* This idea and the corresponding proof is contained in 
Wallman's paper, reference 2. 


This equation shows that the response curve 
of a pair of circuits is a polynomial of the fourth 
power of the variable c, and containing only even 
powers of c. The response of all stages is a poly¬ 
nomial obtained by multiplication of several such 
polynomials and can therefore possess only even 
powers of €. Its highest power k m will be k m =*2t 
or twice the number of circuits. This fact is ob¬ 
viously not altered by the addition of one single 
circuit resonating at mid-band frequency / 0 , the 
response of which is quadratic in «: 

0P-1+QV. 

(C) THE REQUIRED RESPONSE CURVE 

The result obtained checks closely with the 
one obtained in the first part of this paper, the 
only difference being that the variable c now is 
defined by its exact value (2-4) instead of its 
approximate value according to Eq. (1-6). Thus 
the same reasoning may be applied to the present 
case as to the former: 

It was shown that the required response curve 
could be represented in either of two forms: 

D r =\do\Tu(a)+(l+do) (2-18) 

for the oscillatory case, or 

D r *=\ + 2dt>«“ (2-19) 

for the monotonic case. In these expressions d 0 
is the admissible gain variation within the pass 
band, and the variable a was defined by Eq. 
(1-20) with 

a = s/s i = c/cl. (2-20) 

This ti is that value which the variable € takes 
at the ends of the band. This definition still 
applies to the present case although cl now is 
given by 

cl=/^/o-/o//l, (2-21) 

where /l is the upper frequency limit of the band. 
Setting 

fL-1>rJ<h ( 2 - 22 ) 

cl becomes 

cl- -1/3* ■« 2 sinh 0l, (2 -23) 

where 0 l* lg 8 l and is the equivalent of «l on 
the logarithmic frequency scale. 

The variable a thus becomes 

a**c/cL*2 sinh 0/«l* sinh 0/sinh 0l* (2-24) 
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It was shown that the points of minimum 
attenuation within the band occur at points 
uniquely determined by the number / of stages 
employed and given (see Eq. (1-23)) by 

a„ ml, ““=cos Z(2m+l)r/2tJ\ 

m = 0, 1, 2, • • •(< —1) (2-25) 

»n-l 


To this corresponds a certain detuning 
a certain frequency /* m<n , and a certain shift 
0* m,n on the logarithmic scale, given by 

a« m ' n * «»"""/«/. = 2 sinh (2-26) 

and 

0n mla = lg (/« m,n //o) *lg (2-27) 

Furthermore, it was shown that it is possible 
to calculate the complex roots a 0n of (2-18) and 
(2-19). Their real and imaginary parts were desig¬ 
nated with a« n and ai n , respectively: 

«0n “aft* -\-jai„. (2-28) 


Their values were (Eq. (1-34) and (1-35)) for the 
oscillatory case [with added index : 

«* n **cosh (c/2t) cos [(2tw-f l)x/2/], (2-29) 

a/„ * sinh (c/2/) sin [(2w+1 )r/2/], (2-30) 

where (Eq. (1-32)): 

1-Mo 

c=cosh -1 -, 

do 


These two equations can easily be solved for 
0ft* and 0/*. The solution is 

cosh (20 a») +|^—^+lj , (2-37) 

co s( 2*.)--£ + [(^) , + ^-h]', (2-38) 
where 

ff« s =<z, , (aK» s +aO. (2-39) 

r»* = «/*(««#* — a/»*). (2-40) 

By subtraction and by multiplication of (2-37) 
and (2-38) it is found that between 0«„ and 0/* 
the following relations must exist: 

—=sinh* 0ft*+sin* 0/», (2-41) 

and 4 

r 2 

—+1 =cosh (20ft») cos (20/»). (2-42) 

2 

The quantity <r n introduced here for con¬ 
venience obtains significance in the calculation 
of the gain. 0«* is to furnish the resonance shifts 
A0„, and /8/« is to furnish the Q n of the individual 
circuits. 

Equations (2-35) to (2-42) apply as well to 
the monotonic as to the oscillatory case, de¬ 
pending upon which roots, (2-31), (2-32), or 
(2-29), (2-30), are introduced. 


and for the monotonic case (Eqs. (1-38) and 
(1-39)) 

««.* - [ 2do]-'i* t cos [(2 w+1)t/2<], (2-31) 

ca n *^Z2do3 ~ ilu sin [(2m+l)ir/2Z]. (2-32) 

The roots corresponding to ao« are, in the 
logarithmic coordinate system, given by 0o„: 

<*on= ton/tL “ 2 sinh 0 O »/«£. (2-33) 

Now as aon is complex, |3o» obviously is complex 
also: 

0O»«0ft*+.70/*. (2-34) 

Tlfis introduced into (2-33) furnishes, after 
separation of real and imaginary components: 

2 

o*,»— sinh 0ft* cos 0/*, (2-35) 

2 

ai n «■— cosh 0s* sin 0/,. (2-36) 

«r. 


(D) CALCULATION OF CIRCUIT PARAMETERS 
a. Selectivities and Resonant Frequencies 

By equalizing the roots given by Eq. (2-16) 

Dr=Vl [l+4<2. ! sinh* (0o*-A0*)]=O, (2-43) 

n«l 

with the roots 0o» as calculated in the previous 
paragraph, all circuit parameters may be cal¬ 
culated. By setting each factor of (2-43) equal 
to zero, its root 0o* m 0ft»+i0/* is found from: * 

l+4(?»* sinh* (0o*—A0*) =0, 
sinh (0ft*+ j0/» - A0») - j/2Q n . (2-44) 

The right side of this equation is imaginary; 
thus on the left side the real component has to 
equal zero, or 

A0.-0A*. (2-45) 

This leaves 

sin 0/.-1/20*. (2-46) 
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Equations (2*45) and (2*46) determine the 
simple relations between Q n and A/3* (the selec- 
tivities and resonant frequencies) and the quan¬ 
tities /3a* and /3/„ as given by Eq. (2-37) and 
(2-38). Thus the problem is solved in principle. 
Whereas in the approximate case (treated in 
Part I) the Q n and the resonant frequencies 
depended separately on the real or imaginary 
root components aa* and o/„ respectively, it is 
seen, that in the rigorous calculation they depend 
on both components in a rather involved manner. 
For this reason the result cannot be simply 
stated. Thus the importance of the approximate 
solution lies partly in the way it indicates in 
simple formulas the trend of the phenomena and 
the interconnection of the design parameters, 
whereas the final design can be based on the 
exact solution. 

For both the oscillatory and the monotonic 
response, expressions (2-39) and (2-40) can be 
simplified: 

In the oscillatory case with (2-29) and (2-30): 

f r 2 

ff» a =—{eosh (c/0+cos [(2m+l)x//]|, 

(2-47) 

= t r } {sinh* (c/20 +cos* [(2m+1 )x/2 /]}, 

Tn* - y {1+cosh (c/0 cos [(2«+!)x/<]), (2-48) 

in the monotonic case with (2-31) and (2-32): 

(2-49) 

cos [(2*»+l)x/0; (2-50) 

m=n — 1 = 0 , 1 , 2 , •••(<—!). 

In the beginning the gain was written in terms 
of a reference circuit, which was supposed to 
resonate at mid-band frequency /« and has a 
Q% equal Q (without index). This circuit requires 
the following solutions (from (2-45) and (2-46)): 

. /8x»-A/8*-0 

and 

sin/3/*« l/2<? 
which are obtained by setting 

(2m+l)x/2f-x/2. 

This gives, in the oscillatory case (Eqs. (2-29), 
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(2-30), (2-35), and (2-26)): 

a*-0, ar”sinh (c/20 - l/Qu, (2-51) 

and in the monotonic case (Eqs. (2-31), (2-32), 
(2-36), and (2-37)): 

an* = 0, aT* = [2d 0 ] -l, *‘« I/Qil. (2-52) 

These relations correspond exactly to formulas 
(1-45) and (1-49) of the first part. They ob¬ 
viously give a very simple relationship between 
the band width the admissible gain variation 
ao, and the Q of the reference circuit, which in 
the case of an uneven number of stages coincides 
with the middle stage. The corresponding value 
of v becomes in both cast's 

, = ** = 1 IQ. (2-53) 

From (2-49) furthermore (in the monotonic 
case): 

<r„* = <r* = l/Q constant for all stages. 

b. The Minimum Number of Circuits 

Nothing has to be added to the corresponding 
chapter of Part I. All formulas derived there 
remain valid in the present case and this without 
restriction for the values of the quantity a* 
appearing in formulas (1-57) to (1-64), the value 
of which is now defined by two frequencies, /«i 
and f mt (/mi. /«»=/</) at which the attenuation d 
should attain at least a prescribed minimum 
value d m . Writing 

<m = /ml//(> fo/fmh ( 2 - 54 ) 

and 

*L “ft //*» —fv/fiL 
as in (2-20), a* is given by 

a»’=«m/«£- (2-55) 

c. Impedances and Gain 

The loss in gain due to the staggering of the 
resonance frequencies was (Eq. (2-14)): 

P - S Cl +*Q» sinh* A/S*] 

By introduction of Eqs. (2-45), (2-46), and (2-41) 
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and with (2-56) 


this expression reduced to 

/-Sc*- (2-56) 

n—1 

The product a n Q n of each circuit determines its 
loss in gain (or attenuation) at mid-band fre¬ 
quency. This loss, of course, is the same for 
each circuit of a circuit pair for reasons of sym¬ 
metry, but is different for each pair. 

The product given by Eq. (2-56) thus consists 
of a series of pairs of equal factors (squares). A 
single stage resonating at mid-band frequency 
obviously docs not contribute to the gain loss, 
because, according to Eq. (2-53): <r=*l/Q. 

In the case of monotonic response the product 
(2-56) is simplified because a* is the same (sec 
Eq. (2-49)) for all circuit pairs: 

l* = u't2d 0 y*nQ*. (2-57) 

n—i 


The expressions for the gain loss due to 
resonance staggering can be written also in 
terms of the Q of the reference circuit b> intro¬ 
ducing <r„ and Q from (2-51) or (2-52). They 
become 


l 


tt Aft C(>8 ’ [(2w+l)«/2q i» 

nil Ql + sinh* (r/2/) J 


(2-58) 


for the oscillatory case, and 

Qn 

l*= II tt (2-59) 

»-i 0 


for the monotonic case. 

The last equation shows that in the monotonic 
case the gain loss /* increases for each stage in 
proportion to the increase of Q n over the Q of 
the reference circuit. But according to Eq. (2-58) 
in the oscillatory case this loss increases more 
rapidly and differs from circuit pair to circuit 
pair. 

The loss in gain due to the staggering of 
resonance frequencies is, of course, totally or 
partly compensated by the increase in stage gain 
due to the increase in Q» as will be apparent from 
the following gain formulas. 

The total gain according to Eq. (2-15) was 


n—i 


\G t \-mngnR„ 

«—i 


't£ 


iGol-UgnRn/Qn'n (2-60) 

»—1 

= II (2-61) 

n*l 

As any circuit pair resonates at frequencies the 
product of which equals the square of the mid¬ 
band frequency, one may replace, in the product, 
wo» by wo. Furthermore, considering only the 
case of stages with the same capacities Cn^C, 
and the same transconductance the gain 

becomes: * 

iG # l=[—T n ( 2 - 62 ) 

LCWoJ n-1 <7 |% 

Writing this expression for just one pair of 
circuits it is easily seen that in the monotonic 
case the average gain per circuit pair equals the 
gain of the reference (or middle) circuit. 

The average gain per stage is 

a r»-i i *ii/< 

|C.|--r-]n- . (2-63) 

CWoL n-0 ffnj 


The total band width (with Eqs. (2-22) and 
(2-23)) is 

(2-64) 

0 l 

thus the average gain band with product becomes 

iaijnr -(^)-i[5^r- (M5) 


For the monotonic case the root equals Q and 
with (2-52) the expression becomes 


| G°*|BPF= (-^) -i[2do] l/t< (2-66) 


which is exactly the same as the expression 
derived for the approximate calculation (see 
Eq. (1-78)). 

The factor in parenthesis again is recognized 
as the theoretical maximum gain band width 
product and again an efficiency factor may be 
defined by: 


•if*"' IT" 

■fc] • ™ 
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/““ill Isinh* (c/20 

+co8*C(2ot4-1)t/2/]}- 1 «' (2-68) 

and in the monotonic case: 

(2-69) 

the latter approaching rapidly J with increasing 
the number of stages. 

The importance of the quantity <r„ in all gain 
calculations is apparent. With reference to Eq. 
(2-62) one can say that <r„ defines the relative 
contribution of each individual stage to the 
total gain. In order to facilitate the gain cal¬ 
culation, the value of n and ix* is plotted in Fig. 2 
as a function of t for d a = .05, rfo = -l, and d 0 — A5. 


(B) COMPARISON OP MONOTONIC AND 
OSCILLATORY RESPONSE 

The deduced formulas permit the comparison 
of the performance of amplifiers of monotonic 
and oscillatory response. 

For a given response characteristic, that is for 
a given maximum gain tolerance d 0 within the 
pass band and a given minimum attenuation dm 
above a given frequency, a monotonic amplifier 
requires more stages than the oscillatory one. 
The ratio of their number is, with Eqs. (1-58) 
and (1-63): 


t* k* cosh -1 or* 
t h lg a* 


(2-70) 


The first factor almost equals^one, so that ap¬ 
proximately 


t* cosh -1 <*„, 
t lg a m 


(2-71) 


thus if the minimum attenuation is defined 
anywhere between «„=a m *= 1.1 and 2, this 
ratio varies between 4.5 and 1.9. 

For a given gain tolerance within the pass 
band, and with the same number of stages, the 
monotonic amplifier has a much flatter cut-off 
characteristic than the oscillatory one. Thus by 
setting 1 in Eq. (2-71) the frequencies at 


Table I: Calculation of the Q n and resonance frequencies. 

stage 

1 ana 5 

2 and 4 

3 

Eq. 

m (2m+l)»//-« cw8 coshc/<+cos0 

0 and 4 36° and 324® .809 2.006 

1 and 3 108° and 252° -.309 .888 

2 180° -1 

stage 

1 and 5 

2 and 4 

3 

Kq. 

cosh f/2/'COS 0 *„* r »’/2 

97 .7 .175 .0305 .343 

-.37 .310 .0776 .006 .109 

(2-47) (248) 

1 

ifll-j 

—«r*i 

1 

v cosh 2$H n CO?JWr. 2$R, 20Tn M, 

.837 1.345 .995 .797 5.7° -398 

.557 1.136 .980 .516 11.3° .258 

(2-53) (2-37) (2-38) f 2 * 45 ) 

stage 

1 ana 5 

2 and 4 

3 

Eq. 

“osS 1 ** 1 $“ 1?49 17.9and^X)5 me 

1^984 5.07 1.29 15.5 and 9.3 me 

(246) (2-8) (2-7) 

(2-53) 
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which a given attenuation is reached are given by 


(2-72) 


Within a range of 1.1 <a»<2 the corresponding 
atm* lies between 1.55 and 3.7. 

For a given minimum attenuation and a given 
number of stages the gain variation of the 
monotonic amplifier is obviously larger. 

The average gain band width product, with a 
given number of stages and a given gain vari¬ 
ation, is larger for the oscillatory amplifier by a 
factor: (Eqs. (2-68) and (2-69)) 


\G t \BW_n 

\G»*\-bw~ f 


(2-73) 


The value of n and n* was plotted in Fig. 2. 
Whereas the value of m* is somewhat smaller 
than | the value of /* is smaller than 1. The 
limits of n can be seen to be 

(2tti -4- l)r 

li—*i sinh (c/2/) for sinh (c/2/)»cos- 

2 / 

and 

for sinh (c/2/)—>0. 

The first case corresponds to a very small 
gain tolerance and a small number of stages. 
It falls to values below one-half, but is still larger 
than the corresponding n* of the monotonic 
amplifier. 

The other case corresponds to a large gain 
tolerance and a large number of stages. The 



3 q .1 it 9 4 5 M 7 /9 < 


Fig. 3. The resultant response curve shows an oscillatory 
behavior within the pass band 2jfc, defined by a given gam 
tolerance d 0 . The attenuation exceeds a prescribed mini* 
mum value d m outside a given range 2ft m . 


average efficiency increases with an increasing 
number of stages; the total gain band width 
product tends towards J, whereas in the mono¬ 
tonic case the average gain band width product 
tends toward £. 

From the standpoint of amplitude response, 
which was considered exclusively, the oscillatory 
amplifier is superior to the monotonic one in 
every respect. 


Table II. 


m 

(2m*H)r e 
it *2 

9 

coo- 

2 




A-‘- 

Oand 4 

1 and 3 

2 

formula 

o • 

38 

m 

o o 

00 

1-x »o 

951 

588 

0 

(2-25) 

.794 

.490 

0 

(2-26) 

.387 

.242 

0 

(2-26) 

1.473 

1.274 

1 

(2-27) 

8.16 and 17.7 me 
9.42 and 15.3 me 
12 me 

•f 



Table III. 




m 

Mr 

t 

~(r) 




/»“•* 

land 4 

2 and 3 

36 s and 144° 

72* and 108* 

.809 

.309 

.675 

.258 

331 

.129 

1.392 

1.138 

8.64 and 16.7 me 
10.55 and 13.7 me 
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(P) EXAMPLE 


A stagger tuned I.F. amplifier is to be designed 
having a band width from 8 to 18 me, and having 
the maximum gain obtainable with 6AK5 tubes, 
with a gain variation of .1 Nepers within the 
pass band, with a power attenuation of at least 
30 db at 22 me and the corresponding lower fre¬ 
quency. An oscillatory response is desired. The 
given quantities are: 

do“.l Neper, the admissible gain variation. 
« 2d " = 1000, the required power attenuation. 

/z, = 18 me and 8 me, respectively, the upper 
and lower band limits. 

/o= (8.18)*=12 me, the geometric mean fre¬ 
quency, 

12 * 

/„. = 22 and —=6.55 me 
22 

the frequencies at which the power drops to the 
required level. To ft and /„ correspond detunings: 


, 3.09 

c/2<=--.309, 

10 

c/<».618, 

cosh (c/2t) = 1.048, 
sinh (c/2/) = .314, 
cosh (c/0-1.197. 

The resonance frequencies /o» and the Q» of the 
circuits have been calculated in Table 1. The 
result has been plotted on a logarithmic scale in 
Fig. 1. By addition of the 5 individual response 
curves the total amplifier response of Fig. 3 is 
obtained which shows the required oscillatory 
behavior. The location of minimum attenuation 
is shown in Table 11. 

The points of maximum attenuation can be 
calculated in an analogous way from: 

«m m “ = cos , m = 1, 2 ,3•••(/-1 ), (2-74) 


and 


«t = .83 
Cm = 1.284 


which correspond on the logarithmic scale to 
0i = .4O7 

and ** 

* A.-.607 

(see Fig. 3). Thus 

a«»—«»/«£ = 1.542 and cosh -1 a m =l. 

The/minimum number of stages (from (1-58) 
and (1-59)): 

2/jSA/cosh -1 a* 

cosh h»[«**•—(1 +d.)]/d# 

sioooo 


In order to obtain the prescribed response curve, 
at least 5 stages are required. Calculation of the 
hyperbolic expressions: 


c 


cosh -1 


——-cosh- 1 11-3.09, 

!<*•! 


which follows from inspection of Fig. 3 of Part I, 
(Table III). 

The corresponding maximum and minimum 
values of attenuation within the band turn out 
to be 5.46 and 5.54. The former checks with the 
loss in gain if calculated from Eq. (2-58). The 
difference of .08 checks with the admissible gain 
variation, as logio (1.1)*—.08. (All curves are 
power response curves.) The minimum attenu¬ 
ation of 30 db = 3 is reached within the pre¬ 
scribed frequency limit /3„= ±.607 with an 
attenuation of 8.57. 

Assuming a transconductance of g=5000 mhos 
and a minimum capacity of 12/u/uf for each stage, 
the theoretical maximum gain band width 
product is: 

9/tC— 133 me. 

The efficiency factor is calculated from Eq. 
(2-66) with 

P -‘y j ( 837 , x ss7 , x> 262)*-.73. 

The average gain band width product is thus: 

|<?*|BIF—133X.73—98.5 me. 

With a band width of 10 me the average gain 
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becomes 


CONCLUSION 


| Go |-98.5/10-9.85, 
and the total gain: 

| Go | —9.85 1 ** 92,400. 

This compares very favorably with an amplifier 
of monotonic response whose best efficiency 
factor is .5. This*gives a maximum gain for 5 
stages (with 10 me band width) of only 13 y 000. 


It has been shown that the stagger tuned am¬ 
plifier problem with oscillatory response can be 
exactly solved mathematically. The solution is 
obtained by the same means employed for the 
solution of the approximate case (with restricted 
band width), that is—by calculation of the roots 
of either a parabolic or a Tschebyscheff poly¬ 
nomial. 


The Numerical Solution of Laplace’s Equation in Composite Rectangu l ar Areas 

Max M. Frocht* 

Illinois Institute of Technology , Chicago , Illinois 
(Received January 29, 1946) 


An analytical method is developed which yields key 
values of a harmonic function U in rectangular figures in 
terms of certain simple combinations of known boundary 
values, which we call Laplacian perimeters and denote by 
P. From the key values all the remaining interior values 
can be directly and rapidly calculated. The basic ideas 
consist of the introduction of four elementary figures of 
variable lengths: 3(2+3), 3(3+3), 4(2+3), and 4(3+3), 
where 0$ 3^ 1, for which the key values are found alge¬ 
braically, Eqs. (9.1) to (9.8) inclusive, and of combining 
analytically these elementary cases to obtain continuous 
solutions for rectangles (3X*') and (4X»') for any 
number n' greater than 2. The general expression for anv 
key value (ft,)*><„' in a rectangle (mX*»') is 


(U t )»xn' « C 1 P 1 + C,P;+ - • • C.P.+ • • • Ckpk , 

in which Ci, Cr mm Ck are constant coefficients. Analytical 
relations are established between the coefficients for the 
last key value ut in a rectangle (mXn), where n is an 
integer, and the coefficients for the next key value #*+1 
in the rectangle w(n+3) or m(n+3+l). Specific values 
of the coefficients are presented in tabular form for rec¬ 
tangles (3X*') and (4X*»') with the aid of which all key 
values in such rectangles can be rapidly calculated. The 
tables also permit the calculation of any one interior key 
value by itself. A numerical example and further approxi¬ 
mate formulas are given, and applications to composite 
rectangular areas such as angles, channels, etc, are dis¬ 
cussed. 


1 . INTRODUCTION 


N UMERICAL or approximate solutions of 
Laplace’s equation 

*£W+a*CW-0 (1.1) 


are generally based on the fact that the value of 
the function U at an arbitrary point O of the 
region R to which the function U applies, Fig. 1, 
must satisfy approximately the general equationf 


(rt)- 


Um 


Ub 


or 


a(a+c) b(b +<f) 

u e u d 

- KUm + kbUh+k e He+ktfid, 


(a) 

(b) J 


( 1 . 2 ) 


in which « r , and u d are the values of the 

harmonic function U at four neighboring points, 
A, B, C, and D, respectively, with coordinates 
as shown in Fig. 1. Equation (1.2) will be referred 
to as the four-point influence equation, or more 
briefly the four-point equation. 

The procedure in numerical solutions generally 
consists of drawing a rectangular, equally spaced 
network distant h apart, and adjusting the 
values at each point of intersection of the net¬ 
work lines (network points) until they satisfy the 
four-point equation. When that is attained, an 
approximate or numerical solution is said to have 
been found. The distance h between the network 


* Professor of Mechanics. 

t For a derivation see references 1 and 3 in bibliography 
at end of paper. 
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Fig. 1. 


lines is called the lattice unit. The points A, B, 
C, and D may be located on the network lines, 
or on lines inclined 45° to them. In the first case 
we speak of normal neighbors, in the second case 
of diagonal neighbors. In the treatment which 
follows, both types are used. 

Most of the interior network points will have 
equally spaced neighbors. For such points (1.2) 
reduces to 

4«o = M.+«»+M f H-Mrf. (1.3) 

Equation (1.3) is generally called the Liebmann 
formula. 

Another case of special interest is the case in 
which a=>b, and c=*d, Fig. 1. For this case (1.2) 
reduces to 

c(u a +Ut) a(u,+Ud) 

«o~-1-—• (1.4) 

2 (o+c) 2(o+c) 

Assuming a <c and a/c « 8, this may be written as 

(#«+»&) 8(« a +«d) 

#.=-1-—i (1.5) 

2(8+1) 2(8+1) 

where 8 is a fraction less than unity, or 

M 0 ‘"/Cl(tt«+*4)+l£»(tte+l < d)i (1.6) 

where Ki and Kt are constant coefficients given 
by 

*»-l/2(8+l), ( a H<i7) 

j:,-i/2(j+i). (b)r*' ; 

When 6—c»<f, o<6, and a/6—8, we have 

«. te. ,«(».+*> (M) 

(1+8)* (1+8)* 2(1+8) 


The process of adjustment which makes the 
values of a harmonic function agree with the 
four-point influence equation at each network 
point may be called a process of harmonization. 
The most commonly used method for harmoniza¬ 
tion is that of iteration 1 in which, arbitrarily 
assumed or judiciously selected, initial values 
are successively improved until practical con¬ 
vergence is obtained. Another procedure which 
has proved effective is that of relaxation.* More 
recently harmonization in rectangular areas has 
been effected by a solution of a special system of 
difference equations.* 

The object of this paper is to develop an 
analytical process of harmonization, which yields 
key values of the harmonic function U in rec¬ 
tangular figures in terms of certain simple com¬ 
binations of the given boundary values. From 
the key values all, except two or three, of the 
remaining interior values can be calculated di¬ 
rectly by the simple Liebmann formula (1.3). 
For two or three points (1.8) may be required. 
The present treatment is believed to result in 
simple derivations, a relatively large scope, and 
a material reduction in the labor required to 
effect a solution. The method is directly appli¬ 
cable to composite rectangular figures, such as 
angles, channels, T-figures, Z-figures, etc. The 
proposed process has been used in numerical 
cases and found to be rapid and accurate. 

The rectangles treated have an arbitrary width 
m and length The width is always represented * 
by an integer. Specific solutions are obtained for 
rectangles (3X«') and (4X»') for all positive 
values of n' between 2 and 14. The results arc 
summarized in tables at the end of the paper. 
The tables are applicable to any value of » 
greater than 14. 

Key Values. Definition 

A set of interior values of U, so located in the 
region R to which the function U applies that, 
from these values, the values of U at all other 
network points can be calculated by the Lieb¬ 
mann or four-point formulas, applied either 
normally or diagonally, is defined as a set of key 
values. In a square (3X3), Fig. 2(b), any one 
of the four interior values u u «*, »», and «< is a 
key value for the whole region. Thus if «i be 
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known, u t can be found from the diagonal 
neighbors, and u t , u t from the normal neighbors. 

Similarly in a rectangle (4X3), Fig. 3(b), either 
Ui or m« is a key value for the whole region. Thus 
if Ui be known, u> and m» can be found from 
diagonal neighbors, and u t , u 4 , u, from normal 
neighbors. 

A similar condition exists in a (4X4) square, 
Fig. 5(b), in which u 1 , the value at the center of 
the square, defines the remaining eight interior 
values. In all three cases one key value is suf¬ 
ficient to obtain a complete numerical solution of 
Laplace’s equation. 

In rectangles (mXn), « = 3, 4, » an integer, 
the number of key points k is given by 

£*(«—2)/2, w-odd, 
ft —(»—1)/2, »-even. 

In rectangles (f»Xn'), n'>=«+4, 0^5^ 1, 

A—h/ 2, »-even, 

* — («—1)/2, »-odd. 

The key points are numbered 1, 2, 3- • -k and 
the corresponding key values are denoted by Ui, 
Mi, M|* • % Ui, respectively. 

An interior, or unknown, value will always be 
denoted by m, with a suitable subscript relating 
it to a given point. Known boundary values will 
be denoted by a, b, c- • •, etc. 


Upon solution, eliminating Ki and K% by (1.7), 
we have 

(8+74)Mi*4(ai+Oj)+4(4a*+Zi+ci+c»). (2.2) 

Putting 4 equal unity we obtain 

lSm-4 £«.+£«<• (2.3) 

<-i i-i 

Equation (2.3) gives the key value for a full 
(3X3) square. 


3 . KEY VALUES FOR INCOMPLETE AND FULL 
(3X4) RECTANGLES, FIG. 3 

(a) A rectangle 3(3+4), Fig. 3(a), will be 
spoken of as an incomplete (3X4) rectangle. 
Equations (1.3) and (1.6) give the key value Mi 
for this case. Thus 


4«i “Mi+Mt+di+di, 

4tt| = Mi+Oj+fti+Cj, 
M5 ss Ki(oi+6i)+K*(mi+Ci). 


(a) 

(b) 

(c) J 


(3.1) 


Solving, and eliminating Ki and K t , we obtain 


/15+134^ 
V 1+4 / 


«i ** (oi+6i+Ci+4di+4d*) 


+ 



(«a+4j+4ci). 


(3.2) 


2 . KEY VALUES FOR INCOMPLETE AND FULL 
(3X3) RECTANGLES, FIG. 2 

(a) A rectangle 3(2+4), in which 4 is a fraction 
less than unity, will be spoken of as an incom¬ 
plete (3X3) square, Fig. 2(a). 

In order to find the value Mi we use (1.6) and 
(1.3). Thus, 

Mi“Ki(oi+at)+Ki(a»+M*),(a)l .x 

4mi-Mi+Ci+c 1 +c i . (b)J^* 


Putting 4 equal unity, we obtain the key value 
for a full rectangle (3X4), Fig. 3(b). Thus 

14mi *» oi+Ot+2ci+4(di+dt) +5i+5j. (3.3) 

By putting 4 equal zero, changing the notation 
of the boundary values to agree with that of 
Fig. 2(b), and observing that when 4 becomes 
zero a*-&»**oi we obtain (2.3), i.e., the key 
value for a full (3 X 3) square. 



4 

4 






U, 





u t 






Fig. 3. 
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4. W VALUES FOR INCOMPLETE AND FULL 
(4X3) RECTANGLES, FIG. 4 

(a) A rectangle 4(2+3), Fig. 4(a), will be 
spoken of as an incomplete (4X3) rectangle. 



To find the key value «i we again use (1.6) and 
(1.3) and obtain the following three equations: 

Ui=Ki(di-\-dt)+K j(mi+m»), (a)l 
4tt*=«i+Oi+fti+Ci, (b) r(4.1) 

4«t=Mi+Oj+3i+ci. (c)j 

Upon solution we have 

/4+33\ 2 

^ 


+§(®i+°*+&i+M+ c i. (4-2) 

(b) Putting 5 equal to unity in (4.2) we obtain 

7«i ,= i(oi+fl*+fi»+&i)+2(di+dt)+fi- (4.3) 

This is the key value for a full (4X3) rectangle, 
Fig. 4(b), which agrees with (3.3) giving the key 
value for a full (3X4) rectangle at the same 
point. 

5. KEY VALUES FOR INCOMPLETE AND FULL 
(4X4) SQUARE, FIG. 5 

(a) A rectangle 4(3+3) will be spoken of as an 
incomplete (4X4) square, Fig. 5(a). There are 
three ways to obtain an expression for the key 
value «i. The simplest procedure is to express «i 
in terms of ut ,««, m«, and «i and then to express 
these quantities in terms of «i. Using (1.3) and 
(1.6) we obtain the following five expressions: 



4*l+U»+«*+«4+#», 

(a)l 


4«i-«i+Oi+c»+c*, 

(b) 


4»« — «l+0»+C*+C4, 

(c) • 


tts*2Ci(a4+c/0+^t(tti+^4). (e). 

Upon solution we have 


/7+53> 

« £( a l+08+6*+2Ci+C4) 


\ 1 +8 j 



1 


+"--(ai+cu+Ci'+Ci") 

(1+3) 

+——(c.+<4). (5.2) 
(1+3) 

(b) Putting 3 equal unity and observing that 
then Cj'=Ci"=Ci we obtain 

6«i=iEfl.+Ec. (5.3) 

»~i <-i 

This gives the key value for a full (4X4) 
square. 

(c) Equation (5.3) also yields the key value 
for a rectangle (4X3). Putting 3 equal zero, 
changing the notation of the boundary values to 



Fig. 5. 


agree with that of Fig. 4(b), and observing that 
when 3*0, Ci'=ai«di, and ci"-o«-d», we 
obtain (4.3) for a full (4X3) rectangle. 

6 . LAPLACIAN PERIMETERS 

In the further development of the method 
under consideration, extensive use is made of 
the key values for the basic figures treated in the 
preceding sections. By combining the results for 
the elementary rectangles, solutions are built up 
for longer rectangles. It is therefore convenient 
to simplify the forms of the expressions of the 
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key values already derived. Specifically we shall 
writs each key value in the form 


or, 


au—P+u', 

cM^P+u'+u", 



3. Incomplete (3X4) rectangle, Fig. 3(a), 
P" *■ oi+f i+4(di +d») 


+ 



(ot+fcj+tei). 


(7.3) 


.n which a is a constant, P is a quantity deter¬ 
mined by the known boundary values, and u', u, 
are consecutive key values. The quantity P 
n (6.1) will, for lack of a better term, be referred 
to as a Laplacian perimeter or more briefly 
perimeter. Since we have eight basic rectangles, 
ive shall need eight Laplacian perimeters: four 
for the incomplete rectangles and four for the 
Full figures. We shall denote these perimeters by 
the generic symbols p and P, for the incomplete 
ind full rectangles, respectively. As already 
stated, these perimeters are to contain only 
known boundary values. It will be seen later 
that, in each configuration, one or at the most 
two, boundary values will be characteristically 
missing in comparison with the full expression 
for the key value. Thus, incomplete and full 
(3X3) squares will always be used in such a 
manner that c x will be unknown, and in the 
full (3X4) rectangle both b x and b» or at least 
bi, will be unknown. In the definitions of the 
eight Laplacian perimeters that follow, we are 
guided entirely by such considerations. 


7. DEFINITIONS OF LAPLACIAN PERIMETERS 

Notation: The notation P mX „ or (P)mx» denotes 
a Laplacian perimeter in a rectangle (mXn). 


Full rectangles—/* 
PfX* — P . 
Ptxi-P", 
P*xr~P’, 
P*x* — P, 


Incomplete rectangles —p 

P*xi—V . 

P*x* P"t 
P<xt~P\ 

P*X* - P- 


Definitions: 

1. Incomplete (3X3) square, Fig. 2(a), 


4# 


P 


4 

“-(oi+oO +4o*+Ci+C|. 

5 


(7.1) 


2. Full (3X3) square, Fig. 2(b), 

/***4 2E flt+ci+c*. (7.2) 


4. Full (3X4) rectangle, Fig. 3(b), 
P"«(ai+a,+2ci)+4(d,-M*)+known b’ s. (7.4) 

5. Incomplete (4X3) rectangle, Fig. 4(a), 

2 

P' m i(oi+a*+6i+6*)H—(di+d*). (7.5) 

5 

6 . Full (4X3) rectangle, Fig. 4(b), 

•F , “i(tti"bo*4-&i+i*)+2(di+dj). (7.6) 

7. incomplete (4X4) square, Fig. 5(a), 

P - i(a*+o»+c*+c«) 

( 1 \ {(Cj-j-Ci) 

-)(o I +o«+ci'+c/')H-. (7.7) 

1 + 5/ 1+5 

8 . Full (4X4) square, Fig. 5(b), 

4 

P-\H a.+H known c’s. (7.8) 


8 . RELATION BETWEEN P mxn AND P mxm ' 

(a) In all figures treated in this paper there 
are as many Laplacian perimeters as there are 
key points, or key values. 

(b) The numeral subscript in the perimeter 
refers to the key point of the same number. 
Thus P, refers to key point (i) of a key value 

(c) The notation (P,)»x« denotes a perimeter 
at a point (*) in a rectangle (mXn). 

(d) When the length of a rectangular figure is 
increased by X, only the last perimeter P* in the 
rectangle (4X») changes. In rectangles (3X») 
and (4 X«) the relation between the old and 
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(£>) M 

Fig. 7. 

new perimeters is 

(Pk)mXn* sa (Pk)mXn' + tlk+ 1, (8.1) 

k referring to the figure (wXn). 

Consider for concreteness the rectangle (4 X10) , 
Fig. 6. In the last square having its center at 
point (4), the Laplacian perimeter (^ 4 ) 4 x 10 is by 
definition, (7.8), 

4 

(P^ixio^i £ n»+Ci+ci+C4. 

4-1 

since is unknown. If the length n«t0 is 

increased by X 

4 

(P4)4(10+A) ** h YL Qn+Ct+Ci, 

4-1 


9 /BASIC KEY VALUES IN TERMS OF P AND p 


1. Incomplete (3X3) square, Fig. 2(a). Eq. 

(2.2) becomes 


Bux^p+cu 
a-(8+7 6)/i. 



2. Full (3X3) square, Fig. 2(b). Eq. (2.3) 
becomes 

lSui**P+a. (9.2) 


3. Incomplete (3X4) rectangle, Fig. 3(a). Eq. 

(3.2) becomes 


«"*1 »/>" + &!, 
a"-(lS + 13«)/(l+4). 



4. Full (3X4) rectangle, Fig. 3(b). Eq. (3.3) 
becomes 

14«i = P" + £ unknown b' s. (9.4) 


5. Incomplete (4X3) rectangle, Fig. 4(a). Eq. 

(4.2) liecomes 


c!u=p f +c u 
a'«(4+35)/6. 



6. Full (4X3) rectangle, Fig. 4(b). Eq. (4.3) 
becomes 

7ni = P , +ri. (9.6) 


7. Incomplete (4X4) square, Fig. 5(a). Eq. 

(5.2) becomes 


*Ui**p+Ci, (a) 

a-(7+56)/(l + 3). (b) 


(9.7) 


8. Full (4X4) square, Fig. 5(b). Eq. (5.3) 
becomes 


since now both C\=*u% 9 as well as c a «W8, are 
unknown, so that 

(^4)4X10 * (Pl^UO+A) + #*• 

We note, however, that Pi, Pi, and Pi remain 
unchanged, or in general 

(P*)mx* * (P*)«*x«'» fur i<k, (8.2) 



Fig. 8. 


6ui * P+L unknown c 9 s. (9.8) 

10. GENERAL METHOD 

By combining the solutions for the values of 
U for the basic cases it is now possible to obtain 
continuous solutions for the key values in rec¬ 
tangles (m Xn'), where n ' is any positive number 
greater than 2 and w*3, 4. 

The general method rests on the following 
simple proposition: If a solution for the last key 
value Uk is available for a rectangle (mX»), n 
any positive integer, it is possible to extend this 
solution to 14 *+1 in rectangles tn (#+$), or 
w(n+1+3). The range of < is 0^5^ 1. As a 
matter of convenience it is best to start with n 
equal to an even positive integer. 
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Any rectangle (mX»') may be viewed as a 
rectangle ( mXn ), n the nearest even integer, 
overlapped by an incomplete (mX3) or (mX4). 
Thus, a rectangle 4(6+3) may be looked upon 
as a (4X6) overlapped by an incomplete (4X3), 
and a rectangle 4(7+3) may similarly be viewed 
as a (4X6) overlapped by an incomplete (4X4), 
Figs. 7 and 8. Now, in the rectangle (mX«) the 
last key value «* may be written as 

—CiPi+CjPj+ • • ‘CkPk (10.1) 

in which the C’a are constant coefficients and the 
P’s are perimeters for the rectangle (mXn). 
Remembering the relation between P m x» and 
P*x.', (8.1, 8.2) we have 

#*— CiPi+CsP*+ ■ • • C*P*+C*«*+i, (10.2) 

in which the C’s are the same as (10.1) but the 
P’s now refer to the rectangle (mXn'). Also 
from the incomplete rectangles (mX3) or (mX4), 
Section 9, we have 

ctUk+1-pt+i+Uk. (10.3) 

Solving (10.2) and (10.3) we obtain 

«*+i - («- C*)-‘(CiPi+ CiP t + • • • C*P») 

+(o— Ck)~ l pt+\. (10.4) 

We thus have a general relation between the 
coefficients for the last key value in the 
rectangle (mX») and the coefficients for the 
next key value «*+i in the rectangle m(n+3), or 
m(»+l+3). Specifically 

C*+i — (a—C*) -1 , (a) 

and for all other coefficients -(10.5) 

(C.U-W.x.Ca-Q- 1 . (b). 

In using these formulas, it must be remembered 
that there are four a’s, which depend on whether 
*»—3 or *»«-4, and on whether n’ differs from 
» by less than unity or by more than unity. 
Thus, for rectangles 4(»+l+3) and 4(»+3) we 
UQ&st and a', respectively, which are given by 
(9.76) and (9.5b). Similarly for rectangles 
3(*+l+l) and 3(»+3) we use a"and 31, respec¬ 
tively, given by (9.3b) and (9.1b). 

Hie determination of #*+i reduces the rec¬ 
tangle (mXn') to that of a rectangle (mX«) for 
which a solution for all key values is assumed 
to be known. 
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Hence, starting with the expressions for the 
key value «i in a (4X4) square, (9.8), one can 
successively write down the formulas for the 
last key values in all subsequent rectangles 
(4Xn')< Similarly, starting with the expression 
for #i in the rectangle (3X4), (9.4), we can 
write the formulas for all rectangles (3X»'). 

11. SUCCESSIVE FACTORS («-C*)" 1 
For brevity we simplify our notation and write 


(«-C*)r* = F,, (11.1) 

and 

(P, C, a)»(»+i)=»(P, C, a)»+j. (11.2) 

We then have 

P4 +i -(C,)4 + i = [«* + .-(C 1 )4]-', (11.3) 

Pw-(C,)w*C«* + «-(Ci)4]- 1 , (11.4) 

F«+4 = (C|) «+| — [a 2+4 — (C*) »] _1 


= (« i+ 4 -P.)->, (11.5) 

P 7+4 = (C|)7+| — [«i+4 — (C*),]-» 

= (at+i — P«) -1 . (11.6) 

P«+4 * (C|)|+4 “ [«l+4 — (Cl)!] -1 

= («^4 -P,)-». (11.7) 

In general, for n an even integer 

P»+4 ™ («*+» ~ P») -1 , ( a ) 1 

Hll.8) 

P»+l+4 = (<*1+4 — P«)“ l . (b) I 

For example, to find Fiu+d we write 

P4(l+4) “ (<*4(S+4) — PlX*) -1 

“ [<*4(3+4) —(C04X4] -1 . (11.3) 

Substituting 

04 ( 3 + 4 )-(7+53)/(l+3), (9.7b) 

and 

L (Ci) 4x4—(9.8) 

wc have 

P4(3+4> — (41 +293)/(1+3)6. (11.9) 

We can now write down the expression for 
(*Ti) 4 (i+ 4 ). Thus by (10.4) 

(W|) 4(3+4) — P4(3+3) (Cl) 4 X 4 P1+P4(3+oFl. (11.10) 

Calculating several values of P it is found 
that these factors converge rapidly, and that 
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Table I. 


Ci 


c. 


Cm 


Ci 


Ci 


C» 


4+5 

5+5 

6+5 

7+5 

8+5 

9+5 

10+5 

11+5 

12+5 

13+5 

14+5 

15+5 


(Ci) 4 F 4 +a 

(CmFg+i 
( Ci)iF$Fi +j 

(Ci) 4 FgFgF*+i 

COiFgFgFt+i 

Ci)«F|F*FioFi«4i 

CihFfFiFfoFn+i 

(CiJiFiFgFifFuFn+i 

vCiJgFiFgFioFiiFii+a 

(COiFiFgFioFiiFuFii+a 

(CiJiFiFiFioFitFiiFn+a 


F 4+ i 

pi 

F#Fr+i 

f.f»f i+4 

F|FiF#+i 
F iFiFjaFii+i 
FiFgFioFu^i 
FiFgFioFnFit+i 
F#FgFioFtiFii4i 


F#+i 

^•Fg+i 

FgFioFio+a 

FgFi»Fii+i 

FgFiaFitFii+a 

FgFioFitFu+i 


Fg+i 

Fi+i 

FioFio+i 

FigFu+i 

FioFitFif+i 

F 10 F 11 F 11 + 


C«CsC.ioriirii4i / f grio/ f it/ f it44 /‘lo/'iif'ii+a 

F|FgFioFiiFi 4 Fi4+a FgFioFnFi 4 Fi 4 +i FioFhFi 4 Fi 


— -.. — —.. i4^i FmFhFh+i FuFu+a Fi 4 +* 

FiFgFioFiiFuFu+i FgFioFuFuFig+i FioFuFt 4 Fu+4 FuFuFu+i FnFu+a Fu+i 


Fio+a 

/?$.+* 

FitFit+4 

FuFiiFi 


Fi*+i 

ri 4 rt 


they become essentially constant at n — 

6 when 

we have 


4, and at n =4 when m = 3. Thus, 
decimal places, 

to five 

(Cl)4+a s * (Cl) 4 F 4 +4, 

(a)' 

Ft 4 (n+i) “ F 4 ( 744)9 nodd; (a)' 


(Ci)m = (Ci) 4F w , 

(b) 

► 

Ft 4(n+t) = F,(*+ 1 ), n even; (b) 

•(11.11) 

(Ci)e+a = (COeFe+i * (Ci^FeFe+i, 

(c) 

Fnn+i) = F|(j+»), n odd; (c) 

(Ci) 7+ . = (Ci)6F 7+4 = (Ci) 4F 6 F 7+ 4, etc. 

(d). 

Fi(n+n m Fi(t+n, neven. (d). 


Similarly, 


It is easy to verify (11.11) for integral values of 

(Ci) 4+ a = F 4 +a, 

(a) 

n, i.e., 5 = 0. For example 


(C 2 )5+4 = F5+I, 

(b) 

F4xi*"~ F*4x7 = .0000031, 


(C a )4+4 = (C,) fl Fe+4 = F 6 F 6 +,, 

(c) 

F4xi e ~ F 4 X 8 ** .0000042, 


(Ci) 7 +i = (Ci)«F 7 +4 = FaFV+j, etc. 

(d). 


( 12 . 1 ) 


Ftx\i~ Fiy*— . 00000165 , 

Fix 1 ® — Ftyt = . 00000189 . 

But by (11.8) for n an even or odd integer 


( 12 . 2 ) 


A summary of all coefficients for the last key 
value in rectangle ( mXn' ), m<=3, 4, 4^n^l6 
is given in Table I. Hereafter the last key value 
will be denoted by «* in all rectangles. 


Fn+i+t — Fn+l** (« — F*+i) l — (a — F n ) l . 

Since the a’s are the same, and for integral values 
of n, Fn+j—F,, for n>6, m=4, and n>4, m = 3 
it follows that the relations given in (11.11) are 
correct to five decimal places. 


13. GENERAL RELATIONS BETWEEN THE 
COEFFICIENTS IN TABLE I 

Inspection of Table I shows three important 
relations between the coefficients for the last 
key value. 

(a) For any fixed value n' 


12. TABLE OF MASTER COEFFICIENTS FOR THE 
LAST KEY VALUE u*+. 

From (10.5) it is possible to write down all 
coefficients from Ci to Ck+i for the last key value 
in all rectangles (»X#')- Thus using the abridged 
notation from the preceding section and the 
general relation 

(C,)»'»(C<)»F»«, (10.5b) 
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(Ci)*' m (Ci)iFtFiFu’ • • F n >; Ci= Ci/(Ci)t ; 

C,=C,/F.; Ct*=Ct/Ft; (13 .i) 

Ci m C(-i/Fu\ Ck m F n ’. 

(b) The last four coefficients C*, C*_x, C*_*, 
Ck-t become constant for all even values of n, 
and for all odd values of #, at 12. Thus in 
rectangles m(n+t) for n even, 

737 





14. MAIN TABLES AND THEIR USB 

From the expressions given in Table I, and 
the simplifications for F made in Section 11, it 
is possible to calculate the coefficients C\, Cv • • C* 
for the 1st key value in a rectangle of arbitrary 
length Such calculations were made for 
m(n+S), tn»3, 4; «*»2, 3, 4, 5, 6-• * 13, and 
4«.l, .2, .3- • >.8, .9, 1.0. The results are given 
in Tables II and III. 

These tables are sufficient to determine all key 4 
values in rectangles (mXn r ), for values of »' * 
between 2 and infinity. The procedure is 
follows. 

First we calculate the last key value U* using 
the appropriate coefficients in the tables. We 
can then treat the rectangle as if it were shorter 
and its length » was an even integer. Next we 
find »*_i and then view the rectangle as if it 
were further shortened by 2 units. We thus can 
find m*_ 2 , «*_j, etc. and continue the process 
until all key values are found. 

It should be observed that in calculating «*_i 
the last perimeter Pk-i must be modified by the 
addition of u*. In general, in calculating u, we 
add w»+i to P„ Thus 

u, =* CiPi+CtPt+ • • • C,(P,+w,+j). (14.1) 


Table II. 3(»+«). 


»* 

M 

1 


.1 

2 

j 

.4 

.5 

6 

7 

ft 

.9 

1.0 

Mt 

2 

Ci 

.01149 

.02128 

.02970 

.03704 

.04348 

.04918 

.05426™ 

~!o5882~ 

.06294 

.06667 

Ml 

3 

Cl 

.06748 

.06818 

.06878 

.06931 

.06977 

.07018 

.07054 

.07087 

.07116 

.07143 


4 

Cl 

.00082 

.00152 

.00213 

.00265 

.00312 

.00353 

.00389 

.00422 

.00452 

.00478 



c, 

.01150 

.02131 

.02977 

.03714 

.04361 

.04935 

.05447 

.05907 

.06322 

.06699 

MS 

5 

Ci 

.00484 

.00490 

.00494 

.00498 

.00501 

.00504 

.00506 

.00509 

.00511 

.00513 



c, 

.06781 

.06852 

.06912 

.06965 

.07012 

.07053 

.07090 

.07123 

.07152 

.07179 

Ml 

6 

Ci 

.00006 

.00011 

.00015 

.00019 

.00022 

.00025 

.00028 

.00030 

.00032 

.00034 



c, 

.00083 

.00153 

.00214 

.00267 

.00313 

.00354 

.00391 

.00424 

.00454 

.00481 



Ci 

.01150 

.02131 

.02977 

.03714 

.04361 

.04935 

.05448 

.05907 

.06322 

.06699 

M| 

7 

Cl 

.00035 

.00035 

.00035 

.00036 

.00036 

.00036 

.00036 

.00037 

.00037 

.00037 



Cs 

.00487 

.00492 

.00496 

.00500 

.00503 

.00506 

.00509 

.00511 

.00514 

.00515 



Ci 

.06781 

.06852 

.06912 

.06965 

.07012 

.07053 

.07090 

.07123 

.07153 

.07180 

M4 


Ci 

.00000 

.00001 

.00001 

.00001 

.00002 

.00002 

.00002 

.00002 

.00002 

.00002 



c, 

.00006 

.00011 

.00015 

.00019 

.00022 

.00025 

.00028 

.00030 

.00033 

.00035 



Cl 

.00083 

.00153 

.00214 

.00267 

.00313 

.00354 

.00391 

.00424 

.00454 

.00481 



Cl 

.01150 

.02131 

.02977 

.03714 

.04361 

.04935 

.05448 

.05907 

.06322 

.06699 

Ml 

9 

Ci 

.00002 

.00003 

.00003 

.00003 

.00003 

.00003 

.00003 

.00003 

.00003 

.00003 



Ci 

.00035 

.00035 

.00035 

.00036 

.00036 

.00036 

.00036 

.00037 

.00037 

.00037 



Ci 

.00487 

.00492 

.00496 

.00500 

.00503 

.00506 

.00509 

.00511 

.00514 

.00515 



Ci 

.06781 

.06852 

.06912 

.06965 

.07012 

.07053 

.07090 

.07123 

.07153 

.07180 


Ci® F.+, [ Ci—\ ** F%F*±4 i 

44 (13.2) 

Ck~ i"* F*-tF,F»4i, Cl-i* F n -iF n -tF„Fn+*. 

For n odd, 

Ci " Fn+t ; Ci -1 >■ Fn-iF n +i; 
Ck-i m F n -iF»-iF»+ti (13.3) 

Ck-l * Fn-lFn-lFn-lFn+i‘ 

Introducing the approximations of (11.1) we 
have for n even, 

Ci-i * FiF ^; 

Ci-i =■ Fj’Fg+i; C*_j** FffFt+i. 

For » odd, 

C* “ F7+1: C/t_i *» FiFj+i ; 

Ck-t » W 7+ ,; C*_> * F»*F 7 +|. 

(c) For » greater than six, assuming Fj-Fio 
■ Fu, etc. 

(C,).. w -(C^FW (13.6) 


(13.4) 


(13.5) 
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Table III. 4y»+j). 


u 

n 

l 

l- 

.1 

.2 

.3 

4 

Ml 

2 

c , 

.02326 

.04348 

.06122 

.07692 

Mi 

3 

Cl 

.14667 

.15000 

.15294 

.15556 

Ms 

4 

Cl 

.00389 

.00730 

.01031 

.01299 



C\ 

.02335 

.04380 

.06186 

.07792 

Ms 

S 

c » 

.02506 

.02564 

.02616 

.02662 



c , 

.15034 

.15385 

.15694 

.15970 

Ml 

6 

c , 

.00067 

.00125 

.00177 

.00223 



Ci 

.00400 

.00751 

.01061 

.01336 


> 

c. 

.02335 

.04380 

.06187 

.07795 

M| 

1 

taAt 

.00430 

.00440 

.00449 

.00457 




.02579 

. 0263 ? 

.02692 

.02740 




.15045 

.15396 

.15706 

.15982 

Ui 

8 

Ci 

.00011 

.00021 

.00030 

.00038 



c. 

.00069 

.00129 

.00182 

00229 



Ci 

.00401 

.00752 

.01062 

.01337 



Ci 

.02335 

.04381 

.06187 

.07795 

Ms 

9 

Cl 

.00074 

.00075 

.00077 

.00078 



Cl 

.00443 

.00453 

.00462 

.00470 



Cl 

.02581 

.02642 

.02695 

.02742 



Cl 

.15045 

.15396 

.15706 

.15982 

M» 

10 

Ci 

.00002 

.00004 

.00005 

.00007 



Ci 

.00012 

.00022 

.00031 

.00039 



Cl 

.00069 

.00129 

.00182 

.00229 



Cl 

.00401 

.00752 

.01062 

.01337 



Cl 

.02335 

.04381 

.06187 

.07795 

Ms 

11 

Ci 

.00013 

.00013 

.00013 

.00013 



Cl 

.00076 

.00078 

.00079 

.00081 



Ci 

.00443 

.00453 

.00462 

.00470 



Cl 

.02581 

.02642 

.02695 

.02742 



Cl 

.15045 

.15396 

.15706 

.15982 

M« 

12 

Cl 

.00000 

.00001 

.00001 

.00001 



Ci 

.00002 

.00004 

.00005 

.00007 



Ci 

.00012 

.00022 

.00031 

.00039 



Cl 

.00069 

.00129 

.00182 

.00229 



Cl 

.00401 

.00752 

.01062 

.01337 



c. 

.02335 

.04381 

.06187 

.07795 

Ms 

13 

c, 

.00002 

.00002 

.00002 

.00002 



Cl 

.00013 

.00013 

.00013 

.00014 



Cl 

.00076 

.00078 

.00079 

.00081 



Cl 

.00443 

.00453 

.00462 

.00470 



Cl 

.02581 

.02642 

.02695 

.02742 



Cl 

.15045 

.15396 

.15706 

.15982 


A 

.6 

.7 

.8 

.9 

1.0 

.09091 

.10345 

.11475 

.12500 

.13433 

.14286 

.15789 

.16000 

.16190 

.16364 

.16522 

.16667 

.01538 

.01754 

.01950 

.02128 

.02290 

.02439 

.09231 

.10526 

.11699 

.12766 

.13740 

.14634 

.02703 

.02740 

.02773 

.02804 

.02832 

.02857 

.16216 

.16438 

.16639 

.16822 

.16990 

.17143 

.00264 

.00301 

.00334 

.00365 

.00393 

.00418 

.01583 

.01805 

.02007 

.02190 

.02357 

.02510 

.09235 

.10532 

.11706 

.12774 

.13749 

.14644 

.00464 

.00470 

.00476 

.00481 

.00486 

.00490 

.02782 

.02820 

.02855 

.02886 

.02915 

.02941 

.16229 

.16451 

.16653 

.16836 

.17003 

.17157 

.00045 

.00052 

.00057 

.00063 

.00067 

00072 

.00272 

.00310 

.00344 

.00376 

.00404 

.00431 

.01584 

.01807 

.02008 

.02192 

.02359 

.02513 

.09235 

.10532 

.11706 

.12774 

.13750 

.14645 

.00080 

.00081 

.00082 

.00083 

.00083 

.00084 

.00477 

.00484 

.00490 

.00495 

.00500 

.00505 

.02784 

.02823 

.02857 

.02889 

.02917 

.02944 

.16229 

.16452 

.16653 

.16836 

.17004 

.17157 

.00008 

.00009 

.00010 

.00011 

.00012 

.00012 

.00047 

.00053 

.00059 

.00064 

.00069 

.00074 

.00272 

.00310 

.00345 

.00376 

.00405 

.00431 

.01584 

.01807 

.02008 

.02192 

.02359 

.02513 

.09235 

.10532 

.11706 

.12774 

.13750 

.14645 

.00014 

.00014 

.00014 

.00014 

.00014 

.00014 

.00082 

.00083 

.00084 

.00085 

.00086 

.00087 

.00478 

.00484 

.00490 

.00496 

.00501 

.00505 

.02784 

.02823 

.02857 

.02889 

.02917 

.02944 

.16229 

.16452 

.16653 

.16836 

.17004 

.17157 

.00001 

.00002 

.00002 

.00002 

.00002 

.00002 

.00008 

.00009 

.00010 

.00011 

.00012 

.00013 

.00047 

.00053 

.00059 

.00065 

.00069 

.00074 

.00272 

.00310 

.00345 

.00376 

.00405 

.00431 

.01584 

.01807 

.02008 

.02192 

.02359 

.02513 

.09235 

.10532 

.11706 

.12774 

.13750 

.14645 

.00002 

.00002 

.00002 

.00002 

•00002 

.00002 

.00014 

.00014 

.00014 

.00015 

.00015 

.00015 

.00082 

.00083 

.00084 

.00085 

.00086 

.00087 

.00478 

.00484 

.00490 

.00496 

.00501 

.00505 

.02784 

.02823 

.02857 

.02889 

.02917 

.02944 

.16229 

.16452 

.16653 

.16836 

.17004 

.17157 


Inspection of Tables II and HI shows that 
the coefficients for u* rapidly approach con¬ 
vergence. In rectangles (3X»'), Table II, con¬ 
vergence is reached at 9. For values of n 
greater than 9, C», Ch~u C*_i, C*_* are the same 
as C«, C«, Ct, and Ci, respectively, at »-9 or 
«■»8 depending on whether » is odd or even. 

In rectangles (4X»0 convergence is reached 
at The coefficients for values of i other 


than those given in Tables II and III can be 
found by interpolation. 

15 . AUXILIARY TABLES 

It is sometimes desirable to be able to find 
directly a value of #<+#* without having to find 
first Uk, Uk-v * •*<+!. This is especially useful in 
very long rectangles. This can be done by means 
of Tables IV and V, which give the coefficients 
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for any «< +«* independent of all other key 
values. Tables IV and V are for regular rec¬ 
tangles, with integral lengths. If the length is not 
an integer it is necessary first to find 

Another advantage of Tables IV and V lies 
in the fact that all key values are given in terms 
of the one set of P’s calculated for the rectangle 
(i mXn ), and no modification of these are needed. 

Inspection of Tables IV and V shows that 
when n equals 14 the coefficients have become 
stabilized and that these coefficients may be 
used for all subsequent values of n. Specifically, 
for any integral value of n greater than 14. 

(a) The coefficients of Ui, «*, and u% are the 
same as of Ui, u%, and u% for n —14. 

(b) For » even, the coefficients Cu-u C*_*, etc. 
of tt*_i and Ui,-t are the same as of and ««, 
respectively, at » — 14. For n odd, the corre¬ 


sponding coefficients are the same as of u§ and 
1 * 4 , respectively, at »»13. 

(c) The coefficients of »„ (3 <i<k— 2), are 
constant, and essentially the same as for n« in 
»«14. Thus, to four decimal places, n odd or 
even, 


(mW- .0722P,-h0052(P_i+PH-t) 

+.0004(P^,+P^), (a) 


(«.)«. - .1768P,+.0303(P,_i+Pm-i) 
+.0052(P^,+P. +1 ) 


K15.1) 


+.0009(P,_i+P»+j), (b)J 


* 

since the last perimeter in (15.1) is P,±a it 
follows that u t is affected by a relatively small 
length of immediately adjacent boundaries. If 
we limit the accuracy of the coefficient to four 


Table IV. ( 3 X»). Table V. ( 4 X»). 


n 

w 

Cl 

C* 

Ca 

wm 

Cl 

c% 

n 

u 

Cl 

Ct 

B 

Ci 

Ci 

Ce 

5 

Ui 

.07177 

.00478 





5 

U\ 

.17073 

.02439 





6 

Ut 

.07179 

.00513 





6 

Ui 

.17143 

.02857 





7 

U\ 

.07180 

.00515 

.00034 




7 

Ui 

.17155 

.02929 

.00418 





Ut 

.00515 

.07214 

.00481 





Ui 

.02029 

.17573 

.02510 




8 

Ui 

.07180 

.00515 

.00037 




8 

Ui 

.17157 

.02941 

.00490 





Ut 

.00515 

.07216 

.00515 





Ui 

.02941 

.17647 

.02941 




9 

Ui 

.07180 

.00515 

.00037 

.00002 



9 

Ui 

.17157 

.02943 

.00503 

.00072 




Ut 

.00515 

.07217 

.00518 

.00035 




Ui 

.02943 

.17660 

.03015 

.00431 




Ut 

.00037 

.00518 

.07214 

.00481 




Ui 

.00503 

.03015 

.17588 

.02513 



10 

Ui 

.07180 

.00515 

.00037 

.00003 



10 

Ui 

.17157 

.02944 

.00505 

.00084 




Ut 

.00515 

.07217 

.00518 

.00037 




Ut 

.02944 

.17662 

.03028 

.00505 




Ut 

.00037 

.00518 

.07217 

.00515 




u f 

.00505 

.03028 

.17662 

.02944 



11 

Ui 

.07180 

.00515 

.00037 

.00003 

.00000 


11 

Ui 

.17157 

.02944 

.00505 

.00086 

.00012 



Ut 

.00515 

.07217 

.00518 

.00037 

.00002 



Ut 

.02944 

.17662 

.03030 

.00517 

.00074 



Ut 

.00037 

.00518 

.07217 

.00518 

.00035 



Ui 

.00505 

.03030 

.17675 

.03018 

.00431 



Ui 

.00003 

.00037 

.00518 

.07214 

.00481 



Ui 

.00086 

.00517 

.03018 

.17588 

.02513 


12 

Ui 

.07180 

.00515 

.00037 

.00003 

.00000 


12 

Ui 

.17157 

.02944 

.00505 

.00087 

.00014 



Ut 

.00515 

.07217 

.00518 

.00037 

.00003 



Ut 

.02944 

.17662 

.03030 

.00519 

.00087 



Ut 

.00037 

.00518 

.07217 

.00518 

.00037 



Ui 

.00505 

.03030 

.17677 

.03030 

.00505 



Ui 

.00003 

.00037 

.00518 

.07217 

.00515 



Ui 

.00087 

.00519 

.03030 

.17662 

.02944 


13 

Ui 

.07180 

.00515 

.00037 

.00003 

.00000 

.00000 

13 

Ui 

.17157 

.02944 

.00505 

.00087 

.00015 

.00002 


s 1 

.00515 

.07217 

.00518 

.00037 

.00003 

.00000 


Ut 

.02944 

.17662 

.03030 

.00519 

.00089 

.00013 


« 

.00037 

.00518 

.07217 

.00518 

.00037 

.00002 


Ut 

.00505 

.03030 

.17677 

.03032 

.00518 

.00074 


Ui 

.00003 

.00037 

.00518 

.07217 

.00518 

.00035 


Ui 

.00087 

.00520 

.03032 

.17675 

.03018 

.00431 


Ut 

.00000 

.00003 

.00037 

.00518 

.07214 

.00481 


Ut 

.00015 

.00089 

.00518 

.03018 

.17589 

.02513 

14 

Ui 

.07180 

.00515 

.00037 

.00003 

.00000 

.00000 

14 

Ui 

.17157 

.02944 

.00505 

.00087 

.00015 

.00002 


Ut 

.00515 

.07217 

.00518 

.00037 

.00003 

.00000 


Ut 

.02944 

.17662 

.03030 

.00520 

.00089 

.00015 


Ut 

.00037 

.00518 

.07217 

.00518 

.00037 

.00003 


Ui 

.00505 

.03030 

.17677 

.03033 

.00520 

.00087 



.00003 

.00037 

.00518 

.07217 

.00518 

.00037 


Ui 

.00087 

.00520 

.03033 

.17677 

.03030 

.00505 


Ut 

.00000 

.00003 

.00037 

.00518 

.07217 

.00515 


Ut 

.00015 

.00089 

.00520 

.03030 

.17662 

.02944 
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decimal places it is seen that in rectangles 
(4Xn) the length of the influencing boundary 
does not extend beyond six lattice units measured 
from point («) in either direction. In rectangles 
(3 Xn) the corresponding length is only four 
lattice units. These facts are useful in approxi¬ 
mate solutions. 

16. NUMERICAL EXAMPLE 

Given a rectangle 4X8.5 with boundary values 
as shown in Fig. 9. Required to find all key 
values. Solution: 

(a) We begin by calculating Pi, Pt, P», and />«. 
The necessary Eqs. are (7.8) and (7.6). Thus 

Pi = .5(4.28+3.69+2.08+3.69) 

+3.95+3.00+3.00= 16.82, 
P,=.5(4.60+3.95+3.00+4.22) 

+4.28+3.69=15.86, 
P,=.5(4.91+4.28+3.69+4.64) 

+4.60+4.22 = 17.58, 
pi =.5(4.60+4.22 +4.91 +4.64) 

+4(4.87+4.81) = 47.91. 

We next find «* = »«. From Table III we have 



-—m —■ 
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Fig . 10 . 


«<=.00045P,+.00272P1+.01584P, 

+.09235^4=4.754. 

We now view the rectangle as a (4X8) and find 
m*. Thus 

= ,00490Pj+.02941P* 

+.17157(P,+« 4 )=4.381. 

Considering the remaining figure as a (4X6) we 
have 

«»=.02857Pi+.17143 (P»+#») = 3.950. 
Lastly 

Hi =. 16667 (Pi+«,) = 3.462. 

(b) Alternate procedure for «i and u t . After 
finding « 4 and u%, we take coefficients from 
Table IV and write 



tt* = .02941P,+.17647P, 

+.02941(P,+«a)» 3.939, 
« 1 = .17155Pi+.02941P, 

+.00490(P,+«i)=3.460. 

The exact values of Ut, «*,#», and «j are 4.7536, 
4.3820, 3.9512, 3.4657, which differ but slightly 
from those given by our method. From the key 
values all remaining values can be calculated by 
the Liebmann formula. 

17. COMPOSITE RECTANGULAR AREAS 

(a) Angles. The proposed method and tables 
are applicable to composite rectangular areas. 
Consider the angle of Fig. 10. This configuration 
may be viewed as the composite of two rec¬ 
tangles (mX») and («X«i). The key values 
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**i, Uf • ‘Uh in rectangle (mXn) could be found 
by means of the coefficients in the tables if u» 
were known. Similarly u%, «*'• • •«*' in the rec¬ 
tangle (mXfti) could be calculated if w» were 
known. The necessary key values and uj can 
be found from the following two equations: 



«* - CxiPx+uJ) + CxiPx+Sux') 

H-C»P»+ • • • ChPk ) 


C 1 / (P/+«,)+C, , (P/+.5«,) 
+CVPs'+ • • • 


(a) 

(b) 


(17.1) 


in which the coefficients C and C' are taken 
directly from the tables, and most perimeters are 
calculated from the basic expression 

P«.5 X) known a’s+53 known c’s, (17.2) 


using only the boundary values on the angle. 


I—--| 





* 

FFFR 

X 


r 

> 

X 


i _ 



Fig. 12. 


We denote the results from (17.1) by 


«w(c, c, p, n, 

«t'-/i(C, C', P. P'). 



(b) T-figures. A configuration such as shown 
in Fig. 11 may be viewed as the composite of 
two overlapping angles. Observing that Pi in 
angle A equals Px in the T-figure plus »»', and 
that Px' in angle B equals Pi' in the T-figure 
pl\|f u% we have by (17.3) 


tW(C,P,C",P", *,'). 
«i'-/i(C',P\ C", P", Ut). 


(17.4) 


Upon solution the problem is reduced to angles. 

An alternate procedure is to view Fig. 11 as 
consisting of three overlapping rectangles of 
leng^i n, » u and n t. The resulting equations are: 

742 


M* a =Ci(Pi+»*'+M*") 
+C,(P,+.5«,")+C,P,+ - • CtP*. (a) 
ut' = Cx'(Px’+u t +Ut") 

+C,'(P*'+.5«,") 

+C,'P,'+ -(VP*', (b) 

«," = Ci"(Pi"+«,+«,') 

+C,"(P,"+.5« s +.5«.') 
+C,"P,"+---C*""P*»". (c) 


(17.5) 


Upon solution the figure is reduced to rectangles. 

(c) Channels. A channel, Fig. 12, may be 
viewed as the composite of two overlapping 
angles A and B. We observe that 

(P m) /.A. m (PA/)channel, (a) I ... .v 

(Pv) AB = (P.v)ohannal "4"• (b) J ^ ' 


Hence by (17.3) 

*=/(C, C, P, P\y), (a)l f 7 
y=/i(C,C\P,P',*). (b)j u/, ' ; 

Upon solution we obtain * and y and the problem 
is reduced to angles. When the length »>3m 
the value y may be neglected in the calculation 
of x, and x may be neglected in the calculation 
of y. Equations (17.7) then reduce to (17.3). A 
figure having a Z-shape can be treated in the 
same manner. 

(d) H or I shapes may be viewed as over¬ 
lapping channels. The method is also applicable 
to rectangles of variable widths, Fig. 13. It 
should, however, be added that in complicated 
areas the method of block iteration may be 
shorter. 4 
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Erratum 

Correction of Diffraction Amplitudes for Lorentz and Polarization Factors 

App. Phys. 17, 285 (April 1946)] 

M. J, Buerger and Gilbert E. Klein 

/ T'HE values of the functions in Tables III and VIII are each misplaced in 
* the region 90-179.9° so that they are found at a value of the given 
argument 0.1° lower than the correct argument. The tables may be utilized 
in this region by subtracting 0.1° from the desired value of T and looking up 
the function for this altered (false) argument. For example, if one desires the 
function for 147.3°, it should be looked up under the altered (false) argument 
147.2°. 


The Thermoluminescence and Conductivity of Phosphors 

Robert C. Herman and Charles F. Meyfr 
Applied Physics Laboratory, Johns Hopkins University , Silver Spring , Maryland 
(Received May 3, 1946) 

A simple theoretical treatment is given for the emission of light and associated variations 
of dark current that occur on warming zinc sulphide and zinc silicate type phosphors pre¬ 
viously irradiated with ultraviolet light at low temperatures. Reasonably good agreement is 
found,betwecn the calculated and observed glow curve for Willemite. The same type of treat¬ 
ment is applied to the case of infra-red illumination of phosphors at low temperatures. 


I. INTRODUCTION 


T HE phenomena of thermoluminescence and 
the associated increase in conductivity in 
certain phosphors such as zinc sulphide and zinc 
silicate are sufficiently interesting to warrant 
further study. Recently there has arisen a great 
deal of interest in the storage and release of 
energy in solids, particularly with respect to infra¬ 
red-sensitive phosphors. Simple models based on 
the energy-band theory of solids have been 
shown to be in agreement with experimental data 
by various investigators. 1-1 It is now generally 
accepted that a phosphor is an insulating crystal 
which can be made luminescent by the addition 


l F. Seitz and R. P. Johnson, J. App. Phys. 8, 84, 186, 

•ffa. Trans. Faraday Soc. 34, 822 (1938). 

■R. P. Johnson, J. Opt Soc. Am. 29, 387 (1939). 


of a small concentration of impurity or activator 
atoms. Figure 1 shows the spectrum of energy 
states of electrons in the crystal. Between the 
uppermost filled band, A , and the next highest 
band, B , the conduction band which is normally 
empty, there are localized electron states, such 
as C, D y and E. The narrow energy states C 
and D which lie in the forbidden region are the 
impurity states associated with the activator 
atoms whereas the states E represent the so- 
called trapping states which are associated with 
lattice imperfections such as strains, cracks, 
surfaces, etc. The trapping states, E , are popu¬ 
lated with electrons to an extent which depends 
on the previous history of the phosphor. Photo¬ 
conductivity arises when an electron is raised 
into the conduction band from states A f C, or E 
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Fig. 1. Energy slates of electron in phosphor. 


by the absorption of a quantum of light. How¬ 
ever, no photo-conductivity is observed when an 
electron is raised to an excited state at D. 

In an excited phosphor, electrons return to the 
ground state by dropping from the conduction 
band to a state at D and then may make a 
radiative transition from D to C. Electrons in 
the conduction band may also be captured in 
the trapping states E. They can be released 
either thermally or by the absorption of radiation 
and thus return to the conduction band. The 
phenomena of phosphorescence and thermo- 
luminescence are caused by the storage of elec¬ 
trons in excited states of the activator atoms and 
in the trapping states. Recently, Randall and 
Wilkins 4 have discussed the phenomenon of 
thermoluminesrence or glow and presented a 
series of significant experiments. The storage of 
light at low temperatures which can be recovered 
by warming is well known and has been dis¬ 
cussed frequently. The glow curve for zinc 
silicate obtained by warming a phosphor or 
crystal previously illuminated at liquid air tem¬ 
peratures with ultraviolet light is accompanied 
by a large dark current peak at about the same 
tAnperature as the glow peak.* This observation 
demonstrates that electrons thermally released 
from trapping states pass through the conduc¬ 
tion band during the glow process. This con- 

« J. T„ Randall and M. H. F. Wilkins, Proc. Roy. Soc. 

(1945). 

* hL.C. Herman and R. Hofstadter, Phys. Rev. 57, 936 
(1946). 


elusion is supported by the fact that a glow is 
produced in phosphorescent zinc silicate by the 
application of an electric field.* As previously 
suggested, it would prove interesting to observe 
the variations of dark current in zinc-silicate 
type* phosphors during the glow experiment.* 
Also, dark current measurements would permit 
a study of trapping state distributions in non- 
fluorcscent solids. 4 

It is the purpose of the predjpTpapcr to discuss 
theoretically both the emfssion of light and 
variations in conductivity that occur in phos¬ 
phors of the zinc silicate and zinc sulphide 
varieties. 'Phis has been done with a simplified 
model in which the only energy states considered 
are those in the uppermost filled band, the next 
highest normally empty conduction band and in 
the trapping state distribution. For the sake of 
simplicity, the analysis which follows deals with 
discrete sets of trapping states. This may be 
extended to various distributions as will be 
mentioned later. 

2. LUMINESCENCE AND CONlHJCTIVITY 
DURING WARMING 

Let N, be the number of trapping states per 
cm* at an energy e, below the conduction band, 
«o the number of positive holes per cm* in the 
uppermost filled band, n the number of electrons 
jx*r cm* in the conduction band, and », the 
number of electrons per cm* in the trapping 
states in de, at «,. If a phosphor of the type under 
discussion is irradiated with light of the proper 
wave-length at a sufficiently low temperature, 
the trapping states will become populated and 
remain so for considerable lengths of time so 
long as exp ( — t,/kT ) is very small. With regard 
to the warming experiment, the initial condition 
of the crystal or phosphor chosen is that the 
number of electrons trapped in the states in dt, 
at an energy e, below the conduction band is (»<)o, 
»=*0 and (»o)o the number of holes, originally 
equal to the number of trapped electrons. In 
general, «o=»+»,. If the crystal is allowed to 
warm up the light emission and variations in 
dark current may be found from the following 
set of equations: 

• J. Frenkel, Tech. Phys. U.S.S.R. 5,685 (1938). 
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dno/dt*—Alton, (i a ) 


— ■= —i4«oW+2 s, exp (—t,/kT)n, 

~E ^.COOo-».]«, (lb) 

dn, 

— = — a, exp (— t,/kT)n, 
dt 

+AT,[(«,)o—«,]w, (lc) 

where A is the recombination coefficient and is 
equal to a V ; a the cross section for capture by 
an impurity center of an electron in the conduc¬ 
tion band and subsequent radiation; V the ve¬ 
locity of the conduction electron; s, the frequency 
factor in sec. -1 or the number of times per second 
an electron strikes the potential barrier in a trap; 
and K, is similar to A but refers to the various 
sets of trapping states. De Groot 7 has solved 
graphically a similar set of equations in his 
studies of the fluorescence and phosphorescence 
of zinc sulphide phosphors. Following Randall 
and Wilkins 8 who point out that the effect of 
retrapping is not very large, we have solved the 
equations for the case K, = 0 or: 

dn 0 /dl= —An„n, (2a) 

dn 

--= — i4n 0 «i+S exp (—t,/kT)n„ (2b) 


dn, 

— = —s, exp (~t,/kT)n,. (2c) 

dt 


Equation (2c), which expresses the rate at which 
trapped electrons leave the states in dt, at «„ can 
be integrated yielding: 


n, 


(»,)o exp 



exp (— t,/kT)dt 


(3) 


where («,)o is the number of electrons originally 
trapped in dt, at If a constant rate of warming 
is used so that T—at+To, then dT=adt and 

». = (».)o 

Xexp | — (s,/a) J* exp (—t,/kT)dT^. (4) 

The general case involving electrons trapped 
in complicated trapping distributions can be 


7 W. de Groot, Physics «, 275 (1939). 

* J. T. Randall and M. H. F. Wilkins, Proc. Roy. Soc. 
AIM, 390 (1945). 


handled by a numerical integration of Eq. (4) 
over all trapping states. 

In the case where there are sets of states at 
discrete energies the problem is much simpler 
and Eq. (4) becomes for a single trap energy: 


where 


n t = Ni exp (st/ak) f x J « X dx , (5) 

•'JPO 




and it is assumed that N\ traps at the energy e 
are filled with electrons when T=To. Equation 
(5) can be rewritten in the form 


n\ — Ni exp 

{ — ( st/ak) 

where 

X[x 'e-'+Et(-*)-/„]}, (6) 


—Ei(—x)= I tt~'e~"du 

and 

«/ ^ 


/() = XiT 1 exp ( - Xn) + Ei( - tfo). 


Substitution of ri\ from Eq. (6) into (2a) yields 
an equation that can be expressed in terms of 
known functions, but which requires numerical 
solution. It was found convenient to solve the 
differential equation numerically in the form: 


dv} A Nr) 

— (>»-f), 

dx ak x 1 

where 


(7) 


rj^no/Nu and $ = n/N i = 


The solution of these equations yields both the 
luminescent intensity, /, and the conduction 
current, i , in an applied electric field since / « 
and i « £. 

Randall and Wilkins 8 have shown that for 
-many of the phosphors the glow curves can be 
interpreted on the basis of a reasonably broad 
distribution of trapping states. For example, the 
broad glow curves for zinc sulphide phosphors 
originate in this manner. However, the three 
glow-curve peaks for Willemite+1 percent Mn 
seemed sufficiently sharp to be accounted for by 
a set of three discrete trap energies. 

The light intensity and current have been 
computed for this case by solving Eq. (7) 
numerically using the value of the constants 
shown in Table I. The solutions to these equa¬ 
tions are shown in Fig. 2 where £, and f are 


Volume 17, September, im* 


745 



ID 

A C| 



\ 



r~ 


US 



A 





US 

07 




\ 







1 




US 

AS 




\ 




U 9 

04 




1 







JA 




uo 

02 

Ol 

°2 




J? 

L 




f«A- 

- s 

-V 

2 

v 




_ 

V 




._ 

I 2 

7 25 2 

3 ~ Zl 1 

s—r 

’ to 


Fig. 2. Curves showing temperature dependence of 
luminescence and current during linear warming of a 
Willemite phosphor in an electric field, for the case of 
peak C (see Fig. 3). 

plotted against x for the largest peak labeled C 
in Fig. 3. It is to be noted that the experimental 
fit seems to be good, particularly in that the 
long tail is predicted. For long times when the 
number of trapped electrons is small (or £—>0) 
Eq. (7) reduces to a form having a solution of 
the type 

i ? = $“ 0/(1 +«*)]• ( 8 ) 

Thus, for long times bimolecular decay applies. 
In the event that positive holes are originally 
present the decay would be more rapid and in 
fact exponential if there arc a large number of 
holes present originally. 

The conduction current is proportional to £ 
and has not been plotted on a temperature scale 
since complete experimental data is not available 
for comparison. However, Herman and Hof- 
stadMer* found a sudden increase in dark current 
at about — 60°C which agrees with the predicted 
curve shown in Fig. 2. 

Since the areas under the light emission curves 
are proportional to the number of trapped 
electrons, the relative number of trapping states 
at the three energies could be obtained. Since 
die peaks A and B overlap, it would be necessary 


Table I. 


Constants 

Peak A 

Peak B 

Peak C 

i4(cmVsec.) 

jfsec.” 1 ) 

10~“ 

io-“ 

10~“ 

10* 

10» 

10* 

f(ev) 

0.223 

0.291 

0.500 

iV^cm"'*) 
a (deg./sec. )* 

1.4X10“ 

5 

~5X10“ 

5 

1X10“ 

3 


* The experimental data of Randall and Wilkins (reference 4) shows 
& non-uniform rate of warming for this case. 


to solve Eq. (7) in the form 

dr, AN 

— -- 

dT a 

where Nf(T) is the number of electrons trapped 
in both sets of levels. However, for the sake of 
simplicity each set of trapping states was 
handled separately and the result is shown in 
Fig. 3. Since overlapping light emission and cur¬ 
rent peaks are more difficult to analyze, it would 
be desirable to have a slow linear increase in tem¬ 
perature since this will lead to better resolution. 
This has been done by Williams and Eyring. 9 

3 . LUMINESCENCE AND CONDUCTIVITY DURING 
INFRA-RED ILLUMINATION 

Some time ago Gisolf 10 performed a series of 
qualitative experiments with ZnS phosphors 
which showed that electrons in trapping states 
absorb infra-red radiation. The electrons can be 
freed by infra-red illumination and since changes 
in conductivity occur it is evident that the 
electrons pass through the conduction band. On 
first illuminating the phosphor the photo-current 
increases and then decreases as a consequence of 
recombination of electrons with positive holes. 
A more quantitative study by Reimann 11 shows 
that the resistance of a ZnS phosphor containing 
trapped electrons increases linearly with time 
when the phosphor is irradiated with infra-red 
light. The simple theory for sufficiently long time 
after beginning the illumination has been given 
by Reimann and others. 1 *' 1 * 

* F. E. Williams and H. Eyring, “Mechanism of lumines¬ 
cence of solids/' Bull. Am. rhys. Soc. 21, 17 (A) (Jan. 24, 
1946). We wish to thank Professor H. Eyring and Mr. 
F. E. Williams for interesting discussions. 

10 J. H. Gisolf, Ned. T. Natuurk 5, 289 (1938). 

11 A. L. Reimann, Nature 140 , 501 (1937). 

“ N, F. Mott and R. W. Gurney, Electronic Processes in 
Ionic Crystals (Oxford University Press, New York, 1940). 

“F. £eitz, The Modem Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940). 


*4* 


journal op Applied physics 





Fig. 3. Comparison of theoretical alow curve with 
experimental results of Randall and Wilkins (reference 4) 
for Willemite +1 percent Mn. 


It is evident that the resistance of such a 
phosphor must decrease and then increase in a 
manner which depends upon the infra-red light 
intensity, the cross section of a trapped electron 
for an infra-red photon, the total number of 
trapped electrons, and the probability that a 
conduction electron will recombine with a posi¬ 
tive hole. Since a general theory involving com¬ 
plicated trap distributions leads to tedious solu¬ 
tions, attention has been confined to the case of 
a single set of trapping states all at the same 
energy below the conduction band. 

The equations are similar to those employed 
in the previous case* except that the temperature 
is kept constant and the rate of release of elec¬ 
trons from trapping states is given by 


drt\ Io 

---o-W], 

dt hv 


(9) 


where Io is the intensity of the infra-red light, 
a the cross section of a trapped electron for an 
infra-red photon, and ni the number of trapped 
electrons. For constant intensity of illumination, 
Io, Eq. (9) yields 

»i*iViexp ( —Co/), (10) 

where 

Co^hv/hv, 

and Ni is the number of electrons originally 
trapped. Substitution of Eq. (10) into (2a) 
yields 

dn o 

—•* —Ano[no—Ni exp (—Co/)]. (11) 

dt 

The solution of Eq. (11) is 

--1-—[£*(“?) “?•)>• (12) 
ij Co 



Fig. 4. Time dependence of luminescence and current 
for a phosphor in an electric held, that is illuminated with 
infra-red light at constant temperature. 


where 

y = (AN\/Co) exp (—CV), yo=AN t /Co 


and 


V — no/N i. 


When / is sufficiently large J=(«/lVi) is equal to 
i) and the resistance which is proportional to 
(l/{) increases linearly with the time. 

The solutions for the glow intensity and the 
current are shown in Fig. 4 for the case of 
^4iV t = 1 sec. -1 and Co=0.1 sec. -1 . The equations 
have also been solved for various values of ANi 
and Co and the resistance computed as a function 
of time. These results are shown in Fig. 5. It is 
apparent that if the infra-red intensity or the 
cross section is smaller, the resistance minimum 
is broader. On the other hand, if the total num¬ 
ber of electrons originally trapped or the recom¬ 
bination coefficient is smaller, then the resistance 
begins to rise linearly at an earlier time. Since the 
resistance in the dark is finite, it is necessary 
to add a constant term to the conductivity 
calculated. However, if the peak current is large 
compared to the dark current, deviations from 
linearity will occur only at very long times. 
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Table II. Exponential integral —E%(—x)~f*'*(e~ u /u)du. 



Fig, 5. Variation of resistance «l/{ with time, for a 
phosphor in an electric field during infra-red illumination 
and the de()endence on phosphor characteristics as well as 
light intensity. 

4. APPENDIX 

The exponential integral 


—Bi( — x) As 


15.0 

1.91863X10 8 

0.02178X10 8 

15.1 

1.72520 X10~ 8 

0.01956 XIO” 8 

15.2 

1.55133X10- 8 

0.01756X10" 8 

15.3 

1.39502X10-“ 

0.01581 X10“ 8 

15.4 

1.25452X10-“ 

0.01419X10 8 

15.5 

1.12821 X10- 8 

0.01276X10 8 

15.6 

1.01466X10 8 

0.01146X10-* 

15.7 

9.12573X10 8 

0.01030X10 8 

15.8 

8.20784 X10“* 

0.09013X10 * 

15.9 

7.38008 X10“* 

0.08818X10 * 

16.0 

6.64050 X10-* 

0.07229 X10-* 

16.1 

5.97321 Xl0“* 

0.06727 X10-* 

16.2 

5.37319X10-* 

0.06042 X10-* 

16.3 

4.83359 X10- 8 

0.05434 X10-* 

16.4 

4.34833 X10'• 

0.04886X10-* 

16.5 

3.91193X10-* 

0.04390 X10-• 

16.6 

3.51943 X10-* 

0.03949 X 10‘• 

16.7 

3.16642X10-* 

0.03550X10-* 

16.8 

2.84891 X10-* 

0.03191 X10-* 

16.9 

2.56331X10 • 

0.02872 X10~* 

17.0 

2.30643X10 • 

0.02580X10-* 

17.1 

2.07535X10'» 

0.02321X10-* 

17.2 

1.86748X10 » 

0.02088 X10 

17.3 

1.68049X10-* 

0.01876X10-* 

17.4 

1.51226X10-* 

0.01688X10“* 

17.5 

1.36091 X10~* 

0.01519X10“* 

17.6 

1.22475X10"* 

0.01366X10-* 

17.7 

1.10225X10"* 

0.01227X10“* 

17.8 

9.92022X10 “ 

0.01106X10“* 

17.9 

8.92850 X10““ 

0.10031X10 “ 

18.0 

8.03609X10““ 

0.08843X10““ 

18.1 

7.23311 X 10 _ 10 

0.08041X10““ 

182 

6.51054 X10““ 

0.07233X10““ 

18.3 

5.86030 X 10““ 

0.06509 X10““ 

18.4 

5.27515X10 10 

0.05859X10 “ 

18.5 

4.74859X10-“ 

0.05263X10 “ 

18.6 

4.27466X10-“ 

0.04741X10 “ 

18.7 

3.84814X10““ 

0.04267X10““ 

18.8 

3.46429X10"“ 

0.03835X10““ 

18.9 

3.11879X10-“ 

0.03454X10““ 

19.0 

2.80783X10-“ 

0.03042X10"“ 

19.1 

2.52729X10 “ 

0.02924X10““ 

19.2 

2.27599X10-“ 

0.02453X10 “ 

19.3 

2.04922X10-“ 

0.02263X10"“ 

19.4 

1.84508X10-“ 

0.02037X10““ 

19.5 

1.66131X10““ 

0.01835X10““ 

19.6 

1.49589X10-“ 

0.01651 X10" 10 

19.7 

1.34698X10““ 

0.01484X10-“ 

19.8 

1.21291X10-“ 

0.01337X10-“ 

19.9 

1.09221X10-“ 

0.01204X10““ 

20.0 

9.83555 X10- 11 

0.01083X10““ 


J f** e-“ 

! —du 

X u 

em^Joyed in the calculation of the glow intensity 
curves, etc., has been tabulated in various 
references 14-1 * for 0Six£15 and 20Sx=50. We 

“ Tables of Sine, Cosine, and Exponential Integrals 
(Federal Works Agency, WPA, 1940), Vol. 1 and 2. 

u British Assoc. Aav. Sei. Math. Tables (Cambridge 
University Pleas, New York, 1931), Vol. 1. 

14 T, Aimhira, Sci. Pap. Inst. Phys. Chem. Res. Tokio, 
181 (June 7 l 929 ), Table No. 3. 


have been unable to find tabulated values of 
—£♦(—*) in the range 15<x<20. These have 
been calculated using the asymptotic expansion 

rl 1 2! 3! 4! 

-£*(-*) =H-+-+- 

Lx x* ** x 4 x* 

and are given in Table II together with second 
differences, At, in the hope that they may be 
found useful by others. 
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Oscillation Conditions in Single Tuned Amplifiers 

William R. Faust and Hugo M. Beck 
Naval Research Laboratory , Washington, D. C. 

(Received May 31, 1946) 

An application of the calculus of finite differences has been made in obtaining the complete 
expression for the voltage gain of an n-stage amplifier having identical grid-to-plate impedances 
and plate loads when driven by a generator of any given internal impedance. An application 
of these results was made in determining the conditions of oscillation in a multi-stage amplifier 
using single-tuned circuits. It was found that there is a certain minimum grid-to-plate capaci¬ 
tance required to cause oscillation. If the actual grid-to-plate capacitances are below this 
value, the system will not oscillate. There also exists a region of stable gain, zero to 2 l/ ", wherein 
it is impossible to make the amplifier oscillate even with grid-to-plate capacitance arbitrarily 
large. 


1. INTRODUCTION 

T HE calculus of finite differences has been 
applied to cascaded systems of vacuum 
tube amplifiers, 1 but apparently the full power 
and usefulness of the method has not been 
realized. It is obvious that a system of cascaded 
amplifiers lends itself quite readily to the methods 
of finite differences. The equivalent circuit of 
multitube amplifiers resembles, to a very great 
extent, an artificial transmission line made up of 
Pi or T sections with the exception that the 
amplifier contains internal current generators. 
Nevertheless, the difference equations for the 
two systems are quite similar in form and become 
identical when the g m (mutual conductance) of 
the tubes vanishes. 

The purpose* of this paper is twofold: First, 
that of obtaining a complete expression for the 
voltage gain of a multi-stage amplifier. Such an 
expression describes the effect of the feedback 
between the grid and plates of the various stages. 
Second, that of applying the general expression 
for voltage gain to specific cases and using it to 
compute the conditions necessary for sustained 
oscillations to exist in a multi-stage, single-tuned 
amplifier. 


2. DEVELOPMENT OF FUNDAMENTAL RELATIONS 


The circuit of Fig. 1 is a cascaded multi-stage 
amplifier driven by a generator of e.m.f. e tn and 
internal impedance Z ff with identical plate load 
impedances Z%. The circuit of Fig. 2 is an 


1 A. C. Bartlett. The Theory of Electrical Artificial Line 
and Filters (John Wiley and Sons, Inc., New York, 1931), 
pp. 143-150; 


equivalent circuit of Fig. 1, wherein Z\ represents 
the grid to plate impedance which is assumed to 
be perfectly general at the present time. For 
simplicity the circuit of Fig. 2 will be shown as 
in Fig. 2a, where Z 2 is the parallel combination 
of R p and Z 2 ', i.e., 

Zt-RpZt'/W+Rp). 

The voltage* relationship between the k and 
Jfe + 1 stages is 

6k hi — Z it* — eu = 0, (1) 

and the currents at the plate of the ftth stage are 
related by 

ik 1 f Z 2 Hmfik— 1 == 0. (2) 

Equations (1) and (2) are the difference equations 
of the amplifier for which a solution satisfying 
the boundary conditions must be found. To find 
a solution, it is assumed that 

e k = U (exp y\k) + F(exp — y 2 k ), (3) 

ik = IT(exp 7 i£)+JY(exp —y 2 k), (4) 

where t/, V, W> and X are complex constants and 
7 i and 7 s are the complex propagation constants 
of the system. There are not four independent 


1 i n 
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Fig. 2. Equivalent circuits, (a) Equivalent circuit of Fig. I. 
(b) Simplified equivalent where Zi^RpZi'/(Zi'+Rp). 

constants U, V, W, X but only two, as a relation¬ 
ship between U and W, and V and X can be 
found. By substituting the assumed solutions (3) 
and (4) into Eq. (1), it follows that 

(exp ti k)[V{— 1 +exp y t ) -ZtlVJ 

+(exp - 7 *A)[K( —1+exp -y t )-Z,X] = 0. (5) 

Since this expression must hold for all values of k, 
it is necessary that the coefficients of exp yik and 
exp ytk vanish independently, i.e., 

W = f/[(exp Yi) - 1]/Zi, ( 6 ) 

Jf=E[(cxp-Y,)-l]/Z,. (7) 

Equation (4) then becomes 

h = U{- 1+exp yO 

X (exp 7 iA)/Zi+F(- 1 +exp -71) 

X(exp -y t k)/Zi. ( 8 ) 

To determine the “propagation constants” 71 
and yt so that the assumed solutions will satisfy 
the difference equations, substitute the solutions 
(3) and ( 8 ) into Eq. (2), which then becomes 

f /{[-1 +exp Yi][exp yxkyZi 

1 +exp yi][exp 7 i(*“ 1)]/Z t 
+ - [exp 7 i*]/Zi-gm[exp 7 i(* -1)]} 

+ E{[-l+exp ~ 7 t][exp - 7 i*]/Zi 
+—[,— 1 +exp — 7*X ex P - 7 i(*-l)]/Zi 
—fexp — 7 ** 3 /Zi 

~«»[exp -7«(*-l)]) “0- (9) 


Because this must be satisfied for every value of 
k, it is necessary that the coefficients of U and V 
vanish; and since U and V are assumed not to 
equal zero, it follows that 

exp yi“1+Zi/2Z» 

±ZZ l /Z i +(Z>/2Z i )*+g m Z l y, (10) 

and 

exp 72 = 1+Zi/2Z* 

±CZ 1 /Z S +(Z,/2Z,)*+««Z,]»/(1 -g«Z,). (11) 

The exact choice of the signs in ( 10 ) and ( 11 ) will 
be determined later. It should be pointed out, 
however, that (exp 71 )^ (exp— 7 *) as such a 
choice of signs would lead to a solution not 
consistent with the physical facts. It has been 
shown that Eqs. (3) and ( 8 ) are solutions of the 
difference equations where 71 and 7 * are as 
defined above and U and V determined by the 
boundary conditions. 

3. BOUNDARY CONDITIONS 

The boundary conditions are very similar to 
those for a transmission line and should require 
but little discussion. It will be assumed that the 
amplifier has n stages, so the corresponding 
boundary condition is simply 

*n=0, ( 12 ) 

from which it follows that 

V— — U[e \p »(yi+ 7 *)] 

X[-1-fexp 7 i]/(— 1+exp - 7 ,). (13) 

Since the amplifier is driven by a generator of 
e.m.f. e, n and internal impedance Z„, the corre¬ 
sponding boundary condition is 

«0 = «,n+Z e *'o. (14) 

By the use of Eqs. ( 1 ), ( 8 ), and (13) Eq. (14) 
becomes 

e„ - U[ 1 - [exp «(yi+Y»)] 

X[—1+exp 7 i]/(—l+exp — 7 ») 

+ -Z,(-l+exp 7 i) 

X[l-expn( 7 i+ 7 *)]/Zi|. (15) 

Consequently, the expression for the voltage gain 
between the generator and the ftth stage becomes 
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_ C ex P7i*] [exp w(7i+7»)][-1+exp 7 i][exp - 7 »ife]/[-t+e xp - 7l ] 

tin 1 - {[exp n(7i+7t)][-1 +exp >-,]/[-l+exp -y,]| 


( 16 ) 


,Z, 

~ | —[-1 +exp yi][l -exp »(yi+y»)] 


Usually the over-all gain of the system is of interest rather than the gain up to a certain stage, so 
the expression for e n /e,n will be considered. This is obtained from (16) simply by setting k**n, 

_ (exp — 7 a) — (exp -(- 7 ,) 

e, n [exp-n7i][-l-|-exp-7 j]—[ exp»7s][-l-|-cxp7i] ’ 

Z, 

~"~[~1+exp 7i][~ 1+exp ~ 72 ][(exp — « 7 i)-(exp » 7 »)] 


4. SPECIAL CASES 

Equation (17), as it stands, is of little practical value; and the exponentials must be replaced by 
their values in terms of the parameters of the system. For simplicity in the manipulation of the 
expression, it will be convenient to set 


and 
so that 
and 


A = 1+Z|/2Z*, 

B - [Z,/Z*+ (Z,/2Z s )’+g m Z,]*, 
exp yi—A —B or exp -yi = (4+£)/(!-Z t g m ), 


exp 72 = (4 —B)/( 1 -gmZ 1 ). 

The relationships may be simplified by setting Z a =Z 2 . This is the usual case and should not detract 
from the utility of the results. Substitution of these values in (17) produces 


Tablk I. 


No. of state*, n Gain 


0 1 

* 2Zt+Zl+gmZl t 

, _(i zisiiJKl _ 

(Z i +3Z,-\-2g M Zt t )(Zi+Z,) 

, _ ( \-g~ZiYZS _ 

J Z{+iZ{Zt{2+gmZ,) +ZtZ,'00+Sg„Z,+g m *ZS)+Z/(4+3g„Z,) 

, _ (1 —gmZlYZj* _ 

* (Zi*+3Z i Z t +g m ZtZi>HZi'+SZ l Z,+3g m Z,Zt*+SZt+Ag m Z,*) 

_ 

5 Zt+SZi l Zt(2+g m Z*)+2Z i t Z~, t (\8+l6g m Z t +3g m t Zf)+Z l 'Z, t (g m t Z,*+S6+lSg m t Zt+63g m Z,) 

+SZ x Z,*(7+8g m Z i +2g m 'Zf)+ZM+Sg m Z*) 

_ d-gmZ.yz,* _ 

6 (Zi*+7Z, t Z,+4g*SSZi , +l*Z,Z, t +i3g m ZtZ t >+2g m ’ZiZ, t +Zj‘+6g m Z i > ) 

X(Zi > +5Z l >Z,+2g m Z I >Z,'+6ZiZS+3g m Z l ZS+Z, > ) 
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2B{\.—gmZ\) n 


e„ 

^IH 




( 18 ) 


z , 


which may be written in the form 

«»/«.» = 


25(1—g*Zi)“ 


*»/«, 


M+5)»[(^+5)+g m Z*]-M-5)»[(i4-5)+g B Z s ] 

By expanding Eq. (19), it is easy to obtain 

(l -gJSiY 


OH-1) 


r »(»-im»-*b* 

t| A n 1 J 

n(» —1)(» —2)(n — 3)^4" _4 S 4 ] 

b 1 • • • I 

l| A "J *1 

L 3! 

5! J 


(19) 


• ( 20 ) 


+gmZJnA n 




n-1 - 


n(w —1)(« — 2)i4 n-, B* »(» —1)(» — 2)(»—3)(« —4)^4 M ~*5 4 


3! 


5! 


] 


Equation (20) is the general expression for the 
gain of a cascaded n-stage amplifier and, as such, 
is much too general to deduce any results. In 
Table I, Eq. (20) has been evaluated for Various 
values of n ; the appropriate values of A and B as 
given previously have also been included. 

That these equations are correct in the limit 
may be shown by letting Z\ become very large ; 
the general form of the expressions in Table 1 
then becomes (—g m Z 2 ) n , which is the proper form 
for the gain of an n-stagc amplifier. 

5 . CONDITIONS FOR OSCILLATION 

It is now desired to determine what conditions 
must exist in order to produce sustained oscilla¬ 
tion. Obviously the system under consideration is 
oscillating when a finite output exists for 

^=*0. In order that the above conditions obtain, 
it is necessary that the denominators of the 
various expressions in Table I vanish. To apply 
the above results to a practical case, Z\ will be 
taken as the plate to grid impedance of a vacuum 
tube which is mainly capacitive, i.e., 

Zi-l/jwC. (21) 

The effective plate impedance Z, will be taken 
as that of a angle tuned circuit consisting of an 
inductance Z>t, capacitance Co, and resistance, all 
in parallel; hence* 

*S. 'kh'. Schelkunoff, Electromagnetic Waves (D. Van 
Noatrand Company, Inc., New York, 1943), pp. 119-120. 


Z^R/il+JQF), (22) 

where 

Q-R(C,/U)*, 

(u/ut—un/u), 

Resonant frequency of single-tuned circuit 

-l/ 2 »(LoC.)‘, 

— ” The frequency under consideration, and 

—Dynamic resistance 

-R'R P /(R V +R’)~R’ (for pentodes). 

One Stage 

From Table I, it is seen that the conditions of 
oscillation are to be determined from 

2Z s +Z 1 +g»Z, i =0. (23) 

By substituting the values of Z\ and Z, from 
Eqs. (21) and (22) and separating the real and 
imaginary parts, there is obtained 

(QF)*+2(RuC)(QF) -1-0 (Real part), (24) 

and 

2(QF)+2(RuC) 

—g~R(RuC)**0. (Imaginary part). (25) 
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A simultaneous solution of these two expressions 
results in 

eF-±[(2+£^)/(* m /?-2)]», (26) 

and 

C-=F2/«F[( fm F)*-4]». (27) 

The negative sign must be chosen in Eq. (26) so 
that C will be positive in Eq. (27). The frequency 
of oscillation u is determined from 

QF= («/«o — <iio/u)Q** («*— u><?)Q/<jXj)n 

--[(2+&.*)/(gJ?-2)]‘, (28) 


which gives 

= up f _r(g*F+2)-|» 

“"2QI L(g«K-2)J 

r(g*F+2) * 1*1 

±——;+ 4 0* . (29) 

L(gm/? 2 ) J I 

The positive sign of the second term in (29) must 
be chosen so as to produce a frequency of 
oscillation that has physical meaning. After u> is 
eliminated from Eqs. (27) and (29) there results, 


C= 


_4 Q _ 

F W0 t[(^/?+2)»+4()H^ 2 F»-4)]‘-(g m i?+2)r 


(30) 


It is interesting to note that if g m R ^ 2, the 
system will never oscillate, as C becomes indefi¬ 
nitely large when g m R = 2, and is imaginary if 
g m R< 2. For a high stage gain, these results differ 
but little from previous results. 3 4 For an amplifier 
of low gain ( g m R of the order of 2) and low Q, 
there is a wide difference; and these results indi¬ 
cate that the system will be intrinsically stable. 
This situation is illustrated in the curves of 
Fig. 3 in which Eqs. (24) and (25) are plotted 
with ( QF ) as the independent variable and (gmR) 
a parameter. Equation (24) is a hyperbola and 
(25) is a straight line whose slope is dependent 
upon the parameter g m R. The intersection of 
these two curves represents the simultaneous 
solution of the real and imaginary parts of the 
defining equation. In order to obtain positive 
values of ( RuC ), the intersection of the two 
curves must occur in the second quadrant. Since 
the asymptote to the hyperbola corresponds to 
the straight line with g m R =2, it follows that there 
can be no real simultaneous solution of the two 
equations between g„/? =0 and g m R^2. Conse¬ 
quently, the system will be inherently stable 
within these limits. 


Two Stages 

The defining equation in this case is 

(Z l +Z,)(Zi+3Z,+2g„Z»*)=0. (31) 


3 B. J. Thompson, “Oscillation in tuned radio frequency 
amplifiers,” Proc. I.R.E., 19,421-437 (1931). 

4 J. R. Nelson, “Discussion of oscillation in tuned radio 
frequency amplifiers,” Proc. I.R.E. 19, 1281 (1931). 


The second factor may be separated into its 
real and imaginary parts giving 

(QFy+HRuCKQF )-1 = 0 (Real part), (32) 

and 

2(0F)+3(/?«C) 

+2g«,/?(7?wC) = 0. (Imaginary part), (33) 
which when solved simultaneously produces 

QF= ±[(2g m /?+3) / (2g m R—3)y, (34) 

and 

=F2 

C -. (35) 

/? W [40r M F) 3 -9]‘ 
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Pig. 3. Oscillation conditions for a single-tuned amplifier. 
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It is necessary again to choose the negative sign 
of (QF) so that a positive value of C will result. 
As before, a may be determined from (34), thus: 



2gJl+3 

2g m R-3 



or 


«*—«o**“ 


«owr3+2g»/?"j J 
“0l2* M *-3j ’ 


wherein the positive sign of the radical has again 
been chosen to correspond with physical reality. 
Substitution of (36) in' (35) then gives 


C 


_4(?_ 

*«„{ [(2g m /?-f3) 2 +4() 2 (4g m 2 .R 2 —9)]* —(2g m .R-f-3)} * 


(371 


Again it is seen that there is a critical value of 
gmR below which it will be impossible to make the 
system oscillate. The critical value in this case is 
For high stage gains and high Q's, C 
approaches 1/uogmB?, which is the approximate 
value found by previous investigators. The 
inherently stable region is illustrated in the curves 
of Fig. 4. Here the asymptote to the hyperbola 
corresponds to the straight line with g m R —f so 
that the stable region lies between g m R = 0 and 
gmR “ § • 

The other part of the determining Eq. (31), 
(Zi+Zj) =0, produces no physically realizable 
conditions in this case and may, consequently, be 
neglected. 

Three Stages 

The definitive equation in this case is, from 
Table I, 

Zi l +6Zi t Zt+3gmZi t Zt*+l0ZiZ t i -{-BgmZiZi i 

+gJZ l Z 1 *+4Z t *+3g m Z i * = 0, (38) 

which becomes, when separated into its real and 
imaginary parts, 

(gF) 4 +6/?wC(0F) , +[10(/?wC) 2 -6](QF) 2 

+2£«C[2/toC-3g,*R-9](C>F) 

+[1 - 10(RuC) t — 8g m R(RuC) i 

-(ftJQWV]-O(Real), (39) 

and 4 

-4(QF) , -iR»Ci6+gJQ(QF) i 

+4[1 - S(RuC)* - 2gmR(RoC)'2QF 
+(^»0{6-4(*a0* 

+3gjf?[l - (R«C)*]} ”0 (Imaginary). (40) 

(* 

Because an exact simultaneous solution of these 
equations is difficult to effect, an approximate 


solution is presented. If it is assumed that (gmR) 
is very much greater than one and (gmR)(RuC) is 
of the order of unity, then Eqs. (39) and (40) 
become 

(g m R) t (Ro,C)*+6g m R(R u C)QF 

+[6(QF) , -(QF)<-1]=0, (41) 

and 

(l-<?F 2 )[3g m /?+40F]=O. (42) 

It is easy to show that the only value of (QF) 
which leads to a real simultaneous solution of 
(41) and (42) is (QF) = — 1. The resulting values 
of C are then 

0.764 1.526(7 

---, (43) 

gmR*<* «og»/? l [(l+4<? 2 )‘-l] 

and 

5.236 10.472(7 

Cat_a._ - _ (44) 

gmR'v Wog«7? 1 [(l+4Q 2 )* —1]’ 

which are the results obtained by Thompson. 

Because of the gross approximations involved 
in obtaining Eqs. (43) and (44), no region of 
intrinsic stability was found. By another method, 
it is possible to determine the stable region. If 
(QF) is eliminated between Eqs. (38) and (39), 
by some method such as Sylvester’s, an equation 
of the twelfth degree in (RuC) can be found. 
There is a theorem in algebra that states that the 
vanishing of the coefficient of the highest power 
term determines the infinite roots of the equation. 
From the previous discussion on one and two 
stages, it is apparent that this is just the condi¬ 
tion that is desired. It can be shown that the 
coefficientof (R»C) li is(3g m R-4)(g m R-4)(7g m i R* 
+16gmR—32), from which it follows that 


7S4 > 
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and 


(48) 


gmR m 1 is the only root having physical 
significance. The inherently stable region of stage 
gain (gmX), therefore, lies between gn R=0 and 
gm R- 1.28. 


Four Stages 

Table I indicates that the conditions of oscilla¬ 
tion are to be determined from 

(Z, s +3ZiZ»+fl^iZ t *+Z l 1 )(Zi*+5.Z,Z, 

+3g«ZiZ,*+5Z,*+4g M Z I *)=0. (45) 

The first quadratic on the left-hand side of (45), 
when separated into its real and imaginary 
parts, becomes 

(QF)’+3(RuC)(QF) 

+(RuC)*— 1*0 (Real part), (46) 

and 

2(QF)+3(RuC) 

+(gmR)(RuC)**0 (Imaginary part). (47) 

A simultaneous solution of these two equations 
yields 


«oR{-(g»7?+3)+[(g, 

This value of C is then the only real value that 
produces oscillation, due to the vanishing of the 
first quadratic on the left of (45). 

An exact solution of the second quadratic on 
the left-hand side of Eq. (45) is very difficult to 
obtain so only an approximate solution will be 
attempted. The real and imaginary parts of the 
quadratic in question are 

3(QF)'+(Ro>C)(lO+3 gm R) « QF ) 

+ (J?ttC)*(5+4gJ?) -1 = 0, (52) 

and 

(eF)*+S(R«C)(0F)*+[SR«C-3](0F) 

-(RaC)(S-3gnR) = 0. (53) 

By Sylvester’s method, it is possible to eliminate 
( QF) from these two equations and obtain 

(RuQ*(S+ig m R)(g,MP+20gJi - 25) 
+(R«0‘(81«* 4 F 4 -432g„*J?‘-2565g„ , R 5 
- 3140&J? -400)+(RwC)*(108g**R* 

—48g*R-320)-64 = 0. (54) 


QF=. 


(3 — 2 gm R) 
: C(g«F)*-5]»’ 
=F2 

Rw[( gm Ry-sy' 


(49) 


The angular velocity is found from Eq. (48) to be 

wo ( (g m R—3) 

w = — ± - 

20l C(g m R)*-5y 


(gm R-3)* 

(g»R) 2 -s 



(SO) 


where again the positive sign of the radical 
resulting from the solution of the quadratic for u 
must be chosen to correspond with physical 
reality. To produce a physically realizable value 
of C, it is necessary to choose the positive sign, 
which in turn requires that QF be negative; 
consequently the negative sign of the first 
quantity within the brackets of (50) must be 
used. Elimination of a from (49) results in 


4 Q 

>F—3)*+4Q*((g m /?)*—5)]*j K " l> 

The first term of this expression is negligible, 
relative to the second since it is of the order of 
(RuC) , (g m R) > , while the second is of order 
(Ru>C) 4 (gmF) 4 . If the gain is high, then it is 
possible to neglect all the terms but those of 
highest degree in the coefficients of ( RuC)* and 
(. RuC ) 2 . Equation (54) then becomes 

(RuC) 4 81 gJR* + (RuQHOSgJR* -64 = 0, (55) 

of which the only physically realizable solution is 

C=2/3 gm F*u. (56) 

It may be shown that corresponding to the above 
solution for C, (QF) = — 1, so that 

«=wo{ - 1+CH"40*!]M- (57) 

Elimination of u between Eqs. (56) and (57) 
produces 

c -----. (58) 

3«o[(l+40*)*-l]g»F* 

Because of the rough approximations made in 
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obtaining these results no stable region of gain is 
found; however, the infinite roots of (RuC) are 
defined by the vanishing of the coefficient of the 
highest degree term in Eq. (54). The only 
physically realizable value of g m R is found to be 
*•* = 1 . 18 . 

Five and Six Stages 

Because of the complexity of these expressions, 
only partial solutions will be presented. Usually 
the least value of C that will cause oscillations is 
of the greatest interest so that only these results 
will be presented. By the use of approximations 
similar to those used for three stages it can be 
shown that for five stages 

0.63 1.260 

C=---, (59) 

g m R*u <o 0 ^ J R ! [(4^+l)»-l] 

where (<■>) is determined from the condition that 
0F= —1. The stable limits of gain lie between 
gmR =*0 and 1.15, approximately. 


For six stages the corresponding value of C is 

0.586 1.1720 

C=---, (60) 

ug.R * «„/?[(40*+l)*-l>o 

in which u is determined from QF= — 1 . The 
stable limits of gain are between &»/?=> 0 and 
g m R =1.12, approximately. 

6. CONCLUSIONS 

The general expression for the voltage gain of 
an.n-stage amplifier having identical but arbi¬ 
trary plate impedances driven by a generator of 
any internal impedance has been obtained by the 
methods of the calculus of finite differences. The 
voltage gains, computed by this means reduce to 
the correct form as the grid-to-plate impedances 
of t-he tubes increase without limit. 

An application of the general expression for the 
gain has been made in determining the criteria of 
oscillation in multi-stage, single-tuned amplifiers. 
These results check previous work for large 
values of Q, but also indicate a region of in¬ 
trinsically stable stage gain wherein it is im¬ 
possible to make the system oscillate even with a 
grid-to-plate capacitance arbitrarily large. The 
stable region of stage gain lies between zero and 
2, 1.50, 1.28, 1.18, 1.15, and 1.12 for one, two, 
three, four, five, and six stages, respectively. An 
approximation, accurate within 10 percent of 
this sequence, is (2) ,/B where n is the number of 
stages. 

11 is apparent from the discussion of oscillation 
conditions that if the actual inter-electrode 
capacity of the vacuum tubes in a cascaded 
amplifier is smaller than the least value calcu¬ 
lated by the results derived above, the system 
can never oscillate because of feedback through 
the plate-to-grid capacitance and can be made 
to serve as a useful amplifier. 
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Letter to the Editor 


The Evaporation of Antimony 

Louis Harris 

Massachusetts Institute of Technology , Cambridge , Massachusetts* 
June 19, 1946 

T HE aggregate formation observed in the evaporation 
of antimony has been found to have a counterpart in 
a simultaneous decrease in electrical resistivity of thin 
antimony deposits. The evaporation procedure has been 
modified as a result of these findings to produce films 
having lower electrical resistivity and higher thermal e.m.f. 
than obtained previously. 

An unusual phenomenon was observed during studies on 
the evaporation of antimony. If the heating current was 
discontinued after the antimony was first observed to be 
condensing—as noted by an evaporation “meter” (see 
below)—the “meter” resistance continued to fall during a 
period of two to four minutes. For a number of runs (but 
not for every run) the decrease in resistance with time 
was found to follow the course of a first-order reaction. 
The phenomenon is not difficult to repeat, if the heating 
current is discontinued at a “meter” reading of about 
5X10* ohms (estimated antimony thickness «5X 10‘ 7 cm), 
the final reading of the “meter” will vary from 2000 10,000 
ohms. (It will depend on the rate of heating before the 
heating current was discontinued.) The phenomenon has 
lieen observed for other types of meters than the one 
described here. It is best explained by assuming that the 
meter is recording a change to crystalline aggregates of 
antimony. 1 

The meter was directly (15 cm) above the evaporation 
boat (molybdenum). Two cellulose nitrate films, supported 
on mica frames, were disposed to either side of the meter. 
By looking down into the bell jar at the back of the 
cellulose nitrate films, during the supposed aggregation 
process, one can observe the growing areas of aggregates, 
as has already been reported A 3 (The growing areas may 
lie observed also on the walls of the lxdl jar.) 

We have modified the evaporating technique for anti¬ 
mony on the basis of these observations. We allow four 
minutes to elapse for the “crystallization” of the first 
deposit before proceeding further with the evaporation. 
The current through the boat is then increased gradually 
over a period of twenty minutes, until the boat is “red hot” 
and all the antimony has been evaporated. A vacuum of 
10~ 4 mm Hg is maintained. 

The progress of the evaporation was followed with the 
“meter” mentioned above. 4 The meter consists of a glass 
strip 5 cmX0.35 cm. Chromium-silver is evaporatedt at 
the ends and No. 22 copper wire leads are “soft” soldered 
to the chrome*-silver. Leads from terminals are brought 
out of the bell jar to a “volt-ohmist.” The electrical 
resistance of the meter serves as rough measure of the 
amount of metal deposit and*of the resistivity of the 
metal deposit at the end of the evaporation process. Such 
a meter has been used for hundreds of evaporations and 
can be used for other metals besides antimony. The 


antimony is removed from the meter after the evaporation, 
by solution with concentrated hydrochloric acid or by 
rubbing with a damp cloth. 

The antimony deposits are a brilliant steel-grey and 
show a pattern of tiny crystals to the unaided eye. The 
resistivity of the antimony deposits on cellulose nitrate 
films varies from 119X10** # to 60X10" -1 ohm-cm, for 
antimony thicknesses from 0.48 to 2.2 X10* 4 cm. The 
thicknesses were determined from weight measurements 
and assuming macroscopic density. The thermal e.m.f. 
versus copper of the antimony deposits varied from 33 to 
38.6 microvolt per degree C. 

If the initial rate of antimony deposition is too high, 
or if sufficient time is not allowed to elapse, then the final 
deposit does not show the crystalline pattern, though it 
will still have the brilliant steel-grey appearance. Such 
deposits have a more uniform appearance; however, the 
electrical resistivity of such films is usually greater than 
120X10“ 4 ohm-cm and the thermal e.m.f. versus copper 
may fall to less than 30 microvolt per degree C. 

* The work described here waa carried out in whole or In part under 
contract OKMar-1147 between the Office of Scientific Research and 
Development and the Massachusetts Institute of Technology. 

1 L. Marlon and L. I. Schlff. J. App. Phys. 12, 759 (1941). 

* Hans Murmann, Zeits. f. Physik 54, 755 (1929). 

I R. Bowling Barnes and M. C/erny, Phys. Rev. 38, 338 (1931). 

4 The meter used here is a modification of one used originally In this 
laboratory by A. Stockfieth (A. Stockfletli, Massachusetts Institute of 
Technology Ph.D. Thesis, November, 1942). 

II am indebted to Professor John D. Strong for evaporating the 
silver-chromium terminals for the meter. 


Here and There 


New “Microwave Tower” 

Federal Telephone and Radio Corporation of Newark, 
New Jersey, is building a 300-foot “microwave tower” for 
Federal Telecommunication Laboratories at Nutley, New 
Jersey. It is l>elieved that such towers will l>e headquarters 
in cities and towns for simultaneous use of many microwave 
radio functions, including f-m broadcasting, Pulse Time 
Modulation broadcasting, television, police radio net¬ 
works, communication with mobile units, radar applica¬ 
tions, aerial navigation, and the interception of illegal 
transmissions. At the ground-breaking ceremony Colonel 
Sosthenes Behn, President of International Telephone and 
Telegraph Corporation, stated, “Various broadcasting 
services in important communities will find it much more 
efficient to cooperate in building one great tower to be 
shared by all functions utilizing microwaves than, for each 
service to build its own tower. Joint financing would make 
it possible to build a tower superior to any that could be 
afforded by individual services.” 

Federal’s microwave tower will be an experimental 
laboratory, first of its kind ever to be built. Microwave 
experiments heretofore have been conducted in tall office 
buildings and other structures not well adapted to the 
purpose. 


Volume 17, September, im 6 


757 



Ground has been broken also for the newest addition to 
Federal's existing Nutley laboratories, which will increase 
the present floor space of the laboratories by 65,000 square 
feet. 

Meteorology Experts Available 

The American Meteorological Society, through its 
president, Professor H. G. Houghton of Massachusetts 
Institute of Technology, wishes to call to the attention of 
American colleges the fact that a large number of carefully 
selected college students were given training in professional 
meteorology at a few selected universities in this country, 
preparatory to their employment by the Army and Navy 
Meteorological Services. A number of these men, before 
entering the meteorological field, had done a considerable 
amount of graduate work in physics and are now available 
for teaching and research in both these fields. 

In most of our colleges which offer non-professional 
courses in meteorology to meet the needs of students in 
geography, geology, and agricultural subjects, it has been 
standard practice to have these non-professional courses 
taught by members of various departments The return 
of many of the professionally trained service meteorologists 
offers an opportunity for our colleges to obtain the services 
of instructors who are capable of doing professional work 
in a physics department and at the same time are qualified 
as experienced and trained professional meteorologists to 
present stimulating non-professional courses in meteorology 
on a somewhat higher plane than may have been possible 
in the past. 

The Society is anxious to cooperate with American 
colleges in providing information concerning these re¬ 
turning weather officers that might be helpful in placing 
them in suitable teaching positions. To that end, files have 
been kept 1 which contain detailed information on the 
education and practical experience of these men. Inquiries 
may be directed to the Executive Secretary, American 
Meteorological Society, Five Joy Street, Bob ton 8, Massa¬ 
chusetts. 

Books for Europe 

The American Book Center for War Devastated Li¬ 
braries, Inc., is collecting and shipping abroad scholarly 
books and periodicals which will be useful in research and 
necessary in the physical, economic, social, and industrial 
rehabilitation and reconstruction of Europe and the Far 
East. The Center cannot purchase books and periodicals; 
it must depend upon gifts from individuals, institutions, 
and organizations. 

What is needed: Shipping facilities are precious and s 
djpmyd that all materials be carefully selected. Emphasis 
i. (faced upon publications issued during the past decade, 
scholarly books which are important contributions to their 
Adds, periodicals (even incomplete volumes) of significance, 
fiction and non-fiction of distinction. All Objects—history, 
the social sciences, music, fine arts, literature, and especially 
the sciences and technologies—are Wanted. 

What ie»not meted: Textbooks, out-dated monographs, ¥ 
r0 Cf ea$ foaat reading* books tot children and young people, 
materials of purely local interest, popular 


magazines, popular non-fiction of little enduring signifi¬ 
cance, etc. 

How to ship: All shipments should be sent prepaid via 
the cheapest means of transportation to The American 
Book Center, care of The Library of Congress, Washington 
25, D. C. The Center cannot accept material which is 
sent collect. When possible, periodicals should be tied 
together by volume. It will be helpful if missing issues are 
noted on incomplete volumes. 

New Section at Midwest Research Institute 

The Midwest Research Institute, Kansas City, Missouri, 
recently announced the formation of its Engineering 
Mechanics Section. Previously, work in this field was done 
under the supervision of the Applied Physics Section. 
The new section is equipped with a large physical testing 
laboratory,* machine shop, and electromechanical labora¬ 
tory. Problems within the^ scope of the group include 
structural and mechanical design, vibrations, fluid flow, 
electron application in engineering, and servo-mechanisms. 

Martin Goland, formerly of the Structures Department 
of the Curtiss-Wright Research Laboratory, Buffalo, New 
York, has been appointed chairman of the new section. 
Clayton 0. Dohreijwend, formerly chairman of the Me¬ 
chanics Departments at the Illinois Institute of Technology 
and the Armour Research Foundation, will serve as re¬ 
search consultant and senior scientist. 

Food Packages for Europe 

The Cooperative for American Remittances to Europe, 
Inc. (known as CARE) has announced a new service for 
sending food packages to Europe. CARE is a non-profit 
corporation organized by 24 relief agencies, with the 
support and approval of the President's War Relief Control 
Board. 

CARE accepts orders for individuals, groups, or organ¬ 
izations in Austria, Czechoslovakia, Finland, France, Italy, 
Netherlands, Norway, and Poland, and recommends the 
purchase of a 10-in-1 package of Army rations for $15 
each, with delivery overseas guaranteed. Orders when 
received here are rushed to Europe and filled overseas from 
a stockpile of CARE food packages already over there. 
When the food is delivered, CARE's overseas representa¬ 
tive will get a signed receipt which will be sent to the 
donor. If a package cannot be delivered within a reasonable 
length of time, CARE will refund the full purchase price 
to the donor. A typical CARE package contains such 
products as Borden's butter, Nescafe, Swift's canned ham, 
Del Monte corn, Welch’s jam, Hormel's sliced bacon, etc. 

CAREV order blanks are available at banks and are 
also distributed by relief, fraternal, professional, and 
social organizations, but if you have difficulty in getting 
one, write to CARE, 50 Broad Street, New York 4, 
New York. 

Annual Convention of LE.S. 

The Illuminating Engineering Society goes to Quebec 
September 18-20 for its Victory Convention, sharing with 
its Canadian membership this annual event which during 
the war years was limited to technical conferences. 
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Supplementary Bibliography of Electron Microscopy 

By Mary E. Rathbun, Mary J. Eastwood, and Orlan M. Arnold 

Engineering Division, Chrysler Corporation, Detroit, Michigan 


I N an extensive survey of the literature on the 
subject of electron microscopy a number of 
publications have been discovered which were 
not included in the excellent bibliographies of 
C. Marton and S. Sass. 1 In view of the request 
expressed by a number of people interested in 
electron microscopy to present a list of these 
articles which have technical points of interest 
bearing on technique, preparation of samples, 
instrumentation, and results, the authors have 
prepared this supplementary bibliography in two 
alphabetized sections. The first group includes 
publications which have information on various 
phases of electron microscopy. The second sec¬ 
tion gives the patent literature that has appeared 
to date. The presentation of the latter section 
has been prompted by the expressed opinion that 
many working in this field of research would 
like to become familiar with different stages of 
development of the electron microscope as 
reflected in both foreign and domestic patents. 
The domestic patents have been checked with 
The Official Gazette of the United States Patent 
Office and the foreign patents with the informa¬ 
tion in the Chemical Abstracts. For the con¬ 
venience of the reader, translations have been 
made for the titles of publications and patents 
appearing in foreign languages. 


The authors wish to acknowledge the aid of 
Eleanor V. Wright, Librarian,* in helping to 
locate a number of the publications reviewed for 
this bibliography. 

ELECTRON MICROSCOPE REFERENCES NOT 
INCLUDED IN BIBLIOGRAPHY OF 
C. MARTON AND S. SASS 

Abeam, A. J. and Becker, J. A. Electron microscope 
studies of thoriated tungsten. Pkys. Rev. S4, 448-458 
(1938). 

Barnes, R. B. and Barton, C. J. Electron microscope. Am. 
Dyestuff Rep. 31, 254-262 (1942); correction 31, 313-314 
(1942). 

Barrett, C. S. Seeing metals at high magnification. Mach. 

Design IS, 138-140 (November, 1943). 

Benjamin, M. Field emission microscope. J. Soc. Glass 
Tech. 24, 93-96 (1940); abstracted in Chem. Ind. Eng. 
59, 314-315 (1940). 

Ben sen, I. B. Electron microscopy. Gen. Elec. Rev. 47, No. 
12, 6-14 (1944). 

Boersch, H. The shadow-microscope, a new electron- 
supermicroscope. Naturvnss, 27,418 (1939). 

Brtlche, E. Electron microscope. Naturwiss. 20,49 (1932). 
Brfiche, B. Electron optics and electron microscopy. AEG 
Mitt. No. 2, 45-47 (February, 1934). 

Brfiche, B. Ten years of development AEG-Forsck. 

Jakrb., Sonderkeft, Ubermikroshop 7, 2-8 (1940). 
Brfiche, S. The two-pole system as aim of pure electrical 
image apparatus. AEG-Forsck. Jakrb., Sonderkeft, 
Ubermikroshop 7, 9-14 (1940). 

Brfiche, B. and Gfils, B. Introduction of the object and the 


15, 575-9 (1944); 10,37; 


.14,522-31 (1943); 


* Engineering Division, Chrysler Corporation, Detroit, 
Michigan. 
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plate. AEG-Fotsch. JakrbSonderhfft, Ubermikroshop 

7, 60-66 (1940). 

Brflche, B. and Johasmsou, H. Electron optics and electron 
microscope. Natnrwiss . 20 , 353-358 (1932). 

Burgers, W. G. Metallographic Investigation with the 
electron microscope. Polytech. Weehblad . 33, 17-18, 38- 
40 (1939). 

Dants, D. Super microscope and paint research. Forbe u. 
Lack, Cenlralblatt 402-403 (1938). 

Dorgelo, H. B. Introduction to electron microscopes of dif¬ 
ferent types. Ntderlandsch Tijdschrifl voor Natuurkunde 
7,157-170 (1940). 

Gaede. The electron microscope. Deal. lied. Wochschr. 66, 
858-860 (1940). 

Hendricks, S. B., Wlldman, S. G., and McMurdie, H. F. 
Morphology of latex particles as shown by electron 
micrographs. India Rubber World 110, 297-300 (1944). 

Henneberg, W. The supermicroscope with electrostatic 
lenses. Elehrotech. ZeiU. 61, 773-776 (1940). 

Hillitr, J. The electron microscope in the determination of 
particle size characteristics. Am. Soc. Test. Mat., 
Symposium on New Methods for Particle Size Det’n. in 
Subsieve Range 90-94 (1941). 

HUUer, J. Electron microscopy. Can. Chem. Process Ind. 
28, 728-736 (1944). 

Hock, C. W. and McMurdie, H. F. Structure of the wool 
fiber as revealed by the electron microscope. Am. 
Dyestuff Rep. 32, 433-436, 451-454 (1944). 

Hoffmann, K. Characteristics of optical illustrations by 
means of electrons and applications (electron micro¬ 
scopy). KoUcid Zests. 89, 59-76 (1939). 

Humbert, R. P. Particle shape and the behavior of clay as 
revealed by the electron microscope. Bull Am. Cer. 
Soc. 21, 260-263 (1942). 

Jakus, M. A., Hall, C. B., and Schmitt, F. O. Electron 
microscope observations of clam muscle Abrils J. Am. 
Chem. Soc. 66, 313-314 (1944). 

Jolley, E. E. Structure of the developed silver image as 
revealed by the electron microscope. J Phot. Soc. Am. 

8, 283-289 (1942). 

Balden, H. Investigations with the supermicroscope. 
Chem.-Zert. 64, 129-133 (1940). 

Kinder, B. The magnetic sectional lens supermicroscope 
and some applications in colloid chemistry. Kolloid 
ZeiU. 95, 326-36 (1941). 

Knayai, G. Width and origin of bacterial flagella; electron 
microscope studies. Science 95, 406-407 (1942). 

Knoll, M. and Tho&o, A Electron scanning for forming the 
image of the structure of surfaces and thin layers. 
Zmts.f. Physih 113, 260-280 (1939). 

Kronig, R. Theoretical basis of electron optics. Neder- 
fc #deck Tijdschrifl voor Naturrhunde 7, 171-178 (1940). 

Loofbomow, J* A Borderland problems in biology and 
physic*; electron microscopy. Rev. Med. Phys. 12, 331- 
333 (1940). 

Mahl, H. Metallurgical, metal chemical and bacterio¬ 
logical investigations with the electrostk supermicro¬ 
scope. fhem. Fabrih 14, 279-280 (1941). 

MahyjEL Stereoscopic photographs with the electrostatic 
eOpgHnkrogcope. Naturwiss. 28, 264 (1940). 


Milos, If* If. Electron microscope. Uspekh. Fig. Nauk. 13, 
367-384 (1933). 

Martin, L. C. The present position regarding the develop¬ 
ment of the electron microscope. J. Soc. Glass Tech. 24, 
97-100 (1940). 

Morton, G. A. Survey of research accomplishments with 
the RCA electron microscope. RCA Rev. 6, 131-166 
(1941). 

Morton, G. A. and Bamberg, B. G. Point projector electron 
microscope. Phys. Rev. 56, 705 (1939). 

Miiller, B. W. Further observations with the field electron 
microscope. Zeits f. Physih 108, 668-680 (1938). 

Pupko, S. L. Electron microscope Uspekh. Fit. Nauk. 24, 
487-513 (1940). 

Recknagel, A. Defects of electron lenses. Jahrb. AEG- 
Forsch., Sonderheft, Ubermthroshop 7, 15-22 (1940). 

Bess, A. L. G. Electron microscope. J. Soc. Chem. Ind. 
60, 335-337 (1941) 

Bees, A. L. G. Electron microscopy. Set'. J. Roy. College 
of Science 12, 1-15 (1942). 

Rhea, H. B. The RCA electron microscope. Wallerstein 
Labs. Commun. 4, 99-106 (1941). 

Rhea, H. E. New electron microscope. Science 93, 357-358 
(1941). 

Boss, S. Orientation of micelles in soap fibers. J. Phys. 
Chem. 46, 414-417 (1942). 

Schmitt, F. O. X-ray and electron microscope studies of 
the structure of collagen fibers. Am. Leather Chem. 
Assn. J. 39, 430-437 (1944); Discussion 437-441. 

Semmlsr, E. The structure of aluminum oxide films used 
in surface structure investigations by the contact film 
method (electron microscopy). Zests, f. Metallhunde 34, 
229-231 (1942)—Translation: Great Britain Air Minis¬ 
try RTPj Translation No. 1880. 

Smith, P. 0. and Picard, R. G. Electron microscopes. Radio 
News 32, 41-43 (1944) (November). 

Stlger, A. Electronic and scanning microscopes. Elec. Rev. 

( London ) 124, 157-158 (1939). 

Stanley, W. M. Viruses and the electron microscope. 
Chronica Botan. 7, 291-294 (1943). 

Triau, L. The most recent realization of the electron micro¬ 
scope. Rev. gin dec. 44, 841-847 (1938). 

Wflaon, W. The electron microscope. Electronic Eng. 16, 
414-420 (1944). 

Wilaon, W. Electron microscope. Part I: The Instrument. 
Elec. Rev. ( London ) 134, 218-222 (1944). Part II: 
Specimen Mounting and Typical Results. Elec. Rev. ' 
(London) 134, 254-257 (1944). 

Zworykin, V.'K* Electron microscopy in chemistry. Elec¬ 
tronics 16, 64-68 (1943). 

Zworykin, V. K. Image formation by electrons. Cold Spring 
Harbor Symposia Quant. Bid. 9, 194-196 (1941); 
Discussion 196-197. 

Zworykin, V* K. Image formation by electrons. Science in 
Progress [3] 69-107 (1942). ** 

Zworykin, V. K., Morton, G. A., Bamberg, B* G., HUUer, 
J., and Vance, A. W. Electron optics and the dectron 
microscope (John Wiley st Sons, Inc., New York,* 1945), 
766 pp. 
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Development and uses of the electron microscope, Chem* 
ische Fabrik 11, 478-479 (1938). 

Electron microscopes. Electronics 11, 30-33 (November, 
1938). 

Electron microscopes for production, research and analysis. 
Electronics 17,184 (June, 1944). 

Electron microscope: the Siemens electron microscope. 
Engineering 146, 474-475 (October, 1938). 

A new electron microscope. J. App. Phys . 11, 629-630 
(1940). 

Polystyrene aids electron microscope. Mod . Plastics 21, 
124-125, 160 (December, 1943). 

Technique for the electron microscopic examination of 
encapsulated bacteria. Paper Tr . J. 113, 33 (October, 
1941). 

Inside rubber. Tech. Rev. 46, 479-481 (1944). 

PATENTS 

Ardenne, M. von. Magnetic objective for electron micro¬ 
scopes. U.S. 2,243,403. May 27, 1941. 

Ardenne, M. von. Electron scanning microscope. U.S. 
2,253,542. Aug. 26, 1941. 

Ardenne, M. von. Ultraviolet or electronic microscope. 
U.S. 2,273,235. Feb. 17, 1942. 

Ardfnne, M. von. Arrangement for controlling the anode 
potential and the lens currents of magnetic electron 
microscopes. Ger. 718,988. March 5, 1942. 

Ardenne, M. von. Electron microscope. Ger. 732,791. 
Feb. 11, 1943. 

Ardenne, M. von. Electronic microscope (Vested in the 
Alien Property Custodian). U.S. 2,356,633. Aug. 22, 
1944. 

Ardenne, M. von. Electronic microscope (Vested in the 
Alien Property Custodian). U.S. 2,361,722. Oct. 31, 
1944. 

Ardenne, M. von and Borries, B. von. Electron scanning 
microscope. U.S. 2,241,432. May 13, 1941. 

Boerach, H. (Assigned to General Electric Company) 
Electron microscope. U.S. 2,238,577. April 15, 1941. 

Boerach, H. Electron tubes for electron-diffraction appa¬ 
ratus or electron microscopes. Ger. 725,847. Aug. 20, 
1942. 

Boerach, H. (Assigned to Allgemeine Elektricit&ta-Gesell- 
shaft) Electron microscope for taking pictures with light 
and dark films. Ger. 734,736. Mar. 25, 1943. 

Boerach, H., Brttche, £., and Mahl, H. (Assigned to Gen¬ 
eral Electric Company) Electron microscope. U.S. 
2,259,994. Oct. 21, 1941. 

Boerach, H. and Mahl, H. (Assigned to General Electric 
Company) Electron Microscope. U.S. 2,249,453. July 
15,1941. 

Boerach, H. and Mahl, H. (Assigned to Allgemeine Elek- 
tridt&ts-Gesellshaft) Highly magnifying electron micro¬ 
scope. Ger. 729,687. Nov. 26, 1942. 

Boerach, H. and Mahl, H. (Assigned to Allgemeine Elek- 
tricit&ts-Gesellshaft) Electron microscope with two or 
more single lenses. Ger. 735,873. April 22, 1943, Addn. 
to Ger. 733,345. 

Borries, B. von. Electron microscope (Vested in the Alien 
Property Custodian). U.S. 2,301,987. Nov, 17, 1942. 


Berries, B. von and Hitter, H. O. (Assigned to u Fsdes 
Gesellshaft fttr die Verwsitung und Verwertung von 
Gewerblichen Schutxrechten m. b. H.”) Electron optical 
device. U.S. 2,270,112. Jan. 13,1942. 

Borries, B. von,' Miller, H. O., and Ruaka, R. Electronic 
microscope (Vested in the Alien Property Custodian). 
U.S. 2,356,551. Aug. 22,1944. 

Borries, B. von and Ruaka, B. (Assigned to ‘Tides Gesell¬ 
shaft fttr die Verwaltung und Verwertung von Gewer¬ 
blichen Schutxrechten m. b. H.”) Magnetic lens for 
electron microscopes. U.S. 2,209,669. July 30, 1940. 

Borries, B. von and Ruaka, B. (Assigned to ‘Tides Gesell¬ 
shaft f0r die Verwaltung und Verwertung von Gewer¬ 
blichen Schutxrechten m. b. HZ') Electron microscope. 
U.S. 2,268,539. De6. 30, 1941. 

Borries, B. von and Ruaka, E. Electron-optical lens 
(Vested in the Alien Property Custodian). U.S. 2,305,761. 
Dec. 22, 1942. 

Borries, B. von and Ruaka, H. (Assigned to 'Tides Gesell- 
schaft fttr die Verwaltung und Verwertung von Gewer¬ 
blichen Schutxrechten m. b. H. M ) Method for examining 
objects in an air space by means of electron microscopes. 
U.S. 2,256,191. Sept. 16, 1941. 

Borries, B. von, Schuchmann, H., and Ruaka, E. (Assigned 
to ‘Tides Gesellachaft fttr die Verwaltung und Ver¬ 
wertung von Gewerblichen Schutxrechten m. b. H,”) 
Electron microscope. U.S. 2,266,717. Dec. 16, 1941. 

Brttche, E. (Assigned to Allgemeine Elektricitdts-Gesell- 
shaft) High-power electron microscope. Ger. 732,690. 
Feb. 11, 1943. 

Brttche, E. (Assigned to Allgemeine Elektricil&ts-Gesell- 
shaft) Electron microscope, Ger. 734,090. March 11, 
1943. 

Brttche, E. and G61z, E. (Assigned to Allgemeine Elek- 
tricitdts-Gesellshaft) Apparatus for introducing objects 
into an electron microscope. Ger. 716,058. Dec. 11, 1941. 

Burkhardt, E. (Assigned to Allgemeine Elektricit&ts- 
Gesellshaft) Adjusting arrangement for electron micro¬ 
scopes. Ger. 724,183. July 9, 1942. 

ipilier, J. (Assigned to RCA Company) Electron micro¬ 
scope specimen chamber. U.S. 2,272,843. Feb. 10, 1942. 

Hillier, J. (Assigned to RCA Company) Projection lens for 
an electron microscope. U.S. 2,323,328. July 6, 1943. 

Hillier, J. (Assigned to RCA Company) Scanning micro¬ 
scope. U.S. 2,330,888. Oct. 5, 1943. 

Hillier, J. (Assigned to RCA Company) Electron micro¬ 
scope. U.S. 2,354,263. July 25, 1944. 

Knoll, M., Houtermans, F. G., and Schulze, W. Electron 
microscope. U.S. 2,131,536. Sept. 27, 1938. 

Krause, F. Electron microscope vacuum system. U.S. 
2,266,218. Dec. 16, 1941. 

Krause, F. (Assigned to Gewerkscbaft Mathias Stinnes) 
Device for introducing objects into an electron micro¬ 
scope. Ger. 719,448. March 12, 1942. Addn. to Ger. 
708,778. 

Krause, F. Preparation of specimens for examination with 
an electron microscope. Ger. 720,213. April 2, 1942. 

Krause, F. Method for preparing specimens of cellular 
material for studying in an electron microscope. Ger. 
720,949. April 23, 1942. Addn. to Ger. 720,213. 
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B rau — , 1L Device for introducing objects into an electron 
microscope. Ger. 708,778. June 19, 1941* 

Krauae, K. Meant for mounting objects in electron micro¬ 
scopes. U.S. 2,264,210. Nov. 25, 1941* 

MaM, H., Penddch, A., and Steudel, B. (Assigned to 
General Electric Company) Electron microscope* U.S. 
2,260,041. Oct. 21, 1941. 

Marten, L. (Assigned to RCA Company) Electron micro¬ 
scope. U.S. 2,220,973. Nov. 12, 1940. 

Marten, L. (Assigned to RCA Company) Electronic and 
light microscope. U.S. 2,233,286. Feb. 25, 1941. 

Marteiki L. (Assigned to RCA Company) Shielded elec¬ 
tronic microscope. U.$. 2,301,303. Nov. 10, 1942. 

Marten, L. (Assigned to RCA Company) Electron micro¬ 
scope. U.S. 2,347,328. Apr. 25, 1944. 

Ploke, M. (Assigned to Zeiss Ikon Aktiengesellschaft) 
Method of electron-microscopically investigating sub¬ 
jects. U.S. 2,219,113. Oct. 22, 1940. 

Rajchman, J. A. (Assigned to RCA Company) Method of 
focusing electron microscopes. U.S. 2,348,031. May 2, 
1944. 

Rajchman, J. A. and Snyder, R. L. (Assigned to RCA 
Company) Electron optical instrument. U.S. 2,372,450. 
Mar. 27, 1945. 

Ramberg, B. Q. (Assigned to RCA Company) Art of elec¬ 
tron microscopy. U.S. 2,347,965. May 2, 1944. 

Ramberg, B. G. and Mortem, G. A. (Assigned to RCA 
Company) Electron microscope. U.S. 2,271,990. Feb. 3, 
1942. 

Ramo, S. (Assigned to General Electric Company) Elec¬ 
tron microscope. U.S. 2,281,325. Apr. 28, 1942. 

Ramo, S. (Assigned to General Electric Company) Elec¬ 
tron microscope. U.S. 2,363,359. Nov. 21, 1944. 

Ruika, B. (Assigned to “Fides Gesellshaft fttr die Ver- 
w&ltung und Verwertung von Gewerblichen Schutxrech- 
ten m. b. H.") Shielded electron microscope. U.S. 
2,234,281. March 11, 1941. 

Ruska, B. (Assigned to “Fides Gesellshaft fttr die Ver- 
waltung und Verwertung von Gewerblichen Schutz- 
rechten m. b. H.“) Electron microscope. U.S. 2,266,082. 
Dec, 16, 1941. 

Ruska, B. (Assigned to “Fides Gesellschaft fttr die Ver- 
waltung und Verwertung von Gewerblichen Schutz- 
rediten m. b. H.“) Electronic microscope. U.S. 2,272,353. 
Feb, 10, 1942, 

Ruska, B» (Assigned to “Fides Gesellshaft fttr die Ver- 
waltung und Verwertung von Gewerblichen Schutz- 
rechten m. b. H.“) Electronic microscope, U.S. 2,274,215. 
Feb. 24, 1942. 

Ruska, B» Electronic microscope (Vested in the Alien 
Property Custodian). U.S. 2,301,975. Nov. 17, 1942. 

Rqikt, B. (Assigned to Siemens & Halske Aktiengesell- 
mft-Gesellshaft) Electron microscope. Ger. 734,791. 
March 25, 1943. 


Rusks, % 9 Hantachd, B., and Schudiuiamn & Electronic 
microscope (Vested in the Alien Property Custodian) 
VS. 2,305,458. Dec. 15,1942. 

Ruska* B. and Ruska, H. (Assigned to “Fides Gesellshaft 
fbr die Verwaltung und Verwertung von Gewerblichea 
Schutzrechten m. b. H.“) Electron microscope. U. S. 
2,267,137. Dec. 23,1941. 

Rusks, B. and Schuchmann, H. (Assigned to “Fides 
Gesellshaft fttr die Verwaltung und Verwertung von 
Gewerblichen Schutzrechten m. b. H.”) Electronic 
microscope. U.S. 2,277,024. March 17, 1942. 

Ruska, B., Schuchmann, H., Ruska, BL, and Mttller, H. O. 
Electronic microscope (Vested in the Alien Property 
Custodian). U.S. 2,370,373. Feb. 27, 1945. 

Ruska, H. (Assigned to Siemens & Halske Aktiengesell- 
shaft-Gesellshaft) Mount films for electron microscope. 
Ger. 709,733. July 17, 1941. 

Ruska, H. (Assigned to “Fides Gesellshaft fttr die Ver¬ 
waltung und Verwertung von Gewerblichen Schutz¬ 
rechten m. b. H. M ) Method of focusing electron micro¬ 
scopes. U.S. 2,256,171. Sept 16, 1941. 

Schuchmann, H. (Assigned to “Fides Gesellshaft fttr die 
Verwaltung und Verwertung von Gewerblichen Schutz¬ 
rechten m. b. H.“) Electron microscope. U.S. 2,215,979. 
Sept. 24, 1940. 

Schuchmann, H., Barries B. van, and Ruska, H. Electronic 
microscope (Vested in the Alien Property Custodian). 
U.S. 2,305,459. Dec. 15, 1942. 

Schuchmann, H. and Nenbert, U. (Assigned to “Fides 
Gesellshaft fttr die Verwaltung und Verwertung von 
Gewerblichen Schutzrechten m. b. H.”) Electronic 
microscope. U.S. 2,247,524. July 1, 1941. 

Snyder, R. L., Jr. (Assigned to RCA Company) Scanning 
type of electron microscope. U.S. 2,330,930. Oct. 5,1943. 

Snyder, R. L., Jr. (Assigned to RCA Company) Scanning 
type of electron microscope. U.S. 2,348,030. May 2,1944. 

Sukumlyn, T. W. Electron microscope system. U.S. 
2,243,362. May 27, 1941. 

Young, C. J. (Assigned to RCA Company) Electron micro¬ 
scope object chamber. U.S. 2,347,348. Apr. 25, 1944. 

Young, C. J. (Assigned to RCA Company) Electron 
microscope viewing chamber. U.S. 2,356,963. Aug. 29, 
1944. 

No Authors Given 

(Assigned to “Fides Gesellshaft fttr die Verwaltung und 
Verwertung von Gewerblichen Schutzrechten m. b. H.“) 
Electron microscopes. Brit. 517,704. Feb. 6, 1940, 

(Assigned to Allgemeine Elektricit&ts-Gesellshaft) Elec¬ 
tron-optic method for investigating mixtures of crystals, 
Ger. 713,740. Oct 16,1941. 

(Assigned to Verwaltungs-Gesellshaft m. b. H.) Electron 
ultramicroscope. Fr, 849,648. Nov. 28,1940. 


m 


Journal or Ammo physics 



Contributed Original Research 



Electronic Spectroscopy 


George C. Sziklai and Alfred C. Schroeder 
RCA Laboratories, Princeton , New Jersey 
(Received April 12, 1946) 


According to Einstein, the electrons leave a photo¬ 
electric surface with an initial velocity proportional to the 
frequency of the impinging radiation. Consequently, when 
a sawtooth potential is applied to a photoelectric cell, 
illuminated by a monochromatic light, the current flow 
»tarts at a threshold potential corresponding to the wave¬ 
length of the light, and then gradually increases more or 
less linearly toward a saturation value. When light of 
assorted wave-lengths is applied, the total current is the 
summation of the currents for the individual wave-lengths, 
each of which currents has its threshold at a different 
potential. By double differentiation an indication of the 
spectral distribution can be observed directly on an oscil¬ 
loscope which is deflected synchronously with the potential 
applied to the photoelectric cell. The accuracy of the 


indication is limited by the indeflniteness of the threshold 
values and non-linearity of the currents above the threshold 
potentials in available photoelectric cells. With S4 com¬ 
mercial surfaces, filters of the three primary colors can be 
easily differentiated, but with improved surfaces con¬ 
siderably better resolutions may be obtained and further 
improvement may be had by lowering the temperature of 
the photoelectric surface. The method lends itself readily 
to color matching, since two similar devices supplying 
their signal with opposite polarity will give zero output 
when the two colors match, while it provides a direct 
indication of the color and magnitude of mismatch when 
a signal is obtained. The output signal can be utilized for 
relays or other control devices in industrial processes. 


INTRODUCTION 


F IRST we may define spectroscopy, according 
to Sir Arthur Schuster, 1 as an investigation 
of radiations with respect to the wave-lengths 
of their constituent parts. 

Spectroscopy, as a branch of physics, came 
into prominence after the spectroscope and its 
applications were introduced by Kirchoff and 
Bunsen in 1859, almost two centuries after 
Newton discovered that a prism breaks white 
light into its components. The optical spectro¬ 
scope of Kirchoff and Bunsen was improved in 
many ways for greater convenience (such as the 
Brown, Amici, and Kessler direct line spectro¬ 
scopes with compound prisms and by the use of 
gratings) and since 1919 through the addition 
of photo-cells for quantitative recording.* How¬ 
ever, these instruments were still using purely 
optical principles, namely, refraction and diffrac¬ 
tion, for the analysis of the radiation. 

The present scheme uses electronic properties 
for the analysis and it borrows its principle from 


1 A lecture delivered at Royal Institution in 1882. 

* K. S. Gibson et at, Nat. Sd. Pap. Bur. Stand. No. 349, 
1919. 


the Einstein’s law of photoelectric emission, and 
thus we call the instrument electronic. 

THE PRINCIPLE OP OPERATION 

The photoelectric equation of Einstein* postu¬ 
lates that the initial kinetic energy of a photo¬ 
electron is a linear function of the frequency of 
the liberating radiation according to the relation 
of 

mv 2 /2**hv—<h 

where the left side represents the kinetic energy, 
h is Planck’s constant, v is the frequency of the 
radiation, and <f> is the work function. The kinetic 
energy is also equal to the product of the elec¬ 
tronic charge and the accelerating voltage; thus 
we may write 

eV**hv— 

where e is the charge and V is the accelerating 
potential required to impart to an electron the 
velocity V when the electron started in vacuum 
from rest. In the last equation all the quantities 
except V and v are constant; thus we may see 

* Ann. d. Phydk 17, 132 (1905). 
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that tiie potential at which electron flow starts 
or the threshold potential is a direct function of 
the frequency of the radiation of a given surface. 

According to the Fermi-Dirac distribution of 
the energy among the conduction electrons, as 



shown in Fig. 1, the number of electrons per unit 
energy is zero above a certain energy level which 
is lower than the work function of the metal. 
Figure 1 shows the distribution at 0°K and at 
1500°K where the rounding off, approaching 
Maxwellian distribution, is caused by thermionic 
effect. The curve at room temperature is be¬ 
tween the two curves shown. 

Applying this information to the current in a 
photo-cell which is connected to a variable re¬ 
tarding potential, we find that if certain wave¬ 
length radiation is applied on the surface and 
the retarding potential is reduced to the threshold 
potential current flow begins. As the retarding 
potential is reduced further, the current increases 
almost linearly until saturation occurs. Figure 2 
shows the effect of the radiation of two discreet 
bands on the current in a photo-cell as the 
stopping or retarding potential is reduced. The 
first dotted line of curve B shows the current 
produced by the higher frequency radiation, while 
the dotted line on the right corresponds to the 
lower frequency. The solid line indicates the 
current vs. stopping potential relation when both 
Mentions are present. The curvature at the 
foot of each of the curves is caused by thermionic 
emission, and in some cases by non-definite work 
function or threshold. Such is the case with 
compound or non-uniform surfaces. 

If curte B is differentiated, with respect to 
the shopping potential, we obtain curve C. A 


second differentiation yields curve A, again 
reproducing the original spectra. 

THE CIRCUIT 

Figure 3 shows the simplest form of an appa¬ 
ratus performing the above described functions. 
A periodically variable potential (preferably 
sawtooth shaped) is supplied to a suitable photo¬ 
electric cell (1) by a source (2). The center 
potential is established by a battery or other 
d.c. source (3). The variation of the current 
changes the potential across a resistor (4) in the 
circuit. A differentiating circuit consisting of a 
capacitor (5) and a resistor (6) supplies the 
differentiated signal to the grid of a vacuum tube 
amplifier (7). This amplifier is followed by a 
similar differentiating circuit-feeding amplifier 
(8). The amplified twice-differentiated signal is 
then applied to the vertical deflection system of a 
cathode-ray oscilloscope (9) which is deflected 
horizontally with the same periodicity as the 
potential across the cell (1) is varied. 

Figure 4 shows a simple circuit for differentia¬ 
tion with two photoelectric cells (10) and (11) 
connected in series and biased with the aid of 
slightly different d.c. sources (12) and (13) at 
different center potentials. The periodical wave 
is applied by source (2') through a center tapped 
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Fig. 2. Graphical representation of the photo-current 
differentiation. 
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transformer (14), and the differentiated output 
ia obtained across resistor (4'). This output then 
is differentiated again by capacitor (S') and 
resistor (6'), amplified by amplifier (8') and 
applied to the oscilloscope (9') similarly to the 
way shown in Fig. 1. 

Figure 5 shows the manner in which differ¬ 
entiation is taking place by the circuit shown in 
Fig. 4. Curve A shows the voltage developed 
by one photoelectric cell when it is exposed to a 
light source of red and blue content as shown by 
curve D. Curve B is the same as A with opposite 
polarity, except it is delayed by the above- 
mentioned bias difference. The resultant po¬ 
tential (the sum of the two potentials) that 
appears across resistor (4') is shown as curve C, 
which is substantially the differential of curve A. 
If signal C is differentiated the resultant po¬ 
tential will be similar to the curve D. 

A special circuit is shown in Fig. 6, which is 
similar to Fig. 4, except that one of the cells 
observes the light to be tested, while the other 
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Fig. 3. Simple circuit with double R-C differentiation 





Fro, 4. Circuit with differentiation ia push-pull cells. 



Fig. 5. Differentiation by push-pull action. 
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STO- -SAMPLE 




Fig. 7. The experimental unit. 


provides a signal from a standard to be matched. 
The two bias potentials (12') and (13') are equal, 
and thus if the two light sources (or reflectors) 
have the same spectral distribution, the currents 
through cells (10') and (11') are the same, and 
the output signal across resistor (4") is zero. 
The amplifier (8") provides an actuating signal 
to relay 15 only if the two colors are not matched. 
This circuit finds a particular application in 
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Fig. 8. Circuit of the experimental unit 


continuous dyeing processes (such as dyeing of 
yams, filter sheets, etc.), where the output of the 
bath may be continuously matched and the 
equipment is stopped immediately if the material 
is mismatched with respect to the standard. 

EXPERIMENTAL RESULTS 

A simple set-up, similar to the one shown in 
Fig. 3, was made with a 919 photo-tube. The 
multiple threshold of the C,-C,0-Ag surface 
masked the effect to great extent to counteract 
the advantage of the great sensitivity of the 
surface. The 919 tube was replaced with a 929 
type of photo-tube containing an S4 surface. 
This set-up was capable of differentiating the 
standard tristimulus colors. The results obtained 
were encouraging enough to construct a color 
analyzing assembly using two 929 tubes as shown 
in Fig. 7. The circuit diagram of the analyzer is 
shown in Fig. 8. 

The color analyzer was checked with a mono¬ 
chromator and a shift of 150 angstrom units was 
easily seen on the face of the oscilloscope. This 
may not be considered the resolution of the 
e qq jproent since the half-value points on the 
curves obtained from monochromatic light were 
approximately 600 angstrom units apart, but 
the color-matcher may be expected to differ¬ 
entiate between two sources different with 150 
angstrom units. Figure 9 shows a double exposed 
ostillogcam of the traces obtained from aWratten 
No. :#! gjp a Wratten No. 22 filter. The satura- 


* 

tion close to 7000 angstrom units clearly shows, 
and the slope of the curves provides a good ' 
indication of the resolution available with S4 
surfaces. For the purpose of comparison, the 
density curves of the same filters are shown in 
Fig. 10.* 

Considerable improvements may be made in 
the equipment if some of the limitations in the 
presently used commercial cells were removed. 
Because of the non-parallel construction of the 
photo-tubes, the collection of the electrons are 
not uniform through the stopping voltage range. 
A photoelectric cell made with flat parallel sur¬ 
faces would eliminate the electron optical limita¬ 
tions, since electrons from the whole surface 
would be uniformly collected or retarded. 

An obvious improvement may be obtained by 
lowering the temperature to reduce the thermi¬ 
onic effect and thus^sharpen the threshold. 


[.Fig. 9. Transmission curves of Wratten No. 21 
and 22 filters. 

* Wratten LiM filters (Eastman Kodak Company, New 
York), sixteenth edition, p. 34. 
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Fig. 10. Published 
density curves of Writ¬ 
ten No. 21 and 22 
filters. 
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Another step to obtain a sharp threshold is the 
use of pure metal surfaces eliminating the non¬ 
uniformity of the work function over the surface. 

Frohlich* has obtained extremely sharp thresh¬ 
olds from thin alkali metal films presumably due 
to eliminating the effects of absorption of light 
and of electrons within the film. 

* Ann. d. Physik 7.103 (1930). 


While the present results are adequate for 
indications in industrial applications, further 
refinements may provide an instrument with 
greater precision. 

The simplicity of the instrument and its con¬ 
venient use due to its instantaneous application 
ought to be an incentive for further work in 
making the required refinements. 
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Calculated Frequency Spectrum of the Shot Noise from a Photo-Multiplier Tube 1 " 

R. D. Saks 

Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 

(Received April 4,1944) 


The mean square noiae current per unit frequency range 
as a function of frequency, or “power spectrum," of the 
shot noise produced by a secondary-emission multiplier 
tube is calculated. A general expression for it, (3), is set 
up and then applied to the RCA 931 family of photo¬ 
multiplier tubes. These tubes are of interest as relatively 
intense sources of random noise of constant intensity up 
to high frequencies. When an electron enters the collecting 
space, it initiates a pulse of current in the anode circuit. 
In the 931 operated with 100 volts per stage, the pulse has 
a total duration of about 6X 10““ sec and a half-width of 
about 1.5X10““ sec. The electrons descended from the 
same photon do not enter the collecting space simul¬ 
taneously but are spread out over a time of the order of 
6X10~“ sec. Because of the non-zero duration of the 
pulses and the spread in their time of occurrence, the 


1. INTRODUCTION AND SUMMARY 

T HE subject of this paper is the frequency 
spectrum of the noise current in a vacuum 
secondary-emission multiplier tube. Under nor¬ 
mal operating conditions, the fluctuations in 
collector potential associated with the noise 
fluctuation? are small compared with the applied 
constant accelerating potential differences, and 
it is therefore legitimate to consider the noise 
current as independent of the external load. 
After the mean square noise current per unit 
frequency interval has been calculated on this 
assumption, the mean square noise voltage can 
be obtained from it by multiplying with the 
square of the absolute value of the load im¬ 
pedance and integrating over all frequencies. 

We derive first a very general expression (Eq. 
(3)) for the mean square noise current per unit 
frequency interval for any type of multiplier 
tube, and then evaluate it for the RCA 931 
family of photo-multiplier tubes. Approximations 
arAsiiade in the evaluation that are of a crudity 
commensurate with the meagemess of the avail¬ 
able data on the properties of the secondary- 
emitting surfaces and the electron trajectories in 


* Tills paper is baaed on work done for the Office of 
SdtafiSg Jfflpraurch and Development under Contract No. 
OEMsrtiti with the President and Fellow* of Harvard 

4 


noiae spectrum is essentially flat only up to several 
hundred Me, falling rapidly at higher frequencies. The 
paucity of data and the approximations made in the cal¬ 
culation make our curve of noise output versus frequency 
significant only as regards order of magnitude and general 
trend. It does seem safe to predict that the noise intensity 
ought to be constant from zero up to about 100 Me, begin 
to fall off appreciably between 100 Me and 1000 Me, and 
become very weak at higher frequencies. Partial con¬ 
firmation is provided by unpublished measurements of 
Jastram at the Radio Research Laboratory, Harvard 
University, which show that at 30 Me the noise output is 
still about the same as in the range 0 to 5 Me. There is 
also some experimental indication that the output is 
about the same at 100 Me and that it is much smaller at 
higher frequencies 


these tubes, and with the variations in behavior 
from tube to tube. For this reason, the numerical 
results are significant for frequencies above 
several hundred megacycles only as regards 
order of magnitude and general trend. The cal¬ 
culation may, nevertheless, be of interest to 
physicists and radio engineers, not only because 
of the physical ideas involved, but also because 
of the possibility of using a tube like the 931 as 
a laboratory noise source for the study of receiver 
sensitivity. Because of its high gain, as explained 
below, this tube gives a large mean square noise 
current for a given average value of the anode 
current. And the noise is essentially white, i.e. 
its frequency spectrum has a constant intensity, 
from zero to at least one hundred megacycles. 

Shot noise in a tube of any kind is caused by 
the fact that charge is brought to the collector 
in discrete lumps whose times of arrival are not 
correlated with each other. In a saturated diode, 
the individual electrons moving from cathode to 
anode constitute the lumps. Each such transit 
electron moves independently of the others, 
producing its independent transient current in 
the plate circuit. The piling-up of these tran¬ 
sients produces the plate current. Because the 
transients occur at random, the plate current 
undergoes random fluctuations about its average 
value. In a secondary-emission multiplier tube, 
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the phenomenon of secondary electron emission 
is used to magnify the primary current. By the 
use of a number of secondary-emitting stages in 
cascade, one primary electron is made to produce 
a large number of electrons in the last stage of 
multiplication. Thus, in the 931, which has nine 
stages of multiplication, one photon incident on 
the photo-sensitive cathode liberates a photo¬ 
electron which then produces hundreds of 
thousands of electrons in the ninth generation. 
These electrons are collected by the anode at 
almost the same instant. The independent 
lumps' in which charge reaches the anode are, 
therefore, hundreds of thousands of times larger 
than in the case of a saturated diode. The effect 
is equivalent to an increase of the electronic 
charge by this factor in the formula for the shot 
noise of a saturated diode. 

As an electron approaches the anode it induces 
a pulse of current in the external circuit to the 
anode. We shall refer to a current pulse due to 
an individual electron as an elementary pulse. 
The sum of the elementary pulses due to all the 
electrons descended from the same primary will 
be called a burst. As the primary photoelectrons 
occur at random, the bursts that they produce 
also occur at random. The bursts are the random 
elements, or lumps, which pile up randomly to 
form the anode current. 

It is seen that in general the theory of shot 
noise falls naturally into two parts: a physical 
part concerned with the amplitude and shape in 
time of the random elements (in our problem, 
the bursts) and a statistical part concerned with 
the various mean values resulting from the 
random superposition of these elements. 

We have to calculate the noise power spectrum, 
the mean square noise current per unit frequency 
interval as a function of frequency. The statis¬ 
tical part of the problem is disposed of by the 
well-known theorem 1 that the average power 
spectrum of the sum of a number of random 
elements is the sum of the power spectra of the 
individual elements (by "average” is meant the 
average over an ensemble of independent inter¬ 
vals, in each of which a Fourier analysis is made; 
the result is approached asymptotically by the 
spectrum of a single interval as its duration 

> Rayleigh, Phil. Mag. 28, 480 (1889). 
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increases). We need only to calculate, then, the 
power spectra of the individual bursts. While 
considerable variations in the amplitudes of the 
bursts may be expected (and are, indeed, taken 
into account in our calculation), their shapes as 
functions of time should be nearly the same. We 
therefore calculate the power spectra of the 
bursts on the assumption that the bursts all have 
one typical shape. 

The shape of a burst is determined by the 
shapes of the constituent elementary pulses and 
by their distribution in time. If the spread in 
time of occurrence of the elementary pulses is 
small compared to their duration, the elementary 
pulses simply pile up right on top of one another, 
and the burst shape is determined by the ele¬ 
mentary pulse shapes. If the spread in time of 
occurrence is large compared to the duration of 
the elementary pulses (but still small enough to 
give considerable overlapping of the elementary 
pulses), the shapes of the elementary pulses are 
washed out, and the burst has the shape of the 
distribution function of time of occurrence of the 
elementary pulses. If the durations of the ele¬ 
mentary pulses and the spread in their times of 
occurrence are of the same order of magnitude, 
both must be taken into account. It turns out 
that in the 931 a typical elementary pulse has a 
total duration of about 6X10~ 1# sec. and a 
duration between half-amplitude points of about 
1.5 X10~ 10 sec. The distribution curve for time 
of occurrence of the elementary pulses has a 
width between half-amplitude points of about 
6X10 -10 sec. Hence, both the duration of the 
elementary pulses and their spread in time of 
occurrence must be taken into account. 

The non-zero duration of the elementary 
pulses is caused by the finite velocities with 
which the electrons approach the anode. As an 
electron approaches the anode, it induces on it 
an increasing amount of positive charge, which 
is supplied by a current in the external circuit. 
This current is equal to the rate of change of the 
charge induced on the anode, being a pulse of 
duration equal to the time interval during which 
an appreciable fraction of the electron's lines of 
force end on the anode. It is our elementary 
pulse. To calculate its shape, we need to deter¬ 
mine: (1), the position and velocity of the elec¬ 
tron as a function of the time; and (2), the 
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amount of charge induced on the anode by the 
electron as a function of its position. The first 
problem is the dynamical one of the motion of 
an electron in a given field of force; the second 
is an electrostatic one which can be solved in 
certain cases by the method of images.* 

The spread in time of occurrence can be 
owing to: (1) fluctuating time lags in secondary 
emission, (2) spread in initial velocities of the 
secondary electrons. The spread in emission 
velocities has two results. The secondaries 
liberated by a particular impinging electron have 
different times of flight to the next electrode. 
Secondly, they reach it at different points, so 
producing a spatial spreading of the cascade. 
This spatial spreading entails variations in times 
of flight for different branches of the cascade. 
Reasons are given in Section 111 for believing that 
in the 931 the main cause of spread in time of 
occurrence of the elementary pulses is the spread 
in emission velocities as it affects the time of 
flight from a particular point of one electrode to 
the next electrode. The other effects just men¬ 
tioned should involve smaller time spreads, and 
should, therefore, only affect the noise spectrum 
at higher frequencies. 

The time elapsed between the arrival of the 
primary electron at the first multiplication elec¬ 
trode and the beginning of an elementary pulse 
is the sum of eight independently fluctuating 
inter-stage transit times. The most probable 
total elapsed time is therefore the sum of the 
most probable inter-stage transit times; and the 
mean square deviation of the total elapsed time 
is the sum of the mean square deviations of the 
inter-stage transit times. As eight is a large 
number from the point of view of the central 
limits theorem of statistics, the distribution 
curve of time of occurrence of the elementary 
pulses will be Gaussian. 

* This pangraph appears to contradict the atomicity of 
clcctqgity, as it implies that the induced charge varies 
continuously from zero to one electron during the flight of 
the transit electron. Professor Van Vleck has pointed out 
to the author that the paradox disappears when one 
considers the atomic nature of the external circuit When 
WS speak of the induced charge on a body, we are really 
referring to its electric polarization: the induced charge is 
die result of the displacement of the metallic conduction 
electrons. This polarization is a continuous variable. The 
qmstttmjfflSchanicai justification for the use of electro¬ 
static nUie theory when the inducing charge is a single 
eketrow h»t4>een given by J. Bardeen (Pbys. Rev. 58, 
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In our calculation of the burst spectrum, we 
assume that the elementary pulses constituting 
a burst all have essentially the same shape. We 
then use a well-known theorem in Fourier 
analysis* which, applied here, states that the 
spectrum of the burst is the product of the 
spectrum of the elementary pulse and the spec¬ 
trum of the distribution curve of time of occur¬ 
rence of the elementary pulses. This saves us the 
labor of computing the burst shape itself. We 
need only calculate the mean elementary pulse 
and the distribution curve of time of occurrence, 
find the Fourier transform of each, and then take 
their products. 

The weakest point in our calculation for the 
931 would seem to lie in the calculation of the 
spread in intcr-stage transit time. No data were 
available on the secondary emission velocities 
from the surfaces actually used in these tubes, 
and very little was known about the electron 
trajectories. In order to get some idea of the 
orders of magnitude, we have used Matter’s 
published data 4 on normal emission velocities 
from a silver-magnesium surface similar to that 
used in the 931’s, applying them to the case of 
plane parallel electrodes. The result of the use 
of this crude approximation and of other less 
dubious ones, and of the physical variations from 
tube to tube, should make our results significant 
only as to order of magnitude and general trend. 
The initial falling off in noise output with rising 
frequency should, however, be given fairly ac¬ 
curately ; and it does seem safe to predict that 
the noise spectrum should be essentially flat up 
to about 100 Me and start to fall off appreciably 
in the range of 100 to 1000 Me. Partial con¬ 
firmation is provided by unpublished measure¬ 
ments of Jas tram at the Radio Research Labora¬ 
tory, Harvard University, which show that at 
30 Me the noise output is still about the same as 
in the range 0 to 5 Me. There is also some 
experimental indication that the output is about 
the same at 100 Me and that it is much smaller 
at higher frequencies. 


*E.g. t G. A. Campbell and R. M. Foster, Fourier 
Integrals for Practical Applications (Bell Telephone System 
Publications, New York, 1931), Monograph B-584, formula 
202 . 

*L. Matter, Proc. I.R.E. 29, $87 (1941). 
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H. GENERAL THEORY OP THE SHOT BOISE IN A 
MULTIPLIER TUBE 

Let the elementary pulse due to the tth elec¬ 
tron have a shape represented by the function 
where U is the time at which the pulse 
ends (electron reaches anode). If we normalize 
A< to unit area, the elementary pulse is eA,(t—t,) 
where e is the electronic charge. The total anode 
current is 

*.(*-/.)• (1) 


The effective size of the lumps of charge is not 
e(M)* but rather («(JI/*)*,/(il/>*)* 

For frequencies so low that the period is large 
compared to the burst duration, B k (t) can be 
replaced by a S function, and 

1 

B*(r) * ■— exp (-i2rrl k ); (4) 

where is the time of occurrence of the burst. (3) 
becomes 


This is the current to the anode through the 
external circuit, which includes internal capaci¬ 
tances. 

We can group together the elementary pulses 
belonging to the same burst (i.e., descended from 
the same primary), and write 

i(t) = Z*eMkB k (t). (2) 

The index k refers to the burst. M k is the number 
of electrons in the burst; B k (t) is the shape of 
the Ath burst, which we have normalized to unit 
area. 

Expanding the current in a Fourier series of 
fundamental period T (long enough so that the 
number of harmonics in a small frequency range 
Av is proportional to Av), we obtain 

(F(*0)* “ 2e(t(f)>*~”~ • (I TB(v) | *)*,, (3) 
\M)h 

where B(v) is the Fourier transform of the burst 
shape B{t ): 

1 C T 

B(r)— I B{t) exp {-i2*vt)dt, (3a) 

T J o 

and P(v) is the mean square noise current per 
unit frequency range. The derivation involves a 
verification of Rayleigh's result. 1 No physical 
assumption about the bursts is involved other 
than that they occur at random; they need not 
be similar in shape. Formulas (3) and (3a) are 
the basis for the calculations of this paper. 

It is interesting to note from (3) that fluc¬ 
tuations in the multiplication factor increase the 
noise power* because of the factor ((Af*)A»/(3f)%). 

•Ziegler (Physic* 3, 307 (1936)) has pointed out how 
measurement of the mean square noise current from a 
one-stage multiplier gives the mean square number of 


(Jl/% 

<P(r)>*=2e(WV-f-. (4a) 

(M)* 

This special case of (3) has been derived by 
Shockley and Pierce.* For higher frequencies, the 
shape of the burst becomes important in deter¬ 
mining Ba(w). Finally, when the frequency 
becomes so high that a large number of oscil¬ 
lations take place in a time in which B k (f) 
changes but little, B*(v) becomes small, and 
approaches zero. In general, then, the noise 
spectrum is fiat at zero frequency and approaches 
zero at high frequency (inversely as the square 
of the frequency), with an intermediate region 
in which its behavior is determined by the burst 
shape. 

In practice the fluctuations in the potential of 
the anode relative to the preceding stage are 
small compared to the applied d.c. potential 
differences. This justifies our calculation of a 
given noise current independent of the load. The 
measured noise voltage will depend on the im¬ 
pedance of the load, which, as already remarked, 
includes the coupling of the anode to the other 
electrodes and leads. Calling the total impedance 
Z(v), we have for the mean square voltage across 
the load 

<«%-2 rf |Z(r)|*-<|/(r)|V*, (5) 

•'rmt 

where 7(v) is the transform of *(/). This gives for 


secondary electrons liberated by one primary. It may be 
worth remarking that measurement of the higher moments 
of the output noise would give the higher moments of the 
distribution function for the number of secondaries per 
primary. In this way, the probabilities of emission of 
0,1,2,3, • • • secondaries_per primary could be determined. 

* W. S. Shockley and TR. Pierce, Proc. I.R.E. 26, 321 
(1938). 
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Fio. t. Internal structure of the RCA 931 photo¬ 
multiplier tube. The photoelectrons from (0) are drawn 
over to (1), the first dynode. The secondary electrons 
leaving (1) are drawn to the next dynode, and so on 
through nine stages of multiplication, the last occurring 
at dynode (9). ( 10) is a double grid serving as the collector. 
It is almost entirety enclosed by (9). The dashed line AB 
represents the estimated position of an equipotential 
joining on to (9). It is assumed in our calculation that 
.only when an electron is in the space enclosed by (9) and 
AB does an appreciable fraction of its lines of force end 
on (10). 


the mean square fluctuation voltage 

{M*)» 

{M)* 

xf"<|rBW|%-|Z(0|*-*. (5a) 

•'r-o 

When the impedance differs from zero only in 
the low frequency region where (4a) applies, 

(»%— (v)h % “2e(«(0>*——~ I \Z(v)\'-dv> (5b) 

(M)* *',_() 

Setting M ■»1 gives the well-known expressions 
forthe saturated diode. 

Our problem is seen to be that of the calcula¬ 
tion of Bft(r). Now, in the Ath burst, the time of 
arrival, U, of each elementary pulse is distributed 
about a mean value (*,)* according to some dis¬ 
tribution function for the spread in time of 
arri^al^ /*(&, which we normalize to unit area. 
Sin& W very large number (over the range 


of 931*8 and usual operating conditions it lies 
between 3X10 4 and 3X10*) we may write 

* B*(/)- f Ak(t-U)‘fk{U)dt h (6) 

on condition that it is permissible to replace the 
A/s by Ak 9 a mean shape for the elementary 
pulses making up the ifcth burst. If use of this 
mean shape is legitimate, we may also regard t % 
in (6) as the time at which the elementary pulse 
starts, and /*(*») as the distribution function for 
time of arrival at the starting point. 

The applicability of the assumption in the case 
of the 931 is discussed in Section III. 

Since B k (t) has the form (6), we can apply a 
well-known theorem in Fourier analysis 8 to 
obtain: The Fourier transform B k (v) of the hurst 
shape is the product of the Fourier transform of the 
elementary pulse shape and the Fourier transform 
of the distribution curve for time occurrence of the 
elementary pulses . Thus we can consider sepa¬ 
rately the effects of finite velocity of the electrons 
and spread in their time of arrival. 

HI. APPLICATION TO THE RCA 931 

The RCA 931 7 is an electrostatic multiplier 
with nine stages of multiplication. Figure 1 
shows the structure of the tube, and some of the 
electron trajectories. 8 Electrode (0) is the photo¬ 
sensitive cathode. The photoelectrons are drawn 
to electrode (1), the first multiplying electrode 
or “dynode,” where the process of multiplication 
starts. It continues through nine stages. The 
arrangement of the ninth dynode and the anode 
(electrode (10)) should be noted. The anode 
is a double grid almost entirely enclosed by (9). 
The electrons from (8) follow the trajectories 
shown, passing through the imaginary surface 
AB (an equipotential joining on to (9)) y then 
through the Faraday cage bounded by the two 

T RCA has replaced the 931 by the 931-A, which is the 
same tube made to closer tolerances, and has also put on the 
market other versions of the tube with the same geometry 
but different sensitivity and power rating* The 1P21 also 
uses the 4< S4” surface, but has higher gain and lower power 
rating. The 1P22 uses the “So” surface, the 1P28 the 
“S5. See RCA Technical Data Sheets for details of these 
tubes. The calculations made in this report should apply 
within the indicated limits to die whole family. 

1 1 am indebted to Dr. J. Rajchman of the RCA Labo¬ 
ratories for permission to use tms figure. 
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*idetfol (iO)f thence to (9). This produces a 
bi-dinsCtkmal current pulse in the anode circuit, 
positive while the electrons approach (10), zero 
while they are inside (10), and negative while 
they are moving away. As the area under it 
totals zero, it contributes only to the high fre¬ 
quency noise. At (9) the electrons multiply, and 
the secondaries are drawn back to (10), giving 
a positive pulse on the heels of the weaker 
two-sided one. The pulse shape, calculated as 
described below, is shown in Fig. 2; in this figure 
m is the multiplication at (9). 

Because of the electrode structure, the model 
used in the derivation of II—where the ele¬ 
mentary pulse A does not start till ail the multi¬ 
plication has taken place—does not apply 
exactly. But a slight broadening of the assump¬ 
tion made in Eq. (6) covers the situation. We 
can regard fk(t%) as the distribution function for 
time of arrival at AB f t x being that time and 
A*(/ —/,) as the average elementary pulse 
ABCDEFGIIIJ of Fig. 2, with m set equal to the 
average multiplication at (9). It is almost certain 
that the neglected variations in A —due now to 



Fig. 2. The elementary current pulse in the external 
circuit due to the entrance of a single electron into the 
collecting space. With the inter-stage voltage^ Vx — 100 
and the distance a (see Fig. 3) 0.085 cm, the unit of time 
is 2.9X lO^ 10 sec. ana the unit of current is 1.1 X10“* amp. 
At A t when the electron crosses the imaginary surface AB 
of Fig. 1, an appreciable fraction of the electron’s lines of 
foroe oegins to terminate on the anode (10). As the electron 
is accelerated toward the anode, the induced current 
increases (BCY. It falls to zero (DE) when die electron 
gets into the Faraday cage formed by the two sides of (10). 
On emerging from the other side of (10), the electron 
induces a current in the opposite direction, which decreases 
as the electron is slowed down (FG). On reaching (9) the 
electron is brought to rest (pa) and m secondaries are 
produced (with ri-* 100, m is around 4). These secondary 
are accelerated toward (10), giving the forward pulse HIJ. 
which is terminated when they reach (10) and are collected. 
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Fig. 3. Equipotentials in the collecting space. The 
electrons move along the X axis. After crossing AB (*-0) 
they are accelerated toward the anode (ac«a), coast 
through it to its other side (x«6), and are decelerated as 
they approach the last dynode (9) at *—c. They are 
slopped there, and the secondary electrons produced are 
drawn (in the direction of decreasing x) to the anode, 
where they are collected. 


fluctuations in m as well as to time and space 
spreads between AB and (10)—only begin to 
affect the spectrum at frequencies so high that 
the spread in time of arrival at AB and the dura¬ 
tion of the average elementary pulse have already 
reduced the noise output appreciably. The inac¬ 
curacy introduced into our calculated spectrum 
is probably no greater than that caused by 
variations in performance from one 931 to 
another, the result of both being to make our 
results above several hundred megacycles sig¬ 
nificant only as regards order of magnitude and 
general trend. 

Let us now calculate the average elementary 
pulse of Fig. 2. It would seem to be a fairly good 
approximation to assume that only when the 
electron crosses AB (Fig. 1) does it begin to 
induce an appreciable amount of charge on the 
anode. We need, then, to calculate the motion of 
the electron from this time till the instant it 
reaches (9), and the motion of its secondaries 
from the instant they leave (9) till they arrive 
at (10). It is seen from Fig. 1 that the idealization 
of plane parallel equipotential surfaces with 
motion perpendicular to them corresponds 
closely to the actual state of affairs. It is also a 
good approximately to take a**b—a**c—b (see 
Fig. 3). In Fig. 3 the potential is measured from 
that of (9) taken as a reference level. Under 
usual conditions, space charge is negligible, 7 
and the dynamical problem is the simple one of 
the motion of a single electron in a uniform field. 

The initial velocities of the secondary electrons 
are of the order of 5 volts. 4 As this is only a small 
fraction of the velocity acquired in falling to the 
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Fig. 4. Power spectrum of the average elementary pulse in the RCA 931 operated with 100 
volts per stage. Curve A is the power spectrum of tne elementary pulse shown in Fig 2. If 
there were no spread in the time of arrival of the electrons descended from the same photon, 
this would be the spectrum of the noise. Curve B is drawn in for comparison. It is the spectrum 
of the main part ot the pulse, HIJ of Fig. 2, considered by itself. This would be the spectrum 
of the noise from a saturated plane parallel diode with 100 volts potential difference and 
electrode spacing of 0.085 cm (assuming zero emission velocity). 


next electrode, we may neglect the initial veloc¬ 
ities of the secondaries from (8) and (9) in the 
calculation of the average elementary pulse. 

Straightforward solution of the dynamical 
problem gives the position and the velocity as a 
function of the time. At AB (Fig. 3) the electron 
has the velocity corresponding to Fi (5.9X10* 
cm/sec. for Fi—100 volts). In going to *—a, its 
velocity increases linearly with the time, reaching 
a value V2 times that at AB. It then coasts at the 
same speed from x—a tox—b. Between *— b and 
x—c, die velocity decreases linearly to the value 
ON0hesponding to Fi. The secondaries made at 
*—c are then accelerated back to *—5, acquiring 
the velocity corresponding to Ft. 

With Ft->100 volts and a-0.085 cm, the 
total time elapsed is 6.3 X10 -10 second. 

As tq,the electrostatic problem: the distribu¬ 
tion Of the 1^68 of force of a point charge between 
parallel conducting planes has be^n 


worked out by Maxwell in his Treatise.* With the 
planes a distance d apart, the induced charge on 
one plane is ey/d, where e is the value of the 
point charge and y is its distance from the other 
plane. It follows that the induced current is 
given by e/d times the velocity. 

At *—o, x— b, and *—c there are conducting 
planes. The plane AB(x<**0) is, however, merely 
a mathematical surface that is no longer equi- 
potential when an electron is in its vicinity. Our 
assumption that no lines of force from an electron 
reach 10 until it has passed AB is, however, 
equivalent to assuming that AB is a conducting 
surface, and we shall therefore make no further 
error by considering it as such. Applying Max¬ 
well’s result to our solution of the dynamical 
problem, we obtain for the current to (10) the 

* I. C Maxwell, TrtakU on EUefneity ami ifagmoUm 
(Oxford University Press, England, 1892), third edition, 
Vol. 1, p. 266. 
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result shown in Fig. 2, This is the average 
elementary pulse. With Fi-100 volts and 
a*0.085 cm, the unit of time is 2.9X10 -1 ® sec.; 
the unit of current is 1.1 X10 - * amp. m is the 
multiplication at 9. With 100 volts per stage, its 
average value is around 4; we use m *4 in our 
calculation. Note that while the pulse lasts 6.3 
X 10~ 1# sec., the main part of it is only 2.9X 10 -l# 
sec. long and has a width between half-amplitude 
points of only half this. 

Curve A of Fig. 4 is the Fourier analysis of 
this pulse. The ordinate is the mean square noise 
current per unit frequency range, relative to that 
at low frequency, in decibels (db). The peculiar 
shape of the elementary pulse accounts for the 
rise around 1900 Me, where the positive and 
negative portions of the pulse are in resonance. 
The main part of the pulse, HIJ of Fig. 2, has, 
by itself, the spectrum shown in curve B. 10 

At 254 Me (2iri»r = 1, where r = 6.3 X10 -10 sec.), 
the spectrum is down less than 1 db. Though it 
falls to —3.2 db at 900 Me, it does not reach 
—6 db till around 2800 Me. 

If the accelerating voltages between (8) and 
(9) and (9) and (10) were increased by the same 
factor, the frequency scalp of Fig. 5 would be 
shrunk by the square root of this factor (i.e., 
the spectrum would be flat to higher frequencies). 
Note that only the last two inter-stage voltages 
are involved; the preceding ones have no effect 
on the spectrum of the elementary pulse. 

We now have to consider the other major 
cause of frequency dependence, the spread in 
the time of arrival of the electrons at AB (Fig. 1). 
This may be because of: (1), fluctuating time 
delays in secondary emission and (2), differences 
in the initial velocities of the secondary electrons. 
As a consequence of (2), the secondaries liberated 
by a particular electron will take different times 
to reach the next dynode. They will also arrive 
there at different points; this will lead to a 
spatial spreading of the cascade, giving different 
times of flight for the different branches. Little 
is known about (1), other than that spread due 
to it in a five-stage multiplier of design similar 
to that of the 931 IB negligible up to 500 Me. 4 


* This curve agrees essentially with those calculatedfor 
a saturated diode with aero emission velocity by Ballantine, 
I. Frank. Inst. *06, 159 (1928) and Spenke, Wise. VerOff. 
Siemens [111], M, 127 (1937). 


We shall assume that it only enters at frequencies 
so high that we can neglect it in our calculation. 
The spread in emission velocities undoubtedly 
has a considerable effect. As just remarked, it 
makes itself felt directly in the time of flight 
from one point of a dynode to the next dynode 
and indirectly through the geometrical widening 
of the cascade. The latter effect is important 
when one considers the amplification of a high 
frequency signal, 4 but it should have less bearing 
on the noise problem. In effect, we are only con¬ 
cerned with the time spread within an individual 
burst, originating with one electron leaving some 
point of the photo-cathode; its Bpatial spreading 
is due to the variations in velocity of the second¬ 
aries made in the subsequent stages. As the 
initial kinetic energies are small relative to the 
accelerating potential differences, the spread 
should be small in the first few stages; it should 
be kept within bounds in the later stages by the 
concentration of the beam from stage to stage. 4 
The only quantitative information that we have 
on this point has been supplied by Glover, 
Engstrom, and Pietenpol of the RCA Labora¬ 
tories, who state that the spread parallel to the 
axis of the tube is of the order 0.5 cm in the last 
stage. Dispersion in this direction should have 
little effect on the time of arrival at the surface 
AB\ and spread in the plane perpendicular to 



Fig. 5. Distribution of inter-stage transit time. The curve 
shows the relative number of secondary electrons per unit 
transit time as a function of the transit time. The transit 
time is measured in terms of that with rero emission ve¬ 
locity, and is therefore less than or equal to 1. The curve 
has been computed from Matter’s measured distribution 
of normal emission velocities for the secondaries liberated 
from an Ag-Mg surface bombarded by 100-volt electrons. 
It has no quantitative significance for the 931, but should 
serve in our order of magnitude calculation. 
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the axis should be much less, because of focusing 
in this {Jane. 

Calculation of the direct effect of spread in 
emission velocity on inter-stage transit time 
requires knowledge of the distribution in speed 
and direction of the secondaries, as well as of 
the electrostatic field between stages. No data 
on the velocities from the “S4," “S5," or “S8” 
surfaces is known to the author; also, it is 
clear from Fig. 1 that the electron optics of the 
tube is rather complicated. For the case of plane 
parallel electrodes, the transit time is determined 
simply by the normal component of the emission 
velocity, and Malter has published 4 curves for 
the distribution of this component, for a silver- 
magnesium surface bombarded by 100-volt and 
200-volt primaries. Figure 5 has been calculated 
from the curve for 100-volt primaries in his Fig. 
3; it shows the number of secondaries per interval 
of transit time as a function of the transit time, 
which is measured relative to the maximum 
possible one (zero initial velocity). What with 
the directionality of secondary emission (cosine 
law 11 ), the focusing in the tube, and the similarity 
between the Ag-Mg surface and those used in 
the various forms of the 931, the curve of Fig. 5, 
should serve in a calculation of the order of mag¬ 
nitude of the expected effect. 

The most probable transit time is seen to be 
79 percent of the maximum, given, in seconds, by 

3.37XlO-*(d/F)*, 

where d is the distance between the electrodes in 
cm and V the potential difference in volts. The 
half-width of the distribution curve is 10.5 per¬ 
cent of the most probable value; this half-width 
should not be too different from twice the root 
mean square deviation. 

The over-all transit time to AB involves the 
sum of eight independently fluctuating inter¬ 
stage transit times (from (1) to AB). The spread 
in the time of arrival at AB can therefore be 
calculated from the statistical theorem which 
States that the mean square deviation of the sum 
of a number of independently fluctuating vari¬ 
ables is the sum of die mean square deviations 
of the independent variables. Calculating the 

h,L»pUnmint^yngu4fiinissum uumiaixt 
Conferences de Documentation, Paris, May, 
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Fig 6. "Power” spectrum of the distribution curve of 
time of occurrence of the elementary pulses resulting from 
the same photon. This is the Fourier transform of the Gaus¬ 
sian distribution curve for the time of occurrence of the 
elementary pulses constituting a single burst. If the ele¬ 
mentary pulses were of infinitesimal duration, the curve 
would be the power spectrum of the noise. The curve is 
drawn for an inter-stage voltage of 100. 


stage-lo-stage spread as indicated in the pre¬ 
ceding paragraph, and applying the theorem, we 
obtain 6X10 -10 sec. for the spread in time of 
arrival at AB of the electrons descended from a 
common primary. 

We note that the spread in transit time from 
(9) to (10) is only 2.5 X10 -11 second, which is 
small compared to the duration of the elementary 
pulse and the spread in time of arrival at AB. 

As the spread in time of arrival at AB is the 
resultant of a number of independent fluctua¬ 
tions (eight) that is large from the point of view 
of the central limits theorem, its distribution 
curve is normal: 



where Ai is the half-width and t m the most 
probable time of arrival. Its Fourier amplitude 
is, therefore, proportional to 

/ — (.425)* \ 

exp ^---(2 wv&tyj, 

which is plotted in Fig. 6 with A/—6X10 -1 * sec. 
At 265 Me (2iri>Af—l) it is down less than 1 db, 
but it falls very rapidly, in decibels as the square 
of the frequency. 
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Fig. 7. Power spectrum of the noise from the RCA 931 
operated with 100 volts per stage. This curve shows the 
mean square noise current per unit frequency range versus 
frequency* It is obtained by combining curve A of Fig. 4 
witn the curve of Fig. 6. The rapid fall in the spectrum of 
the distribution curve of time of arrival of the individual 
electrons forming the burst, which is caused by the Gaus¬ 
sian character of the distribution, has practically wiped out 
the rise in the spectrum of the elementary pulse due to a 
single electron (which is caused by the particular electrode 
structure). 
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Figure S has as abscissa the transit time rela¬ 
tive to that for zero emission velocity. The latter 
is inversely proportional’'to the square root of 
the voltage. Furthermore, Malter’s data 4 indicate 
that the relative spread of emission velocities 
decreases with increasing primary velocity, so 
that raising the inter-stage voltages would 
decrease the spread in transit-time somewhat 
more than in proportion to the square root of 
the voltage. Unlike the frequency dependence 
due to the finite velocities of the electrons, which 
depends only on conditions in the last two stages, 
the frequency dependence due to spread in 
transit time depends on conditions in all the 


stages from (1) on. Both effects can be pushed 
up to higher frequencies by increasing the 
accelerating voltages. 

By the theorem in Fourier analysis already 
referred to, the spectrum of the noise is the 
product of the two spectra we have just cal¬ 
culated. It is plotted in Fig. 7. At 240 Me, the 
output is down 1 db. It reaches 6 db down at 
570 Me, and falls more and more rapidly as the 
frequency increases. The spread in time of 
arrival has wiped out, for all practical purposes, 
the resonance effect due to the two-sidedness of 
the elementary pulse; the effect of the shape of 
the spectrum of the elementary pulse is just 
barely perceptible. 

It is clear that no great quantitative sig¬ 
nificance can be claimed for our final curve, 
because of the roughness of the data and the 
method of calculation, as well as the variations 
in behavior from tube to tube. It does seem safe 
to state however, that the noise spectrum should 
be flat up to about 100 Me, begin to fall off 
perceptibly in the range 100 to 1000 Me, and be 
very weak at higher frequencies. The null at 
around 3300 Me would occur in an output which 
is already very weak. 

Some confirmation of these predictions is 
provided by unpublished measurements of P. 
Jastram at the Radio Research Laboratory. 
They showed that the noise output around 30 Me 
is about the same as that in the video range. 
There is also some experimental evidence to 
indicate that at 100 Me the output is still about 
the same, and that above this frequency, it 
becomes much smaller. 

I am grateful to Doctors J. H. Van Vleck and 
S. A. Goudsmit for illuminating discussions. 
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The Response of Biased, Saturated Linear and Quadratic Rectifiers to 

Random Noise* 

David Middleton** 
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(Received May 3, 1946) 


Spectral distributions and powers associated with the 
output of biased, saturated linear and quadratic rectifiers 
are determined according to the method of Rice when the 
incoming disturbance is random noise. Three classes of 
input spectra are considered: (I), broad band noise, where 
the central frequency is equal to or less than the spectral 
width, (II), semi-broad band noise , for which the central 
frequency exceeds the width by a moderate amount, and 
(III), narrow band noise, where the width is much less than 
the central frequency. Rectification of types I and II 
yields spectra having roughly the same distribution as that 
of the incoming waves, but for type HI an infinite number 
of separate noise bands are generated and appear in the 
output, centered about harmonics of the central frequency. 
It is found that clipping, whether at the “top” or “bottom” 
of the incoming wave, always spreads the spectrum and 


reduces the output power. Further, it is shown that 
clipping due to cut-off alone produces a greater spectral 
spread than clipping with saturation in addition, for types 
I and II, but not necessarily for spectra of type III. Sym¬ 
metrical clipping for classes I and II yields little broadening 
of the spectrum, even in extreme cases, and for class III 
waves, the even-harmonic regions are completely missing 
except for a d.c. component, and only the odd-harmonic 
zones appear. The behavior of linear and quadratic rec¬ 
tifiers is qualitatively similar in most cases. The powers m 
the d.c. and continuous portions of the output spectrum are 
shown to be independent of the spectral shape of the incoming 
noise . Some examples of extreme clipping are considered, 
numerous curves are included, and a general analysis is 
outlined. 


L INTRODUCTION 


S INCE the nature of noise problems is basically 
statistical, one is never able to predict pre¬ 
cisely the amplitude of the input or output noise 
wave at any given instant. Quantitatively the 
most that can be done in this respect is to 
determine the probability of occurrence of noise 
peaks, verify that they follow some law of dis¬ 
tribution, and compute the values of the average, 
the mean-square, and the higher moments. A 
more far-reaching consequence of the statistical 
character of the noise lies in the fact that there 
exists no relationship between the noise power 
(or mean-square-amplitude) spectrum and the 
law of the distribution of amplitudes by which 
one may be obtained from the other. For ex¬ 
ample, the spectra of clippedf and unclipped 
noise may be identical, while the instantaneous 
voltage waves whose power spectra we are com- 
1 paring are quite different, as may be verified 
experimentally by observation on a cathode-ray 

..a.. 


* This paper Is based on work done for the Office of 
Scientific Research and Development under Contract No. 
0EMsr411 with the President and Fellows of Harvard 
College. 

••Now located at the Research Laboratory of Physics, 
Jpfffart. University, Cambridge 38, Massachusetts. 
r t By dipping We mean Amplitude-limiting, either at the 
* i of the wave or both. 




oscilloscope. The former disturbance will show 
a definite ceiling where clipping has occurred, 
while the latter will be jagged and without a 
definite boundary. There is no bridge between 
the average and the instantaneous in problems 
of this type because information about the 
phases of the components is always lacking when 
we seek to pass from the spectral to the instan- 



Fto. 1. General dynamic characteristic for resbtive load*. 
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Fig. 2a. Dynamic characteristic for the biased and satu¬ 
rated linear rectifier. 


taneous amplitude distribution. Thus for a given 
probability distribution of amplitudes any num¬ 
ber of differently shaped spectra are possible, 
and vice versa. 

Now when random noise enters a non-linear 
device the output disturbance is distorted, and 
a change in the amplitude distribution and 
spectrum of the incoming wave results. Cross¬ 
modulation, or mixing, of the various com¬ 
ponents occurs, so that the outgoing wave has 
generally quite different instantaneous and 
average characters from those of the incoming 
signal. For example, the statistics of the ampli¬ 
tude distribution are modified, the noise is no 
longer “pure" or random in the above sense, and 
the power and the power spectrum of the output 
in many instances differ noticeably from those 
of the input. The factors determining the char¬ 
acter of the outgoing wave are chiefly (1), the 
rectifier response, which is the dynamic i p —e t 
characteristic of the tube in question, (2), the 
spectrum of the incoming random noise, and (3), 
the cut-off and saturation levels, which specify 
the extent of the clipping, as illustrated for the 
general case in Fig. 1, and specifically for the 
linear and a general form of quadratic rectifier 
in Figs. 2a and 2b. 

The form «f the dynamic response, and to a 
less extent the output current at saturation, 
depend also on the load in the plate circuit of 
the rectifier. The analysis as presented here 
applies for purely resistive loads, and is a good 
approximation for more general impedances, 


provided the reactance X is smalt compared with 
the resistance R. For appredable'reactances, how¬ 
ever, the analysis becomes much more intricate. 

Our rectifier is operated at some bias such 
that the cut-off is b t volts and saturation occurs 
at C volts, both measured from the abscissa of 
the operating point 0, as indicated in Fig. 1, 
where C always exceeds &«. The (voltage) trans¬ 
mission width of the device is defined as that 
region of the response curve which will pass a 
portion of the incoming wave. Analytically, as 
can be observed from Figs. 1 and 2, the trans¬ 
mission width is C—bo for the linear detector, 
and 2(C—b 0 ) for the quadratic response. For our 
"linear" device the output current, or voltage 
measured across an impedance, is then 

J(/)-0(C-6«), CSV, 

-0 (F-M, VSC, (1-1) 
=0, VSb 0 , 

vide Fig. 2a, where the quantity 0 is the (dy¬ 
namic) tube transconductance. When the cur¬ 
vature of the I-V characteristic is small in the 
vicinity of cut-off and saturation, the linear 
dynamic path is a fair approximation for a large 
class of actual operating conditions. 

We distinguish two types of quadratic re¬ 
sponse, which we designate as Type A and 
Type B. The Type A characteristic, similar to 
the Type B except that it levels off abruply at 
F=C, Fig. 2b, is less important and less general 
than the Type B, and so will not be considered 
further in this paper. The Type B characteristic, 
obtained analytically by fitting two parabolas 
together in the manner indicated in Fig. 2b, is 



Fig. 2b. Dynamic characteristic for the biased and satu¬ 
rated Type-B quadratic rectifier. 




Volume it, October, um 






perhaps the simplest theoretical representation 
of a general form of dynamic response often 
encountered in practice, particularly in that 
curvature in the neighborhood of cut-off and 
saturation is considered. Then for Type B tubes 
we may write the output current as 

J(*)-2X*(C-&o)*, 2C—bo*z V, 
-V|2(C-fc) , -<F-2C+fc)*|, 

C<K^2C-&« (1-2) 
«X*(F-6.)*, bo^V^C, 

- 0 , V$b 9t 

where now X is a scale factor with the dimensions 
of mhos. 

The purpose of this paper is to investigate 
both qualitatively and quantitatively the effects 
of cut-off and saturation in determining the 
output spectra and powers when random noise 
enters a non-linear device similar to that con¬ 
sidered above, shown in Fig. 2. The theory is 
developed following a method originally sug¬ 
gested by S. O. Rice of the Bell Telephone 
Laboratories. 1 The assumption is made that 
initially the noise is random, with a normal or 
Gaussian distribution of amplitudes. In practice 
this is never precisely true, as the larger noise 
peaks are inevitably limited to some extent by 
nominally linear circuit elements such as am¬ 
plifiers. However, when the limiting occurs but a 
small percentage of the time, our "pure” noise 
may then be substituted for the actual dis¬ 
turbance with little error and the results so 
obtained apply in the practical case. 

n. REMARKS ON THE METHOD OF ANALYSIS 

To calculate the power and spectra for the 
noise 1-1 after it has passed through a non-linear 
device we use the contour representation u *~* of 


the output current I(t) as a function of the input 
voltage F(/), namely 

m~~ f (2-D 

2t J c 

where C is a contour extending from — w to 
+ * along the real axis and is indented down¬ 
ward about a possible singularity at the origin. 
The function/( m) is the Fourier transform of the 
rectifier characteristic and usually has a simple 
pole or branch-point at **0. 

Now if the correlation function R(t) of the 
rectifier output is known we may calculate the 
power spectrum W(J) from the important rela¬ 
tion, deduced originally by Wiener, 7 and later 
by Khintchine,* and others,* vis: 

W(f) =4 r R(t) cos utdt, (0 = 2t/, (2-2) 

Jo 

which has the transform 


R(t) = Cw(J) cos c otdf. (2-3) 

J» 

It is also noted that the mean total power is 
simply 1?(0). For an input disturbance consisting 
solely of noise the correlation function for the 
output takes the form 10 

f /(*'*) ex P (-i*/2)dz 
4x s J c 

xf M) exp (2-4) 

J C' 


where ^=^(0) is the mean square input voltage 
and 4>(t) is the input correlation, having associated 
with it, in virtue of (2-2), the input spectrum 
»(/)• 


1 S. O. Rice, “Mathematical analysis of random tioihe,” 
Bell Sys. Tech. J. 23, 282 (1944); 24, 46 (1945). 

* M. C. Wang and G. E. Uhlenbeck, Rev. Mod. Phys. 
, 17. No. 2 and 3, 323 (1943). 

* D. O. North. “The Modification of None by Certain 
Non Linear Devices,” a synopsis of which was presented at 
the Jan, 1944 Winter Technical Meeting of the I.R.E. 

4 W. R. Bennett and S. O. Rice. “Note on methods of 
counting modulation products,” Phil. Mag. 18, 422 

^ 9 W. R. Bennett, “Response of a linear rectifier to eignal 
and noise/' J. Aeons. Soc. Am. 13, 164 (1944). (See also 
Bdl Sys. Tech. J. 23. 97 (1944).) 

& PHutt, Zeits. I Hoch. u. Eleck. 37,146 (1941), and 
lEktft. |ach. 17,21$ (1940); 19, 285 (1942). 
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m. OUTPUT POWER AND SPECTRA 

If, after substituting the value of R(t) from 
(2-4) in (2-2), we expand «r** U) in powers of t 
and (, we may write the- spectrum W(J) of the 


7 N. Winter, Acta. Math. 53,117 (1930). 

* Khintdune, Math. Ann. 109,604 (1934). 

* See footnote 12 of reference 3, and also reference 1 
Part II. 

>* This is a .pedal caw of Eq. (4.8-7) reference 1, in 
which v, r) is set equal to unity. 
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Table I. Comparison of the precise and series* values of the total power output, for the linear rectifier. 
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B( 0) fe in units of 0V(O) and is obtained from the exact, cloned form. 

N ^( 0 )„ 

• The aeries value ia obtained by evaluation of £(0)-2 — where N ia theoretically infinite, but in praotioe for then eomputatioia ia 14. Calculation 

K.I »1 

for Y-»7 are also given above. 


output in a form convenient for calculation: 


W(f) = Z (-l)Vo..(/)Ao,.V«!. 

(3-1) 

n—0 

where 

^"o,.(/) = 4 f \p(t) H cos uldt, 

and ° 

1 C * 

1 z n f(iz) exp [-^(0)«V2Gd«. 

2x J c 

(3-2) 

(3-3) 

Note that when #=0we obtain the d.c. power. 
Now from (2-2) and (3-l)-(3-3) the correlation 
of the output is 

R(t)~h (-1)*A«,uVWM 

n—0 

(3-4) 

the d.c. power becomes 


H^.c.=Ao,o 2 , 

(3-5) 


while the power in the continuum of the trans¬ 
mitted wave may be expressed by 

l)V(0)"Ao.»V»'- (3-6) 

n»l 

We see from (3-6) that the power in the con¬ 
tinuum, and jor that matter in the d.c. component 
of the output disturbance, is independent of the 
spectral distribution of the input wave, and for a 
given current-voltage characteristic depends only 
on the mean-square input-noise voltage. This 


result is a somewhat special case of a more 
general theorem; (see Eq. (4.9-19) of reference 1). 

Unfortunately, the series (3-6) does not con¬ 
verge rapidly except when the output spectrum 
consists of separate spectral regions, a condition 
which arises if the input wave is narrow-band. 
In some cases we may use other methods of 
obtaining the mean power in the continuum. For 
the total mean output power we have 

/?(0)«lF r = (2x*)-* 

J /( V)* exp (- vyip)d V, (3-7) 

with I(V), the output current in a unit resistance, 
given by (i-1) or (1-2). If we normalize Fby the 
substitution Eq. (3-7) may be written 

in the more useful form 

R( 0) = (2ir)“» f /(*»*)* exp (-**/2)d*. (3-8) 

Equation (3-8) yields the total output power, 
and the power associated with the continuum 
may be found from (3-5) by subtraction, since 

W'-W r - Wi. c . «K(0) — ft*,*- (3-9) 

Note that we may also obtain the d.c. power 
from 

(2t)-*/ l(xp*) exp (—**^2)dxj. (3-10) 
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Fig. 3. The three classes of input spectra. 


Table I illustrates the numerical difference 
between the series computation which uses (3-6) 
and the “precise” value (3-8). 

It is convenient to classify input spectra 
roughly in three groups: (I) broad band noise, 
which is characterized by a band width as large 
as or greater than the central frequency fa of 
its spectrum, (II) semi-broad band noise, where 
the central frequency is of the same order of 
magnitude as the spectral width, but always 
larger, and finally (III), narrow-band noise, for 
which the central frequency is decidedly greater 
than the band width. Figure 3 illustrates I—III. 
It is dear that groups I—III may overlap; the 
extent to which overlapping occurs depends on 
our choice of what constitutes “band width.” To 
fadlitate the calculations in some cases, and to 
preserve a reasonably dear-cut distinction be¬ 
tween classes 1-II1, we set as our spectral limits 
determining the band width the frequencies at 
which the (power) spectral level falls to a few 
/percent of its maximum value. Our classification 
depends of course, on the assumption that the 
’ * 
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input spectra have but one maximum, a condi¬ 
tion quite common in practice. The analysis is 
perfectly capable of handling more involved 
spectral shapes, but the computational dif¬ 
ficulties are then greatly increased. 

The input spectra considered spedfically in 
this paper have the general form 

w(J) ** Wo exp [—(m— wo)*/W]> «>0, (3-11) 

where «o = 2 t/ 0 is the angular central frequency, 
ub is an angular frequency relating the width to 
the central frequency, and hence governing the 
relative spread of the input spectrum, and W 0 
is the maximum spectral density, in units of 
volts*/frequency. Our choice of (3-11) is based 
on the observation that the Gaussian shape is a 
simple and reasonably good approximation of 
many spectra encountered in practice, par¬ 
ticularly for disturbances passing through single 
or cascaded tuned circuits, in receivers, trans¬ 
mitters, and similar apparatus. Actually, as 
Wallrndn 11 has shown, there are no physical 
filters (i.e., frequency-discriminating devices) 
that can be constructed with a finite number of 
passive elements to give precisely a Gaussian 
response, for only with an infinite time delay is 
it possible to achieve the rapid falling-off of the 
response that distinguishes (3-11) for frequencies 
moderately well away from fa, for, let us say, 
fo/ft>2. Spectra of the type (3-11), however, 
appear to be closer approximations in practice 
than the so-called “ideal” or uniform band. 

In what follows we shall find it more con¬ 
venient to use the normalized input correlation 
function r(/), rather than t(t). Here we have 

= Jo w ^ COBu ^/J (3-12) 

then r(0) is unity and r(f) <1, <>0. The input 
correlation for class 1 spectra (/o*0), is easily 
deduced from (3-11) and (3-12). We have 

r(0i-exp(—«*V/4); *(0) - WW***. (3*13) 

When/o>0, r(t) becomes 

U H. Walkman, ‘‘Realizability of filter*," Radiation 
Laboratory Report 637, M. I. T., Dec. 8,1944. 
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r(f)u ,ra * (wur*)" 1 f exp [—(w—wo) VW] cos w/d/ 

•Jo ^ 

* (2x*wb)“ l f exp (— <a'*/m f ) cos (w'+wo)&iw', (3-14) 
%/—«o 


where now 

*(0) = WW2t». 

If there is an ignorable “tail" at /“ 0, we may 
extend the lower limit of integration to — « 
with negligible error and obtain 

r(<)n.in“COS oo<t exp (—<o»V/4) 

«ro(0 cos wo<, (3-15) 

which defines r#(f). a useful quantity in later 
work. Note from (3-14) that ^ii.iii” 2 ^(0)i 
since both sides, /5/o. contribute to the mean 
power. We shall consider here only examples of 
class II spectra for which (3-15) applies. 

When the incoming wave is a narrow band 
and has the spectrum (3-11), Eq. (3-14) may be 
used with even less error than occurs for the 
semi-broad band case, since here fo is very much 
larger than /». 

To determine the output spectrum for (I), 
we see from (3-2) and (3-13) that 

exp (— uP/nwf) ... 

Co ,»(/) i = 4 ^*(t/«)*-• (3-16) 

Mi 

Similarly from (3-2) and (3-15) the semi-broad 
band case yields 

Co, *(/)ii= H n J exp (- W/74) 

S X (cos woO" cos utdt, (3-17) 

and this may be evaluated with the help of 

nit, («-!)/* 

(cos wo/)" - 2 1 — L »C/»AiCOs(«- 2j)w^ ig) 

where 

iiAa/i”1; and *Cj*s!/(s j) {/! 

is the fa miliar binomial coefficient. The limits on 
the summation apply for even or odd values of 
n, respectively. Substitution of (3-18) in (3-17) 
leads to integrals of the type 

|* exp (— «m*V/4) {cos C(»—2j)«o+«3f 
Jt -fcos l(n-2j)<*>-uy\dt, 


which appears to be resolved into components 
representing separate spectral zones distributed 
about (n—2j)fo. However, since /» and /« are 
comparable in magnitude, one “harmonic” zone 
corresponding to all values of («— 2j) 
which are equal to l, overlaps another zone, 
l~l", etc., so that physically the output spec¬ 
trum cannot be resolved into distinct harmonic 
noise bands. It is represented by the super¬ 
position of all the different zones />0. We may 
apply (3-18) nevertheless, to obtain finally 

Co, n(/)ll “ ! 4 ^"(t/»)*—-K»(«/ Wfc) 

• Ufr 


Xexp (—«*/»«**), (3-19) 





Fig. 4. The three dasiea of input apecte after recti fi ca t ion, 
arbitrary normalization. 
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where 


nmn-l)lt 

K n (u/u h ) -2 1 - E .Ay,Cy 
y-« 

Xcod»f 2( ”~-— 1 
L nut* J 

Xexp [—(»—2j)W>W]. (3-20) 

Spectral "tails” at/=0 are ignored, as they are 
relatively insignificant. 


When narrow band noise (III) enters our 
non-linear device, a separation of the harmonic 
zones becomes physically possible, since now 
By the substitution of Eqs. (3-18) in 
(3-17) we are able to pick out the various spectral 
regions analytically; in practice we use filters 
having suitable response and centered about Ifo* 
For a given value of 1 we require all n for which 
j«(»—I)/2>0, where n is odd for odd 1, and 
even for even 1. Then (3-17) may be modified to 
give 


Au'(/)m = 

4\l'*»!.A(,_i)/ 1 j ^-y— ^ 

■CtOH 

■■ 

4V' n «!„A< n _o/t j ^ 

■OtM 


X (exp [-(Iwo+u)*/W:i+exp [- (fuo-aOVW]}/2. (3-21) 


Because lf<P$>fb, we may safely ignore the term exp [ — {lua+u)*/nub*], except when 1=0. Figure 4 
illustrates the form of the spectral output for classes I—III. The normalization of the spectra is 
arbitrary. 

By taking 1=» =0 we obtain the d.c. output power, 


W d . a . = Ao.o s , since f" Co.o°(/)d/=2 C 8(/-0)d/=l. 

s/0 

The correlation function corresponding to the 1th zone is 


where 


Ri(t) = «i cos W E ( — l)’V'"Ao,»Vo“(<) j(jY~) !2 "’ 

«j=2, I>1; «#=1, and ro(l)=exp (— u b *P/£). 


(3-22) 


(3-23) 


When we take 1=0 it follows that the mean power in the low frequency continuum is determined 
provided *=2, 4, • • •, 1=0: 


W u .~ E rh*J/2'(n/2)» (3-24) 

t4»< 

Equation (3-23) also enables us to find the power associated with each of the higher (!>1) spectral 
regions. Setting 1=0 in (3-23) gives 

W »« (-DV-^n*/2*~ 1 (—j-)l(^)!, I>1. (3-25) 

Note that Wi is independent of the spectral distribution of the input wave. 1 * 

•itote: hers we tacitly assume “ideal” filters, with a uniform response in the rations of interest, so that all 
components of a particular harmonic band are passed without distortion. When this u not the case the output is 
where G(f) is the ampUtnd» response of the filter in question. 

, BjThbft an example of Eq. (4.9-19), reference 1. 
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IV. THE BIASED, SATURATEDjLINEAR RECTIFIER 

The explicit calculation of powers and spectra depends on a knowledge of h *»•, Eq. (3-3). In 
particular we are interested in the general biased and saturated linear rectifier shown in Fig. 2, for 
which the Fourier transform, i.e.,/(«), of the characteristic (Eq. 1-1) is readily demonstrated 

/(»*) - 0[exp (- j&oz) - exp (- iCt) ]/ («)*, C>K (4-1) 

so that (3-3) becomes 

ho,n——~- f e' ^exp (—iboz)—exp (—iCe)]exp (—fz*/2)de, C>b 0 . (4-2) 

2rrJc 

This integral is evaluated in the Appendix, and yields the following results: 

*M--WV2{(£0 e —l)-6(e»o-l)+2(*«-*6*)}, (4-3) 

A 0il «e — 0i/2{@e— 0»o}, (4-4) 

A 0 , n -/3(-l) ( " +a)/ V w_ * )/, {^ (n-i) -^ <B ^ ) }. n—2, 4, 6* • •, (4-5) 

K „■=#(-1)(»+« / V (1 -’» /s {*,<•"*>-}. »*3, 5, 7• * •. (4-6) 

In the above, and for subsequent use, we have adopted the abbreviations 

6o-W; <?=W; 0*-0(V(2*)‘); 0,-0(C/(2*)»), (4-7) 

an *.<fl«*<*(W); ♦H«-#W(V* 1 ). i-0,1,2,.... 

where <t> is the same as $ (0> . The quantity 0 denotes the familiar error function, here written as 


0(*o) = (2 /t») f exp (-y)dy; 0(*o)*= -@(-**), 

•'O 


(4-8) 


and 4> (i) takes the form • 

*<'>(*>) = f!’ CXP1 ■(-!)'///*«) exp (—*V2)/(2r)», (4-9) 

(2t)> js-jo 

Hj(xa) being an Hermitian polynomial of the jth order. Extensive curves illustrating the effects of 
cut-off and saturation on the output spectra after rectification by a biased and saturated linear 
detector are given in Figs. 5-17,* based on (3-16), (3-19), and (3-21) in (3-1), when ht,» is obtained 
from (4-3)-(4-6). 

In many cases the power output is of interest. Because of the relatively slow convergence of the 
series (3-4) and (3-6) we use instead the result (3-8) to compute the mean total output power W t . 
For our device, characterised by Eq. (1-1), (or (4-1)), we see that 

W% = K(0) --£U f (*-80* exp (~x*/2)dx+ f* (C-U) % exp (-**/2)d*|, (4-10) 

(2*)M •/»./,» J ‘ i 

irrespective of whether or not the input spectrum belongs to groups I-III. Equation (4-10) integrates 
t0 . IF T -^V{(C-6«)V2+(l-|-2C6o-C*)0./2-(H-W)04o/2+26 l ^.+^< , >+^»< u }. (4-11) 

The d.c. output power follows from (3-5) and (4-3), and that in the continuum from (3-9) and the 
above relation (4-11). Figures 18-20 illustrate the dependence of W r , W*.,., and W, on to and C, 
while Figs. 21 and 22 show Wu calculated from (3-24) and (3-25), for 0 and 1. 


* Note: in the figures we have represented W(J) formally by its equivalent W(o>M. 
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SPECTRA OF THE OUTPUT 

AFTER CUPPING ANb RECTIFICATION OF THE INPUT 
RANDOM NOISE BY A BIASEO. SATURATEO UNEAR 
RECTIFIER - 





RELATIVE TRANSMISSION 
WIDTH 

C ' SATURATION VOLTAGE 1 MEASURED FROM 
b 0 - CUTOFF VOLTAGE J OPERATING POINT 
<A I/2 - RMS INPUT NOISE VOLTAGE 

FACTOR BY WHICH THE ORDINATE MUST BE DIVIDED 
TO GIVE THE CORRECT LEVEL OF EACH DISTRIBUTION: 

b 0 /*«' 2 


X).0 

23.2 

13.7 

O.B 

33. N 

15.2 

1.0 

ee.2 

18.6 

1.5 

100.u 

22.8 


ENERGY SPECTRUM OF THE INPUT NOISE: 

4 - 


4.0 


4.5 


5.0 


Fig. 5. Output spectra for broad band input noise (I) from a biased and saturated linear rectifier. 
(In this and succeeding figures, the correct output spectral level is expressed in units of 4irty(0)/3 , /a*, 
after division by the factors indicated.) 
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I'Fig. 6. Output spectra for broad band input noise (1) from a biased but unsaturated linear rectifier. 
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Fig. 7. Output spectra for broad band input noise (I) after extreme clipping in a linear rectifier. 
(The relative levels in this figure and in Figs. 9, 14,17, are the levels expressed in the (same) arbitrary 
units, after division by the factors indicated.) 
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Fig. 8. Output spectra for serai-broad band noise (II), saturation and no saturation. 
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Fig. 11. Output spectra for semi-broad band noise (II) after half-wave rectification, with and 

without saturation. 
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Fig. 12. Low frequency output ipectra (f-0), for narrow band input noiie (III) with Baturation. 
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Fig. 13. Low frequency output spectra (/—0), for narrow band input noise (III) without saturation. 
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Fig. 17. High frequency output spectra (/”!), for narrow band input noise (III), extreme clipping. 


A number of interesting special cases occur frequently in practice. The first is that of no saturation, 
a condition such that the instantaneous amplitudes exceed the critical value at which saturation 
occurs a negligible percentage of the time. Analytically C is then infinite, and Eqs. (4-3)—(4-6) are 
modified accordingly. Figures 6, 8, 13, 16 illustrate spectra in this instance; the dotted curves in 
Fig. 8 apply when 

The second case is that of half-wave rectification where all input voltages V less than 0 are not 
passed, and all those for which V>0 are transmitted, vide Fig. 2. Then 4 0 is required to be zero and 
the ho, n are appropriately simplified. Sample spectra are shown in Fig. 11. 

Finally we have the case in which the input wave is clipped equally on the top and bottom. A 
study of the condition where Co” — C, as well as of the more general cases (b»<C) should give some 
idea of the effect of saturation and cut-off on the output of an ordinary amplifier, as in practice 
Class A operation is often “contaminated” by some (nearly symmetrical) clipping of the larger 
amplitudes, due to the leveling off of the dynamic response. In all instances where the input is 
random noise we have departures from pure Class A performance. Here we observe that Ao.», 
n »2, 4, 6, • • • is zero, since then is an even function. In other words, of the components that 
' contribute to the spectrum none of the even ones are generated. Figure 10 indicates some typical 
spectra. 

Among the results should be included the correlation function for linear half-wave rectification 
when there is no saturation. Equation (3-4) then reduces to 


R ( t ) tt ^ o 1 


2r< 


l+wr/2+ E 


n-4,4, ••• 


(»— 2)1 


V/»!), 


(4-12) 
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which may be expressed in closed form: 


i?(0»o-o-—{(l-r^+Kir^+sin- 1 r)}, (4-13) 

Alt 

a result equivalent to Eq. (4.7-5) of Rice's paper. 

It is instructive to examine a number of limiting cases. If the cut-off and saturation voltages are equal there should be 
no output, for obvious physical reasons. Setting b Q »C in (4-3)—(4-6) or more directly in (4-1) shows that this is indeed 
the case. Then, too, we may let C approach infinity in (4-11), when &«*• — C. This corresponds to biasing so positively, 
i.e., 6o«0, that the entire disturbance is passed with negligible distortion. From (4-3) we see that Wa « therefore, 

the power associated with the continuum is We-RW—Pp-ffy, as C-*oo, in other words, the input wave is com¬ 
pletely transmitted. The spectrum is also unchanged, a fact easily verified from (4-3)—(4-6), since only h*, x does not 
vanish when with the exception of the d.c. contribution, whose amplitude is governed by Of course (in 

theory), infinite power must be supplied by the bias source to shift the response so that (essentially) infinitely negative 
noise peaks will be passed. That we obtain an infinite total power as C -+ « is clear from (4-11). Still another test may be 
made if we allow the bias to become greatly negative, i.e., 6o»0, with the condition that the saturation level C always 
exceed the cut-off voltage, i.e. C>6o(»0). Physically we expect a vanishing output, for only the very infrequent, large 
noise amplitudes will be passed, and a* the biaB is made more and more unfavorable, the probability of the occurrence of 
these becomes negligible. Examination of (4-3)—(4-6) does indeed show that fh, n -+ 0 as C , so that under such 

conditions there is no output. 


V. THE TYPB-B QUADRATIC RECTIFIER 

We may determine the Fourier transform f(iz) B of the Type-B dynamic path with the help of 
(1-2), by expressing f(iz) as a polynomial in 7, since from (1-2), 7(0 is a polynomial function of 7(0 
over specified ranges of 7. We start with a representation of the form 
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Fig. 20. Power in the continuous portion of the output Fig. 21. Power output in the low frequency (/“0) con- 
of a linear rectifier, for input noise of types (I), (III). tinuum for type III noise entering a linear rectifier. 


X* /• 12e i(F_4,,) *+2i4« <<r_J6o> -f 2Be <(v ~ c> ‘ De ,(y ~ c >’ Ee« v ~ cu 

^ 2x Jci (*«)’ («)* (iz) 

To determine A, B, D, and E, we evaluate (S-l) for the various regions involved and match these 
results to the desired solution for each region. For example, when V>2C—b t , J(<)=*2X*(C—5o)*, 
and so 

( 7-& 0 )*+4( V— 2C+b t )*+B( V- C)*+D( V-C)+E= 2(C-6 0 )*, (5-2) 

from which we see that A**l, B— — 2,2?—E = 0. The values of A, B, D, and E so obtained are easily 
seen to be compatible with the other regions V<2C—b 0 . In this manner we find for the Type-B 
detector that /(«) is given by 

/(«)B"2X*{exp (—»6o*)+exp [—t(2C—6o)*]—2 exp (—'*Cs))/(*s)*, C>ba. (5-3) 
Then (3-3) may be written 

•X* r 

— I exp (—^/^^-‘{exp (—*6#*)+exp [—*(2C—6o)*]—2 exp (— iCz))dz, nS 0. (5-4) 

r J c 


dz, C>b B . (5-1) 


Equation (5-4) may be integrated with the help of the Appendix, to give 

h», t m —2XV{(5^+l)(© 4 »“l)+28o4»o+C(2C—6#)*+l]C®**~ i o~l!H'2(2C—5t)0sc-io 

—2(C*+1)(@,—1)+44«}* (5-5) 


-*XV l {8«(©»o-l)+24»o+(2C-«o)(es«-»o-l)+2#c-to-2(?(e.-l)-44.), (5-fi) 

8*j»X , {©*o+0*«-*#~20«}, (5-7) 

^to»”««2^X*(~l) ( *~ ,), V <l- * )/, {4*s <,, ~* > +49c-‘o <, *~ ,> “24. < *~ ,> }, «-3,5, 7, • • •, (5-8) 

;}, w—4,6,8, • • •. (5-9) 


jomuiAL of Applied physics 







We have made the additional abbreviations 

*ae-4o<*«*<fl[(2C-M/M; 02c-to*e[(2C-6o)/(2^)*]. (5-10) 

The total output power of the Type-B quadratic device may be found from (1-2) and ( 3 - 8 ). We 
write then 

XV* I P 01 ** r tc-*ti+i 

^ = /?(°)-—jj^ (x—6o) 4 exp (—x*/2)dx-f- J [2(<?-6o) l -(x-20+M*?exp (~x*/2)dx 


+4(C-6c)* f exp (-x*/ 2 )dx|. (S-U) 
i/2 c~6o ^ I 

This we integrate to obtain finally 

Wr 333 •“{Pl02c-6o""i , J0e“*-P8©<»O+2P4^2C-6o+2Pj0 o —2Pe^6o+4(C —ho) 4 }. • (5*12) 
z 


Pi = 16C*6o-28C*6»*+16(?6o*-36o 4 +20C*-16(?+26o , + 3, (S-13a) 

P* ==» 4(? 4 —4C*6o*—46o*+ 20& — 16 ^ 60 , (5-13b) 

P*=6o 4 +66o*+3, (5-13c) 

P t =3b 0 *-5Bi+8B 0 C t -lOCho i +loC. (5-13d) 

P* «= 4(46o—4^4- WC—C *), (5-13e) 

P,-6«*+56 0 . (5-13f) 


The power in the continuum follows when Ao, 0 2 , Eq. (5-5), is subtracted from (5-12). 

It is interesting to observe for symmetrical clipping, C= 0 , 6 0 < 0 , that the Type-B rectifier yields 
no output in the even harmonic zones /= 0 , 2 , 4 , • • *, when the input noize is a narrow band. Only 
odd-order products contribute on the average, as is true under similar circumstances in the case of 
the linear detector, when b 0 = —C. 

As before, when the cases of half-wave rectification (60 ” 0 ), or symmetrical clipping (which does 
not obtain for Type A responses), is discussed, considerable simplification results in the expression 
for the output power and spectra. An important example is the half-wave, unsaturated quadratic 
detector. For this device we obtain the output correlation function 


P(0»»-o = 


XV* 

' 2w< 


-+4r+xr>+4 £ 
2 


(«-3)! 


2<»—«)/* 


m 


r*/nl 


(5-14) 


which becomes, in closed form, 


P(/)i,-o-^J ^+sin-‘r^(l+2r*)+3r(l-r*)‘ . 


(5-15) 


VL EXTREME CLIPPING 

The limiting case of extreme or “superclipping” 
at the “top" and “bottom” of the input is 
instructive as it offers an answer to such ques¬ 
tions as whether unrestricted clipping results in 
an indefinitely great spectral spread, and 
whether the spectra so obtained appear with 
greatly reduced levels. Some cases of sym¬ 


metrical clipping, including the limiting extreme 
of complete “slicing” of the input wave, have 
been considered by J. H. Van Vleck. We are 
now able to extend these earlier results to die 
general case of superclipping at any arbitrary 
cut-off level, i.e., for .arbitrary values of &#. 
Analytically, extreme clipping paeans that the 
saturation level C approaches the cut-off bt so 
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Fig. 22. Power output in the high frequency (I-1) con¬ 
tinuum for type III noise entering a linear rectifier. 


that the voltage difference between the two 
levels is infinitesimal. Then for all types of 
superclipping the following conditions must 
hold: 

C-fa-t, or C-S 0 **t; C>b 0 , 0 <«« 1 . ( 6 - 1 ) 


Spectra, examples of which are shown in Figs. 
7, 9, 14, 17, may be obtained from (3-1) and 
( 3 - 2 ), with the help of (6-3)-(6-6). It can also 
be demonstrated for the quadratic rectifier, dis¬ 
cussed briefly in Section V, that An«~( 6 fc 0 —1)/2 
and in line with the results above, 

the proportionality constant /Si being replaced by 
2X , i* I indicating that the shape of the output 
spectrum is independent of the dynamic i,—e g 
path if i is taken sufficiently small, a reasonable 
conclusion, based on the observation that the 
output is now essentially a square wave with 
but two possible amplitudes, determined by the 
limit of the transmission width and not by the 
dynamic path between those limits. 

The correlation function of the output in 
cases of extreme clipping is for any input dis¬ 
tribution, 

*(,>^1(1^5)’ 

+£ c^-»xov»! 

final 

The total power may be obtained as before by 
setting f *0 in (6-7), or by applying (4-10). We 
have 

PF T =22(0)*/S»«*(l-e6o)/2. (6-8) 

The power in the continuum is therefore 

lF««/?(0)-Ao. 0 *=^l*(l-e»o , )/4. (6-9) 



We may obtain the fan a from (4-3)-(4-6) by 
applying Taylor’s theorem. Let g(C) be the 
function whose value at C= 6 0 +* we wish to 
determine. Expansion about the point Bo gives 

i(P) m g(8«) -Mg* (Bo) +*V / (6o)/2+ • • •. (6-2) 

It is readily verified for the linear detector that 
only terms in l are significant; the higher 
powers of i are negligible and the zeroth power 
(i # “l) vanishes in fa n . Equations (4-3)-(4-6) 
are accordingly modified to 

*a«*“/3lf»(e»»-l)/2, (6-3) 

ku*-0»l*40, (6-4) 

, »- 2 ,4, 6 , • ■ ■, (6-5) 

fan+0i(- 

«»3, 5, 7, • • •• ( 6 - 6 ) 


If we specialize our results to symmetrical 
clipping we need only multiply ( 6 - 7 )-( 6 - 9 ) by 4 . 
This follows because the effective amplitude of 
the disturbance is doubled, and hence the power 
is increased fourfold. When the incoming wave 
undergoes half-wave clipping and rectification. 
bo is zero, and Eq. (6-7) reduces to 

*(0‘o-o*ft3*|rhr £ 

14 2t h _i,i,... 

XJ(n—l)l/ljV(0*/»l}* (6-10) 
which may be written as 
J?(/)»o-o«l*/S*^|~- sin - 1 r'j 

(641) 
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a result similar to that obtained by Van Vleck. 
A rather interesting consequence of extreme 
clipping is that zero cut-off voltage (&o“0), gives 
the greatest actual power in the continuum 
(1 non-vanishing), while for b a -+«, i. e ., very 
negative bias, a greater percentage of the power 
goes into the continuum. 

VXL RESULTS AND CONCLUSIONS 

In the preceding sections we have outlined 
the analysis from which the mean power and 
spectral output of biased and saturated linear 
or quadratic rectifiers may be determined when 
the incoming wave is random noise. Since much 
of our work appears specifically in the figures, it 
is with them principally in mind that we discuss 
the results. The transmission width C—bo, or 
2(C—bo), is treated as constant, which it is for 
resistive loads, so that as the amount of incoming 
noise is varied, the relative transmission width 
(C—bo)/\frl, or 2(C~£>o)/V' 1 . takes on different 
values. This corresponds physically to the 
operation of a given tube with various applied 
grid voltages and bias. The effects of clipping 
on the output spectra have been compared by 
normalizing the maximum spectral level of the 
output to unity. The normalization is accom¬ 
plished after multiplication by the appropriate 
quantity, here donated by A. For example, in 
Fig. 8 when (C-5„)/*» = 0.5 and $„/**= 1.5, 
(o— 2.0), A is seen to be 612 or its equivalent 
27.9 db, where the db are determined from 10 
logioi4. To obtain the absolute spectral level we 
have only to divide the normalized value by A. 

Extensive calculations and figures corre¬ 
sponding to Figs. 5-23 have also been completed 
for the Type A and Type B quadratic rectifiers. 
It has been found that the results in the latter 
cases are qualitatively similar to those for the 
linear rectifier, as may be seen in a few special 
instances, cf. Figs. 24 and 25, on comparison 
with Figs. 5 and 18. The general shape of the 
spectra is much the same, and the various output 
power distributions, analagous to Figs. 18-22 are 
similar. A comparison of absolute levels cannot 
in general be made, however, as it requires a 
specific knowledge of the tube constants fi and 
y, X, which in turn are functions of the operating 
conditions. Because of general similarity of the 


results for the three types of detector, we have 
omitted the detailed analyses and the figures in 
the square-law cases, but these are available on 
request. 

(a) Spectra 

The first observation to be made from Figs. 
5-17 is that clipping, whether at the “top” or 
“bottom” of the input wave, always results in a 
spectral spread.* This may be appreciated in a 
qualitative fashion from the following simple 
example. Consider first the spectrum of a sine 
wave. It will contain just one component, the 
original wave. Now clip the wave, at the top or 
bottom, or at both places. The signal is distorted 
and has “corners” where the clipping took place. 
When the disturbance is analyzed, we find a 
large number of new, high frequency terms; these 
are necessary to give the “squared-off” shape of 
the wave. Physically, a fraction of the input 
power is lost, since part of the signal is removed, 
and the rest of the input power is distributed 
among the higher harmonics generated by 
clipping, the precise redistribution depending on 
the wave’s amplitude, the tube characteristic, 
etc. The above example is easily extended to 
noise with its infinite number of components. 

The curves of Fig. 8 also show that the spectral 
spread is greatest when clipping occurs because of 
the tube cut-off alone and not on account of satu¬ 
ration as well. There are a few exceptions to this, 
which occur only for narrow-band input noise, as 
Figs. 13 and 14 show. Note that increasing the 
relative transmission width (C—bo)/p* yields 
clipping which arises principally from cut-off, for 
a given value of bo, since overloading effects then 
tend to disappear. When the rectified noise 
output is passed into amplifiers the level alone 
is altered and the character of the noise is pre¬ 
served, provided the amplification is a purely 
linear process. In this connection we observe 
that filters, of which amplifiers are an example, 
discriminate on a frequency basis, and affect the 
instantaneous amplitude of the wave only 
indirectly as they respond or fail to respond to 
the various components. Filtering tends to 


*That clipping always spreads die spectrum in the 
case of noise may oe proved by summing the limiting forms 
of as Sr* «o, and comparing the normalized mm 

with that for finite values of o» 
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* Fig. 24. Output spectra for brood band input noise (I) from a biased and saturated Type B 

quadratic detector. 
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reduce the spread in the spectrum of clipped 
noise and when the band width of the filter is 
narrow compared with the spectrum, randomness 
is restored and the effects of clipping are no 
longer apparent. 

From Fig. 12 for the low frequency output of 
narrow band noise (/» 0 ) it appears that when 
clipping occurs near the center of the wave, i.e. 
5 o = 0 , the spread is greatest, although the level 
is Well down. In the case of the first harmonic 
output zone, Fig. IS, Z= 1 , corresponding to a 
band centered about /o, the reverse seems to be 
true, and the greatest spread takes place for the 
larger values of cut-off 60 , although this spread 
is not so pronounced. The reason for this may 
be appreciated by reference to Eq. (3-23) which 
shows that when / = 1 , the leading term is 
generated by taking n = l; on the other hand, 
for the low frequency continuum /=* 0 , and the 
leading term starts with « = 2 ; in the former 
instance we have the spectral contribution 
exp (— w 2 / « 6 2 ), in the latter, exp (— w 2 /2w b 2 ), 
which suggests why the latter in many cases 
yields the greater spread. We may remark also 
that in the neighborhood of spectral “tails,” 
well away from* the center of the distribution, 
the spread is always greatest for extreme clipping. 

Figure 11 illustrates the spectral spread after 
half-wave rectification with saturation, and 
shows the effects either of decreasing the input- 
noise voltage or of using tubes whose dynamic 
paths cover a progressively wider range of 
voltages. In either case, as the relative trans¬ 
mission width is increased, greater spectral 
spread obtains and at a higher level, until the 
limit of saturationless clipping is reached. The 
level rises because more of the incoming wave is 
transmitted, and again it is seen that clipping 
alone due to the tube cut-off results in the 
greatest spectral spread and at the highest 
(relative) output level.* 


* At first glance this may appear odd, since we would 
expect the additional clipping from overload to spread the 
spectrum even more. A comparison of the correlation func¬ 
tions for extre ne clipping when &o-0, Eq. (6-10), and for 
half-wave rectification without saturation (6o*0, <*), 

Eq. (4-12), shows that £(0**t^4-ry6+3rV4<H-, 

while R(t) m 0 «»t / ^r4-r t /s’+r 4 /12r+***. It is the greater 
magnitude of the second term, r*/w vs, r*/6, that acoounts 
for the greater spread in the instance of no saturation. It 
should be observed, however, that a comparison of spectra 
in the neighborhood of the “tail/* well away from the center 



Fig. 25. Total power output of a Type B Quadratic rectifier 
for input noise of ctasses I—III. 


Examples of symmetrical clipping are shown 
in Fig. 10, in which the rectifier is biased so that 
the operating point lies half-way between cut-off 
and saturation, i.e., b^C, For broad band and 
semi-broad band noise little spreading of the 
spectrum results, even when the relative trans¬ 
mission width is greatly decreased, but when the 
incoming disturbance is narrow band (III), the 
low frequency (/* 0) output vanishes. In fact, 
all even harmonics /«*0, 2, 4, ••• are missing 
when the clipping is symmetrical. This effect may 
also be observed in Fig. 21 where the output 
power goes to zero. As we have mentioned 
before, amplification in practice nearly always 
results in approximately symmetrical clipping 
at both top and bottom of the wave; these 
results show that the effect is small for input 
spectra of types I and II, but may be serious in 
certain output zones of class III waves. 

Figures 7, 9 , 14, and 17 illustrate instances for 
which the relative transmission width is in- 


of the band , indicates that the reverse is true. A similar 
comparison may be made for the quadratic detector with 
the help of (5-14). 1 
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finiteumally small, producing extreme or “super- 
dipping.” We see that superclipping spreads the 
spectrum most when die dynamic path is 
centered well away from the operating point, 
i.e., |6,|38>0, where the curvature is greatest. 
(An exception to this is the case 0, Fig. 14.) 
The spectral level, of course, is extremely low. 

(b) Power 

As we have demonstrated in Section 3, the 
power output of our non-linear device, unlike 
the spectrum of the output, does not depend on 
the spectrum of the input disturbance, but only 
on the root-mean-square input-noise voltage. 
Figure 19 shows the d.c. output power as a 
function of cut-off voltage, measured from the 
operating point. As bo becomes more positive 
less of the wave is transmitted and hence the 
direct current drops and approaches the limiting 
value for saturationless dipping, which depends 
only on bo and not on the transmission width 
(C—bo). On the other hand, when bo is negative, 
the positive part of the incoming disturbance is 
progressively more and more limited because of 
saturation. Then the d.c. output rises and ap¬ 
proaches a fixed value asymptotically, since it 
cannot exceed some finite value which depends 
on the transmission width of the rectifier. For 
no overloading (<?—►<»), this finite limit is 
removed and represents chiefly the voltage 
supplied by the tube bias, which is needed to 
shift the operating point further into the trans¬ 
mission region of the dynamic path. 

The powers in the continuum appear in Figs. 
20, 21, and 22. Here it is interesting to observe 
that for symmetrical clipping in the cases of 
class I and II input spectra, the continuum level 
is highest, falling off for values of |6o| in excess 
of bo**—C. This may be explained by the fact 
that when the transmission width is centered 
about the incoming wave more of the wave is 
effectively passed than if only the tops or 
(bottoms are transmitted. When disturbances 
having class III spectra are considered, this is 
seen to be true for the first and higher odd har¬ 
monic regions /»1, 3, S, •*•, vide Fig. 22, but 
for values of —C, there is no low frequency 
or for that matter, no even-harmonic output, 
because, with the exception of a d.c. component, 
odd-order modulation products are gener- 

* ^ * 



a ted. Curves of total output power are given in 
Fig. 18. Figure 23 shows the percentage dis¬ 
tribution of the total output power that appears 
in the continuum and in the d.c. component. The 
quadratic responses, it may be noted, yield a 
somewhat greater fraction of continuum power 
than does the linear detector, and of these the 
Type B characteristic yields the most, for a given 
cut-off and transmission width. 

We expressly wish to thank Professor J. H. 
Van Vleck for his encouragement in the prepara¬ 
tion of this manuscript, Mr. S. O. Rice, with 
whom we have had many friendly and stimulat¬ 
ing discussions on these topics, and Miss Eleanor 
Pressly, who performed most of the computations. 

APPENDIX 

In Section III we gave the results of the evaluation of 
(4-2) for the biased and saturated linear detector. A similar 
procedure is used to evaluate (5-4) for the quadratic 
rectifier. 

Let us consider only the first term in the integrand of 
(4-2), since the second may be treated in a similar fashion. 
When 0, the imaginarv part contributes onlv through 
the pole at the origin, i.e. f 

(ho ®)*«“"2t{*/c COS boP CXP (~ )dz/£ +x6 0 j*, (A-1) 

since the effective contour is a semicircle. The real part, 
however, is somewhat more difficult to evaluate. By adding 
— l/z 1 to the integrand we may remove the singularity and 
hence replace C by a path entirely along the real axis. It is 
easily shown that Jcz~*dz vanishes. We now have an 
integral of the form 

h - [cos 60 s exp (—^a*/ 2 ) - l]dz/s*. (A-2) 
Differentiating (A-2) with respect to 60 we obtain 

Ss—JT sin 6 oz exp ( — ^s */2 )ds/z 

--*0(6 o /(2*)»), (A-3) 
where 0 is defined in (4-8). Integration of (A-3) by parts 
yields 

/t( 6 oWi( 0 ) 

■» — T(6o06o+(2^/r)*(exp (—6^/2^) —1)}. (A-4) 

Now from (A-2) we observe that 

/»(°) - JT [exp (-*«*/2) - (A-5) 

hence we may write 

-JT CXP (“**V2)«fe-(ir/2*)». (A-6) 

Finally we have 

/*((»--(2w*)*. (A-7) 

The constant of integration is aero here, since for ^*0 
/i(0) -0. From (A-4) and (A-7) it follows that 

t)6o**/>{6s(0H— l)/2-f^ty*i), (A-8) 
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with a similar result when b$ is replaced by C. Equation 
(4-3) may be obtained from (4-2) and the above. For **-1, 
we have 

(h% i)b%- sin 6*8 exp (-^s»/2)d*/*j 

(A-9) 

-0»(0&a-l)/2. 

from which (4-4) is established in a similar fashion. When 
AS2, the contour C is replaced by a path along the real 
axis. Then to determine ht, n we need the following results, 
which are readily established by differentiation with 
respect to X: 

*z exp (—<l>&/2)dz 

«(tr/2)»(-l exp (—X»/2^) (A-10) 

and 

J^* sin X* exp (—pt?/2)ds 

- <w/2)»( - exp (-X‘/2*), (A-ll) 

-x(-l)V“V , ' r ‘ l, (X/^). P-0, 1. 2--• 


where #)(*,) ie an Hermidan polynomial of the jth 
order, 1 * cf. Eqs. (4-9). Here we note also that 14 

J t -(r/2)«exp(+*^/2)e(*./2»), (A-12) 

and that 

#„«>)-(-l)»(2p)!/2»p! 

P m 0,1,2.. .. (A-13) 
The explicit form for 0 (,, (*») is useful, namely 

in (/-i>/« 

♦ (/> (*»)«exp (-x^/2) 2 (-ijc+y [*,(->./ 

P-® 

p\(j—2p) 12^(2 tr)*. (A-14) 
'Hie functions $ (,) satisfy the recurrence relation 

*(' +1 >(*o) - -[n^W+i^Wl 

_ j-1,2, •••. (A-15) 

u See, for example, T. C. Fry, Probability and Its Eh ■ 
gineertng Uses (D. Van Nostrand Co., Inc., 1928), pp. 
251-254, and for tables of $«»—$<•> consult pages 450, 
457. 

14 B. O. Pierce, A Short Table of Integrals (Ginn and 
Company, New York, 1929), contains a table of 0. 
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The Flow of Gases in Pipes at Low Pressures 

Gordon P. Brown and Albert DiNardo 
National Research Corporation, Boston, Massachusetts 
AND 

George K. Cheng and Thomas K. Sherwood 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received May 9, 1946) 

Data are presented on the flow of air at low pressures in copper pipes of radius 0.795 and 1.30 
cm; iron pipes of radius 2.64, 5.12, and 10.1 cm; and for hydrogen in a copper pipe of radius 
1.30 cm. Data are also given for the resistance to flow of air in If- and 3-inch nominal pipe size 
elbows, for 1 J-inch Kinney bellows valves, and for short sections of 1-inch nominal pipe size 
iron pipe connecting large gas chambers. The data on straight iron and copper pipes, together 
with the data from the literature on glass capillaries, are correlated by the introduction of a 
correction factor F in Poiseuille’s equation. F is correlated graphically in terms of a dimension¬ 
less group representing the ratio of mean free path to pipe radius, with separate curves for iron 
pipe and for copper and glass pipes or capillaries. 


INTRODUCTION 

I NDUSTRIAL processes operating at high 
pressure have been common for a generation, 
but it is only during the last several years that 
the other extreme of operating pressures has 
come to be used in a variety of large scale 
operations. Pressures as low as a few microns are 
employed in the manufacture of electronic equip¬ 
ment, production of magnesium metal from 
dolomite, the drying of blood plasma and of 
penicillin, the concentration of vitamins, and the 
coating of lenses used in military optical equip¬ 
ment. 1 Moderately low pressures are being used 
in concentration of fruit juices and other food 
products. 

The necessary vacuum is obtained by the use 
of mechanical pumps, multi-stage steam jets, or 
large oil diffusion pumps. No matter how good 
the vacuum at the pump, it is evident that the 
pressure in the processing equipment may be 
unnecessarily high and perhaps excessive if the 
piping and connections are not designed to handle 
the gas or vapor flow with an economically small 
pressure loss due to friction. The proper design 
of conduits for gas flow at low pressures intro¬ 
duces new problems. At ordinary, pressures it is 
customary to employ the combination of the 
Fanning equation and a friction factor graph if 
the flow is turbulent (Reynolds number greater 
than about 2100) and to use Poiseuille’s law if 
tfre*flow is viscous or laminar (Reynolds number 
^ Fortune *0, No. 2,147 (August, 1944). 



below about 1000). At low pressures (below 1.0 
mm Hg) the Reynolds number is probably always 
so low as to indicate laminar flow, but Poiseuille’s 
law does not apply since the effective viscosity, 
even in industrial pressure ranges, may be less 
than one percent of the gas viscosities as tabu¬ 
lated in the standard handbooks. 


FLOW EQUATIONS—STREAMLINE FLOW 

The differential and integrated forms of 
Poiseuille's law for round tubes may be written 


rg»R*p dp v, gjt* 


8 ft dL 16 pL 


iPt-pt'). (1) 


The derivation of this equation, frequently 
quoted in textbooks, is based on the assumption 
that the coefficient of viscosity, p, is a constant 
and that the velocity of gas in contact with the 
tube wall is zero. Gas viscosities, as predicted by 
the kinetic theory, are essentially constant over 
a wide range of moderate and high pressures. 
Consequently, the failure of the equation at low 
pressures is explained as caused by the failure of 
the assumption of no slip at the wall rather than 
on the basis of a variable viscosity. 


SLIP FLOW 


The derivation of Poiseuille’s equation has 
been repeated by Kundt and Warburg* * with 

* A. Kundt and B. Warburg, Pogg. Ann. I5S, 337, 525 
(1875). 

•E. Warburg, Wfed. Ann. 189,399 (1876). 
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Table t. Systems of units. 



Consistent 

Consistent 

Micron 

Micron 


c^it technical 

English 

c.g*. 

English 

0 

cm* g ft* 

sec. cm* sec. 

wlb. micron 

Xft.* tec. Xcm 

micron Xft.* 
sec. 

M* 

jjjA—-( poh*,) 

lb. 

t 

1b. 

tec. Xft. 


secTxfT. 

Ra 

84800 

1543 

6.24 X10 ^ 

5.56X10* 

JR, L, X 

cm 

ft. 

cm 

ft. 

Pu P *, Pm 

g/cm* 

ib./ft.» 

microns 

microns 

Pi 

8 cm* 

lb. v ft.* 
ft?* lb. 

8 

lb. 

cm* A 8 

cm* X microns 

ft.* Xmicrons 

ft* 


No units 



t* 

981 

32.2 

143 

0.0896 


* Vlacarity In Ib./(«ec.)(ft.) -0.0672 Xvtacodty In poke, -0.000672 
X viscosity In centipoises. 


which may be introduced into (5) to give, 

<7) 

where X« is the mean free path of the gas mole¬ 
cules at the mean pressure. Since the coefficient 
of external friction, k, has been found 1 to be 
proportional to gas pressure, its value and that 
of X should be evaluated at the mean gas pressure. 
From the kinetic theory and Maxwell's distribu¬ 
tion of molecular velocities, the mean free path 
can be shown to be given by 

* y 

2pig«/ pm 


the modification that the velocity of the gas in 
contact with the wall is taken as u« instead of 
zero when the mean free path is comparable 
with the tube radius. The resulting tangential 
force F' on the wall is assumed to be proportional 
to u 0 and to the surface area 

( 2 ) 


where the proportionality constant k is termed 
the coefficient of external friction. Balancing the 
forces on a differential length dL of tube, 


—nRJgjdp “f* 2irRkuodL, 

whence 

Rgcdp 

«o*-• 

2k dL 


(3) 

(4) 


This last is used as one limit of u in the usual 
integration to obtain: 


Q 


16 pL 


(px*-pi*) 



(S) 


Maxwell 4 suggested that a fraction / of the gas 
molecules striking the walls of a vessel would be 
diffusely reflected, and that the fraction 1—/ 
would be specularly reflected. With this concept, 
it can be shown by the kinetic theory that, 

i-fr'K 

‘ J. c. Maxwell, The Scientific Papers of James Clerk 
Uasewetl (University Press, Cambridge, 1890), Volume 2, 
p. 708. 


where pi is the gas density at unit pressure, 
M/RaT. Thus, (7) becomes 


e -S <w - w, [ I+4 (i)‘(r , M (8) 


where X represents the group p/PmR(pigc)*- 
Inspection of (7) shows that this equation for 
“slip flow” is essentially Poiseuille’s equation (1) 
multiplied by a correction factor which becomes 
more important as the ratio of mean free path to 
radius increases and as / becomes small (smooth 
walls). Equation (8) is a restatement of (7) in 
terms of more directly useful variables. 


MOLECULAR FLOW 

At very low pressures the internal friction in 
the moving gas becomes small because the mean 
free path of the gas molecules becomes large in 
relation to the dimensions of the conduit. Under 
these conditions the collisions between molecules 
are rare as compared with the frequency of 
collisions with the walls. By employing the 
kinetic theory in a balance of momentum transfer 
and pressure difference in a pipe section, there 
is obtained 1 


Q 


/t\*/2 \ R*g* (Pi-Pt) 

\2) V// L (**)» ’ 


(9)« 


»R. A Millikan, Phys. Rev. 21,217 (1923). 

•M. Knudsen {Ann. d. Phyaik 28, 75,. 999 (1909)] 
taking / as unity, obtained the same form with a constant 
70 percent greater. s 
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The nature of the motion of the gas at very low 
pressures is termed "molecular flow" and Eq. 
(9) is a quantitative expression for the rate of 
molecular flow. 

Inspection of the "slip flow” Eq. (8) reveals 
that for very low pressures the second of the two 
additive terms becomes large in relation to unity, 
and the equation reduces to (9). Equation (8) 
is more than an equation for the slip flow region; 
at high pressures it reduces to Poiseuille’s equa¬ 
tion (1), and at very low pressures it reduces to 
the molecular flow Eq. (9). 

ENTRANCE AND EXIT LOSSES 

For flow of gases through an orifice at very 
low pressures ("molecular effusion") Knudsen* 
has derived the following equation from the 
kinetic theory 

Q-(— )Wr^6. (10) 

\2pig./ 

Comparison of this with Eq. (9) for molecular 
flow indicates that molecular flow in both orifices 


and tubes can be expressed by the relation, 

Q-Kf^y&iPt-pJg', ( 11 ) 

\2pigc / 

where K*=l for L/R*=0 and approaches 



as L/R approaches infinity. Clausing! gives val¬ 
ues of K as a function of R/L, varying from 1.0 to 

8 R 

3L 

The latter limit corresponds to a constant value 
of /of 0.74. 

In streamline flow the entrance loss may be 
taken as equal to the velocity head, u*/g,. A 
graph of pressure drop vs. Q for an orifice or for 
the entrance to a tube may be represented in 
part by two straight lines on logarithmic co- 

» P. Clausing, Ann. d. Phydk [5*] 12,961 (1932). 
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ordinates. At low pressures the relation is indi¬ 
cated by (11) and the slope is unity. In stream¬ 
line flow 

Q<**Rpt\ -—-) ( 12 ) 

V pmM / 

and there is a family of lines having slopes of 2. 
The data cross from the first line to one of the 
second type as the pressure increases, and there 
is some indication* that the experimental points 
pass through an inflection and a minimum in so 
doing. 

UNITS 

The various equations given in the preceding 
sections are valid in any consistent set of tech¬ 
nical units; if g, is taken as unity, they are valid 
in absolute units. The common mixture of pres¬ 
sure in microns Hg with English units is per¬ 
missible if an appropriate value of g t is employed. 

• G. K. Cheng, Sc.D. Then* in Chemical Engineering, 
Massachusetts Institute of Technology, 1945. 


The proper use of the four technical systems is 
indicated in Table I. 

SUMMARY OF THEORY 

Although the flow of gases at low pressures 
may be described as streamline flow, slip flow, or 
molecular flow, the single Eq. (8) is seen to 
represent the theory for all three regions. Alter¬ 
natively, Poiseuille's equation (1) may be em¬ 
ployed, with the right-hand side multiplied by a 
correction factor F: 

(13) 

(pi—pt) 8 nL 

where 

(14) 

Here n is the viscosity of the gas at atmospheric 
pressure, and the factor F may be looked upon 
as the ratio of n to the effective viscosity appli¬ 
cable to Poiseuille’s equation «t low pressures. 
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Table II. Experimental data on flow of gases in copper and iron pipes, ipi and pt represent upstream and downstream 
pressures in microns; U is the speed in micron cu. ft. per sec. per micron.) 


Run 

pi 

Pi 

u 

F 

—*—r 
PmR(»I,)* 

A . Copper pipe, R 

>■1.30 cm, L ■•332 cm, air. using 4-in. oil diffusion 



pump and Megavac. 



1 

4 

1 

0.020 

9.48 

1.26 

2 

5 

1 

0.0186 

7.28 

1.05 

3 

6 

2 

0.0197 

5.78 

0.79 

4 

7 

2 

0.0195 

5.09 

0.70 

5 

8 

3 

0.025 

5.25 

0.56 

6 

10 

4 

0.022 

3.75 

0.45 

7 

11 

5 

0.026 

3.74 

0.39 

8 

12 

4 

0.026 

3.78 

0.39 

9 

14 

5 

0.027 

3.31 

0.33 

10 

18 

8 

0.029 

2.62 

0.24 

11 

20 

16 

0.028 

1.85 

0.185 

12 

28 

23 

0.038 

1.74 

0.124 

13 

30 

25 

0.043 

1.85 

0.115 

14 

38 

32 

0.049 

1.66 

0.090 

15 

53 

46 

0.066 

1.56 

0.064 

16 

54 

47 

0.066 

1.45 

0.063 

17 

64 

55 

0.073 

1.44 

0.053 

18 

70 

61 

0.075 

1.35 

0.048 

19 

77 

68 

0.082 

1.33 

0.044 

20 

79 

69 

0.088 

1.39 

0.043 

21 

90 

78 

0.087 

1.21 

0.038 

22 

90 

79 

0.090 

1.25 

0.037 

23 

120 

106 

0.114 

1.19 

0.028 

24 

143 

128 

0.132 

1.14 

0.023 

25 

159 

142 

0.143 

1.12 

0.021 

26 

162 

146 

0.151 

1.15 

0.021 

27 

167 

150 

0.152 

1.13 

0.020 

28 

188 

170 

0.166 

1.09 

0.0186 

29 

223 

203 

0.190 

1.05 

0.0148 

30 

261 

239 

0.224 

1.05 

0.0126 

31 

283 

260 

0.247 

1.04 

0.0116 

32 

333 

311 

0.319 

1.03 

0.0098 

33 

393 

368 

0.340 

1.05 

0.0085 

34 

588 

561 

0.502 

1.01 

0.0055 

B. Copper pipe, R 

*1.30 cm, L—332 cm, hydrogen, using 4-in. oil 



diffusion pump and Megavac. 


1 

4 

3 

0.093 

15.3 

1.66 

2 

8 

6 

0.079 

6.45 

0.83 

3 

9 

7 

0.091 

6.52 

0.7 3 

4 

11 

8 

0.089 

5.39 

0.61 

5 

16 

12 

0.091 

3.72 

0.41 

6 

21 

16 

0.091 

2.83 

0.31 

7 

17 

15 

0.093 

3.33 

0.36 

8 

17 

15 

0.092 

3.32 

0.36 

9 

17 

15 

0.097 

3.49 

0.36 

10 

18 

16 

0.107 

3.62 

0.34 

11 

25 

22 

0.103 

2.52 

0.26 

12 

27 

24 

0.114 

2.57 

0.23 

13 

29 

26 

0.129 

2.69 

0.21 

14 

40 

36 

0.143 

2.18 

0 J 53 

15 

48 

43 

0.143 

1.81 

0.138 

16 

55 

50 

0.172 

1.88 

0.110 

17 

61 

55 

0.162 

1.60 

0.100 

18 

71 

65 

0.198 

1.67 

0.085 

19 

82 

75 

0.205 

1.50 

0.074 

20 

125 

116 

0.271 

1.30 

> 0.048 

21 

133 

124 

0.290 

1.30 

0.044 

22 

295 

284 

0.645 

1.28 

0.020 

23 

327 

314 

0.620 

1.11 

0.0181 

24 

406 

393 

0.773 

1.11 

0.0145 

25 

595 

580 

1.08 

1.06 

0.0093 

20 

050 

635 

1.08 

1.05 

0.0090 

,27 

081 

065 . 

1.19 

1.02 

0,0086 

. 28 

758 

742 

1.27 

0.97 

0.0077 

2«M 

977 

900 

1.77 

1.05 

0.0060 


1017 

1000 

1.80 

1.03 

0.0058 


V f —£— r 

P-Rfjnt*)' 


C. Copper pipe. R *0.79$ cm. L ■» 127 cm; air, using N.R.C. oil diffusion 
pump H-6 and 50 cfm Kinney mechanical pump. 


1 

470 

130 

0.099 

1.07 

0.0172 

2 

370 

100 

0.083 

1.14 

0.022 

3 

270 

70 

0.061 

1.15 

0.030 

4 

198 

48 

0.045 

1.18 

0.042 

5 

148 

34 

03)37 

1.31 

0.056 

6 

84 

15 

0.023 

1.48 

0.103 

7 

48 

7 

0.0168 

1.93 

0.184 

8 

29 

4 

0.0140 

2.73 

0.31 

9 

14 

2 

0.0126 

5.06 

0.64 

10 

7 

1 

0.0120 

9.7 

1.29 

D. Iron pipe , R —2.64 cm, L — 

274 cm; air, using N.R.C. oil diffusion 


pump H-6, 

and 50 cfm Kinney mechanical pump. 


1 

1.35 

0.25 

0.136 

9.45 

1.94 

2 

4.00 

0.80 

0.159 

3.78 

0.65 

3 

7.80 

1.60 

0.180 

2.18 

0.33 

4 

23.20 

6.50 

0.34 

1.31 

0.105 

5 

14.60 

3.80 

0.26 

1.61 

0.168 

6 

41.20 

13.0 

0.54 

1.14 

0.057 

7 

59.9 

22.4 

0.85 

1.17 

0.038 

8 

102.0 

57.0 

1.36 

0.93 

0.0195 

9 

110.0 

66.5 

1.37 

0.89 

0.0175 

10 

136.0 

100.0 

2.12 

1.02 

0.0132 

It 

187 

150 

2.72 

0.92 

0.0092 

12 

248 

211 

3.79 

0.94 

0.0068 

13 

320 

290 

4.81 

0.90 

0.0051 

14 

385 

352 

5.94 

0.89 

0.0041 

15 

447 

412 

6.69 

0.88 

0.0036 

16 

558 

528 

9.91 

1.04 

0.0029 

17 

620 

588 

10.6 

1.00 

0.0026 

18 

769 

731 

11.7 

0.89 

0.0021 

19 

880 

842 

13.0 

0.86 

0.0018 

20 

0.64 

0.13 

0.164 

25.4 

4.20 

21 

1.56 

0.30 

0.158 

9.65 

1.67 

22 

2.61 

0.50 

0.160 

5.9 

1.00 

23 

3.40 

0.68 

0.167 

47 

0.76 

24 

0.45 

1.10 

0.172 

36.2 

5.65 

25 

1.00 

0.22 

0.179 

16.7 

2.54 

26 

0.60 

0.10 

0.144 

23.4 

4.44 

27 

2.05 

0.40 

0.170 

7.96 

1.27 

£. Iron pipe, R -5.12 cm. L -457 cm; air, using N.R.C. oil diffusion 


pump E-10 and 100 cfm Kinney mechanical pump. 


1 

101 

37 

10.5 

1.02 

0.0116 

2 

73 

24 

8.10 

1.11 

0.0163 

3 

60.9 

17.4 

6.26 

1.07 

0.0202 

4 

45.0 

11.5 

4.57 

1.08 

0.0283 

5 

35.0 

8.2 

3.65 

1.13 

0.037 

6 

23.8 

4.6 

2.58 

1.21 

0.056 

7 

17.6 

3.1 

2.02 

1.30 

0.077 

8 

13.0 

2.2 

1.71 

1.51 

0.105 

9 

8.0 

1.1 

1.19 

1.74 

0.174 

10 

5.8 

0.8 

1.04 

2.11 

0.242 

11 

3.99 

0.44 

0.77 

2.36 

0.366 

12 

2.5 

0.30 

0.70 

3.35 

0.57 

13 

1.14 

0.11 

0.60 

6.4 

1.27 

14 

0.52 

0.06 

0.62 

14.2 

2.76 

15 

0.29 

0.02 

0.57 

24 

5.0 

16 

1.80 

0.20 

0.65 

6.5 

0.80 

17 

435 

413 

50 

0.79 

0.0019 

18 

319 

289 

34 

0.75 

0.0026 

19 

197 

164 

27 

0.99 

0.0044 

20 

160 

118 

17.6 

0.85 

0.0058 

21 

95.0 

34.0 

9.3 

0.97 

0.0124 


sod, r 
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Table II (Continued). 


EXPERIMENTAL 


Run 

Pi 

Pi 

V 

F 

feXbifr)* 

F. Iron pipe* cm, 1.-1040 cm; air, uting N.R.C. oil dtffution 

pomp R-10 and 100 cfm Kinney mechanical pump. 

1 

84 

72 

62 

0.79 

0.0052 

2 

80 

67 

54 

0.73 

0.0055 

3 

48 

30 

34 

0.88 

0.0104 

4 

32.5 

12 

19.9 

0.91 

0.0184 

5 

21.9 

5.7 

13.2 

0.96 

0.029 

6 

16.9 

4.2 

11.2 

0.97 

0.038 

7 

11.5 

2.7 

8.1 

1.14 

0.057 

8 

5.6 

1.0 

4.6 

1.40 

0.123 

9 

4.0 

0.6 

3.6 

1.56 

0.176 

10 

2.1 

0.3 

2.6 

2.20 

0.34 

11 

1.35 

0.24 

2.5 

3.1 

0.51 

12 

l.t 

0.20 

2.3 

3.6' 

0.62 

13 

0.38 

0.12 

2.6 

10.4 

1.62 

14 

0.25 

0.05 

2.06 

13.8 

2.70 • 

15 

0.15 

0.05 

3.5 

35 

4.05 


CORRELATION OF DATA FROM 
THE LITERATURE 

Theoretical equations are often of value in 
suggesting dimensionless groups to be used as a 
basis for an empirical correlation, even though 
the data and theory do not agree quantitatively. 
In the present instance Eqs. (8) and (14) suggest 
the probability of a relation between F, X, and /. 
Figures 1 and 2 Show the result of plotting F vs. 
X for the various data in the literature* * * -u on 
flow of air, H*, O*, N*, and CO* at low pressures 
in round glass tubes of small diameter. The 
correlation for the five gases is excellent, in 
spite of the 200-fold variation in tube radius. 
The solid line shown on Fig. 2 represents 

F-8.0X 

corresponding to/*0.77. In the range of higher 
pressures shown in Fig. 1 <1.0), the solid 

line.best representing the data corresponds to 
/-0.84. 

Figure 2 indicates measured values of F as 
large as 40,000. This means that the flow at low 
pressures reaches rates as great as 40,000 times 
that which would be predicted by Poiseuille’s 
equation, i.e., the effective viscosity of the gas 
at low pressures may be as small as one forty- 
thousandth the viscosity at one atmosphere. 


• G. W. Todd, Univ. Durham Phil. Soc. Proc. 6, Part!, 
8 (1920), 

» W. Kloae, Phynk. Zeits. 81, 503 (1930). 
u W. Gaede, Ann. d. Phy»k 41,289 (1913). 


Although the correlation of data from the 
literature is satisfactory, it is evident that extra¬ 
polation from glass tubes 7 mm and less in radius 
to iron pipes several inches in diameter may be 
considered to be questionable. Accordingly, new 
data have been obtained for copper and iron pipe 
| to 8 in. nominal diameter. Data were also 
obtained on 1}- and 3-in. elbows and a l|-in. 
Kinney high vacuum bellows valve. 

The first experiments were carried out using 
a copper tube 1.30 cm radius and 332 cm between 
taps to two McLeod gauges. Carefully dried air 
was admitted through a vacuum reducing valve 
to a 5-liter vessel from which it passed through 
an open mercury seal to the test pipe. After a 
steady state had been reached the mercury seal 
was closed and the rate of increase of pressure in 
the 5-liter vessel measured by means of a 
•McLeod gauge. The gas feed rate was calculated 
from the rate of pressure increase and the volume 
of the vessel. Pumping was accomplished by 
means of a 4-inch oil diffusion pump and a 
Megavac pump in series. A thermocouple gauge 
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Table III. Flow of air in elbows and valves. 


Tableau (Continued). 


Run pt p i V Ri i* 


A . Eight lt-ta. elbow* and 277 cm straight if-in. nominal pipe 
rise (R * 2.04 cm) Iron pipe between pressure taps. 


1 

4.4 

0.6 

0.089 

0.025 

- 1.7 

2 

2.16 

0.26 

0.074 

0.0104 

- 0.5 

3 

7.1 

1.1 

0.100 

0.045 

- 1.9 

4 

22.1 

4.1 

0.135 

0.179 

- 0.6 

5 

49.0 

11.0 

0.275 

0.604 

0.6 

6 

81.0 

21.0 

0.36 

1.58 

0 

7 

120.0 

• 38.0 

0.51 

3.08 

0.5 

8 

144.5 

63.5 

0.70 

4.2 

0 

9 

150.0 

108.0 

0.84 

2.6 

0.1 

10 

238.0 

180.0 

1.28 

5.5 

0.3 

11 

300.0 

230.0 

1.50 

7.75 

0.9 

12 

410.5 

343.5 

2.5 

12.6 

- 0.5 

13 

504.5 

429.5 

3.3 

18.3 

- 1.0 

14 

637.5 

562.5 

4.3 

24 

- 1.1 

15 

790.0 

690.0 

4.5 

33 

0.2 

16 

980.0 

870.0 

54 

44 

0.7 

17 

1016.5 

919.5 

6.1 

44 

- 0.2 

18 

706.0 

620.0 

4.9 

31 

- 1.4 

19 

1201 

1099 

7.0 

53 

0.2 

20 

1971 

1849 

9.5 

85 

1.8 

21 

3070 

2930 

12.4 

129 

4.3 

22 

3978 

3821 

14.7 

170 

2.5 

23 

3677 

3523 

15.2 

173 

4.1 

24 

5391 

5209 

19.3 

260 

6.0 

25 

7406 

7194 

22 

347 

9 . 0 * 

26 

12029 

11771 

27 

520 

14.8 

27 

15753 

15447 

29 

663 

20 

28 

17706 

17494 

45 

705 

12 

29 

34380 

34020 

52 

1380 

26 

0. Six 3-in. elbow* and 700 cm straight 3-inch nominal pipe size 


{R -3 9 cm) iron pipe between pressure taps. 


1 

0.75 

0.07 

0.185 

0.0048 

0.8 

2 

1.40 

0.10 

0.190 

0.0095 

0.1 

3 

2.60 

0.30 

0.21 

0.0187 

- 1.7 

4 

4.60 

0.40 

0.24 

0.039 

- 1.2 

5 

7.95 

0.85 

0.28 

0.077 

0 

6 

13.05 

1.35 

0.38 

0.171 

- 0.7 

7 

19.0 

3.0 

0.47 

0.29 

0.3 

8 

29.0 

5.0 

0.64 

0.59 

0.7 

9 

40.0 

8.2 

0.67 

0.82 

5 

10 

48.0 

10.0 

0.98 

1.44 

1.4 

11 

62.0 

20.0 

1.46 

2.36 

0.1 

12 

52.5 

11.5 

1.17 

1.85 

0 

13 

96.0 

62.0 

2.26 

3.0 

2.2 

14 

138.5 

109.5 

3.3 

3.7 

3.6 

15 

178.0 

150.0 

4.2 

4.5 

4.3 

16 

255.0 

237.0 

9.1 

6.3 

- 1.6 

17 

430.0 

410.0 

13.0 

10.0 

1.0 

18 

4810 

4790 

168 

129 

- 0.1 

19 

8413 

8387 

215 

215 

42 

20 

14020 

13980 

230 

350 

15 

21 

22018 

21982 

320 

440 

19 

22 

48031 

47970 

440 

1070 

38 

23 

69040 

68060 

540 

1600 

48 


Run 

Pi 

* 

V 

Re 

U 

C. Four lft-in. Kinney vacuum-tig 
nominal pipe site (& -204 cm) 

ht Bellows valve* and 226 cm If-fa. 

• iron pipe between pressure taps. 

1 

27 

5 

0.154 

0.25 

1.8 

2 

56.75 

12.25 

0.25 

0.82 * 

3.3 

3 

35.15 

6.85 

0.187 

0.39 

1.7 

4 

95.55 

22.05 

0.357 

1.95 

5.5 

5 

135.0 

40.0 

0.50 

3.5 

6.4 

6 

165.0 

67.0 

0.65 

4.7 

5.9 

7 

210.0 

116.0 

0.90 

6.2 

5.9 

8 

265.0 

165.0 

1.10 

8.1 

6.9 

9 

318.0 

220.0 

1.33 

9.7 

7.5 

10 

384.5 

289.5 

1.73 

12.1 

6.7 

11 

452.0 

358.0 

2.16 

15 

6.0 

12 

370.0 

270.0 

1.65 

12.2 

6.3 

13 

470.0 

380 

2.8 

19 

2.0 

14 

510.0 

410 

3.0 

22 

2.4 

15 

731.5 

618.5 

3.9 

32 

4.2 

16 

2897 

2704 

9.1 

130 

18.5 

17 

4732 

4468 

11.2 

218 

29 

18 

7574 

7226 

13.5 

350 

44 

19 

11830 

11370 

15.3 

520 

66 

20 

15580 

15020 

16.1 

660 

85 

21 

13420 

12980 

18.1 

580 

62 

22 

26590 

26010 

23 

980 

106 

23 

45980 

45020 

22 

1580 

203 


air flow was measured by an oil displacement 
device connected upstream from the vacuum 
reducing valve controlling the flow rate. Air 
normally passed first through an open stopcock 
and then through the reducing valve. A large 
graduated U-tube filled with oil of low vapor 
pressure was connected to’ the system between 
the two valves—the other arm of the U-tube 
was open to the atmosphere. When the first 
stopcock was closed air was withdrawn from one 
arm of the U-tube and the oil level changed at a 
rate corresponding to the air flow. The actual 
flow rates were calculated from the observed 
rate of change of oil level in the U-tube. For 
very high rates calibrated brass nozzles were 
employed and air flow rates obtained from 
observed upstream pressures. 

The experimental data on the several straight 
pipes are summarized in Table II. 


near the pipe inlet served to indicate when steady 
conditions had been attained. All tests were at 
approodmately 26°C. Both air and hydrogen 
were used in this equipment. 

The second series was carried out in a similar 


ay, with provision of higher pumping rate 
MfeAqpnr pipes. Low pressures were meast 
l&lpjh McLeod and Alphatron gauges. ' 


RESULTS OF TESTS WITH COFFER AND IRON 
PIPES 

The data of the two series on copper pipes is 
shown in Fig. 3, where the correction factor F to 
be applied to Poiseuille’s equation (1) is plotted 
vs. the dimensionless group ii/p»R(ptZ»)*- The 
dotted line shown is that from Figs. 1 and 2 for 
the data from the literature on small glass 
capillaries. This curve also represents Eq. (8) for 
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/■■0.84. Not only is the correlation good, but 
the data evidently agree well with the previous 
data on small glass tubes. 

Figure 4 shows the data on three sizes of large 
iron pipes. Again the correlation is good, al¬ 
though the solid line representing the data shows 
a greater curvature than the lines of constant /, 
and the points near the middle of the curve 
correspond to values of / greater than unity. 
The data fall 0 to 30 percent below the curve for 
glass and copper tubes. The two smaller iron 
pipes were not new, but were fairly clean, while 
the largest pipe was dirty and rough. Since the 
points for all three pipes fall on a single curve 
no variation in / with pipe conditions is indi¬ 
cated. The solid curve may be taken as a satis¬ 
factory empirical correlation of the data on the 
three sizes of iron pipe. 

Maxwell 4 introduced the factor / to allow for 
the fact that some of the molecules striking the 
wall are diffusely reflected and some are specu¬ 
larly reflected. The physical meaning of / would 
suggest that it should not vary with flow condi¬ 
tions, and that it should have the same value in 
the slip-flow region as in molecular flow. Actually 
the data on glass capillaries are best fitted by 
taking / as 0.77 for molecular flow ( X >1.0) and 
/ as 0.84 for slip-flow (JT<1.0). Furthermore, 
the data on iron pipes correspond to a consider¬ 
able variation of / through the slip-flow region. 
It seems probable that these results are caused 
by faults in the theory, rather than to real 
variations in /. In the slip-flow region the velocity 
distribution across the pipe would be expected 
to become flatter as the pressure decreases and 
internal friction or viscosity becomes less and 
less significant, and not to maintain its original 
parabolic shape superimposed on the increasing 
velocity of slip at the walls. This effect, which 
is not taken into account in the derivation for 
slip-flow, would be expected to be greater in the 
intermediate region of slip-flow, where both 
internal and wall friction are important. It is 
significant that the data deviate most from 
curves of constant / in this region, and that the 
deviation is in the right direction. 

It will be noted that in Table II there appear 
several points for which F is less than unity. 
For the copper pipes there are nine tests with X 
less than 0.01, with an average F of 1.03. For 


the iron pipes there are fifteen such tests, with 
an average F of 0.88. This indicates that the 
observed flow rates in streamline flow are lower 
than would be calculated by Poiseuille's equa¬ 
tion, and suggests that the whole curve of Fig. 4 
may be somewhat low. For most purposes this 
error, if applicable to flow at low pressures, will 
introduce a small factor of safety in using the 
solid curve of Fig. 4 as an empirical correlation 
for iron pipes in design calculations. 


Table IV. Flow of air in short lengths of straight 
iron pipe. 


Run 



u 

X 

1C 


A. 

23.4 cm of 1-1* 

i . pipe (R < 

■1.33 cm). 


1 

397 

27.0 

1.57 

0.0145 

0.058 

2 

246 

4.0 

1.16 

0.0246 

0.070 

3 

199.5 

2.5 

1.05 

0.0305 

0.077 

4 

155 

2.0 

0.90 

0.039 

0.083 

5 

110 

1.0 

0.74 

0.055 

0.091 

6 

61.1 

0.5 

0.54 

0.10 

0.105 

7 

32 

0 

0.36 

0.192 

0.109 

8 

16.8 

0 

0.28 

0.36 

0.109 

9 

24 

0 

0.32 

0.257 

0.109 

10 

13.5 

0 

0.27 

0.46 

0.114 

11 

6.15 

0.05 

0.25 

1.0 

0.12 

12 

2.90 

0 

0.23 

2.05 

0.109 

13 

2.20 

0 

0.23 

2.8 

0.109 

14 

1.25 

0 

0.23 

4.9 

0.101 

15 

0.88 

0 

0.22 

7.0 

0.089 


B. 

12.7 cm of 1-In. pipe (R 

-1.33 cm). 


* 1 

334 

31.0 

1.94 

0 . 017 * 

0.081 

2 

216.5 

3.5 

1.49 

0.028 

0.10 

3 

148 

0 

1.29 

0.042 

0.123 

4 

119.5 

1.5 

1.12 

0.051 

0.129 

5 

97.5 

6.5 

1.01 

0.066 * 

0.142 

6 

74 

1.0 

0.89 

0.082 

0.150 

7 

55.5 

0.5 

0.80 

0.11 

0.168 

8 

41.0 

0.4 

0.74 

0.149 

0.191 

9 

32.5 

0.5 

0.64 

0.187 

0.190 

10 

25 

0 

0.50 

0.246 

0.168 

11 

15 

0 

0.43 

0.41 

0.173 

12 

10.6 

0.1 

0.40 

0.58 

0.175 

13 

13 

0 

0.40 

0.47 

0.172 

14 

7.3 

0 

0.36 

0.83 

0.168 

15 

3.1 

0 

0.38 

1.99 

0.18 

16 

1.7 

0 

0.35 

3.42 

0.16 

17 

0.88 

0 

0.33 

7.0 

0.13 


C. 

6.4 cm. of 1-in. pipe (R 

-1.33 cm). 


1 

305 

51 

2.55 

0.017 

0.111 

2 

160 

4 

1.8 

0.037 

0.159 

3 

119 

2 

1.65 

0.05 

0.188 

4 

79 

1 

1.42 

0.077 

0.23 

5 

53 

1 

1.27 

0.114 

0.27 

6 

35.5 

0.5 

1.09 

0.171 

0.30 

7 

28 

0 

0.95 

0.22 

0.31 

8 

18 

0 

0.79 

0.34 

0.31 

9 

10*8 

0 

0.70 

0.57 

0*31 

10 

5.0 

0 

0.80 

1.23 

0.38 

11 

3.2 

0 

0.60 

1,92 

0.28 

12 

1.6 

0 

0.57 

3.8 

0.26 

13 

0.58 

0 

0.62 

10.6 

( U 7 

14 

0.40 

0 

0.55 

15.4 

0*24 
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COMPARISON WITH THE KNUDSEN EQUATION 

The Knudsen semi-empirical equation 11,11 may 
be written 


ir g»R* 

Q m ~ — -(Pi*-Pt*) 
16 n L 



(15) 

(16) 


This is found to fit the curves of Figs. 1-3 within 
five percent or less, and so represents the data on 
glass and copper tubes essentially as well as the 
empirical lines drawn to represent the data. 
The Knudsen equation does not, however, fit 
the data on iron pipe, as indicated by Fig. 4, 
which includes a dotted curve representing both 
tile copper and glass tube data and Eq. (15). 


RESULTS WITH ELBOWS AND VALVES 

Table III gives the data obtained by the 
same technique, using lines in which were in¬ 
serted: (a) eight lj-inch elbows, connected by 
short (6-3 inch) sections of 1 J-inch nominal dia¬ 
meter iron pipe; (b) six 3-inch elbows, connected 
by 36-inch sections of 3-inch nominal diameter 
iron pipe; and (c) four li-inch Kinney vacuum- 
tight bellows valves connected by sections of 1J- 
inch iron pipe. The last two columns in each case 
give values of the Reynolds number, Re, and the 
length of straight pipe, L 4 , expressed in pipe 
diameters, corresponding to the resistance of one 
valve or elbow. Values of L, were obtained by 
comparing the observed values of 5 with those 
calculated from (13) for the actual total length 
of pipe, using values of F from the solid line of 
Fig. 4. 

The results indicate that neither the valves 
nor the elbows offer appreciable resistance at low 
pressures. For Reynolds numbers below 100, L t 
can be taken as unity for the elbows, and may 
be assigned the nominal value of five for the 
Kinney valve. As Re increases above 100, L, for 


“S. Duahman,I. Frank. Inst. 211, 689 (1931). 
i » L. B. Kinetic Theory a Gates (McGraw-Hill 

Conaway, Inc., New York, 1934), second edition, 



the valves becomes appreciable, approaching the 
accepted value 14 - 11 of about 30 for turbulent flow 
(Re >2100). In the case of the valve £« is con¬ 
siderably greater, increasing fraqMfl at a Re of 
about 50 to greater than 200 At the critical value 
of Re. The data for the elbows are erratic in 
the range of Re from 100 to 2000, for which re¬ 
liable correlations exist. 11 The data show clearly, 
however, that the resistance of elbows may be 
neglected at low pressures, where Re is less than 
100. 


RESULTS WITH SHORT TUBBS 

Data were obtained on flow through three 
short lengths of 1-inch iron pipe connecting two 
large domes. Air was supplied to one dome 
through a controlled leak, and the pressures in 
both domes measured. The data obtained are 
given in Table IV. 

Values of 5 were calculated from Eq. (13) and 
the solid line of Fig. 4. In the molecular flow 
region the experimental data are represented by 
Eq. (11) and the calculated values of 5 by Eq. 
(9), using / of approximately 0.9. Hence K is 
obtained as 



times the ratio of experimental to calculated val¬ 
ues of 5. The values of K obtained for the molecu¬ 
lar flow region average 0.11,0.16, and 0.29 in the 
three series, which compare well with the values 
0.12, 0.20, and 0.31 given by Clausing 7 for the 
three values of L/R. The Clausing factor K is not 
properly applicable outside the molecular flow 
region, as indicated by the way the tabulated 
values vary and decrease very considerably at 
higher pressures. ' 

The combined pressure drop due to the con¬ 
traction and the flow through the tube may be 
obtained by adding the pressure drops calculated 
from Eq. (10) for the entrance and Eq. (13) for 
flow in the straight pipe. If pi represents the 
pressure before contraction, pi the pressure in 

“I. H. Perry, Editor, Chemical Engineers' Handbook 
(McGraw-Hill Book Company, Inc., New York, 1941), 
second edition, p. 822. 

“ R. E. WOwn, W. H. McAdams, and M. Seiteer, Ind. 
Eng. Chem. 14,10S (1922). 
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the tube at the inlet end, and Pi the pressure at 
the downstream end, then 

1 p\—pt pi—pi Pi—pi 


■B 


Q 

(—V 


8 yL 


Hg»R}/ FirR*pmg» 


(17) 


In order to compare this equation with the data 
of Table IV, it was assumed that a correction 
term B would necessarily be introduced as a 
multiplying factor before the first term. A value 
of Pi was arrived at by trial and error calculation 
such that Pi—pi agreed with the pressure drop 
calculated from Eq. (13) using F obtained using 
Fig. 4 and Pm m (pi—pt)/2- The values of B 


V n 
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obtained in this way varied somewhat due to the 
fact that the first term of the right side of Eq. 
(17) was a small difference of two larger numbers, 
but the average value was about 0.5. It is 
suggested, therefore, that Eq. (17) be used with 
a value of B of 0.5 to allow for entrance and 
exit losses in flow through short tubes. Values of 
U calculated in this way for the tests of Table 
IV showed an average deviation of less than 10 
percent from the measured values. 

As an example, suppose it is desired to calcu¬ 
late S for flow of air at 26°C through a tube 12.7 
cm long and 1.33 cm radius when the pressures 
outside the tube upstream and downstream are 
97.5 and 6.5 microns, respectively. Using mi- 
crons-c.g.8. units, with y » 1860 X 10~ 7 poises, and 

29 273 

Pi- -X-— 1.56X10 - *, 

22,400 299X760,000 

then 


PnR(plge)* 

1860 X10" 7 3.05 

“^«Xl.33(1.33X1.56Xl0- , )*“ p m ' 

Assume pi **90 microns, then p„*48.2, X 
—0.064, and from Fig. 4, F—1.21. Substituting 
in Eq. (17), 

1 / 2X156X10-* \» 

—0.51-) 

S \3.14 X1.33 X1.33V 

8X1860X10~ 7 X12.7 

+- 

1.21X3.14X1.33 4 X48.2X 1.33 

- 0.77 X10“*+2.47 X 10"» - 3.24 X 10~*. 


These two terms should be proportional to the 
two parts of the total pressure drop, so 


Fi'-6. 5 


2.47 

1-(97.5—6.5) - 76 microns, 

3.24 


which does not check the assumed value of 90. 
Repeating the calculation until a check is Ob- 
1, It is found that p/—77.5, 5-29,600 
i-cu. cm per sec. per micron, or IT—1.01 



micron-cu. ft. per sec. per micron. This checks 
the observed value obtained in Run B-5 (Table 
IV). 


SUMMARY 

Data on flow of gases in round pipes at low 
pressures are well correlated by the equation, 


Q FrR'pmgc 
(Pi—Pt) 8pL 


(13) 


where F is related empirically to the dimension¬ 
less group X by Figs. 1-3 for glass and copper, 
and Fig. 4 (solid line) for iron pipes. The pressure 
p m is the arithmetic mean of the upstream and 
downstream pressures, p\ and Pi. Any consistent 
set of units may be employed, such as the four 
given in Table I, and the correlation may be 
used for streamline flow, slip flow, or molecular 
flow. 

In c.g.s.-micron units the following simplifica¬ 
tions may be used for air or water vapor at 26°C. 


For air, X 

For water vapor, X 


4.10 

pjt’ 

2.66 

pmR' 


5-2910 


FR*pm 

L 


5-5500 


FR*p m 

L 


(In units of cu. ft., microns, and minutes, with 
R and L in inches, the constants become 1.61, 
101, 1.05, and 191 in place of 4.10, 2910, 2.66, 
and 5500, respectively.) 

For Reynolds numbers below 100 (most 
vacuum engineering) the resistance of 1$- and 
3-inch elbows may be neglected; a lj-inch 
Kinney bellows valve has a resistance equivalent 
to about five pipe diameters. 

For flow through short tubes involving both 
contraction and expansion, the expansion loss is 
neglected and the flow or pressure drop calcu¬ 
lated from Eq. (17), using the method of calcu¬ 
lation illustrated by a numerical example in the 
preceding section. 

As an example of the method of calculation, 
assume that it is desired to determine the 
“speed” of a standard 2-inch iron pipe with 
upstream and downstream pressures of 30 and 
2.0 microns, respectively, at points 10 feet apart. 
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The gas is water vapor at 26°C. 
30.0+2.0 

p m m --*16.0 microns, 


*-2.07X2.54/2 =*2.63 cm, 
L —10X30.48 — 304.8 cm, 
2.66 

X---0.063, 

16.0X2.63 


in microns as abscissa, and one of the family of 
lines sloping up to the right. The product of the 
two figures is U, the admittance of the pipe, and 
may be used in the usual reciprocal speed 
formula. The curves hold for all combinations of 
pressure and pipe size except for very short 
lengths in the streamline region, where the 
Clausing correction to U m loses meaning. Fortu¬ 
nately, however, speed evaluations for short pipe 
at high pressure is seldom critical. 


and from Fig. 4, F—1.41, 


TABLE OF NOMENCLATURE 


1.21X2.63<X16 

5—5500- 

304.8 

—16,500 micron-cu. cm/(sec.) (micron), 


The units quoted are in the micron-c.g.s. 
system except where otherwise noted; see the 
paragraph "Units” regarding use of other sys¬ 
tems. 


U= 16,500/28,400 

—0.58 micron-cu. ft./(sec.)(micron). 


The Reynolds number is 2Qpi/rp, and since 
18 


Pi 


9.65 XI 0~ 10 g/cu. cm 


82.07X299X760,000 

and 950X10 -7 g/(sec.) (cm), then 

2 X 16,500(30 - 2) X9.65 X10" 10 

-= 2.99. 

3.14X950X10" 7 


Since this is well below 100, it may be assumed 
that the resistance of elbows will be negligible. 

Equation (13) and the graphical correlations 
of F and X may be combined in the form of a 
single graph or alignment chart for engineering 
use. Figure 5 is an example of a useful chart 
prepared in this way, based on a constant / of 
0.90. In using the chart, the speed in molecular 
flow is first obtained from the ordinate of the 
appropriate diameter curve, using length in 
inches as abscissa and the curves sloping down¬ 
ward to the right. The ratio of actual speed to 
speed in molecular flow is then obtained as the 
ordinate using the arithmetic mean pressure p m 


B —correction factor to be applied to the molecular 
effusion equation to give pressure drop because of 
contraction. 

/ — fraction of molecules striking wall which is diffusely 
reflected. 

factor for converting microns Hg weight to microns 
Hgmass, -1.33. 

k -coefficient of external friction. 

£—Clausing coefficient, in Eq. (11). 

L—tube length, cm. 

Z,,—length of straight pipe giving same pressure drop as 
valve or elbow diameters. 

M —molecular weight of gas. 

pi—upstream pressure, microns Hg. 

pi—downstream pressure, microns Hg. 

pb —arithmetic mean pressure— (Pi+Pi)/2. 

C—gas flow rate, micron-cu. cm/second. 

N—tube radius, cm. 

No—gas law constant-6.24X10-1. 

5—rate of flow per unit pressure drop, micron-cu. cm/ 
(sec.) (micron). 

r— temperature, °K. 

17—rate of gas flow per unit pressure drop—Q/Ap, 
micron-cu. ft./(sec.) (micron). 

Mo—velocity of slip at wall, cm/sec. 

U m m U in molecular flow. 

\«mean free path of gas molecules, cm. 

Xm-me&it free path of gas molecules at mean pressure 
Pm, cm. 

Pi "gas density at one micron Hg, g/cu. cm. 

M-»gas viscosity at atmospheric pressure, poises. 
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Absorption of Microwaves by Gases. II 

John E. Walter* and W. D. Hershberger 
RCA Laboratories, Princeton, New Jersey 
(Received May 2, 1946) 

The absorption coefficients and dielectric constants of sixteen gases have been measured 
at the two wave-lengths X»1.24 cm and A—3.18 cm. The gases are HiS, COS, (CH*)*0, 
C*H<0, C«HjCI, SOt, NHi, six halogenated methanes and three amines. Certain improvements 
in technique are described; these improvements permit detection of absorption coefficients as 
small as 0.2X 10 -4 cm -1 and measurement of larger coefficients with an accuracy of ±5 percent. 
The measured dielectric constants at these wave-lengths are essentially equal to the static 
values. A quantitative interpretation of the absorption coefficients in terms of the known 
structure and spectra of the individual molecules is given. The theory indicates that all non- 
planar molecules which possess a permanent dipole moment should show appreciable absorption 
in the microwave region. 


INTRODUCTION 


R ESULTS of an investigation on the absorp¬ 
tion of microwaves by gases were given in 
an earlier paper. 1 Measurements on absorption 
are taken by noting the power loss suffered by a 
microwave transmitted through a rectangular 
waveguideoperatingin the TEu> mode. Dielectric 
constants are measured by comparing the wave¬ 
length in the guide when evacuated with the 
wave-length after the gas under study is admitted 
to the guide. Measurements are reported at two 
wave-lengths: 3.18 cm and 1.24 cm. The experi¬ 
mental values of the absorption coefficients a (in 
cm -1 ) are given in Table I; the experimental 
values of the dielectric constants are listed in 
Table II. The purpose of the present paper is to 


Table I. Observed absorption coefficients. 



«xux 

(A —3.18) 

«xjo< 

(X-1.24) 

NH. 

15.5 

78.0 

CH.F 

7.6 

10.0 

CH.C1 

5.5 

8.0 

CH.Br 

4.2 


C<H.C1 

8.7 

15.0 

CHFC1, 

5.2 

10.6 

CHFjCl 

7.2 

12.0 

CFsCIt 

0.3 

3.1 

H»S 

~ 0.0 

~0.3 

SO* 

1.1 


COS 

— 

0.8 

8B° 

CHsNHt 

sfe 

0.7 

1.0 

2.1 

il 

3.9 

6.8 

10.5 

7.0 

10.2 


»' * P res en t Address; Palmer Physical Laboratory, Prince- 

495 (.»). 



report improvements in technique, to give the 
theory underlying the observed absorption, and 
to present new data and analyses of these data. 

TECHNIQUES AND ACCURACY OF MEASUREMENT 

One factor which has limited-the accuracy with 
which small absorption coefficients may be 
measured is the standing wave in the test section 
of guide. This effect was troublesome in the work 
reported earlier but has now been eliminated by 
placing a wedge of lossy solid material in this 
section near the input window. The loss intro¬ 
duced by the wedge is 10 db and, since it is not 
inserted until the standing wave has been 
minimized by the usual tuning adjustments, no 
measurable standing wave now exists when 
measurements are taken. The procedure for 
tuning is first to fill the 30-foot test section with 
ammonia which effectively isolates the receiver 


Table II. Dielectric constants. 



*xio* 

«X10» 

*xio» 


(calculated) 

(A —3.18) 

(A-1.24) 

NHi 

6.3 

5.3 

5.5 

CHJF 

9.2 

8.1 

8.4 

CH.C1 

10.3 

9.4 

9.9 

CHiBr 

9.7 

9.5 

10.0 

C.H.C1 

12.7 

u.i 

11.6 

CHFC1, 

6.2 

4.9 

5.2 

CHF*C1 

6.7 

5.2 

5.7 

CF.C1, 

3.1 

2.9 

3.1 

H*S 

3.6 

■■■nrrmis 

3.5 

SO, 

7.9 

7.5 

8.6 

COS 

2.6 


2.6 

S&° 

CHjNH, 

sfe 

62 

10.4 

5.5 

10.2 

6.1 

10.7 

5.3 

4.4 

6.0 

4.8 

SJ 

5.3 

4.0 

4.5 
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*• 1.84 CM 
METHYL CHLORIDE 


from the generator and then adjust the tuner 
which is adjacent to the input window for a 
m inimum standing wave. Next, the ammonia is 
removed and the tuner adjacent to the output 
window is adjusted for a minimum standing 
wave. As a result of this adjustment receiver 
power very nearly attains its maximum value. 
Finally, the 10-db wedge is placed inside of the 
test section of guide and the operation of the 
system is relatively insensitive to changes in the 
frequency of the generator. The result is that an 
absorption coefficient as small as 0.2 X10 -4 neper 
per cm may be measured, but of course the 
accuracy in this range is low. Thus if the received 
power falls to 98 percent of its initial value on 
introducing a gas into a 30-foot section of guide 
the absorption coefficient is 0.18X 10 -4 neper per 
cm, while if the power drops to 97 percent of its 
initial value, the coefficient is 0.27 XlO -4 neper 
per cm. When a gas with large absorption is used, 
the fact that absorption vanishes as the pressure 
is reduced is of great aid in following the course 
of a pressure vs. absorption curve. 

When the absorption coefficient is of the order 
of 10~* neper per cm or 40 times the minimum 
measurable absorption, the consistency of the 
results obtained is such that the accuracy of the 
absorption coefficients reported is estimated to be 
somewhat better than 5 percent. Approximately 
the same accuracy is realized in the measurement 
of S, which is the amount by which the dielectric 
constant exceeds unity. 

Figure 1 represents the experimental points 
obtained in six absorption runs with methyl 
chloride. These readings lie in the range of pres¬ 
sure and absorption for which accuracy is high, 
using the 30-foot section of guide. 

GENERAL THEORY 

The essential parameters which characterize an 
absorption line are fo, the frequency of the center 
of the line, and the half-width Af, which is the 
difference between fo and the frequency at which 
the absorption has fallen to one-half of the 
absorption at the center of the line. In the 
microwave region the observed broadening of an 
absorption line is to be attributed to collision 
broadening; Doppler broadening and natural line 
breadth are negligible at these frequencies. Since 
at one atmosphere Af is found to be of the same 



PRC4>Ultt-ATMOaPH(ltCS 

Fig. 1. Absorption of methyl chloride at X—1.24 cm. 


order of magnitude as f 0 if fo is in the microwave 
region, the exact shape of the absorption line 
becomes a matter of considerable interest. This 
problem of the shape of collision-broadened 
lines has been re-examined by Van Vleck and 
Weisskopf, 1 who have shown that the classical 
formula of Lorentz requires revision. The funda¬ 
mental difference between the assumptions made 
in the two theories, in applying them to absorp¬ 
tion by molecules possessing a permanent dipole 
moment, is the following: Lorentz assumed that 
after each collision all orientations of the dipole 
with respect to the direction of the electric field 
are equally probable; Van Vleck and Weisskopf 
assumed that the probability of a given orienta¬ 
tion is given by the corresponding Boltzmann 
factor. The absorption coefficient a , for electro¬ 
magnetic radiation of frequency f is calculated 
by the latter authors to be 


8 v l vN E.IM.il 7 (w) v lkr 

Ct,m -— e~ WiltT , 

3hc Ly«-’ r,Mr 


( 1 ) 


If Af 

/( f«f)--;-—— 


f-: . (2) 

(f«?w) , +Ai’»1 ■ 


* J. H. Van Vleck and V. F. Weiwkopf, Rev. Mod. Phya. 
17,227 (IMS). 
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where 


iV-number of molecules per cc, 

M</“ electric dipole moment matrix element for the two 
states * and j which have a frequency separation »,/, 
W/ — energy of jth state, and 

Ar—half-width of a line— l/2«r, where r is the mean time 
between molecular collisions. 

The other symbols have their usual significance. 
The summations are to be extended over all the 
states of the molecule. Equations (1) and (2) 
differ from the Lorentz result by the inclusion of 
the factor v/y,j in (2) and by the change in the 
sign of the second term in (2). For a molecule 
with large moments of inertia and a permanent 
dipole moment no, these equations reduce to the 
familiar Debye formula 

aye ArNn o* vAv 

t," - (3) 

2 tv 3 kT v s +Av* 

for the complex part of the dielectric constant. 

For our purposes it is convenient to specialize 
Eqs. (1) and (2) so that they apply directly to the 
ammonia problem. NH* is a symmetrical top 
molecule with rotational energy levels specified 
by the quantum numbers / and K* Each rota¬ 


tional level is split into a close doublet as a result 
of the tunneling effect; the two components of 
the doublet are specified by the designation 
+ and —. The selection rules for rotational 
transitions are AJ ->0, ±1; AfiT—0; +<-*—. The 
“inversion spectrum” frequency corresponding to 
AJ**0, AK=>0; +«-►— is about 0.8 cm -1 while 
the lowest frequency in the rotation spectrum 
corresponding to A/ ■» ±1 is about 20 cm -1 . For 
v<1.0 cm -1 only the absorption associated with 
the inversion spectrum need be considered, and 
Eq. (1) can be reduced to* 


a. 


8 t'vN £, £,|*/(».,. v)v,jr w > lkT 
~6ckT £,*-w 


where j and i now refer to the two components 
of a given doublet. The reduction follows from 
the relation hv,,<KkT. Aside from the negligible 
difference in the Boltzmann factor, we obtain the 
same contribution to the sum in the numerator 
from the transition j—n as from the transition 
i—*j. If W(J, K) is the mean energy of a given 
doublet, and g(J, K) is the total weight of the 
rotational level with quantum numbers / and K, 
Eq. (4) becomes 


where 


, #v , £ g(J, K) |„(/, K) | K), a]«r ™™ 

4w*ivj» > j,x 

3ckT £g(7, K)e~ W(J K » kT 

J,K 


fW,K), v] = 


Ay 


Ay 


£y(J,K)-vy+Av* W, JO+fJ+Af* 


(5) 

( 6 ) 


and where the sums over the rotational levels in 
the excited vibrational states have been omitted. 
n(J, K) is the electric moment matrix element 
foi the transition AJ **0, AK=*0, +♦-»— and is 
equal to 4 




K* 

/(/+!) 


(7) 


where no »the permanent dipole moment of the 
molecule. For an accidentally symmetrical top 
the weights g(J,K) are (2/4-1) for 2C—0, and 

Harsbeif, Infra-Red and Raman Spectra (D. Van 
;N||smsI Cet^aay^Htm York, 1945), pp. 26-34. 
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2(2/+1) for JT+0. For NH, or CH,C1 the pres¬ 
ence of the threefold symmetry axis and the 
nuclear spin of the hydrogen atoms introduce the 
additional factor 4 for K divisible by 3 and the 
factor 2 for K not divisible by 3.* Since both 
numerator and denominator of (5) involve the 
same set of weights, only the relative values are 
important. Factors such as the spin of N or Cl, 
'which would change the absolute weights, will 
not affect the relative weights. In the sums we 
can therefore use the weights 

g(J, K) m (2/+1) times4,4,4,8,4,4,8.4 • • • 


1 Reference 3, p. 28. 
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for 


tf-0,1,2,3,4,5,6,7 •••. (8) 

If these weights are used, the sum in the de¬ 
nominator, which we denote by Q, becomes (in 
the high temperature approximation) 

0«8/3(&ta»)«8/3(1.027)[P/BM]», (9) 

where Qa— is the classical rotational partition 
function for a symmetrical top with rotational 
constants B and A , and T is the absolute temper¬ 
ature. The energy levels, in wave numbers, are 

W(J, K) =BJ(J+l)+(A —B)K*. (10) 

If v(J,K) — va independently of J and K , the 
absorption coefficient is given by 


a, “ fiNv 


i 


Av 


l(vo-v)*+Av* 


Av 

(vo+v)*+Av* 



where 0 is a constant which can be calculated 
from the sums in (5). We also note that 

JT /'W/,D,r]i»-r, (12) 

independently of v(7, K ) and Av. Therefore, from 
(12) and (5), we have, as a measure of the total 
absorption arising from this inversion spectrum 



4r*N no* K* 

-L *(/, K) - 

3ckT Q j.k J(J+ 1) 


4~WU.K)lkT 


(13) 


independently of any assumptions as to the 
detailed positions or breadths of the individual 
lines. 

. Since our measurements are limited to two 
frequencies, they do not give any direct informa¬ 
tion on the half-widths Av of the absorption lines. 
From the kinetic theory of gases and the relation 
Av — l/2rr one would expect to find Av~0.05 cm -1 
or less at room temperature and atmospheric pres¬ 
sure. Adel and Barker* find Av— 0.067 cm -1 for 
zero slit width for the lines in NjO, which is a 
linear molecule with a very small dipole moment. 
For molecules with a large dipole moment much 
larger values of Av have been reported; for ex- 

•A. Adel sod E. F. Barker, Rev. Mod. Phys. 16, 236 
(1944). 


ample, Cornell 7 reports Av~0.3 for HjO and 
larger values for NHt and HCN (not corrected 
for slit width). These larger values are to be ex¬ 
pected in dipole mblecules, since a “collision,” as 
the word is applied to line broadening, means 
that the molecules have come sufficiently close to 
cause a perturbation of the energy levels, not 
that they have collided in a billiard-sense. The 
“optical” collision diameters as computed from 
observed values of Av are usually several times 
larger than the kinetic theory diameters. 

AMMONIA 

Although the absorption of microwaves by 
NH| has been known for a long time and the 
general features understood, 1 the details of the 
structure of the line are not clear. Let us assume 
for the moment that the v(J,K )’s are all es¬ 
sentially equal, so that the absorption is given 
by (11). Since Av is inversely proportional to the 
mean time r between collisions, and since r is 
inversely proportional to the pressure P, Av~P. 
Also, N~P. For the non-resonant case, with v. 
very different from v, Eq. (11) showB that a,~P* 
as long as (v«— v)^Av. For the resonant case, 
with v 0 =v, a, should rise very rapidly with in¬ 
creasing pressure and become relatively inde¬ 
pendent of P when Av^>(vo—v). These conclu¬ 
sions are in qualitative agreement with the 
observed behavior of the pressure dependence of 
the NH t absorption (Fig. 2); the curve for v«=0.81 
cm -1 (X ** 1.24 cm) is of the type corresponding 
to v=vo, that for v=0.32 cm -1 (A—3.18 cm) is of 
the type corresponding to v<Cvo. The situation is 
less favorable if looked at from a quantitative 
viewpoint. The NH* curve for v~0.81 rises 
linearly with pressure above 0.1 atiqos., and this 
rise continues to at least 2.5 atmos. The details 
of the curve cannot be accounted for by Eq. (11) 
if Av is assumed to be proportional to P. Any 
other variation of Av with P would have no 
theoretical justification at present. If we assume 
vo9£0.80 cm -1 , a, should decrease with frequency 
more rapidly than v* in the region v<0.80 cm -1 . 
This is in serious disagreement with the observed 
decrease. Actually, the v(J, K)’s are not identical. 


»S. D. Cornell, Phvs. Rev. SI. 739 (1937). 

* C. E. Cleeton and N. H. Williams, Phys. Rev. 45,234 
(1934). A complete discussion of the ammonia spectrum 
and references to the original literature nu*/ be found in 
reference 3, pp. 33, 221, 257, 416. 
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Fig. 2. Absorption of ammonia employing 5-foot guide 

The centrifugal distortion of the molecule caused 
by rotation produces a change in the effective 
barrier height and thus a change in the doublet 
separation. This dependence of the doublet 
separation on J and K has been calculated by 
Sheng, Barker, and Dennison,* who obtain the 
result 

»(/, K)-y 0 ~ -0.0011(./ s +/)+0.0016K s , (14) 

where vt is the doublet separation in the non¬ 
rotating molecule. If the Boltzmann distribution 
is taken into account, one finds that there are 
lines of appreciable intensity spread over a 
region about 0.06 cm -1 wide (at zero pressure). If 
the ammonia inversion spectrum consists of a 
series of lines starting at »>~0.80 cm -1 and ex¬ 
tending to considerably lower frequencies, the 
observed features of the absorption curve are 
more readily understood. This distribution of 
frequencies would increase the absorption at 
x~0.32 cm -1 relative to that at v«=0.81 cm -1 
above that expected for a single line near v ■•0.80 
cm -1 , and would also produce a pressure variation 
similar to that observed at v“0.81 cm -1 . Such a 
distribution would also explain the apparent 
discrepancy between the doublet separation as 
obtained from the pressure curves (voSO.80 cm -1 ) 
and from the far infra-red spectra (? 0 &0.66 cm' 1 ) 
as observed by Wright and Randall. 10 It would 
seem, however, that a spread greater than that 


given by Eq. (14) would be required. Van Vleck 
and WeisshopP have pointed out that a variation 
of Ay with J and K would also tend to increase 
the absorption at the edge of the line relative to 
the absorption at the center. It appears that a 
quantitative description of the NH* absorption 
must be postponed until an investigation at low 
pressures reveals further information about the 
y(J,K)’s. 

Application of Eq. (13) to NHi yields 



74X10 -14 (theoretical). 


(IS) 


(The NHj constants are A =6.31, B ■*9.94, 
Mo»1.49X10- 18 . The ratio Y./Q, where £ repre¬ 
sents the sum in (13), is equal to 0.39 for NHj 
at T = 300°K.) From the data of Cleeton and 
Williams 8 



a Ay 

-==35X10~ 14 (experimental). 

v* 


(16) 


The origin of this discrepancy is not clear. Com¬ 
parisons of this type often lead to even more 
serious disagreements, 11 but these are usually 
attributed to errors arising from finite slit width. 
Foley and Randall 18 have made a similar compari¬ 
son on the line J= 14—>7= 15 of NH» at a pres- 

Xa I 2ft CM 

MIXTURE 

a AMMONIA AND OXYGEN 
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Fig. 3. Absorption of mixtures of ammonia and oxygen. 


*H.Y. 


E. F. Barker, and D. M. Dennison, Phys 


%r»w<ffii.--- 

V*N. Wright and H. M. Randall, Phys. Rev. 44, 391 
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mi 


u C. Shaefer and F. Matosri, Dot VUrarok St 
(Verlagsbuchhandtung, Julius Springer.Berlln, 1930). 
“HTM. Foley and H, M. Randall, Htya. Rev. 89,171 

(1941). 
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sure of 20 cm and have found the experimental 
value to be only about 20 percent lower than the 
theoretical value. It would be of interest to see 
whether or not the above discrepancy persists at 
low pressures. 

Figure 3 shows the effect of the admixture of 
oxygen on the ammonia absorption. Almost 
identical curves are obtained from NH 1 —CH 4 
and NH»—Hi mixtures. The dotted curves con¬ 
nect points of equal NH, partial pressure ; if these 
lines were horizontal it would mean that the NHi 
absorption is a function of the NHs partial 
pressure only, since the absorption of Os is 
negligible. The addition of Os to NH* changes the 
line breadth Av in the latter molecule and so 
effects the absorption. We can make a rough 
estimate of the relative collision cross sections for 
NHs—Os and NHs—NHs collisions as follows. If 
the pressure of NHs is greater than 0.1 atmos., the 
absorption is, according to Eq. (11), essentially 
proportional to 1/Av if the concentration of NHs 
is constant. If we follow the dotted line which 
starts at a X10 4 * 40, we find that Av increases by 
a factor (1.Q0+0.48) as the total pressure is 
increased fropi 0.1 atmos. to 0.8 atmos. by the 
addition of oxygen. A corresponding increase in 
pressure caused by the addition of NHs should 
increase Av by a factor (1.00+7.00). The relative 
cross sections for the two-collision process are 
thus in the ratio 14.5:1, and the relative collision 
diameters about in the ratio 4:1. Since optical 
collision diameters are considerably larger than 
kinetic theory diameters, we see that, roughly at 
least, the NHs— O s collision diameter is close to 
the kinetic theory value. 

METHYL HALIDES 

The methyl halides CH»F, CHsCl, CH*Br all 
show the type of variation a,~P* which is 
characteristic of absorption at a frequency far 
removed from the resonant frequency (Fig. 4). In 
this figure the curves for CHsCl are not shown. 
For this gas, at a given wave-length, the curve 
absorption coefficient vs. pressure lies between 
the corresponding curves for CHsF and CHsBr. 
The absolute magnitude of the absorption, the 
variation of a, with v, and the similarity of the 
absorption in the three gases are all inconsistent 
with tiie assumption that the observed absorption 
arises from rotational transitions. Comparing the 
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Fig. 4. Absorption of methyl fluoride and methyl bromide. 

observed absorption at v=0.81 cm -1 and v«=0.32 
cm -1 with Eq. (11), we conclude immediately 
that vo is very small. 

From a formal viewpoint, the energy levels of 
CHjX are exactly the same as those of NHs, and 
the selection rules are identical. Each rotational 
level characterized by the quantum numbers J 
and K is double, the two components being 
designated by the symbols + and —. The separa¬ 
tion of this doublet depends on the height of the 
potential barrier which must be overcome if the 
molecule is tp be turned into its mirror image. In 
NH» this barrier (for the passage of N through 
the plane of the H’s) is low and the corresponding 
doublet separation is large. The potential barrier 
preventing inversion in CHsX (perhaps most 
easily visualized as an internal rotation of a CH* 
group relative to the rest of the molecule) would 
be expected, on the basis of ordinary chemical 
concepts, to be much higher than the barrier for 
inversion in NHs, and the doublet separation 
would be expected to be much smaller. From (11), 
we see that the absorption becomes 

ar“0VAv/(v*+Av*), (17) 

for vs>vq, which is independent of the exact 
value of vo* The experimental results can be fitted 
to an equation of this form if we assume Av 
proportional to the pressure. The •election rules, 
statistical weights, and matrix elements are the 
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same as in the ammonia problem. /8' is then given 
by 


St'Nuo* 

■~ Zg(J,K) 


3kT QjTk 


X 


K 1 




.fr-WU.KUkT^ ( lg ) 


if, in (17), the r’s and Av’s are in cm -1 . 

The experimental values of a, were corrected 
for the contribution arising from rotational ab¬ 
sorption; this contribution was estimated from 
the theory to be 0.00004 for CHiCl and 0.00005 
for CH>Br at r=0.81 cm -1 and negligible in other 
cases. The experimental values of fi' and Av were 
computed from the corrected values of a, for 
r=*0.81 cm -1 and 0.32 cm -1 and P«1.0 atmos. 
The variation of a, with P is reproduced satis¬ 
factorily by Eq. (17) with these values of the 
constants. The experimental values of At> are of 
the correct order of magnitude. The theoretical 
values of /S' are 30-40 percent higher than the 
experimental values; this agreement may be re¬ 
garded as sufficiently exact to verify the cor¬ 
rectness of the assumed theory. The results are 
compared in Table III; it is to be noted that the 
variation of /S' is not identical with the variation 
in mo since the sums in (18) are appreciably 
different for the different molecules. 

Since we have assumed the doublet separation 
to be negligibly small, and the frequency associ¬ 
ated with the absorption to be essentially zero, 
we should arrive at the same result if we Bimply 
consider the molecules to be rigid rotators, 
characterized by the quantum numbers J and 
K. Now a non-rotating dipole molecule can 
absorb energy from an electromagnetic field be¬ 
cause of the effect of collisions; the absorption is 
given by the Debye formula (3), which can be 
derived from classical theory. The mechanism 
can be visualized as the following: After each 
collision the dipole has a tendency to be oriented 
parallel to the field; between collisions the dipole 
is stationary. If the field is varying with time, the 

Tablb III. 



net effect of this mechanism is the production of 
a polarization which lags behind the field. The 
polarization current then has a component par¬ 
allel to the field, resulting in an absorption of 
energy. The dipole moment vector of a sym¬ 
metrical top molecule such as CHiCl, in the state 
characterized by J and K, can be resolved into a 
component parallel to the direction of the total 
angular momentum vector and a component 
perpendicular to this direction. The former com¬ 
ponent is stationary in space, and hence gives a 
full contribution to the Debye absorption; the 
latter component has a time average equal to 
zero and hence gives no Debye absorption. The 
square of the component of the permanent dipole 
moment mo parallel to the total angular mo¬ 
mentum vector is, since the dipole moment vector 
is along the symmetry axis, equal to Mx*ik?/AP 
where Mk. is the angular momentum about the 
symmetry axis of the molecule and M 1 is the 
total angular momentum. From quantum me¬ 
chanics Mj?~K?h/2r, Jf»-J(/+l)*/2w; the 
square of this component is thus equal to 
K*w?/J(J+l). If, in Eq. (3), we Replace mo* by 
this last expression, and sum over all values of J 
and K weighted by the proper statistical factors, 
we arrive exactly at Eqs. (17) and (18). In other 
words, the quantum-mechanical theory and the 
essentially classical theory of Debye lead to 
identical results. This is no accident, since the 
Debye theory is the limiting form of the general 
theory as the resonant frequency approaches 
zero. 1 It should be emphasized that the Debye 
theory cannot be applied in the form (3), the 
essential modification being that /to* in (3) must 
be replaced by the square of that component of 
Mo which is stationary in space. Although the two 
viewpoints concerning the CH«X absorption are 
formally equivalent, the Debye picture is perhaps 
more -in agreement with our conventional ideas. 


COS 


From the known moment of inertia of the linear 
molecule COS, namely, 1.37X10~ M g-cm 1 , the 
wave-length for the transition /*■ l*-*/* 2 is 
very nearly 1.24 cm, the operating Wave-length. 
The wave-length is given by 


4x*c7 

*(/+!)* 


(19) 
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PRESSURE-ATMOSPHERES 

Fig, 5. Absorption of carbonyl sulphide. 


The computed absorption is given by 

2mo Wh 1 N 
#0 * X j 

3cI(kT )* Av 


( 20 ) 


where po for COS is 0.65 Debye units, vo is 
2.4X 10 1# cycles per second, and N is the number 
of molecules per cc. At one atmosphere, we obtain 
the observed value for a 0 , namely 0.8 X10 -4 neper 
1 cm, when Av is taken to be about 3 X10* or 0.10 
cm -1 . The form of Eq. (20) shows that if both N 
and Av vary linearly with pressure, ao is inde¬ 
pendent of pressure. The curve in Fig. 5, showing 
the absorption of COS, is of the resonant type as 
expected. In view of the above mentioned result 
Av— 0.067 cm* 1 on the rather similar molecule 
NjO, this seems to be a very reasonable value, 
and indicates a verification of the theory. 


H»S 

A survey of the known rotational levels of 
HjS 1 * reveals no energy separations in the region 
0O<3.0 cm -1 which correspond to an allowed 
transition. The microwave absorption in HjS 
should, therefore, be very small, as is observed. 
The small absorption at v—0.81 cm -1 (a,Xl0 4 
=0.3) is probably the cumulative effect of the 
numerous lines at higher frequencies. 

SO, 

The rotational levels of SO, are not known ex¬ 
perimentally, so a detailed calculation is not 
posable. The levels can be computed if the 
molecule is considered to be a rigid unsym- 
metrical top. It is found that there are, up to 
J-12, about 10 lines in the frequency range 
0<v<1.50 cm -1 which correspond to allowed 
transitions. At 7-12 the Boltzmann factor is 
about 0.80, so there will undoubtedly be many 
strong lines in this frequency range arising from 

“ P. C. Cross, Phys. Rev. 47, 7 (1935). 


transitions involving levels higher than J— 12. It 
is, therefore, reasonable to assume that the ob¬ 
served absorption in SO, could be accounted for 
on the basis of ordinary rotational transitions, 
indeed, no other mechanism seems possible. 

OTHER MOLECULES 

The other molecules listed in Table I are non- 
planar unsymmetrical tops. As we proceed from a 
symmetrical top to an unsymmetrical top, we 
find that each K level splits into two levels, and 
a transition between these two levels is generally 
allowed. Transitions of this type, corresponding 
to A/—0, AK—0 in the symmetrical top, will 
produce a series of lines from >>=0 upward. Also, 
certain transitions corresponding to AK+0 are 
allowed in unsymmetrical tops. The moments of 
inertia of these molecules arc large; therefore, 
transitions corresponding toAj— ±1 will involve 
low frequencies. The net result is that we have a 
very complicated rotational spectrum, containing 
many lines with frequencies from i»~0 upward, 
and thickly scattered throughout the microwave 
region. Any exact calculations are almost im¬ 
possible ; however, we should expect the magni¬ 
tude of the absorption to be about the same as for 
the methyl halides. The pressure curves often 
show a behavior intermediate between the reso¬ 
nant and non-resonant types, which is accounted 
for by the distribution of lines described above. 
Figure 6 shows such curves for ethylamine. 

In general, one would expect all heavy non- 
planar unsymmetrical top molecules which have 
a large dipole moment to show an appreciable 
absorption in the microwave region. Since the 
selection rules are more stringent for planar and 
linear molecules, each molecule must be con¬ 
sidered individually. Non-planar symmetrical top 
molecules should be analogous to the methyl 
halides. 


DIELECTRIC CONSTANTS 


Van Vleck and WeisskopP have given the 
appropriate formula for the computation of that 
part of 8 which arises from the permanent dipole 
moment p«. To this must be added the contribu¬ 
tion arising from the electronic polarization Pa. 
For zero frequency, 8 is given by 


io 


3(Ps+Pa) 4WW 
V + HT ' 


( 21 ) 
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C, H, NH, 


where V is the molar volume. 14 i should not differ 
very much from 3« in the microwave region, since 
this is on the low frequency side of the region of 
.large absorption. This is illustrated by the com¬ 
parison of calculated static values and observed 
values in Table II. The necessary data were taken 
from Smyth’s text, 14 except for the substituted 
methanes, for which the data were taken from 
later papers by Smyth and his co-workers. 1 * 

For the methyl halides, the contribution to S 
arising from the frequencies near zero (the ones 
to which we attributed the absorption) is given 
by 

4rN/t o* Ar* 

a/-———-, (22) 

3*r Q y*+ A** 


where 2 le the sum in the numerator of (18). For 
the complex part of the dielectric constant we 
have 

aj, 4wNi to* 2 rAr 

-. (23) 

2rr 3kT Q v*+Av s 


a 



Fig. 6. Absorption of ethylamine. 


If we assume that the contribution to S arising 
from the rotational frequencies is equal to the 
static value of this contribution, the above 
equations lead to 

3r»3o-«/'— «3»——. (24) 

An 2rAv 


Insertion of the observed values of a, for CH»C1 
gives 3X10*-9.9 at X=»3.18 and 3X10*>»9.7 at 
X—1.24, as compared with the observed values 
9.4 and 9.9. This agreement is not too good, but 
perhaps is within the limits of error of the 
measurements. The observed increase in S as X is 
decreased from 3.18 cm to 1.24 cm if real, must 
be attributed to the effect of the absorption lines 
at higher frequencies. As the frequency is in¬ 
creased from zero upward, the S value of NH» 
should first increase above the static value and 
then decrease as the microwave absorption band 
is approached. The observed values are both 
lower than the static value; the meaning of this 
result is uncertain. 
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Note added tn proof, July 9,1946 .—Figure 4 in the paper 
referred to in reference 1 shows the absorption of ammonia 
at reduced pressure at three different wave-lengths. The 
information in this figure is quite consistent with the map 
of the fine structure of ammonia published by Bleaney 
and Penrose in the March 16, 1946, issue of Nature. The 
curve in Fig. 4 at 1.243 centimeters rises steeply at low 
pressure, but, after a few millimeters of pressure are readied, 
bends over and rises less steeply. A curve of this character 
indicates that the observatiohs were taken near the maxi¬ 
mum of one of the spectral lines. True enough. Bleaney 
and Penrose map an unresolved pair of lines at this wave¬ 
length to which they assign the quantum numbers (4,4) 
and (10,9). The curve at 1.320 centimeters also exhibits a 
point of inflection and these observations were taken on 
the complex and unresolved absorption line designated 
(3,4), (4,3), and (6,3), By contrast, the experimental 
curve at A »1.227 is linear which is consistent with the 
fact that this wave-length falls between the (4,4) end (3,5) 
lines. 
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* Electrical Observations of the Austenite-Martensite Transformation in Steel 

Andrew W. McRbynolds 
Naval Proving Ground, Dahlgren, Virginia* 

(Received March 14,1946) 

A method is described for observing the austenite-martensite transformation in steel by 
measuring electrical resistance. Small wire samples are heated and cooled either in vacuum or 
in air while temperature and resistance are automatically recorded. Temperature throughout 
the sample is uniform enough to permit a determination of resistance as a function of tem¬ 
perature. It is shown that from these data a complete record of transformation during cooling 
can be computed. Such transformation data have been obtained on three steels of widely 
different compositions, representing the types of steel in which transformation is most difficult 
to observe. 


L INTRODUCTION 

A T temperatures above about 750°C, the 
stable phase of steel is the face-centered 
austenite. Relatively slow cooling causes a re¬ 
distribution of carbon by diffusion and a read¬ 
justment of the lattice to the body-centered 
structure stable at lower temperatures. If cooling 
is rapid enough, however, the steel will instead 
transform without diffusion to a metastable 
tetragonal structure known as martensite, which 
is much harder than the products of transition 
by diffusion. 

Study of the austenite-martensite transition is 
important in ferrous metallurgy, but its proper¬ 
ties are such that observation is experimentally 
difficult.'Some of the properties on which there 
is general agreement are: 

1. Plate-like crystals of martensite form almost in¬ 
stantaneously, probably by a shearing process, with 
no diffusion. 

2. The amount of transformation which has taken 
place at each temperature during cooling is a function 
of that temperature alone and is independent of the 
rate of cooling. 

3. Transformation begins only when a definite tem¬ 
perature (referred to as the Ms point) has been 
reached, and this point cannot be changed by In¬ 
creasing the cooling rate. 

4. The Ms point is depressed, approximately linearly 
with the amount added, by the addition of alloying 
eleiqqpts. 

Two genefal experimental methods can be 
applied to quantitative observation of the trans- 

* This article comprises part of a dissertation submitted 
to the University of California in partial fulfillment of the 
requirements for the degree of doctor of philosophy. 
Experimental work was carried out at the Naval Proving 
Ground, Dahlgren, Virginia. 
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formation: metallographic examination after 
heat treatment, or direct observation during 
transformation by 'simultaneously measuring 
temperature and some physical property con¬ 
nected with the structure. The latter method 
requires that temperature be uniform over at 
least a portion of the sample, and that some 
physical property of that portion be measured 
continuously during cooling and correlated with 
the structure. 

Bain and Davenport 1 first used the metallo¬ 
graphic method in 1930 to study isothermal 
transitions to pearlite or bainite, and to derive 
their well-known “5” curve. Transformations to 
martensite could not be observed by that 
method, but in 1940 Greninger and Troiano* 
slightly modified the technique of heat treatment 
by interrupting quenching of the sample at some 
temperature T with a brief reheating to temper 
the martensite formed above temperature T, 
and render it distinguishable from that formed 
below T. Their results indicated the properties 
of the transition listed above. The modified S 
curve based on those properties is shown in 
Fig. 1. Payson and Savage* applied the same 
“quench-temper" method to a study of the 
effect on the Ms point of alloying elements in 
steel. 

Direct measurements have been made by a 
number of investigators using such phenomena 
as thermal arrest, dilatation, magnetic changes 


1 E. S. Davenport and E. C. Bain, Trane. A.I.M.E. 90, 

b/G reninger and A. R. TWWano, Trane. A. S. 
Metal* 29,537-574 (1940). _ 

* p, Payson and C. H. Savage, Trans. A. S. Metals M, 
261-275 (1943). ' 
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Fig. 1 . Typical transformation S curves for steel and 
cooling curves for test specimens. (1) Rapid gas quench, 
(2-4) initial cooling in vacuum, gas cooling through 
transition region, (5) slow initial cooling. 


and the noise of structural change. These 
measurements have been limited, however, to 
determination of the Ms point only, or to 
measurements at and below room temperature, 
on steel of such composition that it remained 
mostly austenite until cooled below room 
temperature. 

Temperature-time measurements on small 
samples quenched under various conditions were 
made by French and Klopsch, 4 Esser, Eilender, 
Riedel, and Spenle,* Wever and Engel,* Wever 
and Rose, 7 and by Greninger.* Temperature was 
measured by galvanometers with periods of 
0.020 second or less. The Ms point as determined 
by the thermal arrest was found independent of 
the cooling rate in all cases. 

Tamann and Scheil* and later Scheil u made 
dilatometric measurements in the temperature 


4 H. J. French and O. Z. Klopscb, Trane. A. S. Steel Tr. 
6, 251-293 (1924). 

• H. Esser, W. Eilender, K. Riedel, and E. Spenle, 
\rchiv. f. Efsenh. 4.113-144 (1930). 

* F. Wever and N. Engel, Archiv. f. Eisenh. 5, 377-382 
;i932). 

*F» Wever and A. Rose, Mitt. Kaiser With. Inst. f. 
Saenf. 19,289-298 (1937). 


A. B. Greninger, Trans. A. S. Metals 30, 1-26 (1942). 
fX 'Tatnfflaan and E. Scheil, Zeits. f, anorg. Chemie 

f. anorg. Chemie 183,98-120 (1929). 


region below 20°C on high carbon steel. They 
found transformation to depend only on temper¬ 
ature. Fdrster and Scheil 11 made both acoustical 
and electrical resistance measurements in the 
same temperature region and found the time of 
formation of a single martensite plate to be of 
the order of 0.02 second. 

All of the above methods of direct observation 
were limited to rather special conditions and 
were not adequate to determine compete data 
on the progress of transformation. The present 
paper describes a method for recording electrical 
resistance and temperature and for interpreting 
those data to furnish a complete record of the 
amount of transformation at all stages of the 
cooling. The technique of heating and cooling 
was such that at any instant the temperature 
throughout the sample was uniform within a 
few degrees. Electrical resistance is a suitable 
physical property to provide a measure of the 
proportions of the constituents present because 
it can be easily and rapidly measured and 
recorded at all temperatures, and because, as 
will be shown below, it can be quantitatively 
correlated with structure. The advantages of 
the electrical method over metallographic meth¬ 
ods are: 

1. It yields precisely measurable data and requires no 
visual estimates of relative proportions of con¬ 
stituents. 

2. Measurements can be made directly during a normal 
cooling operation. 

3. It is applicable to steels of almost any composition. 

4. A complete record of percent of the sample trans¬ 
formed vs. temperature can be determined from the 
cooling of one specimen. 

H. APPARATUS 

Two different types of apparatus were used, 
one for heating and cooling the samples in 
vacuum and one for heating and cooling in fluid 
media. The first method has the advantages of 
more precise control of temperature and freedom 
from surface contamination or decarburization 
of the sample. The second method has the 
advantages of greater ease in preparing and 
mounting samples and a wider range of applica¬ 
bility to different compositions of steel. Since 

“ Fdrster and E. Scheil, Zeits. f. Metailkunde28,245-247 
(1936). 
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Fig. 2. Vacuum chamber, diameter 1.5 in., and steel wire sample. 


cooling can be accomplished much more rapidly 
in fluid media than in vacuum, the second 
method is applicable to steels which require 
rapid cooling to cause transformation to mar¬ 
tensite. 

1. Apparatus for Heat Treatment in Vacuum 

The samples were cut from heavy stock and 
drawn into uniform circular wire of 0.026-inch 
diameter. This size was chosen as small enough 
to allow cooling at rates up to 150 8 C per second 
without excessive radial temperature gradients 
and at the same time large enough to allow the 
attachment of 0.002-inch thermocouple leads 
without greatly altering the metal temperature 
near the junction. Segments of wire 50 cm long 
were polished with fine emery cloth, cleaned 
with carbon tetrachloride, and suspended under 
slight spring tension between clamps mounted 
on a 7-mm glass tube (see Fig. 2). The complete 
samplie holder was inserted in a larger glass tube 
evacuated to 10~* mm Hg. Heating was accom¬ 
plished by passing 60-cycle alternating current 
directly through the sample. Cooling at rates of 
from 1°C per second to 200°C per second could 


be accomplished either by radiation alone, or by 
transfer of heat through a small amount of 
helium, of the order of 1-mm Hg pressure, 
admitted for that purpose. The wire surface 
was carefully polished since the heat emission 
constant of the surface had to be uniform to 
preserve axial uniformity of temperature. 

Temperature measurements were made by the 
use of a thermocouple of two 0.002-inch wires, 
platinum and platinum-10 percent rhodium, 
spot-welded to opposite sides of the sample at 
its center. (Fig. 3.) The thermocouple leads 
could be connected by a selector switch to either 
a Rubicon Precision Type B potentiometer or a 
galvanometer. The galvanometer was a Leeds 
& Northrop Type R, with 500-ohms coil re¬ 
sistance, which had been modified by the instal¬ 
lation of a 0.002-inch round platinum-10 percent 
rhodium suspension to have a period of about 1 
second. Its deflections, recorded photographically 
on a drum of sensitized paper moving at 1 cm 
per second, were found to be reproducible within 
0.1 mm, corresponding to about 1°C. (A rapid 
recording potentiometer of the “Speedomax" type 
would be satisfactory for temperature recording.) 

m 
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r Resistance was*measured between two 0.002 
inch platinum-10 percent rhodium wires, one 
spot welded to the sample 7.5 cm on each side 
of the thermocouple leads. Measurements were 
thus taken only on the central 15 cm of the wire, 
and 17.5 cm were allowed on each end to elimi¬ 
nate non-uniformity of temperature due to 
conduction to the supports. Temperature uni¬ 
formity was verified before each run by meas¬ 
uring the thermoelectric voltage between each 
of the resistance leads and the central platinum 
thermocouple wire and comparing with the 
voltage of the central thermocouple. To measure 
resistance, a constant direct current of 0.5 amp 
was passed through the wire and a galvanometer 
of the same type as used for temperature meas¬ 
urements was connected across the 0.002-inch 
resistance leads. Resistance and temperature 
measuring galvanometers recorded on the same 
moving film. A calibration was recorded on each 
run by connecting the resistance-measuring 
galvanometer across a standard resistance in 
series with the sample, and timing lines were 
marked on the paper by a lamp flashing at 1- 
second intervals. 

Procedure in making a run was: The sample 
was heated in vacuum to 900°C and held at 
that temperature for 10 minutes to permit all 
carbon to go into solid solution. (A longer time 
was found to have no effect on the Ms tempera¬ 
ture.) The heating current was then cut off to 
start the cooling. The time required in vacuum 
to reach the transition temperature (260°) was 
about 140 seconds. This time could be reduced 
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Fig. 3» Electrical circuit diagram. 


to as little as 4 seconds by the admission of a 
little helium to the system, or could be made as 
long as desired by reducing the heating current 
gradually. A small quantity of helium was always 
admitted to the system when the temperature 
was a few degrees above or a few degrees below 
the Ms point, in order to accelerate cooling 
through the transition region since cooling by 
radiation alone would have been extremely slow 
at low temperatures. The time required to cool 
through the transition temperature range was 
thus made too short to allow either the formation 
of diffusion products (e.g., bainite) from the 
austenite or an appreciable tempering of the 
newly-formed martensite. After the sample had 
cooled to room temperature, the chamber was 
again evacuated and the sample reheated to 
200°-250°C in a time of 30 seconds. Since 
resistance could not be measured with the heating 
current on, heating was carried out in steps of 
about 20°, with the heating current turned on 
for one second and then off for three seconds 
while the measurements were made. 

Both temperature and resistance were con¬ 
tinuously recorded during the cooling and re¬ 
heating operations. A typical record is shown in 
Fig. 5. Each sample was used for about ten 
records under various cooling conditions and 
was then divided into sections for carbon analy¬ 
sis, microscopic examination, and hardness tests. 

2. Apparatus for Heat Treatment in Fluid Media 

Bars 3 to 4 inches long and varying in cross- 
sectional size and shape from 0.025-inch diameter 
circles to 0.060-inch squares were cut from the 
sample material. Each bar was bent into a 
U-shape and supported by 36-gauge Chromel 
and Alumel wires spot welded near the ends of 
the U as shown in Fig. 4. The one Chromel and 
five Alumel wires served both as supports and as 
current, potential, and thermocouple leads. Each 
wire ran through a separate hole in a bundle of 
ceramic tubes and connected to one element of 
a flexible 6-conductor cable leading to the 
recording apparatus. The same recording instru¬ 
ments as described in the preceding section 
measured the thermoelectric voltage and the 
potential drop across a 1-inch segment of the 
Bam]^* caused by direct current of Q.5 ampere 
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which was passed through the sample. Thermo¬ 
couple leads were attached outside the segment 
through which current passed, in order to avoid 
spurious potential drop due to the measuring 
current. 

Heating was accomplished by inserting the 
sample (but not the ceramic tube support) 
either into a small lead bath 1 inch in diameter 
by 8 inches deep, heated to 900°C in an electric 
furnace, or into a hollow ceramic tube f inch in 
inside diameter by 10 inches high, which was 
closed at the bottom and heated in the same 
furnace as the lead bath. After remaining at 
900°C long enough for carbon to go into solid 
solution, the sample was cooled by withdrawing 
it into still sfir, or if rapid cooling was required, 
into a blast of air from a high speed fan mounted 
just above the heating furnace. After initial 
cooling by air blast, the sample was removed to 
still air to cool more slowly through the transition 
region. This cooling procedure was found to be 
rapid enough to quench a 0.025-inch round 
sample of plain carbon (0.88 percent) steel wire 
from 900°C without allowing any observable 
transformation at temperatures above the Ms 
point of 200°C. Although in that case time to 
cool from 900°C to 300°C was only 2.5 seconds, 
satisfactory temperature and resistance records 
were obtained during slower cooling below that 
temperature. Cooling rates at the beginning 
point of transformation were of the order of 
20°C per second for the smallest samples used. 

An alternate cooling method tried was to 
withdraw the sample from the heating furnace, 
immediately plunge it into a small bath of 
molten NaNOi and KNOs at 300°C, then allow 
it to cool with the salt bath while continuously 
stirring. This procedure was found to have no 
advantages over air cooling and to be much less 
convenient. 

Some samples were cooled in air down to 
120*C and then immersed in boiling water (at 
100°C to restore complete uniformity of temper¬ 
ature. They were next immersed alternately in 
water at room temperature (27°C) and at 100°C 
several times, being left in each bath long enough 
for a resistance measurement to be taken. Data 
' thus obtained provided an accurate measurement 
of tite amount of transformation between 100°C 



and 27°C, and of the temperature-resistance 
relation of the final structure. The method of 
interpretation of data is explained in the fol¬ 
lowing section. 

m. INTERPRETATION OF DATA 

A sample photographic record, obtained on 
cooling in vacuum and helium, is shown in Fig. 5. 
Galvanometer deflections were read to an accu¬ 
racy of 0.1 mm, corresponding to 0.1-0.3 percent 
of the resistance and to about 1°C in tempera¬ 
ture. Thermocouple deflections were converted 
to degrees C, but resistance measurements were 
left in arbitrary units. The data thus obtained 
could be interpreted to determine the amount of 
transformation at any stage of the cooling and 
also the heat of transformation. 

The data were plotted (see Figs. 6-8) as 
resistance-temperature curves which exhibit a 
sharp break in slope at the Ms point. An essential 
condition of the procedure was that temperature 
must be uniform throughout the sample during 
cooling, since even a slight non-uniformity could 
give a spuriourshape to the resistanc^tempera- 
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Fig. 5. Typical record of temperature and resistance. Top portion represents cooling and bottom 

portion reheating. 


:ure curve. The sharpness of the break at the 
Ms point could, however, be used as a criterion 
if uniformity, and all records in which the break 
was blurred into a round corner were discarded. 

The curves in Figs. 6-8 will be seen to consist 
of two linear portions and a connecting curve. 
The two linear segments represent the resistance- 
temperature relation when the crystal structure 
is 100 percent austenite and 100 percent marten¬ 
site, respectively, and the connecting curve 
represents the resistance as a function of temper¬ 
ature of a mixture of the two constituents as 
their proportions continuously change with de¬ 
creasing temperature. If it is assumed that the 
linear austenite resistance curve can be extrapo¬ 
lated below the Ms point without much error to 
show the resistance of austenite retained in that 
temperature region, then from the position of 
the connecting curve between the linear seg¬ 
ments, the proportions of the constituents pre¬ 
sent at any time and temperature can be deter¬ 
mined. The resistance of die mixture depends on 
poth die amount and the distribution of the 
ate plates in die austenite matrix. The 
possible distributions are with the 



martensite either entirely in scries with the 
austenite or entirely in parallel. These distribu¬ 
tions lead, respectively, to the relations: 


% Martensite 
100 


(Ra-R)/(K-R m ) (series), 


% Martensite 
100 


Ra-R Rm 

-X— (parallel), 

Ra — Rm R 


where 


R “resistance of the mixture. 

A. “resistance of 100 percent austenite. 

R* ™ resistance of 100 percent martensite. 

For a ratio Ra/R m ^ 1.5, these relations differ by 
a maximum of 10 percent as shown in Fig. 9. 
Actually, the martensite is known to be dis¬ 
tributed as randomly oriented small plates 
throughout the matrix. It was considered a 
sufficiently close approximation to assume that 
the martensite forms in thin parallel plates at 
45 degrees to the direction of current flow and 
extending completely across the samptp. It can 
easily be shown that with such a distribution 
£~i(J?Mritt-f-Rp*MiM). On die basis of this 

• 
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assumption, values of the function (Ra—R)/ 
(Ra—Rm) were computed and are shown in Fig. 9. 
The amount of transformation was determined 
from the resistance-temperature curves by first 
finding the ratio X^Ra/Rm then using the 
appropriate curve from Fig. 9 to find the per¬ 
cent martensite corresponding to the value of 
(R a —R)/(Ra—R m ) at any desired temperature. 
A number of resistance-temperature-time curves 
were obtained on each sample, and for each 
curve Fig. 9 was applied to determine the 
temperatures at which transformation was 10, 
25, 50, 75, and 90 percent complete. 

Since the Ms point was independent of the 
rate of cooling and since microscopic examination 
showed the final structure to be martensite it is 
clear that the deviation of the curve from 
linearity represented a transformation, but it 
still had to be determined whether the shape of 
the curve was influenced by other reactions. The 
fact that no such reactions occurred above the 
Ms point is evidenced by the linearity of the 
resistance-temperature relation in that region. 
To investigate the possibility of tempering of 



Fio. 6. Resistance-temperature curve for Ni-Cr alloy 
steal cooled in vacuum for 130 seconds, then more rapidly 
in helium. Position of non-linear segment indicates degree 
of transformation from austenite to martensite. 
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the newly-formed martensite below the Ms 
point, a number of samples were cooled in 




Fio. 8. Curve for Ni-Cr alloy steel. Cooling was inter¬ 
rupted at 130 # C. Transformation stopped atthat point 
and resumed when temperature next dropped tMumr 139*. 




Fig. 9. Variation of resistance of an austenite-martensite 
mixture with proportions of the constituents. Dotted 
curves show variation with the constituents in series or 
in parallel with each other, solid curves with constituents 
assumed to be in alternate thin plates at 45° to the direction 
of current, X •~R,/R m , R — resistance of mixture, .Ra-re¬ 
sistance of 100 percent austenite, R* — resistance of 100 
percent martensite. 

vacuum nearly to the Ms point, then at various 
rates through the transition region. Figure 10 
shows that the computed amount of transforma¬ 
tion as a function of temperature is the same for 
all of these tests. It is therefore evident that 
time-dependent tempering reactions either did 
not occur or did not influence the determination 
of the amount of transformation. Local stresses 
set up by the formation of martensite plates 
might be expected to increase the resistivity of 
both the martensite and the surrounding austen¬ 
ite and thus influence the shape of the resistance- 
temperature curve. The amount of the increase 
in resistivity, however, should be not greater 
than would be caused by extensive cold work; 
that is around one percent for steel. Furthermore 
the increases in resistivity of austenite and 
martensite enter into the determination of the 
amount of transformation in such a way as to 
approximately cancel each other. It is therefore 
safe to assume that stresses accompanying trans- 
, formation introduce no serious error. 

Metallographic examination of the samples 
^ after pooling to 20°C showed them to be all 
^norfeipite, as nearly as could be determined. 
• TM^resirtanoe curves also indicate that transfor¬ 
ms 0 


mation had practically ceased at that tempera¬ 
ture. It has therefore been assumed in the 
computations that the structure after cooling 
to room temperature was 100 percent martensite. 

From the data of Table II and from a determi¬ 
nation of the decrease of rate of cooling as 
transformation begins, a value of the heat of 
formation of martensite can be calculated. The 
rate of heat radiation is substantially the same 
immediately before transformation begins as 
immediately after, but after reaction begins part 
of this heat is supplied by the exothermic reaction 
so that the cooling rate is reduced to a value 0* 
determined by the equation: 


msdi * tnsO»+tnHM9», 

HMOt^siO i-0 s ), 



where 


( 1 ) 


H •heat of reaction, 
r—heat capacity of austenite, 
m -mass under consideration, 

M —fraction of martensite formed per degree decrease 
in temperature, 

0i —cooling rate just before transformation begins, 
0i—cooling rate just after transformation begins. 


To determine H, only the ratio of cooling rates 
need be determined and therefore only the slopes 
of the temperature-time galvanometer record 
need be measured, and no calibration is required. 


IV. RESULTS 

Samples of the compositions listed in Table I 
were tested. Data on die progress of transforma¬ 
tion with decreasing temperature are given in 
Table II and summarized in Table III. These 


Table ! 



0 

1 

2 

3 

4 

Sample 

0.016" 

0.026" 

0.060" 

0.060" 

0.025" 

Shape 

wire 

wire 

wire 

bar 

wire 

Element 



Percent 



Carbon 

0.41 

0.41 

0.38 

0.09 

0.88 

Manganese 

Molybdenum 

0.26 

0.26 

0.26 

4.53 

0.93 

0.33 

Nickel 

3.85 

3.85 

3.85 

— 

— 

Chromium 

1.85 

1.85 

1.85 

— 

— 

Silicon 

0.074 

0.074 

0.074 

0.12 

0.12 

Phosphorus 

0.015 

0.015 

03)15 

0.014 

__ 
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results confirm a number of properties of the 
transformation which have been previously sug¬ 
gested on the basis of metallographic and other 
investigations. 

The Ms point and also the amount of transfor¬ 
mation which had taken place at a given temper¬ 
ature were found to be independent of both the 
over-all cooling rate and the rate of cooling 
through the transition region within the range 
investigated. Figures 10 and 11 show this prop¬ 
erty to hold for rates from 1°C per second to 
100°C per second above the Ms point and for 
times between 10 and 75 seconds to cool from 
the Ms point to the point of 90 percent transfor¬ 
mation. 

Tests in which cooling was interrupted before 
the completion of transition showed that trans¬ 
formation stopped as soon as cooling was inter¬ 
rupted but resumed when cooling next proceeded 
below the point of interruption. Figure 8 is the 
record of one such test in which the sample was 
cooled to about 230°C, rapidly reheated to about 
360°C, then allowed to cool. It will be seen that 
the resistance curve does not return to its original 
position at 230°C, but the discrepancy is at¬ 
tributable to tempering of the martensite during 
reheating. 

From the chemical compositions of the three 
samples values of the Ms points were calculated 
according to the approximate formulas of Payson 
and Savage,* which were based on extrapolated 
metallographic data. The agreement between 
these predicted values and the experimental 
data, both shown in Table III, confirm that the 



Fig. 10. Effect of cooling rate through the transformation 
region on the progress of transformation. Cooling curves 
are for Ni-Cf alloy steels. 



Fig. 11. Effect of cooling rate on the progress of trans¬ 
formation. Cooling curves are for a number of Ni-Cr alloy 
steel samples. Points represent individual determinations 
from the resistance-temperature curves of the temperature 
at which transformation reached various stages of com¬ 
pletion. 

Ms point is determined almost entirely by the 
chemical composition. 

Although no tests were conducted for the 
specific purpose of measuring heat of formation 
of martensite from austenite, values of this 
quantity were determined from some of the 
records by using Eqi (1). Values of $*=0,115 cal. 
per gram per degree centigrade and Jl/*-0.0108 
and M «= 0.0089 per degree centigrade for samples 
0 and 1, respectively, were used in the calcula¬ 
tions. 

V. CONCLUSIONS 

1. From measurements of electrical resistance 
and temperature, continuously recorded by the 
method described, complete quantitative data 
on the transformation of a steel sample from 
austenite to martensite can be determined. The 
electrical resistance method is applicable to 
almost any type of steel, including the two types 
experimentally most difficult to study: 

(a) Steel of low carbon content (less than 0.4 
percent) which cannot be studied metallo- 
graphically or by any other method yet 
developed. 

(b) Rapid-reacting steels which must be 
quenched very rapidly to produce the 
martensite structure. 

Satisfactory results have been obtained on both 
a 0.09 percent carbon steel and a 0.88 percent 
carbon plain carbon steel. 

< 
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Table II. Transformation temperatures, 
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Energy Build-Up in Magnetrons 

Lloyd P. Hunter 

Westinghouse Electric Corporation, Pittsburgh, Pennsylvania 
(Received April 3, 1946) 

An analysis of the operation of resonant cavity magnetrons is made without regard to the 
mechanism of conversion of the d.c. input power into the r-f output power. The magnetron 
is represented by its equivalent circuit and is assumed to be essentially in equilibrium at every 
point of its energy build-up curve. The last assumption is shown to be reasonable on the basis 
of measured starting times. From the data of load impedance charts and the rise of the r-f pulse, 
the relation between power generated and vane voltage is deduced. By considering the division 
of the energy between that stored in the resonant system, and that dissipated in the load, the 
law of build-up is derived. The dependence of starting time on load is calculated and agrees with 
experiment when the extra energy stored in the connecting line is taken into account. The 
starting time is affected slightly by the initial noise level and becomes infinite below a minimum 
Q. For high Q values the starting time can be varied only by changing the energy stored in the 
line, which may enable one to design a line for "mode” suppression. 


INTRODUCTION 

NE of the most important parameters of 
magnetron performance is the radiofre¬ 
quency voltage on the slots of the magnetron. 
This parameter is not directly accessible to 
measurement and has therefore been little con¬ 
sidered in magnetron design. The purpose of 
this paper is to deduce an empirical law relating 
the generated power of a magnetron to the slot 
voltage, and then to show how this law may be 
used to calculate various features of magnetron 
performance which are of practical interest. 

This investigation is specifically applied to 
resonant cavity magnetrons but illustrates a 
method of performance analysis which should be 
quite valuable when applied to any of a large 
class of high frequency generators. The purpose 
of the method is not to give any theory of the 
conversion mechanism in which the d.c. applied 
energy is converted into radiofrequency energy, 
but rather to give a performance analysis which 
should contribute greatly to the understanding 
necessary for intelligent engineering design of 
oscillators of the magnetron type. 

First the slot voltage will be calculated for 


various values of load with a constant value of 
d.c. voltage applied to the magnetron. This will 
enable us to plot the output power delivered for 
these various loads against the slot voltage. 
Next we will supplement this curve of power 
output against slot voltage with similar data 
obtained from curves of the build-up of the r-f 
energy at the beginning of an applied d.c. voltage 
pulse. The curve will now extend over a wide 
range of slot voltages and we will proceed to fit 
an empirical relation to it. 

The empirical relation so deduced will be used 
first to integrate the differential equation of 
energy build-up. The resulting equation can then 
be solved explicitly for the time, and we will 
proceed to calculate the variation of starting 
time as a function of load and of noise level. 
The form of the r-f build-up curve will also be 
calculated along with the conversion efficiency 
of the magnetron. 

SECTION I 

Relation of Power Generated to Slot Voltage 

In this section the one .fundamental assump¬ 
tion involved is that steady-state data, such as 
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the variation of output power with load, may be 
applied to the build-up process. The results of 
starting time 1 measurements support such an 
assumption since they show that the complete 
build-up process occurs in about 300 cycles of 
the r-f. This means that the voltage is essentially 
constant for a few cycles and we are justified in 
postulating a state of quasi-equilibrium for our 
calculations. 

In Fig. 1 is shown a diagram of a resonant 
cavity magnetron of the so-called "hole and slot” 
type. At A is shown the coupling loop which 
bleeds off r-f power and sends it down the 
coaxial line B to the load. At C is shown one of 
the slots across which the r-f voltage is developed 
by the circulating electron cloud in the inter¬ 
action space D. Such a magnetron is typical, and 
although it may have a wave guide output rather 
than a coaxial line-coupling loop arrangement, 
it will serve for our discussion in either case. 

One well-known method 2 of representing the 
performance of a magnetron is to plot contours 
of constant power out in the complex load im¬ 
pedance plane while holding the d.c. anode 
voltage, constant. Such a load impedance chart 
is shown in Fig. 2. The solid contours are con¬ 
stant power contours while the dashed contours 
are constant operating frequency contours. From 
such data it is possible to calculate the manner 


• 1 More and Miley, Massachusetts Institute of Tech- 
notary Report 509, 

- •Evans and Rieke, Massachusetts Institute of Tech- 
t^ol^py Report 52-2. 
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in which the power output and power generated 
vary with the slot voltage. However, only the 
variation at high slot voltages is available in 
these data and one must look elsewhere for this 
variation near zero slot voltage. It is the purpose 
of this paper to show that such information can 
be obtained from measurements 1 of the build-up 
of the r-f envelope at the beginning of a pulse. 
To do this we will first examine the available 
data concerning the variation of output power 
with load, and then we will show how the 
measurements of r-f build-up allow us to extend 
these data. 

First calculating the variation of output power 
with r-f voltage on the slots of the magnetron, 
we will assume a simple series equivalent circuit 
for the magnetron as seen from the back of the 
magnetron cavity. Now by definition 

Transmitted Q**Qt 


giving 


2ir energy stored 2ir V*/wtt 
energy out/cycle Po/f 


( 1 ) 


V = (Po@r*o)* (r.m.s. volts), 

where Po—output power and So^iL/C)* for the 
magnetron equivalent circuit. 



Fig. 2. Load impedance chart. 


This formula gives us die relation between the 
r-f voltage on the slots of the magnetron and the 
power delivered to the load. We will not concern 
ourselves at this point with the power lost in the 
circuit, since such losses do not enter into the 
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calculation of the slot voltage using Eq. (1), nor 
will they enter into the calculation of the build¬ 
up of stored energy with time, since that may be 
approached by using the output power as well 
as the power generated. We will consider all 
losses, however, when we come to calculate the 
total power generated as a function of slot 
voltage. 

Referring the load impedance chart of a 2J32 
tube* to constant d.c. voltage by means of a 
performance chart, we may calculate the curve 
of Fig. 3 by means of formula (1). Values of P« 
and corresponding Qr values may be obtained 
directly from the load impedance chart if it is 
remembered that the Q varies directly with the 
voltage standing wave ratio, and that the region 
of low Q or heavy loading corresponds to the 
region of crowded frequency contours. Figure 3 is 
a plot of output power as a function of the square 
of the r-f voltage on the slots of the magnetron. 
As can be seen from Fig. 3, these data are not 
sufficient to tell us much about the low voltage 
end of this characteristic curve. However, the 
results 1 of More and Milcy on starting time and 
build-up of the r-f pulse in magnetrons is suffi¬ 
cient to indicate how the curve of Fig. 3 ap¬ 
proaches zero. 

In Fig. 4 is shown a typical family of r-f 



Fig. 3. Characteristic curve from load impedance chart. 

* Platsman, Evans, and Rieke, Massachusetts Institute 
of Technology Report 451. 
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Fig. 4. Build-up curves from r-f envelope. 

build-up curves. The curve marked d is plotted 
directly from the photograph d of Fig. 3 of 
reference 1. Similarly, curve / is plotted from 
photograph /. These two curves are for different 
rates of rise of the voltage pulse given in reference 
1. The solid curve of Fig. 4 represents the re¬ 
sponse of the magnetron to a perfectly square 
voltage pulse of zero time of rise. This curve was 
obtained from the other two by a method devised 
by Dr. William Altar, 4 which gives the response of 
a general circuit to an ideal pulse of infinite rate 
of voltage rise, from the known response of the 
network to a pulse with a finite and constant 
rate of voltage rise. Since this method is an 
application of the inversion of Carson’s theorem 
on a transient response, it presupposes propor¬ 
tionality of the r-f voltage response of a magne¬ 
tron pj. applied d.c. voltage. Such a condition is 
more or less fulfilled in a magnetron once the 
threshold voltage Vo necessary to maintain oscil¬ 
lations is reached, provided one considers the 
applied d.c. voltage to be ( V— Vi»). In this 
application we are justified to some extent by 
the fact that the two experimental curves, so 
corrected, coincided exactly. The actual correc¬ 
tion was made to the square root of the curves 
d and /, which, being curves of r-f power, are 
proportional to the stored energy in the circuit 

* William Altar, private communication. 
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rather than the voltage. The corrected curve was 
then squared to give the solid curve of Fig. 4. 

Since the r-f power out is at every instant 
proportional to the stored energy, the curves of 
Fig. 4 may be thought of as curves of stored 
energy (W\) against time. We may use the curve 
of zero time of rise of the voltage pulse to 
determine the rate of change of stored energy in 
the build-up process. The rate of change of 
stored energy must be equal to the difference 
between the total power generated and the power 
lost both in the circuit and in the load. Since at 
present we are concerned with extending the 
data of Fig. 3, by the use of the curve of Fig. 4, 
we need not consider the circuit losses, for al¬ 
though they are directly proportional to the 
square of the slot voltage, as are the stored 



Fig. S. Characteristic curve calculated from 
boild-up curve. 


energy, and the power out, each of these is 
independent of the others, and each may be 
considered an independent function of the square 
of die slot voltage. Thus we may consider the 
rate of change of stored energy equal to the 
difference between the net power generated and 
the load loss, where the net power generated is 
die total power generated minus the circuit 
losses. 

The above celadon may be expressed as 


follows: 


dW, 

_(F*W(P)- 

dt 


uW,(V*) 


Qr 


( 2 ) 


where W, is stored energy, and f(V*) represents 
the net power generated as a function of the 
square of the slot voltage. Since the slot voltage 
completely determines the conversion process of 
the electrons, it will appropriately serve as inde¬ 
pendent variable. From the solid curve of Fig. 4 
we obtain dW./dt(V*). To do this we measure 
the slope at various values of W, and plot a 
curve of dW./dt against W„ or what is the same 
thing, against V*. So far the W, scale of the 
curve of Fig. 4 has been undetermined; however, 
it will now be determined from the equilibrium 
point which is the intersection of the load line 
with the curve of net power generated. The load 
line is the plot of the last term of Gq. (2) which 
for a constant frequency and Qt is obviously a 
straight line through the origin in a Pa vs. V 1 plot 
(see Fig. S). Now we have a portion of the curve 
of net power generated as shown in Fig. 3, and, 
dashed, in Fig. 5; for once the stored energy is 
built up, the net power generated is equal to the 
power out. The intersection point of these 
two curves gives the operating point of the 
magnetron in the steady state, and thus fixes the 
total amount of stored energy in the magnetron. 
Having chosen a Qt and a frequency, we may 
calculate W, from the V* of the intersection 
point. Using this final value of W, we can now 
determine the scale of W, in Fig. 4 so that this 
value is reached as a final W, value of all the 
curves of Fig. 4. 

Having thus determined the absolute (or 
actual) values of W, in Fig. 4 and hence the 
values of dW,/dt we may now extend the curve 
of Fig. 3 by the use of our dW,/dt{ P) obtained 
from Fig. 4. First drawing our load line 

oW. V* 

Qt Qr*o 


(Fig. 5) and adding to it our curve of dW,/dt( V*) 
we obtain the points on the curve of Fig. 5, 
which is our desired net power generated. That 
is clear from Eq. (2) 


/O'*) 


aWm 
——4 
Qt 


dW t 


dt 


<V*). 


(2a) 
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As stated above this curve is also the curve of 
Pa vs. V* for steady-state operation. The curve 
of Fig. 3, obtained from the Rieke diagram is 
shown dashed in Fig. 5, and the solid curve is 
the curve obtained from the starting curve 
calculations. From the curve of Fig. 5 we may 
work backward and calculate starting curves for 
different load lines using the same graphical 
method described above. However, we shall first 
calculate the true curve of total power generated 
vs. slot voltage squared, and attempt to find an 
analytical expression for it before proceeding 
with any starting time calculations'. 

In order to determine the curve of total power 
generated vs. the square of the slot voltage, we 
must consider the circuit losses which we have so 
far found convenient and permissible to disre¬ 
gard. We will assume a constant unloaded Q u for 
our magnetron as a preliminary step in the 
consideration of the circuit loss. The circuit 
efficiency now becomes 

(Qu+Qt) 

and we may calculate the total power generated 
(P t ) from the output power (Pa) by using this 
circuit efficiency (Pa—eP t ). To do this numeri¬ 
cal!^ we must choose a numerical value for Q%. 
Most S band magnetrons have unloaded Q’s 
lying between 1100 and 1800. Using a value of 
1500 we may correct the curve of Pa vs. V* of 
Fig. 5 to get the curve of P, vs. V* given in Fig. 6. 
From this curve it can be seen that the power 
generated approaches zero with a finite slope. 


This means that there is a limiting load beyond 
which the magnetron will not oscillate. This load 
corresponds to the load line which is tangent to 
the P„ curve at the origin, for this is obviously 
the last load line which can be drawn to intersect 
the curve of power generated. 

Such a result is to be expected since it is clear 
that if the drain on the energy stored in the 
magnetron is so great that it effectively prevents 
the build-up of this energy above noise level, the 
magnetron will never be able to get started, and 
therefore will not oscillate. This is analogous to 
the conventional d.c. shunt generator in which 
the terminal voltage supplies both the exciting 
field and the load. There the power used by the 
load may so lower the terminal voltage that the 
exciting field will no longer be large enough to 
allow the generation of the power required by 
the load, and the generator will not operate. 

Rather than continue with our graphical pro¬ 
cedure we will attempt to fit an analytical 
expression to the curve of Fig. 6. This curve 
most obviously comes tangent to two lines, the 
limiting load line and the saturation power line. 
The limiting load line is a line through the origin 
with a finite slope, and the saturation power line, 
is a straight line parallel to the V* axis. The 
simplest expression to fit such a curve is 

f(V*)-BV*/(l+aV*)-P„ (3) 

which, for F«0, has the linit * slope B, and for 
large values of V* approaches asymptotically 
P, mB/a. In order to test the fit of this function, 
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we will write (3) in the form 

V*/P, - l/J5+o V*/B. (4) 

This expression is a straight line in the coordi¬ 
nates V*IP, and V * with an intercept 1/S and a 
slope of a/B. In Fig. 7 we see a plot of the data 
of Fig. 6 in the coordinates V*/P t vs. V*. It is 
quite apparent that this plot is fitted by a 
straight line, which shows that the law proposed 
above does indeed represent the data of Fig. 6. 
This result is all the more remarkable when one 
considers that the data represented are from 
two different sources, the load impedance chart, 
and the starting curve. In Fig. 7 the data derived 
from the starting curve are represented by the 
closed circles while those derived from the load 
impedance chart are shown in the open circles. 


SECTION n 


Starting Time as a Function of Load 

We now proceed to the integration of Eq. (2) 
using the/(F*) as found in Eq. (3). The result of 
this integration will then be solved explicitly for 
t and used to calculate the variation of starting 
time as a function of load. 

If we aow wish to include the circuit losses in 
Eq. (2), we find that it is best to combine them 
with the load and write, using Ql instead of Qt 


dW, 

-MV*) 

dt 


BV* »W,(V) 
l+o F*” Qi, 


(5) 


Assuming as is customary that IV, is the 
energy stored in the magnetron alone, we may 
write 

IF.-dF*. 


where A is a constant equal to 1/wlL on our 
equivalent circuit basis. Equation (5) becomes 

dW. BW, aW, 

~dt~ A-\-aW, @7’ (6) 


Integrating we get 
AQl 


QlB—wA 


In (auW,) — 


Ql QlB 
<0 QlB—dA 


Xln (QlB— a A —(mW,) =<+const. 

Now in order to evaluate the constant we must 
assume a value for W, at 1-0. This corresponds 
to the initial noise level from which the oscilla¬ 
tions build up. This value of W, shall be repre¬ 
sented by (db) decibels below the final value of 
W,. Now we write the final value of W, ( W, final) 
as 

W, final« (QlB—wA)/cm 


for at this value of W„ t goes to infinity. This 
leads to a constant of integration 

AQl 

const.----{In (QlB-uA)- 0.23 db} 

QlB—uA 


Oil QiB 

u \QlB—uA 



uA). 
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Inserting this value of the constant of integration 
we get the final solution for t 


t 


QlB—wA [ \QiJ3—aA/ 


+0.23 db 


Ql QlB /QlB—uA—ouW,\ 

«l QlB—uA \ QlB—uA ) 


If we define 

1/Q«(3«L-1/Q £ ). 

ip-aoPL/Qi, 

\V~vQW., • 

where i/BuL is a negative input Q which repre¬ 
sents the rate of energy input to the circuit, and 
i/ipQ^W, final, Eq. (7) now reduces to 


/=—{In (WO+0.23 db} 


Q+Qi 


In (1 —W0» (8) 


0> 


where the build-up curve is generated as W goes 
from zero to one. 

Using Eq. (8), we may calculate the form of 
the build-up curve, and the starting time as a 
function of load and of noise level. Calculating 
first the starting time as a function of load we 
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Fio. 9. Effect of load on Vr. 


define the starting time as the time for W to 
reach the value 0.01. This is equivalent to W, 
reaching 1 percenf of its final value since for each 
.load W,— W ( W, final) .This definition of starting 
time agrees with that of More and Miley. 1 In 
Fig. 8a is a plot of the starting time, as defined 
above, against loaded Q{Ql). The curve was 
calculated from Eq. (8), using a noise level of 
80 db down. The open circles are data of More 
and Miley on 2J32 tubes, and the closed circles 
are data on a 2J22. It appears that the agreement 
is poor in the region of light loading. It would 
seem, therefore, that we need to examine our 
assumptions more carefully. We derived Eq. (8) 
on the assumption that the stored energy in the 
magnetron was the only important stored energy 
in the system, and that it depended only on the 
square of the slot voltage and not upon the load 
(W.-AV*). 

If we consider carefully the connection of the 
load to the stored energy, we will find that it 
exerts a remarkable influence on it. In Fig. 9 
are shown the standing wave patterns for heavy 
and light loading. It is easy to see that the 
voltage V t at the back of the magnetron cavity 
varies widely for these two cases. This means 
that the stored energy in the magnetron itself 
varies widely for these two cases even for essen¬ 
tially the same power output. In addition to this, 
there is some energy stored in the line when the 
line is not matched which adds a constant 
amount of stored energy to either case for the 
same VSWR and length of line. Taking these 
facts into consideration, we will correct Eq. (8) 
for the effect of load on th^stored energy. 

We shall first demonstrate «.He importance of 
stored energy contributed by the load, by means 
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* See reference t, footnote 2. 





LINE ©IS EQUIVALENT TO LINE®. 
LINE ® MAY BE SYNTHESISED FNOM 
THE SUPERPOSITION OF LINES®S®. 


Fig. 10. Circuit for determining stored energy in line. 


of the example of a shorted line section. It can 
be shown in general that if B is the susceptance 
of a resonant circuit the stored energy, E, may 
be written 
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In the case of reactance (*) instead of susceptance 
we have 
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where y is the voltage at the terminals where 
dB/du is measured, and i the current at the 
terminals where dx/du is measured. This is a . 
corollary of Foster's reactance theorem. For a 
coaxial line or a wave guide we know that the 
terminal impedance Z is defined 


From these expressions we may calculate 
-(//<:) F, sec*(«I/c>) 
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where h is the number of half-wave-lengths of 
line. Finally 
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Similarly, we find 
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If we consider the line of Fig. 10, and if we 
define (R) as the voltage at the terminals A 
divided by the voltage, one-quarter wave-length 
down the line, we may calculate the energy 
stored in the line as a -function of the (R) and 
the terminal voltage Vt. 

By the theorem of compensation we may con¬ 
sider the load Rl replaced by a load in series 
with a generator of zero internal impedance 
which generates such a voltage Ft, that its 
addition to the voltage Fo gives the voltage drop 
through the original 2?&. We will now consider 
the voltage in R<, (matching resistance) as giving 
rise to energy in transit and the voltage Ft as 
giving rise to stored energy in the line. First 
calculating the current ii through Ri we will, by 
the theorem of superposition, replace the gener¬ 
ator Vt by a short circuit (internal resistance of 
generator F«—zero), then 

. *i-Fi/*,, 

since the only generator now present is the Ft 
generator. Now • 
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For&<1 we use the formula 
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For I?>1 we use formula (9a) giving 
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which we see to be the same as for R < 1 giving 
the stored energy in the line for any R 

/R- 1\* 

W,mVf \R ~) (AirG# / 2 ") - (12) 

The energy stored in the magnetron (W m ) may 
be calculated from the transmitted Q(Qt). 

2r energy stored 2r W m 

0,--*- (13) 

energy lost/cycle VfGJf 
or 

W m ~ V?Q£l/<*. 

Combining (12) and (13) to get the total stored 
energy, W„ we have 
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In order to consider the variation of A, we must 
transfer the voltage Vt back to the slots of the 
magnetron. To do this we will use Eq. (1) 

P-PoQ*.. (1) 

Now the power output is 

P„- V?Gl- V?RG* 

for an even number of quarter-wave-lengths of 
line between the load and the terminals where 
Vt is measured. 

For the magnetron So"(£/C)* enabling us to 
transform Eq. (1) into . 

V*- VtRG&(JL/C)* 

and the total stored energy, W 9t becomes 
_■ V'eti hi /R- 1\*» J "c 




where go—l/*o«(C/i) 4 for the magnetron, and 
Qi* is the transmitted Q for matched line. Since 
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by definition W,—AV* we now see that A 
depends on the load, here represented by R. 



Examining Eq. (16) we see that for matched line 
(R“l). A —go/«"l/«*!>, as before. For 2?> 1 
(heavy loading) the term 


(Ax/20,*) 



approaches a constant finite value as R in¬ 
creases. Thus, the total stored energy approaches 
a finite value as the loads get heavier. Now as 
R decreases on the side of light loading, the term 

/R- 1\* 
(At/ 2C<*)(—j 


goes to infinity, so that the total stored energy 
for the case of light loading approaches infinity 
as R goes to zero. This is quite reasonable since 
V t must remain finite even when the VSWR 
goes to infinity, so that when Vt is a maximum 
of tire VSWR, the total stored energy remains 
finite, but when V t is a minimum of VSWR the 




total stored energy should go to infinity as the 
(R) goes to zero. 

Similarly, the loaded Q(Ql) used in Eq. (5) 
depends on the total stored energy, 


Ql 


2*W. ' 
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where e is the circuit efficiency. Using (16) and 
(17) in Eq. (7) we may calculate the starting 
time as a function of load with the stored energy 
in the line fully accounted for. The results of 
this computation are shown in Fig. 8b. Here the 
various constants used are h *8 half-wave- 
lengths (a reasonable distance for a standing 
wave detector and a tuner) noise level—80 db 
down, Q* «= 100. Here it is seen that the agree¬ 
ment between the calculated curves and the 
results of More and Miley (circles) is quite good 
—in the regions of both light and heavy loading. 


SECTION m 

Results and Conclusions 

In Fig. 11 is given a curve of stored energy 
against time as calculated from Eq. (8). This 
curve may be compared with the solid curve of 
Fig. 4, for it is a build-up curve of the magnetron. 
It also refers to zero time of rise of the voltage 
pulse. The agreement is seen to be quite good. 




The slight difference of the top bends in the 
curves may be ascribed to the fact that the 
curve of Fig. 4 was corrected from experimental 
curves taken with voltage pulses that oscillated 
slightly upon reaching their peak values. The 
form of the build-up curve for different loads 
can be calculated by using Eq. (7) corrected by 
(16) and (17) but it does not seem to be worth 
while here. 

In Fig. 12 is shown a curve of starting time 
against noise level for a matched load. This 
curve also was calculated from Eq. (8). It is 
clear that the noise level does not affect the 
starting time very much for any values which 
arc physically possible. Noise levels from 160 db 
to 80 db down all give starting times of the right 
order of magnitude. 

In this connection it was suggested by Dr. 
Altar that an undesirable mode could be sup¬ 
pressed by injecting an r-f voltage of the fre¬ 
quency of the desired mode, thus giving it a 
head start, so to speak, over the undesired mode. 
Such an experiment was performed by Dr. Colt- 
man of this laboratory and was found to be 
successful. 

In conclusion several points should be empha¬ 
sized. First, it appears from the available data 
that a 2J32 magnetron has a limiting load 
beyond which it will not oscillate. This load 
appears to be in the neighborhood of a loaded Q 
of 15. At such a load the starting time becomes 
infinite so that the experiment of More and 
Miley should show a sharp increase of starting 
time if the curves were pursued to very low 
loaded Q values. Dr. Coltman has made magne¬ 
trons in the 3-cm band which were loaded to a 
Ql of 12 with a frequency insensitive load, and 
found it quite impossible to get them to oscillate 
in the mode so loaded. The same tubes did 
oscillate when loaded to a Ql of 20, showing that 
for a Ql in the neighborhood of 15 oscillation 
ceased. This piece of evidence is cited in support 
of the result given above. Such evidence estab¬ 
lishes with certainty the fact that the curve of 
Fig. 6 approaches zero with a finite slope. 

Second, it should*be pointed out that the 
curves of Fig. 6 and Fig. 7 are plotted from data 
taken with die d.c. voltage on the magnetron 
held constant, not the input power. This means 
that even though the power generated is a 
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monotonicaUy increasing function of the r-f 
voltage on the slots, the conversion efficiency is 
not. In Fig. 13 is given the variation of conver¬ 
sion efficiency with the ratio of the r-f voltage 
on the slots of the magnetron to the applied 
d.c. voltage. It is seen that there is a maximum 
of-conversion efficiency when Fr-f/Fd.«.=*0.65. 
This result is in good agreement with the calcu¬ 
lations of Dr. Altar* who gets such a maximum 
at Vt~t / Fd.e. «0.55, in his analysis of a bunching 
and catching mechanism as applied to energy 
conversion in magnetrons. The fact that the 
ratio obtained here is slightly larger than that of 
Altar is explained by the fact that the ratio of 
Altar is computed at a slight distance from the 
anode surface. This means that both the Fr_« 
and the Fd.«. arc somewhat reduced, but since 
the V t -i falls off faster as one leaves the anode 
surface, the ratio should be somewhat less. 

The variation of starting time with load, as 
shown in Fig. 8b, would appear to lend itself 
readily for use in “mode” suppression in magne¬ 
trons. The mode desired could be loaded in such 
a manner as to keep its starting time low while 
the same physical arrangement could be designed 
to load the undesirable mode in such a manner 
that it would have a much longer starting time. 

'William Altar, private communication which will be 
published shortly. 



This is possible because a line length can be 
chosen for two modes of different frequency so 
that one will have a standing wave pattern in 
the line similar to that shown in Fig. 9 for 
“heavy loading” and the other will have a 
pattern similar to that shown for “light loading.” 

The author wishes to acknowledge the assist¬ 
ance of Dr. John W. Coltman without whose 
constant advice this paper would not have been 
completed*. 
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The Measured Impedance of Cylindrical Dipoles 
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The input impedance of cylindrical dipoles is considered from the experimental point of view. 
Errors in measuring methods are considered and the results of a recent determination of dipole 
impedance are displayed. 


INTRODUCTION 

I N recent years considerable advance has been 
made in the theory of antennas of various 
shapes. The theoretical treatments regularly 
include an approximation of the cylindrical 
dipole. The purpose of this paper is to provide 
experimental verification of the results obtained 
by mathematical solutions of the problem. 

The significance of experimental results de¬ 
pends upon an adequate definition of the quan¬ 
tity being measured as well as upon the precision 
of the experimental technique. Differences be¬ 
tween theoretical and physical boundary condi¬ 
tions are considered briefly in this connection. 
The experimental methods are described and 
their accuracy is specified. With this information 
the results are useful in the interpretation of 
other data on antenna input impedance. The 
measured values displayed in this paper have 
already been quoted to this end elsewhere. 1 -* 

PHYSICAL BOUNDARY CONDITIONS 

Analytical solutions for the cylindrical dipole 
must satisfy Maxwell's equations and the pre- 



Fig. 1. Currents at the driving point of a half-dipole and 
image plane. 

* R. King and D. Middleton, Quart App. Math. 3 (Jan. 
1946). 

^«D. Middleton and R, King, J. App. Phys. 17, 273 


scribed boundary conditions. In general certain 
simplifications in the boundary conditions are 
required to obtain a mathematical solution to 
this problem.* * The discrepancy between theory 
and experiment attributable to differences in the 
boundary values may be minimized by careful 
experimental methods as well as by refinements 
in analysis. The dipole model used for the present 
measuremen ts represents certain boundary values 
which are now considered. 

The antenna configuration consisted of a half¬ 
dipole and image plane. For measuring purposes 
the dipole is mounted on the inner conductor of 
a concentric line the outer conductor of which is 
attached to the image plane. The coaxial line¬ 
spacing produces an annular gap at the center of 
the image plane. The antenna is driven by the 
fields in this region and hence the input im¬ 
pedance is also defined here. The currents at the 
driving point are indicated in Fig. 1. 

There would seem to be a phase lag between 
the actual currents on the image plane and those 
which would exist in the ideal case of a base- 
driven dipole. The amount of lag is j 8(b—a), 
where a and b are the inner and outer radii of the 
line and ft =2r/X. The magnitude of the quantity 
IS(b—a) is determined by other considerations to 
be examined later. Thus, a principal consequence 
of the concentric line-spacing is to introduce a 
lag in the currents in the image antenna propor¬ 
tional to this quantity. Discontinuities at the 
junction of line and antenna conductors may 
cause an added lumped capacitance. The geom¬ 
etry at the junction of line and antenna shown 
in Figs. 2a and 2c applies to the present measure¬ 
ments. Arrangements shown in Fig. 2b were not 
used. 

Another consequence of the finite spacing 

* L. BriUouin, Elec. Commun. 21,4 and 22 (1943). 
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(ft— a) is to distribute the driving field along a 
segment of the center conductor of approximate 
length (ft—a). The physical boundary condition 
for concentric-line excitation therefore does not 
contain well-defined terminals; instead it in¬ 
volves a potential difference distributed about 
the base of the half-dipole. Thus the actual 
generator to be approximated by theoretical 
analysis is in the form' of a thick circular ring, 
or toroid, which maintains a potential difference 
along a continuous segment of conductor. 

Impedance measured between terminals with 
appreciable spacing is of course not precisely 
defined. The fundamental relation for scalar and 
vector potentials in the interval AB is the fol¬ 
lowing 



In case the interval between the terminals A 
and B is very short, the term in the vector poten¬ 
tial A may be neglected. The integral then 
becomes independent of the path AB. The usual 
definition of impedance in terms of the scalar 
potential difference may then be formulated 

Zab =* (<t>A~<t>B) /1. ( 2 ) 

Evidently a slight error is always present at 
the driving point due to the finite line-spacing. 
In an exact comparison with theory this rela¬ 
tively minor source of error may be properly 
considered. Factors that prevent an indefinite 
reduction of the spacing at the terminals are 
examined in the next section. 

CHOICE OF DIMENSIONS 

The scale of the apparatus and antennas used 
depends on the choice of wave-length. In making 
this choice, two basic limitations are encountered. 
At long wave-lengths the earth introduces errors 
since it is an imperfect conductor and not well 
suited for use as an image plane. On the other 
hand', extremely short wave-lengths decrease the 
inherent accuracy of the apparatus. This is 
because dimensions and tolerances decrease in 
proportion to the wave-length. For operation in 
the laboratory the range between 10 cm and 
100 cm is indicated. In this region an accuracy 
of 0.1 mm in position is adequate and readily 



a b c 

Fig. 2. Half-dipole and coaxial line configuration. 


attainable, as are the usual construction toler¬ 
ances of ±0.001 inch. An image surface of ample 
proportions may also be provided without resort 
to a field station. 

The choice of characteristic resistance of the 
measuring line is dictated by the loads to be 
measured. In general, the best accuracy is 
achieved when power is efficiently transferred to 
the load. However, since impedance measure¬ 
ment often involves the use of cables, the avail¬ 
able fittings and cables must be considered. In 
this instance a line resistance of 49 ohms was 
chosen. 

Having thus fixed the ratio of conductor 
diameters, the magnitude of the quantity (ft—a) 
at the image surface is fixed by the antenna 
diameters to be used. This precludes very small 
values of (ft— a). The small dimensions of the 
line at this point are not favorable to measuring 
procedures since closer tolerances are required 
in a thin line. Accordingly, a 16-inch linear taper 
was used in the present measurements which 
everywhere maintained the characteristic re¬ 
sistance. No reflections from this tapered section 
were detectable and the measuring line diameter 
could thereby be set at 1 inch while the hole in 
the image plane was only A inch, which gives 
/9(ft— a) =0.05 rad. at the standard wave-length of 
28.00 cm. The phase lag introduced by the hole 
in the image plane, though small, is therefore not 
entirely negligible. 

MEASUXING METHODS 

In making antenna impedance measurements 
it is possible to choose one of two common 
parameters. Most theoretical treatments of the 
subject use the ratio of antenna length to diam¬ 
eter as the parameter. This is commonly written 
in the form of Q=log«(2&A0 where k is the 
half-length and a the radius of the antenna. 
From the experimental point of view t$ds implies 

MS 


Volume 17, October, ism 




Fig 3. Measuring apparatus: the line is at the left; 
monitors, amplifiers, and oscillator at the right. 


varying the frequency. In order to include all 
lengths from the half-wave-length down to very 
short antennas, a very wide range of frequencies 
must be used. This is troublesome since the 
errors introduced by the Unite image plane will 
change. Moreover, the tuning of the measuring 
equipment and the detector calibration all 
require attention as the frequency is varied over 
a wide range. Accordingly, another parameter 
was chosen in which a/\ is held constant and the 
half-length k changed. Since the theoretical 
parameter Q is logarithmic, and hence slowly 
varying, the discrepancy between theory and 
experiment is negligible'in any small interval. 
By measuring various thicknesses a curve with 
constant 0 can be obtained. The experimental 
procedure involves shortening the antenna for 
each reading. This is hardly more time-con¬ 
suming than the readjustment of the apparatus 
would be, and permits greater accuracy in the 
results for the reason mentioned. 

In order to assure maximum accuracy it 
seemed advisable not to rely exclusively on the 


standard standing-wave-ratio (SWR) method of 
measurement. For small losses in line and load 
this method is open to criticism because of the 
possibility of detector loading. An apparatus 
permitting both the conventional SWR method 
and the resonance curve method to be used 
provides greater flexibility in obtaining results 
for all values of terminal impedance. The use of 
resonance curves implies a movable piston at 
one end of the line, and this eliminates the pos¬ 
sibility of using solid dielectric filled lines. The 
presence of dielectric beads, strips, or pins in the 
line is highly undesirable because of the discon¬ 
tinuities and reflections occasioned by them. It 
is possible to calculate the position of two beads 
with perfect dielectric which will produce no 
reflections. However, the calculation in general 
demands that the terminal impedance be known. 

In order to avoid the errors due to movable 
beads and other types of dielectric supports, the 
measuring line used for the present measure¬ 
ments was designed to avoid the use of all 
supports. This was accomplished by mounting 
the conductors vertically. Several important ad¬ 
vantages accrue from this type of mounting. 
Thus, the image plane could be located several 
feet above the operator, thereby minimizing 
disturbing effects from objects in the room. The 
weight of the inner conductor and attached 
antenna is borne by the brass base-plate at the 
bottom of the line. At the extreme upper end of 
the line a thin, perforated polystyrene wafer is 
inserted flush with the surface of the image 
plane. This wafer, being less than 0.004X thick 
(1 mm), may be treated as a lumped capacitance 
in parallel with the load. The reactance intro¬ 
duced by the polystyrene may be measured and 
removed from the final results by subtracting its 
admittance from the load admittance. The 
fringing, or throat effect, at the open end of the 
line is probably also somewhat compensated by 
this procedure. 

The wafer support maintains the line spacing 
well since gravitational effects are eliminated. 
The space between the two coaxial conductors is 
then left free to permit a piston to travel up and 
down for resonance curve measurements. Ade¬ 
quate rigidity is obtained from the silvered 
ground steel (drill rod) inner conductor and the 
j-inch wall of the aluminum outer conductor. 
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Tolerances were better than ±0.001 inch. The 
tadii of the inner and outer conductors were 
a =0.5588 cm and 6-» 1.2738 cm. The calculated 
characteristic resistance is /?«= 49.38 ohms; the 
attenuation constant a *3.78X10-* neper/cm. 
At the standard wave-length of 28.00 cm, the 
phase constant was 0=0.2244 radian/cm. 

A movable tuned probe is provided for de¬ 
tecting the voltage amplitude along the line; 
probe depth is readily adjustable by a lead screw. 
The output of a Sylvania 1N21B crystal in the 
probe is fed through a selective amplifier into a 
Ballantine voltmeter. The voltage gain of this 
amplifier is 78 db and the noise level about 78 db 
below one millivolt. Extensive grounding proved 
to be essential in maintaining the noise level. 
Power is furnished by a 2C40 triode in a tuned 
cavity; 1100-cycle square-wave modulation is 
applied. The measuring line and associated 
equipment is shown in operating condition in 
Fig. 3. 

MEASURING PROCEDURE 

For low values of damping the resonance-curve 
method of measurement was used; for high 
damping, the standing wave ratio supplemented 
the resonance curve data. Circuit adjustments to 
permit changing from one method to another 
could be made quickly. Particular emphasis was 
placed upon the monitoring in order to eliminate 
fluctuation errors. 

In resonance curve measurements it is essential 
that the oscillator be loosely coupled to the line. 
This is accomplished by the circuit shown in 
Fig. 4. A concentric-line-type wave meter and 
a bolometer amplitude-monitor are continuously 
coupled to the circuit. Coilstant information on 
the output amplitude and frequency is furnished 
by direct reading meters. Amplifiers provide a 



Fig. 4. Block diagram of the high frequency circuit. 
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monitor sensitivity equal to the sensitivity of the 
detector on the line. If the amplitude- and fre¬ 
quency-monitors are undisturbed by the tuning 
of the measuring line through the required 
interval, then the coupling between oscillator 
and measuring line is loose, by definition. 

In order to provide flexibility in adjustment 
two separate coaxial feeders are provided in the 
piston assembly. Each feeder terminates in a 
loop 3 cm long on the face of the upper piston. 
Tandem pistons with 3-cm brass flutes assure 
complete decoupling between the line and the 
cavity located between the back of the pistons 
and the line base-plate. Each feeder cable is 
attached to an independent phasing stub in a 
twin line-stretcher. A shunt stub is placed to 
form a four-way junction with these feeders and 
the line from the oscillator. This shunt stub 
forms the mutual impedance Z%% between the 
oscillator (primary) and measuring line (sec¬ 
ondary). Suitable stops on the stub permit rapid 
adjustment of the coupling between oscillator 
and line. 

For standing-wave-ratio measurements a larger 
amplitude is required along the line, since the 
minima of the distribution curve must be 
measured. The resonance curve procedure deals 
only with the peak of the resonance curve and 
hence requires less power input to obtain 
adequate deflections. Any desired degree of 
coupling can be obtained readily by means of 
the shunt stub mentioned above. Provision is 
made to permit accurate feproduction of the 
settings of this stub. This is needed in the 
resonance curve procedure, which requires the 
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terminal impedance at the sending end to remain 
constant between comparisons with the standard 
termination. 

An auxiliary probe near the sending end of the 
slotted section of line may be inserted to permit 
a direct test of probe loading. Probe effects 
cancel out in the resonance curve procedure, but 
the standing-wave method may suffer from 
probe loading effects at higher standing-wave 
ratios. 4 No loading effects could be detected for 
the standing-wave ratios measured. 

ACCURACY OF MEASUREMENTS 

The accuracy of which the apparatus is 
capable depends principally on two factors: 
first, the precision of linear measure along the 
line; and second, the accuracy of the detector 
reading. Steel scales and verniers permit readings 
on the present apparatus to within 0.1 mm. 
Since a sliding contact is involved, some irregu¬ 
larities might be expected. However, the original 
data yielded uniformly smooth resonance curves. 
A sample family of resonance curves for an 
antenna load is shown in Fig. 5. A fair estimate 
of the accuracy of the data on the position of the 
curves is probably better than ±0.1 mm or 
±0.0004A. This is because the aggregate of all 
the points determines this position, which is 
therefore more accurately known than the loca¬ 
tion of any one point. Tests on the standard 
\jbpper-pla te termination made at regular inter¬ 
's^ 1 * Altar, Marshall, sad Hunter, Proc, I.R.E. M, 33 ft 946). 


vals bear this out. The width of the curves is 
given to nearly the same precision, but addi¬ 
tional error is introduced here in fixing the 
level at which the width is to be measured. 

The width of the curves was measured at 
(1/^2) V max - This level, somewhat higher than 
the usual half-power point, was chosen to 
extend the range of the method in the direction 
of high damping (low SWR), thereby securing a 
greater overlap with the standing-wave-ratio 
method. Increased accuracy in measuring the 
width of the curves is required at the level 
chosen, but the limit of error mentioned above 
is sufficiently small to permit this. The square 
of the amplitude level was read on a Ballantine 
voltmeter. An accuracy within ±0.1 db was 
assumed. Repeated calibration tests were made 
and the deviations on the calibration curve 
confirm this as the likely error. 

The original experimental results are in terms 
of termination phase shift $ and termination 
damping- p.*-* The resistance and reactance of 
the load are functions of both these independent 
variables. 

sinh 2 p 

R-2R,-, (3) 

cosh 2p—cos 2$ 


sin 2$ 

X~-2Rc -. 

cosh 2p—cos 2$ 

IS?*- (IMS). 
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Fig. 7. Termination phase shift in radians as a function of the dipole half-length in radians. 



Fig. 9. Input reactance of a dipole of radius a as a function of its half-length in radians, Rhe jolid curve 
has been compensated for die shunting effect of the polystyrene support; the dashed curve has not. The* 
sign is not contained in the logarithmic plot. 
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The factor 2 in Eqs. (3) and (4) converts the 
results to symmetrical dipole impedance. 

The accuracy of the ohmic results is not so 
easily stated, since the transformation from $ 
and o to R and X may increase or reduce the 
inaccuracies in the measured variables. A 
measurement depending principally on the 
phase-shift function $ was made at regular 
intervals to determine the impedance of the 
open end with associated wafer support. A value 
of —j’1440 ohms ±5 percent was obtained. Since 
polystyrene is somewhat affected by the hu¬ 
midity, some of the deviation recorded is prob¬ 
ably not caused by the measuring technique. 

Measurements made at large terminal damp¬ 
ing depend principally on the damping function 
p. Independent determinations of p were made, 
using the resonance-curve method and the 
standing-wave-ratio method. The two methods 
agreed very closely. Hie experimental points 
from both methods are plotted in the curves. 
An error of the order of 5 percent is indicated 
by the location of the points along the curves 
for p. Values taken from the smooth curve 
should be more accurate. A much smaller devi¬ 
ation of the experimental points is apparent in 
<&e furves of the phase-shift function *. The 
Curves are shown in Figs. 6 and 7. 


The curves of R and X shown in Figs. 8 and 9 
show both compensated and uncompensated 
values. The compensation involves elimination 
of the parallel reactance of —1440 ohms intro¬ 
duced by the polystyrene wafer support. Evi¬ 
dently the presence of even a small section of 
dielectric influences the results appreciably. The 
significance of conditions at the driving point is 
therefore borne out by the experimental results. 
The curves for p and $ are slowly varying when 
the corresponding R and X curves exhibit rapid 
changes. Therefore the use of the p and ♦ plots 
effectively increases the number of experimental 
points available in critical regions of the re¬ 
sistance and reactance graphs. Several additional 
points were chosen in this manner about the 
resonant and anti-resonant lengths. 

The image plane used consisted of a square 
sheet of aluminum 90 cm on a side, supplemented 
by eight brass rods interconnected by heavy 
wire. The total area of this assembly was about 
eight times that of the center section. Data 
taken with only the inner section in place 
differed from values taken with the added 
section by less than 3 percent for several antenna 
lengths. The phase function $ remained unal¬ 
tered, while the damping p increased slightly 
with the size of the plane. A 5 percent increase in 


Table I. Critical values of cylindrical antenna, G“ 10. 



Experimental 

D. D. King 

King-Middletoa 
(second order) 


820 

860 


0.60 

0.614 

1 X [mitt/1 X | biu 

1.95 

1.8 

(R»)m 

71.5 

71 

ir/2-0**. 

0.098 

0.094 

(A.W-*/:2 

85 

88 


47 

42.5 

Table II. 



D. D. King 
compensated 

D. D. King 
uncompen¬ 
sated 

Brown and 

Woodward .AX10-» 

(2?o)«tttl-*M 

1320 

1080 

1340 

3.13 


1080 

880 

1050 

4.53 


820 

700 

800 

6.21 

r— /M*ttti-m 

0.36 

0.70 

0.47 

3.13 


0.44 

0.72 

0.59 

4.53 


0.60 

0.79 

0.68 

6.21 

| X | min/ 1 X | max 

1.55 

2.0 

1.8 

3.13 


1.88 

242 

2.3 

4.53 


1.95 

2.S7 

4.2 

6.21 
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damping was recorded for flat-topped antennas 
as compared with round-topped types of equal 
length. Again the phase function # remained 
constant. The data available at present are 
inadequate to permit conclusions from these 
special results pertaining to the image plane and 
the end-surfaces. Further measurements are 
indicated to elucidate the effect of the end- 
surfaces and of the image plane. 

COMPARISON OP RESULTS WITH THEORY AND 
WITH OTHER MEASUREMENTS 

Several critical points in the impedance charac¬ 
teristics of an antenna may be chosen for com¬ 
parison of the experimental results obtained with 
calculated values. In general, the maximum, 
minimum, and zero values of reactance are deter¬ 
mined primarily by phase-shift data, while the 
resistance is also a function of the damping. In 
view of the greater precision of phase-shift 
determinations, somewhat greater accuracy may 
be expected in the reactance data than in the 
resistance values. Table I shows the results of a 
recent theoretical treatment and of the present 
measurements. The theoretical aspects of the 
numerical results have been discussed with a 
previous publication of this table. 1 

A plot of certain critical values of resistance 



A 

Flo. 11. Resonant and anti-resonant resistance as a function 
of die thickness parameter 0—2 In (2*/a). 



Fig. 12. Top: ratio of the magnitude of maximum 
negative and positive reactance; bottom: resonant and 
anti-resonant half-length in radians, all as a function of 
the thickness parameter 0—2 In (2 h/a). 

and reactance is shown in Figs. 10, 11, and 12. 
The curves of the reactance of very short dipoles 
are of particular interest. In case the antenna is 
short (J}h^H<t), an electrostatic calculation of 
the capacitance can be made 7 and X set equal 
to —1/w C. A very reliable theoretical result is 
thereby obtained. Agreement between theory 
and experiment here appears good. In case of 
extremely short antennas, the measurement is no 
longer accurate since the hole in the image plane 
and the antenna length are of the same order of 
magnitude. Likewise, antennas longer than 
if* 0.5 radian no longer admit use of a lumped 
capacitance determined from an electrostatic 
analysis. 

A comparison with experimental results of 
Brown and Woodward is included in Table II. 
These writers used a 5-meter wave-length with 
a conventional slotted line. The agreement is 
rather good, with the exception of the reactance 
ratio. This is to be expected, however, since 
Brown and Woodward* directed their measure- 

7 R. King and C. W. Harrison, J«*App. Phys. 15, 170 
(1944). n 

•G. H. Brown and O. M. Woodwkrd, Proc. I.R.E. 35, 
257 (1945). 
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mente toward cases of practical engineering 
significance. Considerable base capacitance is 
encountered in base-driven dipoles attached 
through standard cable connectors. The effect 
of base capacitance is clearly indicated by the 
uncompensated results of the present measure¬ 
ments. 

CONCLUSION 

Graphs of the measured impedance charac¬ 
teristics of cylindrical dipoles have been pre¬ 
sented. Separate plots for various thicknesses 
are intended to display the individual experi¬ 
mental points clearly. The results are given in 
this fashion together with specifications of the 


experimental procedure and accuracy in order to 
facilitate the correlation between antenna theory 
and experiment. Although die available appa¬ 
ratus cannot conform in full to the theoretical 
models described, a close approximation was 
generally achieved. 

The writer is indebted to Professor R. W. P. 
King for many valuable suggestions in con¬ 
nection with the measurements described. These 
results are incorporated in a portion of the 
writer’s Ph.D. thesis at Harvard University. Tfc* 
apparatus involved was constructed at Central 
Communications Research, Cruft Laboratory, 
under the auspices of the Office of Scientific 
Research and Development. 


Elementary Treatment of Longitudinal Debunching in a Velocity Modulation System 

Eugene Fbbnbbrg 
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(Received May 14,194(5) 

Certain configurations of anode, grid sections, and uniformly emitting cathode produce 
rectilinear motion of the electrons, both with and without velocity modulation. These systems 
are (a) plane parallel electrodes and grid sections of unlimited extent, (b) coaxial circular 
electrodes and grid sections of infinite length along the axis, and (c) concentric spherical 
electrodes and grid sections. The uni-dimensional character of the motion permits a complete 
evaluation of the effect of space charge on the bunching process in the range of drift space 
where overtaking (crossing of orbits) does not occur. 


T HE theory of velocity modulation has been 
developed from two distinct points of view 
exemplified in D. L. Webster's kinematic analysis 
of the bunching process 1 and Hahn, Metcalf, 
and Ramo's treatment of the electron beam as a 
medium for the propagation of electromagnetic 
disturbances. 1 There exist problems in which 
both points of view can be combined to ad¬ 
vantage, retaining the rigorous foundation of the 
second and also a large measure of the practical 
usefulness of the first It is the purpose of the 
current note to present a unified treatment of 
three closely related problems of this type. 

Certain configurations of anode, grid sections, 
and uniformly emitting cathode produce recti- 


1 D. L. Webster, J. App. Phys. 10, 501 (1939); R. H. 


'•tVsrian and S. F. Varna, I. App. 
K 'W.C. Hahn and G, F. Mete 


Phys. 10, 321 (1939). 


_ _ fetcalf, Proc. I.R.E. 27, 106 

deeMKaW c 1 '°- 
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linear motion of the electrons, both with and 
without velocity modulation. These systems are 
(a) plane parallel electrodes and grid sections 
of unlimited extent,* (b) coaxial circular elec¬ 
trodes and grid sections of infinite length along 
the axis, and (c) concentric spherical electrodes 
and grid sections. 

The uni-dimensional character of the motion 
permits a complete evaluation of die effect of 
space charge on the bunching process, subject 
to the following assumptions and limitations: 

(1) In the space between bundier and catcher 
grid sections the negative space charge produced 
by the steady electron current kf exactly neutral¬ 
ized by a positive ion space charge. In order to 
secure a precise mathematical problem it may 

'Space charge effects in system a are discussed in 
reference 1 and also in unpublished notes by W. W. 
Hansen. 
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be assumed that the positive ions move with the 
same velocity as the incoming electrons.* There 
is then no steady field (neither electrostatic nor 
magnetostatic) acting upon the beam. 

(2) The ratio of beam velocity to the velocity 
of light is a small quantity (»o/c«Cl). 

(3) The ratio of buncher voltage to beam 
voltage is a small quantity (a= Fi/F*4Cl). Here 
the form Vi sin uti is taken for the instantaneous 
voltage across the buncher grids. 

Velocity modulation at the buncher causes hf 
deviations from the steady-state electron dis¬ 
tribution. These deviations produce a hf com¬ 
ponent of electric field parallel to the direction of 
propagation. The field in turn modifies the 
bunching process&^Ve seek a self-consistent solu¬ 
tion of the systeifrof field equations and equa¬ 
tions of motion In the sense that the field 
together with the ’ttjlj^ity modulation at the 
buncher produces cxjgjfa. the motion required 
to give rise to the fields Jig the theory of atomic 
structure problems of tnfif general character are 
solved by methods of successive approximation 
(Hartree, Hartree-Fock equations). Fortunately a 
simple analytic, solution exists in the present case. 

Let z represent the distance measured along 
the direction of propagation (with the origin at 
the axis or center of symmetry in systems b 
and c). In the usual notation t=g>L is the phase 
at which an electron passes the effective center z 
of the buncher grid space and 0+w(s—zi)/»o=«< 
is the phase at which the same electron reaches 
the position z. Suitable independent variables 
are provided by s and t or by z and 0. Thus any 
hf quantity can be expressed as a function, 
/(s, 0), of s and 0 or as a function, /'(«, t) <*f(z, 0), 
of s and t. 

The boundary condition which correlates the 
field in the drift space with the amount of 
velocity modulation is furnished by the equation 

sin r], s»s i. (1) 

Here t>» is the beam velocity, n the beam coupling 
coefficient, 4 and a the ratio of buncher voltage 
to beam voltage. 


* For system a 


M“sin Qt)/is 


in terms of die transit angle s through the buncher grid 
space. The same relation holds for systems b and e if the 
buncher grids an closely spaced in co mp a ri s on with the 
mean distance of the grids from the axis or center of 
symmetry. 


fauna h^octobsr, ism 


A point of departure for the calculation is 
supplied by the tentative hypothesis that the 
relation between 0 and r is formally the same as 
in the kinematic bunching theory. Now the 
bunching parameter appears as an unknown 
function of s in the cycloidal equation 1 

0=t—X(z) sin r. (2) 

The condition Jf(x)Sl holds throughout the 
following discussion. This restriction is necessary 
and sufficient to exclude crossing of orbits and 
allows the hf component of current density to 
be computed from the relation 

(3) 

in which to is the entering current density at the 
center of the buncher grid section. The integer 
n has the values 0,1, and 2 for systems a, b, and c, 
respectively. Equation (3) expresses the con¬ 
servation of charge if no overtaking (or crossing 
of orbits) occurs in the beam. The additional 
factor («i/s)“ corrects for the expansion of the 
beam with distance from the cathode. According 
to Eq. (2) r = 0 implies 0=0 or /=(«—* t )/v 0 . 
Thus electrons at the center of the bunch move 
uniformly without acceleration. 

The electromagnetic field equations include a 
set of relations connecting the curl of the mag¬ 
netic field with the total vector current density 
(conduction plus displacement). These relations 
require the divergence of the total vector current 
density to vanish. In m.k s. units 

~z\i'(z, t )+ t^-E\z, /)] -0, (4) 

dz L dt J 

or 

«|»'( Jt 0+^(M)]»/(l). (5) 

Equatiofi (5) states that the.total current is 
independent of position along the beam.* In die 
absence of an hf return path the total current 
and also the curl of the magnetic field must 
vanish^ But die curl of the electric field is zero 
since the field is purely longitudinal. Conse¬ 
quently a magnetic field is not required to com- 

- _ _ ** 

1 F. B. Llewellyn and A. E. Bowen, Bell Sya. Tech. J. 
18, 280 (1939). 
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pkte the solution. The electromagnetic field 
equations possess solutions for systems a, b, 
and c containing only a longitudinal component 
of electric field and no magnetic field. 

Continuing the analysis under the condition 
that no hf return path exists we get 

t) -f‘ i'(z, t')df, (6) 

or 

««o E(z, 0) = - f *(*, ^de'. (7) 

•'o 

Note that E(z, 0) ■=() as is required by the 
uniform motion of the center of the bunch. 
With the help of Eqs. (2) and (3) the field can 
be expressed in the form 

*o /«i\ B 

E(s, d) --(-) X(z) sin t. (8) 

«ow\ e / 

The value of the electric field prescribed by 
Eq. (8) must now be inserted into the equation 
of motion: 

eit /t x \* 

a—-( — ) X(z) sin t. (9) 

comma z / 

Equation (9) can be integrated formally with 
respect to t thus expressing z as a function of 
r and t. A more convenient form is provided by 
the substitution dt~dz/v o which is an exact 
relation for electrons at the center of a bunch 
and a good approximation (since a<Kl) for all 
other electrons. As a result of this substitution 
the integral form of Eq. (9) begins to resemble 

Table I. 

Syitem _ * 

Plane (a) i*ak' «n k(*—z t )/k 

Cylinder (b)* ^WPVi(2(A*)*)/i(2(Ao,)*) 

-M(2(A*,)»)/,(2(A*)»)] 



*Tfct; Bum ! fuxdoai JTi(m) and thUi in tabulated la Jafcafeo* 
$C*do>i»foo J 57 «adlM. 




Eq. (2). There finally results 

r *o«j* 

8 = t-\ lank'(z-zi) -— 

L com Vo' 


X * X{*) 1 

(s-*i)—^-ds'J sin r, (10) 

in which k'=u/v<>. The consistency of the calcu¬ 
lation now depends on the identity of Eqs. (2) 
and (10). These equations become identical if 
the bunching parameter X(s) can be determined 
as a solution of the integral equation 

X(*)-J«*V(*-*i)-- 

t 0 m IV 



Before integrating Eq. (11) it is convenient to 
introduce a bit of notation. Let 

t«e 

h 1 — -, System a, «=*0, 

CoM»o 9 

itfiZi 

A=-, System b, »■= 1, (12) 

ioezi 2 „ 

r=-, System c, «=■» 2. 

tomvo* 

The parameters h and A have the dimensions of 
a reciprocal length while r is a pure number. 
To obtain numerical values consider the special 
numerical examples: 

System (a) 

to“l ampere/cm*, Vo » 2500 volts, 

A—0.868/cm; 

System (b) 

2**oSi •= 1 ampere/cm, Vo «* 2500 volts, 

A—0.120/cm; 

System (c) 

4vtoSi’ *= 1 ampere, Vo—2500 volts, 

‘r-0.060. 

Numerical results for other values of current 
and voltage are readily found since all three 

Jourkai of Amis& fames 



quantities defined in Eq. (12) vary directly as 
die current and inversely as the three-halves 
power of the beam voltage. 

Equation (11) is best discussed by trans¬ 
forming it into a differential equation. Successive 
differentiations with respect to z yield 

( -l-ftAxXz) * 0, System a, 

\dz* / 

/d* A\ 

(-1— )X(s) *0, System b, 

\ds* z / 

/ d * r\ 

\^ + 7r w ~ 0, Sy8teme - 

The boundary conditions are 
*(*0- 0, 
dX 

—= $|iaJfc', s=**i, k'=w/vo. (13) 
dz 

The final results for X(z) are listed in Table I. 

Consider now the limiting process Si—>« while 
z—Si and «o remain fixed. Under these conditions 
systems b and c are indistinguishable from 
system a. With the help of the relations A «= h*z u 
Y=hW and the asymptotic values of J\ and N\ 
(Jahnke-Emde, page 138) the second and third 
lines of Table I are readily reduced to the 
first line. 

The assumption z^zi has been implicit in the 
preceding calculation. However it is necessary 
only to reverse the signs of *o and i»o to obtain 
the description of systems in which the beam 
converges toward the axis (b) or the center (c) 
of symmetry. This change leaves the expressions 
in Table I invariant in form; they are also 
negative valued when z—Si is negative and not 
too large. It is likely that convergent beams may 
prove useful in the development of multipliers. 

A peculiar property of the spherical beam 
emerges from the examination of X(z) in Table I. 
The bunching parameter of a divergent spherical 
beam is a monatomic increasing function of a 
when the current is limited by the inequality 
4T<1 (this requires a total current below 4.16 
amperes at Ft* 2500 volts). 

A further point of interest is the total voltage 


through which the electron falls while traversing 
the buncher grid space and die drift space: 


iF— f E(z', 6)de'+ftVi sin t, 

•'ll 


2V t dX 

-sin r. 

V dz 


(14) 


Equation (14) states that the velocity modula¬ 
tion vanishes at points where the bunching 
parameter attains maximum or minimum values. 

It will be observed that the restriction 
|X(z)| SI holds for all values of z if a falls 
below a critical value. Otherwise X(z) may exceed 
unity for some range z t <z<zt and the analysis 
fails beyond z=*z,. In physical terms Zt is the 
point at which overtaking or crossing of orbits 
begins to occur. No progress has been made in 
evaluating the effect of space charge beyond the 
initial crossover point. 

A simple, but far-reaching, generalization of 
the preceding analysis may be obtained by the * 
substitution of an arbitrary periodic function 
/(r) for sin r. Let 


f*(r) - sin «(+!«, sin (ttw/+€> n ) (IS) 
» 

fepresent the time dependence of the voltage 
across the buncher grids. Then 

mW/W sin r 

+£ o«m(«s) sin (»r+*,'). (16) 

t 

In particular the right-hand member of Eq. (16) 
may represent the sawtooth function or an 
approximation to the sawtooth function. If 

(-l)"+» 

o«m(*w)“- As), *„ / -0 (17) 

n 

overtaking or crossing of orbits first occurs at 
X(z)—2 coincident with the formation of a 
perfect bunch (alt particles passing the center 
of the buncher grid space during one cycle pass 
the fixed point defined by X(z)~2 at the same 
instant). In this case the former restriction 
|jf(s) | ^1 should be replacecfV |X(z) | S2. 
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Here and There 


Harvard Computation Laboratory 

Harvard University's gigantic mechanical brain, the 
Automatic Calculator, will soon be moved to a new two- 
story building on the campus. The structure, to be known 
as die Computation Laboratory of Harvard University, 
of brick, concrete, and steel, functionally modem in design, 
is expected to be ready in October. 

The Calculator has been doing highly secret war work 
since it was given to the University by the International 
Business Machine Corporation in August 1944, and it will 
continue to operate under a naval contract for two more 
years. By the terms of this contract, the Calculator now 
works twenty hours a day, every day in the week, for the 
Navy, and four hours a day for Harvard. It is under the 
direction of one of its inventors, Howard H. Aiken, 
associate professor of applied mathematics. 

A constantly whirring device made up of gears, counters, 
switches, shafts, and control circuits, with 500 miles of 
wire, 2,000,000 wire connections, and 1464 ten-pole switches 
in its still-framed body, the Calculator will attain new 
heights of accomplishment during the next few years. 
Atomic physics, radio research, optics, electronics, and 
% astronomy are only a few of its fields. With infallible 
accuracy and great speed, it solves problems which no 
scientist, however gifted, could live long enough to finish. 

The new building will give added scope to these and other 
activities of the Calculator. Research into the design of 
instruments for the benefit of science will be furthered 
through the use of larger quarters, and instruction of 
graduate students under the new department of Engi¬ 
neering, Sciences and Applied Physics will be increased- 
Civilian use of the machine will include instruction for 
students in the design and use of laige scale calculators. 

In its new home the Calculator will be observed by 
visitors from a special gallery with a window two stories 


j 



fo sjp totfeo laboratory for Harvard University, first floor plan* 




high. Since it was set up at Harvard, the Calculator has 
been viewed by more than 2000 visitors, including scientists 
from Russia, China, France, Brazil, Mexico, Britain, 
Sweden, South Africa, Cuba, and Holland. 

New Appointments 

Several appointments were recently announced by the 
National Bureau of Standards. Dr. John G. Thompson is 
now Chief of the Metallurgy Division, and William F. 
Roeser is Assistant Chief. George A. EUinger has been 
designated Chief of the Optical Metallurgy Section, and 
Harold E. Cleaves is new Chief of the Chemical Metallurgy 
Section. Dr. Wilmer Souder has been appointed Chief of 
the Metrology Division, formerly the Division of Weights 
and Measures, and there are three new section chiefs 
within this Division: Dr. I. C. Schoonover, Dental Ma¬ 
terials Section; Dr. Peter Hidnert, Thermal Expansion 
Section; and H. Haig Russell, Large-Capacity Scales 
Section. 

Recent Awards 

Benjamin Goldberg of New York has been awarded the 
Exceptional Meritorious Civilian Service Award as a 
result of his work for the past five years as an optical 
physicist attached to the technical staff of the Army 
Engineer Board, Fort Betvoir, Virginia. He won this 
recognition for his contribution to the technique of metal 
mirror reflector manufacture and for designing special 
reflectors for lighting and for other optical devices, partic¬ 
ularly for searchlights used extensively by the U. S Army 
during the war. 

The I.E.S. Medal, given by the Illuminating Engineering 
Society “in recognition of meritorious achievement which 
has conspicuously furthered the profession, art, or knowl¬ 
edge of illuminating engineering" has been awarded to 
Eugene C. Crittenden, Chief of the Electrical Division, 
National Bureau of Standards, and will be presented to 
him at the Society's convention in Quebec in September. 
The most outstanding of Mr. Crittenden's notable achieve¬ 
ments in illuminating engineering are his contributions to 
the development and establishment of acceptable standards 
and units for the measurement of light. 

Army Purchases Atom Smasher 

The Manhattan District Project of the Army Engi¬ 
neer*, which developed the atomic bomb, has ordered a 
100,000,000-volt atom-smashing x-ray machine from the 
General Electric Company. The machine is being obtained 
by the Clinton Laboratory at Oak Ridge, Tennessee, which 
is operated by the Monsanto Chemical Company for the 
Manhattan District Project. 

Auburn Foundation Receives Grant-In-Aid 

A Frederick Gardner Cottrell Special Grant-in-Aid has 
been made to the Auburn Research Foundation of the 
Albania Polytechnic Institute to support research on the 
crystal structure of sugars and their derivatives. The 
grant totals $7500. 
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Theoretical Physics in the Metallurgical Laboratory 

of Chicago* 

BV E. P. WlGNER 

Clinton Laboratories, Oak Ridge, Tennessee 


D R. DARROW has suggested that a short 
introduction may enhance the usefulness 
of the more specialized papers to be presented to 
the Society by members of the old Theoretical 
Physics group of the Metallurgical Laboratory 
(Plutonium Project). Because the presentation 
of these papers will have to be very brief and 
because some of our collaborators could not 
present abstracts in time for the meetings, I was 
most happy to follow our Secretary’s invitation 
to summarize our work in general terms. 

There were, during the period extending from 
about the middle of 1942 until about the middle 
of 1945, that is for about three years, approxi¬ 
mately twenty theoretical physicists assembled 
on the fourth floor of Eckart Hall who worked 
on those problems of chain reacting units which 
could be solved or at least attacked with the 
methods of theoretical physics. The membership 
of the group varied somewhat but I am happy 
to say, and do say it with a great deal of pride, 
that we formed a happy family and that I 
hardly remember a disagreement on non-tech- 
ntcal points. 

Most of our work was on very urgent problems 
and only a small fraction of it will bear publica¬ 
tion in scientific periodicals. Our group had to do 
a great deal of engineering work, so much so that 
the calculation of liquid flow rates became to be 
considered to be part of our responsibilities. We 


calculated more than one I beam dimension, 
among similar matters, although we felt some¬ 
what out of place when we did that. In addition, 
we had to maintain numerous contacts with the 
experimental groups and to take a lively interest 
in matters ranging from the fabrication and 
corrosion of aluminum tubes to the radioactivity 
induced in oxygen by neutron absorption. All 
this work was necessary and I do not hesitate to 
say in retrospect that our policy of assuming 
some of the functions which are usually reserved 
for engineers proved most useful. In the first 
place the Plutonium Project was not well pro¬ 
vided with engineers in its early days—it had 
only two or three design engineers at the time 
when our plan for the W unit (which was later 
erected at Hanford) was virtually ready**; in the 
second place it was important, as in any new 
field such as that of chain reacting units was in 
1942, that there be a few people at least who are 
sufficiently^familiar with the whole picture to 
know about every difficulty and ho4r it may be 
overcome. This second point will be very im¬ 
portant in connection with Dr. Daniels’ pile 
which is to be erected at Clinton. I fear that the 
present arrangement, which gives those who are 

** It may be interesting to remade that the date on the 
W report is January 9,1943 and that it was issued just42 
days after the first nuclear chain reaction was experimen¬ 
tally established by E. Fermi ami his collaborators (De¬ 
cember 2, 1942). Of course, the relevant dimensions and 
sizes, etc., of tne W pile had to be fixed much prior to 
that date, although, of course, they had to be verified ex¬ 
perimentally later. t 


• An address presented to the American Physical Society 
at the Chicago Meeting, June22,1946. 
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mainly interested in this pile even less responsi¬ 
bility than we had with respect to the W pile, 
will not help in meeting the time schedule which 
we read about in the newspapers. That time 
schedule was quite optimistic in the first place 
and I do not believe that the pile will be in 
operation before 1948. 

As 1 said, knowing all details of the W plan 
was our main function and it took up most of 
our time. Practically all senior members of the 
group participated in it in one form or another 
although most of the burden was carried by 
Messrs. Friedman, Ohlingcr, Weinberg, and 
Young and Miss Way. In addition, in the second 
year, Mr. J. A. Wheeler was transferred to 
Wilmington to give direct help to the DuPont 
Company. While work on the W plans was our 
most important function in the first two years, 
at the same time it was the one which is least 
suitable for being reported in public. In later 
years, work on the power production occupied 
most of our interest. However, this subject, to 
which Mr. G. Young has contributed so de¬ 
cisively, is still restricted from public discussion 
so that my report will deal, essentially, only with 
incidental studies which we have made. I shall 
deal with these under four headings: 

1. Elementary theory of nuclear chain reactions. 

2. More detailed theory of chain reactions. 

3. Effect of radiation on matter. 

4. Studies in theoretical physics 

I shall give an outline of our work in these fields 
in the above order. 

1. ELEMENTARY THEORY OF NUCLEAR 
CHAIN REACTIONS 

The great surprise about nuclear chain reac¬ 
tions was the ease with which they could be 
established. Szilard’s paper of January 1940 al¬ 
ready describes a workable arrangement. Our 
own early work in this field was not based on 
Szilard’s paper but on Fermi’s work, the concepts 
of which are less intricate than Szilard’s. Ideas 
similar to Fermi’s were developed also by others, 
notably by v. Halban; moreover, the whole work 
was duplicated, apparently without any major 
deviation, also by the German nuclear physicists. 

In a chain reaction of the kind considered by 
jss, uranium nuclei undergo fission and liberate 
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neutrons. These neutrons are first fast but are 
soon slowed down by the moderator which is 
carbon (graphite) in our case. After being slowed 
down, the neutrons still diffuse around for a 
period of time before being absorbed. Most of 
them are absorbed by uranium, which then 
undergoes fission and emits the neutrons of the , 
next generation. The ratio of the number 
neutrons in one generation to the numb^tf^f, 
neutrons of the preceding generation i«* cupel 
multiplication constant and was usually fitted 
by k. Fermi’s theory divides the problem of 
multiplication constants and critical sizes into 
two parts. The first problem is the calculation 
of the multiplication constant in an infinite 
medium, k K , which is usually referred to briefly 
as the multiplication constant. It depends only 
on the geometry and the materials of the chain 
reacting system and gives the ratio of the num¬ 
bers of neutrons in successive neutron genera¬ 
tions under the assumption that the same ma¬ 
terials, arranged in the same geometry, extend 
all over infinite space. 

The second problem is the calculation of a 
critical length which does not depend on the 
inner structure of the chain reacting unit but 
only on its size and shape. This critical length, 
or itsr cciprocal *, permits one to calculate, from 
k K , the second kind of multiplication constant, 
k,u . This gives the ratio of the numbers of 
neutrons in successive generations in a finite pile. 
This second kind of multiplication constant is, 
of course, the relevant one from a practical point 
of view. It depends not only on the materials 
and their arrangement into a lattice which deter¬ 
mine &«, but depends also on the actual extension 
of the lattice, i.e., the size and shape of the pile. 
In a steadily running pile k 9 n is always 1 and it 
exceeds 1 only when the power of the pile is 
increased, e.g., during startup, and then only 
very little. The k t u is always smaller than k» 
because in an actual, finite pile some of the 
neutrons of every generation diffuse out of the 
pile and do not contribute to the next generation. 
No such "leakage” exists in an infinite pile. 

It would seem that only the effective multi¬ 
plication constant has real significance but it 
turns out that the calculation of k m is an almost 
necessary preliminary for the calculation of k t u. 

I will only sketch the calculation of k m which 
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is already given, in principle, in the Smyth 
report. In order to calculate the number of 
neutrons of the next generation produced by one 
neutron; of the present generation, one may start 
at the birth of one neutron. This occurs in the 
uranium lumps and the neutron has, originally, 
considerable velocity. As a result, it will be able 
to induce fission not only in the U m nuclei but, 
what is more important because of their larger 
numbers, also in the U 2 *® atoms. Competing 
with this process arc the process of inelastic 
scattering by U atoms by which the original 
neutrons may be slowed to a velocity below the 
fission threshold 1 of U 2 *®, and the process of 
escape of the neutrons from the U lump into the 
moderator. 

The importance of fast fission was recognized 
by Szilard and his collaborators. The rest of the 
factors making up k» were all recognized before, 
and are contained also in Fermi’s considerations. 

Let us assume that the original neutron gen¬ 
erates «=1 further neutrons by fast fission. As 
Fermi has mentioned in his address to this 
meeting e—1 ~ .03 so that we arrive with < «1.03 
neutrons just below the fission threshold. Most 
of these neutrons diffuse out into the moderator 
and are slowed down to thermal energies. Some 
of thiem occasionally enter the uranium and are 
absorbed there by one of the numerous resonance 
levels of the U 2 **. These absorptions do not lead 
to fission and constitute an actual loss of neu¬ 
trons. The importance of this process has been 
already recognized by N. Bohr in 1940, and 
others. Only when the neutron has lost sufficient 
energy to be below the lowest resonance level of 
U 2 *®—which is, according to data in the litera¬ 
ture* at about 5 ev—is it safe from this fate. 
The probability that a neutron will escape reso¬ 
nance capture is usually denoted by p. It is a 
number smaller than 1. As a result of the reso¬ 
nance absorption, we arrive with tp neutrons 
below the energy of 5 ev instead of the c neutrons 
which we had just below the fast fission threshold. 

It wobld lead too far to describe the actual 
calculation of p. Among all the processes which 
contribute to the chain reaction, the resonance 
absorption is the only one which was not really 

1 Haxby, Shoupp, Stephens, and Wells, Phys. Rev. S7, 
1088A (1940): 88, 199A (1940). 

* H. L. Anderson, Phys. Rev. 87, 566 (1940). 


understood when we started our work. S. M. 
Dancoff and I were the ones who were most 
interested in the physical principles which deter¬ 
mine the resonance absorption of macroscopic 
bodies, but ideas similar to ours were developed 
also by others. The actual calculation of p was 
described by R. F. Christy, A. M. Weinberg, 
and myself, although many others, including 
H. L. Anderson, contributed to it. The material 
constants necessary for the calculation were 
measured by Creutz, Jupnik, Snyder, and R. R. 
Wilson in Princeton, and later by Mitchell’s 
group at the University of Indiana. 

We now have tp neutrons with an energy 
below the resonance levels of uranium. According 
to theory, they will be slowed down to thermal 
energies by the moderator. After that, they will 
be absorbed, some of them by the moderator 
and the impurities present in the pile, some of 
them by the uranium. Fermi denotes this last 
fraction by / so that, altogether, tpf thermal 
neutrons arc absorbed by the uranium, giving 

K-tpfy (1) 

secondary neutrons, i j being the number of 
fission (fast) neutrons produced in the uranium 
per thermal neutron absorbed. The principles for 
the calculation of the “thermal utilization”/were 
established independently by Fermi, Placzek, 
and our group. The formulae which we used 
were derived by Christy, Mrs. Monk, Plass, and 
myself in a way which is similar to the calculation 
of wave functions in metals by the cellular 
method.® 

On the whole, the calculation of the multipli¬ 
cation constant for an infinite lattice is quite 
“straightforward” and one of the great surprises 
of the Plutonium Project was how easy it was. 
Mr. G. N. Plass and myself happened to be the 
ones who attempted to calculate the "optimal 
lattice" (i.e., the lattice with the highest *») 
early in 1942. Although the physical constants 
were not known at that time too accurately, the 
dimensions we obtained (later incorporated in 
the first chain reacting unit) are now believed to 
give a km just i percent short of the k m of the 
real optimal lattice. We are quite convinced that 
- * 

•Cf. e.?., F. Seitz, The Modern Theory of Solids (Me- , 
Graw-Hill Book Company, Inc., New York, 1940), Chap 
IX. 
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any reasonably competent people would have 
arrived at the same results. In later years, 
computations of k» were much facilitated by 
diagrams prepared for this purpose by Mrs. 
Monk and Mrs. Uchiyamada, under Professor 
Wheeler’s direction. The calculation of k» was 
extended to all sorts of lattices, containing heavy 
and ordinary water, etc. Most of this work was 
done by A. M. Weinberg and his collaborators, 
Mrs. Monk, Mr. Plass, Mrs. Uchiyamada, Mr. 
Stephenson and others. Qualitatively, the results 
were quite similar for all systems considered. 

In spite of this, the properties which make a 
lattice optimal are not very simple. One may 
note that it is good if the high energy neutrons 
remain in the uranium to give a high «. On the 
other hand, it is best if the lower energy (reso¬ 
nance) neutrons keep out of the uranium as much 
as possible so that p may remain reasonably 
close to 1. Again, the thermal neutrons should 
return to the uranium to give a high /—as close 
to 1 as possible. These conflicting requirements 
determine the geometry of the optimal lattice, 
i.e., give the ratio of the amounts of moderator 
and uranium as well as the lattice constant. 
However, even relatively large deviations from 
the optimal dimensions do not decrease k« to a 
very great extent. 

The foregoing describes the calculation of k x . 
Although Fermi has given a method for calcu¬ 
lating k t ti from k m , I will not give his method 
here but will turn to the more advanced theory 
which permits a direct calculation if k,n. 

2. MORE DETAILED THEORY OF 
CHAIN REACTIONS 

The more detailed theory of chain reactions 
should provide more accurate methods both for 
the calculation of k m and also for the calculation 
of k, However, as far as k x is concerned, only 
few improvements were made. None of these 
improvements occurred in the calculation of e 
and p, only one occurred in the calculation of /. 

The behavior of “thermal” neutrons in a 
moderator-uranium lattice is far from simple. 
Evidently, it would take infinitely many colli¬ 
sions to establish real thermal equilibrium be¬ 
tween the neutrons and the moderator, and in a 
'Well-designed lattice the neutrons will be ab- 
sorfeed by die uranium after a relatively small 



number of collisions. As a result, the energy 
spectrum of the neutrons will remain quite com¬ 
plex and their average energy will stay consider¬ 
ably above \kT. This average energy will be 
different even at different points of the lattice. 
The actual energy distribution will be influenced 
by the absorbing power of the material as well as 
by its moderating power. The latter is influenced 
in turn by the atomic weight of the moderator, 
by Fermi’s chemical binding effect and by the 
crystalline nature of the moderator which gives 
a considerable anisotropy to the scattered (re¬ 
fracted) neutrons. 

The only serious attempt to take these factors 
(excepting the crystal effect) into account is due 
to E. Teller and his collaborators, mainly N. 
Metropolis and P. Morrison. A more rigorous 
but much more formal attempt later by E. J. 
Wilkins and myself did not contribute much to 
the qualitative picture. Wick reported on Thurs¬ 
day about some work which he did on this 
problem. Teller’s work gave, at least, an approxi¬ 
mate measure for the difference in the effective 
temperature of the neutrons and the moderator. 
In spite of this we are far from having an 
adequate knowledge of the energy spectrum of 
the neutrons in a chain reacting unit. 

Moreover, the problem of calculating f re¬ 
mains far from being simple even if the energy 
spectrum of the neutrons is known. It is, in fact, 
quite complicated even if one assumes that all 
the neutrons have the same energy. The reason 
for this is that the ordinary diffusion theory 
proves to be quite inadequate. G. Placzek carried 
out the most accurate calculations for the diffu¬ 
sion of monoenergetic neutrons. Some of his 
results were obtained also by German and Italian 
theorists 4 and published. Our work along this 
line was not pushed with much vigor because 
we were, perhaps, too well aware of the inade¬ 
quacy of the model which uses monoenergetic 
neutrons. Actually, there is evidence that the 
errors in our primitive diffusion equations are 
quite substantial and in the direction indicated 
by Placzek’s work. 

There is no relevant difference between the 
fast effect in a finite and infinite lattice. However, 
the probability p that a neutron with an energy 

«G. C. Wick, Zeits. f. Phynk 121, 702 (1943). 
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just below fission threshold should become a 
thermal neutron is smaller in a finite lattice than 
in an infinite one because in addition to being 
captured by the uranium, some neutrons will be 
lost from a finite lattice by “leaking” (diffusing) 
out of it. This leakage was calculated by Fermi 
and his co-workers 1 even before fission was dis¬ 
covered. For a finite lattice, their work gives 

p,ti-pexp (-r«*), (2) 

, where r is one-sixth the mean square distance, in 
an infinite lattice, between the point where the 
neutron originated and the point where it be¬ 
comes thermal. The quantity k? is the ratio 
—A n/n where n is the average of the neutron 
density over a lattice cell and will be discussed 
presently. 

According to (2) the effective p is smaller than 
it would be for the constant n of an infinite 
lattice, i.e., for * = 0. The leakage depends on the 
“age” r, which on its turn increases with in¬ 
creasing mean free path of the neutrons in the 
moderator and with the number of collisions 
which are necessary to slow down the neutrons 
to thermal energies. The quantity r, and hence 
the leakage, is smallest in a water moderated 
pile and much greater in a graphite moderated 
pile. 

Just as the fraction of neutrons which are 
slowed down to thermal energies in the pile is, 
because of the leakage, smaller in a finite than 
in an infinite pile, so is the fraction of thermal 
neutrons absorbed by the uranium decreased by 
the escape of some of the thermal neutrons from 
the pile. 1 he equation analogous to (2) is 

U-f(t+L,W)-K (3) 

The significance of k in (3) is the same as in (2), 
that of j Lp* similar to that of r in (2): L p * is 
one-sixth of the mean square distance in an 
infinite lattice between the point where the 
neutron becomes thermal to the point to which 
it has diffused when it gets absorbed. L v is also 
called the diffusion length of thermal neutrons 
in the lattice because the n decreases with an 
exponential relaxation distance L p 

»~exp (—x/Lp) (4) 

in a region in which no thermal neutrons are 

* E. Fermi and F. Raaetti, Ricerca Scient. 9, 472 (1938); 
G. Placzek, Phya. Rev. 69, 423 (1946). 


produced. G. N. Plass showed, by means of a 
calculation which is similar to Bardeen’s work* 
on metallic wave functions, that 

(5) 

is a very good approximation for L p if L m is the 
diffusion length in the pure moderator, without 
uranium lumps. 

The condition that a lattice can maintain a 
chain reaction at a steady rate is that £, ( r*l, 
i.e., that 

katt— tpatlfellV = 1 . ( 6 ) 

Using the expressions (2) and (3), this becomes 
tpfy exp (~nc 1 )(l+Z. P s ic s )- 1 = l 
or, by (1) 

*« = (1+L P V) exp (tk ! ), (7) 

an equation essentially identical to one already 
obtained by Fermi. 

This last equation can be considered to be an 
equation for k which, in its turn, will be seen to 
depend only on the size and shape of the pile. 
Hence (7) gives us the size of a pile if its shape 
and internal structure, in particular its infinite 
multiplication constant k», are given. 

The connection between the quantity k and the 
size and shape of the pile is established by the 
classical equation 

A»+K*tt=0 (8) 

in which the average neutron density n is subject 
to the boundary condition that it vanish at the 
outer boundaries of the pile. It is well known 
that (8) allows a solution only for definite, 
discreet values of which depend on the size 
and shape of the region on the boundary of which 
n has to vanish, i.e., on the size and shape of the 
pile. Only for the smallest of these «* is n positive 
throughout and this smallest «c* is the one which 
occurs in (7). Equation (8), so to say, gives an 
effective dimension <r l to every size and shape 
and (6) shows how this effective dimension 
affects the effective multiplication constant. If 
the k of the pile, as defined by (8), is larger than 
the solution of (7), the pile is under critical, its 
effective multiplication constant smaller than 1. 
If the solution of (7) is larger than the k satis¬ 
fying (8), the pile is above criti^l. 

• J. Bardeen, Pbys. Rev. 49, 653 (1936). Cf. also refer¬ 
ence 3. 
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The quantity n to which ( 8 ) applies is the 
average neutron density, the average to be taken 
over a cell. Evidently, an equation, applying to 
such an average as ( 8 ) does, can be accurate only 
if this average does not change too rapidly from 
cell to cell. The relation of the n of ( 8 ) to the 
actual neutron density is similar to the relation 
of the macroscopic density of bodies to their 
rapidly fluctuating density as given by their 
atomistic structure. The theory of Eq. ( 8 ) is 
therefore called the macroscopic pile theory while 
the quantities of Eqs. (1) to (7) are concepts of 
the microscopic pile theory. Actually, ( 8 ) is only 
the simplest equation of macroscopic pile theory, 
which applies if the spatial variation of the 
neutron density is independent of energy. This 
is an important particular case but does not 
hold in general. For instance, most control rods 
absorb only low energy, theimal neutrons. The 
surface of a control rod is, therefore, a boundary 
where the density of thermal neutrons vanishes. 
However, the density of fast neutrons does not 
vanish at the surface of the control rod and the 
densities of fast and of slow neutrons arc not 
proportional any more. Problems of this nature 
call for more complicated equations than ( 8 ). 
The most important results toward the solutions 
of these problems are due to Messrs. F. L. 
Friedman, A. M. Weinberg, and J. A. Wheeler. 

Even the simple Eq. ( 8 ) raises a number of 
interesting problems. If the shape of the pile is 
at all complicated—which is almost invariably 
the case if the chain reacting material is liquid— 
the solution of ( 8 ) could be obtained only by 
perturbation methods. Some of these show a re¬ 
markable similarity to the Rayleigh-Schrodinger 
method with which we are familiar from its 
application to quantum-mechanical problems. 
We owe many interesting results on ( 8 ) to 
Messrs. F. Murray, L. W. Nordheim, and H. 
Soodak. 

A good part of the work in this connection is 
too special to be taken up in detail. Another part 
will be dealt with by the speakers following my 
address so that I may close the subject of the 
calculation of multiplication constants and criti¬ 
cal sizes. I would not like to do this before 
Emphasizing that, in my opinion, a good deal of 
gftork remains to be done in this field. In partio 
"Waiv the behavior of “thermal” neutrons in the 
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pile and the transition from fast to thermal 
energies requires further clarification both from 
the experimental and from the theoretical side. 
But there remain interesting details to be worked 
out in almost any part of the theory. There are, 
also, some problems which have already com¬ 
manded considerable attention but which I have 
not even touched. Chief among these is the 
change in the neutron densities with time if Eqs. 
( 6 ), (7) are not exactly fulfilled and the ‘pile is 
cither below or above critical. Messrs. R. F. 
Christy, L. W. Nordheim, and J. E. Wilkins 
were particularly active in this field. 

3. EFFECT OF RADIATION ON MATTER 

The radiation densities, both 7 and neutron, 
are higher in a plutonium producing pile than 
can be maintained outside the pile for extended 
periods. The effect of these radiations on the 
structure of materials was one of our early 
concerns from the theoretical point of view. The 
experimental work was carried out in the Chem¬ 
istry Division. Dr. M. Burton reported at the 
Atlantic City meeting of the American Chemical 
Society about his, his collaborators’ and Dr. J. 
Franck’s work on the subject. On the theoretical 
side, M. Goldberger, R. S. Mulliken, and F. 
Seitz shared my interest in the subject which still 
has some aspects about which we cannot talk 
freely. 

Clearly, the collision of neutrons with the 
atoms of any substance placed into the pile will 
cause displacements of these atoms. If the sub¬ 
stance is a chemical compound, the displacement 
will result in chemical changes which were, of 
course, investigated already before chain reacting 
units came into being and are summarized, e.g., 
in the booklet of Lind. T All these changes are 
much more intense in the pile owing to the more 
intense radiation. But substantial effects can be 
expected in elementary substances also. The 
matter has great scientific interest because pile 
irradiation should permit the artificial formation 
of displacements in definite numbers and a study 
of the effect of these on thermal and electrical 
conductivity, tensile strength, ductility, etc. as 
demanded by theory. One may expect that 

r Cf. e.g. S. C. Lind, Chemical Effects of a Particles and 
Electrons (Chemical Catalogue Company, New York, 1928). 
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studies of the solid state, particularly of the 
structure sensitive properties, will be greatly 
stimulated by the additional experimental facility 
given by the pile. 

Before a final interpretation of the experi¬ 
mental results can be made, our knowledge of 
the ranges of low energy ions will have to be 
extended. It is on this subject that most of 
Messrs. Goldberger’s and Seitz’s work was con¬ 
centrated and you will hear from them presently. 
A good deal of the rest of our work was specula¬ 
tion which will either be confirmed or refuted by 
future experiments. 

4. THEORETICAL PHYSICS 

As I emphasized before, real theoretical physics 
was always somewhat of a stepchild. This situa¬ 
tion hardly could be remedied in view of our 
many pressing obligations. We tried to free Mr. 
S. M. Dancoff as much as possible from the 
pressure of urgent work and he carried out 
several investigations which are of considerable 
general interest. There is only one other function 
which we did not permit to be pushed into the 
background and this was the problem of keeping 
tables of nuclear constants up to date. Mrs. 
Uchiyamada was in charge of these tables but 
she received a good deal of help from the Project 
Information Department, in particular from Mr. 
Goldsmith who made a really brilliant contribu¬ 
tion. We were happy to learn that these tables 
may be at least partially published soon. 

The theoretical work of the group fell into 
two categories; help with the evaluation and 
planning of experimental work, and real theo¬ 
retical work. Into the first category falls the 
work of Messrs. Cahn, Schweinler, Weinberg, 
and others on the so-called pile oscillator. This 
is an instrument which permits an absorber of 
known or unknown neutron absorbing character¬ 
istics to be put into periodic motion in the pile. 
The oscillation of the neutron absorber causes 
intensitypfraves to spread all over the pile. These 
waves are similar to the temperature waves in 
the earth, generated by the daily and yearly 
heat fluctuations of the heat input on the earth’s 
surface. The amplitude and wave-length of the 
waves permits one to evaluate the characteristics 


of the neutron absorbing oscillators and of 
properties of the pile. 

The work on neutron diffraction received con¬ 
siderable attention on the part of Goldberger 
and Seitz. They interpreted and extended Wein- 
stock’s results 8 considerably and took into ac¬ 
count phenomena not previously considered. 
Their work is being continued by Mr. M. 
Moshinsky in Princeton. There is little need for 
my going into details on this question since Seitz 
and Goldberger will tell you about them presently. 

As a last example, I would like to mention 
Dancoff’s work on short range a-particles. This 
work actually started because of some acute 
problem which was practically forgotten by the 
time Dancoff took over. He noticed that the 
intensity of short range a's is often anomalous 
in the light of Gamow’s theory** which stipulates 
that the o-particle is emitted by an excited 
residual nucleus. Dancoff investigated several 
other mechanisms among which the excitation 
of the residual nucleus by the a-particle after it 
has already penetrated the potential barrier 
seems to be the most important. These theo¬ 
retical investigations have now received added 
interest in view of Chang’s 10 experimental results. 
Chang has discovered Dancoff’s mechanism inde¬ 
pendently. Dancoff will tell you about this phase 
of his work in the afternoon. 

I would not like to close my review of the work 
of our group without expressing my sincere 
thanks to all members of the group for their 
most unselfish and loyal cooperation. 1 have to 
extend my apologies to those whose work 1 may 
have slighted. As 1 said before, we had a very 
concrete objective in mind during the course of 
the work and the most important problems 
solved were not always the ones which now 
appear most worth remembering. We have, how¬ 
ever, encountered a good many interesting prob¬ 
lems, several of which will bear a great deal of 
further study. A glimpse at these problems, 
together with the knowledge of the importance 
of our aims, contributed a great deal to making 
the relations between our group cordial. 


• R. Weinstock, Phys. Rev. 65, 1 (1944). 

• Cf. G. Gamow, Structure of Atomic Nuclei (Clarendon 
Press, Oxford 1937), p. 104 ff. ** 

10 W. Y. Chang, Phys, Rev. 69, 6(T(»' V 16). 
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Composition and Diffraction Effects in X-Ray Microradiographs 
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M icroradiography is not a new art. 

However, its systematic application to 
various problems is rather recent. The principal 
idea of the method is extremely simple: A thin 
sheet of a material is placed on a photographic 
plate and exposed to x-rays. The resulting image 
on the photographic plate is enlarged or examined 
under a microscope; the art consists in obtaining 
reproducible results, which can be unambigu¬ 
ously interpreted. The early work in the field of 
microradiographv was primarily in the field of 
biology 1 and geology.* The first to use it for the 
study of metals were Fournier* and later Trillat. 4 
The latter author especially has obtained inter¬ 
esting examples of the distribution of various 
elements in alloys as well as of internal defects. 
Since then a number of authors have improved 
and described various aspects of this method. 6 
The purpose of the present investigation* was 
not so much to improve the technique as to 
make a careful comparison with results obtain¬ 
able with a conventional light microscope and to 
look for and interpret new diffraction effects. 


THEORETICAL 

The theory of concentration effects is very 
simple and has been discussed in numerous 
places. 1 Only the fundamental facts will be 
recalled here: Every chemical element has its 
characteristic x-ray absorption spectrum. Thus 
by a proper choice of x-ray wave-length (anode 


* Now at the Carnegie Institute of Technology, Pitts- 
burgh, Pennsylvania. 

1 A. Dauvillier, Comptes rendus 190, 1287 (1930). 

* P. Goby, Comptes rendus 156, 686 (1913). 

* F. Fournier, Rev. Metallurgie 35, 349 (1938). 

4 J. J. Trillat, Rev. Scientifique 78, 212 (1940). 

4 For instance: G. L. Clark and W. M. Shafer, Trans. 
A.S.M. 29. 732 (1941). S. T. Gross and G. L. Clark, Ind. 
Radiography 1, 21 (1942). S. £. Maddigan, J. App. Phys 
J8L 43 (1944). S. E. Maddigan and B. R. Zimmerman, 
Vans. A.I.M.M.E. 156, 33 (1944). 
r J* R. Smoluchowski, C. M. Lucht, and J. M. Hurd, 
SPhys. Rev, 68, 100 (1945). 


material and voltage) one can produce a differ¬ 
ence in absorption of various constituents of an 
alloy. Concentration gradients in the direction 
perpendicular to the x-ray beam show up as 
gradients in blackening. A uniform thickness of 
the metallic foil, smaller than the size of the 
concentration non-uniformities, is naturally as¬ 
sumed. Apart from a careful consideration of the 
wave-lengths and absorption coefficients, two 
facts should be borne in mind in the interpreta¬ 
tion of the results; First, that a microradiograph 
is the projection of the whole thickness of the 
foil on the photographic plate and not only of its 
surface and, secondly, that except in the prox¬ 
imity of an x-ray absorption edge, the absorption 
does not depend upon the chemical state of the 
atom. 

The theory of diffraction effects is equally 
simple. However, it was not described previously 
in this connection and so a short description may 
not be out of place. Let us assume that the 
shaded elongated areas in Fig. 1 indicate cross 
sections through various grains in a metallic foil 
placed perpendicularly to the plane of the draw¬ 
ing, and that the lines themselves indicate ori¬ 
entation of a set of crystallographic planes in each 
grain. Monochromatic x-rays passing through 
the foil in the direction indicated by the arrows 
will undergo absorption according to the usual 
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Fig. 1. Diffraction effects on grain boundaries. 
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law relating loss in intensity to the thickness of 
the traversed material. However, if the direction 
of these x-rays happens to form a Bragg angle a 
with a set of planes in a particular grain, then 
the radiation will be diffracted and it will come 
out from the foil at an angle 2 a with the original 
direction. Naturally the path of these x-rays in 
the foil is longer than if they were not diffracted, 
and so the intensity transmitted through that 
grain will be correspondingly weaker. Because 
of the exponential character of absorption this 
difference may be quite large. This “effective 
thickness” may vary from grain to grain and so 
various degrees of transmission can be expected. 

Grains adjoining that grain which happens to 
diffract the x-ray beam do not need to be them¬ 
selves in an orientation suitable for diffraction. 
In general we would expect thus two effects to 
be observed at the grain boundary: If in one 
grain the x-ray beam is diffracted away from 
the boundary (in Fig. 1 the left boundary), then 
there should be a white line along the boundary. 
If, on the other hand, the radiation is diffracted 
towards the boundary, then in the adjoining non¬ 
diffracting grain we should observe a dark line 
along the boundary (right boundary in Fig. 1). 
If two adjoining grains diffract, then, depending 
upon the relative orientation of the grains, their 
boundary may have a light line on one side and 
a dark line on the other. 

If the photographic plate is not in direct 
contact with the metal foil but at some distance, 
say 2 mm, from it, then one observes two areas 
for each diffracting grain: One is a white area 
where the x-ray beam would have reached the 
plate if it were not diffracted, the other is a black 
area where the diffracted beam reaches the plate. 
If the angle of diffraction was large or the 
absorption high, then the dark area may not be 
observable because not much intensity would 
emerge from the diffracting grain. The white and 
the dark area are essentially complimentary and 
can beceadily correlated. Knowing the distance 
between the sample and the plate and the dis- 
tancebe tween the two areas the angle of diffrac¬ 
tion and thus the index of the diffracting plane 
can be calculated. The white and dark lines 
along grain boundaries are limiting cases when 
the two areas, the white and the dark one, 
almost coincide on the photographic plate. 


The condition for occurrence of a Bragg re¬ 
flection is quite sharp and so even a small change 
of orientation of the metal foil with respect to the 
x-ray beam should produce a change in appear¬ 
ance of the microradiograph and in the relative 
intensity of the various grains. Since intensity of 
diffraction depends upon the index of the crystal¬ 
lographic plane which is oriented at the proper 
angle, it follows that various gradations of in¬ 
tensity will be present in a microradiograph of a 
non-oriented polycfrystalline material. An ori¬ 
ented material will show a simultaneous “flash¬ 
ing” of many grains and so microradiography 
provides a new tool for a study of preferred 
orientation. If, instead of monochromatic (in prac¬ 
tice, filtered) radiation, the full radiation of an 
x-ray tube is used, then the contrasts will nat¬ 
urally be lower. 

In the discussion here it was assumed that the 
crystal lattice of the metallic foil is free from 
strain. Naturally this does not need to be true 
and the changes in microradiographs produced 
by strains turn out to be of great interest. Their 
study will be the subject of a later paper. 

The two effects, composition gradients and 
diffraction, can be distinguished in a simple 
manner. It is sufficient to repeat the exposure 
with a slightly tilted sample. If the pattern 
remains the same, it is caused by concentration 
gradients, if it changes it is a diffraction effect. 
Usually a change of the angle of the order of a 
fraction of a degree is sufficient to distinguish 
between the two effects. Naturally a diffraction 
effect may be influenced by a concentration 
gradient. In that case by a proper choice of anode 
material one can reverse the concentration effect 
or eliminate the diffraction effect retaining the 
gradient of blackening due to concentration non¬ 
uniformities. Such a procedure may be necessary, 
for instance, 'in the case of a solid solution in 
which a steep concentration gradient produces a 
gradient of the lattice constant, and thus a 
gradient in the condition for diffraction. 

EXPERIMENTAL TECHNIQUE 

The main experimental difficulty in micro¬ 
radiography lies in preparing the metallic foils. 
However, with certain pra&tKe the necessary 
time is about the same as for preparing regular 
metallographic samples. A thin sti^e, of metal 
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was cut off by a cut-off wheel and then ground 
and polished on both sides. During these opera¬ 
tions, the thin foils were cemented to metal 
blocks so as to assure a perfectly flat surface. In 
certain cases, when it was advisable to avoid 
straining the sample during polishing operations, 
the electrolytic polishing technique was used. 
The sample was again cemented to a copper 
block taking care to establish electrical contact 
between the block and the sample. 

The samples were usually about .05 mm 
(002") thii k and were cemented over an appro¬ 
priate hole in the center of a small brass disk. 
Figure 2 shows the construction of the camera 
in which the ring R with the sample S was placed 
in a centering depression and covered with a 
photographic plate. A cover C was fastened by 
means of two wing nuts. 

The camera was placed within 12 cm from 
the focal spot of a General Electric X-Ray tube, 
Type CA5. The tube was mounted in such a 
manner that the \-ray beam emerged upwards 



in a vertical direction. If it was necessary to tilt 
the camera, then it was placed in a special 
support. By means of a fine dial indicator the 
angle of tilt could be measured to better than £ 
a minute of arc. The photographic material was 
standard 548-0 and 649-G H Eastman Spectro¬ 
scopic Plates cut to appropriate size. Both types 
of plates were developed for 1J minutes in D8 
which we found to give smaller grain than the 
usually recommended D19. The photographic 
plates wore examined with an ordinary micro¬ 
scope. If it was necessary for comparison to 
obtain a regular metallographic photograph of 
the foil, then it was etched in the usual manner. 
Inasmuch as etching produces surface irregu- 



Fic. 3. Photo and x-ray raicroradiographa of a bearing 
alloy. The same area, 1.8 mm diameter, (a) x-ray, Cr 
anode, 20 kv. (b) photo. 
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(a) (b) 

Fiw. 4. Microradiographs of a cobalt alloy. The same area. 1.1 X0.8 mm. 
(a) Cr anode, filtered, 20 lev. (b) Mo anode, filtered, 20 kv. 


lari ties and thus locally changes thickness of the 
foil, it is detrimental to a microradiographic 
study of other effects. For that reason all x-ray 
pictures were taken before the sample was etched 
because it was often impossible to remove the 
etching without destroying the thin sample. All 
illustrations shown in this paper are positives. 

EXPERIMENTAL RESULTS 

If the microradiographic technique would not 
show anything more than is readily visible under 
a light microscope, it would not have much 
significance. It is important, therefore, to stress 
the differences between the two methods. 

A. Concentration Effects 

1. Identification of phases 

If there are several phases in a complicated 
alloy it is often very diffcult to estimate the 
distribution of the various constituents among 
the phases. Figure 3 shows a photomicrograph 
and an x-ray microradiograph of a babbitt alloy 
(82 percent Sn, 9 percent Sb, 9 percent Cu, and 
some minor impurities). The area is exactly the 
same in both pictures. The large square precipi¬ 
tates are much more transparent than the rest 
and so they are readily identifiable as containing 
primarily copper. Several small precipitates do 


not occur in the photomicrograph because they 
do not reach the surface. The light square in the 
lower right of the photomicrograph appears only 
very weakly in the microradiograph indicating 
that the precipitate is very shallow. 

Another example of phase identification is 
provided in Fig. 4 which shows microradiographs 
of the same area of a cobalt alloy (64 percent Co, 
26 percent Cr, S percent Mo, 2 percent Ni, 
1 percent Fe, and impurities) made with filtered 
Cr and Mo radiations. Apart from the nicely 
visible dendritic structure, the finely divided 
phase is easily identifiable as a molybdenum rich 
phase. It is highly transparent to Mo radiation 
and very absorbing to Cr radiation. None of 
the other constituents would show a similar 
reversal. This can be seen from a comparison of 
the absorption coefficients per unit thickness for 
chromium and for molybdenum radiations. The 
respective values are: Co 1120, 374; Fe 910,300; 
Mo 4500, 204; Ni 1290, 418; Cr 640, 213. The 
absorption coefficients of cobalt for both radia¬ 
tions are greater than the corresponding coeffi¬ 
cients for iron and chromium and smaller than 
those for nickel. Only for molybdenum the first 
absorption coefficient is larger the second smal¬ 
ler, than the corresponding values for cobalt. 

In that connection it may be pointed out that 
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Fig. 5. Concentration gradients in a SO percent Au, 50 
percent Ag alloy. Mo anode, 35 lev. Area: 0.9X0.6 mm. 

criteria for good contrast obtained on the basis 
of studies with unfiltered radiation are not well 
applicable if filtered radiation is used. Never¬ 
theless, the following condition, suggested by 
Maddigan* is satisfied in the microradiographs 
here reproduced: 

exp |(mi-m*)<I <0.9, 

where m and m are absorption coefficients of the 
two neighboring areas and t the thickness of the 
layer. 

2. Concentration gradients 

If a metallic surface would etch uniformly, 
then a microscopic examination would not show 
any structure. In other words, what we see in 
such cases are only differences in etching. These 
differences are usually big enough to bring out 
boundaries between various phases in an alloy. 
However, if there is only a gradient of concen¬ 
tration, then it will show up only if there is a 
change in etching characteristics with concentra¬ 
tion. This change, if any, occurs usually for a 
given critical concentration within the solid solu¬ 
tion and so, instead of a gradient, there appears 
und)Nr the microscope an outline of the boundary 
between the regions of higher and of lower 
Concentration than critical. Microradiographs 
are naturally very suitable for the study of 
concentration gradients. Figure 5 is a micro¬ 
radiograph of a 30:50 gold-silver alloy with very 
pronounced concentration non-uniformities which 
are due to rapid cooling during the process of 
Crystallization. 

Microradiographs also show concentration 
^gradients surrounding separated phases. In Fig. 

8 & 


4 each molybdenum-rich phase is surrounded by 
a gradually vanishing gradient of concentration 
reaching deep into the surrounding matrix. 
Similar effect is visible in Fig. 6 in a 75 percent 
Mg, 25 percent Pb alloy, which is in “as cast” 
condition.* 

Perhaps the most striking comparison of a 
microradiograph and a photomicrograph is in 
Fig. 7 which shows a 70 percent A1 30 percent 
Ag and a 90 percent Al, 10 percent Zn alloy, 
respectively. The two Al-Ag pictures show the 
same area and the contrast between the chaotic 
photograph and the highly organized x-ray 
picture is striking. Many details of the photo¬ 
graph appear to be accidental surface irregu¬ 
larities having no significance as far as the under¬ 
lying, highly symmetric dendritic structures, as 
revealed by x-rays, is concerned. The white net¬ 
work is naturally silver. The Al-Zn alloy pictures 
do not show exactly the same area but a char¬ 
acteristic area from the same grain. (The area 
of the microradiograph was accidentally badly 
scratched after the x-ray pictures were taken.) 
Here the contrast between the large etched spots 
on the surface and the actually quite small 
precipitates surrounded by a zinc gradient is 
very striking. It is a typical example of etching 
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Fig. 6. Concentration gradients in a 75 percent Mg, 
25 percent Pb alloy. Cu anode, filtered, 20 kv. Area: 
1.1X1.1 mm. 


* Solubility of Pb in Mg at 475°C is about 3.7 at. percent, 
at room temperature about 1.4 at. percent. The referee 
kindly pointed out that the blackening gradients may be 
caused fey an oblique position of a grain boundary precipi¬ 
tate. Probably both factors play a rote. 
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Fig.J7. Photo and x-ray microradiographs (area: 1 . 2X1.2 mm): (a) 70 percent Al, 30 percent 
Ag alloy, Mo anode, 35 kv. (b) 70 percent Al, 30 percent Ag alloy, photo, (c) 80 percent Al, 20 
percent Zn alloy, Cr anode, 20 kv. (d) 80 percent Al, 20 percent Zn alloy, photo. 



I. Diffraction along grain boundary in an iron (oil, 
Cr anode, 20 kv. Area: 0.8X0.9 mm. 


of the “critical concentration” within the range 
of concentration gradient. These two examples 
show clearly how misleading conclusions can be 
drawn from conventional microscopic study of 
metallographic samples. 

An interesting application of microradiography 
is the study of diffusion. One of the authors has 
used this method in the control of samples in a 
study of diffusion of copper in aluminum. 7 

B. Diffraction Effects 

As discussed above, in microradiographs, there 
occur also diffraction effects connected with ori¬ 
entation of the individual grains. A few char¬ 
acteristic cases are illustrated in the following 

» F. J. Radavich and R. Smolurhowski, Phys. Rev. 05, 
257 (1943). 




Volume 17, November, 1940 


m 





Fic 9. Diffraction effects in a copper foil. Cu anode, 
filtered, 20 kv. Diameter 3.3 mm 



Flo 10 Same as Fig. 9, tilted 



Fto. 11. Diffraction and concentration effects in a copper-beryllium alloy. Cu anode, filtered, 20 kv. Area: 0.9X0.7 mm 


microradiographs. Figure 8 shows a typical white 
line parallel to the grain boundary in pure iron. 
Naturally, the white line gradually disappears 
as the boundary turns into the direction of the 
diffraction. The diversity and clearness of the 
general diffraction pattern in a polycrystalline 
foil is illustrated in Fig. 9 which shows a micro- 
radiograph of an electrolytically polished copper 
foil. The differences in intensity of various grains 
and the relative displacement of the dark and 
the light areas are well visible. The small spots 
are caused by defects in the photographic emul¬ 
sion. The influence of tilting on the general 
diffraction pattern is illustrated in Fig. 10 which 
should be compared with Fig. 9. The change in 


relative blackening is evident. Finally, Fig. 11 
illustrates how a diffraction pattern can be 
differentiated from a concentration effect in the 
case of a copper-beryllium alloy. On tilting, the 
diffraction pattern due to some deformation 
‘changes while the dendritic structure remains 
unchanged. The diffraction from a single branch 
of a dendrite is particularly interesting, because 
it shows that even one individual member of a 
whole dendrite can be distorted. A more detailed 
microradiographic study of this alloy is under 
way. 

These few examples indicate the correctness 
of the theoretical considerations and point to a 
new held of application of microradiography. 
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Transient Analysis of Linear Systems, Using Underwater Explosion Waves 

M. F. M. Osborne* and J. L. Carter** 

Naval Research Laboratory , Washington , D. C. 

(Received June 7, 1946) 

1 he indicial admittance of a simple mechanical system, a tourmaline crystal hydrophone, 
has been determined from its response to an underwater explosion wave. The indicial ad¬ 
mittance is simply related to the observed response to the explosion wave—the observed 
response is just the indicial admittance “wrapped around” an exponential, e~ tfr . The rela¬ 
tive frequency calibration of two hydrophones obtained by Fourier analysis of their responses 
to the explosion wave is in good agreement with the direct continuous wave comparison. 

The peak pressure of the explosion wave is also determined from this Fourier analysis, it is 
suggested that the explosion wave can be used as a tool in acoustical "circuit analysis” in 
much the same way that a square wave generator is used in electrical circuit analysis. 


I N a previous paper 1 an iterative, numerical 
procedure was given for determining the 
indicial admittance, or response to the unit 
function, of any linear system, from its response 
to a known, arbitrary transient. In this paper an 
application of this method is made to a simple 
structure, a tourmaline crystal hydrophone. The 
transient used was the pressure wave from an 
underwater explosion—a No. 8 Dupont electrical 
blasting cap. This transient has a simple and 
known form, 1 * that of an exponential decay, 
/>=/we~' /r . The time t is measured from the 
instant of arrival of the shock front, and r is 
the ‘‘time constant" of decay. 



Flu. I. Frequency calibration of hydrophones compared. 
0 db— 1 volt/dyne-cm*. 

* Vibration Section, Sound Division. 

** Mountain Lakes Laboratory, New Jersey. 

1 M.F. M. Osborne, J. App, Phys. 14,180-3 (April, 1943). 
*M. F. M. Osborne ana S. D. Hart, “Transmission, 
reflection and guiding of an exponential pulse by a steel 
plate in water. Tl. Experiment,” J. Acous. Soc. Am. 18,170 

"SB F. M. Osborne and A. H. Taylor, “Non-linear 
^rofx^don of underwater shock waves,” Phys. Rev. 70, 


The explosion wave was also used to obtain 
the relative frequency calibration of two hydro¬ 
phones, using methods quite similar to those 
used by Bedford and Fredenhall 4 in obtaining 
the frequency calibration of a television amplifier 
with a square wave generator. Since the absolute 
calibrations of the hydrophones were known 
independently, this analysis also gave informa¬ 
tion about the explosion wave. 

The two hydrophones analyzed were similar 
and consisted of a stack of tourmaline disks, 
set in a metal sphere filled with castor oil, with a 
rubber acoustic “window” over the face of the 
crystals. The frequency response curves of the 
two hydrophones A and B are shown in Fig. 1. 
Oscillograms of the responses of these hydro- 



Kiu. 2. Typical oscillograms of hydrophone A. The spot 
modulation frequency is 20flk kilocycles/sec. 


4 A. V. Bedford and G. L. Fredenhall, Proc. I.R.E. 30, 
440-447 (October, 1942). , , 
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Fig. 3. The incident transient, or pressure in the ex¬ 
plosion wave as a function of time. The ordinate units are 
arbitrary, being given in terms of the peak pressure as unit. 

phones to the explosion wave were obtained with 
a television amplifier and cathode-ray oscillo¬ 
graph.* Typical oscillograms are shown in Fig. 2. 
The time scale is given by modulation of the 
spot intensity. 

In order to obtain the indicial admittance of 
the hydrophone from the observed oscillograms, 
one has to know the true shape of the explosion 
wave. This in turn has to be obtained from 
oscillograms from other pressure gauges known 
to be flat over a frequency range much greater 
than the range of interest of the hydrophone 
under investigation. The adopted shape of the 
explosion wave, taken as a mean from a number 
of gauges,*- * is given in Fig. 3, full curve. The 
dotted and dashed straight lines are exponential 
approximations, 

Using the method previously described, 1 with 
the full curve of Fig. 3 as the incident transient, 
the indicial admittance (full curve) of Fig. 5 
was obtained. If the straight line approximations 
of Fig. 3 are used as the incident transient, the 
analysis is considerably simplified, as follows. 

If 1(0 is the unit function, and H(p) the 
impedance operator of the hydrophone (here 
p—d/dt, not pressure), A(t) the indicial ad¬ 
mittance, then 

H(p)+(t)~A(t). (1) 

Now the impedance operator or operational 
equivalent for a simple exponential function is 
p/(ap+b), so that 

P/(ap+b) -1(f)(2) 
where a—l/pmu, b~l/pm*T. (This is easily 

*72 


shown from the differential equation of a circuit 
consisting of a battery, resistance, and capaci¬ 
tance in series.) 

Hence the inverse operator, a+b/p, operating 
on the exponential explosion wave p mU itr t,T con¬ 
verts it into the unit function 

(a+b/p)-p ma tr>i* =1(1). (3) 

Now the impedance operator Ii(p) operating on 
the explosion wave gives just the observed 
oscillogram 0(t) 

H(P)-pm*xtr*i T =0(t). 

Hence, using (3) 

(a+b/p)H(p)p ma r«*-(a+b/p)-0(t), 
H(p)-l(t)=A(l) = (a+b/p)-0(t). 

One has therefore the very simple rule; to 
convert the response to the exponential (ob¬ 
served oscillogram) to the indicial admittance, 
one simply takes a linear combination of the 
observed oscillogram and its indefinite integral, 
i.e., the ordinates of the oscillogram and its 
“integral curve” (Fig. 4) are combined in con¬ 
stant proportion. The result of this process is 
shown by the dotted and dashed curves of Fig. 5, 
corresponding to the curves of Fig. 4. They fall 
below the full curve, corresponding to the over¬ 
estimate of the time constant (b too small). 

It will be observed, by comparing Figs. 4 
and 5, that the contribution of the integrated 
term becomes more and more nearly a constant, 
so that the observed oscillogram is, after a short 
time, just the indicial admittance lowered by a 
constant amount. Essentially, the observed oscil¬ 
logram is just the true indicial admittance 



Fig. 4. The observed oscillogram for hydrophone A and its 
integral curve. 
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“wrapped around” an exponential type function. 
However, if the time constant of the explosion 
wave is very short compared to the characteristic 
periods of the structure under investigation, the 
observed response will be approximately the 
derivative of the indicial admittance. 

The simple relation which exists between the 
indicial admittance and the response to the 
explosion wave suggests that the explosion wave 
can be used as a tool in acoustical “circuit 
analysis” in much the same way that a square 
wave generator is used in electrical circuit 
analysis. 2 

As a check on the consistency of the data 
(but not on the assumption that the explosion 
wave is an exponential) one can perform Fourier 
analyses of the oscillograms from two different 
hydrophones and compare the ratio of these 
with the ratio of the calibrations determined 
directly in continuous waves. This was done by 
graphical methods 4 and also by using a mechani¬ 
cal harmonic analyzer whose distinguishing char¬ 
acteristic was its ability to analyze a curve of 
arbitrary base length. 5 The result of this analysis 
is shown in Fig. 6 where it will be seen that the 
explosion wave comparison is in good agreement 
with the continuous wave comparison. 

Since the absolute calibration of the hydro¬ 
phones is known, this analysis can also give the 
spectrum of the explosion wave. Actually the 
Fourier transform of the derivative of the ex¬ 
plosion wave is given, which is equal to the fre- 



TMCJIICOt 

FiO. 5. The indicial admittance of hydrophone A , using 
Figs. 3 and 4. The ordinate scale is arbitrary, the units can be 
either open circuit volts/dyne-cm 1 or coulombs/dyne-cm*. 

§ 0. Mader, Electrotech. Zeita. 30, 847 (September 9, 
1909). 




Fig. 7. “Spectrum” of explosion wave. The dotted curve is 
the theoretical curve for a simple exponential. 

quency time the transform of the explosion wave 
itself. This is shown in Fig. 6. The limiting ordi¬ 
nate for high frequencies is the peak pressure 
This is £*3.5 X10 6 dynes/cm 2 at a distance 
of 18 feet (5.5 meters) from the explosion, a value 
in good agreement with the expected value from 
other more direct methods. 2 ’ * The dotted curve 
in Fig. 7 is the theoretical curve for an expo¬ 
nential explosion wave corresponding to the 
dotted curve of Fig. 5. Systematic deviations 
appear at the low frequency end. This end of 
the curve is poorly determined experimentally, 
since the oscillograms from which the data were 
obtained only lasted one or two periods of the 
corresponding frequency (^5 kc). The deviations 
of points from the simple theory are in the right 
direction (above the curve) since there are some 
theoretical reasons for thinking that the explosion 
wave dies off less rapidly than an exponential for 
large values of the time. , 
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An X-Ray Method for Measuring the Thickness of Thin Crystalline Films 

A. ElbfcNSTEIN* 

Radiation laboratory** Massachusetts Institute of Technology , Cambridge , Massachusetts 

(Received May 31, 1946) 

When x-rays arc scattered from a thin crystalline surface him overlying a crystalline base 
uidteiial, diffraction lines are observed from both materials. Equations are developed for the 
general case of (1) a flat sample and (2) a cylindrical sample expressing the ratio of line inten¬ 
sities from the two materials as a function of film thickness. A usable range of 10~ A cm to 
5X 10“* cm is indicated Experimental confirmation is found in the range 10~ 4 cm to 6X 10~* cm. 


INTRODUCTION 

A LTHOUGH electron diffraction methods arc 
generally used to detect and analyze thin 
surface films, x-ray diffraction patterns have 
been obtained 1 from electrodeposited films of 
copper as thin as 5X10~ 6 cm. In these experi¬ 
ments determinations of thickness were made 
from the time and current flow conditions of the 
electrodeposition process rather than from the 
x-ray patterns which served only to indicate the 
crystal structure present. Since diffraction pat¬ 
terns of thin surface films are composed of dif¬ 
fraction lines from both the underlying base 
material and surface layer, it seems reasonable 
to expect that a comparison of the relative, 
integrated intensities of the two sets of diffrac¬ 
tion lines can be used as a measure of the surface 
film thickness. Such a comparison must take into 
account differences in absorption, crystal struc¬ 
ture, and structure factor of the two materials as 
well as geometrical considerations. Equations are 
developed for use in obtaining the thickness of 
thin surface films on either flat or cylindrical 
samples. An experimental verification is found 
in the case of the cylindrical sample. 

Since the completion of this work two ab¬ 
stracts have appeared describing thickness 
measurements of thin coatings using x-ray tech¬ 
niques. One of these methods, 1 based essentially 
on absorption, compares the intensities of 
certain diffraction lines of the base material 

* Now at the Physics Department, Massachusetts In¬ 
stitute of Technology. 

** This paper is based on work done for the Office of 
Scientific Research and Development under contract 
*1 OEM -262 with Massachusetts Institute of Technology. 
% * G. L. Clark, G. Pi«h, and L. E. Wee* J. App. Phy». 15, 

Spirit* and H. Friedman, Bull. Am. Phye. Soc. 20, 
* No- 4 (1045), 


observed before and after coaling with the 
surface layer. From this measured intensity 
ratio, the absorption coefficient of the surface 
material and the geometry of the arrangement, 
it was possible to determine metal plating thick¬ 
nesses in the range 10~* cm to 10~" 2 cm. The 
second method, 1 essentially that which is de¬ 
scribed in this paper, compares the intensities of 
diffraction lines from the surface and base 
materials. An equation is shown for the special 
geometrical condition of back reflection and is 
verified experimentally in the thickness range 
of 10~ 4 cm. 


FLAT SAMPLE 


Figure 1 shows a collimated, homogeneous, 
primary beam of wave-length X and intensity 7 0 
falling upon a mass of crystalline powder having 
a total volume V. A total power P is diffracted 
into the Debye-Scherrer halo forming a cone of 
semi-apex angle 26. The power which is diffracted 
into a circular segment of length s and is recorded 
by a cylindrical strip of film is given by 4 


Iose*\* 1+cos* 26 

P'=_- -jpvpF * (1) 


16xrwV 


sin 26 sin 6 



* R. B. Gray, Bull. Am. Phys. Soc. 20, No. 5 (1945), 

4 International Tables for m Determination of Crystal 
Structures (Gebrflder Bomtraeger, Berlin, 1935), p. 561. 
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where 

JV-number of unit cells per unit volume or 1 /Vc where 
Vc is the unit cell volume, 
multiplicity, 

F~ crystal structure factor, 
r» camera radius, and 

A(0 )—correction for absorption in the sample. 
e, *f, and c have their usual significance. 


The power dP{ diffracted from the volume 
element dVi is, 

dPt-KNtPiFi'QL. P.M (9)4 Vu (2) 

where 

K~(IoS*\*) + (l6rrm*c*) t (3) 

and includes those terms which are independent 
of the particular volume element chosen. (L.P.) 
designates the usual Lorentz-Polarization factor. 

The geometrical arrangement for the general 
"case of diffraction from a double layer flat 
sample is shown in Fig. 2. A primary beam of 
intensity 7 0 and cross section Ao falls on the 
sample at an incident angle a irradiating a pro¬ 
jected area A. This gives rise to a diffracted 
power dPi from the volume element dV i of 
layer 1 and to dP% from a similar volume element 
of layer 2. Radiation scattered from dV i must 
traverse a total path length in layer 1 of xy\ where 


xy\=x 


(— 

\sin a 


1 

sin (20i— 



(4) 


Introducing the absorption correction and 

dVi=Adx, (5) 

dPi*—KANi*piFi i (,L.P.)i exp {-mxyi\dx, (6) 

where pi is the linear absorption coefficient and 
Fi the crystal structure factor for the material 
of this layer. By integration between the limits 
0 and l, the power scattered from layer 1 of 
thickness l, 

P l '=KAN l 'p l F l *(L.P.) t--- — — —. (7) 

myi 

* > 

Outsider the scattering from the volume ele¬ 
ment dV% of layer 2 which is located at a depth 
greater than l below the surface. The total path 
traversed by the diffracted rays is 

lyx+xyt (fi) 

in layers 1 and 2, respectively. By substitution 
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in (2) the diffracted power is, 
dP t '=KA MPtFX L.P.), exp ( 

exp {-mxy t )dx. (9) 

If the absorption coefficient mi is made large, 
either by a suitable choice of backing material or 
primary beam wave-length, layer 2 may be con¬ 
sidered as having an infinite thickness for pur¬ 
poses of integration. Hence, integration between 
the limits 0 and « yields, 


Pt'-KANt'ptFxK L.P.)r 


exp {—m i/y,) 


( 10 ) 


The ratio of integrated intensities from the 
materials of layers 1 and 2 is (7)/(10) or 

Pi N i ' t p 1 Fi i ntyi(L.P.)i 1 -exp | -gi/yi} 

Pi NJpxFJmyiiL.P.)* exp { -mlyt] 

When it is convenient to select for comparison, 
diffraction lines from the two materials falling 
at approximately the same angular position, the 
ratio (11) may be simplified. If 0i = 0t, then 
yi=y» and (L.P.)i~(L.P.)* and 

|WW* I 




=—In 
Miy 


Pt’Ni'PxFM 


fl 




( 12 ) 


The thickness of the surface material may thus 
be determined from measurements of the inte¬ 
grated intensities of selected diffraction lines 
from the two layers. A knowledge is also required 
of the unit cell sizes and the linear absorption 
coefficients of the two materials as well as the 
crystal structure factors an^j. multiplicities for 
the particular hkl reflections. 

If the materials of layers 1 and 2 have ap» 
proximately the same N, p, F, and Values, the 
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Fig. (exp/n/y— 1) r? fu/, see te\t. 


ratio of diffracted powers Pi /Pi is simply 
(exp {n\ly\ — 1). A plot of this exponential func¬ 
tion vs. ml is shown in Fig. 3 for various values 
of the incidence angle a and the reflection angle 
( 26 —a). Because of the interchangeability of a 
and ( 26 —a) in this function, these curves cover 
the experimental range from glancing incident 
angle, 0.1°, to normal incidence angle, 90°, as 
used in the back reflection x-ray method. In 
general, the variation of the exponential function 
with the reflection angle ( 26 —a) is small for a 
given incidence angle a, hence the diffraction 
lines selected for comparison need only fall in 
the same general angular range. Assuming the 
ratio Pi/Pt can be measured between 0.01 and 
100, the experimental limits of thickness meas¬ 
urements by this method are seen to depend 
critically upon the a and (20—a) values selected. 

As an example of the application of this 
method, consider the simple case of a surface 
layer which has the same crystal structure as 
that of the underlying material but different 
lattice constant, atomic structure factor /, and 
absorption coefficient, e.g., silver over copper. 
Selecting the 400 line of Ag and the 222 line of 
Cu which fall at about the same angular position, 


26 =95°, Table I shows values to be substituted 
in (12). Atomic structure values as well as 
linear absorption coefficients are given for the 
radiation wave-length of Cu/sTa, 1.54A. Assuming 
the ratio P//Pi measurable between 0.01 and 
100, a substitution of these values into (12) 
leads to a measurable thickness range for glancing 
incidence, a =0.5°, of 10~ 7 cm to 2X10~‘ cm and 
for back reflection, a =90°, of 10 _# cm to 2X10 -4 
cm. The lower limit of thickness measurement 
could be extended, in the case of glancing in¬ 
cidence, by the selection of lines falling at a 
smaller value of 26, e.g., Ill of Cu and 200 of Ag. 
Irregularities in the surface will tend, however, 
to increase the practical lower limits of measure¬ 
ment. 

CYLINDRICAL SAMPLE 

Figure 4 shows a cylindrical sample of radius 
R and length L intercepting a primary beam of 
collimated radiation and scattering a diffracted 


Table I. 




N 

P 

/ 

F~4f 


A* 

Cu 

(400) 

(222) 

1/(4.01)* 

1/(3.61)» 

6 

8 

24.8 

13.7 

99.2 

54.8 

2280 

455 


m 
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beam at an angle 29 with the incident direction. 
When the absorption coefficient of either layer 
is large, ortly the surface areas AB and A'B' 
contribute to the diffracted beam. The total 
diffracted power P'tu, falling in the segment s of 
Fig. 1, can be represented as the summation of 
scattering dP\ from flat surface elements dA 
integrated over the effective scattering surface 
AB. Then, 



(13) 


where dP\ is obtained by substituting dA for A 
in (7) or (10). Since the surface element 


dA ^LRda, 

substitution into (13) yields, 
KLRN l *p l F l *(L.P.)> 


P' 




*» t 


and 


'f. 


2,1 1-exp {-Mifyi} 


yi 


p' 


KLRNfptFtKl-P.)* 


Tt~ 


M2 


, r *' exp {-m lyi\ 

Jo yt 


(14) 


da, (15) 


da; (16) 



Tablk II. 


AM 111 200 220 420 

2 9 28°5l' 33'36' 48°8' 80°20' 


and the ratio (15)/(16), 
P'^^ NSpiFMiL.P.h 

P'rt* Ni i ptFt t ni('L.P.)i 


L 


*« l 

--(1—exp [~ixjy,})da 
Vi 


r»* 1 

| —exp { -mlyt\da 
Jo yt 


(17) 



Fio. 4. Diffraction from double layer cylindrical ample. 


The integrals of (15) and (16) have been solved 
only by graphical integration and these values 
are designated as Ai and At, respectively. 

Selecting again for comparison, lines in the 
same angular range 0i*=0i, then yi*>yj and 
(L.P.)i*(L.P.)*, hence 

A i—P' tiN t i piFt i in 

~At~ P'roNfaFfa ( ' 

The ratio A\jAt was evaluated as a function of 
nd for specific values of 29. The exact values 
selected were 15° and those which correspond to 
the angular positions of diffraction lines from a 
(BaSr)0 equal molar solid solution for Cu Ka 
radiation, see Table II. The ratio AX/A2 is 
shown as a function of nJ in Fig. 5. This set of 
curves for the case of a cylindrical sample, arc 
seen to correspond roughly to u:e set in Fig. 2 
for a flat sample set at an incident, glancing 
angle of 5°. 
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In practice, the ratio A\!A% is obtained by 
means of (18) from the experimentally measured, 
integrated intensity ratio P'ti/P'ti and the 
thickness / determined from Fig. 5. As an ex¬ 
ample, consider again the case of an Ag layer 
covering a Cu base structure and compare the 
diffracted 400 and 222 lines, respectively. As¬ 
suming the ratio P'ti/P'ti can be measured 
between 0.01 and 100, substitution into (18) 
indicates a measurable thickness range of 3 X 10“* 
cm to 10~* cm. The selection of diffraction lines 
occurring at smaller 20 positions would decrease 
the limits of this range, as indicated in Fig. 5. 

An inspection of (7) and (10) shows that the 
diffracted power dP\ per unit area dA of peri¬ 
phery is symmetrical with respect to variations 
in a, about a = 0. Hence, there is an asymmetrical 
distribution of intensity, power per unit area of 
diffracted beam, across the beam as it is inter¬ 
cepted by the film. This effect is of interest in 
assigning an appropriate correction for the 
angular displacement of diffraction lines and has 
been discussed 1 ( in this connection. 

EXPERIMENTAL 

A series of cylindrical thickness standards 
were prepared to establish experimentally the 
validity of Eq. (18). The samples used were in 
the form of indirectly heated oxide cathodes. 
Nickel cylinders 3 mm in diameter were sprayed 
with a coating of BaCOi, sufficiently thick to 
prevent scattering from the underlying base 
metal. Over these were sprayed thin, uniform 
coatings of SrCOj of differing weights. By heating 
in vacuum at an uncorrected pyrometer tem¬ 
perature of 800°C, the carbonates were con¬ 
verted to the oxides BaO and SrO. At this tem¬ 
perature no interdiffusion of the two layers to 
form a solid solution could be detected in the 

*A. Taylor and H. Sinclair, Proc. Phys. Soc. 57, 108 
(IMS). 

* B. E. Warren, J. App. Phys. 16, 614 (1945). 


x-ray patterns of the wax protected cathodes. 7 
These patterns were obtained using filtered 
Cu Ka radiation, a 3X0.5-mm slit collimator 
and a 4.70-cm radius camera. Microphotometer 
tracings were made of the lines diffracted from 
the 111, 200, 220, and 420 planes of SrO and 
BaO. As both materials have the same crystal 
structure and differed by only 15 percent in 
lattice constant, the hkl lines of SrO were (^in- 
pared directly with the corresponding lftfBf of 
BaO which fell in approximately the'^same 
angular range. The ratio P'ti/P'ti was simply 
the ratio of maximum line intensities h/I» since 
the shape of all diffraction lines appeared to be 
the same. From the spray conditions, the ap¬ 
parent density of the BaCOa and SrCO* layers 
was known to be 1.2±0.2 g/cm* and 0.8=k0.2 
g/cm*, respectively. SrO coating thicknesses were 
computed from the apparent SrCOj density, 
the weight of each coating, and the coated area. 
These were found to be 1.3X10 -4 cm, 1.0X10“* 
cm, 2.0X 0~* cm, and 6.3X10“* cm. No cor¬ 
rection was made for the small reduction in 
thickness and increase in density produced in 
both layers during the conversion process. The 
experimental points, obtained from (18) with 
pi—pi and appropriate N, F, and n values, for 
the oxides using the apparent density values, fall 
on the A\/A2 curves as indicated in Fig. 5. 

This method of measuring film thickness has 
been used to determine, (1) the thickness of 
electrodeposited layers, (2) the extent of surface 
oxidation after the exposure of the sample to 
an oxidizing atmosphere, (3) the thickness of 
sprayed oxide coatings, and (4) the thickness of 
surface layers produced by a chemical reaction. 

The author is indebted to Professor B. E. 
Warren for his very helpful criticism of this 
manuscript as well as to Miss Eleanor Uhl for 
the evaluation of the function presented in Fig. 5. 


1 A. Eiaenstcin, J. App. Phys. 17, 434 (1946). 
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A New Bridge Photo-Cell Employing a Photo-Conductive Effect in Silicon. 
Some Properties of High Purity Silicon * 1 

G. K. Teal, J. R. Fisher, and A. W. Treptow 
Bell Telephone Laboratories , Inc., Murray Hill , New Jersey 
(Received July 2, 1946) 


A pure photo-conductive effect wa9 found in pyrolyti- 
cally deposited and vaporized silicon films. An apparatus 
is described for making bridge type photo-cells by reaction 
of silicon tetrachloride and hydrogen gases at ceramic or 
$iartz surfaces at high temperatures. The maximum photo¬ 
sensitivity occurs at 8400-8600A with considerable re¬ 
sponse in the visible region of the spectrum. The sensitivity 
of the cell appears about equivalent to that of the selenium 
bridge and its stability and speed of response are far better. 
For pyrolytic films on porcelain there are three distinct 
regions in the conductivity as a function of temperature. 
At low temperatures the electronic conductivity is given 
by the expression e**Af(T) exp—(E/2kT). At tempera¬ 


tures between 227°C and a higher temperature of 400- 
500°C e~A exp— (E/2kT), where E lies between 0.3 and 
0.8 ev; and at high temperatures <r~A exp— (E/2UT), 
where JS-1.12 ev. The value 1.12 ev represents the separa¬ 
tion of the conducting and non-conducting bands in silicon. 
The long wave limit of the optical absorption of silicon 
was found to lie at approximately 10,500A (1.18 ev). The 
data lead to the conclusion that the same electron bands 
are concerned in the photoelectric, optical, and thermal 
processes and that the low values of specific conductances 
found (1.8X10” 1 ohm” 1 cm” 1 ) are caused by the high 
purity of the silicon rather than by its polycrystalline 
structure. 


I. INTRODUCTION 

T has long been known that the electrical 
conductivity of certain solid insulating or 
semi-conducting materials can be temporarily 
increased by illumination with light of suitable 
wave-length. 2 Several such materials have been 
employed in resistance bridge type of photo-cells 
and have been commercially available. The con¬ 
ductivity imparted by light is electronic in 
character and results from a photoelectric effect 
occurring within the individual crystals. Two 
types of crystals have been recognized in studies 
of the photo-conductivity of various solids. Some 
materials exhibit photo-conductivity when chemi¬ 
cally pure and in the form of perfect or nearly 
perfect single crystals. These are known as 
idiochromatic crystals; typical examples are 
diamond, zincblende, sulphur, the red variety 
of selenium, stibinite, and cinnabar. Other ma¬ 
terials show no photo-conductivity in the pure 
state and acquire it only through incorporation 


* This pttper is based in whole or in part on work done for 
the Office of Scientific Research and Development under 
Contract OEMar-1231 with the Western Electric Company. 

1 Presented at meeting of the Am. Phys. Soc. April 26, 
1946. Phys. Rev. 69, 686A (1946). See also NDRC Sec. 
16.4-37 Report, Jan. 4,1945, G. K. Teal. 

• For summary see A. L. Hughes and L. A. Du Bridge, 
Photoelectric Phenomena (McGraw-Hill Book Company, 
Inc., New York, 1932), Chap. VIII; F. C. Nix, Rev. Mod. 
Phys. 4, 723 (1932); A. L. Hughes, Rev. Mod. Phys. 8, 294 
(1936). 


of impurities into the regular crystal lattice, by 
irradiation by x-rays or ultraviolet light, by 
application of high electric fields, or by thermal 
treatment to displace constituents from their 
normal lattice positions or partially to decompose 
the material so as to result in a stoichiometric 
unbalance of the normal lattice constituents. 
Such materials are known as allochromatic 
crystals and include the alkali, silver, and 
thallium halides. There are, in addition to the 
particular materials mentioned, a great number 
of other materials that have been investigated in 
polycrystalline form and found to be photo¬ 
conducting but which have not been studied 
sufficiently to permit their classification. 

The process of conduction has been shown to 
be the sum of a primary effect and secondary 
effects. The primary process is instantaneous 
whereas the secondary process is the result of 
the passage of current and may take many 
minutes before reaching an equilibrium state. 
It is of considerable practical import for some 
purposes, therefore, that the material employed 
in a resistance bridge photo-cell shall have a 
highly sensitive primary current accompanied 
by little or no secondary current. 

The best known commercial bridge photo-cells 
are perhaps the selenium and thalofide cells. The 
photo-conductive effect in the selenium cell is 
accompanied by large secondary effects. The 
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secondary effects in thalofide, however, do not 
appear to be so serious. 

During the war several investigators observed 
photo-effects in silicon. In the present paper we 
shall describe a pure photo-conductivity found 
in silicon* and a method of preparing bridge 
photo-cells employing the effect. Experimental 
evidence will be presented tending to prove that 
silicon is an idiochromatic crystal with minor 
secondary effects. Several attractive features of 
the cells will be described. 

n. METHODS OF PREPARING CELLS 

Silicon cells may be prepared by use of pyro- 
lytically deposited or vaporized silicon. The 
cells described below were made by pyrolytic 
deposition of silicon on ceramic and quartz 
bases. For this purpose the reduction of silicon 
tetrachloride vapors by hydrogen gas at a hot 
surface 4 is satisfactory, it seems likely that this 

1 Since preparing the present paper two reports on other 
photoeffects in silicon nave come to our attention. P. H. 
Miller Jr. and M. H. Greenblatt, U. of Pennsylvania 
OSRD Report No. 412, March 20,1945; and F. C. Brown, 
Phys. Rev- 69,686A (1946). 

* R. H6lbUng,Zeit8.f.aiigewandteChemie40,655 (1927); 
J. N. Pringana W. Fielding, J. Chem. Soc. 95,1497 (1909). 


reaction is a complicated one involving the 
formation of intermediate products of long chain 
silicon chlorides. 6 For the purposes of simplicity, 
however, we shall write it as: 

SiCl 4 +2Hr->Si+4HCl. 

One method of preparing cells has been to 
deposit the silicon films on ceramic tubes sus¬ 
pended on internal tantalum wire heaters in 
flowing silicon tetrachloride and hydrogen gases. 
A schematic diagram of the experimental appa¬ 
ratus is shown in Fig. 1. It consists of a gas flow 
system for providing controlled amounts of 
hydrogen, nitrogen, and silicon tetrachloride to 
the water cooled reaction chamber A in which 
the ceramic tube is suspended by means of the 
internal wire heater, the ends of which are 
connected to water cooled copper electrical leads. 
As can be seen in the diagram the purified 
hydrogen may be introduced into the reaction 
chamber through a by-pass and also through a 
silicon tetrachloride supply branch. Each branch 
is provided with a floating ball flow-meter. The 
amount of silicon tetrachloride introduced into 
the reaction chamber is controlled by the hydro¬ 
gen flow through the silicon tetrachloride boiler 
and also the temperature of the reflux con¬ 
denser 5, which is surrounded by the hollow- 
walled metal thermostat C. Cells have also been 
made by heating the ceramic or quartz base in 
a furnace tube connected to the gas supply 
system in place of the reaction chamber A . 
The temperature of the ceramic base is deter¬ 
mined by means of an optical pyrometer when 
the internal wire heater is used and by means 
of a thermocouple when the furnace is employed. 
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Fig. 2. Spectral sensitivity of silicon bridge photo-cells. 

1 R. Schwartz and H. Meckback, Zeits, f. anorg. u. 
allgem. Chmm 232, 241 (1937); R. Schwartz and R. Thiel, 
ibtd . 235, 247 (1938). 
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Fig. 3. Dependence of the photo-response to X9200 on in¬ 
tensity of illumination. 

One type of cell consists of a thin film of 
silicon on the outside of a ceramic rod about 
95 mils in diameter and about f inch long. 
Another is a thin film of silicon on the flat surface 
of quartz or ceramic of several square inches 
area. The electrodes may be silver paste fired on 
at 600-800°C or a conducting silver paint applied 
and air dried at low temperatures. 

Using the means just described silicon deposits 
readily on ceramic surfaces heated to about 
1000°C or higher. The deposits made at the 
lower temperatures tend to be grainier than those 
made at the higher temperatures. In many cases 
the deposit made at the lower temperatures 
appears to the eye as a brown fuzz. Under the 
microscope this fuzz is seen to be long hairlike 
single crystals. At temperatures of about 1100°C 
and above the silicon deposits as a smooth, hard, 
gray film adhering very firmly to the ceramic 
base. A wide range of film thicknesses have been 
made. In the case of a typical film 5 microns 
thick a deposition time of 1.5 minutes suffices. 
Under a given set of gas flow conditions the rate 
of deposition at 1250°C has been observed to be 
about 5 times greater than the rate at 1000°C. 
The film thickness is a linear function of the 
deposition time. Rate of deposition is approxi¬ 
mately proportional to the silicon tetrachloride 
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concentration' up to a certain concentration 
above which the rate decreases. 

m. CHARACTERISTICS OF THE PHOTO- 
CONDUCTIVE EFFECT 

In Fig. 2 are shown spectral sensitivity curves 
of two typical cells. The maximum for each cell 
is set equal to 100 on an arbitrary current scale 
since the absolute magnitude of the photo-cffect 
in individual cells has not been determined. • 
However, for each separate cell the responses to 
light of different wave-length are on an equal 
energy basis. The response curves are seen to 
correspond closely, the maximum response in all 
cases lying between 8400 to 8600A. The long 
wave-length limits were not determined with 
great accuracy but appear to lie between 12,000 
to 15,000A. The photo-sensitivity in all cases 
extends well into the visible region and decreases 
steadily as the wave-length decreases. 

In order to be certain that* the broadness of 
the spectral maxima was not due to saturation 
effects, the photo-conductive responses of several 
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Fig. 5. Dynamic responses of silicon and lhalohde cells to 
intermittent illumination. 

cells were determined as a function of the light 
intensity for X=9200A under the same conditions 
used in obtaining the spectral sensitivity curves. 
With tungsten light having a color temperature 
of 2848°K the maximum photo-current (uncor¬ 
rected for equal energy) was obtained at about 
X = 9200A. Levy line screens were used as filters 
and their transmissions were determined in the 
same optical setup that was used in making the 
measurements on the silicon cells. The results 
are shown, in Fig. 3, for two cells. In each case 
the photo-current is a linear function of the light 
intensity. The great breadth of the sensitivity 
curves near the maximum is therefore not at¬ 
tributable to saturation effects depressing the 
curve at the maximum. 

In Fig. 4 there are shown plots of the response 
of one of the rod shaped cells to intermittent 
illumination as observed on a cathode-ray oscillo- 
, graph. The light was interrupted by a light 
chopper at the rate of about 240 cycles per 
second. The cell was coupled to the oscillograph 
through a 10,000-ohm resistor. In addition the 
average dark and light currents were measured 
by means of a meter. The curves show that the 
a.c. response is linear with the field applied up 
to about 200 volts per cm. Measurements on 
other cells likewise indicated linearity of response 
with increasing field applied to the film. 

The sensitivities of Several rod shaped cells to 
'Uniform illumination are given in Table I. It 
^Was found that such a condition could be approxi¬ 
mated by placing the rod cells at the center of an 


equilateral triangle, at whose corners are situated 
three frosted bulb lamps. 40-watt bulbs were 
used on a regulated voltage supply. The illumi¬ 
nation was determined by substituting a Weston 
photometer for the silicon cells and averaging 
for the three light sources. The illumination was 
thus found to be 127 footcandles. The potential 
across the cells was 48 volts in all cases. The 
sensitivity observed when the area illuminated is 
small in comparison to the diameter and length 
of the rod is somewhat lower than the above 
values and shows some variation with position 
of the area on the rod. The lower values, how¬ 
ever, appear not to be associated with saturation 
effects due to large flux densities since observa¬ 
tions show that the response varies linearly with 
the total light intensity for small spots and for 
the highest flux densities used. The highest 
sensitivities have been obtained for cells made 
in the glass reaction chamber of Fig. 1. The 
sensitivity of the silicon cells appears consider¬ 
ably lower than that obtainable in the thalofidc 
cell but is considerably greater than that of a 
I.uxtron selenium cell that we have had on hand 
for several years. 

Some idea of the relative speeds of response of 
the silicon and thalofidc cells can be gained from 
the approximate curves shown in Fig. S. The 
curves were obtained on a cathode-ray oscillo¬ 
graph while illuminating the cells with an inter¬ 
mittent light signal of about 240 cycles per 
second. The scales are arbitrary. Though the 
thalofidc cell shows a larger response than the 
silicon cell the speed of response is seen to be 
definitely faster in the case of silicon. The time 
of attainment of an equilibrium state on starting 
or stopping the illumination of a silicon cell is 
less than 0.001 second under the conditions used. 
In selenium the equilibrium state may not be 
reached for many minutes. Measurements of 
the response of some of the silicon cells to an 


Table I. Sensitivity of silicon cells with 
uniform illumination. 


Cdl No. 

X 

Microampere! 

per lumen 
per 200 volte 
per cm 

. w ■ 

Percent 
change 
in dark 
current 
per lumen 

ti/fc 

per lumen 

h/td 
for 127 
ft. candlea 

1P055 

55*8 

1720 

18.2 

2.007 

20S18F| 

74.0 

1890 

19.9 . 

2.054 

20518F. 

34.0 

1040 

11.4 

2.193 
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Flo. 6. Plot of the logarithm of the specific conductivity of silicon films versus l/T°K. 


intermittent light signal showed that the re¬ 
sponse at 720 cycles is S3 to 68 percent of the 
response at 90 cycles.* For one type of thalofide 
cell the 72b-cycle response drops to about 14 
percent of the 90-cycle response.* 

Observations* of the effect of background 
radiation on the silicon cell indicate that it is 
far superior to the thalofide cell in this respect. 
Thus for one silicon cell studied the response to 

* We are indebted to Drs. W. L. Hole and L. R. Posey, 
Jr., of the University of Michigan for these observations. 


intermittent illumination was down to 72 percent 
for 30 footcandles background and to 25 percent 
for 500 footcandles. For the thalofide cell the 
responsivity is down to 0.1 percent for 500-foot- 
candles background illumination. 

Silicon cells heated to a red heat in an oxygen- 
gas flame showed no decrease in sensitivity on 
cooling to room temperature. No other cell that 
we know of could stand such ti&tment. Silicon 
cells have been left in strong sunlight for one hour 
without noticeably deteriorating the response. 

. 
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IV. OTHER ELECTRICAL PROPERTIES OF HIGH 
PURITY SILICON 

Relatively few years ago the sign of the tem¬ 
perature coefficient of resistance of silicon was 
in dispute. One view was that the negative tem¬ 
perature coefficient often observed must be 
caused by thin films or other effects occurring 
at the intergranular boundaries of the poly¬ 
crystalline material. From work done in recent 
years, however, it is generally accepted that 
silicon is a semi-conductor and that in the pure 
state it has a negative temperature coefficient 
of resistance. That a dispute arose is not sur¬ 
prising in view of the difficulty of preparing very 
pure silicon in compact form, the scarcity of 
experimental data on the quite enormous effects 
that even a few thousandths of a percent of an 
impurity can have on the electrical properties 
of a semiconductor, and also the fact that the 
modern theories of the solid state had not then 
been developed. 

In Fig. 6 arc shown experimental data on the 
effect of temperature on the electrical con¬ 
ductivity of a number of samples of silicon. The 
logarithm of the specific conductivity is plotted 
as a function of the reciprocal of the absolute 
temperature. Curves 1, 2, 3, and 4 are plotted 
from data on fused silicon obtained by Schulze. 7 
They are of the same general shape and give 
about the same magnitudes of specific con¬ 
ductivity obtained in more recent samples-of 
fused silicon. The interpretation of these curves 
is evidently the same as that given by Seitz 8 
and Lark-Horowitz and Johnson* in explaining 
similar but more recent data on silicon and 
germanium. Thus the conductivity at tempera¬ 
tures lower than about 500°C is primarily caused 
by electron transitions between impurity centers 
and adjacent bands while the conductivity at 
temperatures greater than about 600°C is pri¬ 
marily caused by electron transitions from the 
lower filled band to the higher unfilled band, 
and the maximum and minimum arise due to 
the inability of the impurities and the filled 
band to supply conductors fast enough to make 

i 7 A. Schulze, Phyaik. Zeita. 31, 10$M (1930). 

* F. Seitz, OSRD report. PB2619,20op. (1942). Office of 
he Publication Bonra of the Dept m Commerce. 

*K. Lark-Horowitz sad V. A. Johnston, P|y». Rev. 09, 
!MA (1946L . ,jT , 
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up for the decrease in conductivity due to 
lattice scattering. At high temperatures, as may 
be seen in the figure, the points fall on a straight 
line in the log a versus 1 IT plot. The slope of 
the line gives the energy separation E of the 
filled and unfilled bands in the solid according 
to the following equation: 

a~A exp[-(E/2*r)l 

where k is Boltzmann’s constant, T is the ab¬ 
solute temperature, and A is a factor that varies 
rather slowly with temperature. Curves 1 .and 2 
coincide very well at high temperatures and lead 
to a value of 1.34 electron volts for the band 
separation. Curve 4 gives a value of 1.14 cv, 
which is in better agreement with Seitz’s value 
of 1.12 electron volts. Curve 3 agrees somewhat 
better with the higher value from 1 and 2. 

The silicon films prepared in the present work 
show entirely different orders of conductivity 
from fused silicon samples. This is shown in 
curves 5, 6, 7, 8, 9, 10, and 11 taken on various 
silicon films deposited pyrolytically on porcelain. 
The curves show three distinctly different regions: 
A straight line, high temperature region, a 
straight line intermediate temperature region, 
and a curved, low temperature region which 
appears to approach a constant slope at —100 
to — 180°C. The curvature is the reverse of that 
observed for fused silicon. There are thus two 
points of change one at about 227°C and another 
at 400® or higher, the exact temperature, in 
the latter case, depending on the magnitude of 
the conductivity. The points of change might 
be correlated with those previously indicated in 
the work of Hblbling 1 " (260°, 410°, 550°) and 
the discontinuous and reversible changes ob¬ 
served at 210° and 430°C in fused silicon by 
Ktienigsberger and Schilling. 11 The general shape 
of the curves is similar to an approximate result 
on a sample of silicon on carbon prepared by 
HOlbling but the conductivities in the present 
work are very much lower. Also the log a vs. \/T 
plot given here makes clear that there are three 
regions involved and indicates why some varia¬ 
tion may occur in the temperature at which the 
upper inflection point is observed. Kdenigsberger 

•* R- HSibling, reference 4. 

“ J- Kfienigsberger and K, Schilling, Ann. d. Phyaik 32, 
179 (1910). 
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and Schilling ascribed the changes they noted 
to polymorphic transitions. However, such poly¬ 
morphic changes have not been reported in the 
x-ray literature and Schulze 7 was unable to find 
evidence for such changes by investigation of a 
number of fused silicon samples up to 1000 <7 C 
with an optical dilatometer. It therefore seems 
probable that the changes are to be correlated 
with changes in the conduction mechanism. 

Below 227°C the curves have a changing slope, 
and A in the above equation must be replaced by 
Af(T). a At the lowest temperature studied the 
curves appear to approach a constant slope 
equivalent to an activation energy of about 
0.08 ev. It was found also that the data of curves 

5, 6, 8, 9, and 10 fit very well an empirical 
equation of the type o—oo aT such that a log <r 
versus T plot gives points approximating closely 
a straight line. In the range of very low tem¬ 
peratures, 100-200°K, which have received only 
minor study, some deviation from the straight 
line may occur. A somewhat more reasonable 
relationship might be found in the fact that 
log a versus log T plots of the data of curves 

6, 7, 8, 9, and 10 give good fits to straight lines 
between about 280-500°K. Some significance 
might attach to the fact that these lines appear 
to converge on a point at about 665°K. In the 
case of curve 5, however, this does not hold and 
the departure from the straight line occurs at 
about 380°K, such that the conductivity appears 
higher than would occur due to maintenance of 
the straight line relationship. We have no 
adequate interpretation of these results at the 
present time. 

The values of activation energy for the inter¬ 
mediate region 227° to 500°C vary, individual 
values of 0.31, 0.45, 0.49, and 0.79 electron volts 
being obtained. 

In the high temperature region individual 
values of E obtained are 1.13 ev, 1.106 ev, and 
1.12 ev. The straight line 12 is the best fit that 
can be d*awn for all the high temperature 
measurements. It represents a band separation 
in silicon of 1.12 electron volts, in good agreement 
with Seitz and with curve 4 from Schulze’s 
work. The values of conductance are in better 
agreement with the data of Seitz than that of 

»F. Seitz, Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940), p. 191. 


Schulze. The high temperature data lead to n 
calculated value of 3.9 X10 - * ohm -1 cm -1 for 
the specific conductivity of pure silicon at 25°C. 
The lowest specific conductivity observed in the 
present work was 1.8X10“* ohm -1 cm -1 . For 
this sample the activation energy of 0.97 electron 
volt was the highest value observed at room 
temperature. 

V. SUMMARY 

The best photo-conducting cells are the ones 
showing the lowest specific conductivity, corre¬ 
sponding to very pure silicon. The long wave 
limit of the photo-conductive effect was not 
measured with great accuracy but appears to 
lie between 12,000 to 15,000A. The thermal 
activation energy of 1.12 electron volts corre¬ 
sponds to a An = 11,000A. This is considered 
strong evidence for the same electron bands being 
concerned in both the photoelectric and thermal 
processes of increasing the conductance. The 
maximum photoelectric sensitivity occurs at 
8400-8600A, equivalent to 1.45 electron volts 
energy. It seems certain that the process is not 
simply a transition between an impurity level 
and adjacent band since this would result in a 
much lower value of Xo (in ev) than was observed. 

Observations on evaporated films of silicon 
indicated a low value of optical absorption in 
the infra-red region. This is in agreement with 
expectations. 1 * Appreciable absorption in the 
shorter wave-lengths starts at about 10,500A, 
increasing rapidly with decreasing wave-length 
until a relatively high value is attained in the 
neighborhood of 8750A. The high absorption 
continues into the visible part of the spectrum. 
The approximate value 10,500A for the long 
wave limit of the absorption, corresponds to a 
separation of the conducting and non-conducting 
bands of silicon equivalent to 1.18 electron volts. 
Such evaporated films also show photo-con¬ 
ductance. The maximum photoelectric sensitivity 
of pyrolytic films is attained at about the same 
wave-length at which the optical absorption 
becomes high. 

The close agreement between the high tem¬ 
perature activation energies and conductance 
observed in this work and in the work of others 

» F. Moglick and R. Rompe, Zeits.' f. Physik 119, 472 
(1942). J. F. Mullaney, Phy». Rev. 66, 326 (19*4). 
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on fused silicon indicates that the high resistance 
values and high temperature coefficients of 
resistance observed in the films deposited on 
porcelain are caused by the very high purity of 
the silicon and not by the crystal size nor by 
intergranular films. The close agreement between 
the activation energies obtained from the photo¬ 
electric, thermal-conductance, and optical data 


suggests the phenomena have a common origin 
—electron transitions from the upper filled band 
to the conducting band. 

Acknowledgment: We are very grateful to 
Mr. E. F. Kingsbury for assistance in deter¬ 
mining the sensitivity of some of the cells and 
in making observations on the optical absorption 
of silicon. 


The Production of High Centrifugal Fields* 

J. W. Beams, J. L. Young, III, and J. W. Moore 
Rouss Physical Laboratory , University of Virginia , Charlottesville , Virginia 
(Received July 15, 1946) 

High centrifugal fields were produced by spinning small solid steel spherical rotors up to 
their bursting speeds. The rotors were supported magnetically in a vacuum by an improved 
method and spun by rotating magnetic fields. The peripheral velocities at which the rotors of 
various sizes, made of the same (flaw free) steel and having the same shapes, exploded, were 
roughly the same and of the order of 10 1 cm/sec. A centrifugal field of 2.4 X10 8 times gravity 
was obtained with a .795-mm spherical rotor which was the smallest diameter tried. Calcula¬ 
tions indicate that in some cases plastic flow probably occurred in smatl regions near the 
centers of the spherical rotors somewhat below their bursting speed. 


W HEN substances are placed in a centrifugal 
field two general types of phenomena may 
occur. The first type depends upon (2irA^) 2 r 2 *u 2 
where N is the number of revolutions per sec., 
r is the radius of the rotor, and v is the peripheral 
speed or upon the energy difference between 
axis and periphery. The second type depends 
upon {iirNYr or the intensity of the centrifugal 
field. In this paper a method is given for pro¬ 
ducing very high centrifugal fields for use in 
the study of the second type of phenomena. 

In a spinning homogenous elastic rotor the 
maximum stress produced is proportional to 
or the square of the peripheral speed. 1 
That is, similarly shaped rotors made of the same 
material will explode when their peripheral 
velocities are approximately equal. Consequently 
for the production of the highest centrifugal 
fields which depend upon (2xiV)V the radius of 
the rotor must be as small as possible. 

For rotors made of a given elastic material 
* the highest peripheral speed should be obtained 
|when the shape is such that the radial and 

£ * * The work described in this paper has been supported by 
the Bureau of Ordnance, U. S. Navy under Contract 
NOrd-7*73. 


tangential stresses are of constant value through¬ 
out the rotor. 1 If hardened high strength steel 
is used for the rotor, some considerable pains are 



1 Stodola, Steam and Gas Turbines (McGraw-Hill Book 
Company, Inc., New York), VoL I, p. 376. 
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required to grind the rotor to the shape required 
by the above condition. However, spherical 
rotors are commercially available in the form of 
high strength solid steel balls for use in ball 
bearings. Consequently, these approximately 
spherical rotors were used in the experiments. 
Also in addition to their availability the calcu¬ 
lated critical vibration frequencies of these 
spherical rotors are well above their bursting 
speeds.* 

EXPERIMENTAL ARRANGEMENT 

The rotors were spun by the general method 
developed at Virginia by a number of different 
workers^ - * for spinning small rotors. However, 
in the present experiments, considerable im¬ 
provements in the apparatus have been made. 
Figure 1 shows schematically the arrangement 
used. *The rotor R is suspended in the axial 
magnetic field of the solenoid 5 and is spun by 
a two phase rotating magnetic field in the two 

* Love, Mathematical Theory of Elasticity (Dover Publi¬ 
cations, New York), fourth edition, p. 285. 

* F. T. Holmes, Rev. Sd. Inst. 8,444 (1937). 

4 F. T. Holmes and J. W. Beams, Nature 140,30 (1937). 

* C. S. Smith, Rev. Sci. Inst. 12,15 (1941). 

* L. E. MacHattie, Rev. Sd. Inst. 12,429 (1941). 


pairs of coils D. The horizontal position of the 
steel rotor is maintained by the symmetrically 
diverging field of the solenoid while its vertical 
position is maintained by an automatic regula¬ 
tion of the current through the solenoid S. 
The small coil L\ is part of the grid circuit of a 
tuned grid tuned plate radiofrequency oscillator 
(Fig. 2) which regulates the current through S. 
It is so arranged that when the rotor rises the 
current through S decreases. These current 
changes are such as to position accurately the 
rotor without observable hunting. An iron tube I 
with f" O. D. ^r" wall thickness and 3f" long 
was placed inside the solenoid to increase the 
field at R. A small iron wire H mounted in a 
glass tube G filled with a liquid assisted in 
damping any horizontal motion of the rotor. 
The glass chamber V surrounding the rotor R 
was evacuated by the usual fore pump, diffusion 
pump cold trap combination. The pressure sur¬ 
rounding the rotor was measured by an ioniza¬ 
tion gauge. 

SUPPORTING CIRCUIT 

The circuit used for supporting die rotors is 
shown in Fig. 2. It will be observed that die 
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Fig. 3. 


“pick-up” coil Li is in the grid circuit of the 
partially neutralized tuned grid tuned plate 
radiofrequency (10 megacycles which is large in 
comparison with the rotor speed) oscillator. The 
effective ll Q" of the grid circuit is critically 
changed by small variations in the height of the 
rotor R. This change is produced by the reflected 
impedance due to induced eddy currents in the 
rotor and to the very slight change in inductance 
and capacity of the coil L\. Consider a virtual 
downward displacement of the rotor. This will 
reduce the amplitude of oscillation in the grid 
circuit and, since the oscillator is partially 
neutralized, the amplitude of oscillation in the 
plate circuit will also decrease. As a result the 
potential across the “cathode follower" will 
likewise drop and cause a lower potential or 
so-called “error” signal to be applied to the 
“error” grid of the 6L7 mixer tube. The plate 
potential of the 6L7 mixer tube will then in¬ 
crease which, in turn, raises the potential on 
the control grid of the 6L6 power tube. This 
causes an increase in current through the sup¬ 
porting solenoid which increases the lifting force 
on the rotor and restores it to its original position. 
.<With this arrangement alone small vertical oscil- 
.Rations or hunting of the rotor occurs so addi- 
% 


tional electrical “damping” was introduced into 
the circuit. This “damping” is obtained by 
mixing the amplified derivative of the “error" 
signal with the “error” signal in the 6L7 mixer 
tube. The derivative of the “error” signal is 
obtained from the capacity-resistance circuit in 
parallel across the cathode follower as shown in 
Fig. 2. The magnitude of the capacity and of the 
resistance in this circuit was obtained by ob¬ 
serving the hunting frequency of the rotor and 
then making the capacitative reactance and re¬ 
sistance such that the derivative signal would 
not be too small and at the same time more than 
80° out of phase with the variation of the “error” 
voltage. The values are given in Fig. 2. This 
derivative signal is amplified by the two triodes 
of a 6SL7 in parallel and applied through trans¬ 
former coupling to the second control grid of 
the 6L7 mixer tube. This arrangement greatly 
stabilized the rotor and reduced all vertical 
hunting and oscillations to such an extent that 
no vertical motion of the rotor could be observed 
with a 20-power microscope focused on markings 
of the rotor. The values of the resistances, 
capacities and inductances are given in Fig. 2. 
The supporting solenoid S was wound with 
20,500 turns of No. 30 wire. Its inside diameter 


JOUR^ OF APPUSD PHYSICS 




was if" and its length 2\". The coil L\ was flat 
wound with 12 turns of No. 32 copper wire. Its 
effective diameter was about 1.26 cm. L t was 
2 cm long, 4.3 cm in diameter, and contained 9 
turns of No. 14 copper wire. L» contained 9 turns 
of No. 28 copper wire close wound next to the 
low end of L%. 

DRIVING CIRCUIT 

The driving circuit which produces the rotating 
magnetic field in the coils D which in turn spins 
the rotor is essentially the same as that used by 
MacHattie.* The 4 coils D are mounted sym¬ 
metrically around the rotor and opposite pairs 
are connected in series. The currents in the two 
pairs of coils differ in phase by approximately 
90° and are tuned to the driving frequency by 
shunting condensers. Figure 3 shows a diagram 
of the circuit. The output of the transition oscil¬ 
lator is passed through a volume control and 
then a phase splitting bridge. Each of the phases 
is amplified and applied to the coils so that the 
currents in the coils D are 90° out of phase. 
The frequency used varied from 100,000 cycles 
per sec. for accelerating the A" (3.97 mm) rotor 
to 500,000 cycles/sec. for accelerating the A" 
(.795 mm) rotor. The constants given in Fig. 3 
were those us^tji to accelerate the tV" (1-59 mm) 
rotor. It wilF'fee observed that the solid steel 
rotor is actually the armature in an induction 
motor. In starting the so-called “slip” is very 
high and gradually decreases as the rotor speeds 
up. However, the torque at high “slips” gives 
good acceleration because of the comparative 
high resistance of the rotor. For example, with 
the tV' rotor the acceleration was roughly 
30 rev./sec.* with approximately 7$ watts input 
to the coils D. During some of the experiments 
the coils D were cooled by a small electric fan. 

MEASUREMENT OF ROTOR SPEED 

At first some difficulty was experienced in 
getting a simple accurate method of measuring 
the rotor speed, but the problem was successfully 
solved by the apparatus shown schematically in 
Fig. 4. One-half of the rotor is polished and the 
other half darkened by dipping in dilute H*SO« 
which had been in contact with metallic anti¬ 
mony. This dark layer is very thin and is not 
destroyed by the highest centrifugal force so 


far obtained. Light from an incandescent lamp A 
is focused on the rotor R and the resulting 
scattered light focused on the electron multiplier 
photo-cell P(931A). The variable output from 
the photo-cell, due to the spin of the rotor, is 
amplified and fed to one pair of plates of a 
cathode-ray oscillograph. This frequency of the 
rotor is then compared in the usual way with the 
frequency of sweep applied to the other pair of 
plates of the oscillograph. This sweep frequency 
was calibrated by a standard frequency oscillator 
(accuracy from .1 to .01 percent) up to 50,000 
cycles per sec. Above this frequency multiples 
of the calibrated frequencies are used. It is 
believed that the rotor speeds are precise to 
three significant figures. 

While the above frequency measurements were 
precise enough for the present experiments, it is 
highly desirable to have better precision for 
deceleration measurements. Accordingly, the out¬ 
put of the photo-cell was made to actuate an 
ordinary scale of 64 counter circuit in such a 
way that the counter counts the number of 
r.p.s. directly. This method gives high precision 
but the present arrangement is not suited for 
counting above 5 X10 4 r.p.s., even with a counter 
clock, especially wound for the purpose. How¬ 
ever, it is hoped to extend its range on up to 
much higher values. 

EXPERIMENTAL RESULTS 

As mentioned before the rotors were solid steel 
spheres (ball bearings). In order to determine the 
axis of rotation a small flat was ground on each 
of the rotors. This varied from 1 mil for the /y" 
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Table I. 


Maximum 

Peripheral Centrifugal calculated 
Diam. of Rotor speed speed acceleration stress 
rotor mm r p s« cm/sec. times gravity lb /in * 


3.97 77,000 9 60X10« 4 71X10* 410,000 

2 38 123,500 9.25X10* 7 20X10* 385,000 

1.59 211,000 1.05X10* 143X10* 498,000 

.795 » 386,000 9.65X10* 2 40X10* 420,000 


rotor to 5 mils for the jV' rotor. This small flat 
surface became the top of the rotor and hence 
determined the vertical axis of rotation per¬ 
pendicular to its surface. The size of the small 
damping needle H (Fig. 1) together with the 
viscosity of the liquid surrounding it is deter¬ 
mined by the size of the rotor. For a tV' rotor H 
was 8 mils and $" long, N was 4 mils and 1J" 
long and the liquid was “three in one” oil. When 
the adjustments are properly made no variation 
in the position of the rotor can be observed. The 
rotor, the glass vacuum chamber, and the driving 
coils are surrounded by a wooden barricade which 
stops the flying parts of the exploding rotor. 
Although the rotors used were grade A com¬ 
mercial steel ball bearings and supposedly free 
from flaws, a number of them exploded at ab¬ 
normally low rotor speeds. These rotors showed 
definite flaws when their parts were examined 
after an explosion. However, most of the rotors 
required very high stresses to explode them. 
Table I gives some of the results obtained just 
before the rotors exploded. 

It will be observed that the maximum per¬ 
ipheral speed for all of the rotors is approximately 
10* cm/sec. and determines the bursting speed 
for the steel used. In accordance with expecta¬ 
tions the maximum centrifugal field was obtained 
with the smallest rotor used and for the .795-mm 
rotor was 240 million times gravity. In the fifth 
column are tabulated the maximum stresses in 
the rotors calculated by the method of Chree. 7 
In the calculations it is assumed that the rotors 
are perfectly elastic. The calculations show that 
the stresses reach a maximum at the center of the 
rotor and fall off toward the surface. Actually 

7 C. Chree, Ptoc. Roy. Soc. SS, 39 (1895). 


the steel is well known to be plastic and it is 
probably that the material in a small region 
around the center of the rotor flows and relieves 
the stresses. Therefore, the calculated stresses 
arc probably well above those actually occurring. 

The air pressure surrounding the rotor as 
measured by an ionization gauge was main¬ 
tained between 10~ 5 and 2X10 - * mm of Hg. 
The “air” friction on the spherical rotor would 
produce a deceleration, when the rotor is spinning 
freely with the driving power off, given approxi¬ 
mately by 


Jog. 


N 

~No 


_-_ 5 P 
rd 


/ M \». 

(—— ) (t-to), 
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where No is the number of r.p.s. at time to; N is 
the number of r.p.s. at time t ; p is the gas pres¬ 
sure in bars, d is the density of the steel = 7.8 
g/ern*, 7'=absolute temperature; 7?“gas con¬ 
stant, M =molecular weight of the gas, and 
r —radius of the spherical rotor. With the 1.59- 
mm rotor spinning freely at about 120,000 r.p.s. 
with a pressure of about 10 -4 mm Hg it required 
roughly two hours to lose one percent of its 
speed. Therefore, the order of magnitude of this 
deceleration can be accounted for by gas friction 
on the rotor. No doubt the rotors are slightly 
non-homogeneous magnetically and the sup¬ 
porting field is perhaps not strictly symmetrical. 
Also, in addition, other small factors such as 
oscillations in the pick-up coil probably add up 
to give a small residual drag. However, in prac¬ 
tice, since the major portion of the drag ap¬ 
parently is due to gas friction, the deceleration 
can be made very small. With proper coupling 
between a rotating magnetic field driven by a 
piezoelectrically controlled oscillator an almost 
constant speed rotor should be obtained. Con¬ 
sequently many experiments requiring constant 
rotor speed as well as high centrifugal fields are 
made possible. 

We are much indebted to Drs. L. G. Hoxton 
and F. Bader for checking some of our cal¬ 
culations. 
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A Cathode-Ray Tube for Viewing Continuous Patterns 

J. B. Johnson 

Bell Telephone Laboratories, Inc., Murray HiU, New Jersey 
(Received June 8, 1946) 

A cathode-ray tube is described in which the screen of persistent phosphor is laid on a 
cylindrical portion of the glass. A stationary magnetic field bends the electron beam on to the 
screen, while rotation of the tube produces the time axis. When the beam is deflected and 
modulated, a continuous pattern may be viewed on the screen. 


I N cathode-ray oscilloscopes as employed for 
viewing transient phenomena the luminescent 
screen with persistent after-glow is often very 
useful, in that the pattern remains on the screen 
and can be observed in detail for a short time 
after the excitation. If the pattern is continuous, 
while varying in content, then the conventional 
cathode-ray tubes offer no convenient way of 
observing the trace without interruption. The 
requirement of continuity arises, for instance, in 



Fig. 1. Photograph of continuous pattern cathode-ray 
tube. A —electron gun; B —graphite coating; C —lumi¬ 
nescent screen; D —high voltage terminal. 


the application to “visible speech patterns’* 1 
where the time-pitch-intensity pattern of sounds 
can be viewed for a few seconds as it is con¬ 
tinuously produced. The cathode-ray tube to be 
described here was designed for experimental use 
in the speech pattern system and other systems 
with similar requirements. 

GENERAL DESCRIPTION 

A novel feature of this tube is that the time- 
axis is produced, not as usual by the electron 
beam moving across the screen, but by moving 
the screen horizontally past the beam which 
remains within a fixed vertical plane, in which 
plane the deflection takes place. The screen is 
applied on the cylindrical circumference of the 
tube, instead of on the end, as shown in the 
photograph of Fig. 1. The electron gun is con¬ 
tained in the longer neck of the bulb which is 
coaxial with the screen, and the electron beam is 
projected along the axis of this neck. By means of 
a set of coils external to the tube a magnetic 
field is maintained throughout the large part of 
the bulb, its direction being perpendicular to 
the axis of the tube. With suitable strength, 
this field bends the beam away from the axis 
within the bulb so that it strikes the screen near 
its equator. A pair of magnetic deflection coils 
placed across the narrow neck of the tube per¬ 
mits the beam to be deflected across the screen 
in a plane through the axis of the tube. Now, 
with the system of magnetic coils fixed, the tube 
itself may be rotated about its axis while the 
beam remains in its fixed plane determined by 
the stationary bending field. The screen then 
moves past the phosphorescefice-exciting end of 

1 R. K. Potter, “Visible patterns of sound," Science 102, 
463-470, (Nov. 9, 1945). R. R. Riesz and L. Schott, 
“Visible speech cathode-ray translator,” h *Acous. Soc. 
Am. 18, 50 (1946). * *' 


Volume if, November, km 





VIEWING APERTURE 


Fig. 2. Horizontal cross section of coil s>stem. 


the beam, say from right to left, and a stationary 
observer sees the history of the trace for the past 
few moments, the time depending on the rate of 
rotation. When an exposed area has made a full 
revolution, the old pattern has become negligibly 
faint, either by its natural decay-rate alone or 
with the aid of some wiping-out process such as 
exposure to light of long wave-length. With 
these basic features of the tube and its operation 
made clear, a more detailed description will 
now be given. 

THE BULB AND SCBBBN 

In order to secure a reasonably long screen the 
bulb is made large. Its middle portion is a 
cylinder 10" in diameter and a little over 3" in 
length. From the cylinder the bulb tapers to a 
wide short neck at one end and a longer and 
narrower neck for the electron gun at the other. 
The latter neck is If" in diameter so as to fit in 
standard magnetic defteCtSSn yokes. The over-all 
length of the baaed &be is 21 inches. 

The screen is deposited on the inside of the 
cylindrical part of die bulb, 3" wide. It is of the 
P7 type of phosphor, with persistent yellow 
after-glow. The parts of the bulb not occupied 
by the screen are covered with a layer of colloidal 
graphite, forming part of the electrode system. 

THB ELECTRON OUR 4 

4 

t 

The kind of electron gun is not critical, but 
electrostatic focusing guns like those of the 


o 



Fi<». S. Vertical cross section of tube in magnetic field. 
Dots indicate magnetic field directed into the paper. 
Electron beams OB , OC, OD. 


Western Electric *325-A tube or the RCA 7CT 
tube have been used, the tube of Fig. 1 having 
the latter type of gun. The electron beam of this 
gun can be modulated, the cut-off point being 
at about —45 volts and the maximum beam 
current several hundred microamperes. The 
graphite coating on the bulb forms the final 
electrode of the gun structure, operated at 
potentials of 5000-7000 volts. This voltage is 
lorought in through the base at the top of the 
tube, all other voltages being ponnected through 
the smaller base at the gun end. The gun must 
be lined up very accurately with the axis of 
rotation of the bulb in order to prevent wander¬ 
ing of the spot while the tube turns. 

THE MAGNETIC FIELDS 

The arrangement of the coils about the tube is 
indicated in Fig. 2 which presents a top view of 
the system. The bending field is produced by a 
set of four roughly square coils whose sides about 
equal the diameter of the tube. By using four 
coils the viewing area can be centered through 
one of them as shown, with the beam to one 
side of the observer. A field strength of about 18 
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oersteds is required for bending the beam to the 
center of the screen. This field, in a^suitable 
direction, is produced by a mmf of about 640 
ampere-turns in each of the side coils and 400 
ampere-turns each in the front and back coils, 
the ratio of field components being II \: H 2 = 8: S. 
This field is not very uniform but since the beam 
makes only a small vertical excursion in it the 
uniformity is not of great moment. 

Below the bending coils and outside their 
main field is mounted the deflection yoke, shown 
in the illustration as a pair of air-core coils em¬ 
bracing the neck of the tube above the electron 
gun. This yoke must be aligned so that its 
magnetic field is closely parallel to the effective 
direction of the bending field, for if the fields are 
not parallel the beam is deflected in an S-shaped 
pattern instead of a straight vertical line. Dis¬ 
tortion is also produced if the deflecting field 
overlaps appreciably the focusing fields of the 
electron gun. The deflection sensitivity is of the 
order of 1 inch at the screen per 50 ampere- 
turns in the deflection coils. 

THE ELECTRON PATHS 

In Fig. 3 is shown a cross section of the tube, 
in the plane of the electron beam, perpendicular 
to the magnetic fields. For simplicity it is assumed 
that the magnetic fields are uniform and sharply 
bounded at the limits of the coil systems, as 
indicated by dotted areas. The outlines of the 
tube are shown to scale, with the axis 0-0 and 
the screen at C-D. Let the radius of the screen 
be X and the distance from the beginning of 
the bending field to the center of the screen at 
B be Y. When the undeflected beam is injected 
into the bending field it describes the path abB 
if the field is adjusted so that the radius of 
curvature of the beam is 

■R-tX’+P)/ IX. 

The field is adjusted for this position of the un- 
deflected beam. When now the beam is given a 
small deflection it enters the bending field as if 
coming in a straight line from the center point 
a of the deflecting field, making the angle <p with 
the axis, and then proceeds in a circle of the 
same radius R, tangent to the line of entrance, 
until it strikes the screen. Extreme rays are 
shown as acC and adD. 


On the basis of the idealized field distribution 
the deflection of the beam from the center of 
the screen is given very closely by the expression 



where X is the radius of the screen. The middle 
term in this expression is of the second order in <p 
so that for small angles of deflection the first 
two terms nearly cancel and 

A ==i? sin ip^Rip. 

Within the range of the screen the deflection is 
surprisingly linear, in spite of considerable varia¬ 
tion in the length of the beam. Astigmatism and 
defocusing would be expected with the type of 
path these beams follow, but neither of these has 
been found very serious. 



Fig, 4.»Mounting rack for the tube. A—Motor; B —»Up- 
ringe; C—deflection yoke; D —driven carriage;;£—bending 
coite; F— screen; G—high voltage terminal 
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MOUNTING OP THE TUBE 

Two methods have been used for supporting 
and driving the tube. In the first, the tube is 
mounted by the bases at each end and driven 
through the lower base. The preferable method 
is to support the main body of the tube in a 
driven cradle, with the bases used only for the 
electrical connections. In either case all con¬ 
nections are made through slip-rings which are 
driven with the tube. The rate of drive has been 
in the range of one to twelve revolutions per 


minute, or .5 to 6 inches per second at the screen. 
Figure 4 shows the tube mounted in a frame with 
bending and deflection coils and with drive of 
the second kind* 
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Improvements in the Stability of the FP-54 Electrometer Tube* 

J. M. Lafferty and K. H. Kingdon 
General Electric Company , Schenectady , New York 
(Received April 23, 1946) 

It was found that a considerable portion of the instability in the FP-54 is caused by variations 
in emission from the thoriated tungsten filament. Operation of the filament at a current which 
neither activates nor deactivates was found to be a good criterion for adjusting the circuits 
employing these tubes. Large fluctuations were observed in emission immediately after activa¬ 
tion of the filament. Greater stability was obtained by increasing the activation time from 
8 to 40 minutes. Filament end shields improved the stability, showing that some rapid fluctua¬ 
tions in emission occur at the poorly activated end portions of the filaments. Long-time drifts 
were not improved by end shields. Tubes with oxide-coated filaments gave greater sensitivity 
and less grid current than tubes with thoriated tungsten filaments. These tubes, however, had 
a tendency to drift. A split type of FP-54 was constructed with a common filament and space- 
charge grid, but with twin control grids and plates. Both oxide-coated and thoriated tungsten 
filaments were used. Operation of these tubes in a bridge type circuit eliminated long-time 
drift and decreased the amplitude of rapid fluctuations. 


T HE FP-54 pliotron is a low grid current 
vacuum tube commonly used as an elec¬ 
trometer for measuring small currents. This tube 
has been described by Metcalf and Thompson. 1 

The sensitivity which can be utilized with this 
tube and its associated circuit using a sensitive 
galvanometer is limited by short-period fluctua¬ 
tions and long-period drifts. It is the purpose of 
this paper to discuss the results of investigations 
made to determine the cause of these variations 
and methods of correcting for them. 

CAUSES OF INSTABILITY 

The causes of instability in the FP-54 tube 
and its associated circuit can be listed as follows: 

* An abstract of die material presented in this paper was 
given at the meeting of the American Physical Society in 
Cambridge on April 27, 1946. 

1 G. F. Metcalf and B. J. Thompson, Phys. Rev. 36,1489 
(1930). 


1. External varying electric fields. 

2. External varying magnetic fields. 

3. Irregular leakage over the surface of the tube en¬ 
velope. 

4. Loose connections and poor rheostat contacts. 

5. Microphonics. 

6. Variations in supply voltage. 

7. Variations in filament emission. 

Figure 1 shows a diagram of the circuit used 
in determining instability. With switch St closed, 
stability was measured by reading the galva¬ 
nometer deflection every half-minute for a period 
of one-half hour and plotting a curve of galva¬ 
nometer deflections against time. The 1.5-volt 
cell, with R\ and forms a potentiometer 
arrangement used in conjunction with 5s for 
increasing the grid bias 10 millivolts when 
making sensitivity measurements on the tube. 

The following precautions were taken to elimi- 
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nate or minimize the causes of instability listed 
above: 

1. Tube apparatus, including all wiring, batteries, galva¬ 
nometer, and shunt were operated in shielded compart¬ 
ments connected by shielded cables. 

2. It was not found necessary to shield the tube and 
circuit from magnetic fields. 

3. The envelopes of all tubes tested were washed with 
alcohol and painted with Aquadag to within f inch of the 
control grid connection. This Aquadag conductor was then 
grounded at a potential equal to that of the control grid. 
The tube was operated in an air-tight grounded brass 
chamber containing phosphorous pentoxide. A rough 
vacuum was maintained in the chamber during tests. 

4. Large heavy duty wire wound resistors, rheostats, 
and potentiometers were used throughout the circuit. 
All connections were soldered and made mechanically 
rigid. 

5. The tube was mounted on sponge rubber, and elec¬ 
trical connections to it were made through flexible leads. 

6. Three heavy duty Philco storage batteries were used. 
The> are of the high gravity type. 

7. Effects due to variations in supply voltage and fila¬ 
ment emission will be discussed in detail below. 

After the precautions noted above have been 
taken, the most important remaining causes of 
instability are fluctuations in storage battery 
voltage and fluctuations due to random discon¬ 
tinuities in filament emission. Figure 1 is one of 
the modified circuits of Du Bridge and Brown. 2 
The resistances in this circuit may be adjusted 
in such a manner that the galvanometer reading 
will be independent of small changes in battery 
voltage. Further, by balancing the space-charge 
grid current against the plate current, the galva¬ 
nometer will remain unaffected by fluctuations 
in filament emission which change the space- 
charge grid and plate currents in the same ratio . 

If for the circuit of Fig. 1, the galvanometer 
deflection is plotted against the battery current, 



Fig. 1. Diagram of circuit used for testing FP-54 pliotrons. 


* L. A. Du Bridge and H. Brown, Rev. Sd. Inst. 4, 532 
(1933). D. B. Penick, Rev. Sd. Inst. 6, 115 (1935). 


there will, in general, be found two balance 
points, marked X and Y in Fig. % % where 
dd/dh * 0. If the circuit is operated at point X , 
one would expect any changes in battery current 
to cause a'decrease in the galvanometer reading. 
However, cases were observed where the galva¬ 
nometer reading actually increased. Cases were 
also observed where the galvanometer reading 
decreased when the circuit was operated at 
point F. These galvanometer deflections might 



Fig. 2. By proper adjustment of the resistances in Fig. 1, 
balance points X and Y may be found where the galvanome¬ 
ter deflection is independent of small changes in battery 
voltage. 

have been caused by increases or decreases in 
filament emission which did not change the 
Space-charge grid and plate currents in the same 
ratio, but could not have been caused by battery 
current changes. It was found that for the 
batteries used, the galvanometer fluctuations and 
drift were no worse when the circuit was operated 
off a balance point. A much better criterion for 
adjusting the circuit was to operate the filament 
at a current which neither activates nor de¬ 
activates it. This is, in general, between 80 and 
95 milliamperes. 

ACTIVATION EFFECTS 

Thoriated tungsten filaments are usually given 
the following treatment to make them good 
electron emitters. First, the filament is heated to 
2890*K for a short period of time to clean the 
tungsten surface and reduce some of the thorium 
oxide in the tungsten. Any thorium appearing 
on the surface is immediately evaporated at this 
temperature. This operation is called flashing. 
Second, the filament is toated to 2155°K for 
several minutes. During this activation process 
metallic thorium diffuses to the,surface and a 
portion of it evaporates prodding a surface 
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Fig. 3. Filament emission as a function of activation time 
for the FP-54. 

layer of molecular thickness. The thorium layer 
produced at this temperature gives maximum 
emission. Third, the filament is reduced to 
1800°K for normal operation. However, in the 
case of the FP-54 the filament is operated at 
1650°K to reduce photoelectric grid emission. 

For filaments which were just activated, very 
large and rapid galvanometer fluctuations (100 
to 150 millimeters with approximate periods of 
| second) were observed, indicating spasmodic 
changes in emission. These effects decreased with 


time, and after the tubes had been in operation 
for 24 to 48 hours, they behaved in a more normal 
fashion. 

Figure 3 shows how the filament emission 
increases with the activation time. Increasing 
the activation time beyond eight minutes does 
not increase the emission appreciably. However, 
it was found that increasing the activation time 
to 40 minutes gave a marked increase in stability. 
This is shown by the curves in Fig. 4. A stability 
curve was first run on a tube which had been 
activated for the usual eight minutes. The fila¬ 
ment of this tube was then flashed at 250 
milliamperes for one minute and activated at 
150 milliamperes for 40 minutes. A stability 
curve was then run again after the tube had 
been in operation for 24 hours. It can be seen 
that the stability is improved and the sensitivity 
increased slightly. 

Tests were also made on tubes with shields 
over the ends of the filament (described below), 
and it was found that the stability improved, 
if the filaments were activated for the longer 
period of time. 

These facts would indicate that the longer 
activation time not only activates the cooler end 



Fig. 4. Effects 
of increasing the 
activation time 
on the stability 
of the FP-54. 


Fig. 5. Stabil¬ 
ity curve for an 
FP-54 with fila- 
mentend shields. 


FlG. 6. Stabil¬ 
ity curve for an 
FP-54 with an 
oxide-coated fil¬ 
ament. 
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portions of the filament more completely, but 
also establishes a more stable equilibrium be¬ 
tween the thorium on and below the surface 
throughout the entire length of the filament. 

FILAMENT END EFFECTS 

If the instability of the FP-54 is caused by 
spasmodic changes in filament emission, one 
would reasonably assume that the effects would 
be more pronounced near the ends of the fila¬ 
ment, where it operates temperature-limited, 
than along the center portion, where it operates 
space-charge limited. 

Some tubes were constructed, having shields 
around the ends of the filaments, so that only 
emission from the hot middle section reached 
the grids and plate. The shields were connected 
to the negative side of the filament lead. Figure 5 
shows a typical stability curve for this type of 
tube. Some of the small fluctuations are smoothed 
out, but the tube still has a tendency to drift 
over a long period of time. The sensitivity is 
reduced slightly because part of the active 
portion of the filament is shielded. 

STABILITY OF OXIDE-COATED FILAMENTS 

Some FP-54 tubes were constructed, using 
oxide-coated filaments in place of the thoriated 
tungsten. The filaments used were of the directly 
heated type, consisting of a coated one-mil 
nickel alloy wire 1.5 inches long. These filaments 
had a rating of 1.5 volts at 120 milliamperes. 

A much higher emission was obtained with the 
oxide-coated filaments operating at a dull red 
heat (700°C) than with the thoriated tungsten 
filaments operating at 1374°C. The space-charge- 
limited emission was also higher for a given 
anode voltage, because there was less voltage 
drop across the oxide-coated filament. The in¬ 
creased emission gave the tube a higher mutual 
conductance and hence a higher sensitivity. 

Figure 6 shows a typical stability curve for 
an FP-54 with an oxide-coated filament. In 
general, these tubes have a tendency to drift. 
It was found that if any of the electrode voltages 
were increased or decreased slightly, the emission 
would increase or decrease slowly for two or 
three hours after the change had been made. 
This effect is very undesirable, since it causes 
the galvanometer zero to drift. 

The grid current for these tubes was about 
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5X10“ W ampere. This is about one-tenth the 
grid current for the standard tube with the 
thoriated tungsten filament. This reduction in 
grid current is undoubtedly caused by the reduc¬ 
tion in photoelectrons emitted by the control 
grid under the action of light from the filament. 


SPLIT ELECTROMETER TUBE 

The use of two electrometer tubes in a Wheat¬ 
stone bridge arrangement as a means of com¬ 
pensating for fluctuations in anode voltage and 
filament current has been described in the 
literature.* Because of the symmetrical arrange¬ 
ment, the effect of external disturbances on the 
grid circuits can also be compensated for. 4 
Random fluctuations in emission from the indi¬ 
vidual filaments are uncompensated, however. 

Du Bridge and Brown* have attempted to 
compensate for fluctuations and drift in filament 
emission by balancing the plate current against 
the space-charge grid current. Once this bridge 
arrangement is balanced, the galvanometer cur¬ 
rent will remain zero for cases where drift and 
fluctuations in emission change the plate and 
space-charge grid currents in the same ratio. 
This circuit, however, is handicapped by the 
asymmetry of the space-charge grid and plate. 
The space-charge grid-draws about four or five 
times as much current as the plate. Under these 
conditions it was found that drift and fluctua¬ 
tions in plate and space-charge grid current do 
not change in the same ratio and that emission 
fluctuations are not entirely compensated for. 

Brentano and Ingleby 5 have suggested that 
the advantages of the two-tube bridge circuit 
could be retained, and in addition random fila¬ 
ment current fluctuations could be compensated 
for, if the two tubes were replaced by a single 
tube with a common filament supplying current 
to two separate sets of grids and plates. They 
have described some preliminary experiments 
showing the feasibility of this method. This 
principle as applied to the FP-54 structure is 
described in the experiments below.' 


'J. C. M. Brentano, Nature 108, 532 (1921). L. A. 
DuBridge, Phya. Rev. 37, 392 (1931). 

4 J. C. M. Brentano, Phil. Mag. 7, 685 (1929). 

* J. C. M. Brentano and P. uigleby, J. Sd. Inst. 16, 81 
(1939). 

*At the time these experiments were made, in the 
summer of 1940, we did not know of the Wtorlc of Brentano 
and Ingleby. ♦* 
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Computations 7 show that the potential mini¬ 
mum around the filament of the FP-54 is located 
out from it at a distance of at least 12 diameters. 
This distance should be great enough to allow 
the space-charge to redistribute itself almost 
uniformly around the filament if a change in 
emission occurred on one side of the filament. 
Thus, changes in emission current should be 
nearly the same in all directions. The larger the 
space-charge density, the more nearly true this 
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Fig. 7. Basic circuit diagram and electrode structure for 
the split FP-54. 


should be. It was thus decided to modify the 
FP-54 structure as shown in Fig. 7a, cutting 
the control grid and plate in two sections. Each 
section is placed in the arm of a Wheatstone 
bridge as shown in Fig. 7b. 

Assuming for the moment that each section 
has identical characteristics, a change in filament 
emission would cause the plate current in each 
arm of the bridge to change by equal amounts. 
Thus, if the bridge is balanced, it will remain so 
independent of changes in filament emission. 
The input voltage impressed across the No. 1 
grid upsets the bridge balance and gives a 
galvanometer deflection. 

For maximum sensitivity, the resistors in the 
bridge arms should have the same value as the 
jplate resistance of one section of the tube. By 
•fesing an FP-54 tube split in half, the sensitivity 

■h 7 1. Langmuir, Phy*. Rev. 21,419 (1923). 


will be decreased to one-quarter of that obtained 
for a single tube circuit with the galvanometer in 
the plate circuit. This is because the mutual 
conductance is reduced to half-value by splitting 
the tube, and the bridge arrangement decreases 
the sensitivity by a factor of one-half.® 

If the split tube could be built exactly sym¬ 
metrical, so that each half had identical charac¬ 
teristics, the bridge balance would be inde¬ 
pendent of variations in the supply voltage E. 
Actually, such tubes cannot be constructed, and 
circuits must be used which will compensate for 
differences in characteristics. 

The circuit conditions to be satisfied in Fig. 7 
arc , 

h =/., ( 1 ) 

dh/dE-dI>/dE, (2) 

and 

Ri-r=R t . (3) 

Because of symmetry, it was felt that (1) would 

be the best condition for balancing out drift and 

fluctuations in filament emission. Condition (2) 



Fig. 8. Split FP-54 circuit diagram. 


Ai-150,000 ojunt 
At ">1000 ohms 
Ag -0-20,000 ohms 
Ri —0-20,000 ohms 
R§ -50,000 ohm« 
At-100 ohms 
At- 75 ohmfl 
At-125 ohms 
At—200 ohms 
Ait -5000 ohms 
An-125 ohm* 

Ait-125 ohms 


Ait-400 ohm* 

Am —50,000 ohmfl 
Am — 35 ohm* 

5—Ayrton shunt 
Si —knife switch 
5t-knife switch 
Vi -0-10 voltmeter 
Vt —0-10 voltmeter 
It —0-100* ammeter 
Is — O-IOOm ammeter 
It -0—100 mlllkimm —mr 

G —galvanometer (2X10~ 19 amp /mm) 


* W, Nottingham, J. Frank, loot. 209, 207 (1930). 
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Fig. 9. Stability curve for a split FP-54 with a thoriated tungsten filament. 


must be satisfied if the bridge is to remain 
balanced, independent of small variations in 
battery voltage. The requirement for bridge 
balance is given by (3), assuming (1) is satisfied. 

Figure 8 shows a diagram of the actual circuit 
used with the split FP-54 tube. The filament cur¬ 
rent is adjusted to its rated value by means of 
J?i». i?g and R 9 are used to adjust the space- 
charge grid and plate voltages, respectively. The 
grid biases are adjusted by means of Ru and Ru. 
The method of balancing this circuit so that 
conditions (1)—(3) are satisfied is as follows: 
With the tube operating at normal voltages, the 
gilds are biased equally at —4 volt. The Ayrton 
flifunt is placed on the » tap, and equal re¬ 
sistances are placed in each arm of the bridge. 
The bias V u on the control grid, is kept constant 
at —4 volts and F a is adjusted until I i = J a . 
2?i8 is decreased until Iz is increased 10 to 15 
percent, and I\ and / a are observed. If It is 
greater than J a , Ru is increased; or if it is less, 
Ru is decreased. /«is then reduced to its normal 
value and F a is again adjusted until Ii equals / a . 


Fig* 10. The split 
FP-54. 



These adjustments are repeated until I\ and / a 
track, i.e., remain equal for a 10 to 15 percent 
change in / s . 

The galvanometer is now connected in the 
circuit. It may be necessary to insert a resistance 
R% or Rk, to obtain a balance within the range 
of £ 10 , but the total resistance of the left arm 
must be kept constant. With the circuit balanced, 
the galvanometer is observed for a time to 
determine if there is any drift. If drift is present 
in a direction that would indicate h to be in¬ 
creasing more rapidly than / a , then Ru or Ru 
must be increased slightly. gives a fine ad¬ 
justment of Ru- If I\ appears to be decreasing 
more rapidly than / a , then Ru or Ru must be 
decreased slightly. By the proper adjustment of 
Ru or Ru, galvanometer drift can be entirely 
eliminated. 

Figure 9 shows a typical stability curve for 
the split FP-54 with a thoriated tungsten fila¬ 
ment. A picture of the tube is shown in Fig. 10 . 
It is constructed from standard FP-54 parts. 
The control grid and plate have the same di¬ 
mensions as those of the standard tube, the 
only difference being that they are cut in two 
sections. One section of the control grid is sup¬ 
ported on the quartz insulators, and the lead is 
brought out through the top of the envelope. 
No special precautions were taken to prevent 
leakage current to the other section of the con¬ 
trol grid. An octal base was used for this tube* 
The standard FP-54 uses a four pin base. 

Encouraged by the high sensitivity and low 
grid current obtained with the oxide-coated 
filament in the single FP-54 structure, it was 
decided to try this filament in the split tube. 
Figure 11 shows a typical stability curve ob¬ 
tained. The sensitivity has been increased to 
70,000 millimeters per v^jt. The objectional 
drift mentioned above for the oxide-coated 
filament was entirely compensated^ for in the 
split tube. Table I gives the operat$^ conditions 
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Fig. 11. Stability curve for a split FP-54 with an oxide-coated cathode. 


Table I. Split FP-54 characteristics. 


Filament voltage 
Filament current 
Space-charge grid voltage 
Control grid voltage 
Plate voltage 


1.5 volts 
0.12 amp. 
+4.0 volts 
—4.0 volts 
+6 volts 


Mutual conductance 25 pd/volt 

Plate resistance (per plate) 40,000 ohms 

Plate current (per plate) 60 /*a 

Control grid current 10 -,# amp. 

Control grid capacity 6.5 wit 


and tube characteristics for the split tube with 
an oxide-coated cathode. 


This tube performed very well indeed, and 
its stability can be depended upon day after 
day. Dr. Aplojr of our laboratory has been using 
one of these tubes in connection with his photo¬ 
electric investigations. His circuit has a sensi¬ 
tivity of 50,000 millimeters per volt and uses a 
grid resistor of 10 10 ohms. He reports that the 
long-time drift is less than 10 centimeters per 
week and that the amplitude of the short-time 
fluctuations is about three times greater than 
the thermal noise of the grid resistor, computed 
for a band width of one cycle per second. 
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A Picturesque Oxidation of Molybdenum Vacuum-Tube Leads 

Herman A. Libbhafsky 

Research Laboratory, General Electric Company, Schenectady, New York 
(Received July 10,1946) 

A picturesque formation of MoO> on vacuum-tube leads gains in interest and importance 
because of its close resemblance to a growth of W«Ou on tungsten powder in the electron 
microscope. 


D URING the annealing of certain large 
vacuum tubes in nitrogen from the factory 
supply, some oxidation of the six molybdenum 
leads is always possible. Very rarely this oxida¬ 
tion results in a luxuriant growth of white needles 
like that in Fig. 1. An almost exact counterpart 
of this phenomenon on a much reduced scale has 
been observed by Schmidt 1 on tungsten powder 
in the electron microscope. 

The nitrogen is known to contain oxygen and 
water vapor, each at a variable pressure usually 
near several millimeters. The gas enters the lower 
section of the annealer, which houses the photo¬ 
graphed portion of the tube and is separated 
from the upper by an asbestos partition. The 
lower section is maint lined near 400°C; in the 



Fic. 1. The oxidation of molybdenum vacuum-lube leads 
(diameter, i inch). 


upper, where most of the annealing occurs, the 
temperature is regulated as follows: (1) raised 
from room temperature to 580° in 45 min. (2) 
kept at 580° for 30 min. (3) lowered to 400° in 
90 min., whereupon the tube is removed. The 
ceramic spacer (see photograph) keeps the leads 
aligned during the heating; since this particular 
spacer had served many tubes, there is no reason 
to regard it as a source of oxidizing agent. 

Qualitative analysis indicated, and x-ray dif¬ 
fraction work proved, that the crystals were 
MoOs. A few simple experiments intended to 
produce them at will failed altogether; a stunted 
yellow growth covering the heated surface was 
all that resulted—apparently Schmidt’s work on 
molybdenum powder in the electron microscope 
turned out the same way. 

Schmidt concluded, by comparing electron- 
micrographs, that his crystals were W«On. The 
formation, in relatively large amount and in 
direct contact with the metal, of the highest 
oxide, but one, of tungsten and of the highest 
oxide of molybdenum is a striking result—especi¬ 
ally in view of the low pressures of the oxidizing 
agents and of the virtually complete absence of 
lower oxides. The lower oxides normally form at 
the surface when a metal is oxidized. It conse¬ 
quently seems necessary to assume that the 
MoO* and the W«Ou are formed above this 
surface by the action of the oxidizing agent on 
the lower oxides; oxygen is much more likely lo 
accomplish this than is water vapor. 

With neither metal is it possible to predict the 
occurrence of the pronounced crystal growth at 
a definite point. It consequently seems plausible 
that an exceptional conditjpn (“active spot") is 
required to initiate this growth, which suggests 
the following picture; At an active spot, oxida¬ 
tion of the metal is rapid enough, to produce an 


1 R. W. Schmidt, Koltoid Zeitt. 102,15 (1943). 
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unusually porous structure at the surface. Oxy¬ 
gen continues to diffuse through this structure to 
generate lower oxides, the oxide superstructure 
being pushed out into space, where it reacts with 
oxygen to form the highest oxide (MoOj or 
W«On) that is stable under the experimental 
conditions. 

Let us interpret the photograph with this 
picture in mind. There must be a temperature 
gradient along the leads during annealing; except 
near the spacer, the flow of gas is predominantly 
upward, both because the nitrogen is introduced 
at the bottom, and because of convection cur¬ 
rents. The salient features of the crystal growth 
with suggested explanations in parentheses are: 
(1) its lower limit (temperature too low further 
down) (2) clumps of crystals usually broad above 
base and narrowest at top (progressively less 
oxygen as top is approached; note, however, 
that some- crystals have been lost) (2) lower 
clumps do not quite reach spacer (oxygen 
“starvation” and physical interference of spacer) 


(4) upper clumps begin some distance above 
spacer (dead space in a gas stream) (5) upper 
limit (temperature too high and/or oxygen 
"starvation”). 

Evaporation and condensation have been 
ignored thus far, even though MoO» and W«On 
are both volatile. Schmidt’s electron-micrographs 
(especially Fig. 1) show thin, long, isolated 
crystals nearly perpendicular to the metal sur¬ 
face. These crystals grow in a rapidly moving 
gas stream at a pressure near 10“* mm. The 
mean free path being large, they could scarcely 
have grown by condensation. Evaporation and 
condensation are more likely to have' been at 
work in the highly branched growth that Schmidt 
(Fig. 4) observed on a substratum of W«On, 
although chemical factors are not completely 
ruled out even here. 

I wish to thank Mr. T. G. Crawford, Elec¬ 
tronics Department, for calling the crystals to 
my attention, and Dr. David Harker for super¬ 
vising the x-ray work that proved their identity. 


Luminescence of (Zn, Be) 2 Si0 4 :Mn and Other Manganese-Activated Phosphors 

James H. Schui.man* 

Sylvania Electric Products , Inc., Salem , Massachusetts 
(Received June 10, 1946) 


Spectral energy distribution and luminous efficiency 
measurements of ZnsSi0 4 :Mn and of various samples of 
(Zn, Be)*Si0 4 :Mn are reported. Quantum efficiencies of 
these phosphors under 2537A excitation are calculated 
from this data. The introduction of beryllium into alpha- 
willemite causes a decrease of the “green’* luminescence 
band of this phosphor and the growth of a new emission 


band with a peak in the neighborhood of 6100A, the high 
quantum efficiency being preserved. The general role of 
manganese as an activator is considered, and the resulting 
picture used to explain the effect of beryllium and other 
substituents for Zn 44 or Si +4 on the spectral properties 
and on the luminescence decay of manganese-activated 
materials. 


I T is well known that the photo-luminescence 
color of (Zn, Be)^iO«:Mn phosphors may be 
varied over a wide range, from green to red, by 
varying the Zn:Be ratio and the concentration 
of the manganese activator. Spectral energy 
distribution data corresponding to these varia¬ 
tions are very meager. According to Leverenz 
and Seitz 1 substitution of zinc by beryllium 
“flattens the [5250A-peaked] alpha-willemite 


, 'Present addren: Crystal Section, Naval Research 
Laboratory, Washington, D. C. 

' *H. W. Leverenz and F. Seitz, J. App. Phye. 10, 479 

(1930). 


spectrum and shifts it to the red.” The measure¬ 
ments of Krdger* on two samples of zinc beryl- 


Table I. Composition of phosphor aampies. 


Sample 

number 

Zn0 

BeO 

Moles 

MnO 

SiO« 

A 

2.0 

0.0 

0.122 

1.18 

B 

1.8 

0.2 

0.058 

1.11 

C 

1.8 

0.2 

0.081 

1.11 

D 

1.8 

0.2 

0.111 

1.17 

E 

1.8 

0.2 

0.138 

1.20 

F 

1.6 

0.4 

0.132 

1.19 


* F. A. KrOger, Physica 6 ,764 (1939). 
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Table II. 


Sample 

number 

Efficiency of 
luminescence 
spectrum 
(lumens 
per watt) 

Quantum 

ratio 

Corrected for 

Conversion 
of electrical 
energy to 

1537A 

Unaburbed 2537; 

absorption of 
luminescent light 
by bulb, phosphor, 
and lamp ends 

• 

Observed 
efficiency 
(-5 lumen 
per watt) 

Quantum 

efficiency 

A 

517 

242 

145 

124 

95 


B 

402 

174 

104 

89 

79 


C 

365 

155 

93 

80 

71 


D 

345 

145 

87 

75 

63 

0.84 

E 

323 

135 

81 

69 

58 

0.84 

F 

278 

114 

68 

58 

49 

0.84 


Hum silicate at room temperature indicate, on 
the other hand, that the substitution calls forth 
a new emission band with a peak at 6100A. It 
was, therefore, of interest to study the question 
further. 

The phosphors were prepared by firing mix¬ 
tures of C.P. ZnO, BeO, MnCOg, and SiOi -xHaO, 
in the proportions shown in Table I, at approxi¬ 
mately 1200° until their x-ray diffraction pat¬ 
terns showed the same lattice spacings found by 
Fonda* in his fusion preparations. This was taken 
to indicate substantially complete reaction of the 
components. The spectral energy measurements 
were made on conventional fluorescent lamps 
internally coated with the above preparations. 
Phosphor excitation in such lamps is primarily 
caused by the 2537A resonance radiation gener¬ 
ated in the low pressure mercury discharge. 

The determinations were based on the com- 



»G. R. Fonda, J. Phys. Chem. 45, 282 (1941). 


parison of the fluorescent lamp output with that 
of an incandescent source of known spectral 
distribution. The experimental arrangement con¬ 
sisted of a glass double monochromator equipped 
with a constant speed motor drive and a revolu¬ 
tion counter. By calibration with a high pressure 
mercury lamp, counter readings were converted 
to wave-lengths. The receiver was a Cs-Ag-0 
vacuum photo-tube. Its response was amplified 
by a Roberts type d.c. amplifier 4 connected to an 
Esterline-Angus recording milliammeter. A con¬ 
tinuous record of photo-tube response vs. counter 
reading (wave-length) was obtained in this way, 
the short period of the recording instrument 
allowing the range from 4000-7000A to be 
scanned in seven minutes. The fluorescent lamps 
were mounted close to the entrance slit without 
interposition of a focusing lens. To approximate 
these conditions with the incandescent standard, 
a block of magnesium carbonate, placed close to 
the entrance slit and illuminated by the incan¬ 
descent lamp, served as a secondary source. The 
standard source was a low voltage, ribbon-fila¬ 
ment tungsten lamp operated at a temperature 
of 2900°K. Slit widths were kept fixed through¬ 
out the runs, adjustment of the ampUficr gain 
being employed to obtain recorder deflections of 
proper magnitude. This adjustment could be 
made without interrupting the runs. The slit 
width used corresponded to a AA of 8 m/i at 
4000A increasing to 50 m** at 7000A. Results 
obtained with this arrangement have been found 
to agree very closely with data obtained from 
point by point measurements at a constant AX 
of 10 mp. Results of the determinations are 
shown in Fig. 1 , JSmoo being %k equal to 100 for 
all curves. 

4 S. Roberts, Rev. Sci. Inst. 10, 181 (19^). 
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Approximate quantum efficiencies of the vari¬ 
ous phosphors are given in Table If. In the 
calculation of these values it is assumed that 
excitation is entirely caused by 2S37A radiation, 
and that the efficiency of conversion of electrical 
energy to this radiation is 60 percent in a 40-watt, 
l.S-inch diameter, fluorescent lamp. Measure¬ 
ment of the luminous efficiencies of such lamps 
containing the zinc orthosilicate and zinc beryl¬ 
lium silicate phosphors were made using an inte¬ 
grating sphere, the luminous efficiency of the 
mercury discharge, about 5 lumens per watt, 
being subtracted from the measured values to 
get the efficiencies of the phosphors themselves. 
Calculations of the quantum efficiencies were 
made by the method of Thayer, 6 using his data 
on the absorption of 2537A and luminescent 
radiation by the phosphor coating, visible light 
absorption by the lamp bulb, and light loss by 
absorption in the lamp ends. It should be noted 
that milling of the phosphors is necessary in 
preparing suspensions for coating the lamps. 
Since the grinding of phosphors destroys some 
of their luminescent centers, the efficiencies of 
the above preparations were originally higher 
than the values given. 

It may be seen from the figure that the intro¬ 
duction of 10 mole percent of beryllium into 
zinc orthosilicate suppresses the characteristic 
willemite luminescence and creates a new emis¬ 
sion band with a peak at about 6100A. The 
quenching of the S250A band and the growth of 
the 6100A band are both fostered by increase of 
the manganese concentration at this Zn: Be ratio, 
and by further increase of the beryllium to 20 


t 
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Fig. 2. Energy level diagram for silicate phosphors 
according to R. P. Johnson. 

* R. N. Thayer, Electrochenk. Soc. Preprint 87,25 (1945)7 
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Fig. 3. 

mole percent. A high quantum efficiency is main¬ 
tained through all these changes. 

DISCUSSION 

The widespread occurrence of manganese as 
an activator and its association with green, 
yellow, or red emission bands in a wide variety 
of host structures suggest that the transition 
responsible for luminescence takes place within 
the manganese atom or ion itself or within a 
coordination group consisting of the manganese 
ion and its immediate neighboring cluster of 
anions. 2 8 This viewpoint is likewise supported 
by studies of the luminescence decay and of the 
photo-conductivity of manganese-activated phos¬ 
phors. 7 8 From such studies Randall and Wil¬ 
kins 8 have concluded that the initial exponential 
decay of all these phosphors is caused by capture 
of an electron in an excited state of the Mn++-ion, 
and is characterized by the lifetime of this 
excited state. This is essentially the scheme pro¬ 
posed in Johnson's 7 model of silicate* phosphors, 
illustrated in Fig. 2, if the normally-empty upper 
impurity level of this diagram is interpreted as 
the excited Mn 44- state. The principal features 
of Johnson’s model are the assumptions that each 
activator creates two localized states in the for¬ 
bidden region of the host crystal, the lower level 
being normally filled and the upper level normally 
vacant, and that the latter is accessible to an 
electron only if the associated lower level is also 
vacant at the same time. The transition from 
the upper to the lower of these two impurity 
states, resulting in fluorescence, is assumed to t>e 

* S. H. Linwood and W. A. Weyl, J. Opt. Soc. Am. 32, 
443 (1942) 

7 R. P. Johnson, J. Opt. Soc. Am. 29,283 and 387 (1939). 

* J. T. Randall and M. F. Wilkins, rroc. Roy. Soc. 184, 
347 (1945). 

* Since the published data forming the basis of Johnson's 
picture deal entirely with manganese-activated silicate 
phosphors, his model is here considered to represent 
manganese-activated phosphors in general rather than 
silicate phosphors in general. 
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"radioactive in character, little affected by ex¬ 
ternal parameters, and requiring an average time 
of the order of 10 milliseconds." The model leads 
to the observed two-stage decay of manganese 
activated silicate phosphors, accounting for the 
initial exponential decay and also, via the trap¬ 
ping states, for the longer-lived second stage 
which resembles the decay of sulfide phosphors. 

We may incorporate in Johnson’s scheme con¬ 
siderations of the luminescence color by assuming 
further that the average energy difference be¬ 
tween tlv^two localized states associated with 
the /qifrgmte activator is a function principally 
of%%WF and kind of anions in the immedi¬ 
ate e^mgttatio& sphere of the manganese (cf. 
Fig. 3)' t flije influx gee of the host lattice on this 
separation being t# a much smaller magnitude. 
The manganese-activated phosphors as a class 
are accordingly considered to be intermediate in 
type between the (Zn, Cd)S phosphors, where 
the emitted frequencies are determined by the 
position of the activator level with respect to 
the conduction band of the host structure, and 
the rare earth, Cr +++ , and UO» ++ -activated 
phosphors, whose luminescence emission is very 
markedly characteristic of the activators them¬ 
selves. 

The influence of the coordination number of 
manganese on the luminescence colors of Mn- 
activated materials has been considered by Lin- 
wood and Weyl.* From a study of the fluorescent 
silicate, borate, and phosphate glasses they con¬ 
clude that the "green” fluorescence arises from a 
fourfold coordination of Mn ++ with oxygen, while 
the "red” fluorescence arises from sixfold coordi¬ 
nated manganese. In the first case the manganese 
is a "glass network former," i.e., it occupies a 
position in the glass structure similar to that of 
silicon; in the latter case it is a "glass net¬ 
work modifier," occupying interstitial positions 
throughout the glass structure, such as alkali or 
alkaline earth ions do. Corresponding to the 
first-naaied role in the glass structure, the bond¬ 
ing of manganese to oxygen is strong, symmetri¬ 
cal, and not greatly affected by thermal vibra¬ 
tions. In interstitial positions, corresponding to 
the “network modifier" role, the Mn—O bonding 
is weaker, less symmetrical, and more easily 
disturbed by thermal vibrations. The effects of 
temperature and concentration of activator on 


the intensities of the green and red fluorescence 
bands are in qualitative agreement with this 
viewpoint. 

in the extension of their picture to crystalline 
phosphors, Linwood and Weyl point out that 
manganese ions situated at crystal defects would 
have an environment similar to that found at 
"network modifying” positions in glasses. They 
reach the conclusion that in general “the long 
wave emission of Mn ++ occurs whenever the ion 
is brought into positions of higher kinetic energy, 
either interstitial holes or flaws in the crystal 
structure." 

The application of their coordination scheme 
to the willemite derivative phosphors was at¬ 
tempted by the above authors with partial suc¬ 
cess. The green luminescence of Zn*Si0 4 :Mn 
itself was readily and explicitly accounted for by 
the direct substitution of Mn ++ for Zn ++ . Since 
the Zn ++ ions in willemite* are surrounded by 
four oxygons,' this substitution gives rise to the 
Mn0 4 groups responsible for the green emission. 
The appearance of the red component of the 
luminescence in (Zn, Bc) 2 Si0 4 : Mn was, however, 
explained in only general terms, being presum¬ 
ably caused by distortion of the willemite struc¬ 
ture by replacement of Zn ++ (r = 0.83A) with 
the smaller Be 1 ”*" (r = 0.34A), or to changes in 
the symmetry of the Mn ++ environment or to 
lattice defects produced by this substitution. A 
more specific picture of the possible origin of the 
“red" centers in the zinc beryllium silicate 
phosphor is offered in the following discussion. 

Over rather wide limits of manganese concen¬ 
tration, the spectral energy distribution of the 
Zn*Si0 4 :Mn luminescence changes but little 
from the distribution shown in Fig. 1, curve A. 
The optimum concentration of manganese in this 
phosphor is about one percent by weight (0.04 
mole Mn per mole Zn*Si0 4 ). Further increase in 
activator concentration results in an efficiency 
loss, together with a broadening of the emission 
band and a slight shift of its peak toward the 
red. There is, however, no indication of the 
growth of a new band at longer wave-lengths. 

*The tame is true for the Be'** ions in phenadte, 
BesSi0 4 , which is iso-structural with willemite. Be«SiO< 
and ZniSi0 4 form limited solid solutions containing up to 
30 mole percent BeiSi0 4 (references 8 and 3). 

* W. L. Bragg and W. H. Zachariasen, Z 9 J 4 . f. Krist. 
72, 518 (1930). 


Volume 17, November, iom 


905 



With a very high manganese concentration, 
corresponding to complete quenching of the room 
temperature luminescence, Krflger 2 was able to 
observe a bright luminescence at —180°. This 
low temperature luminescence consisted of both 
the usual green band and a feebler band peaking 
at 6100A, apparently identical with the emission 
brought out at room temperature by incorpora¬ 
tion of beryllium into the structure.* 

According to the strictest interpretation of the 
coordination picture, the 6100A band requires 
the existence of interstitial manganese with a 
coordination number greater than four. The 
appearance of this band in zinc orthosilicatc 
would therefore indicate the presence of such 
interstitial manganese even in this unsubstituted 
structure. The preference of manganese for the 
role of “network former” (fourfold coordination 
with oxygen) in this structure is shown, however, 
by the high activator concentration required 
before the appearance of the 6100A emission, 
this concentration being far above the optimum 
for the green luminescence. The interstitial 
manganese might be produced by the occasional 
substitution of Zn+ 2 for Si +4 in the willemite 
structure, resulting in the formula 


Zn++ (2 _ 0) 

MA++U+.) 


Si +4 d^ X ) 

Zn ++ (x) 


0 4 , 


( 1 ) 


where xZn** replace arSi* 4 , xMn ++ are in inter¬ 
stitial positions as a consequence, and (2—a)Zn" H ‘ 
and aMn++ are in the normal fourfold coordi¬ 
nated cation positions. Because of the great 
difference in size and polarization properties 


* The red emission made observable by cooling should 
not be interpreted as the development of a new type of 
emitting center resulting from structural changes induced 
by the low temperature. Except for the lattice contraction 
due to the temperature decrease, we shall assume that the 
structures of both the red-emitting and green-emitting 
centers are the same as they would be at room temperature. 
With the high activator concentrations employed, the 
thermal vibrations corresponding to room temperature 
result in a quenching of the luminescence, both red and 
green, at this temperature. The function of the cooling is 
merely to reduce the energy exchange between both types 
of center and the host lattice, in this way making both 
fluorescence processes possible. It should be mentioned 
that although cooling and substitution of beryllium for 
zinc both operate to contract the structure, this cannot be 
the reason for the change in luminescence spectrum. For 
if the spectral change were merely a consequence of the 
lattice contraction, one would expect a gradual shift of the 
emission peak with decreasing temperature or with in¬ 
creasing beryllium concentration (cf. the (Zn, Cd)S phos¬ 
phors) instead of the appearance of a new band. 


between Zn++ (r«0.83A) and Si* 4 (r-0.39A), 
the extent of this substitution would be small 
and the green emission band would predominate.* 
This type of substitution should be consider¬ 
ably enhanced in the zinc beryllium silicate 
phosphors, owing to the great similarity in size 
and polarization properties of Be** (r«0.34A) 
and Si - * In this case a possible structural 
scheme might be the following: 


Zn ++ (*- a -6) 

Be ++ (a) 

Mrr 14 ^) 


si+v-) 

|Be ++ (I ) 


0 4 , 


( 2 ) 


where jcBe ++ replace xSi +4 ; oBe +f , JMn H ", ’and 
(2— a —6)Zn +f are in the normal cation positions; 
and *Mn ++ are in interstitial positions demanded 
by the Be ++ —»Si +4 substitution. The Zn ++ (and 
Be fl ") may, of course, compete with the Mn u 
for these interstitial positions, especially when 
the Mn++ concentration is low. As this is in¬ 
creased, however, the Mn++ ions have a corre¬ 
spondingly greater probability of occupying the 
interstitial holes, and being larger than the Zn++ 
and Be -1-1 ", may even be preferentially housed in 
these positions. This would account for the 
increased 6100A emission with increase in man¬ 
ganese concentration at a constant Zn: Be ratio. 
To account for the rapid decrease of the "green” 
band intensity by introduction of beryllium, it 
may be necessary to assume also that excitation 
of the "interstitial-Mn ++ ” centers is more prob¬ 
able than excitation of the ”substitutional-Mn ++ " 
centers. 

Various other possibilities are opened up by 
considering the effect of different substituents 
for silicon in the willemite structure. According 
to the foregoing considerations, replacement of 
Si +4 by a suitable tetravalent element, such as 
germanium, should have no great effect on the 
spectral energy distribution .of the resulting 
phosphor, for no interstitial manganese ions are 
made necessary by this substitution. According 
to the data of Leverenz 1 - 10 this is apparently true, 
the luminescence of ZntGeO.tMn consisting of a 


* An identical substitution was postulated by Lin wood 
and Weyl to account for the formation of yeltow-ftaomseent 
sine silicate, a polymorphic form of wiflemite, with pre¬ 
sumably a cristobaute-ltite structure. 

»• H. W. Leverenz, RCA Rev. S, 131 (1940). 
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single band like that of ZniSi0 4 :Mn, with a 
small shift of the peak to 5370A.* The same 
should hold true for any other tetravalent sub¬ 
stituent for Si 44 , provided that: (a) the willemite 
structure is retained in the solid solution, (b) the 
substituent does not act as a “poison” for the 
luminescence, and (c) the substituent does not 
introduce a luminescence band of its own. 

The substitution for silicon of elements having 
a higher valence may likewise be approached 
from this standpoint.' For example, Froelich 11 
has found that incorporation of arsenic or 
arsenate }jn willemite causes an “exaggeration” 
of its phosphorescence. Froelich and Fonda 1 * 
have shown that the action of arsenic consists in 
increasing the number of trapping states. Sub¬ 
stitution as As 4 * (r=0.4A) for Si +4 in fourfold 
coordination with oxygen should be quite pos¬ 
sible, giving either 


Zn 44 (j_ 0 _(,/i)) Si 44 (i_») 

(3) 

o 4 

Mn 44 ( tt ) As+\ r) 

Zn 4+ (*_«) Si +4 <i_(s x /4)> „ 

(4) 

0 4 . 

Mn 44 ( 0 ) As 4, <*) 


* 

The occasional As0 4 groups distributed through 
the structure would thus introduce into the 
crystal positive holes where electrons could be 
trapped. In (3) a Zn ++ ion vacancy should occur 
for every two As + * atoms substituting for Si 44 ; 
in (4) a Si 44 vacancy should occur for every four 
substituting As + * atoms, the positive holes being 
attracted to the vacant lattice point. 

Similar considerations should apply to the 
substitution of various elements for zinc in the 
willemite structure. Interstitial cation positions 
would be demanded by replacement of zinc by a 
suitable monovalent ion, such as Li +1 (r «■ 0.78A)* 
or Na +l (r«0.98A), resulting in the following 
structural scheme. 

* Variation of manganese concentration in ZnjSiO* itself 
causes a shift in luminescence peak from 5230 to 3315A 
(reference 1). The shift in peak between ZniGeCh and 
Zn£K)« is thus a minor effect, probably connected with 
expansion of the lattice by the Gi 44 -*®* 4 substitution. 

“H. C. Froelich, U. 5. Patent 2,206,280 July 2,1040. 

11 H. C. Froelich and G. R. Fonda, J. Phys. Chem. 46, 
878(1942). 

* The fourfold coordination of Li + with oxygen occurs in 
LitWOs and U*MoO«, both of which are “model com¬ 
pounds" of Zm£m>4 (reference 9). 


Zn ++ (*_ M ) 

Li+ ( .) Si 44 0 4 . (5) 

Mn++(*M/t) 

In (5), xLi 4 and oMn 44 substitute for (o-f-x)Zn 44 
in the normal cation positions, and x/ZMn 44 are 
in interstitial positions. Here again it is poBBible 
for the Zn 44 to compete with Mn 44 for the 
interstitial positions, and it may be that the red 
emission will be observed only at high manganese 
concentrations. The manganese concentrations 
required for the appearance of the red band in 
this case should be lower than that needed in 
the absence of lithium substitution, however. 
Trivalent or quadrivalent substituents for Zn 44 
should lead to an increase in phosphorescence by 
the same method that the substitution of As 4 * 
for Si 44 enhances this property. 

It is hardly necessary to mention that the 
“red” centers can arise in phosphors, without the 
rather complicated scheme described above for 
the willemites, by direct substitution of Mn 44 
for the cation of structures where the latter is 
normally sixfold coordinated with oxygen. The 
red luminescence of Mg*Si0 4 :Mn is an example 
of such a case. 

The foregoing considerations may apply also 
to halide, sulfide, and other types of manganese- 
activated phosphors, where the appropriate 
values of n in the MnX„ clusters would have to 
be determined. 

SUMMARY 

The effectiveness of manganese as an activator 
in a large number of different host structures, 
and the repeated occurrence of either red or 
green luminescence' bands, or both, in such 
phosphors indicate that the electronic transition 
giving rise to luminescence takes place within 
the coordination group of manganese and its 
immediate anion cluster. This view is supported 
by the exponential decay characteristics of these 
phosphors, and by the apparent absence of a 
connection between the luminescence and the 
photo-conductivity of these materials. A tenta¬ 
tive model of manganese activated phosphors is 
obtained by combining Johnson’s energy level 
scheme for the decay of silicate phosphors with 
Linwood and Weyl’s results on ^|e effect of 
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coordination number on the luminescence spec¬ 
trum of manganese-bearing crystals and glasses. 
Spectral energy distribution measurements of 
the luminescence of ZntSiO,:Mn and of various 
samples of (Zn, Be)*SiO<:Mn are reported and 
discussed from the above viewpoint. 
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This paper is supplementary to one which appeared in 
the December, 1942 issue of this journal. In many applica¬ 
tions of bactericidal lamps in air conditioning—such as 
food preservation, processing, etc.—low concentrations of 
ozone are desirable to protect surfaces and air pockets not 
reached by the radiation. A few tenths of one part of 
ozone per million parts of air is generally sufficient and is 
obtainable by selecting a lamp with a wall which transmits 
in addition to the very bactericidal 2537A radiation a few 
percent of 1850A. The latter is absorbed by the oxygen in 
the air forming ozone. The reciprocity law (amount of 
bactericidal action proportional to concentration Xdura¬ 
tion of ozone) is applicable for moderate concentration 
ranges. The bactericidal effect of ozone is nearly inde¬ 
pendent of humidity for surface infection of foods, etc., 


while high humidity is required for destruction of’air 
borne bacteria. No oxides of nitrogen are prdduced bv 
high transmission glass or quartz lamps. The ozone output 
of a lamp is reduced by decomposition by intense 2537 
radiation either from the same lamp or from another 
lamp nearby Moderate increases in the temperature of a 
high transmission lamp does not affect the ozone output 
but increases the dissociation constant until, at 150°F, 
practically all the ozone is immediately decomposed. The 
ozone concentration produced by a lamp is substantially 
reduced by rise in relative humidity, which moderately 
absorbs 1850 radiation and decomposes much of the ozone 
produced. Approximate reflection coefficients for 1850 
radiation at various surfaces have been obtained by an 
indirect method. 


T HIS paper supplements “Production, Con¬ 
centration and Decomposition of Ozone 
by Ultraviolet Lamps” which appeared in the 
December, 1942 issue. 1 

OZONB IN AIR CONDITIONING 

The chief purpose of the ozone produced by a 
bactericidal lamp is to supplement the much 
more germicidal 2537A radiation at infected 
surfaces not reached by direct, reflected, or 
scattered radiation, and air-borne infection in 
stagnant air pockets. Ozone is aided in reaching 
such pockets by a high diffusion coefficient and 
in general spreads throughout an enclosure faster 
than gravitational air currents. On account of 
the bactericidal contribution of the accompany¬ 
ing 2537 radiation the required ozone concentra¬ 
tions are much lower than required when the 
ozone is produced by ozonators. 

« The ozone produced from the oxygen in the air 



by radiation of wave-length 1850A, emitted by 
high transmission ultraviolet lamps, is more 
effective than the accompanying 2537 radiation 
in destroying both odor and taste molecules in 
vapors, and ethylene gas, the latter accelerating 
ripening of some fruits. The ozone also increases 
the aroma of small fruits such as strawberries. 1 

If “house-keeping” is satisfactory, very low 
concentrations—a few tenths of one part per 
million (p.p.m.)—are, in regions shaded from 
2537 radiation, sufficient to inhibit the growth 
of surface infection, and air-borne infection— 
the latter only if the relative humidity is above 
40 percent—and to destroy in vapors from foods 
the molecules which contribute odors and tastes 
and cause cross-contamination and an objection¬ 
able general odor. In the “Tenderay” process for 
tenderizing meat, 0.2 p.p.m. suffices for control 
of infection on shaded surfaces; 0.3 p.p.m. is 
sufficient in cheese aging rooms. Domestic re- 


•A. W. Evell, Refrit. 
193-199; Rpfrig. Eng. 4S, 


Data Book (1946 Edition), pp. 
381-383 <1944). 
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frigerators require not over 0.1 p.p.m. from 
special refrigerator Sterilamps.* The 1850 radia¬ 
tion required to produce such concentrations is 
only a few percent of the total 2537 and 1850 
radiation. 

Although high concentrations of ozone are 
objectionable in general air conditioning, low 
concentrations accompanying 2537 radiation con¬ 
tribute to air purity. Yaglou 4 found that a 
concentration of 0.015 p.p.m. in a room crowded 
with people of “the poorest economic class” 
reduced body odor to such an extent that to 
remove the odor the required air changes with 
outside air could be reduced 50 percent. 

fpie all important factor in applications of 
ozorid is the ozone concentration, c (grams of 
ozone per cubic meter), determined by the rate 
of ozone production, per unit volume of inclosure, 
m (g of ozone produced per minute per m*), and 
the decomposition coefficient, k (ife=>0.7 /T where 
T is the time in minutes, after the ozone is shut 
off, for the concentration to drop to one-half). 

dc/dt = m—kc.* At equilibrium dc/dt = 0, and 
m—kC, where C is the equilibrium concentra¬ 
tion. 


COMPARATIVE BACTERICIDAL EFFECT OF OZONE 
AND 2537 RADIATION 


The reciprocity law, which requires that the 
percent killing be proportional to the concentra¬ 
tion Xduration of ozone (p.p.m. X hr.) holds for 
limited concentrations. For 50 percent killing of 
E coli on a surface, the writer has found that the 
product, p.p.m.Xhr., is about 1.8 for ozone 
concentrations between 0.5 and 3 p.p.m.* Other 
investigators have found results of the same 
order of magnitude for mould spores.* The 
amount of 2537 radiation to produce 50 percent 
killing of B coli is about 5 clicks of a Rentschler 
Tantalum Click meter. 7 Therefore, for ozone 
concentrations of the order of 1 p.p.m., 1.8 
(p.p.m.Xhr.) and 5 Tantalum cell clicks have 
approximately equal bactericidal effects or the 
bactericidal effect upon surface infection of 1 


• A. W. Ewell, Refrig. Eng. 50,523.524:560,561 (1945). 
4 Yaglou, Heating, Piping and Air Conditioning 11, 

648hS 53 (1939). . „ tt „ 

* Beyond a tew inches from the lamp—see Table II. 

• A. W. Ewell, Refrig. Eng. 41, 331-334 (1941); Refrig. 
Eng. 42, 283-286 (1942); Rdrig. Eng. 159-161 (1943). 

* Smock and Watson, Refrig. Eng. 42, 97-101 (1941). 

7 Rentschler, J. Am. Inst. Elec. Etig. 49,113-115 (1930). 


Relative 

humidity 

Osone concentration 
p.p.m. 

& 

28% 

4.3 

0 

36 

3.5 

0 

46 

4. 

34 

52 

4. 

41 

70 

3.5 

40 

92 

0.7 

83 

95 

3.5 

99 


p.p.m. of ozone for 1 hr. is approximately 
equivalent to 3 Tantalum cell clicks of 2537 
radiation. 

BACTERICIDAL EFFECT AND HUMIDITY 

Rentschler and Nagy* found that the bacteri¬ 
cidal effect of ultraviolet radiation is independent 
of the surrounding humidity for both surface and 
air-borne infection. There is considerable evi¬ 
dence that ozone is only germicidal in the 
presence of water.* If bacteria, mould, etc., are 
on surfaces, which are not dried out, of meat, 
cheese, fruit, etc., or on a nutrient in a Petri 
plate, there will always be high humidity for a 
short distance from the surface. The surface 
infection is, therefore, associated with sufficient 
water so that the percentage killing by ozone is 
quite independent of the relative humidity of 
the air. 

AIR-BORNE INFECTION 

Wm. J. Elford and Joan van der Ende ,# found, 
using very low ozone concentrations and long 
exposures, that at relative humidities below 45 
percent, the germicidal power of ozone upon 
air-borne infection was negligible, while at high 
humidities it was very great even for concentra¬ 
tions far below 0.1 p.p.m., if the droplets were 
not so large as to prevent access to the bacteria, 
and did not contain excessive absorbing organic 
matter. 

Such dependence upon humidity of the bacteri¬ 
cidal effect of ozone upon an air-borne infection 
is so important in many germicidal applications 
that it seemed desirable to check these (the 
only published results known to the writer) by 
entirely different experimental procedure, with 
higher ozone concentrations ^nd shorter times. 

' Rentschler and Nagy, J. Bact.*44, 85-94 (1942). 

' Karas, Chem. Zeits. 62,365 (1938). 

“ W. J. Elford and J. van der Ende, J. 

42, 240-265 (1942). 
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Distance between 

Reduction In 

axes of lamps 

ozone 

14 in 

23% 

4 

13% 

4% 

3 

0% 


An enclosure of about 1.4 m* was employed. 
The ozone was produced by a 1000-cycle Siemens 
& Halske ozonator, the rate of production being 
controlled by the primary voltage. When a quite 
constant and uniform concentration was at¬ 
tained, 10-20 cc of a broth culture was sprayed 
into the top of the booth. The air-borne infected 
droplets fell slowly. Ten minutes after spraying, 
sterile culture plates were exposed at the bottom 
of the box by withdrawing a slide for 1 minute, 
collecting bacteria which had been sinking 
through the air and ozone 10-11 minutes. Con¬ 
trols were secured by similar procedure with no 
ozone. Killing of bacteria during this minute 
after settling on the plate was determined by 
exposing plates with known seeding to the same 
ozone concentration for one minute. The per¬ 
centage thus killed was subtracted from that of 
the settling bacteria. The results are presented 
in Table I. The temperature throughout was 
close to 70°F. 

The manipulation in both this and in the 
English method was difficult, resulting in some 
variation in results with both. The agreement is, 
however, sufficient to justify the conclusion that 
the killing of air-borne infection by ozone is nil at 
low humidities, moderate at 50 percent relative 
humidity, and very high when the relative 
humidity approaches 100 percent. (Note the high 
killing by only 0.7 p.p.m. at a high humidity.) 

DECOMPOSITION OF OZONE BY 2537 RADIATION 

Two similar lamps, both producing the same 
amount of 2537 radiation, but one giving a large 
ozone output and the other none, were placed 
side by side in still air. Table II shows the 
reduction in ozone from the first lamp by addi¬ 
tional intense 2537 radiation near the second 
lamp. With both lamp and silent discharge 
sources of ozone the output increases when an 
r air current is applied which reduces the length 
> of time that the ozone is subject to the deozon- 
l bring as well as die ozonizing influence near die 


source. With brush discharge ozonators the out¬ 
put increases to a constant value at a moderate 
air speed. With a high transmission lamp as a 
source of ozone, the yield of ozone increases to a 
maximum as the transverse air velocity is in¬ 
creased, followed by decrease due to cooling of 
the lamp. With quartz Sterilamps this maximum 
occurs at about 100 feet per minute transverse 
air velocity. 

With increase in humidity the ozone output 
from a lamp decreases moderately because of 
absorption of the 1850 radiation by water vapor. 
The ozone concentration is further decreased be¬ 
cause of increase in the decomposition coefficient. 

An increase in temperature from 6°C to 31*C 
(88°F) decreased the ozone produced by lamps 
to about one-half. 1 Since the temperature in 
rooms, and particularly ducts, where lamps are 
installed may be much higher, the following 
investigations were made: 

A high transmission, No. 793, Sterilamp—in 
an enclosure—was heated in an electric furnace. 
Tests which were only qualitative indicated a 
decrease in ozone concentration to zero as the 
temperature was raised from 70° to 170°F. 
The current through the lamp only varied be¬ 
tween 38.5 and 40 milliamperes. By opening 
one side of the enclosure the ozone producing 
1850 radiation was measured with a Rentschler 
platinum click meter. Throughout the above 
range in temperature the 1850 radiation re¬ 
mained constant within 10 percent. (At higher 
temperatures and mercury vapor pressures, the 
1850 output falls off.) Since the ozone output 
has always been found proportional to the 
platinum cell readings, it was evident that the 
decrease in ozone concentrations was caused 
by increased decomposition. Such was proved 
to be the case by sending the same initial ozone 
concentration through an enclosure at different 


Table III. 


Temperature (P) 

Ozone concentration 

57° 

3. 

77 

2.7 

88 

2.2 

97 

1.7 

108 

1.3 

123 

0.7 

150 

0 


Above 100" tbeeoQurecjr «n low. 
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temperatures, then cooling the ozone-air mixture 
anddeterminingtheconcentration. (SeeTable III.) 

OXIDBS OP NITROGEN 

The writer has never found with tetrabase 
paper any evidence of oxides of nitrogen in the 
vicinity of lamps producing ozone 11 and none 
has been found in more careful investigations by 
others. The most comprehensive search for such 
oxides, using the most sensitive reagents, was 
conducted by Kohn-Abrest who found that the 
only gaseous product produced by glass or quartz 
lamps was ozone. 1 * 

REFLECTION OF 1850 RADIATION 

Reflection coefficients of surfaces for 2537 
radiation, at various angles of incidence, can be 
determined with a Rentschlcr Tantalum Click 
Meter. The intensity of reflected 1850 radiation 
from a bactericidal lamp at moderate angles of 
incidence is, however, too low for accurate meas¬ 
urements. Knowledge of reflection coefficients 
for different surfaces is important for choice of 
reflection materials for fixtures of ozone pro¬ 
ducing lamps. The following indirect method 
gave results of qualitative value: 

A 9-mm quartz, 4-in. lamp (Fig. 1) was 
mounted horizontally near the center of a 1.4 m* 
enclosure, between horizontal glass plates 6 in. 
X8 in. A fan at the lamp level gave an air 
velocity of 100 F.P.M. The equilibrium ozone 
concentration was determined by test papers* 


Table IV. 


Black photographic paper 
Aquadag coated glass 

23% 

29% 

Bare glass 


34% 

Alzak 



57% 


Table V. 





Average 

Ozone concen¬ 

Distance 

Approximate 

ozone con- 

tration com¬ 

between 

unobstructed 

cent ration 

pared with no 

plates 

volume of air 

p.p.m. 

obstruction 

No^piates 

100% 

50 

2.0 

1.7 

• 8 * 

„ 6 in! 

40 

1.6 


4 in. 

30 

1.4 

2 in. 

15 

1.1 

55% 



11 A. W. Ewell, News. Ed. Am. Chem. Soc. 19, 1102 

u Kohn and Abrest, Comptes rendug 184,482-484 (1927). 
* It is the writer’s experience that the most feasible 
method for measuring concentrations, 0.4-20 p.p.m., is 
exposure of potassium iodide-starch papers, of proper 
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suspended from sounds at various locations in 
the enclosure. 

The 1850A ozone producing radiation, E, is 
absorbed by the oxygen of the air (producing 
ozone) according to the equation 1 

E/Eo—er- mi , 

where E is d cm farther from the lamp than E*. 
For a distance of 4 in. 1— E/E 0 is about 0.4. 
When the plates were 4 in. above and below 
(d in Fig. = 8 in.), the unobstructed 1850 radia¬ 
tion was approximately 50 percent. The total 
ozone producing radiation compared with no 
plates was, therefore, 

0.5+0.4 X 0.5+0.6 X 0.51? - 0.7+0.32? - C/Co, 

when R is the fraction of the incident radiation 
reflected at angles of incidence, approximately 
0-45°, C the ozone concentration in the inclosure 
and Co the concentration without any plates. 

Table IV presents the values of R for various 
surfaces given by this approximate method. 

Varying the distance between the alzak plates, 
which were equal distances from the lamp above 
and below, gave the results in Table V. 

The high values for small unobstructed vol¬ 
umes of air are caused by very great reflection 
at high angles of incidence. 

texture, the ozone concentration being determined from 
the time, after wetting, required to match one of three 
standard odors. Papers with colors are calibrated by 
careful determination of the ozone concentration by titra¬ 
tion. Absorption of 2537 radiation as used by Roller 
Q. App. Phys. 16, 816-820 (1995)1 is preferable for high 
concentrations. Until more sensitive tantalum cells are 
available, this method is inaccurate for concentrations 
below 2 p.p.m. For this concentration, at least 200 cm of 
air and ozone are necessary. , 

* « 
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Properties of Welded Contact Germanium Rectifiers 

H. Q. North 

General Electric Research Laboratory , Schenectady , New Yorh 
(Received May 21, 1946) 

In the contact rectifier described, the cat whisker has been solidly welded to a germanium 
surface. The welding process has brought about several extraordinary properties not found in 
the usual point rectifier: (1) Mechanical stability is achieved without the use of a compound to 
fill the cartridge. Protection against moisture is gained through the use of a glass-metal seal. 

(2) The forward dynamic resistance of the microwave unit at 0.5 volt is exceptionally low 
(2 to 4 ohms), and the back resistance at 0.5 volt is high (0.01 to 1.0 megohm). These values of 
resistance are accompanied by a low contact capacity at zero bias (below 0.2 /ipf). (3) The 
forward d.c. characteristic follows the law, If - Jo exp (aVr) over more than three decades 
of current. (4) The low forward resistance is responsible in part for conversion gam when the 
crystals are mismatched to microwave radiation at the r-f terminals. (5) Specially welded «*S 

crystals used as microwave harmonic generators have yielded more than twenty times the 
harmonic (4-mm wave-length) power output of standard silicon crystals. 


1. INTRODUCTION 

URING recent years the need for high 
sensitivity, low loss detectors at microwave 
frequencies has reopened the development of con¬ 
tact rectifiers of the point-plane type. The unit 
described in this paper resulted from an extended 
investigation carried out in the Research Labora¬ 
tory of the General Electric Company. 1 The over¬ 
all purpose of the work was to investigate 
germanium as a possible improvement over sili¬ 
con for radar mixers. Only that part of the 
project which has yielded a new crystal of 
unusual properties is treated here. An attempt 
has been made in this presentation to include 
only enough background of the subject to make 
the results understandable. 

The most important result of our germanium 
work has been the development of a crystal 
rectifier in which the cat whisker is firmly welded 
to a polished germanium surface. The rectifier 
assembly has been hermetically sealed in a 
microwave cartridge by means of a glass-metal 
seal. 

The welded microwave rectifier when used as a 

1 This work was done in part under Contract No. 
OEMsr-1377 between the General Electric Company and 
the Office of Scientific Research and Development and 
under subcontract with the Massachusetts Institute of 
Technology, Prime contract OEMsr-262. The OSRD 
assumes no responsibility for the statements contained 
herein. 

Thi. paper u a condensation of material presented by the 
author to the University of California at Loe Angeles in 
partial MfiSumt of the requirements for the degree of 
Doctor of Philosophy fat Physics. 


mixer at 3-cm wave-length has a noise figure as 
low as or lower than that of the best silicon mixer 
crystal. It has in addition some extraordinary 
properties. In the first place, when an impedance 
mismatch exists between signal source and 
crystal with local oscillator applied, amplification 
may actually occur. The increase in signal is 
accompanied by an increase in noise, however, 
and the value of the crystal as an amplifier is 
questionable. Secondly, in the forward direction 
the unit follows closely the law Ir^Io exp (aVp) 
over three decades of current. Here If and V? are 
the forward current and voltage, respectively. Jo 
and a are constants. If the exponent aVr is 
changed to a(Vr—I fR,), where R, is a con¬ 
stant (the spreading resistance), the plot of 
log If vs. (Vf—IfR,) is followed closely over 
more than 5 decades of current. Finally, specially 
welded germanium crystals have proved superior 
to commercially obtainable silicon units as 
generators of both the second and third harmonic 
of 1.2-cm radiation. 

2. THE CRYSTAL CARTRIDGE ASSEMBLY 

The cartridge in which all of the microwave 
tests were made is shown in Fig. 1. Its external 
dimensions have been made to conform to Army- 
Navy specifications for the 1N26 type of crystal 
rectifier. A 0.0015" diameter platinum-10 percent 
ruthenium wire is first sharpened to a point of 
less than 0.00002" radius. It is then kinked and 
spot-welded as shown to the silver-plated steel 
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center conductor. The assembly is then sealed to 
the outer shell with a low loss glass which matches 
the steel in expansion. 

The crystal is a small pellet of treated ger¬ 
manium, soldered to the plug as shown, and 
polished slowly, first with 600-mesh alundum and 
finally with magnesium oxide. Electron diffraction 
photographs indicate that if this slow polishing is 
done under water, little or no debris remains on 
the surface. 

The germanium used in the welded-contact 
microwave unit is pure germanium to which 0 2 
atomic percent of antimony is added. The addi¬ 
tion of this “donor” changes the bulk resistivity 
from approximately 10 ohm-cm to about 0 005 
ohm-cm The theory of conduction accounting 
for this 2000-fold change m resistivity has been 
treated elsewhere** and need not be reviewed 
here. It should be mentioned, however, that 



Fio. 1. Germanium crystal cartridge. 

*N. F. Mott and R. W. Gurney, Electronic Processes tn 
Imne CrystalsJQuvadon Press, Oxford, 1940). 

1 F. Seitz, The Modern Theory of Solids (McGraw-Hill 
Book Company, Inc., New York, 1940). 



Fig 2 Assembly to determine force on the contact as a 
function of whisker deflection. 


rigid control of impurities is vital to the construc¬ 
tion of good rectifiers. According to theory, ap¬ 
proximately 1 atom of antimony in 2000 of ger¬ 
manium is active in producing the 2000-fold 
change of resistivity mentioned. The remainder 
of the antimony added is deposited at the grain 
boundaries. 

3. THE WELD AND ITS PHYSICAL PROPERTIES 

Early in our research on germanium rectifiers 
it was found that conversion loss and noise could 
be greatly decreased by subjecting the units to 
forward direct currents as high as 100 milli- 
amperes. Contact areas were large at this stage of 
development, however, and no noticeable welding 
occurred. Later in the work, condenser discharges 
were tried, and actual welds were photographed. 
Because of the large contact areas existing at that 
time, the condenser-welded units showed poor 
microwave performance. After the adoption of 
the present cartridge, a series of careful measure¬ 
ments indicated that contact force should initially 
be as low as possible and that welding currents 
should be high for best (ferformance. Best results 
were obtained when the plug to which the crystal 
was soldered was pressed in 0.0005" after contact 
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had been made with the whisker. An optimum 
welding current of 250 milliamperes was passed 
through the contact in the forward direction 
(positive current through the unit from center 
pin to outer shell) for a few seconds. The duration 
of the current was not critical. After welding, the 
unit was sealed at the plug end with low melting 
solder or giyptal, if the crystal were to be used for 
other than test purposes. 

In order to determine the force on the contact 
as a function of whisker deflection, or advance of 
the plug after contact, a standard pin with 
whisker welded in place was pressed into a hollow 
cylindrical aluminum rider. The assembly as 
shown in Fig. 2 was suspended over a polished 
crystal by a strip attached to a vertical micro¬ 
scope. As the microscope barrel was lowered by 
either coarse adjustment or vernier, the strip was 
lowered, and the weight of the pin and rider was 
transferred to the whisker, now touching the 
crystal surface. The deflections of the whisker 
under various weights, added to the rider in 
successive steps, were observed through the Filar 
eyepiece of the horizontal microscope shown. 
Weights were added with the whisker raised from 
the crystal, and care was taken to avoid ex- 




Fig. 4. (a) Sharpened whisker, (b) Whisker which was 
pulled away from a crystal after welding. 

ceeding the elastic limit of the whisker. Figure 3 
shows a plot of force at contact ik. whisker 
deflection for several stand lrd 0.0015" whiskers. 
Breaks in the curve are probably caused by 
sliding at the contact. 

A series of microwave (3-cm wave-length) 
tests in cartridges had indicated that the best 
mixer performance occurred when 0.0005" de¬ 
flections were followed by a welding current of 
250 milliamperes in the forward direction for a 
few seconds. Figure 3 shows that the 0.0005" 
initial deflection corresponded to a force of about 
150 milligrams. After passage of the welding 
current, an inverse deflection of about 0.0015" or 
a force of about 500 milligrams was required to 
break the whisker loose. Figure 4(a) shows a 
sharpened whisker and 4(b), one which was 
pulled away from the crystal after welding. The 
diameter of the whisker below the germanium 
chip is approximately 0.0002". Thus the welding 
current density through the contact was approxi¬ 
mately 8.0X10* amperes per square inch. The 
tensile stress sustained by the weld was approxi¬ 
mately 35,000 lb./sq. in. 

The strength of the weld is again illustrated by 
the stability of a sealed cartridge with welded 
contact. Such a unit will stand at least a six-foot 
drop to a linoleum surface without suffering 
impairment of performance. Many silicon units 
of equivalent sensitivity will fail under such a 
test even though filled with the usual paratac- 
opal wax mixture to increase stability and to 
protect against humidity. 

Efforts made elsewhere to weld silicon crystals 
have, to the author's knowledge, merely resulted 
in “burn out." This is probably caused by the 
greater chemical activity of silicon and to its 
oxidation in air. It is conceivable that silicon 
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crystals might be welded in an inert atmosphere 
if chemical combination with the whisker ma¬ 
terial is avoided. 

4. THE D.C. CHARACTERISTIC 

Let us consider briefly what d.c. current- 
voltage characteristic might be expected from a 
point rectifier. H. A. Bethe has shown that the 
natural barrier at the contact is thick enough to 
make diode theory applicable. 4 His treatment 
with simplifications can be connected satis¬ 
factorily to the phenomena observed in our 
welded units. Assuming a Maxwell-Boltzmann 
distribution of velocities for electrons crossing the 
barrier, he obtained an expression for the electron 
current density from semi-conductor to metal: 

j=\tnv 0 exp [-t//M’](exp [W*r]-1). (1) 

Here n is the density of electrons or donor atoms 
in the semi-conductor and v Q is the average 
electron velocity. 

VQ=(2kT/rm)i; ( 2 ) 

c is the electronic charge, k is the Boltzmann 
constant, and T is the absolute temperature. The 
factor £ occurs since only electrons moving 
toward the barrier get across it. In (1) p fl is the 
potential in the forward direction applied to a 
barrier of height U above the potential in the 
metal. Bethe has considered the effect of image 
force upon the d.c. characteristic and has found it 
important in the case of unwelded contacts. If 
image force is neglected, £/=«^o where <po is the 
contact potential or difference in work functions 
between the metal and semi-conductor. In this 
case (1) reduces to 

j = £cnv oexp [-e^o/fcT](exp [ tip n /kT']- 1) (3) 

or 

/-/o(expCW*r]-l), (4) 

where / is the total forward current and h is a 
constant. In addition to neglecting image force, 
this„equation neglects the probability that elec¬ 
trons tunnel through the barrier. It has also been 
assumed implicitly that ?o is constant over the 
area of contact. 

4 This treatment has been described in reports having 
only limited distribution. A more detailed discussion will be 
found in a forthcoming book by H. C. Torrey and C. A. 
Whitmer of the M.I7T. Radiation Laboratory, Crystal 
Rectifiers (McGraw-Hill Book Company, Inc., New York, 
1946). 


In Eq. (4) the quantity <p a is not one which can 
be measured directly. It is the potential applied 
to the barrier itself, and it does not include the 
voltage drop due to current passing through the 
series or spreading resistance of the crystal. The 
accepted equivalent circuit for a contact rectifier 
is shown in Fig. 5. Here R, is the series or 
spreading resistance, R x is the non-linear resist¬ 
ance because of the electronic barrier, and C M is 
the capacity across this barrier. The spreading 
resistance is generally obtained by integration 
over the current path, assuming that the contact 
consists of a plane circular area between the 
flattened point and the semi-conductor. It is 
known that the resistance of such a contact is 
given by the expression, 

*. = p/2d, (S) 

where p is the resistivity of the semi-conductor 
and d is the diameter of contact. 

Since <p a in Eq. (4) is the potential applied to 
the barrier of the rectifier, one may re-write the 
equation as, 

/,-/o(exp l*(Vr-I P R.)l- 1). (6) 

Here Vp is the forward voltage applied to the 
rectifier and a has been written instead of the 
constant t/kT. It is clear from Eq. (6) that if Vp 
is large compared to the term IpR, in the 
exponent, and if the exponential is large compared 
to 1, a plot of log h vs . V F should be a straight 
line. Furthermore its slope should be */kT or 
about 40 volt” 1 . In general others have found 
that a is smaller than this and that it is not 
constant over a large range of currents. R. G. 
Sachs, H. J. Yearian, and others at Purdue Uni¬ 
versity have explained these facts by assuming a 
variation of contact potential over the area of 
contact. 4 The welded contact microwave crystals 
follow an exponential law over a wide range of 
currents. The value of a obtained is usually more 
than 60 percent of the theoretical value. 

Figure 6 shows a plot of the logarithm of the 
current against forward applied voltages for a 



V * * 

Fig. 5. Equivalent circuit for a contact rectifier. 


Volume 17, November, iom 





typical welded contact germanium crystal and 
for a 1N31 silicon crystal taken at random from 
stock. The logarithm of the back current is also 
plotted against the applied back voltage for the 
two units. The forward characteristic for the 
germanium crystal is seen to be a straight line 
over more than three decades of current. The 
dotted curve is the continuation of the straight 
portion of the logarithmic characteristic. It 
actually represents a plot of the logarithm of the 
current as a function of the voltage applied to the 
barrier alone as the data points show. To obtain 
these points, values of R $ were tabulated which 
would create a voltage drop sufficient at each 
current to restore the solid curve to the dotted 
straight line. The average value of R , was then 
multiplied by the current at each experimental 
point, and the voltage drop in the spreading re¬ 
sistance was subtracted from the solid experi¬ 
mental curve. The resulting points fell along the 
experimental curve as shown, illustrating the fact 
that the welded contact germanium crystal 
follows the theoretical expression over five dec¬ 
ades of current. For the silicon unit no value of R a 
could be found which would restore the experi¬ 
mental curve to a straight line as predicted by the 
simple theory. We have attributed this fact to the 
less intimate contact in the silicon unit. The value 
of a for the germanium unit was 24 voltr 1 . For 
this unit Jo was 9.05 X10“ 5 milliampere. R t had 
an average value of 2.59 ohms. Using Eq. (5), the 
measured resistivity of 0.005 ohm-cm for the 
germanium, and assuming a contact diameter of 
0.0002", one obtains a value of 4.9 ohms. The 
discrepancy may be caused by the fact that the 
contact area in a welded unit is probably more 
nearly a hemisphere than a circular disk. If one 
makes the reasonable assumption that the cur¬ 
rent flow near the hemisphere is radial, one 
obtains the formula 

R.'~p/rd, (7) 

where/!/ is the spreading resistance of the welded 
unit, p is the resistivity of the germanium, and d 
is the diameter of the hemisphere. The same 
value of p and d used in Eq. (5) now yield /?/ « 3.1 
ohms which is in better agreement with the 
measured value of 2.59 ohms. This low value of 
spreading resistance accounts in part for the 
straight portion of the log Ir vs. Vw plot. 



Fig. 6. Comparison of logarithmic characteristics. 


Aside from its interest in connection with 
rectifier theory, the welded contact offers inter¬ 
esting possibilities in applications where resistors 
are required which follow a single exponential law 
over a wide range of current. In general the 
welded units offer such a characteristic over three 
decades of current. 

5. DEFINITIONS OF CONVENTIONAL TERMS FOR 
MICROWAVE MIXER CRYSTALS 

In discussing the microwave performance of 
mixer crystals three quantities are generally con¬ 
sidered : The conversion loss and the noise ratio in 
turn determine the noise figure which combines 
the first two quantities. The following definitions 
are consistent with those proposed by H. T. 
Friis: 1 

1. Conversion loss , Ldb.—Expressed in decibels, con¬ 
version loss of a crystal is defined by the equation, 

Ldb-101ogi.(/V/\). («) 

where P» is the maximum available power from the signal 

"^TrrTFriis, “Noise figures of radio receivers,” Proc. 
I.R.E., 32, 419-422 (1944J. 
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source at frequency /*, and Py is the maximum available 
power from the crystal at intermediate frequency y. P, is 
equal to the power absorbed by the crystal and Py is that 
absorbed by the i-f amplifier only when the crystal is 
matched to the wave guide or coaxial line, and to the i-f 
load. In general, if the crystal is mismatched to the in¬ 
coming signal, Ldb is greater than it is in the matched case 
since Py is reduced. 

2. Noise ralio t N .—The noise ratio of a crystal is defined 
by the equation, 

N-P./Pr, (9) 

where P u is the maximum noise power available from the 
crystal to a noiseless resistor, and P r is the maximum 
fluctuation noise power available from a resistor at room 
temperature to a noiseless resistor. Thus if the crystal 
creates no more noise than a resistor at room temperature, 
its noise ratio will obviously be unity. The quantity P r is 
proportional to the product of the absolute temperature T 
of the resistor and to the band width, A/, under considera¬ 
tion. It is given by the equation, 1 

Pr-kT*f, (10) 

where k is the Boltzmann constant. 

The noise ratio of a crystal can of course be expressed 
in decibels as well as the loss. So expressed, it is given by 
the formula, 

iVdb-lOlogiofP./Pr). (11) 

We shall have occasion to use it in this form. 

Expressed in decibels, the noise figure of a crystal is 
defined by the equation, 

ttb-JU+Mtb. (12) 

6. METHODS OF MEASURING LOSS AND 
NOISE RATIO 

The early tests on microwave mixer crystals 
were made using a set simulating an actual radar 
receiver. This method of test is known as the 
“Rouble detection” method. Local oscillator 
power at frequency (/•— 7 ) was fixed at a level 
to give 0.5 ma of rectified current through 100 
ohms, and the noise power was observed at the 
output of the receiver. A known signal of fre¬ 
quency /• was then introduced and increased 
until the power output of the receiver had 
doubled. Over-all receiver noise figure was ob¬ 
tained by dividing the known signal power re¬ 
quired by kTAf. Unfortunately the measurement 
is a very difficult one when applied to crystals 
because of the low power levels involved. Further¬ 
more, it does not determine directly the con¬ 
version loss and noise ratio of the crystal alone. 

To obtain the conversion loss of a crystal 
directly, a “modulation” method has been used 
and applied to the production testing of mixer 


crystals. R. N. Smith of Purdue University and S. 
Roberts of the Massachusetts Institute of Tech¬ 
nology Radiation Laboratory have shown that 
modulation on a microwave local oscillator can be 
used to replace a low level signal in loss measure¬ 
ments. They have shown further that the voltage 
modulation on the r-f wave can be as high as 10 
percent and that a 60-cycle modulation frequency 
is satisfactory. Loss values calculated from 
“double detection” results and those obtained by 
the “modulation” method showed excellent 
agreement. Roberts has shown that in the 
“modulation” method, conversion loss is given 
by the formula 

m \p 

•tdb = 10 logio-. (13) 

Vi}/R l 

Here m is the fractional r-f^voltage modulation 
(60-cycle), Pa is the average available oscillator 
power, and Vl is the 60-cycle (r.m.s.) voltage 
appearing across the load resistance, Rj.. 

Figure 7 shows a photograph of the microwave 
“plumbing" used for the loss measurement of the 
welded units. They were matched to the local 
oscillator. At the left is a 723-AB oscillator set to 
a wave-length of 3.2 cm. Following it is a variable 
resistor strip attenuator and a rotating resistor 
disk modulator. Fortunately an almost perfect 
sine-wave modulation is created by the modulator 
if an eccentric circular disk is used. This greatly 
simplifies the calculation of the fraction of 
modulation, m, which can be obtained by meas¬ 
uring maximum and minimum power passed by 
the modulator. To the right of the modulator in 
Fig. 7 is a resistor strip attenuator to decouple 
the modulator from the mixer and a standing 
wave detector to aid in matching the crystal to 
the wave guide. Figure 8 shows the d.c. and 60* 
cycle load circuit used to permit zero d.c. bias 
voltage regardless of the 60-cycle load. The 
battery potentiometer was varied until no direct 
current passed through the load. The load resistor 
was tapped to permit a variation of 60-cycle 
resistance as seen by the crystal. The a.c. voltage, 
Vl, across the load was measured with a 
Ballantine vacuum tube voltmeter. 

The present measurement of noise ratio, al¬ 
though more difficult than that of loss, is simpler 
than the measurement of noise figure by the 
“double detection" method. The w^ded-contact 
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Fig. 7. Photograph of microwave plumbing used for 
loss measurement. 

crystals described here were measured, in the 
matched case, on a standard noise set designed at 
the Massachusetts Institute of Technology Radi¬ 
ation Laboratory. The mixer was altered to 
permit matching each crystal to the padded wave 
guide. Since this noise set has been described in 
detail elsewhere, 6 its principles of operation will 
be merely outlined here. The set consists of a 
narrow-band 30-megacycle amplifier whose out¬ 
put meter reading is proportional to the power 
dissipated in its input resistance. An impedance 
matching circuit connects the amplifier input to 
the crystal under test. It is of such design as to 
permit the testing of crystals having i-f imped¬ 
ances between ISO ohms and 600 ohms. Using a 
known diode noise source, one may calibrate the 
output meter directly in terms of the noise ratio 
of the crystal at the input. 

7. PERFORMANCE DATA ON WELDED MIXER 
CRYSTALS MATCHED TO THE 
LOCAL OSCILLATOR 

Several hundred welded-contact germanium 
crystals were tested for loss by the modulation 
method and for noise by the method just de¬ 
scribed. In the loss measurement 1 milliwatt of 
local oscillator power was matched into the 
units. The crystals fed a 400-ohm 60-cycle load 
resistance. The d.c. bias was set to zero, although 
with 1 mw of available local oscillator power, 
bias was not critical. Figure 9 shows the loss 
distribution of a typical group of 177 welded 
crystals matched to the local oscillator. Figure 10 
shows the noise distribution for the same group 
excluding 13 crystals which did not give sufficient 
current. During the noise measurements the units 
were matched to the local oscillator which was 

^ S Roberta, 1N23 Noise Measuring Set Type 7438, 
Radiation Laboratory Report M-190 (Dec. 21, 1944). 
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Fig. 8. Load circuit for loss equipment. 


attenuated to give 0.S ma of crystal current in 
each case. The values of loss and noise ratio for 
those units welded with 250 ma of d.c. are con¬ 
siderably lower than those obtained earlier for 
unwelded units. In general the crystals having 
low conversion loss are those with low noise 
ratios as well. Some improvement over the values 
of noise ratio plotted can be obtained by lowering 
local oscillator level. If bias is used, no appreci¬ 
able increase in loss accompanies the decrease in 
noise. 

8. CONVERSION GAIN IN WELDED UNITS MIS¬ 
MATCHED TO THE LOCAL OSCILLATOR 

During the measurement of conversion loss of 
welded contact germanium crystals, it was noted 
that somewhat lower losses could be obtained 
when the crystals were mismatched to the local 
oscillator, creating a voltage standing wave ratio 
of about 5 to 1 in the wave guide ahead of the 
crystal. It was found that if an i-f load above 
1000 ohms were used, the conversion loss in db 
often became negative or conversion gain oc¬ 
curred. Up to this time it had not been known 
that a crystal could furnish more power to the i-f 
load than it received as low level signal in the 
presence of a local oscillator. The Massachusetts 
Institute of Technology Radiation Laboratory, 
and the University of Pennsylvania, as well as 
the General Electric Company started groups 
working with the welded units furnished by the 
author, and the subsequent evaluation of the 
effect arose through the joint efforts of all 
concerned. 

M. C. Waltz and R. H. Dicke of the Radiation 
laboratory found that a resonant circuit attached 
to the i-f terminals of these units (fed by a 
mismatched microwave oscillator) would oscillate 
at the resonant frequency of the circuit, at least 
up to 34 megacycles. The presence of negative 
resistance was thus indicated. Figure 11(a) is a 
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photograph of the characteristic of a crystal with 
about 1 milliwatt of r-f applied but mismatched 
to the'crystal. There are actually two regions of 
negative resistance observed, one near zero bias 
and one at a negative bias of about 0.9 volt. 

To explain the conversion gain of the welded 
units, it is only necessary to explain the mecha¬ 
nism creating negative resistance at the i-f 
terminals. This can be seen most easily by a 
consideration of Fig. 11(b). It is a photograph of 
the characteristic of Fig. 11(a) when 60-cycle 
modulation (6 percent) was applied to the r-f. 
The blurred portion in the negative resistance 
region consists of a series of characteristics with 
r-f power as the parameter. Consequently a load 
line drawn through this region defines the limits of 
the i-f voltage swing for the modulation used. The 
load line actually drawn in Fig. 11(b) is nearly 
parallel to the negative resistance portion of the 
characteristic. Consequently a very small signal 
or r-f modulation will cause a large voltage swing 
along the i-f load line. This swing is almost inde¬ 
pendent of the r-f signal level. Thus, conversion 
gain can result. (The term gain is actually not 
uniquely defined when such a characteristic is 
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Fig. 9. X-band k*s distribution for 177 welded crystals 
matched to local oscillator. 


obtained.) H. C. Torrey of the Radiation Labo¬ 
ratory has shown that with reasonable assump¬ 
tions, linear network theory will account for the 
negative i-f conductance. His argument requires 
the variation of contact capacity with bias and 
low spreading resistance, both of which occur in 
welded germanium rectifiers. 

W. C. Hahn of the General Electric Research 
Laboratory, using the assumption of a non-linear 
capacity set up a low frequency analogue to 
simulate the microwave performance of welded 
contact crystals. With it he was able to duplicate 
all of the phenomena observed with the micro- 
wave unit. The circuit producing the required 
characteristics is shown in simplified form in 
Fig. 12. This circuit approximates rather closely 
the one found in the microwave case. The 
resonant circuit including L and C exists in the 
wave guide mixer tuned to cause a large standing 
wave ahead of the crystal. L. corresponds to the 
inductance equivalent to the combination of the 
glass bead and the cat whisker in the crystal 
cartridge. R, corresponds to the spreading resist¬ 
ance of the germanium. R, and C, are the barrier 
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Fig. 10. jf-band noise distribution for 1$4 welded crystals 
matched to local oscillator. 
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(*) (b) 

Fig. It. (a) Characteristic of a crystal with about 1 
mw of r-f available but mismatched to crystal, (b) Pho¬ 
tograph of the characteristic in (a) when 60-cycle inocu¬ 
lation was applied to r-f. 

resistance and capacitance varying with bias. C, 
was obtained and varied in the low frequency 
analogue with a reactance tube circuit. 

With the circuit of Fig. 12 Mr. Hahn readily 
obtained negative “i-f” resistances when R, was 
sufficiently small and was sufficiently large. 
The necessity for a low value for R, agrees with 
the finding that silicon microwave crystals 
(having large spreading resistance) do not show 
negative i-f resistances. A few microwave crystals 
with short, L-shaped whiskers of decreased in¬ 
ductance were made. Tests confirmed Mr. Hahn’s 
finding that L» must be high, since no negative 
resistances were obtained. Rigorous analytical 
treatment of the circuit of Fig. 12 is very difficult. 
The general mechanism whereby conversion gain 
is obtained can be seen from the circuit, however. 
In the presence of modulation or r-f signal, the 
changing capacity, C«, and resistance, R,, throw 
the L-C circuit in the wave guide in and out of 
resonance. This varies the bias voltage at the 
modulation or intermedate frequency. The re¬ 
sult is a transfer of local oscillator energy to the 
i-f terminals of the crystal. 

It should be pointed out here that the negative 
resistances obtained are only possible because of 
the low spreading resistance and the circuit 

constants of the welded contact crystal. They are 

>> 


not caused by thermal effects as are the negative 
resistances in crystals heretofore described. 7 The 
conversion gain described for welded-contact 
germanium crystals depends upon the presence of 
a mismatched local oscillator, part of whose 
energy appears at the i-f terminals of the crystal 
when a signal is applied to the r-f terminals. 


9. THE PERFORMANCE 07 MISMATCHED 
CRYSTALS AS A FUNCTION OF BIAS 


Since the welding process had made possible 
conversion gain in germanium crystals, a knowl¬ 
edge of crystal noise under conditions of mismatch 
became essential For the measurement equip¬ 
ment on hand was used. The modulation set 
(Fig. 7) and the standard noise set were modified 
for the purpose. The equivalent circuit in Fig. 13 
was assumed for the crystal as seen from its i-f 
terminals. Here t* and i, are constant current 
noise and signal generators for a given setting of 
the r-f tuning elements and a given d.c. bias. 
b represents the i-f susceptance of the crystal and 
g,/ its i-f conductance. The circuit is commonly 
used in mixer representation and need not be 
justified here. The method of measurement was 
not conventional, however, and needs further 
discussion. 

For the loss measurement mixer tuning was 
fixed on the modulation set to give the desired 
characteristic during the application of 1 milli¬ 
watt of available local oscillator power. The 1000- 
cycle admittance of the crystal to a low level 
signal was measured as a function of bias. It is 
known that if the r-f tuning elements are close 
to the crystal, its 1000 cycle admittance is equal, 
for all practical purposes, to its i-f conductance. 
The conductance, g,/, for a typical crystal has 
been plotted as a function of d.c. bias in Fig. 14. 
Note that the conductance becomes negative at a 
positive bias of 0.25 volt. To determine the value 
of is for a given signal input power, with the 



Fig. 12. Low frequency analog of a negative 
resistance crystal. 


T E. C. Cornelius, “Germanium crystal diodes," Elec¬ 
tronics 19,11&-123 (1946). 
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mixer attached to the modulation set, the i-f 
load was set at 100 ohms. The 60-cycle voltage, 
Vl, across this load was measured as a function 
of d.c. bias. One milliwatt of local oscillator 
power was made available. From the value of Vl 
and g{/ t i» was determined for the equivalent 
circuit. 9 It may be seen from the circuit that the 
power delivered to the load conductance gL is 
given by the expression 


Pl 


t . 2 

-- ~gL, 

(gif+dry 


(14) 


when susceptance is negligible or tuned out. The 
usual definition of loss refers to power available 
from the i-f terminals of the crystal. When g xf is 
negative, power “available from the crystal” has 
no meaning. Consequently loss has been re¬ 
defined for mismatched units as the ratio of 
available signal power to power developed in the 
load conductance, gL . In Fig. 14, Ldb is plotted as 
a function of d.c. bias voltage. For positive values 
of g x f t the usual definition of loss was used 
assuming gt—gi/- A particular load of 0.0002 mho 
was considered in the negative resistance region 
since that is the order of grid-cathode con¬ 
ductances at intermediate frequencies. 

The measurement of noise ratio was made on 
the standard noise set, but the input circuit was 
arranged as shown in Fig. 15. The equivalent 
crystal circuit of Fig. 13 has been included. The 
method used was essentially one of substitution. 
Crystal noise was compared with that of the 
temperature limited diode, P, shown in the figure. 
The inductance La, was used to tune out the 
capacitance of the diode, that of the 6AC7, and 
the susceptance of the crystal. The wave guide 
attenuator was set so that 1 milliwatt of local 



Fig. 13. Equivalent i-f circuit of a crystal rectifier. 


• In measuring Vl in the region of low or negative i-f 
conductance, it is important either that the percent 
modulation be small enough or that the load line be steep 
enough to prevent distortion of the wave due to a large 
voltage swing at the i-f terminals. Six-percent modulation 
and a load of 100 ohms were found to be satisfactory. 



oscillator power was available as in the loss 
measurement. Wave guide tuning was left the 
same in the two measurements, so that i-f 
impedances were known for the noise measure¬ 
ment. The noise output for each crystal was 
compared with the known diode output, leaving 
the crystal in place when the diode was turned on, 
to insure the proper value of gif in the measure¬ 
ment. In the negative resistance region, noise 
ratio was defined as the power delivered to the i-f 
load divided by ktAf (cf. Eq. (9)). For positive 
values of gif the usual definition of noise ratio was 
used assuming gL—gif- In Fig. 14 Ndb has been 
plotted as a function of bias. The 2000-ohm grid 
resistance of the amplifier prevented oscillation 
of the input circuit in the presence of the negative 
crystal resistance. 

In Fig. 14, Fdh, which is the sum of Ldb and 
#db, ^ also plotted. A continuous curve for this 
quantity has been plotted in the region of positive 
gif . In the region of negative gif, a typical value 
for Fdb has been plotted from typical values of 
Ldb and Ndb in this region. For this crystal as for 
all others tested with mismatched local oscillator, 
Ndb goes up as Ldb goes down in such a way that 
Fdh remains higher than its value obtained when 
the crystal is matched to the local oscillator. 

The conditions under which these data were 
taken should be carefully specified. Ldb* Ndb, and 
Fdb were obtained for th$ case in which signal, 
local oscillator and image *ere all mismatched 
alike. The modulation method was assumed appli¬ 
cable to these crystals. It should be remembered 
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Fig. 15. Amplifier input circuit with crystal attached. 


that as much as 3 db of signal power may be 
reflected from the mixer because of mismatch. 
The noise figures are in general so high, however, 
that this difference is not important. E. R. 
Beringer of the Radiation Laboratory has con¬ 
firmed the results of the author by the “double 
detection” method, using a noise generator as a 
signal source. Although he tuned signal, local 
oscillator, and image separately, he too obtained 
no better performance than when the crystal was 
matched to the wave guide. 

It thus appears from the measurements made 
on welded contact crystals, that the conversion 
gain obtained through mismatch at the r-f 
terminals is of little use in present radar receivers 
because of the increase in noise which ac¬ 
companies the gain. Other schemes (e.g., re¬ 
generative circuits) for using the units have not 
yet been fully explored, however. 

10. THE GENERATION OF HARMONICS 

Because of the fact that microwave oscillators 
arc not available for wave-lengths much below 
1 cm, an investigation was made to determine the 
efficiency of welded contact germanium crystals 
compared, as harmonic generators, to IN26 
silicon crystals. Since standing wave detectors 
and bolometers were not available for the wave¬ 
lengths generated, absolute power measurements 
were not made. The work was undertaken since 
measurements made at the Massachusetts Insti¬ 
tute of Technology Radiation Laboratory by C. 
G. Montgomery and D. D. Montgomery on our 
standard welded contact microwave crystals had 
indicated their superiority over silicon units as 
harmonic generators. To determine conditions for 
maximum harmonic output, contact force during 
adjustment and welding current were varied. 

Figure 16 shows the wave guide arrangement 
used for comparing crystals as generators of the 
third harmonic of 1.2-cm radiation. The standard 

&22 


AC-band mixer shown at the lower right of the 
figure was connected to a /C-band padded wave 
guide from which 3 milliwatts of pulsed 1.2-cm 
power were available. The design of the holder is 
very similar to that used at the Radiation 
Laboratory. The d.c. terminals were accessible 
for biasing the generator crystal. Fundamental 
power was transmitted to the generator crystal 
shown at the upper right through the short 
section of coaxial line, choked to prevent escape 
of harmonic power back into the AT-band guide. 
Four-mm power was carried by the 0.110" 
X0.050" wave guide to the shielded detector 
crystal as shown in the figure. Tuning was done 
for the harmonic by adjusting plungers behind 
the generator and detector crystals and by 
sliding the generator crystal up and down on the 
spring finger contacts. Such tuning adjustments 
do not cover the entire range of possible imped¬ 
ances, but should suffice for the impedances 
usually encountered. During measurements the 
detector crystal was connected to the 750-ohm 
input of a 2000-cycle peaked amplifier. Thus the 
square wave (2000-cyde) modulated harmonic 
was detected and amplified for comparing crys¬ 
tals. Bias on the silicon detector crystal and r-f 
tuning were fixed for most sensitive operation. 
The generator crystal was matched to the funda¬ 
mental source and to the harmonic guide in such 
a way as to obtain maximum output from the 
harmonic detector. 

The harmonic output of a group of twenty 



Fig. 16. Wave guide arrangement for comparing crystals as 
generators of third harmonic of 1.2-cm radiation. 
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Fig. 17. Comparison of K/3 output for crystals of 
different construction. 


1N26 silicon crystals was compared to that of 
each of three groups of welded germanium units. 
The first group was constructed and adjusted in 
approximately the same manner as the'welded 
contact microwave units previously described. 
The 0.0005" whisker deflection was followed by a 
welding current of 225 ma. The second group was 
the same except for the adjustment and welding 
current. The whisker deflection of this group was 
0.000125", and the welding current was 50 
milliamperes. The third group of welded contact 
germanium crystals was like the second in ad¬ 
justment and welding current, but the usual 
glass beads were replaced by beads of “Polyglass 
D,” a thermoplastic material having a lower 
dielectric loss than the glass. The relative har¬ 
monic output of the three groups and that of the 
standard silicon units is shown in Fig. 17. The 
percentage of crystals showing more than V 
microvolts at the detector has been plotted 
against V, the detector voltage. It is apparent 
from the curves that our standard welded contact 
microwave crystals are somewhat better gener¬ 
ators of 4-mm waves than the silicon units, and 
that more than twenty times the output of the 
silicon units can be obtained from welded ger¬ 
manium crystals with special contacts. Some 
improvement was noted when the “Polyglass” 



« micmvsim 

miMI MMtt «„ KTICTM 

Fig. 18. Companion of K/2 output for crystals of 
different construction. 

beads were used, presumably because of the 
decreased absorption of the harmonic. 

Because of the possibility of obtaining much 
more second than third harmonic, the same 
groups of crystals were compared in a holder 
similar to that for the third harmonic. Figure 18 
shows a comparison of the second harmonic out¬ 
put from the groups of crystals previously tested. 
It is interesting to note that the light-contact 
germanium units were only slightly better than 
the silicon units in second harmonic generation. 
It is also interesting that several of the germa¬ 
nium units welded in the usual manner showed 
very high second harmonic output. 
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Quantitative x-ray diffraction methods have been used 
to study the orientation of the cellulose chains and lateral 
ordering around the long chain axes in various commercial 
and experimental rayons. Lateral order can vary inde¬ 
pendently of orientation in cellulose, as is the case with 
other linear polymers such as the polyamides. The degree 
of lateral order obtainable by aqueous annealing of re¬ 
generated cellulose appears to be restricted by the structure 
originally set up. As noted by Sisson, the well-known 
relations between yarn tenacity and orientation and elon¬ 
gation to break and orientation are not unique. At a 
given orientation, a range of tenacities and elongations are 


possible, depending upon the influence of other variables. 
Study of a series of yarns prepared under constant me¬ 
chanical conditions showed that elongation to break in¬ 
creased with lateral disordering of the cellulose chains at 
constant orientation. The data support Baker's proposal 
that local chain disordering in any linear polymer favors 
higher extensibility. Some yams of essentially the same 
orientation and lateral order have shown different proper¬ 
ties indicating that other as yet undefined structural 
variables also have an important effect on physical 
properties. 


INTRODUCTION 

E XTENSIVE investigations over a period of 
years by Herzog, Hengstenberg, Meyer, 
Mark, Sisson, and many others have led to 
acceptance of the hypothesis that cellulose con¬ 
sists of both organized or crystalline and un¬ 
organized or amorphous regions. 1 The arrange¬ 
ment and dimensions, relative amount or per¬ 
fection of the organized regions and the nature 
and arrangement of disordered regions vary 
widely depending upon the source and history of 
the sample. This heterogeneous order-disorder 
structure of cellulose, denoted by the term “fine 
structure,” is believed to have an important 
effect on physical properties. 

In this work, x-ray diffraction techniques have 
been applied for the quantitative measurement 
of parameters related to fine structure. Studies 
of relations among the various structural features 
and physical properties have also been under¬ 
taken. 


EXPERIMENTAL TECHNIQUE 

Equipment 


The x-ray patterns were taken with a General 
Electric XRD unit using nickel-filtered copper 


* Contribution No. 202 from the Chemical Department, 
Experimental Station. 

1 E. 0. Herzog and W. Jancke, Zeits. f. Phyaik 3, 196 
(1920); J. Henjntenberg, Zeits. f. Krist. 69, 271 (1928); 
H. Mark and K. H. Meyer, Zeits. f. physik. Chemie B2, 
115 (1929); H. Marie, /. Phys. Chera. 44, 764 (1940); 
W. A. Sisson, Chem. Rev. 26, 196 (1940). 
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radiation or in some cases monochromatized 
copper Ka radiation. All patterns were taken 
with a 5-cm specimen-to-film distance. The films 
were processed under controlled conditions and 
the parameters were measured with a Photovolt 
photometer which had been remodeled and cali¬ 
brated directly in x-ray intensity units. 

Yams Studied 

With the exception of some saponified cellulose 
acetates, most of the samples studied were pre¬ 
pared by a conventional viscose process. Linters 

Table I. Summary of x-ray parameters for viscose rayon. 


Description 

Orientation parameter*—measured from 
Parameter azimuthal trace 


180/4 


O , orientation 
number 
Orientation 
distribution 


A is the angular breadth in degrees of 
the interference at half maximum 
intensity, corrected for background 
intensity. 

Ratio of equatorial to polar intensity of 
the interference. 

Angular distribution of the interference 
around the fiber axis, obtained by 
calculating the fraction of the total 
interference at each angle. 


Reciprocal 
interference 
width (mm -1 ) 
( 1 / 0 . 5 ^,) 

Radial intensity 
Ratio 

ihzM ioo 

ft 


Lateral order parameter*—measured 
from radial trace 

Reciprocal of the half-width of the lOl 
interference at half-maximum inten¬ 
sity, corrected for background inten¬ 
sity, measured toward the 101 inter¬ 
ference. 

Ji—intensity of the 101 interference. 

1 —minimum intensity between the 101 
and 101 interferences. 
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cellulose was steeped in sodium hydroxide, aged, 
then reacted with carbon bisulfide to form the 
soluble xanthate. The xanthate was dispersed in 
alkali then extruded into a primary bath which 
contained sulfuric acid and sodium sulfate and 
in some cases zinc sulfate or zinc and iron sul¬ 
fates. The coagulated and partially regenerated 
filaments from the primary bath were then 
passed into a secondary bath containing hot 
water and stretched. Large differences in proper¬ 
ties were achieved by variations in the viscose 
or baths. 


X-Ray Parameters 

Orientation 

Figure 1 illustrates the x-ray diffraction pat¬ 
tern and photometric traces for a viscose yam 
which was spun into an acid-sulfate bath and 
highly stretched. Parameters frequently meas¬ 
ured from the patterns are tabulated and de¬ 
scribed in Table I and discussed in more detail 
in the following. The photometric trace may be 
made along the arc of an interference, giving the 
symmetrical intensity vs. angle curve shown, 


DIFFRACTION 

PATTERN PHOTOMETRIC TRACE 


AZIMUTHAL TRACE 



POLE EQUATOR POLE 



RADIUS 

Flo. 1. Method of photometering x-ray diffraction pattern* of vt*cj*e rayon. « 
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which is a measure of the orientation of the 
cellulose crystallites. Complete orientation distri¬ 
butions can be calculated from this curve by 
procedures developed by Kratky, Hermans, 
Sisson, and others. 8 The distribution represents 
the fraction of the interference intensity having 
any designated orientation and is particularly 
useful in studying small differences in orientation 
or high degrees of orientation, as well as differ¬ 
ences in orientation distribution. The angular 
breadth of the photometric curve at half-maxi¬ 
mum intensity, a parameter used by Kratky, 
Sisson, and others, 1 is useful for measuring inter¬ 
mediate degrees of orientation and is more con¬ 
venient to use than the complete distribution. 
We have expressed the measurements as 180° 
divided by the angle in order to provide a 
parameter which increases with orientation. We 
have also used another simple parameter, the 
ratio of the equatorial to the polar intensity, 
which is more suitable than the orientation angle 
for measuring low degrees of orientation. 

Orientation of the long axes of cellulose 
crystallites parallel to the long axis of the fiber 
but with other crystallographic directions at 
random has been termed uniaxial orientation by 
Sisson. 4 In this case, equivalent orientation pa¬ 
rameters are obtained from the three principal 
interferences for cellulose since all three inter¬ 
ferences arise from planes parallel to the long 
axes of the molecules. Other types of orientation 
arise when other planes or directions in the 
cellulose crystallites are aligned with respect to 
particular reference planes or directions of the 
sample. A special type of orientation frequently 
encountered in cellulose is orientation of the 101 
diffraction planes parallel to a surface of the 
sample, referred to as selective uniplanar orienta¬ 
tion by Sisson. 1 In fibers this is manifested as 
orientation of the 101 planes parallel to the fiber 
surface (or axis). It is revealed by higher orienta¬ 
tion parameters for the 101 interference than for 
the 101 or 102 interferences. Unless otherwise 


*0. Kratky, Zeits. f. Ekctrochemie 48, 587 (1942); 
P. H. Hermans. Rec. trav. chim. des Pays-Baa 63, 13-24 
(1944); W. A» Sisson and G. L. Clark, Ind. Eng. Chem. 
Anal. Ed. 5, 296 (1933J. 

•P. H. Hermans, O. Kratky, and R. Treer, Kolloid 
Zeiss. 96, 30 (1941); W. A. Suwon, Textile Research 7, 
425 (193#). 

4 W. A. Sisson, J. Phys. Chem. 40, 343 (193^ 

»iJ- ‘ 


4 W. A. Season, J. App. Phys. 44, 523 (19 


specified the term orientation as used here refers 
to uniaxial orientation. 

Background Correction 

A troublesome experimental detail which 
should be mentioned is the background scattering 
correction which must be used in photometry be¬ 
cause of the considerable diffuse scattering ob¬ 
served in patterns of regenerated cellulose. In 
many yams, for example, the orientation angles 
and radial widths cannot be measured at all 
before a background correction has been applied. 
This has been discussed in detail by Kratky and 
others,® but no completely satisfactory solution 
has been arrived at. In the present work it was 
observed that cellulose yarns of low orientation 
frequently had a high degree of selective uni¬ 
planar orientation, that is, the 101 planes were 
more highly oriented than the lOl or 002 planes. 
This selective orientation disappeared as the 
yams were stretched and in highly oriented 
yarns the 101 planes actually appeared to be less 
highly oriented than the 101 or 002 planes. There 
appears to be no physical reason for the 101 
planes to develop a lower orientation than the 
other lateral planes at high uniaxial orientation. 
Consequently, it was assumed that after suitable 
background correction the orientation parame¬ 
ters measured from all three interferences should 
be equal in the highly oriented yarns. The 
minimum intensity between the 101 and lOl 
interferences at 45° from the equator was chosen 
as an arbitrary correction factor since it was 
found to give about equal angles for all three 
interferences over quite a range of orientations. 
Although the structural significance of such a 
correction is uncertain, it serves the useful 
practical purpose of broadening the range of 
samples for which interference angles and half¬ 
widths can be measured. 

Lateral Order 

The photometric trace may also be taken 
radially along the equator of the pattern, Fig. 1, 
to obtain an intensity-distance curve represent¬ 
ing the interferences arising from the three 
principal lateral spacings in crystalline cellulose. 
From this curve the intensities, positions, and 

4 P. H. Hermans, O. Kratky, and P. Platzek, Kolloid 
Zeits. 86, 248-52 (1939). 
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Fig 2. Lateral order and orientation of cellulose yarns regenerated m aqueous and non-aqueous media. 



Fig, 3. Lateral order and orientation of cellulose yams after swellin^deswelling treatments. 
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Fig. 4. Lateral order and orientation 


radial widths of the interferences can be meas¬ 
ured. The widths, shapes, and intensities of the 
interferences are influenced by the dimensions 
and perfection of ordered regions and also by 
other fine structural features such as the amount, 
distribution, and arrangement of ordered and 
disordered regions. These structural features for 
the lateral planes depend largely upon the local 
disordering of the polymer chains in the direction 
perpendicular to their long axes, referred to as 
lateral disordering by Baker and Fuller. 7 This 
terminology is followed here, the width and 
intensity measurements being referred to merely 
as parameters related to lateral order in view of 
the uncertainty of more detailed structural inter¬ 
pretation for the very diffuse and overlapping 
interferences from some regenerated celluloses. 
The positions of the interferences are not used 
in this paper since the average interplanar spac- 
ings for the more ordered cellulose structures 
studied differ very little from those for quite 
disordered structures. 

7 W. O. Baker and C. S. Fuller, J. Am. Chem. Soc. 05 

. 1120 (1945). 

tt. 
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of chemically degraded cellulosic yams. 

The term lateral order is thus intended here to 
emphasize the fact that the x-rays give an over¬ 
all picture of the degree of regularity of the 
lateral diffracting planes. Most of the regenerated 
celluloses here studied appear to be particularly 
unfavorable for attempts to assign specific struc¬ 
tural causes such as variations in “degree of 
crystallinity” for the observed planar irregu¬ 
larity. Lateral ordering is of course to be differ¬ 
entiated from longitudinal ordering, i.e., ordering 
along the long chain axes. 7 Longitudinal ordering, 
which largely determines the sharpness of the 
non-equatorial interferences, is not dealt with 
in this paper. 

EXPERIMENTAL RESULTS 

Relation of Lateral Order to Orientation 

Regenerating or Deswetting in Non-Aqueous Media 

It has been noted that “crystallinity” as well 
as the orientation of cellulosic materials increases 
during stretching.* In considering the application 

' P. H. Hermans, Proc. Acad. Wetenschappen Amster¬ 
dam 43, 1032 (1940); Kolloid Zeits. 96, 311 (»41). 


JOURNAL Of APPLIED PHYSICS 











of quantitative measurements of these features, 
the question then arises as to whether orientation 
may vary independently of lateral order. Sisson 
has observed that celluloses of very low order 
are produced by regenerating a cellulose deriva¬ 
tive in non-aqueous media or by removing an 
intracrystalline swelling agent with a solvent 
less polar than water. 9 These effects have been 
examined quantitatively in order to indicate 
some of the possible relations between changes 
in lateral order and changes in orientation. 

Figures 2 and 3 show photometric traces of 
diffraction patterns for cellulose yams prepared 
from cellulose acetate by saponification in aque¬ 
ous and non-aqueous media and for cellulose 
yams after swelling in liquid ammonia and 
deswelling in aqueous and non-aqueous agents. 
The equatorial traces show that the interferences 
for the samples deacetylated or deswoiicn in 
aqueous media are very sharp and intense, indi¬ 
cating well-ordered diffracting planes. On the 
other hand, the interferences for the samples 
treated in non-aqueous media arc weak and 
diffuse and the 101 interferences appear only as 
small inflections in the traces, showing that the 
cellulose chains are not sufficiently ordered to 
form well-defined diffracting planes. The chains 
are now nearly randomly turned about their long 
axes so that lateral separation of the chains is 
approximately the same in all directions, in con¬ 
trast to the three quite different principal lattice 
spacings shown by a well-ordered cellulose. The 
orientations of the deswollen yams, Fig. 3, are 
very little different from those of the original, 
which is the yam of intermediate orientation in 
Fig. 7. 

The samples prepared in non-aqueous media 
were unstable in that merely wetting and re¬ 
drying markedly increased lateral order. Re¬ 
moval of the substituent groups or swelling agent 
in non-aqueous media leaves an irregular struc¬ 
ture evidently because such media do not soften 
the dellulose sufficiently to allow ordering during 
the transition from the substituted or swollen 
network to the higher density cellulose. Wetting 
with water provides the necessary mobility and 
the chains rearrange, greatly increasing lateral 

• W. A. Si on, Ind. Eng. Chem. SO, 530 (1938); W. A. 
Sisson, Cellulose and Cellulose Derivatives (Intersdence 
Publishers, New York, 1943), first edition, Chapter H1A. 


order. The increase in order on wetting was 
accompanied by a marked increase in orientation 
in the case of the saponified cellulose acetate but 
there was not much change in orientation on 
wetting deswollen yarn. 

It will be noted that wetting out the yam 
deswollen in non-aqueous media converted it to 
a structure nearly as well ordered as that of the 
original untreated sample, shown as the yam of 
intermediate orientation in Fig. 7. Comparable 
results were obtained by applying this swelling¬ 
deswelling and wetting out treatment to a yam 
which was originally much more highly ordered 
as shown by the sharper radial trace in Fig. 7. 
The maximum degree of ordering achievable by 
drastic swelling followed by deswelling and aque¬ 
ous annealing thus appears to be limited by the 
structure of the yam originally set up during 
spinning. This point will be discussed further in 
a later section. 

Mild Chemical Degradation 

Another example of change in lateral order is 
furnished by chemical degradation. Mild chem¬ 
ical degradation of cellulose can greatly increase 
lateral order with substantially no change in 
orientation and no perceptible change in crystal 



Fig. 5. X-ray diffraction from a yam containing both 
mercerized and ifet've cellulose crisis! structures. 
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structure. Figure 4 shows the photometric traces 
of a highly stretched tire cord yarn before and 
after 5 minutes boiling in 1.1 normal hydrochloric 
acid and after 24 hours heating in the presence 
of air and moisture. It is known that cither of 
these treatments can cleave glucosidic linkages 
in the cellulose chains. This process occurring 
preferentially in the disordered, more accessible 
regions of the sample might release these less 
ordered chain segments sufficiently to allow 
rearrangement, and thus cause the over-all in¬ 
crease in lateral order which is observed. 

Comparison of CeUtUose with Other Polymers 

The preceding examples show that lateral 
order can, to some extent, vary independently of 
orientation, a phenomenon which has been re¬ 
ported for other polymeric systems such as 
polyamides and cellulose esters by Baker. 10 The 
importance of distinguishing between changes 
in lateral order and orientation is emphasized. 
The increase in ordering on wetting the meta¬ 
stable cellulose obtained by regenerating or de- 
«W.O. Baker, Ind. Eng. Chem. 37, 246-54 (1945). 

* 
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swelling in non-aqueous media ap|x;ars to be 
entirely analogous to the effects of annealing 
polyamides reported by Fuller, Baker, and Pape 11 
and effects of heat and solvents on cellulose 
esters, described by the same authors. 1 * 

Lateral Order Parameters for 
Regenerated Cellulose 

The differences in lateral order just illustrated 
can be expressed quantitatively in terms of the 
interference widths or intensities which can be 
measured from the photometric traces shown in 
Fig. 1. Unfortunately, the 101 interference is too 
diffuse in many rayons for accurate width meas¬ 
urement. The intensity of the 002 interference 
falls off rapidly, proceeding from the maximum 
outward along the radial trace, and furthermore, 
the position of the maximum is hard to determine 
because of the doublet formation with the lOl 
interference. Consequently the measured widths 
of the 002 interference vary little for large 

»W. O. Baker, C. S. Fuller, and N. R. Pape, J. Am. 
Chem. Soc. 62, 3275-81 (1940). 

“W. O. Baker, C. S. Fuller, and N. R. Pape, J. Am. 
Chem. Soc. 64, 776-82 (1942). 


Journal ov appubd Physics 











RADIUS (MM) 


Fig 7 Effect of orientation on 

changes in pattern. The lOl interference width 
can be measured only toward the center of the 
pattern because of the lOl —002 doublet forma¬ 
tion and its usefulness is limited also by the fact 
that the native cellulose 101 —lOl doublet 
occurs just inside the lOl interference for regen¬ 
erated cellulose, Fig. 5. Most rayon samples 
contain detectable amounts of native cellulose 
structure and many contain large proportions of 
it. A large difference in native cellulose content 
could change the lOl interference width even 
though there is no difference in lateral order. 
Nevertheless this parameter serves in many in¬ 
stances as a practical measure of pattern diffuse¬ 
ness. The width is expressed as a reciprocal in 
order to provide a parameter which increases 
with increasing lateral order. 

X-ray intensities directly measured from the 
photographic patterns were not sufficiently re¬ 
producible at times because of variations in 
x-ray dosage. Consequently, an intensity ratio 
was adopted as an expedient for measuring 
differences in pattern sharpness more reproduci- 
bly. It was noted that the 101 interference almost 



measurement of lateral Order. 


disappears for celluloses of low lateral order and 
shows a large range of intensity depending upon 
sample history. The height of the 101 interference 
above the minimum between the 101 and lOl 
interferences, expressed as a percentage of the 
101 intensity, [(/i—J»)//i]100, provides a pa¬ 
rameter which increases with lateral order. This 
empirical ratio, which will be referred to as the 
radial intensity ratio, can be measured fairly 
conveniently and reproducibly by photometric 
methods. 

Effect of Orientation on Lateral Order Parameters 

It is emphasized that these lateral order pa¬ 
rameters are only comparable if the samples 
have the same orientations. Small differences in 
orientation have little effect but large differences 
change the background corrections, interference 
intensities, and the contributions from non- 
equatorial interferences, with accompanying 
effects on the intensity aerios and reciprocal 
width parameters just described. In addition to 
this effect of uniaxial orientation, selective uni- 
planar orientation id that is, higtaar orientation of 
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Fig 8. Tenacit) vs, elongation for standard rayons 


the 101 planes with respect to the 101 or 002 
planes, will increase the 101 intensity relative 
to the minimum. This produces an increase in 
intensity ratio even though there is no change 
in lateral order. Also, in samples containing 
appreciable amounts of material with the native 
cellulose crystal structure, special corrections 
must be made for the effect of native cellulose 
interferences on the intensity ratio. These latter 
two difficulties will be further discussed later as 
encountered in specific cases. To illustrate the 
effect of uniaxial orientation, Fig. 6 shows photo¬ 
metric traces of two yarns which have much 
different orientations and apparently different 
lateral order as revealed by the radial traces 
along the equator. If the yarn specimen is rotated 
in a plane perpendicular to the x-ray beam, 
during exposure, the interferences are distributed 
on uniform rings and the radial trace is equiva¬ 
lent to a radial trace averaged from equator to 
pole in the original unrotated patterns. The 
average traces, obtained from rotated samples, 
show that these two yarns actually have quite 
similar lateral order, the difference originally 
noted arising largely from the difference in orien¬ 
tation. Figure 7 reproduces the traces for samples 
differing widely in orientation and also appar¬ 
ently in lateral order, when the estimate is made 
from the original differently oriented samples. 
X-ray diagrams of these same yarns, averaged 
by rotating the samples, demonstrate that they 
are still quite different with respect to lateral 
order, even when compared at the same orien¬ 
tation. 

It should be noted that rotating the samples 
does not completely average the diffraction, 

*932 


since the orientations of the various planes are 
not randomized by rotating around one axis. 
This discrepancy in comparing the lateral order 
is of course more important where the differences 
in orientation are largest. An attempt was made 
to randomize the samples completely before 
x-raying by cutting into lengths roughly equal 
to their diameter. However, a serious difficulty 
was encountered here in that it was difficult to 
be sure that the cutting had not altered fine 
structure. It was found, for example, that room 
temperature cutting considerably decreased lat¬ 
eral order as did also rolling dry cellulose fila¬ 
ments. This effect appears to be closely com¬ 
parable to the disordering of cellulose derivatives 
by rolling described by Baker 10 and to the 
disordering of cellulose during grinding reported 
by Hess and co-workers, 11 indicating that me¬ 
chanically working an unswollen cellulose de¬ 
creases its lateral order. Cutting the cellulose at 
very low temperatures, such as dry ice tempera¬ 
ture, appears to reduce the concurrent changes 
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Fig. 9. Tenadty-elongation-orientation relations for 
standard rayons. 

u K. Hess, E. Steurer, and H. Fromm, Kolloid Zelts. 
II] 98, 148-159 (1942); [2] 96, 290-404 (1942). 
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in fine structure, but it is not certain that even 
this method of randomization is satisfactory. 

These averaging procedures tend to increase 
the relative background scattering intensity and 
thus add to the difficulties of measuring small 
differences. However, the results show that a 
comparison of the lateral order of samples differ* 
ing widely in orientation can be very misleading 
unless some correction is made for the difference 
in orientation. 

Correlation of Properties with Fine Structure 

The structural features, orientation, and lateral 
order, are considered to have important effects 
on physical properties of cellulose. It is well 
known from the work of Herzog, Lilienfeld, 
Berkley, Morey, Sisson, and others that many 
physical properties, including tenacity and elon¬ 
gation, vary in a regular way with orientation. 14 
Hermans states that the properties and quality 



MR. 0. Herzog, J. Phya. Chem. 30, 457 (1926); L. 
Lilienfeld, Brit. Patents 274,521 (Ian. 11, 1926); 274,690 
(Jan. 11, 1926): E. E. Berkley, Textile Research 9, 355 
(1939); D. R. Morey, Textilfe Research 4, 491 (1934); 
W. A. Sisson, Textile Research 7,425 (1937). 
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Fig. 11. Wet tenacity vs. orientation for 
experimental rayons. 

of regenerated fibers depend upon (1) the degree 
of polymerization and distribution of chain 
length; (2) the preferred orientation of the 
crystallites and molecules and the distribution 
of this orientation; (3) the ratio of crystalline to 
non-crystalline material; and (4) the average 
distribution of the above over the cross section 
of the fiber. 1 * 

Mark has proposed that flexibility and reac¬ 
tivity are dependent upon the disordered regions 
in cellulose while tenacity and elastic modulus 
are related to the amount of ordered material 
present. 14 In the present work quantitative x-ray 
measurements have been applied to ascertain 
whether this effect of disorder on properties can 
be verified experimentally. 

Tenacity — Elongation—Orientation Relations for 
Standard Rayons 

As a broad introduction to the data, Fig. 8 
shows tenacities plotted against elongations for 
a number of commercial types of cellulose yarns. 
Tenacity decreases with increasing elongation in 
such a way that a smooth curve averaging the 
points has a hyperbolic shape. This relation is 
well known, being indicated by the rough con¬ 
stancy of the product of tenacity and elongation 
which has been called the "silk factor" or “work 
factor." 1 * 

This tenacity-elongation relationship for yarns 
differing widely in orientation results from the 
fact that both tenacity and elongation vary with 

“ P. H. Herman*, J. Phys. Chem. 45, S27 (1941). 

14 H. Mark, J. Phys. Chem. 44, 764 (1940). 

>» P, Smith, Proc. A.S.T.M. 44, 543 (1944). 
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Fig. 13. Wet tenacity vs wet elongation for 
experimental rayons. 


the orientation of cellulose chains. This depend¬ 
ency is illustrated in Fig. 9 where both tenacity 
and log elongation are plotted against orientation 
for these yarns. Tenacity appears to increase 
substantially linearly with increasing orientation 
while elongation decreases hyperbolically with 
increasing orientation. The increase in tenacity 
with orientation has been explained qualitatively 
by Mark on the basis that the more highly 
oriented materials have more crystallites aligned 
parallel to the fiber axis and hence in a position 
to support the load. 18 Elongating the filaments 
increases the orientation so that if all samples 
break at complete or comparable orientations, 
more elongation would be possible in a less highly 
oriented sample. Preston has calculated elonga¬ 
tion on this basis from refractive index measure¬ 
ments of orientation and obtained qualitative 
agreement with the observed values. 19 

The scatter of the data in Fig. 9 indicates 
that factors other than orientation also affect 
these properties. The curves shown have been 
drawn to represent the highest tenacities and 
elongations so far observed at each orientation. 
From the measured orientation of a given yarn 
and these reference curves, one can estimate the 
tenacity and elongation which the yam should 
develop if it is as efficient as the reference yams 
in converting orientation into these physical 
properties. The ratios of estimated to observed 
properties, which may be termed “orientation 

»H. Mark, Melliand Textiber 10, 695 (1929); Pap. 
Trade J. 113, 34 (July 17, 1941). 

19 J. M. Preston, Modem Textile Microscopy (Emmott 
and Company, London, 1933), first edition, p. 265. 


efficiencies/' serve as a convenient indicatibn of 
the effects of factors other than orientation and 
have been helpful in evaluating new yams and 
spinning processes. In some instances, for ex¬ 
ample, low efficiencies have been traced to me¬ 
chanical non-uniformities of the yarns. In other 
cases it has been possible to show that some 
structural features other than orientation were 
important. 

Tenacity — Elongation—Orientation Relations for 
Experimental Rayons 

Wet tenacity-orientation, wet elongation-ori¬ 
entation curves for two experimental yams at 
various degrees of stretch are shown in Fig. 10. 
One yam was spun into an acid-sulfate bath, 
the other into an acid-sulfate-zinc bath. Dry 
tenacities and elongations plotted against orien¬ 
tation for these same yams at various stretches 
give curves which are quite similar but in general 
not as smooth as those shown for the wet 
properties. Differences between dry and wet 
properties, the treatment of which is beyond the 
scope of this paper, may be neglected for the 
purposes of this discussion. The linear tenacity- 
orientation and hyperbolic elongation-orienta¬ 
tion relation indicated roughly by data for several 
types of rayon in Fig. 9 are shown more clearly 
here for these yams in which the orientation is 
increased by merely increasing spinning stretch. 
The curves for these two experimental yams 
have much the same form and slopes but are 
displaced from each other because of the effects 
of variables other than orientation. Changes in 
bath or viscose variables other than adding zinc 
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to the bath have produced a similar effect, 
forming families of tenacity-orientation and 
elongation-orientation curves, respectively. At 
any given orientation, then, a range of tenacities 
and elongations is possible, depending upon other 
factors, as shown by Sisson. 9 

Some information on the effects of fine struc¬ 
tural factors other than orientation was obtained 
by examining a series of yams spun by identical 
mechanical procedures. Large changes in proper¬ 
ties of these yams were achieved by changing 
the acidity or metal ion concentration in the 
coagulating bath or the degree of substitution, 
salt index, or composition of the viscose. All 
samples were collected on a bobbin and dried at 
constant length. These changes in spinning con¬ 
ditions and viscose produced large differences in 
lateral order and marked differences in orienta¬ 
tion, even though secondary bath stretch was 
held constant. The graph of wet tenacity against 
orientation for these yarns, Fig. 11, shows that 
the data scatter considerably, suggesting that 
variables other than orientation are important. 
There is, nevertheless, a trend for wet tenacity 
to increase with orientation and the over-all linear 
correlation coefficient calculated for this relation 
has high statistical significance. The shaded band 
shown represents the standard error of esti¬ 
mating wet tenacity from the best straight line 
expressing tenacity as a function of orientation, 
calculated by the method of linear regression. 80 
The increase in wet tenacity with orientation 
brought about by stretch alone shown in Fig. 10, 
is also reproduced in the solid curves of Fig. 11 
for comparison. Differences in orientation ap¬ 
parently have similar effects on tenacity whether 
achieved by variations in viscose and bath or by 
differences in degree of stretching. 

With elongation, however, the situation ap¬ 
pears superficially to be quite different from that 
encountered when stretch is varied. Elongation 
now appears to increase somewhat with orienta¬ 
tion, Fig. 12. The solid curves show for compari¬ 
son the wet elongation-orientation relations pre¬ 
viously observed for yams stretched different 
amounts, Fig. 10. The scatter of this wet elonga¬ 
tion-orientation plot is also very large, again 


indicating that variables other than orientation 
are important. 

Since both wet tenacity and wet elongation 
increase with orientation for these yams spun at 
constant stretch, it follows that wet tenacity 
must also increase with wet elongation, as illus¬ 
trated in Fig. 13. The solid curve represents the 
previously shown hyperbolic wet tenacity-wet 
elongation curve for yams differing mainly 
in orientation. The over-all increase in wet 
tenacity with wet elongation encountered here 
suggests that the stress-strain curves may have 
generally similar shapes, the yams merely break¬ 
ing at different elongations. Obviously some 
specific yams as shown on the slide must have 
considerably different stress-strain curves be¬ 
cause of the observed large spread in elongation 
at a given tenacity or in tenacity at a given 
elongation. 

Statistical Analysis of the Correlations among 
Structure and Property Parameters 

In general, there appear to be relations among 
wet tenacity, wet elongation, lateral order, and 
orientation of these yams, but the data scatter 
considerably, indicating that variations in other 
factors arc important. Mathematical procedures 
have therefore been applied for a quantitative 
study of the complex interrelationships among 
the variables. Applying the usual statistical 
methods, linear correlation coefficients were cal¬ 
culated for each of the six possible pairs of 
variables, Table II. Statistical significance of 

Table II. Total and partial linear correlation coefficients 
for properties and x-ray parameters of experimental 
rayons. 


n a. 55 
Variable* 

Wet tenacity (baaed on break dimensions) 
Wet elongation 
Orientation (180/4*) 

Lateral order [(/i -/.)// 1 ] 100 

Variables held 
constant for 

Variables Total fac- partial 

correlated coefficient! tors 


Tam 

Em 

O 

L 


Partial 


<«!*» 

fac 

ton 


Tow—O 

+0.5312* 4.48 

Ew, L 

+0.4034* 

3.15 

Ew~0 

+0.3910* 3.04 

Tow, L 

+03)804 

0.58 

Tow—Ew 

+0.5891* 5.21 

0, L 

+0.4310* 

3.41 

Ew^L 

-0.5496* 4.71 

Tow , O 

-0.4492* 

3.59 

Tow—L 

-0.5478* 2.65 

Ew, 0 

-0.0133 

0.09 

L—0 

-0.2595 1.92 

Tow . Ew 

—0.0477 

0.34 


V/” factor required Ar significance 



5% level 


1.96 



1% level 


2.58 



W M. J. B. Ezekial, Methods of Correlation Analysis . 

(John Wiley and Sons, New York, 1941), second edition. • Coefficient cooddered stadkbnQy si gnifi ca n t. * 


935 


Volume i7. November, i»m 



RAOtAL MITHtni KATId((rl«/>]lW U 

Fig. 14. Wet elongation vs. lateral order for experimental 
rayons of constant orientation. 

these coefficients has been estimated by use of the 
familiar “Student” /-function. Significant posi¬ 
tive correlation coefficients are found for the 
pairs of variables wet tenacity-orientation, wet 
elongation-orientation, and wet tenacity-wet 
elongation. These are expected from the correla¬ 
tion plots which were illustrated in Figs. 11-13. 
An especially interesting feature of the entire 
group of coefficients, however, is the fact that 
they indicate that lateral order as well as orienta¬ 
tion has a very important effect on the physical 
properties of these yarns. Both wet tenacity and 
wet elongation are found to decrease significantly 
with increasing lateral order. 

In each correlation, however, the specific rela¬ 
tions sought are obscured by the fact that other 
variables have not been held constant. For 
example, both wet tenacity and orientation are 
known to be correlated with wet elongation and 
the observed coefficient for wet elongation with 
lateral order has undoubtedly been affected by 
the accompanying changes in wet tenacity and 
orientation. 

In order to isolate the specific effect of a given 


oil-5U-TO-;-STI- 

RECIPROCAL INTERFERENCE WIDTH (pt**) 

Fig. IS. Wet elongation vs lateral order for experimental 
rayons of conhtanl orientation. 

structural parameter on a given property it is 
necessary to hold the other variable constant. 
This can be done mathematically by the methods 
of partial correlation which have been worked 
out by Ezekiel and others.” Linear relationships 
have been assumed between all six pairs of vari¬ 
ables here since this greatly simplifies the calcu¬ 
lation and since more complicated procedures 
have not so far appeared justified because of the 
scatter of the data. 

When orientation and wet tenacity are main¬ 
tained constant by the method of partial linear 
correlation, the relation between wet elongation 
and lateral order remains statistically significant, 
Table 11. However, at constant wet elongation 
and orientation, wet tenacity is no longer signifi¬ 
cantly associated with lateral order, indicating 
that the apparent relationship shown by the 
total coefficient was merely the result of simul¬ 
taneous variations in wet elongation and the 
dependence of wet tenacity upon wet elongation. 
The partial correlation coefficients also show 
that wet tenacity is correlated with orientation 
even at constant wet elongation and lateral 
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order, as might be expected. Wet tenacity is still 
significantly related to wet elongation even when 
orientation and lateral order are maintained con¬ 
stant, indicating that variables other than ori¬ 
entation and lateral order are important here. 
This correlation again suggests the similarity of 
stress-strain curve previously discussed and 
raises the question of what factors cause these 
yams to fail at different elongations. Useful 
information concerning this problem might be 
obtained by studying the entire stress-strain 
curves rather than merely the properties at 
break. It is possible that the structure of some 
samples will correlate more closely with the 
elastic modulus than with tenacity and elonga¬ 
tion at break. 

When wet tenacity and lateral order for these 
samples are maintained constant, wet elongation 
is not significantly related to orientation. This 
indicates that the relationship observed between 
these two variables when wet tenacity and lateral 
order vary is merely the result of the close 
association between wet tenacity and wet elon¬ 
gation. 

The Elongation-Lateral Order Relationship 

The wet elongation/lateral order relation can 
be demonstrated graphically as well as by the 
analytical procedure just described. Orientation 
was maintained constant in Fig. 14 by merely 
plotting the data for all yarns having essentially 
the same orientation. The group was taken from 
the lower orientation end of the samples, where 
the differences in elongation tended to be larger. 
The close correlation between lateral order and 
wet elongation at constant orientation is clearly 
shown. Although lateral order as revealed by 
the radial intensity ratio has been used here, 
essentially the same correlation is observed if 
reciprocal interference widths are used, Fig. 15. 
A similar relationship between dry elongation 
and lateral order was also found, although the 
data tend to scatter more. Reciprocal interfer¬ 
ence widths have sometimes been used to calcu¬ 
late crystallite dimensions for native cellulose. 11 
As mentioned previously, however, there are 
considerable uncertainties which make this spe- 

■ H. Mark and K. H. Meyer, Zeits. f. phystk. Cfaemie 
B2, 115 (1929). 


cific interpretation of the x-ray data for a ma¬ 
terial such as regenerated cellulose appear of 
doubtful value. 

Correction for Native Cellulose Content 

Some of the changes in spinning conditions in 
producing the constant orientation samples just 
discussed also caused large changes in native 
cellulose structure content. The appearance of 
the native cellulose interferences in a typical 
pattern has already been illustrated in Fig. 5. 
As mentioned previously, the native cellulose 
can interfere seriously with determination of the 
lateral order parameters. In order to get some 
measure of the native cellulose content, the 
intensity ratio, 



was calculated. h H is the intensity of the 101 
native cellulose interference, h is the 101 inter¬ 
ference intensity for mercerized cellulose and l m 
is the minimum intensity between the 101 and 
lOl mercerized cellulose interferences, Fig. 5. 
Such a calculation is obviously crude because of 
the proximity of these interferences and their 
diffuse nature. However, lacking a better method, 
this procedure serves to grade samples according 
to apparent native cellulose interference in¬ 
tensity. The elongation-lateral order correlation 
can then be calculated just for the samples whose 
native cellulose intensity ratios fall within certain 
limits. An alternative correction method consists 
in adding a term for the native cellulose intensity 
(/i„—/„) to the numerator of the radial intensity 
ratio. With either correction procedure, however, 
the correlation between wet elongation and 
lateral order is still statistically significant. 

Applicability of the Relationships 

These quantitative measurements adequately 
confirm the long suspected influence of disordered 
regions in cellulose, proposed by Mark 1 * and 
Hermans, 1 * as previously described. Baker, Ful¬ 
ler, and Pape have shown that toughness and 
extensibility of cellulose &*“rs are favored by 
local chain disorder. 11 Baker points out that 
these phenomena are presumably general for all 
linear polymers, 1 * h inclusion which is strongly 
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dupported^by^the^present work on cellulose. It 
is emphasized, however, that these results do 
not mean that elongation of cellulose yams will 
always increase as lateral order decreases. On 
the contrary, it would be expected that at con¬ 
stant orientation and lateral order other factors, 
which were nearly constant here, could operate 
to change the properties. There is some experi¬ 
mental evidence to be mentioned later that the 
properties of a yarn having the same orientation 
and lateral order as revealed by x-rays may vary 
according to the route followed in preparation. 
While some of these differences in properties may 
be caused by extraneous factors such as-mechan¬ 
ical differences, it seems likely that structure 
also has had an important effect. For example, 
structural details not differentiated by x-ray 
diffraction, such as imperfections, dimensions, 
or amount of ordered regions, may have altered 
properties. The range of applicability and the 
limitations of this correlation between elongation 
and lateral order should become more clearly 
defined when information on structure and prop¬ 
erties is available for yarns prepared under a 
wider variety of conditions. 

Structural Changes During Spinning 

Study of the yarn during each phase of prepa¬ 
ration should be helpful in understanding the 
final structure and in accounting for properties. 

Effect of Method of Coagulation and Regeneration 

The timing of the coagulation and regeneration 
processes during spinning has an important 
effect on the lateral order and orientation of the 
final sample, as shown in Fig. 16. A yam coagu¬ 
lated, stretched as the xanthate, then regenerated 
had much higher lateral order at the same ori¬ 
entation and could be oriented much more than 
a yam which was simultaneously coagulated and 
partly regenerated before stretching. Regenera¬ 
tion occurring along with coagulation appears to 
fix a portion of the solution type disorder in the 
coagulating, shrinking structure. The regenera¬ 
tion occurring during coagulation allows the for¬ 
mation of interchain bonds which may restrict 
further ordering. Coagulation followed by regen¬ 
eration evidently provides much more oppor¬ 
tunity for ordering before the restricting cellulose 
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Fk. 16 Lateral order Pi. orientation for yarns coagulated 
and regenerated by various methods. 

interchain forces develop. It will be noticed that 
lateral order parameters for both yams tend to 
decrease with increasing orientation in the low 
orientation range* The yam stretched as xanthate 
could be oriented much more and at the higher 
orientation the order parameters pass through a 
minimum and finally increase with orientation. 
It is emphasized that orientation has an impor¬ 
tant effect on these relative lateral order param¬ 
eters and it is not possible to decide from these 
data just how lateral order has changed with 
orientation; the data are closely comparable 
only at constant orientation. The lateral order 
parameters were calculated from patterns of 
rotated samples but this docs not completely 
correct for differences in uniaxial orientation. 
The discrepancy is most important at the highest 
orientation and would make the order parameters 
too large. Both yarns show considerable selective 
orientation of the 101 planes at the lower ori¬ 
entations and this would also tend to increase 
the intensity ratio used as a measure of lateral 
order. 


Skin-Cote Structure 

Study of some of these yams is further compli¬ 
cated by a structural discontinuity across the 
filaments, the so-called skin effect described by 
Preston, Sisson, and others.* 1 These investigators 


“ J. M. Preston, J. Soc. Chem. Ind. 199-203 (June 12, 
1931); K. Ohara and R. Mizuno, Artificial Silk Stable 



(1937); W. Schramek, Papier-Fabrikant 30, $47 (1938); 
W. A. Sisson, talk at Gibson Island Textile Conference, 
1943. 
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have reported that the proportion of skin can 
be varied widely by suitable changes in spinning 
conditions. In all such samples examined in this 
laboratory, an increase in skin thickness is ac¬ 
companied by an increase in uniaxial orientation, 
a decrease in selective uniplanar orientation or 
preferential orientation of the 101 planes, and a 
decrease in lateral order. This evidence is only 
indirect but it suggests that the skin is more 
highly oriented uniaxially and has lower lateral 
order, while the core has a higher selective 
uniplanar orientation and lateral order. 

Available data support the theory that the 
skin represents the proportion of the filament 
which Was being coagulated and partly regener¬ 
ated during the stretch in the region of the 
spinneret. The core is apparently still fluid vis¬ 
cose during the stretch near the spinneret and is 
coagulated and regenerated after the skin has 
set up and has reduced stretchability. 


DesweUing and Relaxing 


The deswelling or drying process in spinning 
has a large effect on fine structure. The dis¬ 
ordering effect of drying from solvents less polar 
than water has already been discussed. Water 
wet cellulose yarns show considerable disordering 
of the 101 or hydroxyl-rich planes. The effect is 
observed both in gel cellulose and in rewetted 
yarn and the measured increase in 101 inter¬ 
ference diffuseness appears to be larger than can 
be accounted for on the basis of mere super- 
imposition of water scattering on the cellulose 
pattern. 

The gel or freshly spun water-swollen yam 
can be made either to decrease or increase in 
orientation on drying depending on the tension 
applied. Drying under low tensions or in a relaxed 
condition develops higher lateral order but lower 
orientation in the yam than does drying under 
high tension. Similar changes in lateral order and 
orientation occur during heating a previously 
dried yam in water at 90°C, as noted by Meyer 
and Mark.” The change in lateral order takes 
place during the initial heating in water, either 
relaxed or under tension. Subsequent wet heating 


* K. H. Meyer and H. Made, Der Aufbau Der Hock- 
polymmm Orgamsclm Nahtrttoffe (Akad. VerlangeaeU- 
•chaft M. B. H., Leipzig, 1930), first edition, p. 183. 


changes orientation slightly, but has no effect on 
lateral order. Some very highly stretched yams 
show a definite increase in lateral order merely 
upon wetting and drying relaxed. The changes in 
physical properties accompanying these changes 
in lateral order vary depending upon the par¬ 
ticular treatment. However, after either drying 
relaxed or heating in water relaxed the elonga- 
tion-to-break is increased relative to that of a 
suitable control. Since both orientations and 
lateral order change, it is difficult to say just how 
these latter after-treatment effects fit in with 
the property-structure correlations already dis¬ 
cussed for yarns spun under various conditions. 
However, as mentioned, it can be said that 
factors other than orientation and lateral order 
also have important effects. 

The lateral order of freshly spun yarns is 
therefore metastable in that it is measurably 
increased by relaxing or heating in water, just as 
the celluloses of low order obtained by regener¬ 
ating or deswelling in non-aqueous media were 
ordered by wetting out at room temperature. In 
general, however, the disordered structures ob¬ 
tained by a particular mode of spinning have 
appeared to be more stable than those obtained 
by non-aqueous regeneration or deswelling. These 
considerations suggest that lateral disordering 
introduced after the yam structure is set up is of 
a more localized nature than that existing in the 
original structure. 
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The present paper examines theoretically the relative 
sensitivity of the detection of signal pulses in the presence 
of noise, (a) by observation of an oscilloscope, (b) by aural 
perception, in which one listens to the fundamental or a 
low harmonic of the pulse repetition frequency (PRF), 
(c) and by a meter The metering scheme may l>e either 
aperiodic, where the rectified current is fed directly to a 
meter with a long time-constant, or periodic, where the 
rectified current is sent through an audio-filter tuned to 
the PRF, given a supplementary rectification, and then 
passed through the meter. The dependence of the sensi¬ 
tivities of the different methods on various relevant 
parameters is studied in some detail. These parameters 
include the width and the shape of the IF response, the 
pulse length, the PRF, and in aural or meter reception, 
the duration of the gate, the width of the audio-filter, 
and/or the time constant of the meter. The descriptive 
survey ol the results is given in ParL I and the mathe¬ 
matical analysis in Part II Among the more important 
results are (I). The optimum IF filter is the conjugate 
of the Fourier transform of the pulse, not merely for 
visual reception, as was previously known, but also for 

PART L DISCUSSION 

L Introduction and Formulation of the Problem 

T HE purpose of the present paper is a theo¬ 
retical comparison of the merits of visual 
(oscilloscope) and aural detection of pulsed sig¬ 
nals, with particular emphasis on the best inter¬ 
mediate frequency (IF) filter design for the two 
types of reception. It is not a priori obvious that 
the optimum design is the same in the two cases. 
By visual reception we mean that the modulation 
is spread out on a screen by means of a cathode- 
ray oscilloscope. By aural we imply that the 
emphasis is on detecting a particular tone (the 
fundamental of the pulse repetition frequency 
(PRF), or a low harmonic thereof) in the audio¬ 
region. Here at the outset we should emphasize 
that in the present paper we usually employ the 
term aural reception to include any detection 
device which is actuated by one particular 

* This paper is baaed in whole on work done for the 
OSRD under contract OEMsr-411 with the President and 
Fellows of Harvard College. 


aural or meler reception as well. (II): For very weak signals 
the linear detector requires only about 5 percent more 
input signal power than docs the quadratic to achieve the 
same minimum detectable bignal (same final signal-to- 
noise ratio). (Ill): The aperiodic meter has the advantage 
of not requiring knowledge of the PRF, and has potentially 
great sensitivity if spurious fluctuations in gain can be 
balanced out. (IVj: Meter methods can be made more 
sensitive than the oscilloscope if long time-constants are 
available Gating is also necessary. (V): Although the best 
IF filter is the Fourier transform of the pulse, the best 
pulse is not the Fourier transform of the filter In aural re¬ 
ception (though it is in visual), for the best results in meter 
or audio-detection are obtained by using long pulses. In 
visual work, the pulse length is immaterial, to a first 
approximation. Curves are given showing the poiver 
required to achieve a given signal-to-noise ratio as a 
function of pulse length, IF filter width, the PRF, gating 
time, and audio-hlter width, in some cases when the 
pulse and filter are not matched (i e, are not related as 
Fourier transforms). Some numerical estimates of aural 
and meter performance relative to visual are also essayed. 


harmonic component of the PRF, or in other 
words, involves integration in time rather than 
the observation of the instantaneous effect of 
the superposition of all harmonic components, 
as in visual perception. The instrument need 
not be the human ear, but instead can be, for 
instance, a meter, or recording device. The 
harmonic component, furthermore, under certain 
circumstances, can be the constant or d.c. term, 
not involving the pulse repetition period, as in 
so-called aperiodic metering schemes. 

In the visual case, the best filter, in the first 
approximation, is that which gives a maximum 
value of the ratio of the peak signal to the 
noise background. This statement can be formu¬ 
lated more precisely as follows: coming into the 
IF filter there is a fluctuating noise voltage and 
also a signal 5/(f), which is a definite function of 
time. After filtering and rectification, the video 
amplitude is not expressible as the simple sum 
of pure signal and pure (i.e., normal, random) 
noise, as there are complicated modulation or 
interference effects between the two, especially 
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for the linear detector. If the signal is periodi¬ 
cally repeated, there will be a particular epoch 
at which the amplitude on the oscilloscope screen 
is on the average a maximum. The excess of the 
average of the amplitude at this epoch over the mean 
amplitude in the absence of signal we denote as s v . 
We say on the average, because sometimes the 
noise may interfere constructively and sometimes 
destructively with the signal. We must seek, 
therefore, to make s v (t) stand out as much as 
possible relative to the r.m.s. deflection n, caused 
by the noise background. The latter may be 
computed on the assumption that the signal is 
zero, since the duty cycle (the “on”-period of 
the pulse), is presumably very small, and hence 
the cross-modulation terms contribute little. 
(See the paragraph following Eq. (16), Part II.) 
According to this viewpoint the best filter is 
that which maximizes s P /n v . This we shall refer 
to throughout the paper as the “simple criterion” 
for visual detection and is that which we shall 
use as our standard. We employ the adjective 
“simple” because actually examination merely 
of the ratio s v /n v neglects certain factors. It does 
not consider the effect of the width rather than 
the height of a “pip” and of the “blades of 
grass,” and especially it does not adequately 
take into account the effect of pulse repetition. 
The more frequent the pulse, the more easily the 
eye integrates, in the limited time at its dis¬ 
posal, to detect the mean position of the pip 
relative to a fluctuating background. Integration 
problems in visual detection are beyond the 
scope of this work, as they have been considered 
elsewhere, especially by North, 1 Uhlenbeck,* and 
others. 1,4 In discussing the results we shall 

1 D. O. North, in an unpublished report PTR-6C, 
entitled “Analysis of factors which determine signal-noise 
discrimination in pulsed carrier systems.” (RCA, Prince¬ 
ton, June 25. 1943.) 

* G. E. Uhlenbeck and M. C. Wang have carried through 
similar studies which it is hoped will be available soon at 
the Massachusetts Institute of Technology's Radiation 
Laboratory. In this connection, very extensive experi¬ 
mental work has been done on all phases of the visual 
problem by J. W. Lawson, also at (M.I.T.) Radiation 
Laboratory, ft is expected that this work will be published 
by 1947, appearing in the appropriate Handbook. (Book 24, 
Radiation Laboratory Series, “Threshold Signals," by 
Lawson and Uhlenbeck.) 

• P. J. Sutro, “Theoretical effect of integration on visi¬ 
bility of weak signals through noise." (Harvard Radio 
Resnrdi Laboratory, Report 411-77, Febmary 14, 1944.) 
Available at Harvard War Archives, Littauer Building, 
Harvard University. 


mention the modifications introduced by the 
more refined criteria. 

With audio-reception the point is to make the 
ratio of energy in the fundamental of the PRF as 
large as possible relative to the noise in a small 
frequency interval immediately surrounding the 
discrete frequency equal to the PRF. The audio- 
reception may be accomplished in cither of two 
ways. In case the PRF is known, we may insert 
a filter a few cycles wide immediately surround¬ 
ing the PRF, so as to cut down the noise. The 
presence of the signal can then be detected not 
necessarily by the ear but in principle, say, by 
lighting a light—more practically, by inserting a 
thermocouple, or better still, by means of an 
additional rectification in connection with a 
meter, as will be discussed more thoroughly in 
Section IV, Part I. The sensitivity of the device 
is contingent on the ability to use a very narrow 
filter, since the signal energy is concentrated at 
discrete frequencies, whereas noise is spread 
through a continuum. 

In case the PRF is not known, one does not 
know where to put the filter. The apparatus 
based on light indication or metering (unless of 
the aperiodic variety) then obviously becomes 
quite unworkable in general. There is, however, 
one instrument which is able to construct a 
moderately narrow filter about the PRF without 
knowing where the latter is. This instrument is 
the human ear, which has the remarkable 
property that it can pick out energy concen¬ 
trated in a particular periodic component even 
though the latter is greatly over-shadowed in 
total amount by the background energy in the 
continuum. Namely, the ability of the car to 
hear a unifrequentic or pure tone f p is masked 
only by the noise background in a particular 
frequency interval /,—A/,/2 to /„+A/,/2, cen¬ 
tered about f p , so that effectively the ear acts 
like a filter of width A/,. Of course, the filtering 
action of the ear is not perfectly rectangular as 
we assume it, but the error introduced by this 
idealization is not serious for our purposes. We 
will not attempt to go into the physiology of why 

4 E. R. Brill, “Improvement^fn minimum detectable 
signal in noise through the use of the long afterglow tube 
and through photographic integration.” (Harvard Radio 
Research Laboratory, Report 411-84, February 8, 1944.) 
Available at Harvard JVar Archives, Littauer Building, 
Harvard University. 1 
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the ear has this behavior, but it is probably due 
to the fact that it (the ear) embodies a collection 
of nerves, each responding to a very narrow 
frequency band, and is capable of discriminating 
when one nerve is more strongly excited than the 
average. The effective band width is a function 
of fp, the dependence being shown in Fig. 1, 
taken from data in a paper by Harvey Fletcher.* 
For the values of f, in which we are interested, 
the quantity Af. is of the order SO to 200 cycles. 
The signals with which one is concerned involve 
many harmonics as well as the fundamental, 
but Fig. t shows that the effective filter width 
is greater for higher frequencies, so that they are 
usually more readily screened by the noise back¬ 
ground ; hence it is better not to use harmonics, 
and so we gauge audibility by the masking of 
the fundamental. It is important to note, how¬ 
ever, that when the PRF is much below 1000 
c.p.s. it may be preferable to use a suitable 
harmonic of the fundamental, since the ear is 
most sensitive to signals in the range 1-2 kilo¬ 
cycles. 

According to the above, then, any filter cen¬ 
tered around/, and wider than the corresponding 
Af. is of no particular help, while any filter of 
width Aft narrower than Af, has the effect of 
reducing the power level of the noise by a factor 
Af'./Af,. The point which we wish to emphasize 
is that the mathematical criterion for effective 
reception by the ear is the ratio of signal energy 
in a discrete Fourier component to the energy in 
the immediate vicinity of this component , the 
“immediate vicinity” being the natural selec¬ 
tivity of the ear or the width of the artificial 
filter, whichever is narrower. The use of the 
latter, of course, is possible only if the PRF is 
known. 

in either visual or aural reception there is a 
certain critical threshold of signal to noise which 
must be exceeded before the signal is perceived. 
However, from the above we see that the nature, 
and so presumably the magnitude, of the thresh¬ 
old is different in the two cases. Namely, for 
the visual case the critical ratio was that of 
the average maximum signal to average total 
video noise amplitude $,/»,. On the other hand, 

•H. Fletcher, Bell Lab. Monograph B-1205 (Dec. 1938), 
cf. Fig. 17 of "Auditory Patterns as a Means of Studying 
the Hearing Process Taking Place when Sound is Sensed. 



Fig. 1 . Critical band width of the ear as a function of the 
pulse repetition frequency 


in aural detection the critical ratio 4«/n« is that 
of one harmonic signal component to the r.m.s. 
amplitude of the portion of the noise which is 
confined to the spectral region covered by the 
critical masking zone of the ear (Fig. 1) or by 
the audio-filter, if narrower. 

The question of the numerical results of the 
minimum detectable values of (s/n), and (s/n) a 
obviously depends on the observer. In oscillo¬ 
scope measurements the minimum detectable 
signal-to-noise ratio is usually expressed by the 
experimentalists in terms of the amplitude ratio 
sr/nr where ir and nr are, respectively, the mean 
amplitudes of signal and noise after filtering by 
the IF, but before rectification, rather than 
in terms of ?„/», directly. Very acute observers 
can detect values of sr/n r as low as 10 - *, i.e., 
—10 db, whereas an unskilled person may only 
see the signal when s F /sr is almost unity, which 
is probably the safer estimate to use under con¬ 
ditions where there are many distractions. (These 
figures are based on essentially infinite integra¬ 
tion time, which for most people is practically 
of the order of one minute, sometimes running as 
high as about five minutes under the most 
favorable conditions before further improve¬ 
ment isunnoticeable.) In the aural case, Fletcher* 
gives the threshold s./n. as of the order of magni¬ 
tude unity. Some recent rather crude experiments 
undertaken by the authors indicate that to 
perceive a value 1, the observer must be 

existing under rather ideal laboratory conditions, 
and that with any distraction, mental or other¬ 
wise, the minimum detectable value of («/*»)• is 
more nearly of the order 10* (+10.0 db). These 
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two values, 0 db and +10.0 db (or correspond¬ 
ingly, —10.0 db and 0 db in the visual case), we 
shall refer toas the "optimist's” and "pessimist’s" 
estimates, respectively. 

The criteria of the different minimum de¬ 
tectable signals for visual and aural reception 
may now be specified in analytic form. Through¬ 
out the paper we are unconcerned with the first 
rectification (or mixing) as this is essentially a 
linear process which has the effect of displacing 
the carrier frequency from an RF value /,/ to an 
IF value /o. After the IF filter the mixture of 
signal and noise is sent through a rectifier, here 
taken alternatively as quadratic (characteristic, 
/(*)■»*•), or linear, without bias (with the 
characteristic/(*)■=*, *>0,/(*)=0, x<0). The 
signal disturbance is denoted by s„(t). In visual 
detection the minimum observable signal-to- 
noise ratio is some particular value of s,(<)/n t , 
where n,* is the total video noise power, given by 

«»*= I WlfU)- , 

-o 2r 

where a is a limit great compared to the IF 
filter breadth but small compared to 2r/ 0 , and 
where Wlf(J) is the spectral density of the 
mean square noise amplitude. (See Eqs. (18), 
(26), Part II.) 

In audio-detection, on the other hand, one is 
concerned with the energy in a given harmonic 
component, divided by the energy in the im¬ 
mediate region surrounding this component. 
Therefore the effective signal-to-noise ratio is 

2* -r/* 

r«/» 0 =—I I s,(t) exp (iku,t)dl 
T I J-r/t 

lw L F(kf,w.y, 

where k is the order of the harmonic component 
kf p being received, a p **2v/T is the pulse repeti¬ 
tion (angular) frequency, and A/, is the filter 
widthv (The filter is regarded as rectangular; if 
it is not, an equivalent rectangular width which 
admits the same amount of power for a filter 
which has the same maximum response is to 
be used.) 

Throughout the paper certain simplifications 
are made in the expression for 5,/»«. In the first 
place, it is assumed that the pulses do not over¬ 


lap appreciably, which is certainly true if the 
width of the IF filter is large compared to the 
PRF. The limits of integration in taking the 
Fourier component can then be replaced by + « 
and — oo, appropriately, if s,(t) is then under¬ 
stood to be only the disturbance due to one 
pulse. Further, the length (in time) of one pulse 
is supposed short compared to the pulse repeti¬ 
tion period, so that the factor exp (t hajt) may 
be taken as nearly constant in the region where 
s,(t) is appreciably different from zero. This is 
true unless the harmonic is so high as to be com¬ 
parable with the reciprocal of the pulse length. 
Since the PRF is small compared to the noise 
band width, we may assume that the noise 
background WLp(ku p ) has substantially the same 
value as in the vicinity of zero frequency, making 
the above expression for s a /n a take the form 

2* /•" / 

Sa/na - J S,{t)dt / [WlfIW.J. 

T ■'—oo • 

This expression is independent of k {k = 1, 2, • • •), 
so that it is immaterial which harmonic com¬ 
ponent is utilized.* The input power required to 
achieve a given critical value of the ratio (s/«)» 
or (s/»)« will be a function of the following 
variables: 

(a) the width and shape of the IF, 

(b) the width and shape of the pulse, 

(c) the pulse repetition frequency (PRF), 

(d) the duration of the gate, 

(e) whether the rectifier is linear or quadratic, 

(f) whether the detection is visual, aural, or by meter, and 

(g) the width of the audio- (or meter) filter. 

- It is the purpose of this paper to examine how 
the input power depends on any one of the above 
variables, when the other six are held fast. 

n. Best IF Filter Width 

We begin by studying the optimum design of 
the IF filter. Here there is a very simple result. 
Namely, the best IF filter is one which is the 
conjugate of the Fourier transform of the pulse 

* Here the choice of harmonics is unimportant from the 
point of view of the intensity level of the signal but not 
from the loudness level, which it a measure of the actual 
perception of the ear, and which varies with frequency, 
.The intensity level merely measures the sound energy per 
unit area falling on an intensity-level meter, and it not 
the subjective intensify, or “loudness" of the perceived 
sound in the ear. 
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shape (except possibly for a phase shift which 
varies linearly with frequency). That is to say, 
if the modulated pulse presented to the IF is 
v5$/(f) cos wot, and if the Fourier transform of 
5/(0/VZ is denoted by 

1 C* 

•S/(»)=— I siifter'^dt, 

v2 •*_. 

so that 

1 /•- 

si(t )«- I Si(o))e t0t do) t 

r>/2 

then the test filter design is one whose amplitude 
response is 

Gir(u)) opt 36 aS/(«)* exp (— iuto) . 

Here a is a trivial constant factor calibrating 
the absolute sensitivity of the filter. The origin 
of frequency is taken at the carrier, so that the 
point of maximum response is w = 0. Usually the 
pulse is symmetrical about its maximum, and 
then Gif is real, the distinction between Gif (w) 
and its conjugate Gif(w)* vanishing. This result 
is demonstrated in Part II, Sec. Ill, cf. Eq. (53). 

The criterion is general. It applies regardless 
of whether one has audio- or video-reception, or 
whether one has a linear or square-law detector. 
The existence of the Fourier transform criterion 
has already been noted, in the visual case by 
North 1 and others. In the instance of aural 
reception, the phase of GifMopt is immaterial, 
and it is only necessary that \Gif(w)opt\ 
HS/(«)| (vide Eq. (56)). 

The phase shift constant to is arbitrary as far 
as the optimum quality of the filter is concerned, 
i.e., it does not affect its performance. A change 
in the value of to merely gives a different time 
delay of a pulse transmitted by the filter. 
Actually, any physical filter will have a definite 
value of to, as discussed in more detail in Sec. Ill 
of Part II, but knowledge of to has no bearing on 
the discussion of filter efficiency. 

It is particularly interesting that the Fourier 
transform criterion applies even if the reception 
is by audio means. The aural case does not 
appear to have been too clearly understood. 
Some, for instance, have thought that it would 
be best to have a very narrow filter (much, 
narrower than the Fourier transform of the 
pulse) just because in aural reception one is 


immediately concerned with only a narrow band 
of frequencies. However, this is not correct— 
the best IF filter will be just as wide as for 
video reception. See Sec. Ill (b), Part II, for 
the details of the demonstration. 

A filter whose characteristic satisfies the 
optimum condition, i.e., is the conjugate of the 
Fourier transform of the pulse, wc shall hence¬ 
forth refer to as a matched filter. It has sometimes 
been suggested that in visual reception results 
will be improved by adding a video-filter, i.e., 
a filter following rectification. If, however, the IF 
filter is already matched, the insertion of such a 
video-filter theoretically gives no improvement. 
(Sec Book 24, M.I.T. Radiation laboratory 
Series, when it appears.) 

III. The Linear vs. the Quadratic Detector 

On the whole the results for the half-wave 
linear and quadratic rectifiers are remarkably 
similar either in aural or visual reception. This 
is j>articularly true if one has sensitive apparatus 
and/or good observers, so that the values of the 
signal-to-noise ratio s F /ny arc reasonably small 
compared to unity. Then the behavior of the 
linear and quadratic devices is the same as 
regards the value of s v /n vt corresponding to a 
given pulse system and IF filter, except for a 
numerical factor. The latter proves to have a 
value 0.957* J(4/x—1)“*, as has already been 
noted by North 1 in his interesting paper. In the 
audio case the constant is even more nearly 
unity, being somewhat dependent on pulse shape. 
For the specific example of gaussian pulses and 
filters, considered analytically in Secs. IV and 
VI of Part II, the constant is 0.973. The result 
in the video cases is contingent only on small 
sf/uf and does not demand a particular filter 
shape, (e.g., gaussian), or matching of the IF 
filter to the pulse. The mathematical reason for 
this similarity in the video case is that for small 
values of sp/tiF the signal amplitude transmitted 
by the rectifier is given by a monotonically in¬ 
creasing series in the ratio sf/hp of the form 

0.957 {($jp/#r)H-}• If the first term only is 

kept, a quadratic behavior follows, like that of 
the square detector whose first term is (sf/hf) 1 , 
Eq. (46). The absence of the linear term sf/hf is 
the analytical embodiment of what the engineer 
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Fig, 2. A comparison of the linear and quadratic de¬ 
tectors /a aural and visual reception at match. Curve (a) 
is a comparison of the linear with the quadratic detector 
for visual reception, while curve (b) is the same comparison 
in aural reception, a gaussian pulse lieing assumed. Here <r 0 
is the ratio of the peak signal to r.m.s. noise amplitude 
leaving the IF. 

calls modulation suppression , and makes the 
transmitted signal very much less than it would 
be otherwise. (See Sec. II (d) f Part II.) 

The retention of only this leading term, how¬ 
ever, always overestimates the performance of 
the linear detector. A more accurate expression 
for not too large values of sp/.np requires that 
the inferiority factor for the linear rectifier in 
video reception be 0.957(1— 0.15265 p/np) in¬ 
stead of 0.957. This is a sort of interpolation 
formula valid up to about Sp/nF** 10*. For large 
values of Sp/np the signal amplitude becomes 
obviously linear in Sp , and the noise rather than 
the signal is suppressed. The second term of the 
interpolation formula represents, so to speak, 
a correction for the tendency of the instrument’s 
response to become ultimately linear rather than 
quadratic. The relative performance of the two 
types of detector in the video case is shown in 
curve (a) of Fig. 2, which is obtained by dividing 
Eq. (47) by (46) (see also Eq. (82)). 

In the aural case a general expression for the 
relative efficiency of the linear and quadratic 
detectors cannot be given except for small $p/np 
until the shape of the pulse and filter are special¬ 
ized. One can, however, say that when sp/np is 
not appreciable, i.e., Sp/np <1.0 the inferiority 
factor of the linear detector is always less than 
about 1.5 db, and the deviations from quadratic 
performance arc cf the same order of magnitude 
as in the video case. This is discussed at some¬ 


what greater length in Part II, Secs. II (e), and 
Sec. IV (c). Curve (b), Fig. 2 is obtained from 
Eq. (84) and illustrates the relative aural per¬ 
formance of the detectors, when the incoming 
pulse is gaussian. 

IV. Use of a Meter 

It is particularly to be noted that with aural 
reception the background noise power is 
directly proportional to the width of the audio¬ 
filter. Hcncc, in principle, if one can construct 
arbitrarily narrow filters and if the signal is 
exactly periodic so that its Fourier component is 
strictly a “delta"-f unction (i.e., a function with 
an infinitely high and narrow peak at some point 
and zero everywhere else, x^Xq) one 
should, for a given minimum detectable value of 
(s/n) a , be able to achieve infinitely high sensi¬ 
tivity in terms of sp/np , simply by narrowing 
the audio-filter indefinitely. However, there are 
of course, practical limitations as to how much a 
filter can be narrowed, viz. (a), purely construc¬ 
tional difficulties, (b) insufficient stabilization of 
the PRF, and (c) limitations because the targets 
are not in the path of the beam an infinitely 
long time, so that wc have a signal related a 
finite rather than an infinite number of times. 
The signal spectrum consequently is not uni- 
frequentic, but is “smeared out,” having Fourier 
components which are distributed over a finite 
interval instead of being sharp delta-functions. 
Probably (b) is not too serious a difficulty. As 
regards (a) it is not easy to build audio-filters 
even as narrow as 10 cycles, and still narrower 
filters would require lock-in amplifiers, which are 
fairly clumsy and bulky pieces of apparatus. 
Effect (c) is always present to some extent. 

Aperiodic Methods 

Although a narrow filter is difficult to construct 
in the audio-region, on the other hand, a very 
narrow low pass filter, which includes d.c., is 
easy to obtain simply by sending the rectified 
current through a condenser in parallel with a 
meter, which is used as the recording instrument. 
Consequently, the idea iqjty occur to detect the 
constant term of the Fourier expansion of the 
signal, rather than the fundamental. As the con¬ 
stant term does nqt involve the PRF in any way, 
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instruments based on the recording of this term 
may be called “aperiodic.” 

The constant term in the Fourier expansion 
has associated with it an energy half as great as 
any other component.* This reduction by a 
factor i is offset by the fact that the low pass 
filter extends on only one side of the origin in 
frequency, so that the noise continuum trans¬ 
mitted is halved. Hence our various expressions 
for signal-to-noise ratio, etc., in aural detection 
also apply to the aperiodic metering scheme if 
we use in the formulas an effective filter width 
equal to double the width of the physical low 
pass filter. 

As far as the competition between the signal 
and the fluctuations in the continuous noise 
background is concerned, the zero frequency 
(also called aperiodic) method is thus satis¬ 
factory. The difficulty comes from masking due 
to spurious variations in the d.c. due to noise, 
or in other words, from what the engineer calls 
“changes in gain.” When we say spurious, we 
mean variations caused by factors (e.g., tem¬ 
perature, apparatus changes, etc.) other than 
statistical fluctuations like those in the Shot 
effect, etc. From the purely statistical standpoint, 
the d.c. due to noise is constant in time, and can, 
in principle, be balanced out by a proper bias. 
However, the d.c. due to the noise is enormously 
larger than the continuous noise background 
admitted by the filter, and hence much greater 
than the signal, as the latter two quantities arc 
comparable. Namely, the energy in the d.c. 
exactly equals that in the whole low frequency 
noise continuum, for a square detector and 
exceeds it by a factor 3.7 — (4/*r —l)” 1 for the 
linear rectifier. Since the width of the low 
frequency continuum is of the order of the IF 
frequency width we see that the d.c. noise will 
exceed the fluctuating noise continuum admitted 
by the filter by a factor of the order of the ratio 
of the IF filter width to that of the audio. This 
ratio is about 10M0 f . Hence an infinitesimal 
spurious variation in the d.c. noise voltage will 
overshadow and obscure the modulation due to 


* The reason is that the constant term has an amplitude 
(l/r)jT , rather than I (2 /T) J2 *,(/)*|, but the 


reduction in intensity is by a factor } instead of (] 
fyr the constant term there is no distinction 
tween £.n^s. end peak amplitude. 
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the signal, and so make the device not at all 
feasible, unless it has very special equipment for 
balancing out spurious fluctuations. 

If the oscillations in gain are very slow, they 
can be avoided simply by inserting a blocking 
condenser. The filter is then effectively not of 
the low pass type, but instead cuts off at very 
low frequencies, so that pure d.c. is eliminated. 
This artifice will work only if the spurious 
changes in gain have a longer “time constant” 
than docs the signal modulation, so that the 
filter will pass the latter but not the former. 
Unfortunately, the two times arc rather likely to 
be comparable in many applications. 

Periodic Methods 

There is one way of escaping from this diffi¬ 
culty of gain fluctuations, and this is to use a 
meter in conjunction with an audio-filter. This 
procedure requires rectification. Current confined 
to the frequency range passed by the audio-filter 
(centered about, say, the fundamental of the 
PRF), is rectified, and enters an electromechani¬ 
cal low pass filter which admits only d.c. and 
extremely low frequencies (for example less 
than ib or 1 cycle as an upper limit). To avoid 
constructional difficulties, the audio-filter will 
not be nearly so narrow as the meter filter. 
The presence of the signal then shows up as a 
change in the amount of d.c. It may seem at 
first sight that this scheme is exactly like the 
aperiodic one just discussed, but the insertion of 
the additional rectification* makes a great differ¬ 
ence. In other words, the action of 

(A) rectifier—►low pass (directly) is quite dif¬ 

ferent from 

(B) rectifier—►audio-pass—>rectifier—dow pass. 

Obviously (B) requires knowledge of the PRF, 
whereas (A) does not. Hence (A) and (B) may 
be called, respectively, the aperiodic and the 
periodic metering methods. 

In (A) as in (B) after the final rectification, 
the energy in the d.c. due to noise is about equal 
to the energy in the continuum. The continuum, 
however, has a width comparable in (A) with 

* Note: The audio-filter is always sufficiently narrow 
that the noise entering the final rectifie r may be considered 
“pure” and random, for if a small po on of the spectrum 
alone is taken, randomness is restored, and the gauasian 
characteristics of pure noise are manifest* 
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Fig. 3. Width of the equivalent earphone filter used in aural detection of the minimum 
perceivable signal in the presence of noise as a function of the audio-filter width A/ a used in meter 
detection of tne same signal-to-noise ratio ao. The two widths compared are both normalized in 
the figure by division by the quantity A/* p uhich is twice the width of the final low pass filter in 
the periodic metering scheme. It is assumed that the minimum discernible signal-to-noise ratio 
m the final circuit is the same for aural or meter detection. 


the width of the IF filter, and in (B) with that 
of the audio-filter. Hence the final continuum is 
much narrower in (B) than in (A). As a result, 
the low pass filter admits a very small fraction 
of the total continuum energy in (A) but an 
appreciable fraction of it in (B). Assuming that 
the minimum detectable signal (apart from 
troubles due to spurious variations in d.c.) 
corresponds to the low pass filter receiving a 
signal comparable with the noise background, we 
see that in (B) the signal will be comparable 
(say within a factor 10 oi 100) with the d.c. 
of the noise, instead'of being a million or so 
times smaller than the latter. Thus spurious 
variations in d.c. intensity will not be lethal. 
(We have here assumed that the discrete noise 
at the PRF in the audio-filter has been balanced 
out by some method such as the Jordan double¬ 
gate scheme, described later If this is not so, 
the signal may be more nearly, one-thousandth 
or one ten-thousandth of the noise d.c., but still 
the latter is not so overwhelming as in the 
straight aperiodic metering system.) 

The mathematical theory of the extra rectifica¬ 


tion involved in the periodic meter is treated in 
Sections V and VI, Part II. The theory is in 
the main the same as that for the rectification 
following the IF, with the audio-filter now 
playing a role similar to that which the IF filter 
did previously. However, there is one simplifi¬ 
cation. The signal transmitted by the audio-filter 
is sinusoidal rather than pulsed, so that its 
amplitude can be treated as constant. 

There are some false impressions to be guarded 
against in considering the periodic meter. In the 
first place, for the periodic system (B), a very 
narrow reception band in the final circuit (e.g., 
0.05-0.5 cycle), with a narrow audio before the 
extra rectification (e.g., 5-10 cycles), does not 
represent nearly so great a sensitivity as would 
be obtained if one had such good filter con¬ 
struction that one could put an equivalent very 
narrow band (say, 0.05-0.5 cycle) directly in 
the audio-circuit. The reason is the non-linearity 
of the rectification. Namely, if the audio signal- 
to-noise ratio is small (and if it were not, there 
would be no need for the meter), the response of 
the rectifier is essentially quadratic in this 
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ratio, even if it is of the linear rather than the 
square variety, because of modulation sup¬ 
pression, as shown by Eq. (97). 

Curves illustrating the effect discussed in the 
preceding paragraph are given in Fig. 3. They are 
drawn for a linear rectifier in the meter circuit 
(dotted line), but the results are not materially 
different for the quadratic case (solid line), 
especially for weak signals. These curves corre¬ 
spond to various assumed minimum detectable 
signal-to-noise ratios for the meter, and the 
abscissa is the ratio of the audio to meter filter 
width. The ordinate is the audio-filter width, 
measured in multiples of the meter filter width, 
which would give the same signal-to-noise ratio 
in the audio-circuit, without the meter, as 
obtains with the meter in the final circuit. In 
other words, the ratio of ordinate to abscissa 
measures the factor by which the audio-filter 
would have to be diminished in order to permit 
one to dispense with the meter circuit. For the 
typical case of a minimum detectable signal-to- 
noise of unity, a linear second detector, and a 
meter width of one cycle, A/„=2, and with a 
ten-cycle audio-filter A/ a “10 the equivalent 
single audio-filter is 4.3 c.p.s. As an example of 
another typical case, assume again that the 
minimum detectable signal-to-noise ratio is unity, 
the width (A/ m = ^) of the meter filter is 1/20 
cycle, and that of the audio is now 5 cycles. The 
equivalent single audio-filter is then 0.6S c.p.s. 
and the equivalent low pass filter is 0.33 c.p.s. 
These figures are based on the assumption that 
the filters are of gaussian shape, and the width is 
determined by the half-power points. In case all 
the filters are nearly square, or “ideal,” the 
formulas still apply if one takes the mathematical 
quantity Af to be 1.06 times the actual filter 
width. 

Considerations Relative to Time-Constants of Meter 

In either periodic or aperiodic methods the 
noise is counterbalanced by a suitable bias, and 
the mean meter reading can thus be made zero 
ift the absence of signal. The presence of the 
signal wi0 cause a systematic deflection of the 
n^edje, if$ie time-constant of the meter is small. 
*Thus foKfr comparatively wide meter filter, the 


limiting lactor preventing observation is the 
irregular fluctuation due to the noise continuum.* 

The question of how much trouble is caused by 
the long time-constant of a meter circuit appears 
to be appraised very differently with a dis¬ 
couraging disparity of opinion. Some claim extra¬ 
ordinary sensitivity with meter reception, where¬ 
as others claim that the time-constant difficulties 
are so serious that, for practical purposes, a meter 
circuit is to all intents and purposes useless on 
an airplane or for other operations. Perhapa a 
conservative viewpoint is that a meter circuit 
will not give too much gain in efficiency unless 
the target is under observation in the receiver 
for at least a second and this, of course, requires 
that the angular scanning be rather slow. But 
in circumstances where long time-constants, say 
one to six or eight seconds or more, are allow¬ 
able, the (periodic or aperiodic) meter, or its 
cousin, the recording tape, may be able to 
compete favorably with other methods of per¬ 
ception, for example, with aural detection where 
the strain of “listening through” is much greater 
than for “looking through.” There seems to be 
insufficient experimental evidence at this time, 
however, as to precisely what a meter can and 
cannot do compared with that for other systems. 
So before a definite answer can be given, we 
must know at least what the order of magnitude 
of the minimum perceivable signal on the meter 
is. At any rate, one is certainly not a priori 
justified in discarding meters as detecting devices. 

The experimental evidence available to us at 
present seems to indicate that meters with short 
time constants, i.e., wide filters, say, 1-2 Cycles, 
are not as effective as other methods when the 
situation is such that the time of observation of a 

* Note: One point should be noted in connection with 
these fluctuations. They are themselves modified by the 
presence of the signal, as the cross-terms between signal 
and noise make the continuum energy different from what 
it is with noise alone. This effect was wanting in previous 
parts of the analysis, as the pulsing of the signal made 
the signal-noise cross terms unimportant because they 
existed only a small fraction of the time. The meter, how¬ 
ever, is exposed solely to a sinusoidal signal since the audio- 
filter excludes the harmonics which interfere with the 
fundamental to shape the pulses. We do not endeavor to 
calculate the modification of the continuum energy by the 
signal (which one of us hopes to treat in a later paper), 
because it is difficult, because experimentally it does not 
seem to be an effect of much importance, ana because it is 
not dear whether the increase of the “wobble” (in distinc¬ 
tion from systematic drift} of the indicator when the signal 
is on makes the latter easier or more difficult to perceive. 
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target si brief and the conditions difficult. How¬ 
ever, in operations where longer intervals of 
observation are allowed, say 2-10 seconds, or 
longer, corresponding approximately to meter 
filter widths of cycles the meter may offer 
definite advantages over other systems of per¬ 
ception. For an example, consult the table, 
Sec. VI1, Part I. 

Clearly, the minimum detectable signal-to- 
noise ratio in a meter depends a great deal on 
tactical considerations and will be higher in the 
field than in 1be laboratory. In the table, Sec. VI1, 
we have assumed that s m /n m is unity. This whole 
question of the minimum perceivable signal in 
meter detection, as well as in the other systems, 
devolves ultimately upon memory, whether it be 
psychological, i.e., remembering a series of suc¬ 
cessive readings, or mechanical, in which the 
memory process is achieved by means of a 
recording device, such as an Esterline-Angus 
recording meter, for example. Under ordinary 
conditions a meter signal-to-noisc ratio s m /n m of 
unity seems a reasonable guess. However, in 
cases where the memory of the observer is par¬ 
ticularly good or when, say, recording tapes are 
used, the value of s m /n m may be considerably less 
than 1. In other words, high sensitivity may also 
be secured by waiting for a sufficiently long 
period of time, even though the time-constant of 
the meter itself is not unduly long. 

Use of a Gate 

In order to build a very sensitive aural or 
metering scheme, one should not only have a very 
narrow filter or long time-constant, but in addi¬ 
tion one should employ a gate. The effect of the 
gating device is to reduce the noise background 
by the M gating factor," i.e., the fraction of the 
time that the gate is open or transmitting. The 
gate, however, does not reduce the noise while 
the signal is being received. Hence the gating 
factor should not be used in computing the 
amount of modulation suppression of the signal in 
a linear rectifier due to the simultaneous presence 
of noise. When the gate has the same “on-off M 
period as the signal, it creates a periodic dis¬ 
turbance with the same period as the signal, and 
so might easily be confused with the latter in 
aural reception or in detection by a periodic 
metering scheme. However, there is the ingenious 


idea, due to Dr. W. H. Jordan (M.I.T. Radiation 
laboratory), of opening the gate twice as often as 
the signal is repeated. The periodicity in the 
noise, arising from the gating, then has a funda¬ 
mental equal to the second harmonic 2f p of the 
signal period / pt and so will not be heard at all 
when we listen to the fundamental of the PRF. 

With ordinary video or cathode-ray presenta¬ 
tion a gate is of no appreciable help as it does not 
affect the signal-to-noise ratio while the signal is 
being displayed. On the other hand, audio-de¬ 
tection examines a particular Fourier component, 
and compares the latter with the average noise 
background rather than just that in the presence 
of the signal. The insertion of a gate is here a very 
material help. The ability to obtain as great a 
sensitivity with the audio as with the video 
method is usually contingent upon the ability to 
use a rather narrow gate in the former, corre¬ 
sponding to a gating factor of the order 10”* or so. 

V. The Dependency of Visual and Aural 
Response on Filter Width and Pulse 
Duration Away from Match 

We have mentioned in Section 11 that the 
result that optimum performance is obtained at 
match (i.e., when the filter response is the 
conjugate of the Fourier transform of the pulse) 
is independent of the spectral “8hape ,, of the 
filter. However, when we wish to compare the 
performance at mismatch with that at match, the 
behavior depends somewhat on the shape of the 
pulse or the filter. In order to make explicit 
calculations possible, we henceforth assume 
throughout Section V (Part I), that the filter and 
pulse both have a gaussian structure* so that 
their amplitude-frequency characteristics are, 
except for constant factors, exp (—«*/ 2mt?) and 
exp (—«*/2« f *) respectively (where the origin of 
frequency w is at the carrier). As the Fourier 
transform of a gaussian function is also gaussian, 
the pulse depends on time in a gaussian fashion, 
vis., exp (— <a $ V/2). At match one has o>fr>”a» 0 , 
and we now investigate how much the per¬ 
formance is jeopardized by having mismatch, 
where 

* Note: Our choice of the gaussian response la based cm 
the observation that such a characteristic is a good 
approximation to actual ones in practise, except for fre¬ 
quencies well away from resonance. (See Sec. Ill, Part lit) 
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Varying Filter Width 

Let us imagine first that the pulse width is 
given and the IF filter width is varied, so that w, 
is fixed and w* is changed. The power necessary to 
achieve a given minimum detectable signal is 
readily calculated and may be expressed simply 
in terms of the ratio of power necessary at 
mismatch to that required at match. The details 
of the analysis have already been carried through 
independently by Wang and Uhlenbcck at 
(M.I.T.) Radiation Laboratory, so we will omit 
them in this paper. 

Figure 4 shows the necessary power as a 
function of \(mf h /f g ) for the case of aural re¬ 
ception. The curves for the linear detector are 
not the same as for the quadratic rectifier; 
namely, the shape of the curve in the linear 
case is a function of the signal-to-noise ratio 
vo^isr/n?) at match, which in turn depends on 
the minimum detectable signal. The dependence 
on (To in the linear detector occurs because the 
value of <ro determines the amount of modulation 
suppression. If, however, the signal is very weak, 
the performance of the linear rectifier is the same 
as that of the quadratic except for a factor inde¬ 
pendent of X. Comparison of the curves in Fig. 4 
with the results for the visual case indicates that 
aural reception is somewhat less sensitive to 
mismatch. 



Fig. 4. Input power to the IF as a function of IF filter 
width at constant pulse width for aural reception of the 
minimum perceptible signal (Eq. 78b), with a linear 
rectifier. P is defined as die ratio of input power to input 
power at jjnatch* A gaussian pulse is assumed. The curve 
labeled also applies for all values of cr 0 in the 
instance dr a quadratic rectifier (Gq. 77b), A curve for 
visuatyreqtgtion is also induded. 


Varying Pulse Length 

Let us now see what happens when the filter 
width is fixed and the pulse width is varied. In 
the case of visual reception the calculations show 
that the performance involves the filter width 
Afb and pulse length AJ^l/A/, only through 
the product A/&A7V Hence in the visual case it 
makes no difference whether we alter filter width 
or pulse length ;* more power is always required 
when a condition of mismatch exists. 

On the other hand, in aural reception the curve 
obtained by varying pulse length is of a quite 
different shape from that obtained by varying the 
filter width. The reason for this is that the 
quantities A/* and A T g here do not enter purely 
in the product A/aATV Our proof of maximum 
efficiency at match applies only when A f b rather 
than A T g is varied. If wc define X as the ratio 
A/ fl /A/fc of the frequency width of the pulse to its 
width at match, or, in other words, as the 
reciprocal of the ratio of the pulse length to its 
length at match, then the variation of necessary 
power with X is shown in Fig. 5 for the linear and 
square detectors. The curves do not have minima 
at X = 1. The necessary power is always dimin¬ 
ished by lengthening the pulse. However, for ex¬ 
tremely long pulses the necessary power ap¬ 
proaches an asymptotic value which Fig. 5 shows 
is nearly achieved when X is less than 0.1 or so. 
Here again the results for the linear detector 
depend on the signal-to-noise ratio a Q , with the 
curve for <r 0 *=O the same as for the quadratic 
rectifier. The upshot of Fig. 5 is that long pulses 
are more easily heard , or detected by a meter than 
are short ones .t Of course there are practical 


* Within the approximations assumed in our criterion; 
see section 1 of part I. 

t Possibly the reader is concerned with the physical 
reason why the dependence on pulse length is so different 
for the visual and aural cases. The expktimfcion runs as 
follows: It is clear that in either case the power require¬ 
ments will be increased if the pulse is made too short, for 
with very short pulses the Fourier spectrum becomes so 
wide that only a fraction of the energy is passed by the 
filter, with attendant wastage. In the visual case it is also 
wasteful to have the pulse too long, for with our “simple 
criterion," all that counts is the peak value of the pulse 
after filtering, Keeping the pulse on a very long tune. i.e.. 
much greater than the reciprocal of the frequency band 
width of the filter, will not appreciably augment this peak, 
but will increase the energy that has to be supplied, just 
because of the greater time duration. Hence with visual 
detection the pulse should be neither too long nor too 
short, and there is thus some particular pulse length at 
which the input power required to achieve a given Sgnat- 
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Fig. 5. Input power to the IF as a function of pulse width at constant filter width for aural 
reception of the minimum perceptible signal, Eq. (78a), with a linear rectifier and gated or ungated 
noise. The pulse has a gaussian shape. The width in frequency is here the reciprocal of the dura¬ 
tion of the pulse. Again the curve V&—0 applies for all values of *o in the case of a quadratic 
rectifier, Eq. (77a). 


limits as to how much the pulse length can be 
increased, for if the pulse length is too great, 
there will be an overlapping of successive pulses, 
and the received intelligence would then be 
destroyed, not to mention the fact that mathe¬ 
matically our calculations are all predicated on 
the assumption of no overlapping. 


to-noise ratio is a minimum. In aural detection we are 
interested in the energy in one particular Fourier com¬ 
ponent. The total number of Fourier components of 
appreciable magnitude is of the order of the ratio of pulse 
period to pulse duration. Hence, if the pulse is lengthened 
the energy is distributed among fewer components, or, 
in other words, there is less wastage in the high harmonics, 
which are of no concern when we listen to the fundamental 
or a low harmonic. This effect counterbalances the fact 
that the greater duration of long pulses demands more 
power. Consequently, the power requirements approach 
asymptotically a limiting value when the pulse is very 
long, rather than increasing as in the visual case. 

If, instead^ the pulse length is kept constant and the 
filter is varied in width, it is dear that too wide a filter is 
wasteful, as it simply increases the total noise without im¬ 
proving the transmitted signal. At first thought it miqht 
seem that narrowing the filter a great deal would diminish 
signal and noise equally. However, the coherence of die 
various Fourier components of the signal (before rectifi¬ 
cation) as compared to the incoherence of the noise has the 
result that the rectified signal is weakened more than the 
noise by the narrowing, so that for an infinitely narrow 
filter the rignal-to-noiae ratio becomes sero, and conse¬ 
quently in Fig. 4 the power requirements become infinite 
as X approaches aero. 


VI. The Influence «of PRF, Gating, and Audio- 
Filter Width on Sensitivity 

Visual Reception 

The dependence of the input power on PRF in 
visual reception can be dismissed rather sum¬ 
marily. Namely, with our “simple” criterion as to 
the minimum detectable signal, the only thing 
that counts is the energy per pulse. The mean 
power requirements are therefore directly pro¬ 
portional to the PRF, while the peak power will 
be independent of it. This is what one would 
expect, for with our “simple” criterion for meas¬ 
uring visual detection, which neglects the inte¬ 
grating effect of the eye (and brain), the only 
thing that is important is the instantaneous ratio 
of maximum transmitted signal energy to the 
noise background, and it is immaterial how many 
pulses are generated per second. Hence it is most 
economical to have the pulses spaced at very long 
Intervals. 

Neglect of the effect of integration in the visual 
case will have no bearing on the relative merits of 
the linear and square detector, and will not do 
much harm in considering questions of filter 
structure. On the other hand, in considering the 
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T Fig. 7. Input power to the IF as a function of the pulse 

period T—r/T* for aural reception of the minimum 
Fig. 6. Input power to the IF as a function of pulse perceivable signal, Eqs. (77a, b), at match with gated 
period (T—T/Tq) for aural reception at match, of the noit* and a linear rectifier. The curve for * 0—0 also applies 
minimum perceptible signal, with ungated noise and linear for a U <r 0 i n the case of a quadratic rectifier, Lq. (80). 
rectifier, Eqs, (77a, 77b). Here T is the ratio of the pulse 
period to the pulse period at match. 

match is a function only of the input power to the 
dependence <?f visual efficiency on PRF it is IF and of the IF filter width. This behavior can 
certainly important to include the integration ke explained in the following way. For a given 
effects which we neglect. The theory of North energy per pulse and a given IF width, the longer 
and of Uhlenbeck indicates that at least over a the interval between pulses the less power con- 
certain range of PRF the visibility of a pulse is sumed, but the power is less effective because the 
proportional to the square-root of the PRF. This Fourier comjxmcnts are more closely spaced, and 
has been borne out by the extensive experiments hence there is less energy in any one component, 
of Lawson (M.l.T. Radiation laboratory). Hence More P recise analysis shows that with a quad- 
the effect of integration is to make the average ratic r <‘ctificr these two effects just cancel, so 
power necessary to achieve a minimum de- ^ or a p ven pttlse duration and IF filter 

tectable signal proportional to the square root th c input power to the IF required to 

rather than to the first power of the PRF, and to achievc a Particular value of the minimum 
make the peak power inversely proportional to detectable signal-to-noisc ratio sjn* is not 
the square root of the PRF. affected by the PRF.* This conclusion holds quite 

irrespective of whether the filter is matched or 

Audio-Detection—No Gale the P u,8e is K au88 ' an in For the linear 

rectifier this independence of PRF holds only in 
In the audio case the precise formulation of the the limiting case of a very small value of s,/n r . 
minimum detectable signal presents itself in a Actually, for non-vanishing s r /n, the perform- 
more clear-cut fashion inasmuch as our criterion ance with a linear detector is a slowly varying 
in terms of a particular Fourier component function of the pulse repetition frequency, the 
already includes the effect of integration. There input signal being more easily detectable when 
still is, to be sure, a question as to what is a the PRF is increased as is shown in Fig. 6. The 
proper numerical value of the critical threshold, curves of Fig. 6 are drawn on the assumption of a 
Because the gating factor G**ra/T is directly gaussian pulse with matched filter, but the trend 
proportional to the PRF, we must be careful to with PRF will also be the same in other cases, as 
distinguish between those cases for which gating the exact filter structure merely determines the 
is or is not present in aural presentation. precise degree of modulation suppression, and so 

First, let us assume that there is no gate. With » reflected mainly in the absolute power scale, 
no gate, theory shows (see Eqs. (67), (68)) that 
square-law device, the minimum de- 
signal is independent of the PRF and at A 
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* We are speaking here and elsewhere of mean power. 
The peak power is correspondingly inversely propor¬ 
tional to PRF. 



















Insertion of a Gate 

The conclusions of the preceding paragraph 
also apply as long as the PRF is varied but the 
gating factor (percentage of time the gate is 
open) is held constant, as then the gate merely 
changes the absolute sensitivity of the instru¬ 
ment. Physically, however, one usually varies the 
PRF, keeping constant the absolute time the 
gate is open, rather than percentage time. Then 
the dependence on the PRF is more complicated 
and needs discussion. 

When a gate is used and its duration is held 
constant, it turns out that less input power is 
required if the PRF is decreased. This is because 
the gating factor is decreased, which in turn 
means that the background noise is lowered with 
respect to the input signal level, and thus we are 
able to obtain greater sensitivity (see Eq. (79)). 
Theory shows (cf. Eq. (80)), that with a quadratic 
rectifier and a gate of constant duration, the 
mean power necessary to achieve a given signal- 
to-noise ratio is proportional to the square root 
of the PRF. (The peak power is correspondingly 
inversely proportional to the square root of the 
PRF.) This result is general and does not require 
a particular pulse or filter shape, such as, for 
instance, the gaussian. Curves giving the input 
power as a function of PRF are shown in Fig. 7.* 
Here it is assumed that the filter is matched and 
gaussian, but in other cases, the curves will not be 
appreciably different, in fact, not at all in the 
case of the quadratic rectifier. 

Instead of keeping the gate fixed and varying 
the PRF, one may also be interested in what 
happens when the PRF is constant and the 
width ra of the gate is altered. The variation of 
the necessary input power with to under these 
conditions is shown in Fig. 8. Obviously, narrow¬ 
ing the gate has the same effect as narrowing the 
earphone or meter filter. The abscissa of Fig. 8 
can thus be equally well taken as the gate or the 
earphone width, depending on which one is 
interested in varying. For the quadratic detector, 
where questions of modulation suppression do 
not enter, the power is proportional to the square 
root of the gate width (or of the audio-filter 

*The curves in Fig. 7 for the linear detector do not 
extend beyond a certain value of T for any particular 
at f-I//** at match). The reason for this is mathematical 
ana not physical, for the formulas involved are not reason¬ 
ably correct beyond the point indicated. 


width). This behavior for the quadratic rectifier, 
which also applies to the linear detector with 
very weak signals, does not require any specializa¬ 
tion, but the curves of Fig. 8 for the response of 
linear rectifiers with non-vanishing values of <r« 
apply accurately only to a matched, gaussian 
pulse. The plots for other filters, however, will 
not be appreciably different. 

When we seek to build up the efficiency by 
narrowing the gate, and when the latter precedes 
the IF filter, there are limits beyond which we 
cannot go. For if we were to decrease the gating 
factor to too narrow a relative time interval, it 
would be impossible to detect a target which was 
moving rapidly enough to pass through the 
equivalent space range of the gate between two 
successive scans, since the echoes returning from 
the target might then arrive at the receiver during 
a period in which the gate were shut. Apart from 
these considerations, gating under such circum¬ 
stances would result in a distortion of the pulse 
by shearing it fore and aft (an effect not con¬ 
sidered in our calculations), so that the condition 
for best match for the filter would be changed. If 
a gate of short duration is used at all, it is better 
to place it after the IF filter and corresponding 
rectification. As noted by North, it is possible 



Fio. 8. Input power to the IF* for aural or aperiodic 
meter reception of the minimum detec'tble signal at 
match using a linear rectifier, as a function of t, when f 
represents (1): duration of the gate, or (2) width of the 
audio-filter, or (3) frequency width of pulse (or IF filter), 
when gaussian pulses and filters an assumed. The sub¬ 
script 00 refers to matching the IF to the pulse. 

’#*■ 


Volume i7, November, im6 






under these circumstances to use a gate of 
infinitesimal length. The item of adequate space 
coverage of targets is then secured by the finite 
length of the pulse. Of course, the ideal system 
would be to have an infinitesimal gate come right 
at the maximum of the rectified pulse, but 
uncertainty in range will in general make this 
impossible. The great advantage of visual de¬ 
tection is that the eye is, so to speak, its own 
properly timed gate. In attempting to discern a 
signal, it compares a pip or signal maximum only 
with the noise background in its immediate 
vicinity in time. North's rather elegant concept 
of an infinitesimal gate has the advantage that if 
the gate is inserted at just the right time, i.e., at 
the maximum of the pulse, the criterion for a 
minimum detectable signal is obviously similar 
for both aural and visual detection, for then in 
either case we are concerned only with the ratio 
of signai-to-noise energy at the very peak of the 
signal. In practise, however, an ideally-timed, 
infinitesimal gate seems too much of a simplifica¬ 
tion, for reasons already stated, but still it is a 
useful concept,* delineating a limiting behavior. 

VII. Relative and Absolute Sensitivities of Visual 
and Aural Detection: Behavior at Match 

As already mentioned many times, we say that 
the filter is “matched" if it is the conjugate of the 
Fourier transform of the pulse. The study of the 
matched case is particularly fundamental for 
three reasons (a), it is always a measure of best 
achievable performance, (b), it furnishes a con¬ 
venient norm with which to compare results in 
other cases, and (c) it is particularly simple from 
the mathematical standpoint, especially in the 
visual case. 

Hence in our attempts to calculate absolute 
sensitivities numerically in the end of this present 

* In our mathematical section (Part II) we do not treat 
the infinitesimal gate. However, we can apply in a rather 
straightforward manner a fluctuation analysis, applied to 
pulses which are the delta-functions passed by this in¬ 
finitesimaljpte. If we assume that the gate is properly 
timed, ancPthat a second gate is present to cancel out the 
discrete noise in the fundamental of the PRF, then it can 
be shown that if (*/*)? is given, (*/*)* tnfin exceeds 
the visual ratio (f/*). by a factor (Jo/*) - *, where 
k the ratio of PRF to audio- (or mejer) filter width. Even 
with perfect timing the performance is not appreciably 
improved by making the gate much shorter than the pulse. 
In other ifprds, our later Eq. (c) of Section VII, with 
t gives a value of (*/*)« of the same order as 

that wjud^we have just estimated for an infinitesimal gate. 
« 


section, we shall always assume that a condition 
of match exists. When in the present section we 
talk about the dependence on pulse length at 
match, the reader should be careful not to con¬ 
fuse this type of dependence on pulse length with 
that treated in the preceding section, where the 
filter width was assumed constant. We now 
consider the type of variation for which, when the 
pulse length is altered, the filter is correspondingly 
changed so as to be always at match. 

With visual perception (on the deflection- 
modulated oscilloscope), the theory of Section III, 
Part II shows that the results obtainable at 
match are completely independent of the pulse 
shape (on the assumption of the “simple" cri¬ 
terion, of course). For the square detector one 
has, at match, from (67) and (73), the very 
simple result 

($»A*«)qU»d “F oTh/Wq, 

where Wo is the power density of input noise, 
per unit frequency range, in the spectral region 
of the IF filter, Po is the input power, and To is 
the pulse repetition period. For the linear de¬ 
tector the corresponding formula is, from (67) 
and (75) 

' PoTo 

{s v f n v ) Un “ 0.957— 

rr o 

X^l-0.1526 O) , Po7VtFo<10. 

Since Po and To occur only in the product 
PtT o/ Wo, the only thing that counts is the input 
energy per pulse, viz., E=PqTo, Eq. (63). This is 
because our “simple" criterion for visual per¬ 
formance neglects the integrating effect of the 
eye, as already discussed in detail in Section VI, 
Part I. 

Our conclusion that in visual detection the 
perfprmance at match is independent of the pulse 
length is doubtless too much of an idealization, as 
the “simple" criterion takes no cognizance that 
the visibility of a pip is probably somewhat con¬ 
ditioned by its width. However, widening or 
narrowing of the pulse and pip will also be 
accompanied at match by fattening or shrinking 
of the “blades of grass” due to noise. Because of 
this fact, the invariance of pulse structure pre- 
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Table I. 


OvTFur Ratios 


Physically minimum 
Detectable signal 


Input Ratios 
Q uadratic 2nd detector 
A/.-A* A/f 

50 c p.s. 5 c.p.s. 


Linear 2nd detector 
A/* A U 

50 c p.s 5 c.p s 


(Visual) 

(j*/iI*) 

0.0 db 
- 5.0 
-10.0 

(pessimistic) 

(optimistic) 

<ro* 0.0 db 

-2.5 
-5.0 


+ 1.0 db 

-1.7 

-4.4 

(aural) 

(*•/»•) 
no gate 

+ 10.0 

0.0 

(pew.) 

(opt.) 

+ 15.5 + 8.5 

+ 8.5 + 5.5 

>15.5 

>15.5 

+ 11.2 
+ 4.8 

(aural) 

($«/#r>) 

gate 

+ 10.0 

0.0 

(pew.) 

(opt.) 

+ 2.0 - 5.0 

- 50 - 8.0 

+ 2.9 
- 2.5 

- 2.5 

- 7.8 



Time 

constant 

-2/A/- 




periodic metering 
(W»u)-0.0db 
gated noise, lin. rect. 

2 c.p.s 
t/5 

1/10 

1 sec. 

10 

20 

<r„-— 6 7db -9.3 

- 9.5 -12.0 

-10 0 -12.4 

-77 

- 9.0 

- 9.8 

- 9.0 
-11.5 
-12.2 

aperiodic metering 
(W*u)-0.0 db 

2 

1/5 

1/10 

1 

10 

20 

-10.0 

-15.5 

-16.5 


1 1 1 
SoiC 


1 he equivalent rectangular pulse is 1 41 ^sec. long. r« -10“* sec., tg-5X10“* sec .A-4XI0 1 c.ps. 


dieted by our “simple” criterion is probably not 
too much of a sin, unlike the conclusions which it 
yielded concerning the dependence of visibility 
on PRF. 

With aural reception the performance at match 
is no longer independent of pulse shape or length. 
Instead, the power required to reach a minimum 
detectable signal-to-noise ratio is less, the longer 
the pulse. The dependence of this power on pulse 
duration turns out to be similar to that on gate 
length studied in the previous section. As long as 
the shape of the pulse remains constant, and only 
its time-scale is changed, the power demanded is 
inversely proportional to the square root of the 
length of the pulse, if the detector is quadratic or 
if it is linear and the signal is weak. The variation 
of the necessary power, with pulse length in 
arbitrary units, is shown in Fig. 8 for the 
quadratic detector and for the linear rectifier 
with various thresholds. 

The reason for this difference in behavior be¬ 
tween the visual and aural cases as regards the 
dependence onpulse length is that the expression 
to be t m*i£afc$id under optimum filter design is 
dSwent in the two cases, and it can be shown 
that in consequence the maximum in one case has 
the value unity quite irrespective of the shape of 
the pulse, whereas in the other the maximum 


depends on the assumptions concerning the 
structure and length of die pulse (cf. Eqs. (52), 
(55), and remarks in second paragraph after 
Eq. (56)). Physically the reason that increasing 
the pulse length is helpful in aural but not visual 
detection is that it lowers the fraction of energy 
wasted in irrelevant higher harmonics of the 
PRF in aural reception, whereas in the visual 
case it prolongs the maximum without raising it, 
which with our "simple” criterion is no help. 

Numerical Calculations of Sensitivities 

Knowing the values of the physically minimum 
detectable signal-to-noise ratios for the various 
types of presentation, oscilloscope, ungated, or 
gated aural reception, and use of a meter, we can 
calculate and compare the relative and absolute 
sensitivities of these methods. To do so we use the 
results obtained in Part II, and quote some of the 
final formulas here. For visual reception we have 
the relations 

(V«.)iu-0.957<ro*(l -0.1526*,), <r.< 10*, 

which follow from (73) and (75), at match. For 
aural reception, the necessary formulas are, from 
(48a, b) and (49a, b) and Section IV (b), Part II 
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for ungated noise, 


(jo/tt«)quad 

© 


0.633*.* 

0.616<r«* 


lin r 0 (A/,/ 6 )* 


(1—0.1246a 0 ), 

cr„<10*. 


(b) 


Here A/« is the width of the critical car or audio¬ 
filter, whichever is narrower. When the back¬ 
ground is gated, (b) becomes 


{$af u«4 a 


0.633<r 0 * 

(Torabfjb)' 


0.61W (c) 

(S a / Wot?) lin = -(1 —0.1246(7 o), 


(Torabfjb)' 


<To< 10*. 


The expression for the periodic meter is obtained 
from (97) and is 


(s m /n m )~ 1.156 


[1+l(A/»/A/ 0 )»]> 
(A/„/A/ a )* 


X {*—0-1526(W«-(o,) s }, 


$«/»«<<?> <10*, (d) 


where the second detector that is used may be 
either linear or quadratic. The parenthesis 
around the subscript G in (d) means that the 
appropriate value of s a /n a is (b) or (c) according 
as the noise is ungated or gated. 

The quantity A f m appearing in (d) is twice the 
equivalent rectangular filter width of the meter. 
(The reason for the factor two is that our general 
theory contemplates a filter extending sym¬ 
metrically on the two sides of a resonance center, 
whereas the low pass filter involved in a meter is 
unilateral.) 

To illustrate and compare the absolute sensi¬ 
tivities for the various methods Table I has been 
prepared for the following conditions of opera¬ 
tion. First, we have assumed a gaussian pulse, to 
which the filter is matched. The width of the 
equivalent rectangular pulse is 7.1*10* c.p.s., 
4* 10* c.p.s. from (60), and the width between 
half-power points is } Me. Furthermore, we have 
f tptksn ra^S-lfr" 1 second (the total duration of a 
g|te; see Sec* IV and VI), and To-lO - * 

956^ * # 


sec., corresponding to a PRF of 1000 c.p.s. Two 
different audio-filters arc used: A/ f *50, A/««5 
cycles. Three distinct meter filters are also em¬ 
ployed: A/*«2, i, fa cycles (actual width 1 
cycle, fa, 1/20 cycles), each with the same audio¬ 
filter A/, = 50 or A/. = 5 c.p.s. 

Here <tq equals (sy/ny) at match, and is given 
in db in the appropriate boxes of the table. We 
have assumed that s m /n m — 1, but this is only a 
guess at present, for want of more completeex- 
perimental data. From this table we see that the 
linear detector is always a bit worse than the 
quadratic, though the difference for weak signals 
is small. We notice also that under the above 
conditions of operation, aural reception is about 
as good as visual, and in some cases surpasses it, 
although the psychological strain of aural work 
may add as much as 5 db to these results. The 
meter, of course, compares favorably on the as¬ 
sumption that s m /n m = 1 as a minimum detectable 
signal. Narrowing the audio-filter by a factor 10 
increases the sensitivity by 5 db. Eaton and 
Wolff (RCA Princeton, in an unpublished paper 
(Report PTR-7C) completed June 4,1943), using 
the aperiodic method, with time-constants of the 
order of 10 seconds, obtained in the Laboratory a 
20-db improvement over visual detection by the 
(deflection-modulated) oscilloscope if s v /n v =* 1. 
This is about the performance that our theory 
indicates. Namely, if we take A/*»=*! c.p.s., 
corresponding to a time-constant of 10 seconds, 
and take a single gate of about 1.5 ^-seconds du¬ 
ration, as they used a gate comparable with the 
pulse length (rather than the longer and double 
gates assumed in our tables), our formulas yield 
an 18.5 db gain in sensitivity over the “pessi¬ 
mistic” oscilloscope reading. We cannot, how¬ 
ever, emphasize too much that the efficacy of the 
various metering methods is contingent upon the 
feasibility of using a long time-constant, and this 
will depend on tactical considerations (of Sec. IV). 

PART IL MATHEMATICAL SECTION 

L Introduction: Signal and Noise 
in the IF Filter 

The pulse-modulated carrier enters the RF 
stages and the carrier frequency is shifted to the 
lower frequency, (IF), by means of the first 
detector or mixer, as it is often called. We assume 
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that this displacement of the carrier, as well as 
the performance of the RF stages, is essentially a 
linear process, resulting in no appreciable dis¬ 
tortion of the incoming wave. Our real problem, 
then, is with tjie IF and subsequent stages of the 
receiver. The noise entering the IF arises pri¬ 
marily in the mixer, or in the case of artificial 
noise, comes, of course, through the RF. The 
noise and signal are filtered before entering the 
second detector. After rectification, the mixture 
is filtered by the video- or an audio-filter, ampli¬ 
fied, ard passed finally to an oscilloscope, 
earphones, or to a meter. 

The signal entering the IF stages has the 
following forms: 

//(/)**E, cos wo(/-/,), (1) 

where « 0 =S! 2t/o and / 0 is the intermediate fre¬ 
quency. Equation (1) represents the incoming 
wave as a succession of pulses, the envelope of 
any one of which is described by V2$/(/ —/,). The 
different values of /, differ by the pulse repetition 
period T . A single disturbance is expressed by 
V2$/(/) cobwof, with tj = 0 for convenience. We 
shall also assume that the overlapping between 
consecutive pulses is negligible, so that in de¬ 
termining (1) it is necessary to consider only one 
value of /, at a time. For all purposes this is a very 
good approximation. The Fourier transform of a 
single pulse is then 

&V)- JL V2si (t) exp (—ioi't) cos uotdt, 

( 2 ) 

Note that from (2) it follows automatically that 
-«'),* and S,V)*-S, 
where the star (*) denotes the complex conjugate. 
The corresponding relation to (2) is 

1 f“ 

V2si(t) cos coo/“=— I Si'(a 1 ) exp (iu'()du'. (3) 

2 

As well as amplifying, the IF stages act like a 
filter, whose amplitude frequency response we 
denote by Gtr («')• For the time being we will not 
restrict the generality of our treatment by 
specifying <?//(«') explicitly. The filtered signal 
that leaves the IF is then 

(4) 

2t 


where we must have <///(—«') ~Gi/(<*')* in 
order that we have a real output for a real input. 
The primes are dropped from the notation for the 
various filter characteristics when the origin for 
frequency is taken at the carrier / 0 rather than at 
the absolute zero of frequency: thus «■*«'—« 0 , 
S/(u' — too) = S/(«), G//(w'-a»o) =67 >■(&>). Then 
with the substitution u=u '—uq we may write (2) 
without appreciable error as 

S/(«) = 2-‘J s,(t)er»“dt, (5) 

since we can disregard the part of the integrand 
with the oscillatory factor exp ( — 2W), whose 
effect is negligible because of the rapid variation. 
Equation (4) can be written 


s F '(t) =2XRoal Part of 


[ exp (W) r* I 

j —- J S,( w )G,,(«)e"‘d«|. (6) 

We can express the filtered wave as 


s/(t) — (0 cos (wo/—«), 

(7a) 

where 


1 * r* 

v2$hf(/)*2— I Sr((a)Gip(<u)e %wt d <0 
\2tJ-* 

• (7b) 


The phase factor e is really a function of / but is so 
slowly varying that to all intents and purposes it 
can be regarded as constant. It is to be noted that 
the integrand of (7b) has a single resonance 
center at w = 0, whereas that of (4) has resonances 
at w“=fc«o. In extending the lower limit from 
—wo to — oo in (7b) it is to be understood that 
Gtp( w) is to be taken as very small for «< —«o> 
whereas the literal definition Gtf(«) ■ G/f'(ci/ —«o) 
would imply that G/f(«) had a resonance at 
— 2o)o also. 

Equation (7b) shows that the amplitude $r(t) 
after filtering can be computed, as we would 
expect, just as though we ignored the carrier 
entirely, and applied the Fourier analysis directly 
to the modulation factor $/(/) of the incoming 
wave. We call s?(t) a modulation factor rather 
than an envelope because in evaluating (7b) it is 
essential to take account the algebraic sign as 
well as the modulus of $/(/). 
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We will assume that the background noise 
entering the IF is sensibly uniform over the filter 
width, having a constant spectral density Wo 
(power/frequency). This is really no assumption 
at all, as the spectral variations in the noise over 
the IF filter width are usually of little account. 
The mean square noise power transmitted by the 
IF stage is then 

1 Wo r 

n F * = -I |G/,V)|W 

2 2t«'-oo 

Wo r 

-—I | £?/*■(«) | 2 d«, (8) 

2 t«/_o 

where n F is the r.m.s. noise voltage entering the 
rectifier. 

n. Quadratic and Linear Rectification 
of Signal and Noise 

We introduce now the correlation function R{t) 
for the noise and signal output of a linear or non¬ 
linear device, such as a filter or rectifier, in terms 
of the power spectrum of the output W(w). The 
correlation R(t) is defined as the mean value of 
the product of the noise and signal amplitudes at 
times separated by an interval /, averaged over 
all initial phases. It can be shown 6 ” 10 also that the 
correlation function is the Fourier transform of 
the output power spectrum, and vice versa . We 
have thus the following general relations: 


correlation function f(Jt) 9 vie. 

Wo r* 

f(t) -| | Gir'W) | * cos «W. (11) 

4t 

A comparison of (11) and (8) shows immediately 
that w/*=^(0), so that ^(0), or in abbreviated 
form f, is the mean square noise voltage passed 
by the IF filter, which is centered about /o. Then 
with the help of (11) we can write with negligible 
error 

f(t) cos cool 

55 WO )r(t) sEf(0)r 0 (i) cos cool. (12) 

The relations (12) define the normalized correla¬ 
tions r(/) and ro(t) f where 

Wo r* 

fo(t) “— I | Gi F (<a) j 2 cos coAfto, (13) 
2W-00 

since the contribution to the integral when 
co < — coo is ignorable. Note that fo( 0 ) =r(0) = 1 . 

(a). Noise and Signal Output of a 
Quadratic Rectifier 

Let us now pass the signal from the IF with its 
accompanying noise through a square-law de¬ 
tector. It can be shown 10 that the correlation 
function RnQ) before averaging over the phases 
of the modulation s F (t) is 


W(co)“4 f R(t) cos co/d/, (9) 

•'o 
and 

R(t) **— f W(ci>) cos c otdaj. (1(J) 

2rJ 0 

For noise leaving the IF filter we have the 

1 N. Wiener, Acte. Math. 55, 117 (1930), and later, 
independently, A. Khintchine, Math. Ann. 19, 604 (1934). 

T G. I. Taylor, Proc. Lond. Math. Soc. Sec. 2, 20, 196 
(1920), and Proc. Roy. Soc. 164, 476 (1938). 

•S. O. Rice, Bell Syi. Tech. J. 23, 282 (1944), and 24, 
46 (1945). These two papers contain an excellent and quite 
comprehensive treatment of a large number of noise 
problems, 

•J. H. Van Vleck, “The Spectrum of Clipped Noise” 
(Harvard Radio Research Laboratory, Report 411-51, 
July 21, 1943). Available at Harvard War Archives, 
Littauer Building, Harvard University. 

lf D. Middleton, “Note on The Theory of Square Law 
Rectification of Modulated Carrier in Presence of Noise.” 
(Harvard Radio Research Laboratory, completed July 12, 
HM4.) Available at Harvard War Archives, Littauer 
Budding Harvard University. 


Rvltt tot fo , ]=^{W+*iW+2^(0* 

+46^(0 +W+WK (14) 

where 

by = >fis F {to) cos«ofo/W; 

&j«v2sf(*o'+<) cos wo(/o+OM 

and i) is a constant depending on the dynamic 
characteristic of the particular rectifier. As* 
Aiming that the envelope sr{h'), etc., is a slowly 
varying function of the time, we may treat it 
as essentially constant, and hence uncorrelated 
with cosuofo, etc., when averaging over the 
phases of the carrier. Then analytically fo and 
/o' are independent. Now in the final form of 
the correlation function the terms in 

contribute only to the d.c. Further, the 
term in f (<)* with the help of (12) may be resolved 
into ^(O’-WOKl+cos 2wo*), the latter por- 
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tion of which contributes to the spectral region 
centered about 2/o, well removed from the region 
of our interest. Accordingly, the low frequency 
correlation function derived from (14) becomes in 
final form 11 

Rir(t) —11“ I *•(0*++0> 

+(srW)*SrW+ty)} t (16) 

where the bars indicate the average over /</. The 
first term of (16) represents noise alone, the 
second is the contribution to the continuum from 
the cross-modulation of the signal and the noise, 
and the third is the signal output alone. In both 
visual and aural reception we can in general 
disregard the middle, or second, term. The 
reasons behind this, however, are quite different 
in the two cases. For aural performance the signal 
is on such a small fraction of the pulse period that 
the contribution of the cross-term to the con¬ 
tinuum is negligible in comparison with the noise 
and the signal terms. In the video case it is still 
true that these cross-terms are present only a 
small fraction of the time, but now it is that 
fraction of the time that interests us. However, 
the response is always a monotonically increasing 
function of s F /ti Ft which is physically obvious, 
since increasing the signal must always lead to an 
improvement in reception. The best performance 
is thus obtained by maximizing sr/n F . We may 
then take as our definition of signal to noise 
ratio the r.m.s. signal (envelope) at that point in 
the receiver circuit where we perceive it, to the 
r.m.s. value of the corresponding noise back¬ 
ground, omitting the cross-modulation terms. 

In the absence of signal the low frequency 
correlation function is, from (16), 

RlfW-iW O)V o (0’~nVo(0 2 . (17) 

and from (10) it follows when /=0,that the low 

u Equations (14) and (16) are derived on the assumption 
of email signal quadratic detection, arising from the square- 
law character of the dynamic response in the neighborhood 
of the operating point. It often happens that "large-signal” 
rectification occurs, where now the rectifier may nave 
essentially a half-wave quadratic response. However, the 
results for the low frequency correlation are proportional, 
Eq. (16) being 4 times as great as the corresponding ex¬ 
pression for half-wave detection. This is easy to see when 
we observe that only the envelope of the incoming, narrow- 
band disturbance is reproduced, albeit squared, in the low 
frequency output, exclusive of d.c. The factor of pro¬ 
portionality follows since in the latter case but half the 
input wave is transmitted. 


frequency mean power output is 

Rlf(0) -oV(0) 2 =o*nJ(18) 

where n, is the mean square noise voltage in the 
video, provided the effective band width of the 
IF is less than that of the video stages, so that the 
low frequency output after detection is not 
appreciably affected by the video response. The 
spectrum of the low frequency noise from the 
quadratic rectifier may be obtained from (9) with 
the help of (17), and is* 

Rlf(1) cos wtdt. (19) 
•'o 

We have seen that (18) gives an expression for the 
video noise background. In aural reception wc 
are interested in detecting a single component 
against a relatively narrow ^section of the spec¬ 
trum, so that it is the spectral level of the noise 
near 0 that concerns us. From (19) this is 

Wlf(0) =4 f RLfML (20) 

Jo 

The mean square aural background noise nj is 
rigorously 

nJ- f WtFM\G.M\*d», (21a) 

2ir J 0 

where <7 s (a>) is the amplitude response of the 
audio-filter, but we can use the approximation 

=- I |Ga(«)|«W. (21b) 

2t Jo 

It is convenient to express the band width of 
physical filters, whether measured from the half¬ 
power or other points of the response, in terms 
of a rectangular filter whose spectral ordinate is 
equal to the maximum response of the particular 
filter in question, and whose width is such that 
both devices transmit equal noise power, i.e., 
such that the areas under die respective responses 
are the same. (We assume filter characteristics 
with but a single maximum; the criterion may be 
generalized for more involved spectral shapes.) 

* Note: After rectification there exists no carrier fre¬ 
quency in the spectral region with which we are concerned; 
here « refers to absolute frequency, and not to frequency 
measured with respect to u* 
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If Gk(J) is the response of the physical Alter, then 
the effective band width A/* of the equivalent 
rectangular apparatus becomes 

A/ t - Jf" | GuU) m/\ Gk(f) I — (22) 

In all our definitions we will assume that | <?*(/) | 
is normalized so that |Gx(/)|m«=*l. Then (21b) 
may be written still more simply as 

»**= W LF ( 0) W2t- W LF mf„ (23) 

where in this instance A/. is the width of the 
earphone or audio-filter, if the band is very 
narrow, or the actual band width of the ear, if the 
audio-filter is wider. (See Fig. 1 for curves of 
(4 ft) critical.) 


integrals of modulus r 0 , with r 0 (t) specified by 
(12). The mean square video noise voltage 
without signal follows at once from (24), with the 
aid of 

J?( 7 )>0, R( 7-a-0)>O. 

We have 

«, 2 =0V( °)f-]-0.043S4V(0). (25) 

Lit 2 2t1 


The low frequency continuum to be used in (21), 
or in (23), is immediately obtained from (19) 
and (24), to wit: 


W LF ( o>) 


i « 

-L 

2t *-o 


(2n)! 

2 2 "w!(n+l)! 


(6). Noise Output of a Linear Rectifier 

For the linear detector the low frequency part 
of the correlation function exclusive of d.c. for 
noise alone after rectification may be shown to 
be 12 

W(0) 

RUt) —-(.*»(-*, - i; 1 ;r«(0 2 ) - 1) , 

2x 

0V(O) 

--|r« s +r B 4 /16+r,V64 

8t 

+ 25r 0 8 /4096+-.-| (24) 

0V(O)-| (2n)! ] 2 

=“-]£ I-1 ro 2nf2 , 

8t h-o i2 2n «!(n-hl)!l 

0V(O) 

—{4JS(r 0 ) - 2 (1 - r 0 *)2S:(ro) - ir}, 

2ir 2 

where *Fi is the (Gaussian) hypergeometric 
function, and E and K are complete elliptic 


11 The various forms of Rir{t) appear to have been 
derived independently by Franc, Zeits. f. Hochfrequenz- 
technik, p. 140 (1941), who gave essentially the series 
expression, by D. O. North, who mentions it in a synopsis 
of a paper entitled “The Modification of Noise by Certain 
Non-Liimr Devices,” presented at the Winter Technical 
Meeting of the I.R.E., Jan. 28,1944, and by G. E. Uhlen- 
beclc in terms of the complete elliptic integrals E and K, 
in (M.l.T.) Radiation Laboratory Report 453, “Theory of 
Random Processes,” Oct. 15, 1943. These results may also 
be obtained from Rice’s expression (4.7-4), reference 8, 
for the completion function of the noise output after half¬ 
wave linear rectification, with the help of (12) and the 
qtpanifon of > (cos wot)*”. 


X I ro(f) 2nf2 co8«ki/. (26) 
^0 

(c). Signal Output of a Quadratic Rectifier in 
Visual and Aural Reception 

As can be seen from (16), the low frequency 
signal output of a quadratic detector is inde¬ 
pendent of the background noise, if wc neglect the 
cross-modulation term; (sec reference 11). In 
visual reception it is the mean value of the area 
under one cycle of the IF carrier, or equivalently, 
the envelope of the pulse, that is important. The 
signal displayed appears as a single pulse 
s D (to — tj). We have assumed that the modulation 
is very slow compared to / 0f and so s v (to'—tj) is 
essentially constant in time, l, when it appears in 
i?jv(f, to, to), as in integrating over to we are 
dealing with times of the order of l//o. In 
order to emphasize the approximate constancy of 
Sp(to'—t t ) in this integration we denote the argu¬ 
ment by to — tj rather than by /o—/j. However, it 
is not legitimate to ignore the time dependent 
nature of s F (t) and s f (/) when later we consider 
signal variations over times of the order of 
where <o p is the angular frequency, or PRF. From 
(16) we find that the mean pulse power is 

Rlf(0) - (27) 

and for the signal output we have 

*(/•')-HfirW). (28) 
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(34) 


In half-wave quadratic rectification we need 
merely divide (27) and (28) by 4. For video re¬ 
sponses, then, (28) is simply 

s,~iisr*, (29) 

where *, and sy arc the maximum values of s.(/ 0 ') 
and Sy(to), respectively. Hitherto we have de¬ 
noted the time argument of the signal amplitude 
by /o', distinguishing it from the argument to of 
the carrier oscillations so that in integrating over 
the latter we could treat to as constant. Since this 
integration has been performed, the prime can 
now be dropped. 

To obtain the audio-spectrum we must take 
the Fourier components of the modulation. Now 
in aural reception we listen to a single component 
of the pulse, corresponding to the PRF or a 
higher harmonic thereof. Replacing to' by / in (28) 
and expanding $„(/) in a Fourier series, we find 

oo 

$v(t) = £ CLk exp (ikwpt ), = 2rf p — 2x/ T , (30) 


where T is the period of the pulses and the 
amplitude of the kth harmonic of the PRF f p is 
given by 

f . (31) 

I T 

since successive pulses are assumed not to overlap 
appreciably. Equation (30) may also be written 
as 

5.(0 “So+E-Bfc cos (ftwpf-«* p ), (32) 

*-i 


where e* p id an uninteresting phase factor and 


1 


- 

1 s,(t)er M dt 

T 


\ 2 

r • 

A- - 

I s,(t)e-*"dt 

r« 

L, 


(33) 


If remains small compared with the IF 

band width, we may set«—0 in (33) because then 
the trigonometric factor varies but little during 
the time the pulse is on, and we may take v5Bo as 
the r.m.s. amplitude s a of the &th component we 
are listening to. With the help of (28), Eq. (33) 
becomes then 
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B k ms € = 


VI f* 

V—J Sp(t)HL 


(d). Signal Output of a Linear Detector in the Pres- 
ence of Noise: Visual and Aural Reception 

The expression for the shape of the signal wave 
transmitted by a linear rectifier is complicated, 
because it is quite different from what it would 
be in the absence of noise, the interference from 
the latter giving rise to the phenomenon which 
is known as “modulation suppression." This 
phenomenon results in a suppression of the 
signal, or of the noise, whichever is small com¬ 
pared with the other. The detailed mathematical 
theory shows that the low frequency part of the 
rectified signal is given by 1 * 1 *' 1 * 


Pnr 

s*W) 1; (35) 

(2t)» 


where \F\ is a confluent hypergeometric function 
and 0, as before, is the dynamic transconductance 
of the rectifier. The function iFi is specified in 
general by the series 


iFi(a;0;x) = l 


ocx a(a+l)x s 
- 

01 ! 0 ( 04 * 1 ) 2 ! 

OtnX* 

+ -H-• (36) 

0 » rt ! 


The video response s v (to) represents the mean 
area under a cycle of the IF carrier, times the 
envelope of the modulation. In comparing signal 
and noise we must be careful to define what wc 
mean by a signal and by noise, and to measure 
them in the same way. Hence, since noise is 
measured as an r.m.s. voltage, wc must deter¬ 
mine the signal similarly. This is the reason for 
taking the mean area under a cycle of the IF 
carrier as the signal criterion, rather than the 
envelope, a point which has not always been 
brought out in previous treatments of the 
subject. 

Equation (35) as it stands includes both signal 
and d.c. noise; to obtain the increment in video 

11 See S. O. Rice, reference 8, Eq. (4.2-3). 

m s. A. Goudamit, “Comparison Between Signal and 
Noise” (M.I.T. Radiation Laboratory, Report No. 193, 
January 29, 1943). 

u W. H. Jordan, “Action of Linear Detector on Signals 
in the Pressure of Noise” (M.I.T. Radiation Laboratory, 
Report No. 305, July 6,1943). 



may write for the r.m.s. value s„ of this com¬ 
ponent 



response due to the signal we must subtract the 
mean d.c. response in the absence of the signal, 
thus obtaining 


Pn, r” 

(41) 

■* W —oo 

Although the power series for tFi (—| ; 1 ; —x) is 
absolutely convergent for all values of x, it does 
not converge rapidly enough for computation 
when x is large, say x> 1.5. This difficulty may 
be overcome by approximating in a purely ad hoc 
fashion the integrand of (41) with a function of 
the form 

F(x) = ax —yx k . (42) 

Here a is the derivative of 1 F 1 at x=0, and y 
and k are determined from iFi and its first 
derivative at some point x=x 0 which represents 
the maximum value of srffi/m*. We have then 


pttp 

s»(<o) — where 

(2t)» 

X{iFi(-i; 1; -s,(*o')7»i’ i )-l}, (37) 

inasmuch as iF^a ; /3; 0) = 1. At the instant of 
maximum signal, which is important in visual 
detection, we have by definition s v (to') = s t , 
Sr(to)=*Srt and Eq. (37) becomes 


«=iE,'(0) = i 
F'(,x<>) = ii.Fi($; 2; — Xo), 
F(Xa) = iF l (—l; 1 ; — *«) — 1 , 
y = [o* 0 — F(xo) ]xo\ 


/ F(X,)-a ' 

V F(x<>)—ax o 


(43) 


pnr 

1), (38) 

( 2 * 0 * 

where as before s? is the maximum value of 
Sr(t'). When the signal is weak compared with 
the noise we find that (38) is 

0 /sr\* 

—TtM —) . (Sr/n,y« 1, (39) 

2(2*)* \n r / 

which is a condition often encountered in prac¬ 
tise. On the other hand, when the signal is very 
large compared to the noise, or what is the same 
thing, for a finite signal and negligible noise, 
we have with the help of the asymptotic expan¬ 
sion of iFi 

- Sr, {Sr/tif)*^ 1, (40) 

r 

which, as one would expect, is 1/*- times the 
Envelope of the IF wave. 

lit auf^i reception we listen to a single com- 
t pon^nt $ (37). With the aid of (30)—(34) we 


The necessary values of the hypergeometric 
functions may be obtained from Jahnke and 
Emde. 1 * The approximation (42) requires that 
for each value of x, we calculate anew y and k; 
however, in practise the error is not great if we 
select some value of *o, say 6, and use the y 
and k obtained in this case for all x, in the range 
0<*o< 10. Figure 9 compares our approxima¬ 
tion with the correct curve. The difference in 
the region 0<*o<10 is seen to be quite small. 
Thus for subsequent work we choose x,**6 and 
with this value find from (43) that 

7-0.0763; A —1.50; * 0 -6. (44) 

Then the r.m.s. audio-component (41) after 
linear rectification in the presence of noise be* 
comes finally: 

ffnr f* 

I \s r {t)'/n,'-ys,{t)»/n,»)dt. (45) 
2 r*T •'-* 

i« Jahnke and Emde (Stecbert, New York, 1938), pp. 
275 et. seq . 


Journal or applied physic* 



(*) Comparison of Signal with Noise in Visual 
and Aural Reception 

When wc listen or look for a signal with the 
help of our receiving apparatus, we do so against 
a noise background, man-made or natural, which 
tends to confuse or obscure our perception. Our 
ability to detect a signal will then obviously 
depend on the magnitude of the ratio of the 
signal at the point of reception (i.e., on the 
screen, at the earphones, or on a meter), to 
the appropriate noise background. In Sections 
(a)-(d) the various signal and noise voltages 
that apply in our problem have been determined; 
it remains now to compare them. 

For visual reception involving quadratic de¬ 
tection wc have from (18) and (29) 

£s»/Wii]iiuad ~ ($y/ny) 2 . (46) 

For linear rectification this ratio is modified to 
[>. = po[(sr/ny) 2 — 2y(sy/ny ) 2k ], 

(47) 

P 0 = J(4/t-1)-* = 0.957, 


with the aid of (25), (38), and (42). When the 
signal is small in comparison with' the r.m.s. 
noise f i.e., when (s F 'ny) 2 <g.l t we may neglect 
the second term in (47), and then the linear rectifier 
behaves almost exactly like the quadratic . In fact, 
for most practical purposes we may set po equal 
to unity, so that then the performance of both 
types of detector is identical. For strong signals, 
sy/n F > 1, the quadratic rectifier becomes notice¬ 
ably superior, i.e., (>2 db), to the linear one, as 
shown by curve (a) of Fig. 2, and as described 
more fully in Sec. Ill following. 

In aural work we find from (20), (23), and (34) 


with 


($,*/tto)qu*H 


1 r 00 swiff* 
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(48a) 

(48b) 


The corresponding expression for the linear 
rectifier becomes, from (23), (26), and (45): 
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(49a) 


where now 


P0'-[ £ (——— Y 
L.-o\2»«»!(«+1)!/ Jo 


J 1 . (49b) 


Again if the signal-to-noise ratio is small we may 
omit the second term in the numerator of (49a). 
Furthermore, there is no serious error in dis¬ 
continuing the infinite series in (49b) after the 
first term. Then we have po'» with the result 
that (49a) and (48a) become identical. In a 
similar approximation we can replace the scries 
involved in (24) and (25) by their first terms, 
and then the constant of proportionality po in 
(47) becomes instead of 0.957fo”*» so that 
there is a like identity of results for the two 
detectors in the visual case. 

When the series in (49b) is not replaced by 
its first term, the value of p 0 ' depends slightly on 
the filter characteristics, being somewhere be¬ 
tween 0.957£<f~* and In the Gaussian case 
the value of p 0 ' is 0.973£o“ *. For practical pur¬ 
poses the difference in behavior of the two de¬ 
tectors is important only when we must consider 
the second term of the integrand of (49a). This 
makes the linear detector again less effective 
than the quadratic for strong signals (cf. curve 
(b) of Fig. 2). For the specific case of a Gaussian 
pulse and filter, consult Sec. IV, Part II. 


m. Proof of the Fourier Transform Criterion 

(a). Visual Reception 

When the signal is detected visually, the best 
filter is by definition, according to our “simple" 
standards (see Sec. I, Part I), that which gives 
the largest value of the ratio s,/n f of peak video 
signal to r.m.s. video noise. This is equivalent to 
demanding that the ratio sy/ny of the maximum 
signal amplitude to r.m.s. noise amplitude after 
filtering, but before rectification, be as large as 
possible. By the maximum signal amplitude we 
mean the greatest absolute value of the “modu¬ 
lation factor" sp(t) for the signal V2sjr(0 coewo t 
which is passed by the filter. The quantities 
*, are by no means the same as sy, ny , respec¬ 
tively. For instance, the mean video noise power 
*,* is but a fraction of the total noise**/ passing 
through the filter, with the fraction depending 
on the type of detector, but not on the filter 


volume i 7 , November, 194a 



design (cf. especially Eqs. (1$) and (25)). How¬ 
ever, the preceding analysis has shown that 
is a monotdnically increasing function of 
s F /n F . Namely, Eq. (46) shows that for the 
quadratic rectifier s v /n 9 is proportional to sjr/n F * t 
as might have been guessed For the linear de¬ 
tector $ f /n. is proportional to s F l /tt^ only if 
sf/n F *<.l, but the hypcrgeometric function 
i; 1; — s F 2 /n^) possesses the monatonic 
property for the entire domain in which we are 
interested. Hence maximization of s v /n v also 
implies maximization of s F /n F . 

It was shown in Section 1, Part II, that s v (t) 
can be computed, as we might suspect, by 
forgetting the carrier entirely, and regarding the 
origin of filter response as at the carrier rather 
than at zero absolute frequency. Thus if the 
signal entering the (IF) filter is V2si(t) cos 
the value of the amplitude function s F (t) after 
filtering is, from (7b), at any given time / 0 


1 1 

$f(/o) = -I G/f(«) 5 /(«) exp (io)to)d<i) 

v2 t 


(50) 


The noise energy passed by the filter is given by 
(11) when t is set equal to zero. The input energy 
per pulse is 

E=J s,(t)’dt=-f |S/(w)|W», (51) 


the second relation following in virtue of Plan- 
chert's theorem 17 and Eq. (5). Since (51) is 
independent of filter design the ratio which we 
desire to maximize can be regarded equally well 
as (s F /n F )* or s F */n F *E, With the latter form, 
except for constants which do not depend on 
pulse or meter shape, the ratio becomes 


J Grr(ui)Si(w) exp («w/o)d« 


(52) 


By the Schwartz inequality, this expression has 
the piaximum value unity, and this is achieved 


* lT Spe, for eiujiple, E. C. Kemble, Fundamental Prtn - 
&PU* of d)uantSm Mechanics (McGraw-Hill Book Com- 
M&' lnd., Nep York, 1935), p. 36. 

1 J* 


when 

Gr F (<u) = [Sr(a>)exp(iuto)]* 

«S/(«)* exp (—iw/ 0 ). (53) 

Equation (53) shows that except for a phase 
factor the filter characteristic should be the con¬ 
jugate of the Fourier transform of the pulse , a con¬ 
dition we have quoted many times. The distinc¬ 
tion between S/'(«) and 5/(«)* disappears for a 
symmetrical pulse, as then 5/(«) is real. Other¬ 
wise* one must match the filter to the conjugate 
of the Fourier transform rather than to the 
transform itself. 

The theorem just given has already been de¬ 
rived, cf. North. 1 A different method of proof is 
usually employed, viz., the calculus of variations. 
The possibility of using the Schwartz inequality, 
as we do here, has also been noted by Dr. Henry 
Wallman, 18 and is contained as a special case of a 
more general theory due to Wiener. More im¬ 
portant, in our opinion, than the mathematical 
nature of the proof, is the analysis and dis¬ 
cussion given in the first paragraph of the present 
section, which shows that maximization of s v /n v 
also implies maximization of st/n F . The usual 
proofs consider only the extremum of s F /n F , 
which mathematically does not a priori corre¬ 
spond to an extremum in s t /n vt though it is 
physically very reasonable that this should be 
the case. It is particularly to be emphasized that 
the maximum achievable value of the ratio (52) 
is quite independent of the shape of the noise 
spectrum and of the pulse 5/ (/). This means that 
with perfect matching the performance with 
visual presentation is independent of pulse shape, 
a result already quoted in Part I. In other words, 
with our “simple" criterion , the only thing that 
counts at match is just the input energy per 
pulse. 

The phase factor exp (<w/ 0 ) requires some dis¬ 
cussion. It is determined by the time at which 
the signal is a maximum, though the magnitude 
of this maximum is unaffected by the choice of /o. 
At first sight it might seem that the time at 
which the signal reaches its maximum can be 
chosen at will by giving the phase factor exp (ivt o) 
of the filter the proper value. However, this is 

1111 Realizability of Filters" (M.LT. Radiation Labora¬ 
tory Report No. 637, Dec. 8,1944). 
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not the case, for the filter must be capable of 
actual construction. On obvious physical grounds 
it is impossible to construct a filter which will 
give the response of a signal at the output before 
this signal even reaches the input. A filter which 
does not have this absurd characteristic we shall 
call “physically realizable.” Mathematically, this 
can be shown equivalent to demanding that 
Gir(<a) have no singularities in the lower half of 
the complex plane. Any polynomial structure 
of the type II,(<o—<4y)“ l , $,>0 is clearly physi¬ 
cally realizable and corresponds to a series of 
cascaded, single-tuned circuits. The gaussian 
structure which we study rather explicitly later 
in the report is not physically realizable, but as 
shown by Wallman, 18 this objection is rather 
academic. Namely, the gaussian behavior can be 
regarded as the limit of cascading a very large 
number of circuits. In the limit the time delay 
would have to be infinite, but the gaussian be¬ 
havior, as far as frequency dependence is con¬ 
cerned, does not differ materially for practical 
purposes from the cascading of several circuits 
with only a finite time-lag. So although it is not 
possible to build a strictly gaussian system, one 
can find an actual system whose filtering action 
is very nearly equivalent to it, and, in fact, 
practical filters constructed by cascading will 
have an essentially gaussian response curve, to 
all intents and purposes. 


( b ) Aural Reception 

We must now examine whether the Fourier 
transform criterion also applies to aural as well 
as to visual reception. Here the proof is not 
quite so immediate. First let us consider the 
square detector. As we are interested only in 
one audio-component, the effective signal-to- 
noise ratio, except for a constant factor A, is 

{sJnaY^A 


s,(W 


)//: 


r»mt, (54) 


where r«(f) is given by (12). The denominator of 
(54) is obtained directly from (17), and the 
numerator follows at once from (34). Since the 
Fourier transform of sr(t) is S/(«)G/*(m)VZ, (vide 
Eq. (7b)), and that of r«(/) is proportional to 
|G/*(«)|‘, by Plancherel's theorem (54) can be 


written 

(*./».)*| <?„(«) | * | S,(«) I ««y j 

J | G//(«) | *du. (55) 

If we divide by f 15r(c*>) 1 4 «fw, which is constant 
%/—00 

with respect to any given type of pulse, we have 
a ratio to which we can apply the Schwarz 
inequality. It follows immediately that for a 
maximum signal-to-noise ratio we must have 

|S,(«)|*=C|G,,(«)!*, (56) 


when C is an unimportant constant which we 
may set equal to unity without loss of generality. 

Two remarks particularly should be made in 
connection with (56). One is that the question 
of the phase of the filter response does not arise, 
for the only quantity specified is |Grjr(«)|, and 
the phase shift can be an arbitrary function of 
frequency. In the visual case, on the other hand, 
the phase had to be the same as that of the 
conjugate of the Fourier transform of the signal, 
except for an arbitrary linear term determined 
by the time at which the signal was a maximum. 
Such a time obviously cannot enter in connection 
with audio detection, as here attention is focused 
on one particular component rather than on the 
maxima and minima obtained by superposing 
all the components. 

The other remark is that with audio-reception 
the response at match is conditioned by shape 
rather than by just energy per pulse. If the 
latter alone were to enter, (55) should be 

divided by a factor J |5/(w)|*iw, rather than 

I 15/(«) 1 4 dw. The resulting increased effective- 

ness of long pulses has already been discussed in 
Section V, Part I. 

The proof that the Fourier transform criterion 
gives the best results in aural detection cannot 
be given in as clear-cut form for the linear as 
for the square-law detector. If we assume the 
signal is weak, so that we may use (39) and 
neglect all terms beyond ro'(/) in (26), the ratio 
to be maximized is the same as for the square 
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detector and our previous proof will apply. 
Numerical examination of particular cases shows 
that the neglected terms do not disturb the 
location of the point of maximum efficiency. We 
may remark, moreover, that if it were not for 
the phenomenon of modulation suppression, the 
width of the IF filter would be a matter of in¬ 
difference in aural detection. In actual practice, 
the true relationship is, so to speak, a com¬ 
promise between (39) and (40), being much 
closer to the former than to the latter. Since in 
(40) the filter design does not enter, and since 
with (39) the Fourier transform criterion is 
valid, we can see qualitatively that in any 
intermediate case, use of this criterion will 
presumably bring the best results. 

It can be shown, from the same sort of analysis, 
that the introduction of a video-filter at match 
gives no improvement of the signal to noise 
ratio. We will not give the details here, as the 
problem is amply covered elsewhere. 19 

IV. Explicit Calculation for a Gaussian 
Pulse and Filter 


In terms of the equivalent rectangular filter 
discussed in Section II, Part II, from Eq. (22) 
we find for the pulse and IF filter 

With the aid of (7b) we see from (58) and (59) 
that the filtered wave becomes 

V2 s r (t) -(Wo/tf«*) exp (-»■/4) 

=V5$jr exp (—4), (61a) 

where 

b sb v2o)6« a /(« 0 *^+«b 8 )* ; s F « 65o/. (61 b) 

From (51) and (57) the input energy in a single 
gaussian pulse entering the IF is 

£ = J fi(0\ft-S«M/2* i , (62) 

and since the input power to the IF is (energy/ 
pulse) X(no. of pulses), we have 

i> ln =£/r=5o*T‘/2«,r, (63) 


The general expression for the aural and visual 
signal-to-noise ratios have been obtained in 
Section II, Part II, but before we can arrive at 
complete numerical results on all aspects of the 
problem, we must specify the pulse si(t) entering 
the IF and the response Gtr(u) of the IF filter. 
Let the unfiltered envelope be 

y/2si(t) ■= So exp (—»„*/*/2), u, = 2 rf„ (57) 

where So is the maximum amplitude of the dis¬ 
turbance, and Ug is an angular frequency de¬ 
termining the width of the pulse. With the help 
of (5), the amplitude spectral distribution be¬ 
comes 


where T is the period of the pulses. From (8) 
and (59) the mean square noise amplitude 
passed by the gaussian IF is 

jfo r 

»jf* = —I exp (—u*/ui,')du=WtUb/2irl, (64) 
2 


so that from (61a, b) we find that 


s^(<)V»r ,s= (^V«r*) exp (— fib*/!) 


x»6*So* 


IWwvUg* 


exp(-W/2). (65) 


Now let us define a quantity <ro by 


Si(u) *= (r/2)^u a ~ l So exp (—w , /2w»*). (58) 

Now for the (shifted) amplitude response of the 
IF filter we have 

G/*(«)«exp (—«*/2«o*), 

wo“2v/», («»«'—«o), (59) 

where w» similarly determines the filter width. 

^J.W.Lawson and G. E. Uhlenbeck, Radiation Labors- 
tofjqSa^fes, book 24. 
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* 0 ® ( s r/nF)%t match, ( 66 ) 

where oo is a value of sr/nr, before rectification, 
which is obtained when a gaussian pulse, whose 
pulse repetition frequency is To -1 , enters an IF 
filter matched to the pulse, i.e., «»-&>,. Let P# 
represent the input power to the IF under these 
circumstances. Then from (59) and (63) we 
obtain 

o»*-*»So*/2WW, 

Po * So’irty 2<*T, “ WVoV T o, (67) 
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which, applied to (65) gives us finally 
s F (t)'/n r *=(s r */*r') exp (-fib*/ 2) 

/ 2uv* \ /p to r\ 

"WMp, tJ 


exp (—fib*/2). (68) 


To examine the effects of variable pulse and 
filter widths on the possibly perceptible signal- 
to-noise ratios, we must then distinguish two 
cases: 

Case I: Here the filter width (~o»b) remains 
constant, while the pulse width (~o>,) may have 
different values. Let 


and 


% *■ W »/«»“/»/fbi 

5=v7«,(l+X*)-». 
From (58) it follows that 
2X 


(sr/tir) 1 


■ -rvo 

1+X* 


m. 


and 


and, like (70) 


X*«»/« e (=»X ')i 
6 = X>£«,(l+X*)-‘, 


(sr/ttr)* 


2X 


1+X* 


WPT. 


(71) 


(72) 


2A 

(Jt/ft.)qu«l --V0*/ > !T, 

1+A* 


(s,/»,) ««*d represents the minimum detectable 
signal-to-noise ratio, (i,/«,)/(i»/*»)»t match must 
equal unity, since the minimum perceivable 
signal is by definition a constant <r#*, from Eq. 
(73). Then it is evident that 


1 ® (■*•/**»)quid/($»/n,)»t match A—1' 


2A 

1+A* 


■W, (74) 


where P^Pm/Po, and T=T/Tq, a normalization 
made in terms of quantities experimentally de¬ 
termined when the pulse and filter are matched. 
In a similar fashion, we find for Case II, where 
the pulse width (~« # ) is kept fast and the filter 
width (~wt) is varied 


When (70) and (72) arc used in calculations in¬ 
volving the linear rectifier we must be careful 
that ( Sr/itr )* does not exceed 9 or 10, in accord¬ 
ance with the approximation (42). See also 
Fig. 9. 

(a). Visual Reception with a Quadratic 
or Linear Rectifier 

For visual reception we may write at once from 
(46), (70), and (72) that 


a somewhat special case of a more general result 
obtained by M. C. Wang and G. E. Uhlenbeck 
at (M.I.T.) Radiation Laboratory, and con¬ 
sidered by them elsewhere. 

For visual reception following a linear detector 
we may similarly write, from (47), (70), and (72), 


(69) 

(Sp/nJ) ltn = Pol 

( / 

( 2A Wo* 

\1+A*/ 

Po= 0.957, 

(70) 

x M 

. i+A* / r 

7=0.0763, (75) 

k =1.50. 


Analogous to (74) we have 

1 s (St/n v ) im/ (s t / W,)»t match A—1 

2A . _ /1 - 2y { 2\ofiPT/(l + A*)} *-» 


1+A* 


/l-2y{2A.r„*Pr/(l+A*)|*-‘\ 

PTl -). (76) 

V 1-2W*-* / 


(73) 


where A-X or X, as the case may be. Now when 

Volum* i7 , November, m6 


We see at once that if (sr/nifid 1, we may 
neglect the second terms of (75) and (76), so that 
both of these equations become identical with 
(73) and (74), for the square-law rectifier, on the 
slight additional assumption that we treat po= 1. 

(5). Aural Reception with a Quadratic and 
Linear Rectifier 

For aural reception we must employ (48a, b) 
and (49a, b). The normalized correlation ro(Q is 
obtained for the gaussian case from (13), and 
is ro(<)=exp (— fiwfi/ 4), whereupon («, cf. Eq. 
(48b), becomes (t/2ma*)*. Finally, with the aid of 
(48a, b), (65), (70), and (72), and following the 
procedure of Section (a) above we obtain 

(Sa/ w») quad/(W**«)at “»t*h X—1 

= [2/(1+**)]^, Case I, (77a) 
and for Case II % 

(d«/Mq)quad/(*•/**»)at match X—1 

«[2X/(l+A*)]*/», Case II. ,(77b) 
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Equations (77a) and (77b) are discussed at some length in Section V, Part I. In a similar fashion wc 
obtain from (49a, b), (65), (70), (77) and Section (a) the ratios corresponding to the linear detector: 

(s./».)i,. [2/(l+X>)]‘P(l-27*-*{[2X/(l+X*)>o‘Pfl*->) 

- - 1 Case I, (78a) 

($a/w«)»t match 1 ““ 2^^ ^0** 

and 

(*./«.)!.. [2X/(l+X*)]^(l-2 T iH{C2X/(l+X*)>.*/»f}*-«) 

- ■ - — -, Case II. (78b) 

($./».)at raateh 1 ~ 


These equations are also discussed in some detail 
in Sections V and VI, Part I, and are illustrated 
in Figs. 4 and S. 

The above aural signal-to-noise ratios have all 
been computed on the assumption that there is 
no gating of the noise before rectification. If a 
gate is in operation, usually before the IF or 
rectifier stages, the background audio-noise 
voltage is simply reduced by the square-root of 
the gating factor G=tq/T % where to is the 
duration of the “on-” period, or transmitting 
interval of the gate, i.e., the time interval during 
which noise may enter the IF or rectifier. This is 
a simple multiplicative factor, provided the 
duration of the “on-” period is sufficiently long 
to permit the reception of consecutive signals 
from the particular target under scrutiny. A 
more thorough discussion of gating is given in 
Section VI, Part I. We may say, then, that for 
cither type of rectifier the gated background 
audio-noise voltage (r.m.s.) becomes 

». fl *C*na = (Wr)W (79) 

When the effect of (79) is considered in deriving 
the results of (77a) and (77b), we observe that 
these latter are modified to 

(i) ' 

and 

/ 2X V 

i“(—) -m (id. (so) 

A similar modification takes place in (78a) and 
(78b), the right members of which are now 
multiplied by TK Curves of (78a) and (78b) for 
g4ting«re shown in Figs. 4 and 5, for the con- 
djrfyvfqf match. 

* 4 * . 

_ . _ V 
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(c). Comparison of the Aural and Visual Behavior 
of the Linear and Quadratic Detectors 

From the results of the preceding pages wc are 
in a position to compare conveniently the visual 
performance of the two types of rectifier, and to 
make the comparison in the aural case, as well. 
Let us examine first, briefly, the ratio between 
the visual linear response and the corresponding 
one for the quadratic. From (73) and (75) we 
obtain at once 

(/ Uv) liu/(^u/Wp)qua<I 

<•» 

which holds equally well for either Case 1 or 
Case II. At match P — T = 1 and A = 1, and we 
have 

[(■?./«,) Iin/(£*/ft*)quad3m.tah 

= 0.957(1 -0.1526<r # ), ff 0 <10*. (82) 

For aural reception we obtain expressions analo¬ 
gous to (81) and (82) by the same process used in 
arriving at (77-78), namely 

(So/ W.) Un/ ($./ tla)<\u*d 



where 

Mo»( £[(2»)!/2*"»!(»+l)!>—L_1 *=0.973, 
l*-o (»+l)*l 

and where either /» or /, may be constant. 
Equation (83) becomes particularly simple at 
match (A=£» J*= 1), where k = 1.50, yielding - 

{ (*•/W.)lln/($./tt»)q<wd) at match 

=0.973(1 -0.1246(r«), <r.£10», (84) 
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which is not very different from (82). It might be 
pointed out that (82) is independent of pulse and 
filter shape, the only requirement being that the 
two are properly matched. This is very nearly 
true of (84), though not strictly so, as the factor 
4”* in (83) appears as a consequence of the 
gaussian structure of the filter and pulse. How¬ 
ever, for all practical purposes we may consider 
the aural comparison also independent of pulse 
and filter shape, at match. Even when a condition 
of match does not obtain, if (ijc/njp)*<l, i.e., 
2A<ro*l*fly(l+A) , <l l which is the usual, practical 
situation, the performance of the two rectifiers is 
identical Figure 2 demonstrates this, and shows 
how the behavior of the linear detector departs 
from that of quadratic. This departure in 
the customary region of operation does not 
exceed 1.5 db. Note that the ratios (83) and (84) 
hold equally well for gated noise, in the aural 
case. 


pass meter filter. Although the low frequency 
noise is no longer gaussian after rectification by 
the second detector, the audio-filter is assumed 
sufficiently narrow so that the noise passed by it 
may be considered random, with its gaussian 
characteristics restored.* 0 Then, to determine the 
low frequency spectrum after rectification we 
need only parallel the analysis of Section II, 
Part II, except that the signal, after being passed 
by the audio-filter, is now periodic, rather than 
highly pulsed. From (26) applied to the narrow 
portion of the audio-spectrum, instead of to the 
IF, we obtain for a linear rectifier in the meter 
circuit 

a — - £ I - 1 

2t »-#l2**»!(n+l)!l 


X 



llt+2 


cos vtdt , 


( 86 ) 


V. General Theory for the Meter 

Instead of listening to the fundamental (or a 
harmonic) of the PRF against the noise back¬ 
ground, passed by a narrow audio-filter, we may 
rectify this component and its surrounding noise, 
and pass the mixture into a meter with a very 
narrow low pass filter, say from Ar to 1 cycle 
wide. Our problem is to obtain an expression for 
the signal-to-noise ratio as recorded by the meter, 
i.e., to determine an d to examine how this 
ratio depends on such factors as audio- and meter 
filter widths, signal to noise in the audio-filter, etc. 

Let us consider first the noise entering the 
meter. This results from the rectification of the 
noise passed by the narrow audio-filter centered 
about the harmonic of the PRF under exami¬ 
nation. Because this filter is quite narrow, say 
10-100 cycles, and conceivably less, we cannot 
always assume as we did for the case of aural 
detection, that the resulting very low frequency 
continuum, WlfMq, has a uniform spectral 
density, ancl can be replaced by Wip( 0). in our 
derivation. We then write, following (21a), that 
the mean noise power in the meter is 

f I G m (<*)\*W L r(<*)<4*, (85) 

2ir 

where G m (u) is the amplitude response of the low 


where 0o is the transconductance of the rectifier, 
and r 0 (/)„ is the normalized correlation function 
of the random noise passed by the audio-filter, 
which may easily be obtained from (12) and (13) 
on replacing Gi *(«) by G«(w). Since the audio¬ 
filter is narrow compared to the PRF harmonic, 
we may safely extend the limits on the integration 
to — oo in determining ro(/)«, and for the mean 
audio-noise power we find 

W^j^O) r® 

n a *=-I |G.( w )|*d«, (87) 

It 

from (21b). As before, the argument of G a («) is 
the frequency relative to an origin at the carrier, 
now the PRF or one of its harmonics. Wlw{ 0), of 
course, depends on the characteristic of the 
second detector used after the IF. If the noise is 
gated, we may replace n a by n a o in subsequent 
formulae, remembering that the two forms are 
related by Eq. (79). 

In case the rectification is quadratic rather 
than linear, we may write in place of (86), in 
virtue of (17) and (19), 

WlfMm = 4vo*na 4 f fo(Oa f cos <atdt 9 (88) 
Jo 

with no the detector constant. 

■See the first part of section 4.3, of Rice's article 
(reference 8). 
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The signal-to-noise ratio in the meter is ob¬ 
tained at once by analogy with (38) and (42) for 
the linear rectifier, and is 

^-r(—) {(V».<«))* 

2(2ir)*\ n m / 

— 2f (s a / }, S a /«»«?) < 10*. (89) 

For the quadratic detector, Eq. (89) is modified 
by virtue of (29) to 

Sm/n m =voS a */n m . (90) 

The expressions for s„/n a ( 0 ) depend on the circuit 
preceding the meter. The proper forms are given 
in Section 11, (e), Part II. With the above results 
we are now ready to proceed to specific problems. 

VI. An Explicit Treatment for the Meter 

Let us determine s m /n m for a meter following a 
linear rectifier. We assume further that the audio- 
and meter filters arc essentially gaussian and 
have the responses 


Applying this directly to (89) we obtain for the 
signal-to-noise ratio in the meter 

*./*.- 2‘(E,)-‘ 

X [ (s./».<G>)*-27(j./».< fl >)»}, (95) 

where £* is the series in (94). Our result (95) 
may be simplified if we disregard the terms in 
W«.) s [l/2(»+l)], »>1. which appear in £„ 
and which for our problem are quite small com* 
pared to the term in «=0. This approximation 
becomes progressively better the smaller the 
ratio Wm/ua- Then the summation takes the value 

1.059((■>»/<■>„) 1.059(A/«/A/.) 

^ ' [1 + i[«-/a> a )’]‘ ” [l+i(A/*/A/.)»]*’ %) 

where A/„ and A/„ are the widths of the equivalent 
rectangular filters, vide Eq. (22). We have then 
for gated noise 

*. {i+!(a/„/a/„)*}* 

— = 1.156- 

«» (A/ m /A/ a )* 


G a (u) =exp (—«V2«»’)i 
Gm(«)=exp (—«*/2 «b*), 


(91) X (So/»«(G)) t — 2y( -) |, ia/n<>(0)<10*. (97) 


where u„ and u m are analogous to wt. The correla¬ 
tion ro(/) a becomes with the help of (91) 

ro(/)«=exp (- l*ua */4). (92) 


With this result we may write for the low fre¬ 
quency spectrum after rectification, from (86), 


W,r( u ) a 


H«W 

2w.(2t)» 


x£ 


B-0 


( 2»)1 

2*»»!(«+ !)!(»+!)* 


t 


Xexp C—«V2«>.*(»+1)]. (93) 


Now we find from (85) that the mean noise power 
is 


n .W - | (2w)l |» 

8ir^ *-o l2 , *»!(»+l)l(»+l)*f 
(u»/u,) 

X [i+(«-/«.)*|(»+i)- l ]‘‘ 


(94) 


With this result we are at once able to compare, 
for a given set of operating conditions, the relative 
merits of the meter, the “ear-scope,” or earphone 
detection, and the A-scope, provided we know in 
each case what the physically minimum values of 
s m /n m , s a /n a { 0 ), s./«» are. Once these are known, 
the comparison follows immediately, as they are 
all functions of the single quantity sr/n #>. (See 
Section VII, Part I.) 

We are particularly interested in determining, 
for a given apparatus, how wide the audio-filter, 
A/,, must be in the “earscope” method, as com¬ 
pared with the filters used in connection with 
periodic meter detection. We will assume that the 
minimum detectable signal-to-noise ratios are 
related in either case by 

Pt> (98) 

where the constant A is determined experi¬ 
mentally. One condition of comparison is then, 
from (98) 

[j«/ 3**naop* “ 01%/A , (99) 
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where now ao is the value of the minimum de¬ 
tectable signal-to-noise ratio when a periodic 
metering scheme is used, into which s«/n 0 (G)~a 
has been introduced. The quantity a may be 
defined by the following relation 

^5 a /fta(o3Mnooi* s a(A/a/Af«)^ 



which is an obvious consequence of the fact that 
the noise power passed by the audio-filter is 
proportional to \\s width. Using (97)-(100), we 
find first that 


Then (103) becomes 

(*a 0 ) 4 (2* *+1) (1 — 6o«*) 4 = 1, (105) 

subject to the requirement that z is always chosen 
so that (1 — &ostywo<l. If the detector just 
preceding the meter is quadratic, instead of 
linear, Eq. (97) may be written, from (85), 
(88), (90): 

1 l+U&fjAfW 

n m (A/ w /A/«)* 

xf—1 ; 2**1.189. ( 106 ) 


a = ao(Af</Af m ) */(A fjAf m ) *. (101) 


Letting y=A/*/A/ m and x=Af a /Af m , wc have 
with the help of (97) and (101) 


«o= 1.156(1 +iv 2 )*.v* 


![>*] ' 
-2T[~(y/*)‘] ). 7 = 0.0763, .(102) 


which reduces simply to 

1 - (y/ x) 4 (2x*+1) {at/A ’1.059*) 4 

X{l-2 T «.(y/*)»A«l- (103) 
Let 

a«=« 0 M*(l .059)‘=0.971« 0 /i4 *; 

(104) 

bo^2yat/A=Q.l526ao/A; z^y/x. 


This reduces simply to 
A * 

s=—(2**+t)" 5 

«o 

or 

y=i4*x(2JC s +l)- l/ « 0 . (107) 

If we plot y against x we have the required re¬ 
lationship between A/, and A/„. Curves of (105) 
and (107) are shown in Fig. 3 for different values 
of the minimum detectable signal ao, A = 1. The 
case A = 1 is particularly important, as it enables 
us to compare the periodic and aperiodic metering 
schemes, where now A/, = (A/„),» rl odie. See Section 
IV, Part 1, and Figs. 3, 8 for a more detailed 
discussion. 

Wc would like to express our sincere thanks for 
helpful comments and criticisms to Drs. E. R. 
Brill, W. H. Jordan, D. O. North, D. Taylor, and 
H. Wallman. 
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The Permeability of Different Rubbers to Gases and Its Relation to 
Diffusivity and Solubility* 

G. J. van Amerongen 
Rubber-Foundation, Delft, Holland 
(Received June 6, 1946) 


As the permeability of rubber-like substances to gases 
stands in relation to the solubility and rate of diffusion 
of the gases in those materials, these individual values 
should be known. The permeability of a membrane was 
measured manometrically and the diffusivity was derived 
from the time-lag of the permeation. The solubility of the 
gas was computed from the permeability and the dif¬ 
fusivity, in addition to which the solubility was also found 
by direct measurement. In this way eight different gases 
were tested with nine elastomers at different temperatures. 
It appeared that the permeability of a membrane to a 
given gas is not affected by the presence of a second gas. 
The differences in permeability of different elastomers to 
a given gas are caused mainly by differences in rate of dif¬ 
fusion and only in a very minor degree to differences in 
solubility. The differences in permeability of the same 
elastomer to different gases are caused not only by dif¬ 
ferences in rate of diffusion but also by differences in 
solubility. A linear relationship is found between the 
logarithm of the solubilities of different gases in natural 
rubber and their critical temperatures, so the higher the 


critical temperature of a gas, the better does it dissolve. 
The presence of polar groups in an elastomer reduces the 
solubility of non-polar gases and increases the solubility' 
of polar gases in the elastomer. The various rubbers 
behave towards gases like organic liquids. The activation 
energy of the diffusion and the heat of solution were cal¬ 
culated from the temperature function of the diffusivity 
and the solubility. As the diameter of the molecule of the 
gas increases, the rate of diffusion decreases, while the 
activation energy of the diffusion becomes greater. The 
presence of polar groups and methyl groups in elastomers 
causes low rate of diffusion, which involves.a great 
activation energy of diffusion. It is presumed that the 
activation energy of the diffusion is required to separate 
the rubber molecules for the displacement of the gas 
molecules. The attempt to elucidate the constant Do in 
the equation p °*D 0 exp (—£//? T )—which proves to be 
a function of the activation energy of the diffusion R — 
by reference to one of the formulas published in the 
literature failed. An empirical formula was drawn up, 
by which Do is directly related to the activation energy E. 


I. INTRODUCTION 

S far back as 1831 Mitchell 1 discovered that 
a rubber membrane is permeable to gases 
and that the rate of permeation is different for 
different gases. With the advance of synthetic 
rubbers in recent years it furthermore became 
evident that there was a marked difference in 
the behavior of these various types of rubber in 
the presence of a given gas. While this divergence 
in the behavior of different gases and kinds of 
rubber is primarily of great technical importance 
(one has only to think of balloons and inner 
tubes), it also offers interesting aspects from the 
theoretical point of view. 

All the experimental data up to date* go to 
show that, with rubber, the process of permeation 
is one of solution of the gas molecules on one side 
of the membrane followed by diffusion through 
the rubber to the other side, where the gas 

* Communication No. 55 of the Rubber-Foundation, 
Delft, Holland. 

J 1 J. V. Mitchell, J. Roy. Inst. 2, 101, 307 (1831). 

ICff H. A. Daynes, Trans. Inst. Rubber Ind. J, 428 

0 

4 


evaporates. Another fact which has emerged is 
that the quantity of dissolved gas in the rubber 
is proportional to the pressure, following Henry’s 
law, while Fick’s law applies to the actual process 
of diffusion. On this assumption, the quantity of 
permeatiilg gas q is determined by 1 

q=DhA[ip x -Pt)/d% (1) 

where 

D - the diffusivity, 

A-the solubility, 

A - the area of the membrane, 
d-the thickness of the membrane, 
pi and pt - the pressures on both sides of the membrane> 
and t - the time. 

If unit values are taken for the difference in 
pressure pi— pi, the area A f the thickness d , and 
the time /, then 

Q-Dh, (2) 

where Q stands for the permeability. 

The units which will be used can be seen from 
this formula. According to Bunsen, the solu- 

4 S. von Wroblewski, Ann. d. physik. Chemtc 8, 29 
(1879). • 
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bility h is expressed by the number of cubic cm 
of gas of 0°C and 76 cm Hg which dissolves per 
cu. cm of rubber and 1 atmos. gas pressure. The 
diffusivity D is expressed in sq. cm per second 
and the permeability Q by the number of cu. cm 
of gas at 0°C and 76 cm Hg which penetrates 1 
sq. cm of the surface of a piece of material 1 cm 
thick per second when the outside difference in 
pressure of the gas amounts to 1 atmosphere. 
The dimensions of Q are 

[ Pr l p " l ] or [Pm-'t]. 

It is necessary to add that the above formulas 
apply only if thfe rate of solution and evaporation 
is very great in comparison to the rate of dif¬ 
fusion, in other words, if the concentration of the 
gas in the rubber interface remains constant and 
equal to the concentration of equilibrium (ac¬ 
cording to Henry’s law), irrespective of the rate 
of diffusion. For instance, permeation is a more 
complicated phenomenon with metals, when the 
rate of solution or evaporation of the gas often 
governs the rate of permeation. This will be 
evident chiefly by the fact that the rate of per¬ 
meation is no longer in inverse ratio * to the 
thickness of the membrane. It has been experi¬ 
mentally proved, however, that formula (1) 
holds good for rubber, so with that material 
there is no reason to assume that the rate of 
solution has much influence upon the rate of 
permeation. 

Our purpose now was to find out why a given 
kind of rubber possesses a distinctive permea¬ 
bility. To do this it will not suffice to make per¬ 
meability measurements alone; it will be neces¬ 
sary to measure separately the factors, solubility 
and rate of diffusion of the gas in the elastomer, 
which, together, determine the permeability. It 
is best, moreover, to determine these two factors 
in dependence upon the temperature, since the 
heat of solution and the activation energy of the 
diffusion can then be calculated, by which means 
better insight into the whole process can be 
obtained. 

2. METHOD FOR THE DETERMINATION OF 
THE PERMEABILITY 

The apparatus with the aid of which the per¬ 
meability and rate of diffusion were measured 
works on the same principles as that designed by 


De Boer and Fast 4 and by Barrer, 1 the charac¬ 
teristic feature of which is a permeability cell 
with a pressure gauge, as represented in Fig. 1. 

A gas cell is made up of two parts of steel, A 
and B t containing gas chambers separated from 
each other by a rubber membrane. The gas is 
introduced into the A chamber, the volume of 
which is approximately 75 cu. cm, while the B 
chamber, which is connected to a pressure gauge, 
is exhausted to approximately 0.1 mm Hg 
pressure. To prevent the membrane from sag* 
ging, it is supported on fine gauze netting which, 
in turn, rests on a perforated iron table. 

The flanges, when warmed, were given a thin 
coat of an asphaltic bitumen mixture so that, 
once they had been screwed down, the apparatus 
was completely gas-tight. 

A McLeod pressure gauge, with a range up to 
2.5 mm Hg pressure and recording with an 
accuracy of 0.005 mm Hg pressure, was used to 
measure the pressure in the vacuum chamber. 



«J. H. De Boer and J. D. Fast, Rec. ttav. chira. 57, 317 
(1938). 

1 R, M. Barrer, Trans. Faraday Soc. 35, 628 (1939). 
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0 -► time 

Fig. 2. Relation lietween increase in pressure and the time. 


with the aid of the equation 


where 


dp V d 273 
<?=—X—X--X—, 
dt p A T 


(3) 


dp **increase in the pressure in B in time dt, 
p —gas pressure in the gas chamber A, 

V —volume of the apparatus on the vacuum side, 
d —thickness of the membrane, 

A — area of the membrane, and 

r-average temperature of the vacuum chamber. 


The surface area A of the membrane was 
always 30.2 sq. cm. The thickness of the mem¬ 
brane was determined with a Schopper thixom- 
cter to within an accuracy of 0.005 to 0.01 mm. 
The gas pressure p , which should be constant 
during a test, was usually 760 mm Hg. So that 
the measurements could be made at constant 
temperature, the gas cell was placed in a water 
thermostat. The membranes were made as 
described on a former occasion. 6 

This apparatus has much to recommend it for 
permeability determinations, which can often be 
carried out very quickly and with considerable 
recording accuracy; the consumption of gas per 
determination is negligible. The determination of 
Q is accurate to within 5 percent. 


3. METHOD FOR THE DETERMINATION OF 
THE RATE OF DIFFUSION 


a gas-free rubber membrane, it will take some 
time before the gas has reached the other side, 
which can be observed experimentally if the 
pressure of the vacuum (pressure gauge) side is 
plotted against the time, as in Fig. 2. 

It takes some time before there is constant 
increase in pressure, from which the permea¬ 
bility is computed. Daynes succeeded in finding 
an equation which correlates the time-lag extra- 
isolated to the zero axis 0, after which permeation 
begins, the diffusivity D and the thickness d of 
the membrane, starting from the diffusion 
equation 

bC/bt = DPC/hx*. (4) 

The boundary conditions for the problem set 
are that: 

1. for x«0 and all ( C-Co, 

2. for x—d and all t C«0, 

3. for and all x C*0, and 

4. A btationan condition prevails at /** *>, so &C/6t —0. 


I^rom this an equation can be obtained which 
gives the concentration C of the gas in the 
membrane as a function of time t and place x ; 



2Co n “ x l . nrx 

-2- “ sin-exp 

T A-1 n d 



The amount of material which at the place jc= d 
in time t passes through the area A is 


q=AD ( —{dC/dx),-dt' 

•'o 


( 6 ) 


After determination of dC/dx from (5), substi 
tution in (6) and integration, we get 

| Cot Cod *^°° 

7 


q=AD 


t Cod *- 88 f /n*V I) 


(i) 


To the stationary stage applies 


Using the foregoing permeability apparatus, 
the rate of diffusion can be measured, in com¬ 
bination with the permeability determinations, 
by a method evolved by Daynes 7 and Barren* 
ff a gas is brought^nto contact with one side of 

| * Gu J. van Amerongen, Rev. G6n. du Caoutchouc 21, SO 
Daynes, Proc. Roy. Soc. A97, 286 (1920). 

f' 
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A n^ 1 

q-AD—. 


( 8 ) 


If then by combination of (7) and (8) 

D-d*/ 69. (9) 

Thus Eq. (9) offers a simple means of calculating' 
the diffusivity D from the thickness d of the 
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membrane and the time-lag $ of the permea¬ 
bility determination. 

It iB very important to know at what point 
the stationary condition begins. 

In this point (B of Fig. 2) the term 

in Kq. (7) approaches zero, 


E exp 

n-1 


[-©“] 





because D ’*d i /60, 


r ttV/ i 

x*n 

——- = exp 


L 60 J 

. 60 J 


r 4 t*/i r 9jr J n 


+ •••• ( 10 ) 


If various values arc put into (10) for /, it will 
be found that this term can practically be 
neglected after a time which is 2.5 to 3 times 
that of the time-lag, and indeed it is usually 
from this point that extrapolation has taken 
place to the zero axis. 

In using Eq. (9) it has been assumed that the 
pressure in chamber B of Fig. 1, which at most 
reached 2 to 3 mm Hg, may be disregarded in 
comparison with the pressure in A , which usually 
amounted to 760 mm Hg. The determination of 
D is accurate to 5-10 percent. 

The rate of diffusion through some materials is 
so slow that, as a result, the determinations some¬ 
times take hours to carry out. For example, the 
time-lag of the permeation of N* through a 
membrane of Oppanol 0.20 mm thick is 40 
minutes at 17°(\ so that 100 to 120 minutes 
elapse before the stationary condition sets in. 

It need hardly be said that the membrane has 
to be de-gassed after each test by evacuation for 
a period which is 3 to 4 times the time-lag. 

An alternative to this method is to find the 
diffusivity as the quotient of the permeability 
and solubility, provided the solubility has been 
measured by some independent method, as de¬ 
scribed in the following section. 


4. METHOD FOR THE DETERMINATION OF 
THE SOLUBILITY 

It is possible to calculate indirectly the solu¬ 
bility of a gas in rubber from Eq. (2), which 


shows it to be the ratio of the permeability Q to 
the diffusivity D. 

This calculation requires, of course, the inde¬ 
pendent determination of Q and D without the 
use of Eq. (2). A direct measurement of the 
solubility may be made with the apparatus shown 
in Fig. 3. 

A flask A , filled with fine snippings of rubber, 
is connected to a gas volume meter BC sealed 
with mercury. After chambers A and B have 
been exhausted, cock K is closed and chamber 
B filled with the gas under test. The gas is 
raised to exactly one atmosphere pressure by 
means of a movable mercury tube C. Cock K is 
then opened and the gas streams from chamber 
B to A . After waiting until equilibrium is attained, 
constantly adjusting tube C in order to maintain 
pressure at 1 atmosphere, the gas volume is read 
off. This volume of gas, less the non-rubber 
volume of flask A, gives us the quantity of gas 
absorbed by the rubber. Determination can be 
made at various temperatures by suspending A 
up to cock K in a water thermostat. 

With most gases the test is accurate to 5 per¬ 
cent. The solubility of CO* was determined to 1 
to 2 percent accuracy, as this was the most 
suitable of the gases for the apparatus. 



Fig. 3. Equipment for measuring the solubility of 
gases in rubber. 
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Table I. The permeability Q (in 10“* cm 1 sec. -1 atmos.* 1 ) and the difTusivity D (in lO"* cm’ nee. -1 ) of gas in various 

elastomers. 
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Q 

Hi 

if 

Dm— 

64 

dJ 

h 
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d* 
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69 
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Dm- 
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Na 
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69 
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h 

cm 
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Q Dm- 
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Natural rubber 















17° 

28 

79 

76 

12 

12.5 

12 

4.1 

8.0 

8.3 

72 

6,7 

7.1 

124 


164 

25° 

39 

105 

100 

18 

17.5 

18 

6.6 

11.5 

12.5 

102 

104 

11 

22 

8.8 

23 

35° 

584 

140 

140 

28.5 

27 

28 

M.O 

20 

21 

145 

17 

18.5 

36 


33 

43° 

77 

185 

180 

39 

36 

39 

16 

28 

29 

185 

25 

26 

50 

21 

44 

50° 

97 

220 

2.10 

49.5 

49 

49 

22.5 

37 

40 

22 0 

32 

34 

64 
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17° 

22.5 

80 


9.0 

9.6 


3.0 

7 2 


71 

64 


104 


13 

25° 

30.5 

100 

85 

13 

14 

14 

4.8 

10 

10 

94 

10 

11 

16 


17.5 

35° 

44 

135 


20 

20 


7.8 

14.5 


130 

15.5 


26 


25 

43° 

59.5 

165 

150 

27.5 

28 

30 

11.5 

21 

23 

165 

23 

24 

35 


33 

50° 

74 
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34.5 

34 


14.5 

28 


195 

29 


43 


42 
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7.6 

31 


2.0 

2.4 


0.50 

1.45 


15 

1.0 


14 


5.8 

25° 

11.5 

42 

41 

3.2 

3.6 

4.0 

0.89 

2.3 

2 5 

23 

1.7 

1 8 

2.4 


8.7 

35“ 

17.5 

64 


5.3 

64 


1.65 

4.1 


37 

3.1 


4.7 
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43° 

25.5 

86 

82 

7.7 

9.1 

9.6 

2.5 

6.2 

6.3 

52 

4.7 

54 

7.0 


164 

50° 

31.5 

110 


10.5 

13 


3.7 

8.6 


66 

7.0 


10.1 


21 
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6.8 

29 
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2 5 


0.53 

1 55 


12 4 

1.3 
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10.4 

38 

36 

3.0 
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2.4 
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31 
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23 

74 
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10.0 

10.0 

2.55 

7.2 
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68 
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28.5 
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10.1 

13 


3.55 
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3.0 

10 


0.54 

0.50 


0.11 

0.27 


2 3 

0 32 


0.2 


3.8 

25° 

4.9 

14 

14 

0.90 

0.78 

0.84 

0.22 

0.43 

0.42 

3.8 

0 54 
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5.6 

35° 

8.3 
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1.6 
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66 
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84 
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12 

31 

30 

2.6 

2.4 
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1.4 
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1.8 
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12 
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14 
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23 
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32 
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46 
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78 

16 
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28 
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77 
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36 
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0.20 
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3.0 
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8.1 

25° 

13 

39 


1.6 

1.4 
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0.79 
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0.63 


0.60 


11 

35° 

20 

61 


3.1 
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0.78 
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16 
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25° 

4.4 

20 


0.70 

1.3 


0.2 



4.0 

0.44 





35° 

7.3 

30 


1.4 

2.4 


0.4 



7.6 

0.83 





43° 

10.5 

39 


2.1 

3.9 


0.7 



11.5 

1.4 





50* 

14 

50 


3.2 

5.2 





15 

1.9 





Thiokol B 















17* 

0.71 

7.8 


0.11 






14 

0.43 





25* 

1.2 

10.5 


0 22 






2.4 

0.81 





35* 

2.2 

18 


0.49 






4.8 

1.7 





43° 

34 

26 


0.85 






7 7 

2.8 





50* 

4.6 

35 


1.3 






11.0 

4.0 






S. EXPERIMENTAL TESTS 
The rubbers used for the determinations were 
natural rubber, Buna S, Perbunan, methyl 
rubber (polydimelhylbutadiene) and butadiene 
rubber (polybutadiene) vulcanized for 30 min¬ 
utes at 142°C in the proportions of 100 parts of 
rubber, 1.5 parts of sulphur, 5 parts of zinc 
oxide, 2 parts of stearic acid, 1.8 parts of 
Vulkacite AZ, 1 part of phenyl-/3-naphthylamine. 
Without any additions, Neoprene G was vul- 
xanvfed for 15 minutes at 142°C, while Thiokol 
^t^s vulcanized with 10 parts of zinc oxide and 
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t part of stearic acid for 25 minutes at 142°(\ 
Thus any further mention of a particular kind 
of rubber always connotes a vulcanized one. 
This does not apply to Oppanol B 200 (poly¬ 
isobutene) and Mipolam MP (vinylchloride* 
methylacrylate copolymer), which cannot be 
vulcanized and therefore required no admixtures, 
though, as a commercial product, Mipolam MP 
contains 27 percent of softener. 

The principal tests were preceded by a few Hi 
permeability determinations with natural rubber 
in dependence upon pressure and thickness in 
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Table II. The solubility h of gas in various elastomers. 


Hi 


O* 


N* 


CO* 


CH« 

Nil* 

SO* 

i in Direct 

°C 

D 

Du eel 

D 

Duett 

D 

Direct 

D 

Direct 

Direct 

Direct 

Natural rubber 

17° 0,037 

0.036 

0.099 

0.100 

0.049 

0.054 

1.01 

1.08 

0.26 



25° 0.039 

0.038 

0.099 

0.102 

0.052 

0.056 

0.90 

0.97 

0.25 

6.9 

23.6 

35° 0.041 

0.040 

0.100 

0.104 

0.053 

0.058 

0.78 

0.83 

0.25 

43° 0.042 

0.042 

0.100 

0.105 

0.055 

0.059 

0.70 

0.74 

0.24 

4.1 

11.6 

50° 0.043 

0.044 

0.101 

0.106 

0.056 

0.060 

0.64 

0.68 

0.23 

Buna S 

25° 0.036 

0.031 

0.093 

0.094 

0.048 

0.048 

0.87 

0.92 


8.1 

17.2 

43 0.039 

0.036 

0.093 

0.096 

0.050 

0.053 

0.69 

0.72 


6.6 

9.8 

Perbunan 

25° 0.028 

0.026 

0.079 

0.084 

0.035 

0.038 

1.28 

1.38 


13.5 

48.0 

43° 0.031 

0,020 

0.080 

0.084 

0.040 

0.041 

0.98 

1.08 


8.0 

23.5 

Neoprene G 

25° 0.029 

0.026 

0.075 

0.075 

0.036 

0.036 

0.83 

0.83 


8.8 

18.1 

43° 0.032 

0.030 

0.076 

0.078 

0.038 

0 037 

0.64 

0.66 


6.7 

10.5 

Oppanol B 200 
25® 0.0 <5 

0.034 

0.107 

0.110 

0.052 

0.049 

0.69 

0.69 


1.25 

3.6 

43° 0.040 

0.041 

0.102 

0.108 

0.054 

0.052 

0.57 

0.57 


1.05 

2.4 

Butadiene rubtter 
25° 

0.034 


0.094 


0.045 


0.97 




43° 

0.039 


0.097 


0.049 


0.82 




Methyl rubber 

25° 

0.033 


0.114 


0.045 


0.87 




43° 

0.035 


0.117 


0.050 


0.72 




Mipolam MP 

25° 

0.022 


0.052 




1.00 




41° 

0.027 


0.059 




0.80 




Thiokol B 

25° 

0.011 






0.30 




43° 

0.013 






0.28 





order to ascertain whether the quantity of per¬ 
meating gas is proportional to the pressure and 
in inverse ratio to the thickness, as stated in the 
literature. 8 This proved to be correct, in measure¬ 
ments made between 160 and 1700 mm Hg 
pressure with membranes of 0.20 to 1.01 mm 
thickness. 


Table III. The specific gravity and the cubic expansion 
coefficient X of various elastomers. 


* 

Sp. gr. 

X between 
15° and 
40°C 


13°C 

Natural rubber (vulcanized) 

0.9689 

7.0 X10" 4 

Buna S (vulcanized) 

0.9974 

6.7 

Perbunan (vulcanized) 

Neoprene G (vulcanized) 

1.0316 

1.2470 

6.2 

6.2 

Oppanol B 200 

0.9306 

6.2 


* J, D. Edwards and S. F. Pickering, Bur. Stand. Sci. 
Paper 387 (1920). 


The results of the main work are recorded in 
Tables i and II. 

The thickness of the membranes, which varied 
from approximately 0.2 to 1.1 mm, was always 
so chosen as to produce a measurable time-lag. 
Of the gases used, H*, O*, N*, SO*, and NH* 
were obtained from cylinders, the gas CO* being 
taken from a Kipp apparatus. The methane was 
prepared by allowing water to drip into the 
Orignard compound of CHd with Mg. 

To determine the solubility by the direct 
method it is necessary to know the specific 
gravity and the cubic expansion coefficient of the 
rubbers used. The specific gravity was therefore 
determined at a number of different tempera¬ 
tures by the buoyancy method, vis., by weighing 
on an analytical balance, the lubber, suspended 
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Flo. 4. Relation between the permeability in natural 
rubber and temperature. 

on a hook, being dipjx»d under water. The results 
are shown in Table J JI. 

The specific gravity is accurate to 0.001 and X 
to 0.2X10“'. Within the measured range the 
coefficient of expansion is not a function of the 
temperature. 

The computed solubilities contain the error 
of the permeability and diffusion determinations. 
To reduce this error to a minimum, the solu¬ 
bility was not calculated direct from the quotient 
of the permeability and diffusivity, but the 
latter quantities were first plotted logarithmi¬ 
cally against l/7\ as in Figs. 4 and 5. From this 
the solubility was calculated graphically. This 
was a precautionary measure against two acci¬ 
dental errors producing a considerable error in 
the solubility. As these solubilities are accurate 
to 10 percent, the results obtained by the direct 
method are the more reliable. 

This permeabilities for Hi and COi at 2S°C 
agree within the experimental error with the per¬ 
meabilities determined by other means in the 
presence of air. 9 It follows.from this that it is im¬ 
material whether there is a vacuum or some alien 
* gas on the other side of the membrane, as was the 
qas£ in the former experimental tests. Thus per¬ 
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meability to a given gas is not affected by the 
presence of an alien gas. There is, likewise, agree¬ 
ment between solubilities and diffusivities, which 
were determined in two ways in this work. 

For practical purposes the permeabilities at 
25°C of the various elastomers are calculated 
with reference to natural rubber in Table IV. 

According to our results, the differences in 
permeability to a given gas are caused mainly 
by differences in rate of diffusion and only in a 
very minor degree by differences in solubility. 

In Table V the permeabilities at 25°C have 
been referred to H*. The differences in the per¬ 
meability of a given elastomer to various gases 
are caused not only by great differences in rate 
of diffusion, but also to a considerable extent by 
differences in solubility. For example, the per¬ 
meability to CO* is as a rule far greater than to 
H 2 owing to the far greater solubility of CO*, 
which amply compensates for its far slower rate 
of diffusion. 

6. CALCULATION OF THE ACTIVATION ENERGY 

OF THE PERMEATION, THE ACTIVATION 
ENERGY OF THE DIFFUSION AND 
THE HEAT OF SOLUTION 

The thermal dependence of the permeability 
and the diffusivity takes an exponential course, 
as it appears that there is a linear relation 
between log Q or 1 og D and 1/7". Some of the 
results plotted in this way are shown in Figs. 4 
to 6, from which the applicability of the fol- 



Fig. 5. Relation between the diffusivity in natural 
rubber and temperature. 
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lowing formulas may be concluded: 


and 


Q=Qotr WIST (11) 

0*=Z>«<r- Jf/Br (12) 


where Qo and Do=* constants, IT*activation 
clergy of the permeation, and E =activation 
energy of the diffusion. 

The slope of the lines in Figs. 4 to 6 gives a 
measure of the energy. The constants and the 
energies can be calculated with the aid of for¬ 
mulas (13) and (14), which follow from formula 
( 12 ). 

4.573 log Dt/D x 

£=- ZT ——, (13) 

l/Ti-i/r, 

log^o-logD^—. (14) 

4 . 5731 1 


Dividing (11) by (12), we get 

Q Qo 

— ex _£_g(—W-t E)IR1 

D Do 

° r h=hoe‘- w *v lRr . 


(\5) 

(16) 



Kic. 6 Relation between the diffusivity in methyl 
rubber and temperature. 


And it is indeed a fact that the solubilities 
found which, in the case of natural rubber, were 

Tabif IV. 'I he permeability of elastomers at 25°C with 
leference to natural rubber. 



u> 

Oa 

Na 

CO, 

CH« 

He 

Natural rubber 

100 

100 

100 

100 

100 

100 

Butadiene rubber 

82 

80 

74 

103 

— 

— 

Buna S 

78 

72 

73 

92 

7* 

76 

Methyl rubber 

33 

9 

5.5 

56 

2 7 

48 

Pcrbunan 

29 

18 

14 

23 

11 

38 

Neoprene G 

26 

17 

14 

19 

11 

— 

Oppanol B 200 
Mipolam MP 

12 

11 

5 

4 

3.3 

3 

3.7 

3.9 

2.5 

24 

Thiokol B 

3 

1.2 

— 

2.4 

— 

— 


Table V. The permeability of elastomers at 25°C with 
reference to Hj. 



H« 

O. 

Na 

COi 

CH« 

He 

Natural rubber 

100 

46 

17 

260 

56 

59 

Butadiene rubber 

100 

45 

15 

330 

— 

— 

Buna S 

100 

43 

16 

310 

52 

57 

Methyl rubber 

100 

12 

2.8 

44 

4.6 

85 

Perbunan 

100 

28 

7.7 

200 

21 

76 

Neoprene G 

100 

29 

8.6 

190 

24 

— 

Oppanol B 200 
Mipolam MP 
Thiokol B 

100 

18 

4.5 

77 

11 

114 

100 

100 

16 

18 

4.5 

91 

200 

— 

_ 


determined in complete thermal dependence, 

prove to take an exponential course with the 

temperature. 

The following formulas hold for the calculation 
of the heat of solution: 

dlnCs/Ci II 

dT ~RT *’ ) 

where if=heat of solution, Cb * concentration 
of the gas in the rubber, and Ca * concentration 
of the gas in the gas phase, 

^=K*r«i« r . (18) 

Therefore, to calculate this heat of solution, the 
proportion of the concentration of dissolved gas 
to the concentration of the gas in the gas phase 
must be known, i.e., the number of cu. cm of 
gas of the prevailing temperature and pressure 
which 'is dissolved per cu. cm of soi/ont. It is 
quite simple to calculate this by multiplying our 
solubility figures, which afe expressed in cu. cm 
of gas of 0°C and 76 cm by T/273. 
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The calculation then becomes as follows: 


T II 

In h — =•-—-J-ln Kt, 

273 RT 

dlnh II H' 

dl/T~ R + R' 

II=>RT+IT. 


(19) 

( 20 ) 
( 21 ) 


Thus, to find the required heat of solution, 
one can multiply the solubility h by T /273 and 
plot the logarithm of this amount against 1/T. 
Alternatively, the logarithm of the solubility h 
can simply be plotted against l/T and RT cal. 

-jj«j *l.. m _ * __»» Tit 4.u __i 

RT cal. has likewise to be added to W— E to 
calculate the heat of solution from the tem¬ 
perature function of the permeability and dif- 
fusivity. 

The heat of solution obtained in this way 
represents the supply of heat necessary to dis¬ 
solve 1 mole of gas in rubber saturated with gas. 

Table VI shows the activation energy of the 
permeation W for the various processes of per¬ 
meation with the conjoined constant Q 0 . Meas¬ 
urements made by Barrer* and Sager 9 show 
satisfactory agreement with these figures. It will 
be evident that both quantities have little in¬ 
trinsic value. But the energy W was used for the 
calculation of the heat of solution, and it also 
permits of the calculation of the permeability Q 
for any desired temperature. Caution is, however, 
necessary when calculating the permeability in 
this way at temperatures well outside those of 
our measured range, as the energy W may be a 
function of the temperature; indeed, with CH<, 
this already proved to be the case within that 
range, for which reason the activation energy W 
of CH* was not calculated. At lower temperatures 
the increase in permeability with the tempera¬ 
ture was greater than at higher temperatures. 
With CO* as well, a similar tendency to depart 
from the purely exponential course was observed 
within the measured range, but with this gas the 
discrepancies were usually too small to affect the 
calculation of the activation energy W. 

Table VI also gives the activation energy of 

the4iffusion and the heat of solution of gases in 
_*_ 

P. Sager, J. Research Nat. Bur. Stand. 25, 309 

<***)■ 

i 
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Table VI. The activation energies W and E with the 
conjoined constants Qo and D* and the heat of 
solution H in cal./mole. 


Natural rubber I 

Hi 

Oi 

0.046 

W 

6900 

D. 

0.23 

E 

5900 

H 

1600 

(from Q and D 
determination) 

Oi 

0.080 

6600 

0.57 

7500 

800 

Nt 

0.47 

9300 

2.9 

8700 ‘ 

1200 

COi 

0.036 

6200 

3.6 

8900 

-2100 


He 

0.014 

6500 

— 

— 

— 

Natural rubber II 

Hi 

_ 

_ 

0.J1 

6100 

1400 

(1 rom Q and k 

Oi 

— 

— 

0.66 

7600 

700 

determination) 

N. 

— 

— 

2.8 

8600 

1300 

COi 

— 

— 

3.3 

8800 

-2000 


CH* 

— 

— 

— 

— 

-1300 

Buna S 

H, 

0.031 

6800 

0.056 

5100 

2300 


0 5 

0.030 

7300 

0.23 

7100 

800 


Na 

0.12 

8700 

0.55 

7800 

1500 


COa 

0.014 

5700 

0.90 

8100 

-1800 


He 

0013 

6600 

— 

— 

— 

Perbunan 

H, 

0.099 

8100 

0.96 

7300 

1400 


0-. 

0 25 

9400 

2.6 

9300 

700 



1.1 

11000 

7 2 

10200 

1400 


COi 

0 29 

8300 

12 

10700 

-1800 


He 

0.012 

7000 

— 

— 

— 

Neoprene G 

Ila 

0.090 

8100 

0 28 

6600 

2100 

Oi 

0.54 

9900 

3.1 

9400 

1100 


Ni 

0.56 

10600 

93 

10300 

900 


CO* 

0.33 

8500 

20 

10800 

-1700 

Oppatiol B 200 

Hi 

0.47 

9500 

0.5 5 

7600 

2500 

Oi 

0.66 

10700 

73 

10800 

500 


Na 

5.5 

12800 

18 

11700 

1700 


COi 

0.98 

10100 

22 

11700 

-1000 


He 

0.03S 

7900 

— 

— 

— 

Butadiene lubber 

Ha 

0022 

6600 

0 053 

5100 

2100 


Oi 

0.023 

7100 

0.15 

6800 

900 


Ni 

0.053 

8200 

0.22 

7200 

1600 


COa 

0.0069 

5200 

0.24 

7300 

-1500 

Methyl rubber 

Ha 

0 10 

8000 

1.3 

7500 

1100 

O, 

3.3 

11300 

20 

11100 

800 


Na 

22 

13300 

105 

12400 

1500 


CO, 

9.7 

11200 

160 

12800 

-1000 


He 

0.0078 

6600 

— 

— 

— 

Mipolam MP 

Ha 

0.15 

8900 

0.20 

6800 

2700 

Oi 

3.2 

11800 

4.3 

10200 

2200 


CO, 

0.68 

9800 

27 

12000 

-1600 

Thiokul B 

Hi 

0.74 

10600 

2.0 

8500 

2700 


O, 

18 

13500 


— 

— 


COi 

6.9 

11500 

67 

12100 

0 


the elastomers under test. In the case of natural 
rubber, moreover, the heat of solution is cal¬ 
culated from the direct determination of the 
solubility. The activation energy of the diffusion 
followed from that heat of solution together 
with the activation energy of the permeation. 
The figures resulting from these two forms of 
calculation agree. 

The determination of the activation energies 
of the permeation and of the diffusion is accurate 
to 200 cal. The reason why this is so much more 
accurate than measurement of the permeability 
and diffusivity alone is that the calculation of 
these energies does not necessitate the use of 
various particulars which themselves contain 
errors, like the thickness and area of the mem¬ 
brane and volume of the apparatus, since all 
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that is needed to calculate W is to plot the 
logarithm of the pressure increase per unit of 
time (after conversion to 0° and 76 cm) against 
1/T. It likewise suffices for the calculation of E 
to plot the logarithm of the time-lag against \/T. 
In unfavorable cases, i.e. f when the errors in W 
and E reinforce each other, the determination of 
the heat of solution is faulty to 400 cal. The 
accuracy of Qq and Dq is entirely governed by 
that of W and E. An error of 200 cal. in W or E 
makes Qo or Do faulty by approximately 30 per¬ 
cent. 

7. DISCUSSION OF THE SOLUBILITY 

With the data we have collected, we shall now 
consider more closely the two factors which 
govern permeability, viz., solubility and rate of 
diffusion, in an endeavor to find the reason for 
the magnitude of the permeability of rubber to 
gases. It will become apparent that the behavior 
of gases in rubber is entirely analogous to that 
of gases in organic liquids. So, rubber may be 
regarded as an organic liquid of very high 
molecular weight. 

One of the striking facts which emerges from 
the solubility measurements is that the solu¬ 
bility of H s and N 2 in rubber-like substances 
increases as the temperature increases, from 
which it follows that heat must be supplied for 
the process of dissolving. This is contrary to 
Barrer’s 6 experience upon determining the solu¬ 
bility of Ha and N 2 in some elastomers, when the 
solubility decreased as the temperature rose. 
Apart from the fact that we established the de¬ 
pendence of the solubility upon the temperature 
in two unallicd ways, our finding is the more 
probable because the solubility of these gases in 
organic liquids almost invariably increases to¬ 
gether with the temperature. 10 More soluble 
gases, like CO* for example, always exhibit a 
decrease in solubility, on the contrary, in organic 
liquids as the temperature rises. 

The explanation we suggest for this behavior 
of gases is the following: 11 

The heat of solution II consists of a thermal 
value Q , depending upon the chemical or physical 

10 Cf J. Horiuti, Sri. Pap., Inst. Phys. Chem. Research, 
Tokyo 17, 125, 256 (1931). 

u G. Tammann, Zeits. f. anorg. Chemie 158, 17 (1926); 
194, 159 (1930). 


action between gas and liquid molecules, and of 
a work A brought about by the passing of 1 
mole of gas into the solution, hence 

II=A+Q , ( 22 ) 

whereby the heat absorbed during solution and 
the work then exerted by the gas become positive 
factors in the calculation. Furthermore 

A = RT In P/p, (23) 

A being regarded as the work produced upon the 
conversion of 1 mole of gas from outside pressure 
P to the osmotic gas pressure p in the liquid. It 
should be noted that p/P is the solubility of the 
gas expressed as cu. cm gas of the prevailing 
temperature dissolved per cu. cm rubber. 

If the concentration of the gas in the liquid is 
smaller than outside, A is positive. If Q is 
neglected, then A =//, with the result that the 
heat of solution II, which has to be supplied, is, 
likewise, positive, and solubility rises as the tem¬ 
perature rises. 

If, on the other hand, the concentration of the 
gas in the liquid is greater than outside, A will 
be negative. Neglecting Q , it follows from this 
that the heat of solution II is negative and that 
the solubility will decrease as the temperature 
rises. 

Reference to Table VI will show that the heat 
of solution of a gas in elastomers is less positive 
or more negative in proportion to greater solu¬ 
bility. It has been found that the heat of solution 
of N a and H 2 in the various rubbers agrees fairly 
closely with the work of expansion as calculated 
from (23). The thermal value Q cannot be 
neglected in the case of the other gases. Taking 
C0 2 as an instance, its solubility is of a kind 
that the concentration of the gas inside and 
outside the rubber is about equal; hence the 
work A is very small, yet an appreciable negative 
value is found for the heat of solution. 

The degree of solubility is governed by the 
nature of the gas and of the elastomer. 

a. The Nature of the, Gas 

The fact is known that a gas with a high 
critical temperature or boiling point dissolves 
more readily in an organic liquid than a gas of 
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Fig. 7. Relationship between the critical temperature and 
solubility of gases in natural rubber. 

lower critical temperature or boiling point. 12 The 
position of the critical temperature is a measure 
of the tendency of the gas to condense, with 
which the solubility stands in relation. 

With rubbers, too, the solubility of the gas 
increases with the critical temperature. 13 As may 
be seen from Fig. 7, a relation exists between the 
solubility h and the critical temperature of the 
gas T k : 

\vgh=A+BT ki (24) 

where A and B are constants. 

Hi is somewhat more soluble in rubber than 
would seem to follow from (24). 

Kdrflsy 14 found the same relation for the 
solubility of gas in organic liquids, with H 2 
showing a similar deviation. 

i 

b. The Nature of the Elastomer 

The presence of polar groups reduces the solu¬ 
bility of a non-polar gas in an organic liquid, 16 
for two electrically polar molecules will have 
greater mutual attraction than two which are 
not polar. In a solution of non-polar molecules 
in a polar solvent this greater mutual attraction 
will more or less expel the non-polar molecules. 
Contrarily, polar gas molecules will dissolve 

1S J. H. Hildebrand, Solubility of Non-Electrolytes (Rein¬ 
hold Publishing Corporation f New York, 193o) t second 
edition, p. 32. 

n Cf. C. S. Venable, and T. Fuwa, Ind. Eng. Chem. 14, 
r 139 (1922). 

”F. Kflrflsy, Trans. Faraday Soc. 33, 416 (1937). 

^ $ J. H. Hildebrand, reference 12, p. 133. 
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more readily in a liquid with polar molecules 
than in a liquid without polar molecules. 

All this is equally applicable to rubber-like 
substances. Perbunan with strong polar groups 
(— CN groups) has a reduced solvent power with 
respect to non-polar gases—H ff N* and O*—and 
an increased solvent power upon the polar gases 
SO* and NH*, while on the other hand the 
saturated hydrocarbon Oppanol has very low 
solvent power over the polar gases. Perbunan 
also has an increased solvent power with respect 
to C0 2 , despite the fact that this gas has no 
dipole moment as have SO* and NH«. Neverthe¬ 
less, C0 2 is not non-polar, for it contains two 
polar groups, which neutralize each other ex¬ 
teriorly, 16 one result of which is that, on the 
whole, C0 2 dissolves more satisfactorily in a 
substance with polar groups than in one without 
them, so in this case in Perbunan more than in 
natural rubber. The same thing is not found, how¬ 
ever, with Neoprene (containing —Cl groups). 

8 . DISCUSSION OF THE ACTIVATION ENERGY OF 
DIFFUSION 

The value of the diffusivity is governed by the 
value of the constant Do and the activation 
energy of the diffusion i£. The activation energy 
E has to be supplied to separate the rubber 
chains—which are linked together by Van der 
Waals forces 17 —a sufficient distance to permit 
a gas molecule to be displaced or to make for 
itself a new place or hole. This energy is supplied 
by the kinetic energy of the gas molecule and 
particularly by the kinetic energy of the rubber 
molecules. 

The degree of activation energy is governed 
by the nature of the gas and of the elastomer. 


a. The Nature of the Gas 

It might be expected that the larger the 
diameter of the gas molecule, the greater will 
the activation energy be, since larger openings 
between the rubber molecules will be needed fcfr 
the diffusion of the larger gas molecules; con¬ 
sequently, these rubber molecules will need to be 
separated over a greater length, for which more 
energy is required. 


1C G. Briegleb, ZwischenmoUkulare Krdfte und Molehill - 
struktur (F. Enke Verlag, Stuttgart, 1937), pp. 50 and 61. 
11 R, H. Ewell, J. App. Phys. 9, 252 (1938). 
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Figure 8 shows the activation energy in rela¬ 
tion to the diameter dr of the gas molecules 
used, 18 which was determined from the internal 
friction. It appears that the activation energy of 
the diffusion approximately increases in propor¬ 
tion to the size of the gas molecules. 

b. The Nature of the Elastomers 

It is to be expected that the stronger the 
secondary valencies by which the rubber mole¬ 
cules arc interlinked, the greater will be the 
activation energy of the diffusion E. These 
secondary valencies also govern the extent of the 
heat of evaporation and the cohesive energy of 
the molecules. 

The introduction of methyl groups into rubber 
causes the cohesive energy to increase, as may 
be seen in Table VI1, where each successive 
elastomer has one methyl group per structural 
unit more than the previous elastomer. It is 
evident that the activation energy and the 
cohesive energy are interrelated. This cohesive 
energy applies per unit of structure and is cal¬ 
culated by Dunkel's method. 19 We may conclude 
that approximately l£ to 2$ units of structure 
have to be separated to allow the diffusion of one 
gas molecule. 

Oppanol is another instance of the considerable 
importance of the methyl groups in the molecule, 
for in it, as in methyl rubber, the activation 
energies for the diffusion were found to be very 
high. It is not possible in this case to calculate 
the cohesive energy following Dunkel, because 
the increment for this energy of a quaternary C 
atom is not known, but, as compared with 
natural rubber, Oppanol may be expected to 
possess considerable cohesive energy per linear 
unit of the chain molecule, as the Oppanol 
molecules contain a great many methyl groups. 



Fig. 8. The activation energies of the diffusion in relation 
to the diameter of the gas molecules. 

The introduction of polar groups greatly in¬ 
creases the cohesive energy of molecules. Ac¬ 
cordingly, a high activation energy of the 
diffusion is found in Neoprene and Perbunan as 
compared with butadiene rubber. 

To sum up, it may be said that for the inves¬ 
tigated materials a considerable activation 
energy of the diffusion, and thereby a low rate 
of diffusion and low permeability, may be 
brought about by the presence in the elastomer 
of (a) polar groups, e.g., Perbunan, Neoprene, 
Mipolam, and Thiokol; ( b ) methyl groups, e.g., 
methyl rubber and Oppanol. 

9. DISCUSSION OF THE CONSTANT D . 


Table VII. Comparison between the cohesive energy and 
the activation energy E (in cal./mole). 



Cohesive 

energy 

£h» 

Eon 

£ni 

EtOs 

Butadiene rubber 

3960 

5100 

6800 

7200 

7300 

Natural rubber 

4370 

5900 

7500 

8700 

8900 

Methyl rubber 

4780 

7500 

11100 

12400 

12800 


11 H. A. Stuart, MoUkulsttuktur (Verlagsbuchhandlung 
Julius Springer, Berlin, 1934), p. 36. 

11 M. Dunkel, Zeits. f. physifc. Chemie A138, 42 (1928). 


Several attempts have been made in the 
literature* 0 to relate the temperature function of 
the diffusivity to other quantities. Most of the 
formulas describing this relation arc of the fol¬ 
lowing type: 

(25) 


where v is a frequency and d a'length. 


WR. S. Bradley, T. Chem. Soc. 1910 (1934); Trans. 
Faraday Soc. 33, life (1937). R. M. Barrcr, Froc. Phys. 
Soc. London 32, 58 (1940).* 
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The factor \v<P then corresponds to the con¬ 
stant Do as determined by us. If the frequency v 
is conceived as the number of vibrations executed 
by the gas molecule in the rubber and the length 
d as the free length of path of this gas molecule 
in the rubber, it would follow that Do must be 
roughly constant in the diffusion of a given gas 
in various rubbers. Actually there is great dis¬ 
parity between the 2Vs. It was found, for 
example, that for N* Do *= 0.22 to 105, depending 
very much upon the activation energy E. 

This makes it plain that a formula of this 
type does not hold good for rubber. 

There is another formula, suggested by 
Barrer,* 1 which might meet the case, viz ., 




( E/RTY ~ l 

(/-D! 




(26) 


f *= number of degrees of freedom. 

This formula only applies if (E/RT)<.f— 1. 

If this formula is applied to our results, then 
E has been wrongly calculated, since the fact 
that Do may depend upon the temperature has 
not been taken into account, for 


din D 
d\/T 


R R 


Therefore, (/— l)/?r has to be added to the 
E already determined and this new E must be 
filled in in (26). Barrer worked out the results 
of his diffusion measurements of gas in rubber 
with this formula and came to the conclusion 
that, to obtain a proper order of magnitude for 
Do, the number of degrees of freedom must 
amount to 12 to 14. 

We worked out some of our results with this 
formula, assuming that * = 5X10 W and that 
d*»8A. It makes no fundamental difference if 
some other amount is taken for these quantities. 



Fig. 9. Relation between log Do and E, 


It appears from Table VIII that the number 
of degrees of freedom may vary from 4 to 13, 
according to the activation energy, which does 
not clarify the problem at all. It is difficult to 
avoid the impression that / here is little more 
than a factor by which D 0 may be brought into 
the right order of magnitude. 

So, as this course does not provide satisfactory 
information on the magnitude of Do , we tried to 
draw up an experimental formula based on the 
great dependence of Do upon E . For this purpose 
all the Do values found were logarithmically 
plotted against E (see Fig. 9), with the result 
that a practically linear relation is found to 
exist between log Do and £. Barrer** also found 
this relation. 

The points in Fig. 9, fall fairly clearly into 
two groups. The first group, with O*, N*, and 
CO*, follows by approximation a line which 
conforms to the equation 

log Z) 0 -E/2000 -4.2 
or 

Do*6.3X10-V r/87 °. (28) 


Table VIII. Calculation of the number of degrees of 
freedom/in accordance with formula (26). 



D% 

E 

Calculated 

Hi—Buna S 

0.056 

5100 /-4 Do-0.051 

Hi—Natural rubber 

0.23 

5900 

6 0.21 

Hi—Perbunan 

0.96 

7300 

8 0.93 

N*—Oppanol 

18 

11700 

10 22 

Nr-Methyl rubber 

q= ■■■ - — 

105 

12400 

13 96 


" R«M. Barrer, Tran.. Faraday Soc. 35, 644 (1939). 

’ ' J 
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The second group with H, conforms by ap¬ 
proximation to ■ 

log Z>o-E/2000 - 3.75 
or 

Do=l.8XlO~*e* int . (29) 

It also follows from these formulas that H. 
diffuses on an average about 2 to 3 times more 

” R. M. Barrer, Tram. Faraday Soc. 38, 322 (1942). 
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quickly than Of, N*, or COj, apparently on 
account of the greater average velocity of H* 
molecules. The kind of rubber also seems to exert 
a specific influence, as gas diffuses in natural 
rubber approximately twice as quickly and, in 
Oppanol and Mipolam, about twice as slowly 
as is to be inferred from the formulas. The com¬ 
bination of the formulas (28) and (29) with 
D**Dtfr x,RT leads for Nt, O*, and CO* to 

(30) 

and for H* to 

(3,) 

Hence these formulas apply by approximation 
to all species of rubber and the first one even to 
three gases. According to (30) and (31), the 
diffusivity D depends only, with a given gas, 
upon E and the temperature; thus any random 
rubber could be roughly classified merely by 
measuring the rate of diffusion at a certain tem¬ 
perature. Indeed, with only one exception, the 
higher activation energies E were always found 
to go along with the lower diffusivity D. 

There would be some justification for con¬ 
cluding from this reasoning that the considerable 
differences in the s-power are responsible for the 


great differences in the Do s found and it may 
therefore be asked whether the differences in Do 
have any real significance. 

The most serious problem with which one is 
faced when drawing up a formula intended to 
meet all theoretical and experimental demands 
is that of accounting for the heat motion of the 
rubber molecules, and the failure of diffusion 
formulas which do satisfy other diffusion proc¬ 
esses is probably caused by this inadequate 
allowance for the heat motion. This view accords 
with the results of an investigation carried out 
by Kuhn” into the rate of diffusion of organic 
dyes in swollen and de-swollen rubber, where, 
likewise, the heat motion of the rubber molecules 
proved to be of decisive importance. 
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Here and There 


New Appointments 

Donald Kirkham has accepted a position as associate 
research professor in the Department of Agronomy and 
Physics at Iowa State College, where he will be in charge of 
the soil physics work. 

William H. Myers has been appointed chief engineer of 
the receiver division, Farnsworth Television and Radio 
Corporation. 

Carl J. Christensen of the Bell Telephone Laboratories 
technical staff has been appointed dean of the School of 
Mineral Industries at the University of Utah. 

R. 0. Curry is now audio and acoustical engineer for 
the Farnsworth Television and Radio Corporation. He was 
previously engaged in audio research for the Capehart 
Division of the company. 

Willard R. Beye, formerly senior engineer at Trans¬ 
continental and Western Airlines, Kansas City, Kansas, 
has joined the staff of the Midwest Research Institute. 
He will work in the design and development section. 
Y. W. Luke, computer and mathematician, has also become 
associated with the Institute. 

Howard P. Wile is the first appointee to the new post of 
administrator of research for contract projects at the 
Polytechnic Institute of Brooklyn. 

Frank H. Spcdding has been appointed director of the 
newly-established Atomic Research Institute at The Iowa 
State College, Ames, Iowa. 

New Section for Edison Laboratory 

The Edison Laboratory, central research organization of 
Thomas A. Edison, Incorporated, West Orange, New 
Jersey, has announced the formation of a new lal>oratory 
section for fundamental research in the branches of science 
which are the bases of the company's business in dictating 
machines, batteries, electrical instruments, and other 
electrical devices. The technical staff of the new group 
includes Dr. Robert S. Weisz, inorganic chemist, Dr. 
Richard W. Iskraut, physicist, S. S. Jaffe, chemist, and 
Dr. Robert L. Tichenor, physical chemist. 

Radio Technical Planning Officer! 

The following men have been elected to serve as officers 
of the Radio Technical Planning Board for the year be¬ 
ginning October 1: chairman, Haraden Pratt of Mackay 
Radio and Telegraph Company; vice chairman, J. L. 
Middle brooks of the National Association of Broad¬ 
casters, Inc.; secretary, George W. Bailey, executive 
secretary of the Institute of Radio Engineers, Inc.; 
treasutW, Will Baltin of the Television Broadcasters 
Association. 
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Bausch and Lamb Scholarships Awarded 

Competition among fifteen finalists for five Bausch and 
Lomb Science Scholarships at the University of Rochester, 
valued at $1500 each, was so keen that the University has 
awarded a total of eleven scholarships, with an aggregate 
maximum value of more than $16,000. The finalists were 
chosen from nearly 450 contestants among the highest 
ranking high school science students in the United States, 
and were brought to Rochester, New York, for final tests 
and interviews. This was the third annual nationwide 
competition for these scholarships. Eight bo>s and three 
girls were the winners. 

Appeal for Better Prosthetic Devices 

Dr. Paul E. Klopsteg, chairman of the Committee on 
Prosthetic Devices, has issued, through the facilities of tbe 
National Inventors Council, a challenge to American 
inventors and mechanical engineers to develop better 
artificial limbs. Stressing the urgent needs of 17,000 war 
amputees and an estimated annual minimum of 25,000 
amputees, Dr. Klopsteg urged inventors and engineers to 
submit ideas and suggestions for better devices to John 
C. Green, Chief Engineer, National Inventors Council, 
Department of Commerce, Washington 25, D. C. He 
listed the following pressing problems as still requiring 
solution: improved joint mechanisms, lighter materials, 
new fabrication methods, fundamental study of the 
mechanics of human motion, improved fitting procedures. 

New Officera of Illuminating Society 

Gilbert K. Hardacrc, manager of commercial sales of 
the Public Service Company of Northern Illinois, has been 
elected president of the Illuminating Engineering Society. 
Other new officers are: general secretary, Walter Sturrock; 
treasurer, Charles H. Goddard; vice president, Let 1 E. 
Taylor; directors, Allan E. Parker and P. M. Rutherford, 
Jr. 

Meeting of Canadian Electron Microacopists 

From June 12 to 14 representatives of the four Canadian 
electron microscope laboratories (University of Toronto, 
McGill University, National Research Council, and 
Shawinigan Chemicals, Ltd.) met with the research staff 
of Shawinigan Chemicals, Ltd., at Shawinigan Falls for 
presentation of papers concerning their own work and 
discussion of techniques and problems. 

The Bulletin of Mathematical Biophysics 

SEPTEMBER 1946 

Some Considerations on tho Structure of the Quadruped Extremities 
—-N. Rashxvsky 

Tree Trunks and Branches as Optimum Mechanical Supports of the 
Crown: n. The Branches— Maktinus H. M. Esskr 
The Probabilistic Approach to the Iff eels of Radiations and Variability 
of Senslttflty.— I. Opatowski 

On tho Rel a tion s hi p Botween Reepon— Time and Dosage of a Drag 
as a Function of Its Mode of Entry— H. D. Landahl 

The University of Chicago Press, Chicago, Illinois, Vol. 8, * 
No.'3. 
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Joint Meeting of BMSA end ASXRED 

On December 5, 6, and 7, 1946, a joint meeting of the 
Electron Microscope Society of America and the American 
Society for X-Ray and Electron Diffraction will occur at 
Mellon Institute and the University of Pittsburgh. All 
interested persons are welcome to attend. 'Hie program is 
as follows: 

Thursday, December 5,9:30 a.m. (Joint session) 

1. Trends In x-ray diffraction work. David Harker, General Electric 
Company. 

2. Trends in the use of the electron micioeeope in the study oi fine 
structure. James Hillier, Radio Corporation of America. 

3. The application of electron diffraction methods in the study of fine 
structure. Robert Heidrnrkich. Bell Telephone Laboratories. 

2:00 p.m. (BMSA) 

1. First-order theory oi the three electrode electron gun with plane 
electrodes. $. G. Ellis, University of Toronto. 

2. Some observations on the shadow cast formvar replica technique. 
Beatrice M. DeacOn, S. ft. Ellis, and W. G. Cross, University of 
Toronto. 

3. Electron microscopy of colloid systems. John Turkevkh. Princeton 
University , and James Hii.likr, Radio Corporation of America. 

4. Electron microscope examination of the microphysical properties of 
the polymer cuprenc. John H. L. Watson, Shavnnigan Chemicals 
Limited. 

5. An effect of electron bombardment upon carbon black. John H. L. 
Waison, .Shawinigan Chemicals Limited. 

6. The electron microscope examination of greases. S. G. Ellis, Uni¬ 
versity of Toronto. 

7. Artifacts produced by poor resolution. 1.. 11. WlM.i&PORD, Goodyear 
7 ire and Rubber Company. 

2:00 p.m. (ASXRBD) 

1. Diffraction patterns of some non-crystalline soap phases. 11. Nord- 
siec'K, F. B. Rokkvear. and R. H. Ferguson, Procter and Gamble 
Company. 

2. Triple chain length structure in mixed saturated triglycerides. K. S. 
Lutton, Procter and Gamble Company. 

3. Preparation and diffraction studies of synthetic diacid diglyceridea. 
B. F. Daubkrt and S. S. Sidhu, University of Pittsburgh. 

4. The crystal structure of the sugars. R. Pkpinsky, Alabama Poly¬ 
technic Institute. 

5. Business meeting 

0:30 p.m. 

Joint dinner and address by Francis O. Sciimiti, Massachusetts 
Institute of Technology. 

Friday, December 0,9:00 a.m. (BMSA) 

Symposium on Biological Problems 

1. Remarks on the borderline of physics, chemistry, and biology. L a 
Marton, Stanford University. 

2. Applications of the phase mi c r o scope in electron microscopy. 
Oscar W. Richards, American Optical Company. 

3. Preparation of tissue for high speed sectioning. Mary C. Sthustbr 
and ClOTORD E. Gray. Interchemical Corporation. 

4. Electron microscope studies on the structure of chlorophyll "crys¬ 
tals." "crystalline alpha carotene,” "crystalline beta carotene," and 
"crystalline vitamin A." Edith A. Roberts, Vassar College. 

5. Further electron microscope studies of the structure of starch grain. 
Mildred D. Southwick, Vassar College. 

6. The mounting of bacteria for electron microscope examination. 
James HilUer and R. F. Baker, Radio Corporation of America. 

7. A study with the high-voltage electron microscope of the structure 
and germination of the endoepores of BadUus mycoides. George 
Knaysi, R. F. Baker, and James Him ier. Radio Corporation of 
America. 

8. Demonstration with the high-voltage electron microscope of nucleus¬ 
like bodies in young cells of Bacillus mycoides grown in nitrogen free 


medium. George Knaysi and R. F. Baker. Radio Corporation of 
America 

9. Observations on actin and myosin extracted from muscle. M. A. 
jAKim and C. E. Hall, Massachusetts institute of Technology. 

9:00 a.m. (ASXRED) 

1. An application of Fourier transforms to crystal structure analysis. 
Dorothy Wrinch, Smith College. 

2. Fourier synthesis of lattice disorders. W. H. Zachariasen, University 
of Chicago. 

3. Isothermal order—disorder In a salt system. Alexander Grenall, 
U nion Oil Company of California. 

4. The indexing of powder diffractidn data. F. W. Matthews, Canadian 
Imlustries Limited. 

5. Ambiguities in diffraction analysis. A. L. Patterson, Bryn Maw 
College. 

A. A study of heterogeneous reactions by the electron diffraction and 
electron microscope tecliniques. Earl A. Gulbransen, Westinghouse 
Research laboratories. 

2:00 p.m. (BMSA) 

Symposium on Biological Problems 

1. Sire distribution of tobacco mosaic virus in the early stages of 
infection. Gerald Oster, The Rockefeller Institute for Medical 
Research. 

2. Studies on the Newcastle disease virus (California strain). A. R. 
Taylor, Duke University Medical School. 

3. An electron microscope study ot the structures of some virus protein 
crystals. R. W. G. Wyckohf, National Institute of Health. 

4. Imminorhemical aspects of sonic treated virus. Saul Malkiel, The 
Rockefeller Institute for Medical Research. 

5. Business meeting. 

2:00 p.m. (ASXRBD) 

1. Studies of a montmorillonite cracking catalyst. Alexander Grkn- 
ai.l, Union Oil Company of California. 

2. An x-ray diffraction study of a new cobalt carbide. L. J. E. Hofkr 
and W. C. Peebles, U. S. Bureau of Mines. 

3. An x-ray diffraction study of chrome steel slags. G. P. Chaiterji 
and S. S. Sidhu, University of Pittsburgh. 

4. Determination of silica in industrial dusts by means of the Geiger 
counter x-ray spectrometer. Harold P. Klug, Leroy E. Alex¬ 
ander. and Elizabeth Bollman, Mellon Institute. 

5. An x-ray diffraction study of the silver-magnesium alloy system. 
Harold R. Lktnkr and S. S. Sidhu, University of Pittsburgh. 

6. A long spacing x-ray diffraction camera. Orvil Bolduan, Massa¬ 
chusetts Institute of Technology. 

8:30 pjn. (Joint session) 

Report on London Meeting 
David Harker. General Electric Research laboratory 

1. Fankuchkn, Polytechnic Institute of Brooklyn 

Saturday, December 7,9:00 a.m. (Joint session) 

1. Specimen preparation for electron mftrograph* and diffraction pat¬ 
terns. Leland L. Antes, University of Texas. 

2. Alterations and additional equipment for an R.C.A. console electron 
microscope. Henry C. Froule. Armour Research Foundation. 

3. Spherical aberration of compound magnetic lenses. L. Marton and 
K. Bol, Stanford University. 

4. Further studies on the magnetic electron microscope objective. 
James Hillibr and E. G. Ramberg, Radio Corporation of America. 

5. The bias focused electron gun. John H. Kbisnbr, Radio Corporation 
Of America. 

6. Photographic plates for use in electron microscopy and electron 
diffraction. Robert G. Picard and W. F. Swann, Radio Corporation 
of America. 

7. Calculated magnitude of Fresnel diffraction bMhadow carting. C. E. 
Hall, Massachusetts Institute of Technology. 

8. A review of some recent advances in electron microscopy microtomy. 
E. FVllam, General Electric Research Laboratories. 

9. Round table discussion of cross sectioning for the electron micro¬ 
scope. Invited speakers and disnission from the floor* t 
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New Booklets 


Ohmite Laboratory Dedicated 

The new Ohmite Laboratory was dedicated in June in an 
all-day ceremony at the Armour Research Foundation of 
Illinois Institute of Technology to serve industry of the 
Middle West with precision electrical measurements estab¬ 
lished on the basis of and approved by the Bureau of 
Standards. 


Oak Ridge Croups Merge 

The Association of Oak Ridge Scientists and the Associa¬ 
tion of Oak Ridge Engineers and Scientists have been dis¬ 
solved in favor of a single organization, The Association of 
Oak Ridge Engineers and Scientists. The amalgamation 
became effective at a general meeting of the membership 
of both organizations held in June. For the present, corre¬ 
spondence to the new organization or any officer or member 
thereof may be addressed to either P. 0. Box 382 or P. O. 
Box 1251. All debts, assets, and activities of the two older 
organizations have been transferred to the new group and 
its officers. 


New Physics Division at Cornell 

One of the nation’s first schools of engineering physics 
with a five-year curriculum was opened at Cornell 
University in September, "to train students in a combina¬ 
tion of engineering principles, applied physics and mathe¬ 
matics for careers in research and development.” According 
to Dean S. C. Hollister of the College of Engineering 
through which the new department is being administered, 
"The Department of Engineering Physics will bridge the 
area lying between the training in basic science and in 
fundamental engineering." He pointed out that the tradi¬ 
tional curriculum in engineering falls short on the side of 
basic science, and the physics curriculum falls short on 
engineering principles. 

The degree of Bachelor of Engineering Physics will l)e 
awarded upon completion of the five-year curriculum, and 
graduate work will be offered through the Graduate 
School of the University. Dr. Lloyd P. Smith is serving as 
director of the new department in addition to his post" of 
chairman of the Department of Physics. 


training in Electron Microscopy at Toronto 

Professor E. F. Burton of the McLennan Laboratory De¬ 
partment of Physics, University of Toronto, has announced 
that a graduate course will be given next year for the 
purpose of training graduate students in all phases of 
electron microscopy theory and practice. The course next 
year will be limited to six students who must have had 
advanced training in mathematics and physics. The course 
wilt be accepted as work toward the degree of M.A., and 
candidates must be acceptable to the School of Graduate 
University of Toronto. 
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Split Ballbearing Corporation, Lebanon, New Hamp¬ 
shire, has issued Catalog No. 84, giving full specifications 
on sizes, load ratings, etc., on a complete line of divisible 
race, ball, roller, and thrust bearings. 30 pages. Free on 
request. 

United Electric Controls Company, 69 A Street, Boston 
27, Massachusetts, has published a new catalog giving 
information and engineering details on all their thermo¬ 
stats and pressure switches. 30 pages. Free on request. 

H-B Instrument Company, 2518 North Bro§d Street, 
Philadelphia 32, Pennsylvania, announces its Catalog 
No. 14 listing temperature controls, relays, and ther¬ 
mometers. 16 pages. Free on request. 

The "Milvay Notebook” for Spring, 1946, published by 
Chicago Apparatus Company, Chicago 22, Illinois, has 
the following table of contents: 

Titrimetiic Procedure*. 

Microscope Camera Attachment. 

Spectrophotometer. 

Synthetic* and More Synthetics. 

Glati Col Flask Heater*. 

34 pages, numerous illustrations. 

The Gaertner Scientific Corporation, 1201 Wrighlwood 
Avenue, Chicago 14, Illinois, recently issued a leaflet 
describing the LI 23 precision spectrometer with two 
microscopes, a camera attachment, polarizing attachment, 
Babinet and Babinot Soleil compensators, Abbe-Lamont 
auto-collimating eyepiece, filar eyepiece micrometer, and 
various other items. 8 pages. Free on request. 

Eastman Kodak Company, Rochester 4, New York, 
has announced a third revised edition of the Kodak Data 
Book on Formulas and Processing. Containing a compre¬ 
hensive list of Kodak formulas together with a discussion 
of the principles and procedures for processing films, plates, 
and papers, the new edition incorporates a number of 
changes to bring it up to date. 

Bulletin 155-64 of The Gaertner Scientific Corporation, 
1201 Wrightwood Avenue, Chicago 14, Illinois, describes 
the new Gaertner large toolmaker microscope. 8 pages. 
Free if request is made on company letterhead. 

General Electric Company's Special Products Digest for 
June 1946 features an article on the G-E 100-million-volt 
betatron and its use in atomic research. 4 pages. 

The July-August issue of Westingkouse Newsfront con¬ 
tains a description of the newest methods of cleaning and 
drying indoor air, and a page of pictures of different uses 
of the servo-mechanism. 4 pages. 
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* Report of the Electron Microscope Society of America’s 
Committee on Resolution 


L INTRODUCTION 

T HE opinions expressed in this report are 
those of the committee members and are 
based upon the personal experiences and experi¬ 
ments of those members, the published literature 
on the subject, and the answers received to a 
questionnaire sent out to all members of the 
Electron Microscope Society. There was not 
sufficient time available for the Committee, as 
such, to carry out experimental tests of the 
ideas and methods reported here. However, such 
experimental tests should be carried out, either 
by this or a subsequent committee or by inter¬ 
ested members of the Society. 

A suggestion was received from some members 
of the Society that the Committee examine 
various methods of measuring "resolving power" 
and recommend to the Society that one, the 
best of these methods in the opinion of the 
Committee, be adopted as the method of the 
Society. Consideration was given this suggestion 
but the Committee concluded that, for reasons 
to be explained later, such a suggestion could 
not be carried out practically. Consequently, 
the Committee does not, at this time, especially 
recommend any specific method of measurement. 

It was decided that the interests of the Society 
could best be served by a critical review of the 
entire subject of resolving power and resolution, 
and of the various known or suggested methods 
for quantitative or qualitative evaluation of this 
factor. This report, therefore, contains the efforts 
of the Committee in such a direction. 


n. D1SCUS8ION OF THE TERMINOLOGY USED 

To obtain increased resolution is the funda¬ 
mental reason for using an electron microscope* 
Such a statement should be obvious, yet careful 
consideration of it indicates the importance of 
any discussion of resolution. For mucH of the 
work with the microscope it is sufficient to know 
merely that the resolving power is about 2 orders 
of magnitude better than that of light micro¬ 
scopes. For example, if the thirty replies to the 
questionnaire sent to the members of the Society 
by this Committee give a representative cross 
section, only 30 percent of the micrographs taken 
with the instrument are examined at a total 
magnification of 50,000 times or greater. Now, 
unless this range of magnification is employed, 
the limiting factor in the detail to be seen is the 
resolving power of 0.2 mm for the human eye, 
and about 40A for the microscope. 

Therefore, it should be realized that in about 
70 percent of the work with present-day micro¬ 
scopes the question of resolution may be neg¬ 
lected as a limiting factor. However, the feeling 
was brought out in several replies that a greater 
percentage of high magnification work would be 
done if the resolving power of the microscope 
warranted it. 

For the 30 percent of the micrographs which 
were examined at magnifications above 50,000X, 
however, the resolution does become important. 
In this connection, it was of interest to the 
Committee, as it will be to the Society, to obtain 
information on what members had determined 
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or believed to be their maximum resolution. 
The results of these replies are given in Fig. 1. 

It is difficult to believe that the wide variation 
in this value is caused by actual variabilities in 
the instruments. Much of the differences must be 
caused by the lack of exact nomenclature associ¬ 
ated with the subject. This may perhaps be 
traced to the fact that definitions commonly 
encountered arc usually purely descriptive and 
invoke the concept of abstract mathematical 
points whose relation to physical particles is not 
always indicated. Furthermore, it is the opinion 
of the Committee that there are several aspects 
of resolutions or resolving power which are 
significantly different and should not be directly 
compared. 

As examples of the descriptive types of defini¬ 
tion, we may use those given by Webster’s 
International Dictionary as follows: 

* “Optical resolving power—The power of an optical 
system using light of one color to form images of two 
point sources which are close together, so that the images 
may be recognized as distinct." 

“Resolving power—The ability of an optical instrument 
to form distinct images of objects separated by small 
angular distances." 

“Resolution—The act or property of rendering visitye 
the separate parts of an object or of distinguishing between 
different sources of light.” 

Resolving power has also frequently been 
defined in the literature as the minimum distance 
between two points of the object whose images 
can still be resolved as separate. 

It is the first recommendation of the Com¬ 
mittee? that the two terms, resolving power and 
resolution, be carefully distinguished in the 
following manner. As implied in the term 
“power” as well as in the Webster definition just 
given, resolving power should always be con¬ 
sidered as an ability of the optical system while 
the term resolution should connote only the 
realisation of that ability in a specific image. 
Resolving power should be the maximum resolu¬ 
tion which can be obtained with the system. The 
actual resolution present in any specific image 
or picture may well be somewhat poorer. Thus, 
to speak of a series of published micrographs as 
having been obtained with an instrument whose 
reviving power is 20A is misleading. The actual 
re&lution in the pictures shown or even possible 
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Fig. 1. A frequency diagram showing the resolving power 
which a number of individual electron microscopists con¬ 
sidered to be the liest they had obtained with their own 
instruments. The data were obtained from replies to a 
questionnaire sent to all members of the EMSA by the 
Committee on Resolution. 

with the type of specimen studied may be con¬ 
siderably poorer, say 100A. In such cases, where- 
ever possible, the resolution present in the 
original prints should be stated. 

The Committee also suggests that the follow¬ 
ing distinctions be made in discussions on this 
subject in order to denote more definitely the 
type of resolving power or resolution which one 
is describing. 

1. The QUALITY of a micrograph. 

2. The RESOLUTION of a micrograph. 

3. The INSTRUMENTAL RESOLVING ROWER of a 
specific electron microscope. 

4. The CALCULATED LIMIT OF RESOLVING 
POWER of an actual lens system. 

5. The THEORETICAL LIMIT OF RESOLVING 
POWER of an electron beam. 

These five divisions are described further as 
follows: 

1. Quality. Basically the quality of a micro¬ 
graph is determined by whether or not the 
picture gives the complete morphological infor¬ 
mation about the specimen. In a more practical 
sense, quality can be considered as a measure of 
the extent to which the micrograph provides the 
information which was sought in taking it. The 
Committee wishes only to point out here that 
quality and resolution are not synonymous but 
rather that resolution is but one factor con¬ 
tributing to quality. Many other factora, e.g., 
the population density and dispersion of the 
particles of the specimen, the absence of dirt, 
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etc., from the photographic plate, the lack of all 
artifacts, will likewise contribute to quality. 
Many of these will be quite independent of and 
have no effect on the resolution in the picture. 

2. Resolution of a Micrograph. As already 
stated, the resolution in a micrograph is related 
to quality in that it sets a definite lower limit to 
the detail of structure which can be seen. How¬ 
ever, there are other reasons for which one may 
be interested in resolution in a micrograph, 
particularly in its quantitative evaluation. Ex¬ 
amples of such are: 

a. To determine the minimum error in measurement of 
a size made on the micrograph particularly in determina¬ 
tions of particle size distributions where the sizes arc near 
the resolution present. 

b. In evaluating the effects upon resolution of various 
methods of specimen preparation and instrument adjust¬ 
ment. 

c. In determining the extent to which physical properties 
of the specimen, density, thickness, etc., limit resolution. 

d. In determining the extent to which the capabilities of 
the instrument have been utilized in a particular micro¬ 
graph and as a means of detecting departure from the 
ideal performance of the instrument. 

In general, the resolution in a micrograph is of 
interest either as a measure of the limiting detail 
available or as an integrated quantitative evalu¬ 
ation of the quality of the operation of the 
instrument. 

In this connection, it should be pointed out 
that the resolution present will vary from point 
to point in a single micrograph, a fact which has 
been verified by measurements made by some 
of the Committee members and which is un¬ 
doubtedly familiar to many electron microsco- 
pists. The phenomenon is probably due to the 
variation in the physical properties of the parti¬ 
cles at those points, to different levels in the 
specimen, or to aberrations of the lens. It is 
brought out here merely to indicate the necessity 
for caution in attempting to measure the resolu¬ 
tion in a single micrograph. 

3. Instrumental Resolving Power. With this 
division we arrive at the categories concerning 
resolving power. Here we are considering capa¬ 
bilities, theoretical or actual, rather than the 
extent to which such capabilities have been 
realized in a particular application. 

A prime but not sole factor determining the 
resolution in a micrograph is, of course, the 


resolving ability of the microscope used. This 
ability may be called the instrumental resolving 
power and it may be defined as the best resolu¬ 
tion obtained with a given microscope when all 
conditions of specimen, photographic, and opera¬ 
tional factors are ideal. It is, therefore, simply 
the best that instrument can do. It is significantly 
different from the previous category of resolution 
in that the choice of specimen is arbitrary in 
this determination. 

A measurement of such instrumental resolving 
power would be of significance for several differ¬ 
ent purposes, for example: 

a. To compare various designs, lens systems, etc. 

b. To compare various microscopes of the same make 
or of different make. 

c. To evaluate the effect of variations in different 
operating conditions such as apertures, angle of illumina¬ 
tion, sources, etc. 

d. To evaluate various photographic materials and 
processes. 

From the results of answers to the question¬ 
naire sent out to members of the Society a 
measurement of this type of resolving power is 
by far of greatest interest. Furthermore, it would 
probably be of advantage to have a standard 
method for measurement of this type of resolving 
power, particularly in comparisons between 
microscopes and microscopists. However, the 
Committee has not found a method which 
appears sufficiently accurate or sufficiently re¬ 
producible to recommend it for this purpose. It 
is possible, however, that experimental testing 
of some of the methods to be mentioned later 
will prove them suitable. 

4 and 5. Calculated Limit of Resolving Power 
and Theoretical Limit of Resolving Power. The 
last two categories are described together because 
they have two points in common. First, both 
deal with limiting values obtained only mathe¬ 
matically and not in practice. Second, both are 
of considerably less interest to the Society as a 
whole although they are important to builders 
and manufacturers of microscopes. 

The calculated limit of resolving power is 
that which one obtains for a specific instrument 
by the mathematical calculation of tH& effects of 
known limiting factors such as lens aberrations, 
electron velocity, etc. Whereas the instrumental 
resolving power is a measure of what an in^tftt- 
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( ig. 2. The radial distribution of intensity in the image of 
a point source. 


ment can do, the calculated limit of resolving 
power is a measure of what it should do according 
to theory. The ratio of these two is, therefore, 
a measurement of the efficiency of design of the 
instrument. 

The theoretical limit of resolving power is 
merely the resolving ability of electron waves 
independent of any real instrument. It is com¬ 
monly approximated by means of the Abbe 
formula, d**\/2N-A, or the Helmholtz or Ray¬ 
leigh modifications of this. The validity of such 
approximations has been frequently questioned 
particularly in applying them to electron rather 
than light optics. However, a discussion of this 
point is believed beyond the scope of this report. 

m. METHODS OF MEASUREMENT 

From the experience of the Committee mem¬ 
bers, the published literature, and the answers 
to the questionnaire, it appears that there are 
seven possible types of measurements which may 
be made in connection with resolution or re¬ 
solving power. These methods are briefly de¬ 
scribed at this time together with the Com¬ 
mittee’s evaluation of each. 

1. Minimum Distance Between Particles. 
This method was indicated by nearly 50 percent 
of those giving positive replies to the question. 
“How do you measure resolution?” It is un¬ 
doubtedly based upon the definition of resolution 
as a minimum distance between two points in the 
object whose images can be seen as separate. 
With this definition or with this method of 
measurement, the Committee has no disagree¬ 
ment. There are, however, several precautions 
to be exercised and several limitations of the 
method. 

The first of these involves the translation in 
^practice of the word points in the definition to 
the word particles in the method. It has been 
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shown by physical optics 1 that the distribution 
of energy about the image of a point source 
produced by a lens of circular aperture follows 
a curve similar to that shown in Fig. 2. In this 
curve the distance, 0, is a function of the lens 
system, its aperture and aberrations, while the 
heighth I is a function of the intensity of the 
light source. Now, if we consider two points 
gradually approaching each other as in Fig. 3, 
it will be seen that their images begin to overlap 
significantly before the points themselves coin¬ 
cide and at some stage the two images will not 
be visually separable. At just what separation 
this occurs is determined by individual physio¬ 
logical factors, but for our purposes here we may 
adopt the frequently used conclusion 1 that, for 
the normal eye, the images will be undistinguish- 
able when the first minimum of one image reaches 
the central maximum of the other, i.e., when 
d=0. At this stage the actual separation of the 
points in the object (d/magnification) is the 
resolving power of the system. 

However, let us now consider the relations 
which exist in the images of actual particles. If, 
with the same optical system as before, we should 
determine the intensity distribution about an 
image of a self-luminous particle of diameter D 
and in a plane section along a diameter, we 
would find that the curve for such an image 
would be similar to that of the image of a point 
with one important exception. In the case of 
particles whose diameter, 27, is of the same order 
of magnitude as the resolving power or longer, 
the 0i for the particle image will be determined 
by that particle size as well as by the resolving 
power for a point. When, therefore, one measures 
the minimum distance of approach of two such 
particles, the resolution obtained will also be 
determined by the size of such particles if the 
measurements are made from center to center in 
the images. 



hH 


Fig. 3. 


1 John K. Robertson, Introduction to Physical Oftics 
(D. Van Noetrand Company, New York, 1929), p, 233. 
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It, therefore, follows that the true resolving 
power of the system will be obtained only when 
the particles which are used as points are con¬ 
siderably smaller than the resolving power of 
the system. For electron microscopes this means 
that particles sufficiently small to behave as 
points must be only a few angstrom units in 
diameter or nearly of atomic dimensions. Some 
considerations regarding contrast of such parti¬ 
cles toward electrons indicate that it may not 
be possible to see such particles, particularly 
those composed of low atomic number elements, 
even though the ability for linear resolution of 
the distance between them is available. 

The significance of these considerations for 
this method of measuring resolving power lies in 
the fait that it shows that the measurement is 
always conservative for real particles of appreci¬ 
able size, and, furthermore, that it requires parti¬ 
cles of a size less than the resolving power being 
measured and of high contrast, ris., of high 
atomic weight elements. For this reason it is 
suggested that the method be used to determine 
instrumental resolving power only when a suit¬ 
able specimen is imaged, and that the specimen 
for that purpose be heavy metal particles of 
sufficiently fine size. The following specimens 
appear possible of application for such a purpose: 

a. Evaporated metal films where the particles do not 
tend to coalesce or agglomerate. Evaporated films of 
5-10A thick chromium appear excellent for this purpose. 

b. Colloidal gold, silver, or platinum. Argyrol in 1:1000 
dilution with water is fair although other materials are 
frequently present which obscure the picture. 

As a test of the effect of different variables on 
the instrumental resolving power, the method 
suffers from the fact that one can never be 
certain that there is present somewhere in the 
field a pair of particles which are at the requisite 
minimum distance apart. For this reason, too, 
the method would appear to give conservative 
values of revolving power. Certainly micrographs 
of two different fields taken with two different 
microscopes cannot be quantitatively compared 
by such measurement except in a most approxi¬ 
mate fashion. However, if it is possible to obtain 
a field in which the separation of uniformly small 
particles varies over wide values about the sepa¬ 
ration which can just be resolved, such a field 


could be used to ascertain the effects of variations 
in operating conditions. 

Obviously a distinct advantage of this method 
is its convenience since it requires no auxiliary 
measuring device other than a ruled scale. 



Fig. 4. A qualitative representation of the densitometric 
trace which is obtained across the photographic record of 
an electron microscope image. 

2. Minimum Particle Diameter. It has been 
suggested that the diameter of the minimum 
sized particle present in the field be used as a 
measure of resolving power. As previously indi¬ 
cated it should be possible in theory to obtain 
images of particles of increasingly small diameter 
until the size of the image is no longer affected by 
the size of the particle. Such an image size should 
bear a distinct relation to the resolving power 
of the optical system. However, here again the 
important practical consideration of contrast 
must be taken into account. The Committee 
cannot state at the present time whether such a 
method would be of practical attainment—exper¬ 
imental tests should be carried out. It can be 
said, however, that this method suffers from the 
same disadvantages as that of minimum particle 
distance. 

3. Contour Sharpness. If an in-focus image of 
a sharp and reasonably straight edge of a particle 
be recorded photographically in the electron 
microscope, a densitometer trace perpendicular 
’to this edge appears as shown in Fig. 4. On such 
a curve one may measure a variety of constants 
which will bear some relation toJthe resolution 
present. Such measurements are as follows: 

a. The lateral distance from maximum to minimum 
translated by magnification factora to a size in t]m'object. 
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b. The elope of the"straight'line"portion of the curve. 

c. Following the suggestion of von-Ardenne,* the lateral 
distance, translated to the object, between points on the 
curve at 15 percent and 85 percent of the difference in 
intensity outside and inside the particle. 

Such values are a direct measure of what one 
might call the sharpness of the image. This in 
turn is undoubtedly a direct function of the 
resolution present though just what function 
the Committee cannot say. 

A significant advantage of this method lies in 
its reproducibility, particularly for different fields 
of the same specimen. It appears to be somewhat 
sensitive to changes in operating conditions also. 
It could, therefore, be used as a measure, though 
not a determination of the resolution in a micro¬ 
graph or as a test procedure to study the effect 
of variations in operating conditions or of speci¬ 
men preparation. Should it be possible to relate 
mathematically one of the values mentioned or 
a similar constant of the densitomctric curve to 
the resolution present, it would be a convenient 
method of determining instrumental resolving 
power. 

An interesting variation of this method is as 
follows: It is possible to predict from known 
values of lens aberrations and electron acceler¬ 
ating voltages the contour trace one should 
obtain in theory. Comparisons of this theoretical 
curve with that actually obtained gives a meas¬ 
ure of the efficiency of the system. Such a test 
could be of interest in lens and instrument design. 

4. Rounding of Particle Comers. A variation 
of the contour width measurement is found in 
the optical rounding of images of sharp corners 
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Fio. 5. A diagram illustrating the measurements used 
to determine the resolution in an electron micrograph from 
the apparent rounding of sharp comers. 

, r r r n u , * 

1 Manfred von Ardenne, Ekktronen-Ubermikroskopie . 
Reproduced under Authority of Alien Property Custodian 
^Edward® Brothers, Inc., Ann Arbor, Michigan, 1943), 
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of particles. This method is a development from 
the suggestion of Kausche and von Borries 1 as 
to the cause of such rounding. Essentially these 
authors assume that such a comer behaves as 
the ideal point and that, at the place where the 
circle of the first diffraction disk of that point 
intersects the straight edges of the particle, the 
deviation of the image from the true edge begins. 
This is shown in Fig. 5. The measurements 
which may be made thereon are indicated. 
Notice that these measurements are a function 
of the angle between the intersecting edges and 
such should be taken into account in any 
determination. 

In actual practice the extent of rounding 
appears to be a more complex phenomena than 
the simple assumption of Kausche and von 
Borries. Determination of the distance, 0 , are 
considerably larger than minimum particle dis¬ 
tances. Il seems quite likely that such rounding 
is more closely associated with the contour width 
and perhaps bears the same relation to resolution. 
More experimental work on this subject appears 
necessary. It is also known that contamination 
in the instrument due to the electron bombard¬ 
ment rounds the corners. 

Such a method would prove of the same use 
as the contour width measurement. It has the 
advantage of not requiring a densitometer but 
the disadvantage of being less precise. 

5. Rounding of Particle Intersections. A 
serious disadvantage of the method of measure¬ 
ments of rounded comers lies in the fact that 
one cannot be certain that the corners are not in 
physical reality rounded themselves, perhaps 
even by the bombardment of the electron beam. 
To avoid this a method has been suggested by 
Dr. Sergei Feitelberg 4 of the Mt. Sinai Hospital 
in which the rounding is measured not at a 
particle comer but at the intersection of the 
straight edges of two particles. There should at 
least in theory be no reason for more matter to 
be knocked off at such an intersection than 
along the remainder of the edge. 

It would appear that otherwise the same 
statements apply to this method as given for 
the rounding of particle comers. The Committee 

9 B. von Borries and G. A. Kausche, Kolloid Zeits. 90,. 
132-141 (1940). 

4 Sergei Feitelberg, private communication. 
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Fig. 6a. An out-of-focus electron micrograph of mdgnebium 
oxide smoke showing Fresnel fringes. 

would recommend the additional precautions 
that the two edges be as near as possible in the 
same focal plane and that there be no deposition 
of other materials at the intersection. 

6. Quality Estimation. A method was recently 
described by Hillier 5 in which micrographs are 
visually graded for quality and this grade is 
expressed in terms of the maximum final magnifi¬ 
cation one estimates the picture quality will 
allow. Such a method has proven of value to 
him in evaluating over-all level of performance 
and progress in that direction. In such a method 
one examines the negative at about 10-20 times 
magnification. Quality may be judged by what¬ 
ever factors arc of particular interest—amount 
of contrast, accuracy of focus, symmetry of 
optical fringes or borders, exposure, distortion, 
and many others. Such a method could be useful 
for approximating “batting averages.” 

7. Measurements from Fresnel Fringes. A 
method of considerable promise for measuring 
instrumental resolving power is the measurement 
of Fresnel diffraction fringes in an out-of-focus 
micrograph of a straight edge of a particle. This 

1 J. Hillier, J. App. Phys. 16, 469 (1945). 


Fig. 6b. An electron micrograph of part of the sdme 
field of view a & in (6a) which is only slightly out of focus 
and shows closely bpated Fresnel fringes. 

method, suggested by Ruska, 6 and Hillier, 7 is an 
indirect result of work done by Bocrsch 8 though* 
other authors have written on the subject. 
Images of such fringes are shown in Fig. 6. A 
densitometric trace perjxmdicular to such fringes 
is shown by Hillier. 7 The method consists briefly 
of measuring on such a trace the lateral distance 
between the maximum and minimum which can 
just be resolved. This distance, translated to 
the object plane by magnification factors, gives 
a value for instrumental resolving power. 

To obtain such fringes in an electron micro¬ 
scope image requires the following conditions: 
First, the electron source must be as small as 
possible. This may be achieved either by using 
an extremely small condenser aperture—Boersrh 
used a 5-micron aperture—or by obtaining a 
very small source free of secondary scattering. 

The condenser current should be near maxi¬ 
mum and the objective current should be some¬ 
what lower than the in-focus value, i.e., the 
objective should be focused on a plane somewhat 

• E. Ruska, Kolloid Zeits. 105, 43-52 (1943). 

M. Hillier, J. App. Phys. 17, 307 (1946). 

■H. Bocrsch, Pnysik. Zeits. 4 f, 202 (July 1943)* 
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beyond the specimen in the direction of the 
condenser. 

The phenomenon of Fresnel diffraction pro¬ 
vides as the test for resolving power a series of 
secondary electron sources rather than physical 
particles. As one goes outward from the diffract¬ 
ing edge, the maxima and minima become in¬ 
creasingly closer both in angular direction and 
in intensity difference. It is not certain at the 
present time whether the limiting pair which are 
just visible are determined by their angular 
spacing and the resolving power of the micro¬ 
scope, or by the intensity difference and the 
contrast obtained therefrom on the photographic 
plate. Experimental tests might show this. 
Nevertheless, the method appears to be of con¬ 
siderable promise for testing the instrumental 
resolving power. While the out-of-focus condition 
of the objective changes the magnification some¬ 
what from the in-focus value, an exact evaluation 
qf the change can be made by a direct comparison 
of the in-focus and out-of-focus images. 

IV. SUMMARY 

In summary the Committee presents five 
quantities which arc associated with resolving 


power and seven methods of measurement for 
such quantities. These are as follows: 

1. The quality of a micrograph—probably best evaluated 
by visual inspection for the factor or factors of interest. 

2. The resolution of a micrograph—there is no known 
method of obtaining this value for all micrographs. 
Probably the indirect measures of contour sharpness, 
or of corner or intersection rounding would serve this 
purpose best. 

3. Instrumental resolving power—this value is probably 
best determined by measurements of Fresnel fringes. 
The minimum particle distance or the contour width 
may also be used. 

4 and 5. Calculated and theoretical limits of resolving 
power—these values are mathematically evaluated and 
the computations involved are beyond the scope of this 
report. 

As indicated several times, much experimental 
work seems desirable in this field. Until such 
methods have been thoroughly tested for pre¬ 
ciseness and accuracy, the Committee cannot 
recommend that the Society standardize upon 
any one. 

W. G. Kinsinglr ( Chairman ) 

J. Hillier 
R. G. Picard 
H. W. Zieler 


Electron Microscope Examination of the Microphysical 
Properties of the Polymer Cuprene 

John H. L. Watson and K. Kaufmann 
Plant Research Department , Shawinigan Chemicals Limited, Shawtntgan Falls, Quebec 
(Received July 10, 1946) 

The microphysical structure of cuprene is described from electron micrographs and some 
suggestions are made concerning the mechanism of the formation of this substance. Cuprene 
samples prepared by polymerization of acetylene in the presence of finely divided cuprous oxide 
are shown to be composed of hollow fibers characterized by both longitudinal and transverse 
structure. The striking appearance in electron micrographs of this type of cuprene serves to 
identify it in clogging deposits taken from acetylene lines. This is illustrated by a deposit 
taken from a reactor used in the process of hydrogenation of acetylene to ethylene. Cuprene 
specimens formed by alpha-ray bombardment of acetylene gas are shown to be composed of 
round particles joined by short, straight, thick necks which are about 500 to 1000A in length. 
These are samples of cuprene which have been bombarded further by alpha-particles after 
their initial formation. An oxidized sample has round particles of mean diameter 4900A; an 
unoxidized sample has a mean diameter of 3800A for the round particles. There is evidence 
to suggest that alpha-ray cuprene is liquid in nature. The two types of cuprene are so different 
physically that a change in nomenclature is in order. 


CUPRENE, PRODUCED CHEMICALLY IN A 
CATALYZED PROCESS 

HE first references to cuprene are by 
.Erdmann and Koethner. 1 It has been 
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studied since by numerous investigators and 
c omprehe nsive summaries are given by Calhoun 1 

1 Erdmann and Koethner, Zeiu. f. anon. Chemie 18, 
48 (1898). 

* Calhoun, Can. J. Research IS, 208 (1937). 
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Fig 1 . Brown cuprcne made chemically between 200 and 240°C with a cuprous oxide catalyst 
Note longitudinal and transverse structure in the fibers X 20,000 
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Fro. 2. An enlarged section of Fig. 1 to show longitudinal 
structure more dearly, X36,000. 


and others. It is a solid, amorphous material 
varying in color from a dark brown to it light 
yellow, and in physical appearance to the eye 
from a light, flocculent powder to a relatively 
dense, cork-like mass according to the conditions 
of preparation. Chemically, its nature is uncer¬ 
tain but it appears to be a polymer of acetylene 
with formula (CnH m ) x 

R If it is prepared in the presence of copper or 
finely divided cuprous oxide as a catalyst, the 
polymerization starts at about 200°C, proceeds 
rapidly, and slows down gradually. Increase of 
temperature hastens the reaction but above 
3OO 0 C carbon forms instead of cuprenc. Solids 
resembling cuprenc have been obtained also 
using tin, nickel, and cobalt as catalysts, and by 
the action of silent electric dischaiges, ultra¬ 
violet radiation, cathode rays, and alpha-par¬ 
ticles upon acetylene gas. **> 

The samples studied here were prepared by 
chemical means using finely divided cuprous 

* S 
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oxide as a catalyst between temperatures of 
200°C and 240°C\ 

The cuprcne presents a very striking ap- 
appearance in electron micrographs and was 
photographed first by J. H. L. Watson and L. T. 
Newman with the electron microscope at the 
University of Toronto. 1 These pictures showed 
it to be composed of fibers which, from intensity 
characteristics in the micrographs, appeared to 
be tubular. 

This cuprene is mounted for the electron 
microscope by rubbing the corky substance 
across a s|>ecimen holder with a Formvar film 
attached or across a filmless holder. Original 
magnifications of X5000 are sufficient to show 
up detail existing within the fibers. 

The fibrous, tubular nature of this cuprene 
formed chemically with a cuprous oxide catalyst 
is observed in both flat and stereoscopic electron 
micrographs. In addition, both a transverse 
(across the fiber) and a longitudinal (along the 



Fig. 3. Brown cuprene made chemically with cuprous 
oxide catalyst. Note structure and loosened skin on fiber. 
X20,000. 


v * Barton and Kohl, The Electron Microscope (Reinhold 
j^hniMng Corporation, New York, 1940), second edition, 


fiber) structure are observed (Figs. 1-3). Figufc 
2 is an enlarged section of Fig. 1. 

Considering first the longitudinal structure, 
two types are observed. From Fig. 2 and from 
certain stereoscopic views it is concluded that 
most of the larger fibers are composed of several 
finer ones lying parallel to each other and 
touching in a bundle. This is evident especially 
in those where the thickness is such that the 
electrons are able to penetrate with relatively 
small scattering. The finest longitudinal struc¬ 
tures have diameters of the order of 80A. This 
is presumably the order of the diameter of the 
finest fibers and is equivalent to 50 to 60 carbon 
bond distances. 4 

There is great variety in both fiber shape and 
fiber diameter, but the tubular nature seems to 
lx* universal. For this reason a calculation of the 
approximate number of carbon atoms in the fiber 
circumference is in order. Again, if a fiber of 
circular cross section is considered with the 
minimum diameter 80A, it possesses 164 or 180 
carbon bond distances in the length of its circum¬ 
ference, according as single or double bonding is 
assumed between the atoms. 

Intensity variations over the micrographs 
signify either a true tube as the nature of the 
fibers, with carbon atoms clustered only at the 
skin of the tube; or merely that there is a greater 
concentration of carbon atoms at the skin than 
in the central regions. From stereoscopic views in 
general, as represented by Fig. 4 (location 
marked by the arrow), the tubes are seen to be 
hollow and are consequently true tubes with the 
atoms of the substance clustered at the edges. 
This stereoscopic pair is chosen as Fig. 4 because 
the tube marked is particularly interesting. It is 
not only hollow, and thin-skinned, but hexagonal 
in cross section. In addition it is noted that from 
the corners of the hexagon dark linear areas 
proceed down the fiber. These linear areas of 
apparently denser or thicker nature have been 
observed in other fibers of various shapes and 
contribute to a second type of longitudinal 
structure. They may account also for some of 
the longitudinal structure observed in Figs. 1 
and 2. 


4 Values for single bond and double bond distances are 
1.54A and 1.38A, respectively. Daniels: Chemical Kinetics 
/cwtiait University Ptes, Ithaca, New York, 1938), p. 226. 
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fto. 4. A stereoscopic view of brown cuprene made with cuprous oxide catalyst Note 
the Hollow fiber of hexagonal (toss section at \. X8000. 



Fig. 5. A stereoscopic view of brown cuprene made with cuprous oxide catalyst. 
Note the ribbon-like, spiraled fiber. X3800. 


Cross-sectional areas of circular, oval, square, 
rectangular, ribbon-like, and hexagonal ap- 



Fig. 6. Drawing to give the dimensions of the dense 
and light areas in a typical piece of cuprene possessing 
transverse structure. All dimensions are in angstrom units. 


pearance have been recognized. Figure 5 is a 
stereoscopic pair of a ribbon-like fiber. It is sug¬ 
gested that the polymerizing fiber takes the 
cross-sectional shape of the particular small area 
or particle of catalyst upon which it begins to 
grow. There may be some information to be 
gained here concerning active centers on cata¬ 
lytic surfaces; a combination of active center 
properties and molecule sizes possibly may deter¬ 
mine both size and shape of the fiber cross section. 

Perhaps more interesting than the longi¬ 
tudinal structure is the transverse structure evi¬ 
dent throughout the micrographs. Typical oc¬ 
currences are seen in Figs. 1 and 3 in fairly large 
fibers. These fibers appear to be divided by dense 
areas (recognized by dark regions in the micro¬ 
graphs) into cells r where presumaWv, again, the 
atoms of the substance are tending to cluster. 

Usually the length of one of these cells along a 

» « 
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Fig. 7. An enlarged flection of Fig 1 showing a hne fiber 
of diameter 170A which possesses transverse structure. 
X 65,000. 

fiber is of the same order numerically as the 
value of the diameter of the particular fiber. At 
the mark of the arrow in Fig. 1 the transverse 
structure has dimensions approximating the 
values marked in the drawing in Fig. 6. 





(B) 


Figs. 8A and B. Small filaments of newly formed cuprene 

S own upon an electron microscope specimen screen, 
owing small pieces of catalyst being carried along with 
•the growing fiber of polymerizing cuprene. X 20,000. 


mo 


Fig. 9. A sample of cuprene taken from a German 
reactor used in the hydrogenation of acetylene to ethylene 
with a palladium catalyst on silica gel. X 20,000 


From a few shadow cast specimens studied to 
date the observations of structure noted here 
have been substantiated but there is evidence to 
suggest that the structure is even more com¬ 
plicated in nature. 

A skin is observed on the fibers in many 
micrographs as in Fig. 3 where it is apparently 
becoming loosened and is peeling off. This skin 
is observed chiefly with larger fibers. In the very 
tiny individual ones as reproduced in Fig. 7 
there is no visible skin, nor longitudinal struc¬ 
ture, but a definite suggestion of transverse 
structure still persists. Figure 7 is a much en¬ 
larged section of Fig. 1. 

Intensity variations over electron micrographs 
are not easily interpreted but in general rela¬ 
tively darker areas in an image indicate either 
thicker, or else physically or atomically denser, 
parts of the specimen. The dark areas here 
indicate parts of the cuprene fiber where cluster¬ 
ing of carbon atoms occurs. There is another pos¬ 
sibility that copper or cuprous oxide is able to 
migrate along the fiber and does so along the 
dark image areas described. The percentage of 
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Fig. 10. Alpha-particle«uprene oxidized and bombarded with further alpha-particles after the original formation. 

X 20,000. 


copper in cuprene is so small (3 percent) that it 
is most probable that clustering of carbon atoms 
in the preferred positions accounts for the struc¬ 
tural pattern observed. 

That metallic copper is actually associated 
with the fibers and is migrating along them, or is 
carried along with them, is supported by not 
very satisfactory transmission electron dif¬ 
fraction patterns of this cuprene where the only 
visible line was found corresponding to a grating 
space of 2.08A.‘ for the strongest line of metallic 
copper. Chemical tests also detect copper even 
in the very outermost parts of a cuprene growth 
far from the original catalyst. In the reducing 
atmosphere associated with cuprene formation it 
is likely thft* the cuprous oxide is reduced to 
metallic copper. 

In order to study cuprene as it first begins to 
form it was grown upon copper specimen screens 
impregnated with cuprous oxide. It is found that 

* Hanawalt, Rinn, and Frevel, tnd. Eng. Chem. Anal. 
Ed. 10, 457 (1938). 


the first forming cuprene begins its growth as a 
small spiraling fiber, as in Figs. 8A, and B. The 
spiral nature of the fibers persists in older 
samples. From observations of the newly formed, 
short fibers it is seen that they are carrying small 
pieces of some heavy material with them. We 
suggest that this is either cuprous oxide or 
metallic copper reduced from the oxide by 
hydrogen, and that it is carried along as the fiber 
grows, continuing in this way to catalyze the 
reaction. This mechanism would explain the 
presence of copper in the outer parts of the 
growth. 

Some photographs were taken of cuprene, 
which had been raised in temperature slightly 
beyond 300°C. In addition to the usual fibers, 
small round particles of mean diameter 440A 
were detected. They were discrete and did not 
occur in chains although they are probably a 
type of acetylene black. * 

Cuprene is often a nuisance as it grows in 
acetylene lines. If cuprene is suspected to tie the 

I » 
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t Fig 12 Chains of alpha-partide cuprene stretched to 

Fig 11 b Alpha-particle cuprene unoxidi/ed, and bom- show the existence of joining necks X 20,000. 

horded with further alpha-particleB after the onginal 
formation. X 20,000. 


blocking agent in a line, it may be identified 
readily as such with the electron microscope 
because of its characteristic appearance when 
formed by a catalyzed chemical process Figure 
9 shows a deposit of a substance taken from a 
reactor which had been used in the process of 
hydrogenation of acetylene to eth>lene at 
Anorgana, GmbH, Gendorf, Bavaria, with a 
palladium catalyst on silica gel. This was a hard, 
rocky deposit, quite unlike Shawinigan cuprene 
to the eye, and had to be ground and mounted 
from a water suspension for the electron micro¬ 
scope From electron micrographs the deposit was 
found to contain chiefly cuprene mixed with 
some other unidentified materials No transverse 
structure was observed in the fibers but they do 
possess some longitudinal structure. There are 
many thin, film-like fragments which are prob¬ 
ably wall structure from the ground fibers. 

ALPHA-PARTICLE CUPRENE 

Cuprene may be formed also when acetylene 
gaslift bombarded by certain atomic particles, 

10*2 



Fig. 13. Part of the same field as In Fig. 12 after the a 
chain had broken, showing permanent deformation of the' 
stretched particles and necks of cuprene. X20,000. 
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such as alpha-particles from radon. 6 At ordinary 
temperatures and pressures a light yellow powder 
is deposited from the process. 

Two samples of alpha-particle cuprene which 
were made some twenty years ago were secured 
from Dr. S. C. Lind. 7 That described as being 
“oxidized” was left open to the air for this time 
through a long, fine capillary and the proba¬ 
bility is that it has oxidized slowly; alpha-ray 
cuprene adds about a quarter of its weight of 
oxygen in about three months time if it has free 
access to the air. The sample described as 
“unoxidized” was not open to the air. After 
their original formation both samples were sub¬ 
jected to further alpha-ray bombardment and 
probably lost some hydrogen in the process. 

The physical appearance of this type of 
cuprene is distinctly different from that of 
cuprene formed by chemical means in the 
presence of a cuprous oxide catalyst. The alpha- 
ra\ cuprene is composed of comparatively large, 
round particles joined to each other b> short, 
thick necks or rods of length approximating 500 
to 1000 A. These necks appear to join the par¬ 
ticles at right angles. Figure 10 shows the 
oxidized sample wherein the particles and joining 
necks arc seen. The unoxidized specimen has the 
same general characteristics and is shown in 
Fig. 11. 

The existence of these necks is illustrated 
in Fig. 12 where a broken Formvar film has 
stretched a chain apart and lengthened the 
necks without breaking them. Figure 13 shows 
part of the same field after one link in the chain 
has broken. The distorted particle shape re¬ 
mains. In Fig. 14 several stretched cuprene necks 
can be seen over a breaking Formvar film, and 
in addition it is seen that the “droplets” of 
cuprene have been distorted about the holes in 
the Formvar. The observations mentioned in this 
paragraph indicate that this cuprene has the 
properties of a very viscous liquid, and can be 
compared & rubber latex in some of its particle 
characteristics. This would explain why the 
cuprene gives no x-ray diffraction pattern. 

'Lind, The Chmtcal Effect of Alpha Particles and 
Electrons (The Chemical Catalog Company, New York, 
1928). 

T Lind, Bardnell, and Perry, J. Am. Chcm. Soc. 48, 
1556 (1926). 



Fig 14. Alpha-partictc cuprene chains showing stretch¬ 
ing of the necks and deformation of the “droplets” about 
holes in the formvar film. X20,000. 

In a recent article by Stanton and Henson 8 a 
latex is described which possesses an appearance 
in electron micrographs very similar to that 
described here for the polymer cuprene. This 
property of large round particles joined by necks 
of the material would therefore appear to be 
common to some types of polymerized sub¬ 
stances. On the other hand the fibrous structure 
of catalyzed cuprene is probably common to 
others, especially those grown upon a catalytic 
surface. 

Little difference is immediately observable 
between the oxidized and unoxidized samples, 
but from particle size distribution studies of the 
“droplets,” the mean diameter of the oxidized 
sample is found to be 4900A and of the unoxi¬ 
dized sample to be 3800A. This is a difference of 
30 percent and is a significant difference for this 
type of counting procedure. The standard devia¬ 
tions for oxidized and unoxidized samples are 
1300 and 2200A, respectively, indicating a 
greater spread of partizle sizes in unoxidized 
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Fic. 15 \ stereoscopic view of alpha-parlicle cuprene, oxidized, showing the “molecular 
model" appearance of the chains X8000 


sample. The particle diameters range from about 
3000 to 10.000A, in the oxidized sample, and 
from about 1000 to 13.000A, in the unoxidi/ed 
material. In addition to these differences in 
particle size measurements it seems from steieo- 
scopic views and from flat prints that the necks 
are shorter and consequently less frequently 
observable in the unoxidized cuprene Figure IS 
is a stereoscopic view of the oxidized alpha-rav 
cuprene, showing the “molecular model” ap¬ 
pearance of the chains. 

A few of the smooth, round particles have 
slight protuberances on the side (see arrows in 
Fig. 10). This is probably caused by the method 
of mounting the specimens which involves 
rubbing the cuprene out over a Formvar film 
This procedure tears some particles apart and 
leaves a roughened section behind. 

According to the “cluster-ion” hypothesis of 
Lind and Glockler' 10 some of the acetylene 
molecules are ionized by the bombardment 
process and these may either recombine to form 
smaller molecules or attract neutral molecules to 
form a cluster-ion. When the cluster-ion itself 
becomes finally neutralized a large molecule is 
formed. Lind 7 assumes that at least 19 neutral 
molecules of acetylene are formed around each 
C$Ht + . It is very questionable that the round 
particles observed here are identical with Lind’s 
clusters; at any rate many more than 19 neutral 
molecules of acetylene would be involved in 
clusters of the size of these particles. 





If Lind’s theory is correct, then one of the 
clusters might be the initial point of condensation 
about which other clusters could gather to form 
the large particles shown here. Since the con¬ 
densation will occur in an unrestricted gas space, 
the product might be expected to occur in 
spherk al form The limiting size of these particles 
would be of the order of 13.000A, i e , the largest 



Fig. 16. A shadow cast specimen preparation of alpha- 
particle cuprene made with a filament height to specimen 
distance ratio of 1:4 with approximately 10QA coating of 
chromium metal. X 10,000. 
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particle diameter measured in these investiga¬ 
tions. 

The appearance of alpha-ray cuprene at the 
moment of its first formation could be determined 
by placing prepared electron microscope speci- 
ment grids in the polymerization chamber so as 
to catch the original droplets for examination. 
Direct evidence might then be made available 
concerning the mechanism of this polymerization 
phenomenon. 

Cuprene samples were shadow cast with a 
ratio of filament height to specimen distance of 
1:4. Measurements made on the plates gave an 
average ratio of 1:3 for particle diameter to 
shadow length, signifying that, although the 
cuprene “droplets*’ appear to be spheres in the 
usual micrographs, in reality they are flattened 
somewhat as they lie on the Formvar film. This 
fact was not observable in stereoscopic pairs, and 
is further evidence that this material is a viscous 
liquid. Figure 16 is a shadow cast preparation of 
alpha-ray cuprene coated with approximately 
100 A of chromium metal at the angle described 
above. 

No structure is visible within the alpha-ray 
cuprene and its appearance and other properties 
are so different from that formed chemically that 
it would probably be worth while to change the 


nomenclature and call it by a different name. 
Previously it had been supposed that all 
“cuprene** had the same physical structure. In 
this paper are three samples wherein differences 
are found. The Shawinigan cuprene is similar to 
the German sample in that each is fibrous, but 
the structure is different. Alpha-ray cuprene 
again is different to both. 

From these results we may conclude that any 
“cuprene** made by a bombardment process 
(electrons, alpha-rays, photons, etc.) will possess 
a round-particle structure of some type; the 
polymerization process occurring in a discrete 
volume about the point of impact of the bom¬ 
barding particle and a molecule. Whether the 
connecting necks will always occur is not known. 
On the other hand any catalyzed formation 
produced chemically on a surface will grow into 
a fiber of cuprene. 
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A Machine for the Application of Sand in Making Fourier Projections of 

Crystal Structures* 

Dan McLachlan, Jr. and E. F. Chamfaygne 
Stamford Research Laboratories , American Cyanamtd Company , Stamford , Connecticut 

(Received June 1, 1946) 

This paper presents a method of using sand in building models of two-dimensional Fourier 
projections in crystal structure analysis. The machine for producing these models is described 
and the results are illustrated by projections of known structures. Phe mathematical principle 
of this method of summing Fourier series is identical to that which Bragg developed in England. 

The chief difference is in the use of sand instead of photographic film as the medium for pro¬ 
ducing contrasts in electronic density throughout the projection. The method herein described 
has a number of features which contribute to its usefulness: A two-dimensional Fourier pro¬ 
jection comprising the addition of one hundred and fifty terms may be made in about four 
hours by a single worker. The time required is not determined b> the size of the unit cell. 

The subdivisions of the projection face are sufficiently fine to assure an accuracy as great as 
the x-ray data from copper radiation will warrant when a scale of one angstrom to two centi¬ 
meters is used. Upon embarking on a new structure problem, no changes in the equipment 
are necessary; as the initial set of templates suffices for all future work. The minimum inter- 
planar spacing that the machine will accommodate is determined by the characteristics of 
copper radiation rather than the order (h, k, or l) by which the spacing? are characterized. 

The resulting sand model of the projection is the same shape as the unit cell projection with 
regard to both the angle between the edges and the ratios of the edges of the cell. When the 
x-ray data warrant, a distinction can be made between heavy atoms and lighter atoms by 
the differences in the height of the sand. Photographs of the projections {see Figs 7 and 9) 
portray atom*> as distinct spots. 


THE GENERAL CONCEPT OF WAVE ADDITION 

HEN a diffraction pattern of a single 
crystal is taken on any of the moving film 
types of camera, each diffraction spot presents 
three measurable parameters: two of position 
and one of intensity. When these measurements 
are used in making a projection of the crystal 
on one of its faces, the measured values are 
introduced into a Fourier series of the type 

Eilftul cos [2 v(hx+ky) -a w# ], (1) 

in which there are as many terms as there are 
diffraction spots. Each term in the series 

(Stjhko - | Fkk* | cos [2 t (hx+ky) - ot hko ‘] (2) 

requires for its application the introduction of 
four measured parameters, Jt, k , F***, and 
Of these four parameters, two, h and k , may be 
deduced from the two measurements of position 
of the diffraction spot on the film, and Fkko is 
directly related to the measured intensity, while 


* presented in part before the Crystallographic Society 
in Northampton, Massachusetts, on March 25, 1946. 



the fourth term, a hko , must be obtained by other 
means. 

If Eq. (2) is plotted out as a two-dimensional 
graph, a surface is thereby produced whose shape 
resembles a piece of corrugated sheet iron as 
shown in Fig. 1. If a sinusoidal sheet of material, 
ABCD , passes through the imaginary plane, 
EFGH , the distance 5 (of any point at xy on the 



Fio. 1. The wave associated with the plane having 
Miller indices hko~ 240. The projection of the wave 
crests on the plane A'B'D' shows the meaning of d and 
In this illustration 0. 
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corrugated sheet) above or below the imaginary 
plane is expressed mathematically in terms of 
the coordinates x and y in the plane by Eq (2). 
More specifically, Fig. 1 shows the corrugated 
sheet oriented in such a position with respect to 
the reference plane that the wave crests cut the 
x axis twice in the unit distance (a) and cut the 
y axis four times in the distance (ft). This means, 
by definition, that A is 2 and k is 4. In the figure 
the amplitude is arbitrary and the phase a 
is zero. The expression 

(5„)«o - Fi4 0 cos 2ir(2s+4y) (3) 

is the actual equation of the corrugated sheet 
shown in in Fig. 1 in terms of x and y and is 
applicable whether or not the x and y axes are 
peipendicular, as long as a and ft are the unit 
distances. It is convenient that the peipendicular 
distance between the crests is equal to the 
interplanar distance found from the x-ray data 

dwto*»X/2 sin 6, (4) 

and the angle ^ that the wave crests make with 



Fig. 2. A number of waves in position for adding on the 
basal xy plane. 


the x axis is 

^wo-arc sin (hduo/a). (5) 

This all means that for any crystal whose unit 
cell dimensions in the x and y directions are a 



Fig 3 The physical meaning of the addition of two waves 
and the relaUom»hip of their sum to a contour map. 


and ft, respectively, a wave of the type shown in 
Fig 1 may be imagined as associated with every 
diffraction spot. The problem is to find a con¬ 
venient method of adding together as many of 
these waves as there are diffraction spots in the 
x-ray pattern. Figure 2 shows a number of such 
waves in position for addition The physical 
meaning of wave addition is illustrated in Fig. 3 
wfy.i'c two simple waves corresponding to dif¬ 
fraction spots having Miller indices Afa>=*020 
and 300, respectively, are added to form a 
warped sheet; and the contour map representing 
the warped sheet is projected on the base. The 
equation of the top wave is 

•Soso = 2 cos 2ir2y (6) 

and of the second wave is 

3joo — 4 cos 2 ir3x 9 (7) 

while the warped sheet obeys the equation 

P* - Soio +Sm * 2 cos 2*2y+4 dfts 2r3x. (8) 

In the contour map dotted lines represent 
“valleys” while solid lines* represent “hills” on 
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the warped sheet. Such a contour map is the 
most common way of representing molecular 
structures projected on a plane, such maps being 
obtained from the analytical summation of the 
data from many dozens of x-ray diffraction spots. 

THE BRAGG METHOD 

W. L. Bragg 1 conceived a novel way of adding 
the waves associated with the terms in a Fourier 
series by using transparent photographic films. 
All of these films had one thing in common, that 
is, each film had on it a photographic impression 
consisting of parallel dark and light bands, so 
processed that the variation in the photographic 
density of the film in a direction perpendicular 
to the bands followed a modified sine law. Each 
film had, however, two characteristics which 
were unique: (a) the perpendicular distance be¬ 
tween the parallel bands on any given film was 
proportional to d k ko , the interplanar spacing 



Fig. 4 A schematic drawing of the sand machine, 
(a) Diagram indicating action of the roller, screws, tem¬ 
plate and collector, (b) The s%nd machine. In this latter 
raodeir a variable speed motor is used instead of the gear 
bott4^ibwn in Fig. 4. 

’ 1 W. L. Bragg, 3eits. f. Krist. A70, 495 (1929). 

* *» * ' 

100 ^ 


characteristic of a diffraction spot; and (b) the 
direction of the parallel bands corresponded to 
the direction that an hko family of planes cutis 
the xy face of the unit cell. It may be seen that 
any one of the Bragg strips has all the character¬ 
istics of a wave such as is shown in Fig. 1. The 
summation as performed by Bragg was accom¬ 
plished by preparing films which had the spacing 
dkko and direction $hko governed by the position 
of the x-ray diffraction spots; then parallel light 
was shone through each film in succession upon 
a photographic plate. The sum of all these 
registered photographic impressions upon a single 
plate constituted a projection whose density 
depicted the molecular structure of the com¬ 
pound from which the x-ray data was obtained. 

The amplitude, Fku , in each of Bragg's films 
was incorporated in the time of exposure of the 
plate through each film. 

THE SAND MACHINE 

The machine herein described is based on the 
thought that any one of a great variety of 
substances might be forced to play the role that 
the photographic emulsion plays in the Bragg 
method. The choice of an alternate method is 
determined by (a) the case by which a machine 
may be developed, (b) the convenience and 
speed in operation while projecting a particular 
structure, (c) the absence of extraneous labor in 
changing from one problem to another, (d) the 
accuracy of a chosen method, and (e) the need 
for a method which produces a projection to 
scale and which does not require distortion of 
the projection before interpretation. One of the 
most important decisions had to do with the 
choice of the substance to be distributed over the 
projection face to simulate electronic density. 
A substance which was found to be satisfactory 
was 100-140 mesh Ottawa sand. This material 
has a low angle of repose, is not affected by 
moisture, does not take on a noticeable electro¬ 
static charge, is resilient on the bounce, and has 
other properties which add up to assuring rea¬ 
sonable duplication in flow measurements from 
rollers and screens. 

Figure 4 shows schematically the principle of 
the sand machine. Sand, 5, is loaded in a hopper, 
7J, where it rests on a roller, R, which forms the 
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bottom of the truncated hopper. The rate that 
the sand pours from the hopper is determined by 
the speed of turning of the roller, this speed 
being governed by the settings of the levers L\ 
L ", on the gearbox, GB t connected with the 
sand motor, SM. This method of obtaining an 

Tablk I. Sample page of data for using the sand machine 
for projecting diopside. 


Miller 

index 

hot 

dui 

of 

template 

Turntable 

angle 

* 
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Shift in nnd speed 

distance Lever 

cm Passes setting 

~002 

13.8 
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6.9 

4 ■ 

2 H 
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2 H 
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4.25 

(2 

11 

2If[ 
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31 
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6.25 
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3.95 
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Ml 
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4.4 

304 
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45 

0 

fl 
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0 
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fl 
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202 
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32 
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82 
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2.2 

2 
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0 

1 
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even and adjustable flow of sand was found to 
be the only successful one of several methods 
tried. Figure 4a shows a cross section of the 
sand hopper and the roller. The sand is prevented 
from escaping from one side of the hopper by a 
strip of felt, F t while the other side of the hopper 
is slightly opened to permit the sand to ride 
through on the turning roller. The sand after 
escaping from the hopper falls through three* 
30-mesh screens so adjusted that after passage 
through the third screen the originally thin sheet 
of sand has been distributed over a band about 
two centimeters wide. The band of sand strikes 
a sinusoidal paper template, T. Since the tem¬ 
plate is tilted at an angle of about 40°, the sand 
which strikes it bounces back into the collector, 
C". Some of the sand falls into C but the sand 
which goes through the openings in the template 
escapes in a sinusoidal distribution into the re¬ 
ceiving grid, G. When the entire hopper arrange¬ 
ment travels along the track on the wheels, W, 
turned by the motor, WM, the sand is distributed 
in parallel bands analogous to the bands on 
Bragg's lantern slides.* 

Since the grid is mounted on a graduated 
turntable, 7\F., any desired angle, can be 
obtained. The template has a sinusoidal wave¬ 
length, X, proportional in centimeters to the 
spacing dkko in angstroms, and since the turntable 
can be shifted any desired fraction of duto 
perpendicular to the direction of motion of the 
hopper, any desired value of phase <x may be 
selected. 

Figures 5a, b, and c show three successive 
depositions of sand on black felt af$ values 120° 

*W. H. Bragg and W. L. Brarc, The Crystalline State 
(Bell and SonsrLtd., London, 1933), Vol. I, p. 231. 
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Fig. 6. Photograph showing the “hills” and “valleys” 
after the sand was clumped from the grid from a projection 
of diopside using Bragg's data (see reference 1). 

apart to produce a structure very similar to that 
of graphite. 

In using the machine it is convenient to have 
prepared a set of templates, each having a sinu¬ 
soidal edge of the same amplitude of about one 
centimeter, but varying in wave-length by incre¬ 
mental steps between 0.8 centimeter to 20 centi¬ 
meters. From the x-ray data the three quantities 
dhka tuto, mid Fm q and also the chosen value of 
auto are transformed to a table under the re¬ 
spective headings (a) template seeing, (b) turn¬ 
table angle, (c) roller speed, and (d) shift dis¬ 
tance. Table 1 shows a sample portion of such a 
tabulation of the data for the diopside structure. 
In this case the intcrplanar spacings d\ 0 i were 
multiplied by a factor greater than the usual 1 
centimeter per angstrom. 

Illustrations of the Results from the 
Sand Machine 

Figure 6 shows the sand after being poured 
out of the grid subsequent to making a projection 
of diopside. 1 It may be seen that there are “hills” 
corresponding to the positions of high electronic 
density where atoms are located and “valleys” 
between the hills. It is of academic interest to 
point out that, like the Bragg method, this 
method has no provisions for negative numbers 
since the sinusoidal distribution of sand for each 
traverse obeys Eq. (9) instead of Eq. (2). 

S— \F hk0 \+ 1 Fjubfll cos [2 r(hx+ky) -auj, (9) 

and the final summation obeys Eq. (10) instead 
of Eq. (1). 

\ i [2T(hx+ky)— ««•]• (10) 

+ 

to# 


Fig. 7. Resorcinol as projected on the Band machine 
using the data of Robertson and Ubbelohde (see reference 
4 ). 



Fig. 8 Hexamethyl benzene projected into a gnd having 
1-inch spacings. 


It was discovered that by illuminating the grid 
at an oblique angle from the sides while photo¬ 
graphing it from directly above, a picture could 
be obtained which closely resembles the results 
obtained by Bragg 1 and Huggins.* 14 Figure 7 
shows the resorcinol molecule photographed in 
this manner after being projected according to 
the dictates of the data of Robertson and 
Ubbelohde.* Figures 8 and 9 show the hexa¬ 
methyl benzene molecule using the data of 
Brockway and Robertson. 6 These two pictures, 
differing in resolution, are presented to demon¬ 
strate the advantages of using a fine mesh grid, 
because of theoretical reasons discussed later in 
the paper, 

1 M. L, Huggins, J. Am. Chem. Soc. S3, 66 (1941). 

4 M. L. Huggins, J. Chem. Phys. 12, 520 (1944). 

1 J. M. Robertson and A. R. Ubbelohde, Proc. Roy. Soc. 
London A167, 122 (1938). 

• L. O. Brockway and J. M. Robertson, J. Chem. Soc. 
1324 (1939). 
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THE ACCURACY OF fHE METHOD 
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It is very difficult to derive a general law by 
which one may predict the accuracy to be ex¬ 
pected from a Fourier summation in a crystal 
analysis on the basis of the known accuracies of 
the measured quantities used in the summation; 
nevertheless it should be understood that any 
machine which is developed for making the sum¬ 
mations should be sufficiently accurate in its 
operation to make the fullest use of the accuracies 
of the x-ray data. Although it is known that in 
measuring the data from an x-ray film the accu¬ 
racy of measuring the positions of the spots may 
be made extremely high (because these positions 
are so related to one another through the unit 
cell dimensions that statistics may be applied 
to their solution), the accuracies in measuring 
the intensities and ultimately the structure factor 
of the spots are not so easily handled. For 
example, if the crystal is not cylindrical in shape, 
the accuracy of the structure factors may be 
greatly dependent upon the accuracy of meas¬ 
uring the crystal dimensions. It is also observed 
that in ordinary microdensitometry the weakest 
diffraction spots are so badly distorted in value 
by the general background that no degree of 
accuracy can be claimed. Weak diffraction spots 
do not follow any general law in their location 
on the film but arc very abundant in the regions 
of high Miller indices. Therefore, the best one 
can do in setting for himself a goal to be attained 
for a machine under construction is to make what 
may seem a reasonable guess. The goal chosen 
in this development is based on the assumption 



Fig. 9. Hexamethyl benzene projected into a grid having 
t-inch gpacinga. 
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Fig 10 Rate of sand flow plotted against the speed of 
rotation of the rod. 

that the accuracy of the structure factors is 90 
percent or greater for all spots corresponding to 
an interplanar spacing of one angstrom or more. 
To meet this goal, the amount of sand deposited 
by the machine in any single cavity in the grid 
should have an accuracy of 90 percent or more 
at the peak of a wave. The degree to which the 
various jwts of the machine approach the goal 
are discussed separately. 

The Rate of Sand Flow 

The statement that the rate of sand flow is 
proportional to the rate of turning of the rod 
(R t Fig. 4) may be tested by experiment. In 
Fig. 10 the weight of sand discharged from the 
hopper in a set interval of time is plotted against 
the speed of rotation of the rod expressed as the 
percent of the fastest speed of rotation. The 
lower curve follows a straight line rather closely 
except at the faster speeds. This curve also passes 
through the origin corresponding (as one may 
expect) to zero flow at zero rate of turning. In 
the upper curve the knife blade above the rod 
was opened up to give a faster flow rate. This 
curve does not pass through the origin but indi¬ 
cates that there is a tendency for the sand to 
roll out independent of the peripheral motion 
of the rod. When the opening between the rod 
and the knife blade is too great, the slightest 
movement of the rod starts a small but contin¬ 
uous avalanche of sand. The second interesting 
characteristic of 'the upper curve Is that its 
slope is very nearly the same as that of the lower 
curve. This suggests that the rotating rod has a 
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Fig. 11. A plot showing the probabilities of attaining 
inaccuracies within 5 percent, 10 percent, and 20 percent 
as a function of the number of grains of sand deposited in 
one grid cavity. 

very* definite depth of “bite” into the sand 
resting on it and when the opening is greater 
than this depth the rate of rotation is not a 
reliable measure of sand flow. In this work the 
opening of the knife blade has been kept below 
this upper limit. There is a lower limit for the 
size of the opening (at which point clogging 
occurs) which is easily avoided when sand grains 
of 100-140 mesh are used. 

The Amount of Sand Required 

If it were not for the ever present effects of 
statistical fluctuations in physical processes, it 
might be feasible to choose as the rate of flow of 
sand from the hopper for the lowest recorded 
structure factor that rate which would permit 
some small number (such as 10) grains of sand 
to fall into each cavity in the grid at the maxima 
of the waves and base all other rates on this 
standard. This is not possible. If the sand showers 
from the hopper through the screens and tem¬ 
plate into the grid in a perfectly statistical 
manner, there is a finite possibility that a cavity 
(into which 10 grains of sand were expected to 
have fallen) may be empty. According to proba¬ 
bility theories, the percentage deviation from 
expectancy becomes smaller as the number of 
trials increases. It is required that we deposit 
into the grid enough sand to assure that any 
cavity in the grid at a wave crest will have a 
9/10 probability of containing within 10 percent 
of the number of grains of sand that are expected. 
For this work we have used the normal law* and 

* * A* pointed out at the Northampton meeting of the 

•CrymaUographic Society by D. Harker, the Poisson equa- 




Fig. 12. (a) Distribution of sand in the cavities of the 
grid when /«0.64. (b) Distribution of sand in the cavities 
of the grid when/-0.32. 

the tables in Fry's Probability and Its Engineering 
Uses . The central curve of Fig. 11 shows the 
probability of attaining an error of less than 10 
percent plotted against the number of sand 
grains expected on the average to fall in each 
cavity in the grid. It may be seen that about 
300 grains of sand arc required to produce a 90 
percent probability that the actual number of 
sand grains falling into any given cavity is within 
10 percent of the number expected to fall in that 
cavity on the basis of a given rate of turning of 
the rod and a given rate of traverse of the hopper. 
The lower curve is added to show the tremendous 
number of sand grains required to attain an 
accuracy of 95 percent, and the upper curve 
shows the relatively few grains necessary to 
attain 80 percent. 

The Size of the Cavities in the Grid 

If the sand which drops through the template 
could be forced to “stick fast” to the exact 
position that it strikes the base of the grid, then 
partitions in the grid would be unnecessary. The 
fact that partitions in the grid force the sand to 
stay approximately in its initial position assures 
us that the use of grid sections only approxi¬ 
mately enforces the desired effect. Since the 
accuracy is greater for smaller grid cavities, it is 
important to decide how small they should be. 

When sand falls into a grid cavity, the vibra¬ 
tion of the mechanism causes the sand to become 
leveled out although the sand may have de- 

tion is more appropriate than the normal law for this 
particular work. The computations were not repeated, 
however, because the two taws give almost identical values 
in the working regions of the curves. 
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posited initially in a manner far from level. For 
this reason, the grid behaves as a sampling and 
averaging mechanism over an interval of area. 
For example, suppose that a curtain of sand 
were deposited across a grid according to the 
cosine equation 

S=F»+F 0 cos(2ir/d*, J )P, (11) 

where P is the distance from the origin. Figure 
12a shows a curve of this type. If a grid is used 
to sample and average such a curve, the height 
of sand in any cavity is 

Fo 

FoH-sin 2t/(m+J) —sin 2x/(m—$), (12) 

2wf 

where / is the relative width, w, of the grid 
spacing expressed as a fraction of the wave¬ 
length 

f=w/dkko, (13) 

and m is the serial number of each cavity when 
the cavities are numbered from left to right as 
shown in Fig. 12a. In Fig. 12a the heights of 
sand are shown as the dotted areas, with grid 
separations so spaced that /=0.64. It can be 
seen that the height of the sand in the grid does 
not bear a very close relationship to the amount of 
sand actually deposited at specific points. Figure 
12b shows the improvement obtained by using 
/=0.32. The reason that these specific values of 
/ are used in the illustrations is that /=■ 0.64 is 
the value resulting from the use of the quarter- 
inch grid for the 1 angstrom spacing and /=»0.32 
resulted from the one-eighth inch grid. A com¬ 
parison of the hexamethyl benzene projections, 
Figs. 8 and 9, demonstrates the practical results 
obtained from small grid cavities. It may be 
stated that when / is less than 0.5 the largest 
error in representing a wave crest by a grid is 

( sin 2 rf\ 

0.5—( 14 ) 

Using this equation, Fig. 12b should show only 
a 73 percent accuracy which may be verified by 
reading the accuracy directly off Fig. 12b at its 
worst peak at mat 18. By actually solving for 
that value of / which permits an accuracy of 90 
percent one finds that f must be about 0.18. This 


means thht the eighth-inch grid spacing is about 
twice as great as it Bhould be for a scale of one 
angstrom per centimeter. Such fine grids, how¬ 
ever, are more difficult to assemble, and the 
accuracy of 90 percent is obtained with an eighth- 
inch grid by enlarging the scale to one angstrom 
per two centimeters. 

The Depth of the Grid 

One may readily calculate the depth that the 
grid must be to assure that it will not run over 
before a summation is complete. Choosing a grid 
size of one-eighth inch square and knowing that 
300 grains are the minimum number for the peak 
of the weakest wave, one may assume that a 
summation might require 200 wave additions 
with structure factor values whose ratios range 
from 1 to about 12 with a mean value of about 
six times the smallest measured value. If the 
sand has an average radius of about 0.01 cm and 
when loosely packed incorporates about 40 per¬ 
cent void space, then the total depth of sand in 
a cavity in which all 200 waves should contribute 
their maximum is about 1} inches. 

The Required Number of Templates 

The accuracy required in cutting the templates 
is also determined by accuracy of the x-ray data. 
If one wishes to have on hand a series of tem¬ 
plates covering the range of wave-lengths from 
0.8 cm to 20 cm so that he is prepared to project 
any structure whose interplanar spacings fall in 
this range, and if the accuracy of measurement 
of the F values is 90 percent, then there is no 
need to cut the templates more accurately than 
93 percent. The choice of 93 percent or (100—7) 
percent is based on the fact that the peak value 


Table II. A proposed set of template wave-lengths. 


Tem¬ 
plate X 

No. cm 

Tem¬ 

plate 

No. 

X 

cm 

Tem¬ 

plate 

No. 

X 

cm 

Tem¬ 

plate 

No. 

X 

cm 

Tem¬ 

plate 

No. 

X 

cm 

1 

0.80 

11 

1.56 

21 

4.52 

31 

8.84 

41 

17.34 

2 

0.86 

12 

1.72 

22 

4.83 

32 

9.46 

42 

18.56 

3 

0.90 

13 

1.84 

23 

5.16 

33 

10.12 

43 

19.86 

4 

0.96 

14 

1.97 

24 

5.52 

34 

10.80 



5 

1.03 

15 

2.10 

25 

5.90 

35 

11.56 



6 

1.12 

16 

3.24 

26 

6.31 

36 

12.37 



7 

1.20 

17 

3.46 

27 

6.75 

37 

13.23 



8 

1.28 

18 

3.70 

28 

7.22 

3* 

14.15 



9 

1.37 

19 

3.96 

29 

7.72 

39 

15.14 



10 

1.46 

20 

4.23 

30 

8.26 

40 

16.20 
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Table III. Description of parts of the sand machine. 


Sand Ottawa, 100-200 mesh (obtained from Amer¬ 

ican Grade Sand Company, Chicago, 
Illinois). 

II Sheet metal hopper, 7" wide at top, 4}" 

deep, 311" long, sides tilt approximately 
30° and converge at roller, R . 

R Steel tubing. A" wall, approximately .540" 

O.D., ir long. 

SM Bodine Universal Motor, Thyratron con¬ 

trolled continuously between 15 and 200 
r.p.m. (Gerald Heller Product, Baltimore, 
Mar) land). 

K Knife, }" sq. C.R. steel bar, supported in 

bearings just above roller, R\ one edge 
rotated to or from the roller to adjust 
opening to about .025". 

Sc Screens, No. 30 mesh, 2\" wide, stainless 

steel, fastened to brass supporting bars 
which rest in bearings allowing tilt of 
screen for optimum sand distribution; 2 
top screens tilt about 20° in same direction, 
bottom screen horizontal. All screens 3" 
apart, screen chamber about 7"X3". Both 
sides of screen chamber are closed in with 
bheetb of cellulose acetate to prevent sand 
escaping to outside. 

Note: Ends of hopper, H f and screen chamber 
are of }" brass stodc. 

C Sand collector, 1}" deep, 4$" wide, 311" 

long; contains template holder consisting 
of two }" brass bars both mounted on edge 
to restrict a ft" opening along the center 
of collector, one bar 1.0" wide and the 
other 1J" wide. The difference in the two 
bars creates an angle, approximately 40°, 
across the two edges on which to rest the 
paper template. 


of a cosine curve is in error 10 percent at about 
25° or about 7 percent of a cycle. Tabic II 
furnishes a proposed set of template wave¬ 
lengths, each wave-length being about 7 percent 
greater than the preceding one. One then selects, 
from the prepared set, that template which is 
the nearest in value to the wave-length desired. 

In Table III the parts of the sand machine are 
given for convenience in duplicating this appa¬ 
ratus. The captions in this table correspond to 
those used in Fig. 4. 


T Templates, 4} cm over-all width, 30}" length* 

peak amplitude 3 cm, leaving 1} cm for 
holding (cut from heavy weight graph 
paper). 

WM Carnage motor drive, Bodine, 10 r.p.m. t 30 

in. oz., reverbible, drive sprocket—16 
teeth, driven sprocket —14 teeth. 

Carriage Face plates, 12" wide, wheels 1}" diameter, 

assembly }" thick, flange l"Xi", C.R. steel, 2 
wheels on one shaft for drive, 2 wheels 
mounted on independent shafts, all wheels 
mounted on |" roller bearings. 

Track U"Xli"X&" iron T-bar stock, 56" long 
mounted 6}" from table on 1}" round 
brass posts with flanges attached for 
mounting to table. 

Table 32" high, 61}" long, 43" wide, constructed 

of 4"X4" leg*, }" framing, and J" plywood 
top surfaced with Masonite. 

T.T. Turntable, 1" aluminum, 30" diameter, 

indexed at the edge throughout 360 
pivots on |" pin, the latter supported by 
a i"X4"X40" slide strip which slides 
between fixed runners, also indexed on one 
edge in intervals of 1 mm over 15-cm 
distance. 

G Grid, 20" square, J" deep, constructed of 

002" corrugated brass dim stock laid side 
b\ side with alternate partitions to form 
l" cells supported by a angle iron 
frame, mounted on 4 posts projecting from 
the turntable and high enough to provide 
clearance for a }" plywood false bottom 
which can be dropped a uniform distance 
from the bottom of the grid as the grid 
fills tiefore completion of run; thus making 
the effective depth of the grid increase 
from J" to about 11". 
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The distribution of the bdckscattcred radiation of a long straight conductor shows a sharp 
return lobe perpendicular to its orientation. In horizontal observation such a “rope” would 
therefore give an appreciable echo only if it were almost exactly vertical. In practice no such 
effect will be observed since, because of wind and other disturbances, the rope will never be 
straight but actually over its whole length will pass through regions of space where the phase 
of the incident wave will change many times through its full range 2ir. The effect of these 
irregularities will be to make the sharp dependence of the cross section upon the orientation 
of the rope disappear, and to give a cross section proportional to the total length L of the rope. 
In Section I, the wave-length X is assumed to be large compared to the transverse dimensions 
of the rope. In Section II, the results are extended to include the case where the wave-length 
X of the incident radiation is not necessarily large but is comparable with or even small com¬ 
pared to the width d of a ribbon-shaped rope. It is found that the cross section of such a rope 
can be written generally in the form <r - KAf(ird/\), where K is a numerical constant depending 
upon the deviations of the rope from the vertical and where A *Ld is the area of the ribbon. 
The length L is assumed to be much greater than X. The function / is evaluated by the use of 
a method developed by Morse and Rubenstein. 


D URING the past few years the design of 
radar reflectors has been studied exten¬ 
sively. These reflectors are used to produce 
strong echoes at the radar—as identifying or 
locating signals, or to confuse the enemy radar 
operator by presenting large numbers of false 
targets in addition to the true target. When such 
reflectors are to be used by aircraft, considera¬ 
tions of compactness, weight, and ease of hand¬ 
ling are paramount in importance. This has, 
except for special applications, prevented the 
use of flat-sheet or spherical reflectors. Instead 
resonant dipoles have been used. If such dipoles 
are cut properly so as to resonate to the radar 
frequency, they will produce large intensities of 
reflection per unit weight. At longer wave¬ 
lengths, however, the resonance length becomes 
inconvenient and the dipoles tend to break. In 
this long wave-length region, long rolls of metal¬ 


* This work reported in this paper was done at the 
Radio Research Laboratory of Harvard University under 
contract with the Office of Scientific Research and Develop¬ 
ment, National Defense Research Committee, Division IS. 


lized strip have been used. These long strips have 
been referred to as “ropes." The material is 
wound on spools in lengths of several hundred 
feet; after the spool is dropped from the aircraft, 
simple attachments (e.g., a cardboard attached 
to the free end of the rope) can be used to cause 
the roll to stream off the spool. In practice, ropes 
have usually been devised so that they are 
suspended approximately vertically during their 
fall. 

In designing such reflectors one must know 
the value of the “radar cross section," a, of the 
rope, i.e., the cross section for backscattcring to 
the radar. Though in most cases the transverse 
dimensions of the rope (e.g., the width of the 
strip) are small compared to the wave-length, 
the dependence of the cross section on the 
transverse dimensions is of interest. 


We consider first a circular cylindrical rope, 
of radius a small compared to the wave-length X, 
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and of leagth l large compared to X. We assume 
the rope to be straight and vertical and to be 
irradiated by a vertically polarized plane wave 
incident in the horizontal direction. The electric 
field, E t of this plane wave will be parallel to the 
axis of the rope and uniform along its length. 
The current induced in the rope will, except for 
end-effects which are unimportant since X, 
also be uniform along the rope. If the material 
of the rope is perfectly conducting, the tangential 
component of the total electric field must vanish 
on the surface of the material. If I is the total 
current, then this condition is expressed by the 
equation 


Ik 
2 vie 



exp [tft(z*+P*)*1 

- dz 

(**+P a )* 


~E, 


( 1 ) 


where z is the coordinate along the rope and 
Jk = 2ir/X. 

For p<X (fep< 1), 



exp [tfc(s 2 +p 8 )*] 


-dz^l In (2/ykp)+ir, 


where ^ = 1.781. From Fig. 1, p = 2a sin (^/2), so 
that 


E -[In (2 /t ka) +**/2]. (2) 

ic 

The current /, uniform along the rope of 
length /, produces at a distance R , perpendicular 
to the rope and large compared to /, a field E f 
given by 

k e** 

E'«- II. (3) 

ic R 

The cross section is defined as 

so that 

rl* 

a -. ( 4 ) 

[In (X/t7o)]*+(»/2 )* 

For arbitrary values of 0 (the angle between 
tbp direction of incidence and the axis of the 
roipe),iRnd <p (the angle between the field E and 

1016 / 0 • 



Fig. 1. 


the plane of incidence), a similar derivation gives 
rl i sin ! 0 

[in (X/iry a sin 0) ]*+(»•/2) 

sin (2 rl/\ cos 0)1* 

— cos 4 (5) 
2rl/\ cos 0 J 

These formulas have been obtained previously 
by L. J. Chu (unpublished). 

If the rope is a thin metallic strip of width d, 
the results are changed only slightly, the quan¬ 
tity a is replaced by d/4 in Eqs. (4) and (5). 

According to Kq. (5) the reflection pattern of 
a long straight rope has a sharp lobe covering an 
angular range X/2 rl around 0=90°. Thus for 
horizontal observation the rope will produce only 
a weak echo unless it is almost exactly vertical. 
In practice the rope will never be perfectly 
straight but will deviate from a vertical line by 
distances of several wave-lengths. These devi¬ 
ations will eliminate the strong angular de¬ 
pendence indicated by Eq. (5) and lead to a 
cross section more or less independent of the 
instantaneous shape and orientation of the rope, 
and proportional to its length l. 

To derive such an “effective” cross section we 
shall assume that the rope consists of inde¬ 
pendently scattering sections, each of which is a 
full helical turn about the vertical axis. The 
angle a between the rope and the vertical is 
assumed to be small; the radius, r, of the helix 
is assumed to be large compared to X. Let the 
vertical be the s direction and x~x(s), y«y(s) 
be the equation of the helix. For a wave incident 
along the * direction, the field at the rope will 
now be The induced current will show 

this same phase variation along the rope provided 
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the phase varies only slightly within one wave¬ 
length along the rope. This condition is fulfilled 
if a is small. Then 


/(*) = 


ic£e***<*> 


2*[ln (2/y*fl)+tT/2] 
The field at a large distance R is 
k e** r h 


£'=-| l(s)e*«»de, 

ic R Jo 


( 6 ) 


(7) 


where h is the vertical projection of the helical 
turn. Thus 


*•*# 


E' - 


— f‘ 

%tI 2 J n 


c***™dz. (8) 


R ln(2/yka)+ir/2J 0 
For a helix with angle a and radius r, 

x =r cos (: z/r cot a ), h = 2 ty cot a. 
Thus, if <p—z/r cot a, 

Ercota r u 

jjt ___ I 

R In (2/yJto)+*ir/2 Jo 
For fcr»l, this becomes 


e 5 ** r (9) 


«•** 2xJ5 cot a /r\* 
R'~- ' 1 


l\rk/ 


2R In ( 2 / 7 ^ 0 )+*x/2" 

Xcos (2fer—x/4). (10) 


Thus the cross section will be 


«r=4xU* | J!' I*/1 -E I* 


4x* cot* a r 
[In ( 2 / 7 ^ 0 )]*H-(x/2)*xfe 


cos* (2*r-x/4). (11) 


the rope. Thus we obtain the final formula 
LX/2 

a=K - - -, (13) 

[In (X/ 7 «»)]*+(x/2)* 

where K is the average value of cos* a/sin a 
(weighted in proportion to the length of the rope 
section), and L is the total length of the rope. 

A quantitatively similar formula is obtained 
if, instead of the above procedure, one assumes 
the rope to consist of straight sections of varying 
length which contribute incoherently to the 
cross section. If one assumes that the inclinations 
to the vertical, a, are distributed uniformly 
between zero and a maximum value a —, one 
obtains the same final expression (13), except 
that K is now x/2 sin a m »*. Obviously one cannot 
assign an exact numerical value to K without 
knowledge of the exact shape of the rope; 
qualitatively, at least, both procedures lead to 
the same result. 


II 

We can extend the calculation to the case 
where X is comparable with or even small com¬ 
pared to the transverse dimensions of the rope. 
We shall consider the rope to be a flat strip of 
width d, and introduce the quantity c *= vd/\. 
(c-Cl is equivalent to X>d.) Then Eq. (13) can 
be written as 

x 1 

a-KA -, (14) 

2c [In (4/ 7 c)]*+(x/2)* 

\yhere A=Ld is the actual area of the ribbon. 
Equation (14) can be generalized for arbitrary X 
by writing 

*=KAf(c). (15) 


Since kr >l and we are interested only in 
average values, we may replace cos* (2*r—x/4) 
by J. Also using r—A/2x cot a, A»2x/X, and 
h -*/ cos a, we obtain 


Comparing with (14) we see that 


f(c) 


X 1 

-for c<Z. 1. 

2c [In (4/7c)]*+(x/2)‘ 


(16) 


JX 1 cos* a 

<r- -. (12) 

2 [In (X/7xo)]*+(x/2)* sin a 

If now we consider a rope consisting of helical 
turns with varying l and a, we may assume that 
the scattering of the separate turns adds inco¬ 
herently to produce the total cross section of 


A method for computing/(c) for arguments c 
not necessarily small compared to one has been 
developed by Morse and Rubenstein. 1 Actually 
one finds in their paper an expression for the 
ratio of scattered intensity V tojnddent inten- 

* P. M. Morse and P. J. Rubenstein, Phys. Rev. 54, 
895 (1938). 

* * 
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sity Jo at distances R, large compared to A and 
d , but small compared to the length L of the 
rope. In this case the scattered intensity V is of 
course proportional to 1/2? whereas for distances 
large even compared to L it is proportional to 
1/1?*. Since the definition of a cross section can 
be meaningful only where the intensity follows 
a 1/1?* law, one must first convert their results. 

Let V/h be the ratio of scattered to incident 
intensity for R<L, and I/h the ratio for R>L . 
In either case the scattered intensity is propor¬ 
tional to the absolute square of the integral 




,+L/l ex p 


(!?*+**)* 


dz. (17) 


For MOl, i.e., for distances large compared to 
the wave-length, this integral becomes 

( 2m\ 1 

—j for R«L, (18) 

If, on the other hand, R is so large that both 
kR> 1 and kL*/RC\, it becomes 

//= (L/R)e %kR , (19) 

The ratio of the absolute square of the two 
expressions (18) and (19) is 

(2T/kR)(R*/L*) = 2irR/kL*=R\/L*. 

Thus 

J//o=(Z*/2?A)/'/J 0 . (20) 

Since I f /h is proportional to 1/1?, we thus obtain 
the proper 1/1?* proportionality for J// 0 . The 
factor L 1 which appears in (20) originates from 
the fact that this expression is derived for in¬ 
cidence and observation normal to a perfectly 
straight rope. Just as in Section I, even small 
deviations from straightness result in a scattered 
intensity and therefore a cross section <r which is 
proportional to the first power of L, or, as indi¬ 
cated in (IS), to the area A covered by the rope. 
The result is that instead of L % in (20) there 
appears the factor KL\/2 ir. Making this sub¬ 
stitution and writing further (J/J 0 )» (<r/4rl?*), 


Table I. 



we obtain from (20) 

<r * 2KRL(I , /Iq), (21) 

which, with the expression of Morse and Ruben- 
stein for /'// 0l leads to an expression of the form 
(IS) for the cross section. 

There is another feature of the problem that 
has to be taken into account before the results 
of Morse and Rubenstein can be applied. The 
scattered intensity will in general depend not 
only on the wave-length but also on the relative 
orientation of the plane of the ribbon with 
respect to the directions of incidence and ob¬ 
servation. We are here interested only in return 
signals, where the direction of the scattered radi¬ 
ation is equal and opposite to that of incidence 
and is perpendicular to the longitudinal axis of 
the ribbon. In this case there remains only the 
dependence of the backscattered radiation on 
the azimuthal angle ^ by which the ribbon can 
rotate around its axis. As long as A is large com¬ 
pared to d , i.e., c< 1, this dependence is neg¬ 
ligible; even if the ribbon is viewed edgewise the 
strong diffraction of the waves around it makes 
it scatter almost as much as in front view. For 
c»l, i.e., for A small compared to the width of 
the ribbon, this dependence becomes, of course, 
very marked, since here one obtains a return 
signal only if the plane of the ribbon is practically 
perpendicular to the direction of incident and 
scattered radiation. In practice, the ribbon will 
always be twisted many times around its per¬ 
pendicular axis. It is, therefore, the average value 
of 272 o or of <r over the azimuthal angle ^ which 
is of practical interest. The function /(c) which 
appears in (15) is thus always to be understood 
as this average value over /(c) has been com¬ 
puted for various values of c, by use of the tables 
of Morse and Rubenstein.* (See Table I.) 

The evaluation of/(c) becomes rather trouble¬ 
some for large values of the argument, since 
more and more terms in a certain double sum 
have to be evaluated. We therefore found it 

1 Cf. reference 1. The backseattering for electromagnetic 
waves with the electric vector parallel to the ribbon axk 
is derived from the first of Eqs. (12), p, 898, with the 
angle of incidence u equal to r—^ and the whole averaged 
over Similarly, the results for waves polarised so that 
the electric vector is peroendicular to the ribbon axis 
follow front Eg. (10), p. 897. The quantity which we cal! 
I /h is d/R times the expressions given in (10) and (12) 
of Morse and Rubenstein, averaged over 
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useful lo derive the limiting expression of /(c) 
for c»l. 

The method of obtaining this limiting value is 
essentially that used for the approximate treat¬ 
ment of diffraction phenomena. It consists of 
determining the current set-up by the external 
field in the ribbon at each point, neglecting the 
edge effects, i.e., treating it as though the ribbon 
were infinitely extended. From the expression for 
the current thus derived, one then determines 
the reradiated field by the usual radiation for¬ 
mulas. For a distance R4ZL, one thus obtains 

/' sin* rlf sin* (kd cos <p) 

---, ( 22 ) 

It 2 vkR cos* ^ 

where is the azimuthal angle of twist of the 
ribbon mentioned above, and where ^*t/ 2 
refers to an orientation of the plane of the ribbon 
perpendicular to the common direction of in¬ 
cidence and scattering. For ftd«*2rd/X**2c>l, 
one obtains an appreciable backscattcring only 
in the neighborhood of the “specular” orientation 
^-t/ 2. The average value of (22) over ^ for 
kd> 1 gives 

<(/'//„)W/2**. (23) 


Inserting this value for I'/It in (21) we obtain 
K 

c=-Ld=KA/r, (24) 

r 

and, therefore, by comparison with (IS) it is 
evident that 

/(c) = 1/r for c>l. (25) 

While Eqs. (16) and (25) give the values of 
f(j) in the two limiting cases c<l and c»l, the 
intermediate region is covered by Table 1, values 
computed from the tables of Morse and Ruben- 
stein. 

It is interesting to note that for c*=0.1 one 
obtains, from (16), /(c) *= 1.288 instead of 1.085 
and that the limiting value of /(c) from (25) is 
0.318, while for c=*1.4 it is actually 0.364. This 
means that Table I extends through a sufficient 
region so that both for smaller and larger values 
of c the much simpler limiting formulas (16) and 
(25) are good approximations. In curve 1 of 
Fig. 2 we have plotted /(c) against c or \/d, 
using the computed points of Tatye I and joining 
on to the dotted lines which represent the limiting 
expressions for small and large arguments. 
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Table II. 


A A S U> 12 1.4 

/(c) Toil !()7S .125 .237 .36 .46 


So far we have assumed that the incident 
radiation is polarized parallel to the axis of the 
rope. As long as X^d, any transverse component 
produces a negligible scattered intensity, of order 
(d/\y as compared to the parallel component. 
If, however, d becomes comparable to X, the 
transverse component will also be scattered 
appreciably. In fact for X<£d, f(c) will equal 1/r 
for either polarization. Table II gives the values 
of f(c) for transverse polarization. These were 
obtained from the equations of Morse and 
Rubenstein in a manner similar to that for 
parallel polarization. These values are plotted 
in curve 2. For large arguments c this curve 
reaches the same constant 1/v as curve 1. While 
the value of /(c) is negligible compared to that 
for parallel polarization below c = xrf/X = J, it 


becomes equal for c = 1.25 and even exceeds it 
for c*=1.4. The numerical calculations have not 
been carried beyond that point and from there 
on the curve 2 is drawn somewhat schematically, 
keeping in mind only that it must approach the 
same value 1/r as curve 1. It seems plausible, 
however, that it should have a maximum in the 
neighborhood of r-xd/X = 1.5, since this cor¬ 
responds to a width approximately equal to X/2. 
Since for transverse polarization the ribbon can 
be thought of as being composed of infinitely 
many infinitesimally narrow half-wave dipoles, 
the occurrence of such a maximum can.be ex¬ 
pected. Because of the strong coupling between 
these dipoles this maximum is quite broad and 
not very pronounced. For the same reason one 
can even expect additional maxima for larger 
arguments. Since they will be even less pro¬ 
nounced than the first maximum and have not 
been actually computed, they have been omitted 
in the drawing of curve 2. Even in the least 
reliable region between c=1.4 and c«3, wc 
estimate the error to be no more than 20 percent. 


Viscometric Investigation of Dimethylsiloxane Polymers* 

Arthur J. Barry 

The Dow Chemical Company , Midland , Michigan 
(Received July 29, 1946) 

The intrinsic viscosities of an extended series of linear methyl polysiloxane fluids, having 
dimethylsiloxane (MejSiO) as the repeating unit, have been determined in toluene solution. 
These values have been correlated with their molecular weights, determined chemically and 
by osmotic pressure and light scattering measurements. The Staudinger equation was found 
applicable only for fluids of relatively low molecular weights, i.e., up to about 2500; for the 
higher polymers, the best correlation of intrinsic viscosity with number average molecular 
weight was found to be: 

M-2X10-W*. 

This held reasonably well for molecular weights from 2500 to about 200,000. The bulk viscosities 
of the polysiloxane fluids were found to conform to the Flory relationship for melt viscosities; 
the expression: 

log vise. (cs. at 25°C) - 1.00+0.0t23 
appears to be reasonably valid for molecular weights above 2500. 


T HE silicone fluids have recently become of 
considerable commercial and technical im¬ 
portance, They consist of a series of methyl- 
polysiloxanes; details relating to their methods 
of preparation and description of properties arc 

^J'his baper, a contribution of the Dow Coming Corpo¬ 
ration, wis presented before the American Physical Society 
at tip York Meeting, January 26, 1946. 


now appearing in the literature. McGregor and 
Warrick 1 described a number of low and high 
polymer oils of cyclic and linear structures which 
were derived from the hydrolysis chiefly of 
dimethyldiethoxysilane. Intensive studies of the 
cyclic dimethylsiloxanes have been reported re- 

1 R. R. McGregor and E. L. Warrick, U.S.P. 2,384,3*4 
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cently by Hurd,* Patnode and Wilcock, 6 Hunter, 
Hyde, Warrick, and Fletcher, 4 and Wilcock. 1 The 
linear low polymers containing trimethylsiloxy 
groups as endblocking units are described in 
three of these papers ** 616 while the high polymer 
members of this homologous series are described 
along with the low polymer species in a paper 6 
which has been submitted for publication. 

The viscometric investigation of this important 
class of fluids, correlated with their molecular 
weight data, is of considerable practical as well 
as academic interest. The present paper is con¬ 
cerned principally with the linear members of 
the dimethylsiloxane polymers endblocked by 
ethoxyl or trimethylsiloxyl groups. 

Table. I Methylpolysiloxane properties. 


Viscosity* 

(cs./25°C) 

Intrinsic 

Molecular 

MW 

Cak’d 

viscosity 

weight 

method 

MW** 

TnmethylsUoxy endblocked species 




Hcxamer 2 63 

.0066 

458 

a, b 


Hep tamer 3.24 

.0077 

532 

a, b 


Octamer 3.88 

.0088 

606 

a,b 


Nonamer 4.58 

.0098 

680 

a. b 


Ethoxy endblocked species 

Heptamer 3 28 

.0093 

592 

a, b, e 


Octamoi 3.86 

.0104 

666 

a, b, e 


Nonamer 4,50 

.0119 

740 

a, b, e 


Decamer 5.17 

.0124 

814 

a. b. e 


Ethoxy endblocked polymers 

6.30 

.0139 

837 

e 


7.71 

.0168 

1,005 

« 


9.90 

.0189 

1,150 



13.5 

2)235 

1,468 

e 


21.7 

.0302 

2,170 

* 


24.1 

.0328 

2,535 

« 

2,200 

37.4 

.040 

2,840 

e 

2,950 

48.0 

.047 

3,800 

e 

3,800 

76.8 

.058 

5,170 

€ 

5,170 

82.0 

2)62 

5,050 

t 

5,700 

102 0 

.070 

7,140 

e 

7,000 

156.0 

.082 

8,250 

e 

8,700 

290.0 

.104 

14,100 

e 

12,500 

Iligh polymer fluids 

930.0 

.159 

25,300 

9 

23,500 

1,722 0 

— 

40,700 

* 

—■ 

1,698.0 

.185 

36,800 

9 

30,000 

1,9600 

.185 

.— 


30,000 

3,0602) 

.210 

50,800 

t 

36.000 

10,600 

—- 

70,800 

P 

— 

14.600 

.310 

— 


65,000 

23,360 

.340 

69,900 

f 

75,000 

32.900 

.374 

— 


87,000 

40,000 

_ 

85.400 

P 

_ 

652XX) 

.390 

— 


93,000 

118,500 

125.000 

459 

— 


310.000 

479 



126,000 

746,000 

.556 148,000 

p 158,000 


(a) Ultimate analysis. 

(A) Boiling point elevation. 
f) Ettyixy] cnd*group analysis (reference 7). 
ip) Osmotic pressure in methyl amyl ketone (reference 8). 
r) Light scattering in toluene (reference 9). 

* Bulk viscosity of the silicone oil in centistokes at 25°C. 
** Calculated from fo] *2.00 XW"^M* H . 


1 C. B. Hurd, J. Am. Chetn. Soc. 68, 364 (1946). 

■ W. Patnode and D. F. Wilcock, J. Am. Chem. Soc. 68, 
358 (1946). 

4 M. J. Hunter, J. F. Hyde, E. L. Warrick, and H. J. 
Fletcher, J. Am. Chem. Soc. 68, 667 (1946). 

• D. F. Wilcock, J. Am. Chem. Soc. 68, 691 (1946). 

•M. J. Hunter, E. L. Warrick, J. F. Hyde, and C. C. 
Currie, paper submitted for publication. 



Fig. 1. Determination of intrinsic viscosities of 
methylpolysiloxane fluids. 


MATERIALS 


Fluids of a wide range of viscosities and chain 
lengths were investigated as grouped in Tabic 1. 
The first group is comprised of distilled species 
of trimethylsiloxy endblocked polymers of low 
molecular weight determined by ultimate analy¬ 
sis as well as by boiling point elevation. The 
first member listed- has the structure: 


CH, T CH, 

CHs—Si'—O— —li—( 
<^H, 1 <^H, 


CH, 

-Si—CH, 


CH, 

Tetradecamethylhexasiloxane 


The second group is comprised of distilled 
species of ethoxy endblocked polymers whose 
molecular sizes were established as above and 
oca firmed by endgroup analysis. The first mem¬ 
ber listed has the structure: 


CjHi—O— 


CH, 
—Si 


li—O— 


L <^H, 


—C,H, 


Diethoxy tetradecamethylheptasiloxane 


Each fluid in die third group consists of a 
mixture of intermediate polymers of the pre¬ 
ceding type. They were prepared by partial 
hydrolysis of dicthoxydimethylsilane followed by 
aspiration at elevated temperatures to remove 
the distillable low polymer. 7 The apmber average 
molecular weights were estimated from their 

7 Unpublished work by M. J. Hunter and H. J. Fletcher. 
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ethoxyl analyses determined by a modified Zeisel 
method . 8 

The high polymer fluids were mixtures and 
were of molecular weights too great for sensitive 
determination by chemical methods of analysis. 
A number of them were characterized by average 
molecular weights estimated by osmotic pres¬ 
sure 9 and light scattering 10 methods using solu¬ 
tions in heptanonc -2 and toluene, respectively. 

EXPERIMENTAL 

For this study, toluene solutions of the above 
samples were employed in concentrations up to 
60 g/100 cc for the low polymer species, 37 g/100 
cc for the intermediate polymers, and 9 g/100 cc 
for the high polymer fluids. The relative vis¬ 
cosities were determined at 20°=b.05°C using 
Ostwald tubes of 1 .8-2.3 cc effluent volume and 
10 -cm capillary length. The discharge times for 
solvent were generally in the range of 0.8 to 1.4 
minutes though tubes of 3.8 and 12.5 minute 
solvent efflux times were frequently used for 
checks. A kinetic energy error of about 2 percent 
was calculated for the intrinsic viscosities so 
determined; the correction was not applied. 

The specific viscosity was determined con¬ 
ventionally : 



where rj tp and iy r =* specific and relative viscosities 
respectively, / — solution time, /,== solvent time, 
density of solution, and density of sol¬ 
vent. Expressing the concentration, r, in g/100 
cc, the values of 17 9p[r were calculated and plotted 
on logarithmic scale against the concentrations 
as shown in Fig. 1 . The intrinsic viscosity, [17] 
the limiting value of 17 $p / c as the concentration 
approaches zero, was read off the graph as the 
intercept upon extrapolation of each curve. The 
intrinsic viscosities are entered in Table L 

DISCUSSION 

With the exception of the very low polymers, 
the curves for which show some curvature in the 
semi-logarithmic plot, the points representing 
17,,/c as a function of concentration fall in straight 

S E. P. Samael and J. A. McHard, Ind. Eng. Chem. 
Aiul. Ed. 14, 750 (1942). 

*R. ML Fuoos and D. J. Mead, J. Phys. Chem. 47, 59 
^ utbye, J. App. P£ys. 15, 338 (1944). 
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lines, permitting very good extrapolations and 
conforming to the Martin 11 relationship; 

log (ihp/c ) 35 log [ 17 ]+*'[»• 

While Martin reports the value of V to be 
unique for a polymer-homologous series in a given 
solvent, this docs not prove true in the present 
work. Here the value of k ' varies as an inverse 
function of the size of the molecule. To illustrate, 
a few of the V values are: 0.315, 0.222, 0.148, 
0.135, 0.124 for the 7.7, 24, 290, 930, and 23,300 
cs. fluids, respectively. They seem to approach 
0.11 as a limit. The Huggins equation 19 does not 
yield a value of k f for any one polymer which is 
independent of solution concentration. If a 
limiting value of V be determined for each poly¬ 
mer by extrapolating to zero concentration the 
plot of k f vs. concentration using the Huggins 
equation, it is found that the limiting to'-values 
diminish through the polymer series in the same 
manner as the Martin fe'-valuc. Thus for the 24, 
290, 930, and 23,300 cs. fluids, the fco'-values 
were found to be 0.46, 0.33, 0.31, 0.29, respec¬ 
tively, approaching about 0.25 as an apparent 
limit for the series. 

It is difficult to ascribe V values to the lower 
polymer species of the first two groups, because 
of some curvature of their plots in Fig. 1 . Never¬ 
theless, some preliminary observations on the 
comparison of the plots of these open chain low 
polymers with those of a few corresponding cyclic 
polymers are of significance in the attempt to 
correlate V values with structure. It was noted 
that the cyclic pen tamer, hexamer, and oc tamer, 
(MeaSiO)n, showed lower intrinsic viscosities 
than their linear counterparts while their ( 17 ,,/® 
vs. concentration) slopes, and consequently their 
V values, were greater. These data suggest that 
the compact rather fixed structure of the cyclic 
siloxanes contribute relatively little to flow re¬ 
sistance of dilute solutions yet have a pronounced 
effect in higher concentrations due to greater 
molecular interaction than is manifest in the 
open chain polymers. A greater molecular inter¬ 
action is further reflected in the higher bulk 
viscosities of the cyclic polymers and in the 

u A. F. Martin, paper presented at the Memphis Meeting 
of the American Chemical Society, April 1942, “Cellulose 
and cellulose derivatives," edited by Emil Ott (Inter¬ 
science Publishers, Inc., New York, 1943), p. 966. 

“ M. L. Huggins, J. Am. Chem. Soc. 64, 2716 (1942). 
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Fig. 2. Logarithmic plot of intrinsic viscosities of 
melhylpol>siloxanes vs. molecular weights determined by: 
O chemical analysis; 0 light scattering; 9 osmotic 
pressure. The dotted line represents Flory’s data on poly- 
isobutylene polymers (reference 14). 

greater change of their viscosities with tempera¬ 
ture change. 

The first twelve polymers listed in Table 1 
show exceedingly low intrinsic viscosities, which 
interestingly fall below the 0.025 limit of the 
Einstein equation wh£n the concentrations are 
corrected to its fraction volume basis: 

1+2.5 v/V or ij.p-2.5 v/V=0.025 v/100 cc, 

where v* volume of solute and V = volume of 
solvent. Similar failure of the Einstein equation 
has been indicated previously by Meyer and 
Van dcr Wijk 1 * who reported on the viscosities 
of a series of paraffin hydrocarbons from CnHie 
to C t 4 H 7 o in CC1 4 solution. 

The intrinsic viscosity data for the ethoxy 
endblocked species and the intermediate poly¬ 
mers up to a molecular weight of 1500 fit the 
simple form of the Staudinger equation [ 17 ] 
**K-M where jK>1.62Xl0“ # . The intrinsic vis¬ 
cosities of the trimcthylsiloxy endblocked species 
are somewhat lower and it* 1.43X10” 1 . To 

w K. H. Meyer and A. Van der Wijk, Helv. Chim. Acta. 
18 , 1067 (1935); Kolloid Zeits. 76, 278 (1936). 


compensate for the fact that the chain of a 
polymer of the ethoxy endblocked type is longer, 
by two CjHiO-groups, than the corresponding 
member of the other series, it is interesting to 
correlate the intrinsic viscosity with the chain 
length, L, in atom units. If this is done, totaling 
all the C, O, and Si atoms in the chain, the 
relation becomes [yf]^KrL where Kr^SX 10 ” 4 . 
This holds reasonably well for either type of 
polymer up to 80 atoms in length (M *2840). 

For the polymer mixtures of higher molecular 
weights, it was necessary to supplant the simple 
Staudinger equation by an exponential form. 
For such an evaluation, the intrinsic viscosities 
were plotted against the molecular weights using 
double logarithmic coordinates as shown in Fig. 

2. The data fall on a reasonably straight line 
from which may be drawn the relationship: 

where [ 17 ] is the intrinsic viscosity, M is the 
number average molecular weight, K is a con¬ 
stant = 2.00 X 10 ~ 4 , and a is an exponent * 0 . 66 . 

It is recognized that the molecular weights 
determined by light scattering are weight average 
values whereas all the other points are number 
average. Since the high viscosity fluids were 
commercial samples from which the lower poly¬ 
mers were removed by distillation at reduced 
pressure, the molecular weight distribution of 
the several species contributing to the average is 
upset from a normal probability function. Hence 
the conventional factor of £ for deriving number 
average molecular weights from weight average 
data is not applicable to the values determined 
by light scattering. However, there should be 
some negative correction in applying these mo¬ 
lecular weight data to the graph which is other¬ 
wise drawn to number average molecular weights. 
With this qualification, the above relationship is 
quite reliable and fair practical agreement is 
shown between the reported molecular weights 
and the values estimated from the equation, as 
entered in the last column of Table I. A program 
involving fractionation of a high polymer mix¬ 
ture to provide specimens of narrow molecular 
weight ranges for similar study is projected. 

It is interesting to view the an&opy in struc¬ 
ture between the polydimethylsiloxanes and the 
polyisobutylenes: 
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Fig. 3. Flory relationship plot for mcthylpolysiloxane 
fluids. Molecular weights determined by: O chemical 
analysis; 0 light scattering; Q osmotic pressure; O calcu¬ 
lation from intrinsic viscosity equation. 



Polysiloxane 


Polyisobutylcnc 


Flory 14 investigated a series of polyisobutylene 
fractions. Determining the viscosities in diiso¬ 
butylene, he found the following equation to be 
valid for molecular weights above 5000: 

where X=3.60X10~ 4 ami a » 0.64. This expres¬ 
sion is represented in Fig. 2 by the broken line 
displaced toward higher intrinsic viscosities. The 
comparable slopes (o -1 ) suggest a similar degree 
of chain kinking or spiral configuration for these 
structural analogs. This kinked structure may 
be reflected as one factor in the relative insensi¬ 
tivity to temperature of the viscosities, i.e., low 
viscosity/temperature slopes, observed for the 
polysiloxane fluids. Increase in temperature may 
tend to open out the kinked structure, invoking 
greater molecular interaction, and so compensate 
to some extent the normal decrease of viscosity 
with temperature rise. 

When the logarithms of the oil viscosities (in 
c ^ iti stoke a at 25 °C) were plotted against the 

<Mt*.:&Flory, J. Am. Chem. Soc. 65, 372 (1943). 
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square roots of the molecular weights, as illus¬ 
trated in Fig. 3, it was found that the Flory 
relationship 11 for melt viscosities was applicable. 
Over most of the range, a straight line was 
obtained, the equation for which was found to be: 

log 1?(e«./Sft"C) ^0,+cMnl 
urhprp * 

a = 1.00, c* 0.0123. 

The expression appears to be reasonably valid 
for molecular weights above 2500. It should be 
noted that number average molecular weights 
were considered in the above formula. That a 
straight line plot was so obtained indicates that 
the several fluids are characterized by relatively 
narrow ranges of molecular weight or by com¬ 
parable types of molecular weight distribution. 

ACKNOWLEDGMENT 

The author is indebted to Dr. M. J. Hunter, 
Mr. t\ C. Currie, and Mr. H. J. Fletcher for 
providing the fluids studied. The author also 
wishes to thank Mr. R. F. Lind for osmotic 
pressure determinations and Mr. R. S. Spencer 
for light scattering measurements of molecular 
weight on several of the samples. 

SUMMARY 

The intrinsic viscosities of an extended series 
of linear methyl polysiloxane fluids, having 
dimethylsiloxane (MejSiO) as the repeating unit, 
have been determined in toluene solution. These 
values have been correlated with their molecular 
weights, determined chemically and by osmotic 
pressure and light scattering measurements. The 
Staudinger equation was found applicable only 
for fluids of relatively low molecular weights, 
i.e., up to about 2500; for the higher polymers, 
the best correlation of intrinsic viscosity with 
number average molecular weight was found to be: 

W«2X10-W w ° M . 

This held reasonably well for molecular weights 
from 2500 to about 200,000. The bulk viscosities 
of the polysiloxane fluids were found to conform 
to the Flory relationship for melt viscosities; 
the expression: 

log vise. (cs. at 25°C)«1.00+0.0123Af»* 

appears to be reasonably valid for molecular 
weights above 2500. 

11 P. J. Flory, J. Am. Chem. Soc. 62, 1057 (1940). 
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The phenomenon of bunching which takes place in a 
velocity modulated electron beam can be described in 
purely kinematical terms if space charge effects are negli¬ 
gible. However, the non-uniform distribution of charge in 
the bunched beam gives rise to a held which opposes the 
bunching process so that the kinematic solution may be 
validly applied only for a limited length of drift space. 
An accurate solution of the bunching process requires the 
integration of the dynamical and field equations. These 
reduce to a linear homogeneous system under the assump¬ 
tion of “small signal*' conditions. The device of a high 
frequency “surface charge" is employed in formulating 
the boundary conditions at the surface of the beam. In 
the non-relativistic approximation the dynamical and 
field equations yield solutions which are classified as 
non-solenoidal or solenoidal accordingly as the motion 
produces or does not produce a high frequency charge 
density within the beam. There exists a non-solenoidal 


type of motion which generates no held outside the beam. 
The actual physical problem is solved by taking a suitable 
linear combination of both solutions. Under conditions 
met with in practice, a large part of the actual solution 
may be of the solenoidal type. The high frequency compo¬ 
nent of beam current appears as a sum of a volume current 
and a “surface current," the latter term arising from the 
longitudinal motion of the high frequency “surface charge." 
Again, under conditions met with in practice, a large 
part of the high frequency component of beam current 
may occur in the form of “surface current." The theory 
contains three debunching wave numbers: one identical 
with that which occurs in Webster’s debunching theory 
for a beam of unlimited cross section, and two which 
depend upon the transverse dimensions of the beam and 
drift tube, the current density, frequency, and beam 
velocity. 


1. INTRODUCTION 

N adequate treatment of the bunching 
process in a velocity modulation tube must 
take account of the debunching action arising 
from the non-uniform distribution of charge in 
the bunched beam.'Space charge effects become 
especially important in small signal amplifiers 
where the transit time in the drift space is made 
large in order to secure the maximum possible 
voltage gain. A satisfactory discussion of the 
bunching phenomenon therefore cannot be based 
on a purely kinematic treatment, but requires 
the integration of the dynamical and field equa¬ 
tions which relate the motion of the electrons to 
the debunching field subject to suitable boundary 
conditions. 1 The method which is used here 


* Now at Washington University, St. Louis, Missouri. 

**Now at Harvard University, Cambridge, Massa¬ 
chusetts. 

l A method of solution in terms of an infinite set of 
characteristic solutions Vhich must be combined in the 
correct proportions to obtain a solution of the actual 
physical problem has been given by W. C. Hahn, Gen. Elec. 
Rev. 42, 258 (1939); W. C. Hahn and G. F. Metcalf, 
Proc. I.R.E. 27, 106 (1939); S. Ramo, Proc. I.R.E. 27, 
757 (1939). This procedure is especially well adapted to 
the case of an infinitely strong longitudinal magnetic field 
which completely suppresses all transverse motion. The 
opposite extreme of no magnetic field is the only condition 
considered in this paper. 


follows very closely that employed by one of the 
authors for the treatment of small signal bunch¬ 
ing in a parallel beam of circular cross section. 2 

In this paper wc are concerned with a parallel 
electron beam of rectangular cross section 
centered in a rectangular drift tube. In order to 
simplify the analysis, we take the width of the 
beam to be infinite; this has the advantage of 
making the problem two-dimensional. The 
results that are derived on the basis of this as¬ 
sumption will hence be applicable in practice to 
a ribbon electron beam whose width is much 
greater than its depth. We make the following 
additional approximations: 

(1) Beam velocity/velocity of light<Kl. (1)* 

This has the consequence that the equations of 
motion may be written in non-relativistic form; 
it also permits a simple description of the elec¬ 
tromagnetic field generated by the bunching 
process. 

1 We make repeated reference to a volume on the theory 
and practice of klystron design and operation now in 
process of publication under the editorshipE. Ginzton, 
The authors of the volume are present and former members 
of the Tube Laboratory of the Sperry Gyroscope Company, 
Garden City, New York. 
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Fig. 1. A. Parallel ribbon electron beam centered be¬ 
tween plane parallel conducting sheets. Gaps in the drift 
tube provide coupling to the input and output resonators. 

B. Parallel ribbon electron beam centered between plane 
parallel conducting sheets. Beam traverses grid sections 
which form part of the input and output resonators. 

(2) Bunchcr voltage/beam voltagc«l (2a) 

and 

High frequency component of beam 
current/tolal beam current«l. (2b) 

We are thus effectively restricting the discussion 
to the case of “small signals.” Under these cir¬ 
cumstances, the equations of motion and the 
field equations reduce to a linear system. 

(3) We assume finally that there is an accu¬ 
mulation of positive ions in sufficient numbers 
to neutralize the time average field due to the 
bunched beam. In other words, in the absence 
of hf (high frequency) fields, there is no field at 
all acting on the unbundled beam in the drift 
space; in the presence of hf fields, the debunching 
action arises from the non-uniform distribution 
of charge in the bunched beam. 

.The type of coupling between the beam and 
the modulating hf field will influence the choice 
of boundary conditions and hence the results 
obtained to a large degree. We shall consider two 
types of coupling. In the first case (illustrated 
in Fig. 1A), coupling is achieved through gaps in 
the drift tube; each gap forms part of a resonant 
dreuit or cavity resonator such that an electro- 
trfagatik field in the resonant circuit or cavity 
pr&lufes a field within the drift tube in the 



neighborhood of the gap. In the second case 
(illustrated in Fig. IB), the drift tube is closed 
at either end by a pair of closely spaced plane 
grids (each such pair forming the capacity section 
of a re-entrant cavity resonator) which serve to 
couple the beam to the buncher and catcher 
fields, respectively. 

2. LIST OF SYMBOLS 

AH electrical quantities are stated in m.k.s. 
units. The subscript o and boldface type designate 
steady-state and the hf components, respectively; 
the additional subscripts x and y distinguish be¬ 
tween longitudinal and transverse components. 
The following symbols are of importance in the 
calculations: 

V, The potential in the charge free drift 

space resulting from an hf voltage 
across the buncher gap. (Note that 
V e -0 for a tube with grids.) 

V The additional potential resulting from 

the hf fluctuations in charge density. 
(V is the total hf potential in the 
drift space for a tube with grids.) 
v Velocity, 

p Charge density. 

ir - (pO+0)(t>oH-V*)“P0»O 

=00e4-poV* Longitudinal hf current density. 

i*==Po*v Transverse hf current density. 

D Transit angle in radians across the 

buncher grid space or gap opening, 
p - 2/D - sin D/2 Beam coupling coefficient, 
p,-p cosh (ijy/fl)/cosh Beam coupling coefficients 

p*-p sinh (ijy/a)/cosh (ij6/a)j in a gap system. 

X' "Beam wave-length” or the average 

distance traveled by an electron in 
one cycle. 

Jk # »2r/X' "Beam wave number.” 

rt-k'a, tf-Vb 

Go » 2ato/ Vo Beam admittance per unit width of the 
beam. 

po—vofe Ratio of beam velocity to the velocity 

of light. 

h - (po/2 to Vo)* Debunching wave number. To compute 

h we use the equivalent expression 
ha - (3O*oGo/0e)t where Go is in mhos per meter. 
a Ratio of hf voltage to beam voltage. 

r Phase at which an electron enters the 

drift space (x-»0). 

if) Average value of the function / over 

the cross section of the beam. 

Throughout most of the analysis, it will prove 
to be useful to express the potential, velocity, 
current density, and charge density in terms of 
a basic set of units in order to effect a consider- 

jorawAL or Ammo physics 



able simplification in the appearance of many of 
the equations. The set used consists of 2 Vq, Vq, 
io, and p 0 for the potential, velocity, current 
density, and charge density, respectively. To 
transform an expression involving reduced units 
into ordinary units, wc must then make the fol¬ 
lowing substitutions: 

V-+V/2V* 
v—w/vo, 
i—n/io, 
p—>p/po. 

Unless otherwise stated, reduced units are 
employed. 

3. FIELD EQUATIONS AND EQUATIONS 
OF MOTION 

In view of the assumption contained in Kq. 
(1), the magnetic field of the beam may be 
neglected in computing the force acting on an 
electron in the beam; furthermore, the electric 
field may be derived from a quasistatic potential 
function V(x, y, t). The net error in the expression 
for the force due to these two simplifications 
consists in the neglect of a term of order 0 O 2 
relative to the leading term which is retained.* 
The resulting field equations are quite analogous 
to those which hold for an electrostatic field, viz., 

E--VV and V(eoE) = p, 

so that 

AV = — g/to 

in ordinary units, and in reduced units 

AV=-AV (3) 

Conservation of charge may be expressed by the 
equation 

V-i+dp/M = 0 

in ordinary units, which in terms of our reduced 
units becomes 

t>oV-i+dp/d*»0. (4) 

We have finally the equations of motion 
—edV/dx, —edV/dy 

in ordinary units, which become, on substituting 

'See, for example, the ducuwion of the forces acting 
on and due to electrons in uniform motion given in Jeans, 
The Mathematical Theory of Electricity and Magnetism 
(Cambridge University Press, Cambridge, 1945;, fifth 
edition, p. 560* 


reduced units, 

-vtfV/dx, -MV/dy. (5) 

Equations (3)-(5) constitute the theoretical 
system for our problem. 

Throughout the remainder of this report, we 
make use of the fact that in practice h<^V\ we 
assume this inequality in the form ha<Kif. In 
seeking solutions of Eqs. (3)-(5), it therefore 
proves convenient to employ a perturbation 
procedure with the quantity ha/ii as expansion 
parameter. A first-order perturbation calculation 
is all that is desired so that we shall consistently 
neglect terms of order ( ka/ij )* with respect to the 
leading term in all of our equations. On the other 
hand, it should be noted that it is not necessarily 
true that hx is a small quantity, whence all 
powers of hx must be kept in the expressions for 
hf quantities. 

An analogous situation occurs in Webster’s 
kinematic bunching theory 4 which employs the 
quantity a as expansion parameter in a first 
order perturbation calculation. Here, terms of 
order a* with respect to the leading term may be 
neglected in all expressions. However, the 
quantity a- k'x which is simply the product of a 
by the transit angle in radians in the drift space 
is not necessarily small, so that all powers of 
a •k'x must be retained. 

4. BOUNDARY CONDITIONS 

We next impose boundary conditions on the 
various quantities appearing in (3)~(5), viz., 
on the potential function, the entering hf com¬ 
ponents of the longitudinal and transverse 
velocities, and the entering hf component of 
beam current density (or charge density). The 
specific nature of the boundary conditions will be 
determined by the type of coupling between the 
beam and the hf modulating field. 

The gap system has been treated in detail. 1 It 
has been shown that the velocity modulation 
produced by an hf gap may be expressed in 
terms of the beam coupling coefficients and 
fiy as though produced instantaneously at the 
plane &»0. Actually the gap field is confined to 
a region about the plane * *0, attenuating ex¬ 
ponentially in either direction. All explicit con¬ 
sideration of V, is unnecessary however since the 

« D. L. Webster, J. App. Phys. 10, 501 (1939). 

* » 
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beam coupling coefficients m* and Mv essentially 
express the over-all effect of V c . 

For a gap system, we therefore have the fol¬ 
lowing boundary conditions: 

V(jc, 6, t) = V(0, y, t) *0 ) 

Vx^iapx sin t 
v y = cos r 

P~0. 

For a system with grids, we have correspond¬ 
ingly: 

y(x, b, t) =V(0, y, /) 7O ] 
v r =1 sin r 
▼ v = 0 
i x =0. 

The formulas for v, and v„ for the gap system 
are obtained by integrating the equations of 
motion of an electron (moving in a charge free 
drift space) across the region in which the gap 
field is appreciable, and retaining only linear 
terms in a. The beam coupling coefficients n z 
and n v which appear in these formulas are essen¬ 
tially the Fourier transforms of the longitudinal 
and transverse quasistatic electric fields gener¬ 
ated in the charge free drift space by the voltage 
across the gap. To derive the explicit expressions 
for Ht and which are listed in Section 2, the 
components of electric field arc first expressed 
as Fourier integrals in which the integrands 
contain a product of an exponential function of 
the longitudinal coordinate and a hyperbolic 
function of the transverse coordinate; the specific 
nature of these functions is determined by the 
fact that, subject to the inequality /Son'll, the 
hf electric field in the drift space due to an hf 
gap is a quasistatic field and a solution of 
taplace’s equation. With the aid of suitable 
boundary conditions on the electric field com¬ 
ponents and the Fourier integral theorem, the 
remainder of the derivation may be carried 
through without difficulty. The procedure which 
is outlined here is taken from unpublished notes 
of W. W. Hansen. See also reference 2. 

Inasmuch as the expressions for and 
which are listed in Section 2 have been derived 
for a charge free drift space, they may not be 
applied validly beyond a first-order perturbation 
cklcuktion with ha/ n as expansion parameter. 

♦Tfcjfc boundary condition on the hf charge 
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density for the gap system is based on the fact 
that it may be shown that the hf charge density 
p vanishes everywhere (to within quadratic 
terms in a) when space charge effects 2 are 
neglected. The range of application of this 
boundary condition is again limited to a first- 
order perturbation calculation in terms of ha/ij. 

Finally, the expression for v, for a system with 
grids may be derived by integrating the equation 
of motion of an electron moving across the 
bunchcr grid space and retaining only linear 
terms in a . 

It is at this point desirable to consider in some 
detail what takes place at points near the sur¬ 
faces y=*±a (the surfaces of the unbunched 
beam). It is evident from a qualitative considera¬ 
tion of the effect of the space charge perturbation 
arising from the non-uniform distribution of 
charge that the beam alternately expands and 
contracts, such that points near the surfaces 
V“d=rt are alternately inside and outside the 
beam with consequent violent fluctuations of 
charge density at these points. A literal represen¬ 
tation of this state of affairs would not lend itself 
to a perturbation procedure whose validity re¬ 
quires that all hf quantities vary continuously 
with the perturbation parameter ha fa. For our 
purpose it is sufficient to replace the fluctuating 
boundary by an hf surface charge density (with 
consequent longitudinal surface current density) 
on the surfaces y = dha. 

Let y(x, y 0l t) denote the transverse coordinate 
of an electron which enters the drift space at 
y—yo. The surface charge density then equals 

Q*(x, a , t) =y(x, a, t) -a. ( 6 ) 

Similarly, for the surface current density we 
obtain 


i f (x,a,/)«y (x,a,t)-a. (7) 

There are analogous expressions for the surface 
charge density and surface current density for 
the boundary at — a. However, in view of 
the perfect symmetry which exists with respect 
to the surface y*=0, we shall in all future dis¬ 
cussions confine our attention to the surface at 
y**a. 

Having introduced a surface charge density, 
we require two additional boundary conditions. 
First, the potential is continuous at the boundary 
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of the beam, i.e., 

V+(x, a, /)-V_(*,a, /), (8) 

where the subscripts + and — designate the 
approach to from without and within the 
beam, respectively. Second, there is a discon¬ 
tinuity ill the transverse component of the 
electric displacement with the amount of dis¬ 
continuity determined by the surface charge 
density. In ordinary units, this relation is 

(dV/dy)- - (dV/dy)+ « p,/«o. 

In our reduced units, we get 

(dV/dy)»-(dV/ay),=AV (9) 

5. CLASSIFICATION OF SOLUTIONS 

Before actually applying the boundary con¬ 
ditions just outlined, we examine the con¬ 
sequences of the dynamical and field Eqs. 
(3)-(5). It is first convenient to remove the 
factor exp j(w/ — Jfe'jc) from all hf quantities. If 
we then put for each hf quantity in (3)-(5) an 
expression of the form 

f(*\ y, 0 =/(*, y) exp j(«/-fe'*) f 

the field equations and equations of motion may 
be restated to give 

{(d/dx-jk'¥+d*/dy* \ V= -ft’p, (3') 

(d/dx-jk')v x +dv y /dy+dp/dx = 0, (4') 

dv t /dx=-(d/dx-jk')V,\ m 

dv v /dx=-dV/dy. I V ' 

In the derivation of (50 we have used the ap¬ 
proximation 

d/dt = a/ dt^Vzd/dx+Vyd/dy 
9£d/dt+Vod/dx. 

Now, differentiating (40 with respect to x 
and using (50. we get 

\(d/dx-jk')'+3*/d?) K-d’p/d**, (10) 

whence, comparing (30 and (10), we have 

(d7d**+**)p«0. (11) 

A consideration of (11) shows that there are 
two possible kinds of motion which may take 
place. In the first, there exists an hf charge 
density (i.e., the flow is non-solenoidal) with the 


consequent implication that all hf quantities 
(7, p, v s , Vy , i„ iy) have the general form 

/»(*, y) «exp ( -jhx)fi(y) 

+exp (jAs)/sOO- (12) 

The non-solenoidal solution thus contributes two 
traveling waves, with the quantity h entering 
here as a debunching number. 

In the second, the hf volume charge density 
vanishes identically (i.e., the flow is solenoidal). 
Then, both (30 and (10) degenerate into the 
same equation, viz., Laplace's equation. In fact, 
any potential function 7 which is a solution of 
Laplace’s equation will give rise to a solenoidal 
type of motion. In what follows, we shall use the 
subscript 3 to denote solenoidal solutions. 

It is important to note that, in Eq. (12) and 
the statement immediately preceding it, we have 
employed the term “non-solenoidal solution” in 
a special sense; evidently the motion which 
results from the addition of any arbitrary sole¬ 
noidal solution to a non-solenoidal solution which 
is specified by (12) is non-solenoidal in the general 
sense of the word but is no longer characterized 
by (12) (except for the hf charge density p). How¬ 
ever, for the purpose of classifying solutions, any 
general non-solenoidal motion may be considered 
as made up of a solenoidal flow plus a non-sole¬ 
noidal flow which takes the form of Eq. (12). It 
is with this restricted meaning that we speak of a 
non-solenoidal solution throughout this paper. 

In the following two sections, we discuss the 
general nature of the solenoidal and non-sole- 
noidal solutions which may be used to describe 
ati electron beam with elongated rectangular 
cross section, subject only to boundary condi¬ 
tions (8) and (9), with the additional require¬ 
ment that V(x, ft)-0. Finally, in the last two 
sections we seek linear combinations of both 
types of solutions so as to satisfy the remaining 
boundary conditions whose nature is determined 
by the type of coupling between the beam and 
the modulating field. 

6. THE SOLENOIDAL SOLUTION 

For the solenoidal type of motion, the poten¬ 
tial function 7, must satisfy the following 
(Laplace's) equation: 

{ 0 d/dx-jk’)*+d'/dy *} 7,-0. (13) 
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Fu». 2. The quantity h'/h as a function of 17 and b/a ; h' 
is the leading term in the expansions for both h + and h _ 
(the debuncning numliers arising from the solenoidal 
solution). 

Separating variables in (13), we may write for 
the potential function in the beam (— a^y^a) 

Vt(x f y) = Vz (a) cosh (u,y/a)/ cosh w, 

•exp j(i\—u.)x/a. (14) 

The dependence on the transverse coordinate y 
is chosen so as to make V> an even function of y. 
Equations (S') suggest that we try similar type 
expressions for the hf velocities, viz., 

v,t(x, y) = )C, v It M - cosh (u.y/a )/cosh m 0 

•exp j( v -u,)x/a, (15) 

y) “ £» »»* (,) • sinh (u,y/a )/cosh u. 

•exp j(t)—u,)x/a, (16) 

with the algebraic relations 

• Vt M . (17) 

Outside the beam, for a^y^b, Eq. (8) plus 
theure^irement that the potential function shall 


Vanish'al the drift tube suggest that we write 

tV(x, y) = Fi (,> -sinh l(b-y)u*/o}/ 

sinh \(b-a)u r /a} -exp j(ij-«,)x/a. (18) 

It is clear that (18) is a solution of (13) and 
satisfies the boundary conditions 

Fi*(*,i)-0; V t *(x, o)-V,(x,o). (19) 

For the determination of the w/s we use 
boundary condition (9). Now the transverse 
displacement y>(x, a, t)-a may be expressed as 
the time integral of v t >(x, a, t) (in ordinary 
units) along the orbit of the electron; in reduced 
units this may be written 

y a (x, a, t) -a=v 0 f v vJ {x(<'). a, t'\dt'. (20) 

•'t/m 

If we carry out the integration along the undis¬ 
turbed orbit of the electron in place of its 
actual orbit, wo may then consider the factor 
exp j(ut—k'x) as a constant of the motion so 
that Eq. (20) may be restated to give 

y,(x, a)« f e„(x', a)dx', (21) 

•'o 

where we have set dt'-dx'/v o. Note that the 
amplitude factor y»(x, a) refers not to the 
transverse coordinate but to the transverse dis¬ 
placement from the surface y=a, i.e., 

y«(*. a, 0 -a=yj(x, o) exp j(ut-k'x). 

Hence, using (16) and (21), we get for the 
transverse displacement 

y,(x, a)/a - £» V v* w tanh u, 

•[{exp j(v-u.)x/a) -l]/y(f-«»)- (22) 

There is an additive term in (22) which is inde¬ 
pendent of x; the significance of this term will 


Table I. Several limiting cases for the function 

W'M-Cl+cothircoth {(&—ajif/a}]* 1 . 


Condition 

m ») 

ir-*0» b/a finite 

(b—a)/a* if* 

ir* 00 , [b-a)/ap 1 
ir*°°p ip (b—a)/a% 0 
fi finite, o-+a 

S+Sfcs**' 

9 finite, b/ar+> oo 
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be discussed following the analysis of the non- a 
solenoidal solution. 

Boundary conditions (8) and (9) must hold 
separately for each component of potential, 
where a component of potential is specified by a 
particular functional dependence on x . Substi¬ 
tuting (14), (18), and (22) into (9) and equating 
the coefficients of exp j(if— u 9 )x/a to zero, we 
have 

coth {(6— d)u 9 /a) 

* -tanh u,' {1 + (ha)*/(jv ). (23) 

We seek solutions of (23) where we neglect 
terms of order ( ha/rj ) a . First take ju 9 to be a 
real quantity; then (23) reduces to 

cosh (u 9 b/a)~0 , 
or 

*-0,1, ■ ■ • (24) 

and at the same time 

sinh \(b—y)u 9 /a }/sinh {(&— a)u 9 /a] 

^cosh (u 9 y/a)/cosh u 9 . (25) 

It is evident from a consideration of the potential 
terms which (24) and (25) contribute when sub¬ 
stituted into (14) and (18) that these terms are 
damped waves which, subject to the inequality 
are identical with the waves which 
may be set up in a charge free drift tube. 

We can also get solutions for u 9 out of (23) 
for u 9 real. Thus, we restate (23) in the form 

tt± = i?dbA±a, (26) 


with 

A± = A[l+coth tt±-coth {(6—a)u±/a}]“*, (27) 

where the =t replaces the <r subscript. 

The potential terms contributed to (14) and 
(18) by (26) are obviously traveling waves, with 
the quantities h+ and ft. serving as debunching 
numbers. There arc hence a total of three such 
numbers, ft, ft*., and A., of which only the first 
appears in the theory of an unlimited plane 
beam. 

We observe that under the usual restriction, 
(fta/u) 2 «l, 

ft+^ft-^ft' 

=sA[l+coth ifeoth {(6—a)iy/a}]~* (28) 

and 

\u±-i\ «* (29) 

We digress briefly to consider the behavior of 
the function IF(iy) where we define the latter as 
follows: 

tf-AWl)) 1 (30) 

or 

W(ri) = [l+coth ipeoth {(b—a)ri/a)Jr l - (31) 

Table I lists several limiting expressions for this 
function. Figure 2 contains a plot of the quantity 
A'/ft as a function of if and b/a. 

We list the expressions for Fs, tr x », tr* >f and y» 
obtained from Eqs. (14)—(16) and (22), respec¬ 
tively, upon substituting the values of u 9 given 
in (24) and (26); we use the notation P 9 = (<r+i)ir. 


V*{x, y) = Fa + -cosh (tt+y/a)/eosh -exp (—jA +jc) + • cosh (w.y/a)/cosh n_-exp (jh-x) 

+exp (jk'x) Z V u -cos (P 9 y/b)/cos (JU/ft) -exp ( -P.x/b ), (32) 
o 

».*(*, y)= -«+/A+a-y^-cosh (u+y/a)/ cosh «+-exp (—jh^x) 

+»_/A_C‘ F*_cosh (M-y/o)/cosh «_-c\p (jh-x) 

+exp E -jP'/W+jP*) 1 Fvcos (P,y/b )/cos (P.a/6) • exp (- P,x/b) , (33) 

r~0 

»,,(*, y) ~ Fn.-8inh (tt+y/a)/cosh «+-exp (~jh + x) 

-\-ju-/h^a • F^>sinh (»_y/o)/cosh «_-oxp (jh-x) 

+exp (Jk'x) Z-jP./W+jP ')• Vu-sin (P.y/b )/cos (P#/b)-exp (-P#/b), (34) 

r-0 

yt(x, o)/o-*tt + /(/» + o) 1 - Vt+ tanh »+• {exp (-~jh^x) — 1} +«_/(*■«)*• F*_tanhn_> {exp (jfi-x) — 1} 

+Z (-PJ>/a)/W+jP.y- V u tan (P*/b )• {exp (Jk'-P,/b)x~\\. (35) 
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The formula for Vt*(x,y) may be obtained 
directly from Eq. (32) by writing 

sinh {(6—y)tt,/a}/sinh {(b—a)u,/a) 

for cosh (u 0 y/a) /cosh u,. 

Summarizing this section, the application of 
boundary condition (9) has yielded two traveling 
solenoidal waves plus an infinite number of 
damped waves. The function of the former is to 
contribute to the propagation of the velocity 
modulation; the latter help satisfy the boundary 
conditions at x*=0, particularly the condition 
V(0, y, /)=»0. 


7. THE NON-SOLENOIDAL SOLUTION 


Our point of departure in the consideration 
of the non-solenoidal solution is once again 
boundary conditions (8) and (9). Making use of 
the functional dependence of all non-solenoidal 
hf quantities (as given in (12)) in conjunction 
with Eq. (S'), we get 


*.i--(l +*'/*) Ki, 

*i--(l ~k'/h)V i9 

Vyi^l/jh-dVi/dy, 
v V 2 = — 1 /jh • d Vi/dy . 


These relations together with an equation cor¬ 
responding to (21) lead to the following ex¬ 
pression for the transverse displacement function 
for the non-solenoidal case: 


yn(x t a) =* 1/A* • £(d V\/dy)* {exp (- jhx)-l ) 

+(«*V^).|«p(/te)-l|]. (37) 

We defer the discussion of the additive term 
(independent of x) appearing in (37), which is 
the analog of the corresponding additive term 
in (22), until the close of this section. 

Now in the space between the beam and the 
drift tube (a^y^b), the potential function 
Vtt*(x 9 y) must have the form of Eq. (12) and 
simultaneously be a solution of Laplace's equa¬ 
tion (13). We then get the following expression: 

Vu*(x,y )* V\(a )- sinh {(A'+A)(A-y))/ 

sinh {( k'+h)(b-a )} -exp (-jhx) 

+ V%(a) - sinh {(V-h){b-y)}/ 
sinh {(A' —A)(A— a)} *exp t/’fcr). (38) 

The form of the functional dependence of 
Vn *(& y) on the transverse coordinate y is sug- 
gestd^by Eq. (18). 


Applying boundary condition (9), we obtain, 
in view of Eq. (37), 

(d V x */dy) a = (0 Vt*/dy)*- 0, (39) 


where we have ignored, for the moment, the 
constant term in (37). The immediate conse¬ 
quence of (38) and (39) is that 


Vi(a)-V t (a)-0 9 ] 

whence H40) 

Vi*(y)=Vi*(y)m 0 , J 


or Vn*(x, y) vanishes identically. 

In other words, the field outside the beam for 
the non-solenoidal type of motion is zero. The 
hf surface charge is such as to neutralize exactly 
the field due to the hf volume charge at all 
external points, i.e., the surface charge distribu¬ 
tion is equal but opposite in sign to the Green's 
equivalent stratum corresponding to the volume 
charge distribution. 1 Equation (40) is quite 
reasonable since the use of (12) and (13) requires 
that 7u*(x, y) be both non-solenoidal and 
solenoidal at the same time; this is clearly a con¬ 
tradiction which is resolved by the identical 
vanishing of Vn*{x % y). 

We now rewrite Eq. (3') to read 

[d*/dy*-(k'+h)*} -A’pi (41) 

plus a similar relation obtained from (41) by 
putting the subscript 2 in place of 1, and — A 
for A. 

It remains to guess at a suitable form for V x 
and V *, whence from (41) we will have ex¬ 
pressions for pi and p*. Toward this end we are 
guided first, by the nature of the expressions 
obtained for the potential due to the traveling 
solenoidal waves (the first two terms on the 
right-hand side of Eq. (32)) and second, by our 
use of the inequality (Au»/i|)*<Cl as the basis for 
a perturbation procedure. We, therefore, try 

Vx={h/(k’+h)\W+Z V x ,'+ v l/*l 

r «»0 

• 9*/ dij r cosh (ny/a)/coah q, (42) 

whereupon 

l/CfoO* 

"2C [Pi,.+»+2ijVi,, + * — \2i)ha-\-(ha)t) Pi,»+il 
0 

•1/^ ! • 9*/ dv* cosh (itf/o)/cosh n- (43) 

'Jeans, reference 3, p. 182. 
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Corresponding relations for V% and p* are got 
from (42) and (43) by substituting the subscript 
2 for the subscript 1, and % —A for A. 

Using (40), Eq. (42) implies that 

} (44) 

P* 0as — (\ — n/hayV%\.\ 

We pause briefly to discuss the significance of 
the constant term appearing in the expression 
for yu (given by (37)) as well as that of the 
analogous term in the corresponding equation 
for yz (given by (22)). As already pointed out in 
the discussion immediately preceding Eq. (23), 
boundary conditions (8) and (9) must hold 
separately for each component of potential, 
where a component of potential is specified by 
a particular functional dependence on x. It is 
then a direct consequence of Eqs. (8) and (9) 
that the constant term which appears in the 
total transverse displacement function y*+yn 
must vanish. This requirement (to which we 
shall refer as the consistency condition) follows 
since the constant term would otherwise con¬ 
tribute a traveling wave moving with beam 
velocity to the transverse displacement function, 
but there are no such terms in any of the other 
hf quantities (cf. Eqs. (12), (32) through (35)), 
and in particular in the expressions for the poten¬ 
tials or their transverse derivatives. 

The problem which remains is to combine the 
solenoidal and non-solenoidal solutions so as to 
satisfy the consistency condition plus the 
boundary conditions (at x=0) for the gap and 
grid coupled systems, respectively. A complete 
solution for either case, therefore, requires the 
determination of explicit formulas for the 
potential coefficients F*+, VVu , Fi.*+i* 

(<r*0, 1, •••) to within a sufficient degree of 
accuracy so as to enable the calculation of the 
leading term and the term of order Aa/rj relative 
to the leading term for each of the hf quantities 
(Vw, v vt p, y(x , a)) which are in turn needed to 
evaluate the leading and first-order terms for the 
longitudinal volume and surface current densities. 


We now assume for both the gap and grid 
systems that the coefficients V arising from 
the infinite set of damped solenoidal waves, are 
all of the order (ha/if)* or higher. With this 
hypothesis, it is found possible to satisfy the 
consistency condition as well as the boundary 
conditions on the entering hf components of the 
longitudinal and transverse velocities and the 
entering hf component of beam current density 
(or charge density), and so evaluate 
Vi, w +u Vt, 9 +\ explicitly. The remaining require¬ 
ment, ws., that the potential vanish at jc=0, 
leads to two conditions on the potential coef¬ 
ficients, the one holding outside the beam, and the 
other within the beam. These conditions not only 
verify the assumption on the Wsbut also provide 
a means for their determination correct to terms 
in (Aa/ry)*, although we have no actual need of them. 

8 . GAP COUPLING 

The absence of an hf charge density at x=*0 
makes it possible to satisfy all the boundary 
conditions at the entering plane as well as the 
consistency condition without using the non- 
solenoidal waves. In discarding the latter, we 
are implicitly assuming that the contributions to 
the hf components of the longitudinal and 
transverse velocities by the non-solenoidal waves 
arc of the order ( ha/it) 2 relative to the leading 
terms in the hf velocities. We verify these 
statements by showing that it is indeed possible 
to construct a solution which will satisfy the 
boundary conditions and the consistency con¬ 
dition by simply using the two traveling sole¬ 
noidal waves. In view of the remarks at the end 
of Section 7, we also neglect the infinite sum of 
damped waves. 

Equations (9) and (35) then yield for the con¬ 
sistency condition 

u+/(h+a)*- F»+ tanh «+ 

+«_/ (h-/i) 3 • Vj_ tanh «_=0. (45) 

The boundary conditions on the entering hf 
velocity components assume the form (making 
use of (33) and (34)) 


aji/2j*cosh (ijy/aJ/cosh q'S—« + /A+o- F^-cosh (« + y/a)/cosh «+ 

+u-/hua • Vt- -cosh («_y/a)/cosh (46) 

aji/2j'sinh (ijy/a)/cosh i,'S— v+/h+0' F»+'sinh (u+y/a)/ cosh « + 

+ti-/h-a • F*_-sinh («_y/a)/cosh (47) 
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In (45)-(47) we have neglected terms of order 
(ha/ if)* relative to the leading terms. 

If we expand the quantities cosh (u±y/a) and 
sinh (u±y/a) into Taylor series about the point if, 
and make use of the substitutions 

/(*+) +/(*-) * 2 /( 1 ,) {1 +0((ha/ v y )} 
and 

/(*+) -/("-) = 2 h'a • d/drif( if) • { 1+0 (ha/ri )), 


then (46) and (47) arc not independent relations 
but reduce to the same equation, viz., 

afi/lj • 1 /cosh — u+/h+a • V*+ ■ l/cosh 

+«-/A-.a■ • l/cosh w_, (48) 

where we neglect terms of order (ha/ if)*. 

Equations (45) and (48) possess the solution 

— u±/h±a> ±ap/4j'h±/h’ 

•sinh 17 /cosh if'*coth u± 

•{t+O^Aa/i?) 1 )}, (49). 

where 0 + and 0 _ are remainder functions with 
leading terms of the second order in ha/ if. 

It follows from (36) that the hf components of 
potential contributed by the two non-solenoidal 
waves are of the third order in ha/ij, whence the 
total potential function at *=0 will equal a 
known function (quadratic in ha/rj) arising from 
the traveling solenoidal waves plus an infinite 
sum of local damped waves with coefficients Vu* 
Inasmuch as K( 0 , y) =* F*(0, y) =0, all of the 
coefficients Vu are quadratic in ha/% j. We have, 
therefore, verified our initial assumption about 
the order of magnitude of the F*r V s. 

It is now a straightforward procedure to 
compute the total hf longitudinal and transverse 
velocities, the transverse displacement function, 
and finally the effective beam volume and 
surface currents. For the remainder of this 
section, we state all quantities in ordinary units. 
It will prove convenient to use the notation 

2h" = hSZh'a * d/dit(h’/h)K (50) 

The quantity 2 h"/h*a is plotted in Fig. 3 as a 
function of ij and b/a. 

Inserting (49) into (33), (34) and (35), we get 


r,/vo^a/i/2j-sinh ij/cosh ij'*exp (—jA"x)*[cos (A'x) cosh (ijy/a)/sinh if 

“ j sin (h f x)-d/drt\h f a- cosh (ify/a)/sinh if}], (51) 

v v /vo&ctp/2 • sinh if/cosh if'-exp (-jA"x)-[cos (A'x)-sinh (rjy/a)/ sinh if 

—j sin (Vx)-d/dr\ {A'a-sinh (ify/a)/sinh if}], (52) 

y(x, a)Sa/t/2 • sinh if /cosh if' • exp ( —jh"x) • sin (h'x)/h*. (53) 


In (51)—(S3) terms of order (Aa/if) s with respect 
to the leading terms are neglected. There is no 
zero-order term in (53) because of the con¬ 
sistency condition. 



i t **ioy(x } a). For a gridless catcher, the hf 
current becomes a physically significant quantity 
only if it is the “effective current,” i.e., each 
element of longitudinal current must be multi¬ 
plied by the longitudinal beam coupling coef¬ 
ficient. For the effective volume current we then 


1034 


JOURNAL 0* APPUBD PHYSICS 



have 

V/o*WtVMCc»h (ity/a )/cosh 17 ') 

Xexp jiat-Vx) 

■Sap*/ 2 j• [| {1 +sinh ( 2 iy)/ 2 ij} • 1 /cosh 4 17 '] 

•cos (A'x)-exp j{wt—(k f +h")x). (54) 

In similar fashion, we write for the effective 
surface current 

I«/= M cosh if/cosh V • y(ff, a)/a • exp —A'x) 

=ap 4 / 2 • {sinh ( 2 »f)/ 2 if l/cosh 4 77 '} 

• V /V • sin (A'x) • exp j { <*t —(A'+A") *} * (55) 

The quantity in the curly brackets in Eq. (55) 
is plotted in Fig. 4 as a function of 17 and A/a. 

In deriving Eqs. (54) and (55), we have 
retained leading terms only. Hence the first 
neglected term in I* is of the order ha/ri; the 
first neglected term in I* is also of the order Aa /17 
since the transverse displacement function (53) 
has no zero-order term. 

Comparing the relative orders of magnitude 
of I« and I,, we note that the hyperbolic function 
enclosed in the brackets in (55) is always larger 
than the corresponding function in (54) for 17 >0 
and equal to it for 17 = 0 ; this statement follows 
readily from the inequality sinh {/Lr\)/2r{^\ for 
17 ^ 0 . Furthermore, I, is of the order VIV 
(a quantity smaller than ha/ri) with respect to 
I„ and our entire procedure has been based on 
the assumption that ( ha/ri) 2 <Kl . 

The total hf current is the sum of the surface 
and volume currents. Noting that the leading 
terms in I, and I v are 90° out of phase, it follows 
from the preceding two paragraphs that the 
amplitude factor for the total current, which 
equals (| I,| 2 + 1 I v | *)*, contains a leading term of 
order ( V/V )* contributed by the surface current, 
with the following term of zero order, con¬ 
tributed by both the volume and surface cur¬ 
rents. The volume current is therefore insig¬ 
nificant except in the immediate vicinity of zeros 
of sin (A'x). 

Retaining only the surface current, maximum 
hf current occurs for a drift tube length deter¬ 
mined by the first maximum of sin (Vx ); this 
length corresponds to maximum gain for a single 
stage amplifier at low input levels. Hence 

Wv/2*'. (56) 
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The perturbation^procedure is no longer valid 
when the transverse displacement (53) exceeds 
A—a. When this happens, current flows directly 
to the drift tube in hf pulses while at the same 
time the hf beam current drops considerably. 
This effect should become sharp for (A— a)/a<Kl, 
i.e., there will exist a critical input level such 
that below this level the system will behave as 
an amplifier with a given “small signal” voltage 
or power gain, but above^this level the output 
will remain fairly constant. 

The critical input level is determined by the 
relation 

!?(*.«)! =fc-a. (57) 

For a tube designed to give a maximum gain at 
low input levels, (53) and (57) yield 

a = 2 Aa/p• ( 17 coth 17 )** [(A—a)/a}*, (58) 

where we have assumed (A—a)/a^Cl together 
with the expression for V given in Table l for 
this condition. 

9. GRID COUPLING 

We return once more to the use of reduced 
units. Our input conditions on the longitudinal 
current density and velocity are i.^p+Vj—O 
and v z = a/u/ 2 j«exp ( jwt ); so that, in view of ( 12 ), 

Pi+P*- —aM/ 27 . (59) 
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In terms of (43) and (44), Eq. (59) yields the 
following two relations: 

{1 + (i/*a)») -,(7 U + V x i)+2i i/ha-(Vxx-Vxd 

= a/i/2 j, (60) 

2*/*a-(Vi.p+1- F^i)(I' i. + i+ IWi) 

+2i ? /(Aa)*-(r 1 . +2 +F t|tf+J ) 

+ l/(to) 2 -(r lr+ *+K Stf , 8 ), a = 0,l f .... (61) 

We again make the hypothesis that the poten¬ 
tial coefficients which specif} the damped 
local solenoidal waves, are all of the order (ha/ tj) 4 . 
This means that in the statement of the boundary 
conditions on the entering longitudinal and 
transverse 4 velocities and of the consistency con¬ 
dition, terms due to these local waves may be 
omitted. This hypothesis will be verified along 
the lines given in the discussion toward the end 
of Section 7. 

With the help of Eqs. (12), (33), (36), (42), 
and (44), the boundary condition oil the longi¬ 
tudinal velocity at .r = 0 yields the following 
relation: 

{(7m +Vx l )+ti/ha-(V ltl -Vx 1 )\ 

-il(Vx, ¥X +VxH.d+%l/ha-iVw-Vx.+i)] 
•\/tr\'b*Idrf cosh (ny/a )/cosh 17 
—« + /A + a* 14+-cosh (u+y/a )/cosh u+ 

+w /h jo,' Fa--cosh (u^y/a )/cosh w_ 

=<W2j. (62) 

Setting up the corresponding boundary con¬ 
dition on the transverse velocity at ,r = 0 , where 
we now employ Eq. (34) in place of (33) in the 
above listing, we get, following a single differen¬ 
tiation with respect to y plus a rearrangement 
of terms, 

£ {l/fa-OWi- Vx,+i)+2/ha-(V lt .»- F*, + ,) 

• d'/di,' cosh (ijy/a)/cosh ij-f-tt + /Vw+/A + a 
> ’Vn- • cosh (u+y/a )/cosh u +—«_/ij • u-/h-a 
f* •* • 7*.-cosh (ujy/a) cosh tt-S£0. (63) 

J » * • 
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Finally, using (35) and (37) and applying the 
consistency condition, wc obtain the relation 

l/(ha)* £ {*(VU,+ V WI ) 

t-a 

+ (Vi. ,+j + Vt, ,+*)) • 1/ «r! ■ tanh ij 

■4-M + /(/t + o)’- Vj + *tanh u+. • 

+w_/(A-jo)*’V*_- tanh «_S0. (64) 

Note that in Eqs. (62)-(64) additive terms of 
order (ha/ ij)* have been discarded. 

The foregoing set of Eqs. ((60) through (64)) 
is adequate to evaluate explicitly the potential 
coefficients Vj 4 , V»_, V t ,.,i, V*,,+i within an 
accuracy determined by our hypothesis on the 
order of magnitude of the coefficients V*. The 
calculations required for this evaluation arc 
given in reference 2. Wc list the results: 

Vi.. + V t 1 = -aa/2j-(ho/ V y/(l - (ha /,)*), 

Vi. i - Is,, = ap/2j • (ha/i /)/(1 - (ha/ n) ! ), 

V, ,+ V t , = a N 2j ■ (ka/vrv {1+0((A«/„)*)), 

Vi,, + *+ V, r+ a=an/2j-0((ha/ii)*), 

«r = 0,l,(65) 

V u . +1 - Vt»+s = an/2j-0((ha/v )*), 

<r = 0, 1, • • •, 

u±/h±a • Vj± * Ta(i/4j • {1 dt ha/ 1 \ • K 

+o ± ((Wi») 4 )}, 

ha/i,-K = h"/W • (1 +0(Aa/ij)). 

There is one final requirement which the 
potential coefficients must satisfy arising from 
the boundary condition on the potential at x=*0, 
viz., V(0, y ) «= V'(0, y) *0. Setting up the poten¬ 
tial function within and without the beam with 
help of (12), (32), (42), and (44) together with 
the statement immediately following (35), and 
using the potential coefficients for the traveling 
solenoidal and non-solenoidal waves given in 
(65), we obtain a known function (quadratic in 
ha/r/) plus an infinite sum of damped waves with 
coefficients V u - Since the potential vanishes at 
#■>0, all the coefficients Vi» are quadratic in 
ha/tf, thus justifying our initial assumption. 

Equation (65) constitutes a complete solution 
of the problem. We proceed to list some im- 
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portant hf quantities, returning once more to the use of ordinary units. 

p/po=«m/2 * {V sin (hx)/h+j cos (Ax)}, (66) 

v x /v^ap/ 2j• [{cosh (i?y/fl)/cosh i?} (exp (~jh"x) -cos (A'x) -cos (hx )} +cos (Ax)], (67) 

y(x t a)/a==a/*/2-[(tanh i?/ij) {A' exp (— jh n x) *sin (A'x)/A' —V sin (hx)/h\ 

+j(d/di) tanh iy) {exp (- jh”x) • cos {Vx) -cos (Ax)} ]. (68) 


The terms which are neglected in (66)-(68) are 
of the order ha/rj. 

To calculate the volume and surface current 
densities, we use the relations 

ix/io = p/pq+v x /vq and i,/io=y{x, a). 

The total volume current then equals 


—a/i/2*[A' sin (Ax)/A- j(tanh i/ v ) 

• {exp (- jV'x ) • cos (A'x) -cos (Ax)} ]. (69) 

For the total surface current, we obtain 

I*/h*=y{x, a)/a, (68') 

and it is hence given directly by Eq. (68). 

We compute finally the total current: 


I t /h=I,/h+L/I 0 

^a/i/2• [(tanh i?/ij)*A' exp (-jA"x)*sin (A'x)/A' + (1-tanh ij/i/J-A'sin (Ax)/A 

+tanh i//ij) {exp (— jh"x) - cos (A'x) —cos (Ax)}]. (70) 


The hyperbolic function coefficients appearing in 
(68)-(70) are plotted in Fig. 5. 

The importance of the surface current in the 



usual design of klystron amplifier with grid 
coupling is established by Figs. 2 and S. It is 
easily possible for the first term in Eq. (70) to 
exceed the second by a factor of three or four. 
Indeed, for i? < 1, the first term in (70) is the only 
one of importance, and the motion becomes 
adenoidal. 6 The length of drift tube for maximum 
hf current is then given by the relation which we 
obtained previously for the gap system, viz., 

x m « = x/2A'. (56) 

The corresponding maximum of current has the 
value 

(It/Io)m^*pk l 72V = a/i/2 • v /ha * A/A'. (71) 

We note finally that, as ij —► <», Eq. (70) reduces 
to the correct limiting expression for an un¬ 
bounded beam, 

(V/o) H «=aM/2 ■ V sin (Ax)/A. (72) 

6 R. II. Varian has shown, by a physical argument, that 
the flow must become solcnoidal for a beam of circular 
cross section in the limitingcase of extremely small radius 
(for a fixed total current).Tor a given amount of velocity 
modulation, it follows from Gauss’s theorem in electro¬ 
statics that the longitudinal field due to space charge 
approaches a finite limiting value as the cross section is 
made smaller. At the same time, the radial field at the 
edge of the beam increases without limit (roughly inversely 
as the radius of the beam). Hence the bunching process is 
such as to tend toward expansion and contraction at 
constant density as the cross section is reduced. It is of 
interest to note that, in the case treated in this paper, 
we also approach % solenoidal flow the transverse 
dimension of the beam is reduced for a fixed current 
density, although Varian’s argument is no longer applicable 
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On Vibrations^#' Shallow Spherical Shells 

Eric Reissner 

Massachusetts Institute of Technology , Cambridge, Massachusetts 
(Received July 30, 1946) 

The problem of the axi-symmetrical vibrations of a shallow spherical shell is reduced to 
two simultaneous differential equations for the tangential and normal components of dis¬ 
placement. The solution of these equations is obtained in terms of Bessel functions. With this 
solution the third-order determinant for the frequencies of a shell segment with clamped edge 
is given but not evaluated. Instead, an approximate value for the lowest frequency is calculated 
by means of the Rayleigh-Ritz procedure [Eq. (40)]. It is found that very little curvature is 
needed to modify appreciably the corresponding flat-plate frequency. The approximations 
which are made are those customary for shallow shells: (1) omission of the transverse shear 
term in the tangential force equilibrium equation, and (2) relations between couples and 
changes of curvatures as in the theory of flat plates. 


1. INTRODUCTION 

I N this note we consider the problem of the 
rotationally symmetric vibrations of a thin, 
shallow, elastic, spherical shell. Our aim is to 
arrive at a formula which contains the modifying 
effect of the curvature of the shell on the cor¬ 
responding formulas for the flat plate. We take 
the basic equations as in an earlier paper on the 
statics of shallow spherical shells. 1 These equa¬ 
tions are reduced to two simultaneous equations 
for normal and tangential components of dis¬ 
placement. It is found that these two equations 
have a symmetrical structure of such a kind that 
their complete solution in terms of Bessel func¬ 
tions is possible. Determination of the frequen¬ 
cies of a shell segment with one boundary 
requires the evaluation of a third-order deter¬ 
minant having as its elements products of Bessel 
functions and rational functions. For a shell 
segment with two boundaries a corresponding 
sixth-order determinant occurs. 

An upper bound for the lowest frequency of a 
shell segment with clamped edge is obtained by 
means of the Rayleigh-Ritz procedure. This 
formula shows the expected pronounced effect 
of even small curvature on the values of the 
frequency. 

After the work of this paper had been com¬ 
pleted it was found that similar results had been 
obtained earlier by K. Federhofer.* As our 

1 E. Reissner, J. Math, and Phya. 25, 80-85 (1946). 

8 K. Federhofer, Sitz. Akad. d. Wias. Wien 146, 57-69 
'•><1937). 
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method of derivation is quite different from 
Federhofer’s, and as moreover Federhofer’s work 
is published in a relatively inaccessible place, it 
is thought that publication of the present de¬ 
velopments still may be of some interest. 

2 . FORMULATION OF THE PROBLEM 

We take the equation of the middle surface of 
the shell in the form 

z = (1) 

where R is the radius of the shell, h the distance 
between base plane and apex of the shell, and r 
the radius vector in the base plane (Fig. 1). Let 
r=a be the intersection of the shell surface with 
the plane s = 0, so that according to (1), 

a*=2hR-K ». (2) 

For a shallow shell we have the order of mag- 
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nitude relation 


dz r r 

—b ----=o(l), 

dr (.R*-r*)* R 


(3) 


which must hold for all r^a. As a consequence 
of (3) we have that h4£R, and Eq. (2) may be 
replaced by 

o = (2M?)*. (4) 


We restrict attention to rotationally sym¬ 
metric vibrations with circular frequency u> and 
omit the time factor in the equations of the 
problem. We then have as equations of equi¬ 
librium 

(rN,Y—Ni+tpafru^O, (5a) 
(r VrY - (r/R) (N r +N,) +tpu'rw -0, (5b) 

and 


(rM r y-M,-rV r =0. (5c) 


in (5) primes denote differentiation with respect 
to r;u and w are the meridional and normal com¬ 
ponent of displacement; N r and Ne are direct 
stress resultants; V, is the transverse shear stress 
resultant; and M, and Me arc the bending stress 


couples. Equation (5a) has been simplified by the 
omission of the transverse shear term. 1 
We take as stress strain relations 1 


and 

where 


J" w /u w\~l 

w -r + i + t + *)]' 

Ju w / w\l 

M r ~ 


Me 


Et EP 

C= — - and D-- 


1-v* 


12(1 —m*) 


(6a) 

(6b) 

(6c) 

(6d) 


(7a, b) 


From (6c, d) and (5c) we obtain for a shell 
of constant thickness t 

V r - -DW+tf/r)', (8) 

thereby expressing all resultants and couples in 
terms of the components of displacement. 


3. THE DIFFERENTIAL EQUATIONS FOR THE COMPONENTS OF DISPLACEMENT 

We introduce (6a) and (6b) into (5a) and obtain 

ru"+u' - tt/r+(1+ r)rw'/R+{tpot/Qru -0. (9) 

We next introduce (6a), (6b), and (8) into (5b) and obtain 

[rw'"+w"-w'/rj+ ((1+v) C/RD ) [ru'+u+2rw/R\ - {tp^/D)rw =0 . (10) 

The system (9) and (10) which corresponds to one differential equation of the sixth order can be 
transformed in such a way that its complete solution is expressed in terms of Bessel functions. 

To see this we use the identity 

rf'+f-f/rsertr-W J ( 11 ) 

and introduce an operator L defined by 

L(g)®r[r-VJ. (12) 

With (11) and (12) we write (9) and (10) in the form 

L(r«)+(1+ v)rw'/R+(tpa'/Qru - 0 (13) 

and 

lL(rw')J+((l+y)C/RD)l(ruy+2rw/R2-(.tpu t /D)rw~0. (14) 

In (13) and (14) the quantities u and w occur principally in the form ru and rw'. This suggests that 
we introduce two new dependent variables y and s defined as 

y-rtt and z—rw'. (15a, b) 
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Furthermore, we divide (14) by r, differentiate the result, and then multiply by r. 
equations (13) and (14) become 

If this is done 


L(y) + (tpu*/ C)y+(l + v)z/R- 0 

(16) 

and 

LL(s) - (tpu>/D)s+ ((1 + 0 C/RD)lL(y) +2z/tf]=0. 

(17) 

When R = 

oo , Eqs. (16) and (17) are equivalent to known equations for the uncoupled extensional 

and flexural vibrations, with no radial nodes, of circular plates. 


We put as 

abbreviations in (16) and (17) 



Ipw 1 / C= (1— v*) pa*/ E = « J , 

(18a) 


tpu'/D =12(1- iA)pu*/i 52* =**, 

(18b) 


(l+v)K=2(l+»«)V0 , ~»*i*. 

(18c) 


(1 + y) C/RD =24(1+ v)h/aV= m,*, 

(18d) 


2(1 + y) C/R'D =96(1 + v^/aH 1 = k* - 0 4 

(18c) 

and have 

L(y) +«*y+mi*z=0 

(iso 

and 

LL(s) —/3 4 z+«i*’Z,(y) = 0. 

(20) 


4. SOLUTION OF THE DIFFERENTIAL EQS. (19) AND (20) 


We note that the equation 



I(/)+M*/= 0 

(21) 

has the Bessel-function solution 



f-rZi{nr). 

(22) 

We set in (19) and (20) 



y-ArZi(nr), and z-BrZ\{pr) 

(23a, b) 

and obtain 

(a * ~ ti*)A -t-tnfB = 0 1 
— mfiPA +(m 4 — P*)B = 0 j ’ 

(24a, b) 

The condition of vanishing determinant of (24) is 



(a* —m*) (m 4 ~ P 4 ) +»»i , WiV = 0. 

(25a) 


If we multiply (25a) by a*, where a may be the radius of the base of the shell segment, we obtain, 
with (18), 

[ pwV Y pwV h*-\ h* 

(1-**)-(,«*)* (mo) 4 - 12(1 -»*)-+96(1+»>)— +48(1+ v) — (mo)* =0. (25b) 

E JL Et * <*J t* 


It follows from (25b) that the three roots m, mi, and mi of (25) are of the form 


MO* 


J o*/(l-**) \'H 1 

T7\ E / ’ t a J 


(26) 


From (24a) follows for the amplitude ratios 

(27) 

Combining the solutions corresponding to different values of m and taking J\ as well as Fi as part 
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of Zi, we may write 

z = rw* = r [BiJi(nir) + C\ Fi(/iir) (/x*r) + C* Fi(/mr) + +Ci Yi(mr )}, 

and 

|Bi/i(Mir) CiFi(Mif) 5j/i(/x*r) CsFi(mjO B%Ji(il&) CiYi(mr) 

ysarussrm ti -(-1-1--|-1- 

I a 1 —/ii* a 2 — Mi 2 a* —Ms 2 a*—Ms* a 2 — /!* 2 a*—Ms* 


(28) 

(29) 


For an annular shell all six constants of integration are needed in order to satisfy three boundary 
conditions on each edge. For a complete shell segment with no singularity at the apex we must have 


Ci * C% = Ct = 0. 

Integrating (27) we obtain for the deflection «/, 

w ** — BiJo(pLr)/m — CiYo(fJnr)/ni—BiJo(ti2r)/ni - Ci F 0 (m jO/m* -B*7oW)/a»s—C* Fo(p*r)/Mi. (30) 


5. FREQUENCY EQUATION FOR SHELL SEGMENT WITH CLAMPED EDGE 

As an example of the form which the equation determining the frequency assumes, we consider 
the motion of a shell determined by the conditions that there is no singularity for r = 0 and that 
along the edge r=a there is complete restraint, 


w(a) ~w'(a) = u(a) = 0. 


(31a, b, c) 


We substitute (28) to (30) in (31) and obtain three simultaneous homogeneous equations for J5 ll 
jBj, and B >. The possible frequencies follow from the determinantal equation 


Ji(ma) 

Ji(ma) 


Jq(h2o)/hi 

/i(mia) 

JiM 


/oOitfO/pa 

Ji(ntf) 


(oca ) 2 — (mi a ) 2 ( aa ) 2 - (m**) 2 (<*a ) 2 — (m^O 2 


= 0 . 


(32) 


In Eq. (32) we must introduce the values of mi» m»> and ms which follow from the cubic (25). Com¬ 
parison of (32) and (26) shows that the frequencies of free vibrations are determined by a formula 
of the form 



(33) 


For a flat plate (ft = 0) Eq. (33) becomes, for flexural vibrations, u = (t/a 2 )[_E/(X — ? 2 )p]*X const., 
and for extensional vibrations, o) = (l/a)[i£/(l —y t )p]*Xconst. 

The simultaneous solution of (32) and (25), by numerical methods, is presumably not an easy 
matter and is not given in this note. Instead, a simple approximate formula is derived in what 
follows by means of the Rayleigh-Ritz procedure. 


6. APPROXIMATE DETERMINATION OF LOWEST FREQUENCY BY VARIATIONAL METHOD 

The variational form of the equations of motion is according to (13) and (14) 

f C[L(ru) +i»t 2 ra>'+a*rw]5w+2?[{ L(ru /)} , +mi i (ruY — (Prw]fa»)dr *0. (34) 

"Q 

To obtain an approximate value of the lowest frequency we set in (34) 

a\ aJ 


(35a) 


and 


«w~($5)(l~r 2 /a 2 ) 2 , 


Volume 17, December, 1945 


(35b) 

1041 



(36a) 


which leads to the following two simultaneous equations for A and B : 

T 1 ll 11 

—(aa)*— U-m 1 *o5=0 

L60 4J 10S 

and 

11 r1 321 

— m, 2 a*A - —(0a)<-B - 0. (36b) 

105 LlO 5 J 

The condition of vanishing determinant of (36) may be written in the form 

r80 h* a J 1 o*r400 h 2 /11 \ 2 h* 1 

X*- —+8(1+^)—(-15— X+H — +120(l + »)-%( — ) (l+v)*-U0, (37) 

L9 <* /* J 1*1 3 /* \2l/ f*J 

where 

X = (1 — v l )u i pa*/E( t . (38) 

As (</o)Cl and (A/a)< 1, the smaller of the two roots of (37) simplifies to 

80r / 9 242 \ h 2 1 

XHH-(1 + ^) )(l+i-)-L (39) 

9 L \10 1225 / 

and the lowest characteristic frequency is then approximated by the simple formula 

t / E \‘/ *V 

« = 2.98 —(-) I l + (l + ^)[.90-.20(l + v)]— 1 . (40) 

a 2 \p{ 1-v*)/ V t*/ 

In the limiting case of a flat plate Eq. (40) gives a value which lies within about one percent of the 
exact value. 

It may be noted that had one used, instead of (35), the still rougher approximation u=0 and 
w=B(l—r 2 /a 2 ) 2 , then instead of (40), an approximate value for u would have been obtained where 
the term .90—.20(1+»<) is replaced by .90.* This indicates that the upper limit for «, which is given by 
(40), should be improved, especially for appreciable values of h/t, either by solving the determinantal 
equation (32) or by using additional terms in the Rayleigh-Ritz procedure. 


•By using «—(r/a)(l—f*/o*) instead of (35a), Federhofer obtains a result which may be transformed into an expression 
of the form (40), with the difference that the factor .20 is replaced by a factor .19. 
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Non-Uniform Transmission Lines and Reflection Coefficients 

L. R. Walker and N. Wax 
Bell Telephone Laboratories, IncNew York , New York 
(Received July 30, 1946) 

A first-order differential equation for the voltage reflection coefficient of a non-uniform line is 
obtained and it is shown how this equation may be used to calculate the resonant wave-lengths 
of tapered lines. 


T HE usual method of treating non-uniform 
(or tapered) transmission line problems 
consists in solving a second-order differential 
equation in either the voltage or current along 
the line. Pierce 1 has shown, recently, how one 
may obtain a first-order differential equation for 
the input impedance of a non-uniform line. It is 
the purpose of this note to derive a first-order 
differential equation for the voltage reflection 
coefficient of a non-uniform line and to show how 
this equation may be used to calculate the 
resonant wave-lengths of ta]>ered lines. 

The equations satisfied by the voltage, V, and 
current, /, at a ]>oint jc along any transmission 
line are 

dV/dx=-Z(x)l , (1) 

dI/dx=-Y(x) V, (2) 

where Z(x) and Y(x) are the series impedance 
and shunt admittance per unit length of line, 
respectively. The nominal characteristic imped¬ 
ance, K(x), and nominal propagation factor r(*), 
arc defined by the relations 



(3) 

K(x H - - 

Lf(x)J 

r(x)-C2(*)K(*)]i. 

(4) 


The voltage reflection coefficient, 
by 

V 

--K(*) 

q*= -. 

V 

j+K(x) 

Making use of the above equations one finds 
that q 9 satisfies the first-order non-linear differ¬ 
ential equation 

1 J. R. Pierce “Note on the transmission line equations in 
terms of impedance,'* Bell Sys. Tech. J. 22, 263-265 (1943). 


q vt is defined 


(S) 


dq v 1 d log K(x ) 

7—2r(*)*+---<!-*■)-0. (6) 

dx 2 dx 

Introducing the complex phase angle, 0, by 
means of the relation q v =c l9 , Eq. (6) becomes 


dd d log K(x) 

— = — 2iV(x) H-sin 0 

dx dx 


(7) 


or, in integral form, 


9=-2 ij F (x)dx+J 


d 

sin 0—Qog 2C(x)]d.v. (8) 
dx 


The first term on the right-hand side of Eq. (8) 
represents a generalization of the usual expression 
for the phase shift along a uniform line that takes 
into account the variations in propagation factor. 
The second term is in the nature of a correction 
term which depends not only on the changes in 
nominal characteristic impedance but also on 
the phase at the point. 

Thus far no assumptions have been made 
concerning the properties of the transmission 
line. If one now assumes, as will be done in the 
rest of this paper, that the line is loss-less, then 
the nominal characteristic impedance will be real 
and the propagation factor will be purely imagi¬ 
nary', T(x) =i0(.v). A new variable, y, may be 
defined by 

y* f P(x)dx. 
do 

Equations (7) and (8) then become 


d$ d log K(x) 

—*2-1-sin 0, 

dy dy 


(9) 


J r* d 

' sin 0—[lag<K(x)]efo, 
a dx 


( 10 ) 


where 0«=0(O) at **=0. 

* 
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It may be Instructive to consider Eq. (7) from 
the viewpoint of transducer theory. The relation 
between the reflection coefficients q*\ and 
(looking in the same direction) on the two sides 
of a loss-less, linear, passive, four-terminal net¬ 


work is 


7 +exp ( tat)qn 

* exp (- it*i)--——, 

1+7 exp (laO&a 


(ID 


where on, a 2 , y are all real, and 1 7 [ S1. Equation 
( 11 ) may be obtained in a variety of ways, for 
example from the definition of the voltage re¬ 
flection coefficient and the known relationships 
between the voltages and currents on the two 
sides of the network. Let g«i=exp (i6\) and 
< 7*2 = exp (i$ 2 ). Then Eq. (11) becomes 


tan 




( 12 ) 


where A=(l+yj/(l— 7 ). If one now considers a 
small element of the transmission line as an 
elementary four-terminal network, then 0 2 = 0 i 
+00, afi = 0ai, ct 2 = 6 at, and A=1 + 0A. One finds 
that 

00=(0ai— 5afj) + 5A sin 0i, (13) 

and comparing this with Eq. (7) 

dai — 0aj = 0(x) 0x, (14) 

K(x) + 6K(x) 

1+0A = 1+0 log K(x) =-. (15) 

K(x) 

An equivalent representation for each small 
section of a non-uniform line is, therefore, two 
small lengths of uniform line with the character¬ 
istic impedance of one line that of the nominal 
characteristic impedance at the beginning of the 
section, and that of the other the characteristic 
impedance at the end of the section. 

Equation ( 10 ) may be solved by the method 
of iteration; the approximations converge rapidly 
when the change in log K(x) over the interval 
considered is sufficiently small. The nth-order 
approximation will be 

r* d 

0»* at 0(O)+2y+ f sin 0_i—[log X(x)]dx. (16) 
J Q dx 


and the first-order approximation by 


d 

sin 0 o—[log K(x) ^dx. (18) 
0 dx 


Equations (16)—(18) enable one to solve Eq. 
( 10 ) when the propagation factor is known. The 
calculation of the resonant wave-lengths of non- 
uniform lines presents a somewhat different prob¬ 
lem in that the propagation factor is the quantity 
to be determined. 

It is convenient to make two more assump¬ 
tions now. One is that the line is terminated in a 
pure reactance at x — 0 ; this makes 0 a real 
quantity. The other is that the propagation 
factor is a constant as a function of x; an im¬ 
portant special class of non-uniform lines satisfies 
this condition. Equation ( 10 ) becomes, then, 

4t r x d 

0 = 0(0) H—x+ I sin 0 —[log K(x)]dx, (19) 
X J 0 dx 


where p(x) =0; /$ = 2t/X. 

Resonance will occur when 6=*mi r, where m is 
an even positive integer, anti-resonance when m 
is an odd j>ositive integer. 

Let x = a when 6 = mx ; in solving Eq. (19) by 
the method of iteration one sets all approxima¬ 
tions equal to mx at x=a. 

The wth-order approximation to X is given by 


4 a 

0 ( 0 ) 1 r* d 

m -I sin 0 n _i— [log K(x)~}ix 

X X Jq dx 


( 20 ) 


with the zero-order approximation 


4 a 



m - 


T 


( 21 ) 


and the first-order approximation 


4 a 


0(0) 1 r* d 

m -I sin 0 o—[log 2 C(x)]dx 

x x J 0 dx 


( 22 ) 


' The jssro-order approximation is given by 

0o = 0(O)+2y (17) 


Resonant wave-lengths of a few non-uniform 
lines have been obtained by the standard meth- 
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ods and by means of Eq. (22); the results were 
in agreement when the taper was small. The 
appendix gives the results of such a calculation 
for a particular class of non-uniform lines, to¬ 
gether with the errors arising from the use of the 
first approximation. 

APPENDIX 

If one assumes that the propagation factor is 
constant, and that K(x) varies as a power of x t 
then Eq. (9) will be of the form 

dO l=fc2u 

— = 2)3-— sin 0 (Al) 

dx x 

with )3 and v real constants. 

A new variable w may be introduced by means 
of the transformation 

1 dw v 

-= db — )8 tan 0/2 . (A2) 

w dx x 

Using (Al) and (A2) one obtains Bessel's equa¬ 
tion 


1 dw / v 2 \ 

+- —HU 1 -)™ = 0, (A3) 

jc dx \ x % / 


d*w 1 dw 
dx 2 


with solutions, therefore, of the form 
w=AJ v (fix) +B Y v (f)x) 


(A4) 


A and B arc constants. 

If w=*0 at x=a and at x = b then (A4) yields 


Jvtfb) Y v (fia)=J v m Y,(fib). 


(AS) 


yields 


0i = 7 \ ST ~ 

6—al 


l±2v 


r/ /2sra\ / 2st \ \ 2sr 

( /2sra\ / 2 st \ \ 2sr "|| 

c *(^t)- c ‘(^t))“^t]|’ (A6 > 


s = m—n, a=b/a> i, Si and Ci are the sine- and 
cosine-integrals, respectively. 

Roots of (AS) may be obtained quite quickly 
by means of (A6) and are of fair accuracy when 
v and a are small. The percentage error for u=0 
and a^=4 is less than 2.S percent for the first 
five roots; for J and a^4 it is less than 6.2 
percent for the first three roots; for u=l and 
a^2.5 it is less than 5.5 percent for the first 
four roots. When u = 2 and a = 2, the first root is 
in error by 13.2 percent. Jn all cases computed 
the percentage error decreased rapidly as 5 
increased. 

The above approximation has been compared 
with the McMahan 2 series solution for (AS). It 
was found that for a <4, v <2, a single root could 
be obtained with about equal speed by the two 
methods, for comparable accuracy. However, the 
above approximation has two advantages over 
the McMahan series: (1) that approximate roots 
may be obtained very quickly for many values 
of a, and (2) that even a single root may be 
obtained with greater speed for a >4, since the 
McMahan series converges slowly for these 
values. 


From (A2), the zeros of w are the poles of 
tan 0/2, for x^O; the corresponding boundary 
conditions on (Al) arc then 0 * (2m+1 )x at x =a, 
0= (2n+l)ir at where m and n are integers. 
The eigenvalues of (Al), subject to these bound¬ 
ary conditions, are thus the roots of (AS). One 
may readily obtain a first approximation to the 
eigenvalues of (Al), and therefore to the roots 
of (A5) by using the method of iteration. This 
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Resonant Frequencies of the Nosed-in Cavity 

Ernest Mayer* 

Westinghouse Research Laboratories , East Pittsburgh , Pennsylvania 
(Received June 13, 1946) 

In this paper the resonant frequency of the noscd-in cavity is studied as a function of the 
cavity dimensions. Maxwell's differential equations and boundary conditions are converted 
Into an integral equation which is solved approximately by the Ritz variational method The 
size and shape of the cavity arc fixed by specification of the dimensions (cf. Fig. 1) n and r*, 
the inner and outer radii; c 1 , the post length and e 11 , the gap space. If the cavity is to resonate 
to the wave-length X, only three of its dimensions can be given independently; the fourth will 
be a function of the given three and the wave number £*»2t/X. For fixed fi/rj the dependence 
of he 1 on ife« n is calculated with a precision of 1 percent. 


L INTRODUCTION 


T HE present article is based almost entirely 
on a Westinghouse Research report. 1 A 
number of mathematical details and proofs not 
given hert* and additional references will be found 
in the above-mentioned report. 

Much interest has developed recently in the 
nosed-in type of cavity of large gap spacing 
shown in Fig. 1. In this article we obtain curves 
which relate the resonant frequency of the cavity 
to its dimensions. These dimensions are: c 1 , the 
post length; e 11 , the gap space; tt, the post 
radius; and r it the outer radius of the cavity. 
As the cavity is a figure of revolution we use 
cylindrical polar coordinates (r, <p , z) with the z 
axis along the axis of symmetry and the s = 0 
plane along the tip of the post. We are interested 
in the fundamental mode of resonance. In this 
mode the angular component of the electric field, 
E f is zero and the angular component of the 
magnetic field, II ¥i is independent of Since 
the mode has angular symmetry, II ¥ satisfies the 
partial differential equation 


d*H 9 1 dH+ 
dr* r dr 



0 , ( 1 ) 


together with the boundary condition that, on 
all conducting surfaces, 


-TO-0, 

dn 


( 2 ) 


* • Now at The M. W. Kellogg Company, Jersey City, 
New Jersey. 

l T. Holstein and E. Mayer, Research Report SR-281, 
3fteeonent frequencies of the nosed-in cavity.;' 

iii 6 


where d/dn denotes differentiation in the direc¬ 
tion normal to the conducting surface, and 
& = 2 t/X is the wave number. H ¥ can serve as a 
potential function for the other two non-vanish¬ 
ing components of the field : 2 

1 d 

ikE 9 — - rllf, (3) 

r dr 


ikE r = 


dll „ 
dz ’ 


(4) 


For the cavity in Fig. 1 no explicit solution of (1) 
has been given. Only approximate methods are 
available for calculating the frequency of such a 
resonator. A practical procedure is to divide the 
interior of the cavity by a suitably chosen surface 
5 into regions I and II, in each of which the 
viiriables of (1) can be separated. In these regions 
the solutions /// and if/ 1 , respectively, can be 
set up so as to satisfy (2) at the conducting 
surfaces. However, owing to the fact that neither 
region is completely surrounded by conducting 
walls, each solution will contain an infinite num¬ 
ber of arbitrary constants; furthermore, the wave 
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Fig. 1. 


*E. U. Condon, Rev. Mod. Phys. H, 34L(1942). 
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number k is undetermined. In order for /// and 
H ¥ u to represent the solution of (1) in the whole 
cavity, they must obey the following continuity 
conditions on the surface S: 

( 5 ) 

dllp 1 /bn = dH ¥ n /dn f (6) 

where b/bn denotes differentiation in the direc¬ 
tion normal to 5. The imposition of these con¬ 
tinuity conditions determines not only the arbi¬ 
trary constants but also the wave number k . 

This procedure has been applied by Hansen 8 
to the nosed-in resonator of small gap space. In 
his paper the surface S is chosen at r = ri, The 
interior is thereby divided into two regions in 
each of which H * can be expanded as a Fourier- 
Bessel summation, the amplitudes of the terms 
being determined by the condition that both 
summations yield the same value of the tan¬ 
gential electric field E, on the dividing surface S . 
'This condition, which is equivalent to (6), to¬ 
gether with (5) can be used to determine the 
unknown amplitudes and the wave number k . 

Hansen now assumes an analytic form E,(z) 
to approximate the component of the actual 
field on S. The* assumed E,(z) is expanded into 
two Fourier scries over the intervals e 11 and 
c I +e II =Zo, corresponding to the regions into 
which Hansen’s S divides the interior of the 
cavity. Substitution of the Fourier expansions 
into (3) permits evaluation of the amplitudes and 
therefore satisfies (6) by construction. The de¬ 
termination of the only remaining unknown, k, 
is now effected by a matching of /// and II at 
*i, a particular value of s on the surface S 
employed by Hansen. With the value k thus 
found, say ku the matching indicated in (5) is 
in general not satisfied at zj*zu because the 
analytic form of E a (z) is only an approximation. 
Had E b been the correct function, the k obtained 
from matching at a particular z would have 
guaranteed satisfaction of (S) everywhere on 5. 
Hansen shows that ki is close to the correct k as 
it is not very sensitive to the error in E s or to 
the choice of si. In practical calculations it turns 
out that his method begins to be inaccurate for 
resonators whose total height Zq exceeds r/2k. 

A more general approach to the problem has 

1 W. W. Hansen, J. App. Phys. 10,1 (1939).' 
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been made by J. Schwinger. According to his 
method £. (or, more generally, the tangential 
electric field on S) is left undetermined. The 
amplitudes of the Fourier terms are expressed 
by means of (3) and (6) as integrals of the 
unknown E t . Substitution in (5) leads to an 
integral equation in JE f of which solutions exist 
only for a denumerably discrete set of k's. In 
applying such integral equations to wave guide 
problems Schwinger has shown how approximate 
solutions can be obtained by variational methods. 

The frequency calculations presented in this 
paper extend beyond the range treated by 
Hansen, i.e., the method presented here is prac¬ 
tical for Zo>x/2k . These calculations are based 
on an integral equation of the form 

f+(r)G(r,r’)dr'= 0, (7) 

in which the kernel G(r t r') is a function of the 
cavity dimensions and the wave number k. The 
steps leading to (7) are stated below. The solution 
of the integral equation will be achieved by 
methods analogous to those employed by 
Schwinger. 

H. THE INTEGRAL EQUATION 

The derivation of the integral equation pro¬ 
ceeds as follows. We divide the cavity interior 
into regions I and II by choosing* 5 along s* 0 
as shown in Fig. 2. The solutions of (1) in both 
regions are of the form 

//,,== Zi(fcrr)* 1 ***, 

where 

and Zi(jfcrf), the first-order cylindrical function, 
is a linear superposition of Bessel and Neumann 

* This choice of S is merely a m$t' -»r of mathematical 
convenience. The variational method applied here can be 
applied also when S is chosen at r as in Hansen's paper 
(see reference 3). 
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functions 


Zi(k t r)=aJ 1 (k f r)+bN i (k t r) t 

a and b being constants of integrations. Using 
H 9 as a potential from which E M and E r can be 
derived according to (3) and (4), wc can now 
impose the boundary condition that the tan¬ 
gential electric field shall vanish on all conducting 
surfaces, and thereby arrive at relations between 
a and b and between k» and k from which 
simplified expressions for //„* and II/ 1 can be 
written in closed form. 

We start with region II, in which b = 0 since 
the Neumann function is excluded because of its 
singularity at r = 0. Further, the boundary condi¬ 
tion £ g =0 at r=fj leads to Jo(k r n ri) = 0. Hence, 
k r u can have any of the values j„As, where j H is 
the n’th root of the zero-order Bessel function. 
In cavities of practical interest kr%<ji=* 2.405, 
and, therefore, all the k K lv s are imaginary with 

— (fei 11 ) 1 = (i»/ft) 1—= (^» n ) 2 » fe» 11 real. (8) 
We can thus express H/ 1 as 

II/ 1 -ZA/ 1 cosh k/'iz+WJiUs/r*). (9) 

Here the phase of the cosh term has been ad¬ 
justed to make R r zero on the wall at z = — c 11 . 

In region 1 we find that in order for R , to 
vanish at r = fi and r=r s we must have 

Z 0 (k r l ri)=0 and Z 0 (fe r V 8 ) =0. 

From the latter two conditions we can, in the 
first place, solve for a/b so that we can write Z\ as 


Zi(k r 1 r) = -N Q (k 1 r 1 )J l (kr l r) 

+Jo(kM)N 1 {k 1 r) (10) 
and secondly we find that k r J must satisfy 
/o(ir T ri)iVo(fe r VO-No(fer I ri)/o(fcr I r 2 ) =0. (11) 

Introducing the notation f =kjrt we rewrite (11): 

= 0 . ( 11 ') 

The solutions fof this equation are listed in 
Jahnke-EmdeV Tables of Functions . As is 
always larger than the corresponding j nt wc 
again have imaginary kfs or 

- (fc* 1 ) 2 = (fn/r s ) 2 - = (k /) 2 , k/ real. (12) 

In addition to the Z%$ listed in (10) the function 
1/r is a solution for the case k r **0 since it 
satisfies (1) and its boundary conditions. Thus 
the complete solution of (1) in region 1 is 

II/** A/ cos k{z—t l )fr 

+ £ An 1 cosh k/iz-^Zitij/rd, (13) 

where the dependence on z has been so adjusted 
that E r vanishes on the wall at z^e 1 . 

We now define ^(r) by the relation 

\fr(r)/r=dll 9 /dz= —ikE r at s=0. (14) 

This is the f which appears in (7) as the unknown 
function. In solving (7) for the wave number k 
we shall obtain, as a by-product of the calcula¬ 
tions, the dependence of ^ on r and hence the 
functional form of E r . 


Following the procedure outlined above we solve for the amplitude A n as integrals of the tan¬ 
gential field (in this case E r ) on 5. Substitution of (9) and (13) in (14) gives 


- ZA/'k/W'AUnr/r*), (IS) 

r 

*(r) 

-= A/k sin ke l /r-Z A/k/ sinh k n l t l Zi(tnr/r%). (16) 

r 

To solve for A m 11 we multiply in (IS) by Ji(jm?/r%)rdr and integrate over S obtaining 


AJ* 



JitiJ/rWW 


(k/Wsmhk/W/U*) ' 


(17) 


4 E, Jahnke and F. Emdc, Tables of Functions (Dover Publications, New York, 1943), p. 205. The tables from which 
can be obtained contain a number of errors. New and more accurate values were taken from tables by A. N. Lowan 
and A* Hillman, J. Math. Phys. 22 (Dec., 1943). These tables contain suitable information in the range r*/fi^4. For 
ri/fij>4 we calculated f*’s from asymptotic expansions quoted by Lowan and Hillman. 
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An analogous integration of (16) with Zi{^ m r/r t )rdr leads to 


AJ=- 


-2kJ ( , Zi(r,r7r 1 )*(r')dr / 

Jti 


(kjr.y sinh *»V[Zi*(f J - (r 1 /r 1 )*Z,*(f,.r/rO] 

The Zj’s in the denominator of (18) ran he expressed in terms of /oV so that A m 1 becomes 

X* 


(18) 


A' = 


x* r r ‘ 

-kJU* I 

2 Jr i 


2i(f»r'A S )^(r')dr' 


(180 


(*»V,) 2 sinh ft» l « 1 [(/«(f»r,/r,)//o(U)) i -n 
Finally to obtain A a 1 we integrate (16) with 1/r-rdr and get 

r T * iK'') / r* 

A o 1 = I — —dr' j k sin kt l log —. 

J n r' / r I 

Having obtained the expressions for A n we can formulate the boundary' condition (5) as 

///-//,"=0 = f * <p(r')G(r, r')dr\ 

Jri 

where 

cotfce 1 11 x s kn 1 coth *» I « I f,'iJi(f»r/r I )Zi(f ll rV>'j) 

G(r, r') =--2 " - 

k log r,/r, r r' 2 (^ I r ! ) 2 [(/o(f»ri/r 8 )//o(fn)) l -l] 

b II rnth k II.H 

- 2 £- *.., r ~. JiU-r/riVtUS/rt). ( 20 ) 


(19) 


(70 


m. THE EQUIVALENT VARIATIONAL PROBLEM 

The solution of the integral Eq. (70 is achieved by the solution of the equivalent variational 
problem, which we shall now proceed to formulate. We define 


where 


"'ll 


f(r)G'(r, r')t(r')drdr' 


cot kt l 


k log fi/r 


-J/t 


*('') 


drdr' 


cot Ac 1 1 1 

G'(r,rO=~- ----G{r,r') 

k log fj/ri r r 


( 21 ) 


and all the integrations extend, as in the subsequent expressions where the limits are omitted, from 
fi to ft. The two equations 

£7-1 (22) and «£/-0, (23), 

where iU is the variation in U arising from an arbitrary variation of then constitute a varia¬ 
tional problem equivalent to (7'). 


* G. N. Watson, Theory of Bend Functions (Cambridge, 1922), p. 76. 
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To prove this equivalence we perform the variation 


b$(r)dr 


tU = 


// 


cot kt 1 t( r ) W) 


k log r t /f\ r r' 


drdr' 


JW.'W)*' 


ff +(r)G\r, r'Mr'jdrdr'j 


cot kt 1 ip(r')dr' 


k log rj/r i rr' 


// 


col kt 1 4>{r) 4f(r') 


k log r*/ri r r' 

Since is arbitrary, the bracketed quantity must vanish; or, in view of (21) 

cot kt 1 yp(r') 


Irdr' 


J G'(r, r')*(r')dr'-uf 
which, for f/=l, is identical with (7'). 


klogr 2 /ri rr ' 


-dr'=0 


(23') 


IV. PROPERTIES OF THE SOLUTION 

The theory of integral equations asserts that 
the solution of (23) (or its equivalent (23')) is 
in general an infinite set of eigenfunctions \fr n 
which belong to corresponding terms of a set of 
eigenvalues U n of U . Owing to the particular 
form of G'(r, r') a number of special features of 
the solution, outlined below in (a), (b), and (c), 
can be proved. 1 These features serve to guide us 
in the application of approximate methods for 
solving (23). 

For specified values of e 1 , « n , r lt n, and k in 
the range 

*ri<ji-2.405, W<ir/2, (24) 

the following theorems hold: 

(a) There exist only one eigenvalue (denoted 
by Uo) and one corresponding eigenfunction 
(denoted by ^ 0 ) which satisfy (23). 

(b) Equation (22) with t/=* £/ 0 , that is Uq- 1, 
constitutes an equation among the five param¬ 
eters from which c 1 can be evaluated uniquely 
when the other four are specified. (The value of 
c 1 so obtained will be denoted by eo 1 .) 

(c) The value of « x obtained from (22) with an 
arbitrary ^ cannot exceed to 1 ; i.e., 

In view of (c) we may expect that 1 if we find 

1 R. Courant and D. Hilbert, Methoden der Mathema- 
Hickm Pkysik (Intersdence Publishers, Inc., New York, 
«43), Vol. 1, p. 146. 

0 


a sequence of ^’s such thal the corresponding c If s 
form a monotonically increasing scries, the limit 
of this series is so 1 . 

V. THE RITZ VARIATIONAL METHOD 

In this section we describe the Ritz procedure 
by which an approximate solution of (22) and 
(23) can be obtained. Wc select n functions yfr 3 (r) 
each of which can be made to satisfy the bound¬ 
ary conditions on yp(r) and set up 

= (25) 

Variations in ^ are now effected by variations in 
<*;. With (25) substituted in (22) and (23) we 
can determine a, and solve for € l as a function 
of € n , ri, rj and k. 

In using (25) we find the following notation 
convenient: 

a "~SS Ur)G\r,r')Ur')drdr'=G, t , 


cot kt 1 


!!L_ c f 

,/ri) JJr r' 


k log 


drdr'^Iji. 


With these formulas we convert (22) and (23) 
into 


E< 

L< Lj a «*)Lj 
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and 


E. Ej ct><X}G>, . 

6 -*0, t,j = \, 2‘ • •», 

E» 

respectively. The variation is performed on a; 
giving 

2 E» 


2 2^, flat, r 

— E.«.G„ 

E» Ej 



Fig. 3. 


—E*®*^ 


E» E; «»«/*•; 
E* E^ 


h 


Finally, from the analogous two-dimensional 
case it is to be expected that 


As the te,’s arc arbitrary, the bracketed term 
must vanish; or, after simplification, 

E =0; j=l, 2” -n. 

i-i 

This system of « linear equations for the «a,’s 
has a non-trivial solution if, and only if, the 
determinant formed from the coefficients of the 
a,’t> vanishes; 


Gii—hi Git—In 

Gti—In Git—In 



This expression constitutes a transcendental 
equation from which it is possible to solve for e 1 
when the other four parameters are sjjecified. 

VI. THE CHOICE OF T'S 

In choosing suitable ^,’s, we take into account 
the behavior of the correct solution and its 
derivatives on S. Thus as r=r*, we must have 
E,-* 0 and hence from (14) and 


d^o/df 1 >0 on S. (27c) 

Now, we seek a set of ^/s which can be combined 
according to (25) to make ^ behave approxi¬ 
mately as $o- A vital property of our ^/s must 
be, however, that they permit the evaluation of 
the integrals for G,, and I t) . The question of this 
integrability is important enough to warrant the 
relaxation of some of the conditions in (27) in 
order that a practical set of ^,’s be found. 

After a number of trials it was found that a 
family of ^,’s which can be made to agree satis¬ 
factorily with conditions (27) and also permit 
evaluation of G„—I„ without undue difficulty 
consists of power series in r. The basic ^»’s 
considered in this family are 

if/ c = 1, a constant, 

fp=ai+a t [.(r-riy-o P ], a parabolic 

» quartic 


and 


d dE, 

div E =—*0, 
dr dz 

it follows that 

d^o/dr*0 at r=r* (27a) 

When r-*ri, £,-»« as (r-fi) -1 so that we have 
Mr)«(r-rx)- ut . 

(27b) 

tyt/dr oe (r - ri)~*' 1 , as r-+fi. 


+«,"[(r-r,) 4 -a,], 

a superposition of parabolic and quartic ^.’s. 
The constants a, and a, are determined from 

0 , 

which will insure that alj the /,/s vanish except 
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Fig. 4. 


Jn. For fa the determinantal equation reduces to 
G 11 —I 11 =0 (26') 


from which values of kt 1 as function of ke lt with 
fixed kri and fer 2 have been calculated (Fig. 3). 
In view of more accurate* final curves, the value 
of fee 1 thus obtained is about 10 percent below 

W- 

Considerable improvement over the curve 
is obtained by use of the parabolic which 
leads to the determinantal equation 


Gn—/n 
G 2 i 



(26") 


Further increase in the calculated value of fee 1 is 
obtained by use of When the more general 
$p+q is employed, there is no appreciable increase 
in kt 1 over the result with ip q , as shown in Fig. 3. 
The convergence of the Ritz process illustrated 
in Fig. 3 indicates that is sufficiently good for 


the calculation of characteristics of the nosed-in 
resonator, and therefore this function was em¬ 
ployed in preference to more general functions, 
with which the numerical work becomes exceed¬ 
ingly laborious without compensating gain in 
accuracy. The calculations with arc given in 
greater detail in the next section. 

The experimental check on these curves was 
obtained at the Westinghouse Research Labora¬ 
tories. The resonator of total height fe«6 = fe(e*+« n ) 
= 2.5 having fee 1 and fee 11 corresponding to point 
P on Fig. 3 shows an agreement within 2.5 
percent of the calculated value. Further meas¬ 
urements at the Bloomfield Division of Westing- 
house Electric Corporation led to similar agree¬ 
ment, the experimental values of fee 1 lying about 
2.5 percent above the calculated curves. The 
disagreement is ascribed to the deviation of the 
actual cavity from that treated by the theory. 
Instead of the smooth top shown in Figs. 1 and 
2 the actual cavity is provided with a corrugated 
diaphragm (to permit tuning). 

The radial variation of \[f pt yfr qt and is 
illustrated in Fig. 4. It is to be noted that (27b) 
is not satisfied by these jfe’s, but this docs not 
result in serious trouble because the infinity of 
at r-ri is integrable. 

Vn. SUMMARY OF PROCEDURE AND RESULTS 

A practical set of s consists of the two 
functions 

lfei = lfec = l and ifed=^« = (r-r f ) 4 -a„ 
where the constant a q , defined by 



is 


,12 log ^1-25+48^,) -36(r 1 /r,)*+ 16(r 1 /r s ) # -3(fi/r,) 4 


12 log rq/ri 

From the definitions of In and we are led to the following formulas for these terms: 

_ tog rt/ri 

-cot fee 1 , 

kr% 


-A- .. ■ 

* Since from {c) in Section IV n l is the upper limit of the « l that can be calculated from an arbitrary l, the highest 
otfrve on Fig. 3 is the most accurate. 
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<?u = 2r,E 


coth k n u t u 1 JfUJi/rt) 
■(K ll r>) jf JSUn) ’ 


coth k n n t n Jt(j n ri/r,) 

Gii=8r j* £ . ■ E», rI (r 1 /r i )=G», 


Cm 


coth iaVCfito^ft/ri)] 1 

— 32r* | i 


/L _ , S/MUi/rt)\* 1 

{k ' r 'H (“w) - 1 ] 


coth *.“«»[E,n n (ri/f*)]*1 

(4.WW I 


In these formulas the E’s, which are functions only of the ratio ri/rj are defined by 
/o({V i/fj) _ t 

e,. 1 ———ci/f.-4/f.*--ff.(ro(i-3/r.*)] 

/«(f.) 2 

- [(3—3ri/r*+(ri/r*) , )/f l ,—4/f»*—-7/o(f«ri/rf)(l—3/f»*)] f 

2 

=/i(i.)[l/i»-4/7V-^oO»)(l -3/i,*)] 

2 


-f 1 /r,7iO>i/f»)[(3-3r 1 /r,+(r 1 /r J )*) / jn-W~IIoU«ri/rt)(l -3/jV) ] 

+fi/rtJ o(j,r */ r *)[ ( — Jl"*” 2 ) ^ r *^ ~ ^ ( fl / f »)’ 

(l-a,/r 2 4 ) ir 1 

+——--//iO>iA*)(i-3/jV) L 

Wri 2 J 


where the J/ 0 and JJi are the zero and first-order 
Struve functions, respectively. Next we set up 
the determinantal equation 


Gu—/ii 

Gg i 


Gia 

Gia 


= 0, 


(26"') 


which connects the wave number k and the 
geometric parameters « T f « ir , r*, and r*. If, now, 
k is assigned, this equation can be solved for t l 
when the other three parameters are specified 
provided that krt<ji = 2.405. 

It is convenient to fix the value of ri/r* and 
let Jk« n assume an arbitrary set of values corre¬ 
sponding to which kt l is determined by (26'"). 
Expanding the latter into 

/n-Gu-GiaVG,,, (28) 


we note that kt 1 appears on the left in In and 
kjt 1 on the right in Gia, which, however, is not 
very sensitive to variations in « T . We can thus 
first obtain kt l approximately from /n=Gii, 
calculate from (12) 

coth jfcnV^coth WQV/Ofer*) 1 —1]* 

and substitute this in Gh. It turns out that only 
coth kt V need be calculated in this manner 
because forn > 1 coth k n 1 * 1 ** 1. Similarly, we have 
from (8) coth *,»•«-«* U u {j?/{kr % )'-\y 
and for n> 1 coth Jk» n « n «1.* With these expres¬ 
sions for the coth’s the summations in the right 
member of (28) are readily performed up to a 


* In order for this approximation to hold k% 11 must not 
be taken much smaller than amity. 
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Fig. 5d. 




Fig. Sb. 



Fig. 5e. 




number of terms N which depends on the accu¬ 
racy desired. The number N increases as the 
ratio ri/r t is taken smaller. 

With kt 11 > 1 as the independent variable the 
full-lined curves in Figs. 5a-f were calculated 
giving kt 1 for the following fixed values of the 
other parameters: ri/ri=.l, .3, .4, .5; 

1.3, 1.5, 1.7, 1.9, 2.1. A precision of 1 percent 
was obtained with five terms in the summations 
deriving from region I and seven terms in the 
summations from region II. 

By drawing on Fig. 5 the straight lines 
too*-constant (shown only on Fig. 5f) and taking 
the intersections of the latter with the kt 1 curves 
corresponding to the values of rj/ri we obtain 
,th<« points from which we plot Fig. 6a-f giving 

10 & 0 


kt 1 vs. rxlrt for fixed total heights kz 0 . On these 
curves the ordinate and the slope at fi/ft-0 are 
obtained directly from (28) as limiting values for 
kfi—*0 arc taken. We can write 

.. f * r 

lim cot kt 1 --, 

* r i-° log ri/fi 

where f(fi/ft) is a function which remains finite, 
and hence 


*€ r -nr/2- 


f(ri/rt) 
log r*/ri 


with the slopes becoming infinite as ri/ri/logri/n» 
From Figs. 6a-f we can now read the ordinates 


Journal ov Applied physics 



Fig 6d 


Fig 6e 


Fig 6f 


for other values of fi/r* and obtain by mterpola- plotted in this manner A check was obtained 
tion curves for kt 1 vs kt u On Sa-f the curves on the interpolation by a direct calculation for 
for fi/r»* 2, indicated by the dotted lines were Jfer* 1 9 
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The Study of a Certain Type of Resonant Cavity and Its Application to a Charged 

Particle Accelerator 

E. S. Akeley 

Department of Physics, Purdue University, Lafayette, Indiana 
(Received November 20, 1945) 


A linear accelerator for charged particles, consisting of 
a number of cavity resonators placed end to end with the 
inside end plates removed, and thus forming a wave guide 
with two closed ends, is discussed. The shape of each 
section must be so chosen that the velocity of the particle 
will correspond to the phase velocity of the radiation of 
the cavity. In order to determine possible shapes for the 
cavity, the stationary TMu modes between two parallel 
conducting planes are determined. In Part 1, excitation of 
a single mode is discussed, including the shape of the 
conducting surface that can be used to connect the planes 
and thus form a cavity. Three cases are considered—when 
the phase velocity in the cavity is greater than, equal to, 
and less than that of light. If only one mode is excited, 


and the phase velocity is not greater than that of light, 
then the radius of the cavity becomes infinite at the two 
plates. In Part 2, the simultaneous excitation of two modes 
is considered. The phase velocity of one mode is that of 
light; the other has a phase velocity 1/s that of light, 
where n is an odd integer. The cavity can be made finite 
by a suitable choice of the relative amplitude of the two 
modes, and the radius of one end of the cavity. This 
requires a rather elaborate discussion. This case is of 
particular interest for the acceleration of electrons. It is 
shown, furthermore, that only the first mode contributes 
to the acceleration of the electron. In Section 4, the 
application of the methods used in Part 3 to the case of 
an accelerator for heavy particles is touched upon. 


INTRODUCTION 

I N the electron accelerator patented by W. W. 

Hansen in 1937, energy is imparted to an 
electron by letting it pass a number of times 
through a cavity resonator. J. R. Woodyard 1 
thought of modifying this arrangement by plac¬ 
ing a number of such resonators end to end and 
removing their inside end plates. He showed that 
it should be possible in this way to produce 
electrons of many hundred million volts electron 
energy. The shape of the cavity in such an 
accelerator must be such that the phase velocity 
of the radiation along the axis corresponds to the 
velocity of the electrons. Furthermore, the shape 
should be chosen to give as small as possible a 
rate of dissipation of energy caused by the finite 
conductivity of the walls of the cavity. This 
paper is concerned with the first of these two 
problems. 


PART 1 

If one stipulates rotational symmetry relative 
to an axis, and a finite field on this axis, the 
stationary TMoi modes for the region between 
two infinite parallel planes of infinite conduc¬ 
tivity are of the form 
— r - 

private communication, to be published soon. 


£,-COSAnZ/o[(jfe S “An 2 )H 


H# = COS JlnZ 


K r — h n sin hnZ- 


(**-*„*)» ’ 


(i-D 


with h = ttir/L , where n is a positive integer and 
L the distance between the plates, (s, r, 0) are 
cylindrical coordinates, z being the distance along 
the axis, r the perpendicular distance from the 
axis, and <f> the azimuth. Ee +iut and are 

the electric and magnetic field strengths, re¬ 
spectively. h n is 2r divided by the wave-length 
in the guide, and k is 2ir divided by the wave¬ 
length of radiation of the same frequency in 
space. Each n defines a mode, and these modes 
can exist independently. However, if the planes 
are connected by a surface of revolution of 
infinite conductivity, the relative intensity of 
the modes excited will be determined by the 
requirement that the tangential component of 
E and the normal component of H are zero on 
the surface, whose differential equation is 

EJz+E4r- 0. (1-2) 

This equation states that E is normal to the 
surface. The requirement that H be tangential 
to the surface is automatically patisfied as H+ is 
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the only component of II different from zero. 
First, let us determine the shape of the bounding 
surface required for the excitation of a single 
mode. It is convenient to introduce the notation 
hz*=x and kr=y which normalizes the unit of 
distance relatively to the wave-length. Also let 
y«*y(ir/2) and yo=y(0). There are three cases 
to consider: 

Case 1 . k*>h\ 



as the equation of the l>ounding surface. From 
(1-4) it follows that 


There are two cases to be considered: 

(a) Jo[(--l) y«J=0, so that y=y,(x). This 

is the ordinary cylindrical cavity resonator oscil¬ 
lating in the TM<n mode. 

(b) '{6-0 y.J^O, where y is no longer 
constant but variable as determined by Eq. (1-4). 


Cases (a) and (b) represent the same mode of 
oscillation, only the bounding surface is different. 
Case 2. W<h*. 


E, 

E r 


COS x/ol 


■{(■-£)’} 

{K)>] 


A sin x 


(1-5) 


with the equation 



for the bounding surface. 

Case 3, 

y 

k 2 =h 2 , £ f -cos x, £ r =- sinjr, (1-7) 

2 

with the equation 

y 2 =yc 2 ~4 log sin x (1-8) 

for the bounding surface. 

Case 1 cannot be used for a particle accelerator 
as the phase velocity is greater than that of light. 
Case 2 is of interest for particle accelerators in 
general, as the phase velocity is less than that of 
light. Case 3 is of particular interest for an 
electron accelerator after the electron has an 
energy of more than 10® electron volts, when it 
is moving very nearly with the velocity of light. 
It is to be noted that only in the first case is the 
surface finite in size. In all cases of interest for 
a particle accelerator, the radius of the surface 
becomes infinite at the two conducting planes. 
In Part 2, it will be shown for Case 3 above 
that the addition of another mode, if properly 
chosen, will give a surface of finite radius. 

PART 2 

Cavities Suitable of High Velocity Electrons 

We shall now consider the simultaneous excita¬ 
tion of two modes, hi = k and h n = nk t when n is 
an odd integer. (If n were even, an unsymmetry 
would be introduced into the shape of the cavity, 
and it would not be possible to remove the 
infinity at both ends.) yo finite requires that 
£.=0 at the point of contact of the surface and 
plane. This condition determines the relative 
intensity of the two modes, and one finds 


E .=cos x -cos nx, 

y n 

E r *-sin x --—- 

2 (»*-1) 1 /<£(»*- i)*yo] 


sin nx, (2-1) 


dy/dx * v-E,/E r . l2-2) 
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An integral of this differential equation for the 
bounding surface has not yet been obtained. 
Computations by numerical integration are in 
progress. However, certain characteristics of the 
solution can be deduced. For this purpose, the 
following results are of importance: 

1—n* 

-. (2-3) 


(a) 


1 dy 
xilx 


Therefore, the surface meets the planes at right 
angles, and the curve y(x) makes parabolic 
contact with the line y =y#. 


(b) 


1 dy j 



given by the equation 

/oRn*— l)*y] cos nx • 

1---—-. (2-9) 

[/ 0 (» s -l)*yo] cos* 

Now since cos nx/ cos* decreases monotonically 
from 1 to 0 as * increases from 0 to v/2n, it 
follows that y increases monotonically from y» 
to « in this interval, while the interval r/2n 
<x<r/n, Eq. (2-9) is not satisfied by any real 
value of y. 

Another relation that is easily verified is that 
yo= Y\ is the point where curvature of y(x) is 
equal to the curvature of (2-9). Furthermore, 
for yo < Yu y(x) lies below (2-9) in the neighbor¬ 
hood of x = 0, while for y 0 >Y, y(x) lies above 
(2-9) in the same neighborhood. 

(e) The values of (*, y) for which £,=■ 0 are 
given as solutions of 


M+l 

y e w /i C(w«-l)«yj ' 
2 + («*-!)» /.[(»*-!)*>] 


In /i[(n 2 —l)*y] sin nx 

----. ( 2 - 10 ) 

(»*-!)• /«[(»*-1)S] sin* 


One can deduce: 


Therefore the curve y(x) makes parabolic con¬ 
tact with the line y=y t and is convex toward the 
* axis at *=ir/2. 

(c) Let Yi be the value of y for which 

(£,/*)_„=0. (2-5) 


Then Y\ satisfies the transcendental equation 


2»* /,[(«*-1)*F,] 

(«*-!)»/o[(»*-l)*Ki]' 


= 0 . 


Also let Yt be the value of y for which 
1 dy 
xdx, 

Yi satisfies the transcendental equation 
3»»—1 7i[(» 2 -l)*y«] 
*" («*-!)* W«‘-1)‘F,]' 


(2-6) 


(2-7) 


( 2 - 8 ) 


It is quite easy to compute Yi and Yt for any n 
by successive approximation, and to show that 
Xt> Yi and that both Yi and Yt increase 
monotonically with n. 

(d) The values of (*, y) for which E.—O are 
L t- O 
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(1) If x=0 and y 0 = Yu then yi= Yu 
dy 

(2) — >1. Therefore if yt<Y\ then 

dx s r -o 

*—0 

^i(°) <yo< Y u and if 3 f 0 > Yu then 3 »i( 0 ) >3r 0 > Yu 

(3) As (sin nx )/(sin #) decreases monotonically 
from » to 0 in the interval from 0 to t/», it 
follows that yi increases monotonically from a 
given value yi(0) to <® in the same interval. 

Making use of the relationships contained in 
paragraphs (a), (b), (c), (d), and (e), it is now 
possible to discuss the character of the curves for 
various values of y<>. In particular, it is possible 
to show, for certain values of yo, that y(x) either 
becomes infinite or multiple valued at some 
point. The curves, for which this occurs, are of 
no interest for a particle accelerator. Therefore, 
as soon as it is found that a curve has such a 
characteristic, that curve is not discussed any 
further. We now discuss separately three cases: 

Case yo < Yu Figure 1 shows graphically the 
relationships of yo, Yu and the curves E r “0 and 
jE g «0 for this case where (1) yi(0)<yo<Fi, 
(2) y(x) lies below E, *0 in the neighborhood of 


journal of Applied Physics 






# = 0, and (3) dy/dx is positive in the neighbor¬ 
hood of * = 0. Now as x increases, dy/dx cannot 
change sign unless it touches one of the curves 
E. = 0 or E r = 0. Now, if it should meet £, = 0, 
it must be horizontal at the point of contact, 
and that is only possible if y(x) bends backward 
into a region of negative slope, forming a curve 
that would not be useful. If it does not meet 
E t = 0, then it must meet E r = 0, and if so it 
must meet the latter tangentially and with 
infinite slope. This can only occur at x = x/n. 
Therefore, = ». Therefore, this case is 

excluded, not having further interest for us. 

Case Yi<yo<Yt. Figure 2 shows graphically 
the relationships of the quantities involved. Here 
yi>yo> Yu y(x) lies above E» ®0 in the neigh¬ 
borhood of x=*0, and dy/dx is positive in the 
same neighborhood. If y(x) should meet E r = 0, 
dy/dx » oo at contact, and the slope would be¬ 
come negative on crossing this curve. The curve 
would then bend back toward the y axis. If y(x) 
does not do this, it must meet E r =*0. Then 
dy/dx **0 on crossing, and it will then pass into 
region of negative slope. There is a possibility 
that this case would be interesting from the 
accelerator. If so, it would probably occur for yo 


very slightly greater than Yu A numerical inte¬ 
gration will bo performed to determine this point. 

Case y 0 >Yt . Figure 3 shows the qualitative 
relationships for this case. The chief difference 
from the previous case is that dy/dx is negative 
near jc = 0. It will continue to have a negative 
slope as x increases until it reaches the line 
x = r/2, where it will have zero slope, unless it 
touches one of the lines 0 or E r **0. If it 
does not meet one of these lines, it would be a 
suitable shape for a cavity, in the latter case 
probably not. It would seem to be very difficult 
to determine necessary and sufficient conditions 
for obtaining a suitable curve in this case. How¬ 
ever, such curves must exist. If yo is chosen only 
slightly greater than Y% f y(x) will have a large 
negative slope. After y has diminished about 
four units in value, the shape of the curve for 
greater values of x t would be very close to the 
type (1-8), and will therefore behave properly. 
On the other hand, if y 0 is much greater than Yu 
then the curve will start out flatter, and it may 
meet parts of the graphs of £ r = 0 or E r *=0 f in 
regions where x>t/n. 

Therefore, for suitable shapes for a cavity 
resonator for an accelerator, to choose y$ slightly 
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greater than Y% is most promising, but there may 
also be possibilities for yo slightly greater than 
Yi and for y 0 considerably greater than 7*, but 
these are the only possibilities with only two 
modes excited. 

Let us in conclusion to this section consider 
the influence of one of these modes on an electron 
moving along the axis with the velocity of light. 
The equation of its motion is *—<;(/—/ 0 ). The 
energy imparted to the electron per unit charge 
in its passage between the two planes is 


dzE.= ( 

•Jo *Jo 


nvz 

dze~ iut cos — 
L 



dzer cos nkz 


= 0 (ti?* 1 ) 


=*~ lwt /2 (w = l). 


It therefore follows that only the mode h = k 
imparts energy to the electron. The other modes, 
however, will dissipate energy in the form of 
heat, caused by the finite conductivity of the 
walls. One of the considerations in choosing a 
suitable shape will be to keep this loss as low as 
possible. 


PART 3 

Cavities Suitable for Low Velocity Particles 

The excitation of the modes h and k with h>k t 
which is of interest when the velocity of the 
particle is appreciably less than that of light can 
be treated in the same way as for high speed 
particles in Part 1. Equations corresponding to 
(2-1)—(2-4) are easily obtained, and it should 
not be difficult to determine suitable types of 
cavity. The shape of each cavity would be deter¬ 
mined by the velocity of the entering particle 
and the amplitude of excitation of that cavity. 
However, the velocity of the particle and the 
shape and size of the cavity would change pro¬ 
gressively as one passes along the wave guide. 
Furthermore the velocity of the particle entering 
any cavity would depend upon the amplitude of 
excitation of the other cavities, and at the same 
time the relative excitation of the cavities would 
depend upon their relative sizes. Thus the acceler¬ 
ator for low velocity particles would appear to 
have more difficulties both theoretical and experi¬ 
mental connected with it, than are involved in 
the accelerator for high speed particles. 

It might furthermore be interesting to excite 
more than two modes. Each mode introduces an 
additional arbitrary constant. 
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A Millimeter-Wave Reflex Oscillator 


J. M. Lafferty 

General Electric Research Laboratory , Schenectady , York 

(Received July 10, 1946) 

The factorb which affect the frequency limitation of reflex oscillators are discussed. General 
design considerations are given for the construction of oscillators of the shortest possible 
wave-length. The performance of several tubes is given. The highest frequency obtained was 
72,000 megacycles. 


INTRODUCTION 

N the early part of 1942 Dr. H. V. Nehcr of 
the M.I.T. Radiation Laboratory made the 
first reflex oscillator 1 which operated at centi¬ 
meter wave-lengths. After that several labora¬ 
tories placed considerable effort on the design of 
microwave reflex oscillators in this wave-length 
region. During the construction of these tubes 
it was realized that an upper frequency limit had 
not yet been reached. The material which follows 
describes the results of experiments performed 
in an effort to obtain oscillations of the shortest 
I>ossibIc wave-length. 

In the design of reflex oscillators at extremely 
high frequencies, the electron gun is of prime 
importance. The purpose of the gun is to focus 
electrons from all points of an extended source 
into a beam of small diameter. The maximum 
frequency at which the reflex oscillator may be 
expected to operate is limited by the current 
density of the electron beam at the position 
where it passes through the cavity resonator. It 
can be shown that if the resonator has negligible 
external loading, the starting current density is 
proportional to the five-halves power of the 
frequency. Therefore, the main objective is to 
design a gun which will transmit as much current 
as possible through a given diameter aperture 
for a given beam voltage. Definite upper limits 
for the value of this current are set by several 
factors, 1 the three most important of which are 

*W. C. Hahn and G. F. Meteali, Proc. I.R.E. 27, 106 
(1939). H. E. Hollman and A. Thoma, Hoch: Tech. u. 
Elek: akus. 56, 181 (1940). A. E. Harrison, J. App. 
Phys. 15, 709 (1944). J. R. Pierce, Proc. I.R.E. 33, 112 
(1945). t. C. Wang, Phys. Rev. 68, 284 (1945). E. L. 
Ginzton and A* E. Harrison, Proc. I.R.E. 34, 97 (1946). 
S. Gvoedover and V. Lopukhin, J. Phys. U.S.S.K. 10, 
275J1946). 

*For a detailed discussion of these factors see J. R. 
Pierce, “Physical limitations in electron ballistics,^ Bell 
Sys. Tech. j. 24, 305 (1945). 


thermal emission velocity of the electrons, aber¬ 
rations of the gun lens system, and mutual 
repulsion (space charge) of the electrons. 

From thermal velocity considerations it can 
be shown that the radius of curvature of the 
cathode should be made small and the beam 
angle large to obtain large beam current densities. 
Just how far one can go in this direction depends 
primarily on the spherical aberration of the lens 
system. The use of high beam voltages and 
cathodes with high emission densities at low 
temperatures also tend to increase the beam 
current density. The use of accurately focused 
wide angle beams would seem to show greatest 
promise for improvement. 

The electric field is greatest in the reflector 
space. In the absence of appreciable space charge 
it has a value given by 

E = 20,240( V£/\Q), (1) 

where E is in volts per centimeter it Vo is the 
beam voltage, X the wave-length in millimeters, 
"•nd 0 the transit time of the electrons in the 
retarding space expressed in cycles. 

Having increased the beam voltage near the 
point where breakdown occurs, the current 
density in a given beam is limited primarily by 
the current density at the cathode surface. 
Anything which can be done to increase the 
emission current density of cathodes will extend 
the upper frequency limit of the reflex oscillator. 

To obtain the shortest waves possible from 
the reflex oscillator, the proportions of the reso¬ 
nator gap must also be given careful considera¬ 
tion. The minimum beam current required to 
start oscillations is obtained when the beam 
voltage and gap spacing are adjusted so that 
the gap transit angle is approximately one-half 
cycle. For this case, the condition Jor self- 
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starting oscillations becomes 9 

r<*A)*i 1 

I>8.04X10*--(2) 

L R Jp+4 

where I, the beam current, is expressed in 
amperes if d is the gap spacing and X the wave¬ 
length, both expressed in the same units, R is 
the equivalent shunt resistance of the resonator 
and load expressed in ohms, p is an integer, and 
p+l is the number of cycles spent by the elec¬ 
trons in the retarding field space. If it is assumed 
that the electron gun supplies a sufficiently large 
beam so that the effective current which passes 
through the resonator may be taken as propor¬ 
tional to the area of the aperture, then I may be 
replaced by where r is the radius of the 
aperture in the resonator and J is the current 
density at the aperture. Making this substitu¬ 
tion, relation (2; becomes 

1 

— — . (3) 

r 2 R lp+\ 

For a resonator of given material and negligible 
external loading, the expression in the brackets 
depends only on the dimensions of the gap and 
associated resonator. For a given wave-length 
the value of d will be determined by the beam 
voltage used and there remains the problem of 
selecting a value of r which will make the 
product Rr 2 a maximum. 

In cases where grids are not used across the 
apertures in the resonator, the optimum value of 
r obtained by making Rr 2 a maximum may be 
too large for best operational performance. As 
the apertures are increased in diameter the d.c. 
cquipotential surfaces between the cavity and 
reflector are pushed into the cavity by the 
negative reflector. This has the bad effect of 
reducing the effective beam voltage in the modu¬ 
lator gap region. In addition the r-f electric 
field in the gap is reduced because it fringes out 
through the openings. As a result of these 
effects, the effective gap coefficient is reduced. 
The gap coefficient at the edge of the apertures 
will be the same as that obtained with grids 
present. However, calculations show that the 
- 

*J. M. Lafferty, “Velocity-modulated reflex oscillator, >f 
let appear soon in Proc. I.R.E. 

* t. 



gap coefficient at the center of the beam will 
drop to nearly 0.5 the edge value for an aperture 
diameter of one-half cycle. 

When grids are used, there are several factors 
to be considered. The grids should intercept a 
minimum amount of beam current and at the 
same time give the most effective electrostatic 
shielding possible. This is accomplished by using 
grid wire of extremely small diameter. The wire 
should also be a good r-f conductor and have a 
low vapor pressure at high temperatures. The 
smallest wire which is commercially available 
and suitable for grids is 0.0003-inch diameter 
tungsten. 4 The spacing between the wires used 
in the grid nearest the reflector must be suffici¬ 
ently small to insure a uniform transit time for 
all the electrons passing into the retarding space 
at the same* instant of time. The wires used in 
the grid nearest the gun should be sufficiently 
close to prevent the r-f field from fringing badly. 

Some consideration must also be given to the 
maximum power which the grids will dissipate. 
For a grid wire which operates at a high temper¬ 
ature and is very long compared to its diameter, 
nearly all the power loss at the center is by 
radiation. The power loss is thus proportional 
to the surface and hence to the diameter of the 
wire. The power received by the wire due to 
current interception is proportional to its pro¬ 
jected area and hence to its diameter. Thus, to a 
first approximation the operating temperature 
of the grid is independent of wire size. 

It appears from expression (3) that the beam 
current density required for starting oscillations 
is reduced if the tube is operated under conditions 
in which p is large. This corresponds to long 
transit angles for the electrons in the retarding 
space. If p is* made too large, the bunching 
action in the retarding space is inhibited by space 
charge effects. Experimental evidence would 
indicate that there is little advantage in trying 
to operate with values of p greater than eight 
or nine. The maximum power output also drops 
off as p is increased according to the relation* 


P 


0.40 

--1 

£+i 


-VJi 


o, 


(4) 


4 Available from the Cleveland Wire Works, 1131 
Chardon Road, Euclid, Ohio. 

9 Lafferty, reference 3, Eq. (48). 
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where P is in watts if Vo and /<>, the beam voltage 
and current, are expressed in volts and amperes, 
respectively. The reason for low power output 
for large values of p is easily understood. For 
long transit angles the electrons arc bunched to 
the optimum degree by a low r-f modulating 
voltage. With such a low voltage, little power 
can be developed in the load. 

GENERAL DESIGN CONSIDERATIONS 

Perhaps one of the first factors which must be 
decided upon before proceeding with the design 
of a reflex oscillator is the beam voltage. Previous 
experience has indicated that 2000 volts is about 
the maximum practical beam voltage, taking 
into account insulation problems, spark over in 
the tube, and life limitation of an oxide-coated 
cathode due to positive ion bombardment. The 
transit angle expressed in cycles for an electron 
crossing an r-f gap is 

0= 12.85(d/X) IV, (5) 

where d = gap spacing in mils (.001"), X=wave- 
length in mm, and F 0 = beam potential in volts. 
Since the gap spacing varies as the square root 
of the beam voltage, there is little to be gained 
by going to high voltages. For example, if X = 5 
mm, a beam voltage of 1600 volts gives a gap 
spacing of 7.8 mils for a half-cycle gap. Increasing 
the beam voltage to 2500 volts makes the insu¬ 
lation problems considerably more difficult, but 
increases the gap spacing only about two mils. 
In view of these considerations it was decided 
to use 1600 volts for the beam voltage. 

Another question which has to be decided 
upon is whether or not grids are to be used at 
the r-f gap. For a 1600-volt beam at five milli¬ 
meters the gap coefficient at the center of a 
gridless gap will drop to less than one-half the 
edge value if the gap diameter exceeds 8 mils. 
To focus the beam current through such a small 
aperture would, indeed, place very stringent 
conditions on the gun design. It is doubtful if a 
gun could be designed to deliver sufficient start¬ 
ing current (estimated at 30 ma) within a 
crossover diameter of 8 mils. It was thus decided 
to use grids and make the aperture larger. 

The grids were made from 0.0003-inch diam¬ 
eter tungsten wires spaced 3 mils apart. The 



maximum variation in the transit time of the 
electrons in the retarding space was found to be 
less 0.5 percent over the non-uniform part of 
the field. The effective r-f field strength in the 
gap is reduced about 25 percent for paths which 
lie midway between grid wires. The beam power 
transmission densities required for oscillation 
would melt the grids if the tube were operated 
continuously. Pulsed operation therefore was 
required. 

Several types of guns were tried. The ones 
which performed best arc shown in Figs. 1 and 2. 
The gun shown in Fig. 1 has a special shaped 
focusing electrode which operates at cathode 
potential. This gun was designed according to 
the method described by Samuel. 6 The gun 
shown in Fig. 2 has a cylindrical focusing elec¬ 
trode which operates at a negative potential. 
This potential can be adjusted to give optimum 
focusing for each tube. Higher beam current 
densities could be obtained with this gun and 
it was used in the oscillators which operated 
below six millimeters. The cathode is J inch in 
diameter and has a radius of curvature of 0.077 
inch. It was found that the grids were not 
damaged or the oscillator performance impaired 
if the duty cycle did not exceed 0.01. It was 
found convenient to pulse the beam voltage at 
a 60-cycle repetition rate with pulses ranging in 
length from 50 to 160 microseconds. Beam 


•A. L. Samuel, Proc. I.R.E,33, 233 (1945). 
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cui rents with peak values of SO milliamperes 
were focused thiough a 0 028-inch diameter apei- 
ture under these conditions with a 1600-volt 
beam. This represented about 75 percent of the 
total cathode current. 

The reflector consisted of a plane electrode 
spaced 30 mils from the gap. The aperture near 
the reflector was made 20 percent larger than 
the aperture in the cone near the electron gun 
to accommodate the returning beam. Under an 
extieme condition such as this where the beam 
travels less than one diameter into the retarding 
space, very little is necessary in the way of 
focusing to insure a large percentage of the beam 
returning across the gap. 

For a 5 5-millimeter oscillator the cavity reso¬ 
nator was 82 mils in diameter and 43 mils high. 
The coupling slot was 37 mils wide and 20 mils 
high. The reentrant cone has an included angle 
of 35° and a 28-mil diameter opening for the 
electron beam The gap spacing was 7 mils. For 
shorter wave-lengths the external dimensions of 
the cavity, coupling slot, and gap were corre¬ 
spondingly smaller. The dimensions of the cone 
were kept the same. 

TUBE PERFORMANCE 

Two types of tubes were constructed as shown 
in Figs. 1 and 2. In the first type no attempt was 
made to incorporate a wave guide output or 
window in the structure. The radiation from 
these tubes was picked up in a short section of 
O 


wave guide placed next to the glass envelope 
opposite the output coupling slot as shown on 
the right in Fig 3. This section of guide contained 
a wave meter branch, a crystal, and a shorting 
plunger in the end opposite the tube. An ab¬ 
sorption type wave meter was used Resonance 
was detected by observing the dip in the crystal 
current Wave-length, electronic tuning, starting 
current, and relative-power output measure¬ 
ments of the various modes could be made. 
Omitting the wave guide and window on the 
tube simplified the structure considerably and 
permitted a large number of experiments to be 
made on the gun, grids, and cavity with a 
minimum of effort. 



Fig 3. Set-up for making power and wave-length meas¬ 
urements A wave guide output tube connected to a 
bolometer is shown on the left. On the right is shown a 
tube without a wave guide output in position for making 
wave-length measurements. 
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Table II. Power output measurements. 


Table I. Starting current data. 


Tube Relative Tube 

number X V 9 Vm I» It power number X V% V% /, 1% p 


26 

9.60 

1500 

-455 

23.9 

32.2 

- 100 




-245 

20.6 


67 




-100 

19.8 


26 




- 35 

19.6 


7 

58 

6.05 

1500 

-810 

22.6 

56.0 

100 




-510 

20.7 


56 




-310 

19.3 


26 




-190 

18.7 


11 




- 95 

17.4 


4 




- 20 

14.7 


2 

64 

5.45 

1500 

-370 

16.5 

20.7 

100 




-190 

15.2 


73 




- 60 ' 

13.8 


50 


In order to measure the total power output, 
a wave guide and window were added to some 
of the tubes. This structure is shown in Fig. 2 
with the gun using the cylindrical focusing 
electrode. 

AH tubes were operated by pulsing the beam 
voltage 60 times a second with SO to 160 micro¬ 
second pulses. The pulsating crystal current thus 
obtained was fed into a type 208 DuMont 
oscilloscope. With the crystal used (Sylvania 
1N26), a one-inch deflection on the scope corre¬ 
sponded to an r-f power of approximately 0.1 
milliwatt. 

Table I shows some data taken on the starting 
current and relative power output for the various 
modes of oscillation. The more negative reflector 
voltages correspond to shorter transit times in 
the retarding space. It will be observed that 
the starting current and power output both 
increase with the shorter transit time modes as 
would be expected from theoretical considera¬ 
tions. The starting current at different wave¬ 
lengths cannot be readily compared because of 
structural variations* in the various tubes. 

The minimum starting current /« was deter¬ 
mined by operating the cathode at a temperature 
reduced to the point where oscillations could 
just be detected. This beam current was then 
collected and measured as reflector current by 
operating the reflector a few volts positive with 
respect to the cavity. The operating current Jo 
is the reflector current thus obtained with the 
cathode operating at normal temperature. 


70 

5.80 

1750 

- 40 

32 

70 

12.7 

77 

5.60 

1600 

- 50 

31 

48 

5.5 

78 

4.51 

1700 

- 45 

38 

49 

2.6 

87 

4.15 

1700 

-350 

16 

25 

0.2 


V% —beam voltage /• -peak operating current in ma 

V* -reflector voltage X - wave-length in mm 

It -peak starting current in ma P -peak power output in milli¬ 
watts. 

The power output obtained from several tubes 
constructed with wave guide outputs is summar¬ 
ized in Table II. The r-f power was measured 
with a thermister type bolometer connected 
across a wave guide section which was coupled 
to the tube. The wave guide contained a double 
stub tuner and shorting plunger for impedance 
matching as shown on the left of Fig. 3. A Type 
D-162046 unmounted thermister bead was used 
with an M.I.T. Radiation Laboratory TBN- 
3EV (Type W) thermister bridge. 

The electronic tuning obtained by varying 
the reflector voltage was found to be about 80 
megacycles for most of the tubes below six 
millimeters. 

It was found in all cases that an increase in 
beam current (by increasing the cathode temper¬ 
ature) resulted in a larger power output. This 
means that the equivalent shunt impedance of 
the cavity and load is too low for the available 
beam current and explains the rather low power 
output and efficiency obtained at these short 
wave-lengths. At shorter wave-lengths this con¬ 
dition becomes even more acute and a point is 
soon reached where oscillations cannot be ob¬ 
tained because of insufficient beam current. 

The frequency and power output obtained 
with these tubes are considerably greater than 
those obtained by Cleeton and Williams 7 and 
Richter 8 with magnetrons. The reflex oscillator 
has an additional advantage over the magnetron 
in that no magnetic field is required. It is 
doubtful if oscillations of wave-lengths appreci¬ 
ably shorter than four millimeters can be ob¬ 
tained by the velocity modulation reflex principle 
until new cathodes are developed with consider¬ 
ably higher emission current densities, or some 

7 E. E. Cleeton and N. H. Williams, Phys. Rev. 50, 
1091 (1936). 

• H. Richter, Hoch: Tech. y. Elek: akus. 51, ,10 (1938). 
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radically new gun design is invented for pro- dielectric measurements and absorption studies 
ducing electron beams of extremely high current of gases. By making one side of the resonant 
densities. cavity flexible, it should be possible to construct 

The power output obtained from the tubes tubes which may be continuously tuned over a 
described in Table II should be ample for making 10 to IS percent wave-length range. 


Resonant Circuit Modulator for Broad Band Acoustic Measurements 

Gordon Ferril Hull, Jr.* 

Wilder Laboratory , Dartmouth College , Hanover t New Hampshire 
(Received July 23, 1946) 

A modulation method ib described whereby a broad band frequency response is obtained 
for recording of sound. In particular low frequency sound approaching 0 c p s. can be recorded 
The theory of the resonant circuit modulating principle is first discussed followed by a descrip¬ 
tion of the apparatus which was constructed for this purpose. 


INTRODUCTION 

HE resonant circuit modulator was devel¬ 
oped for the purpose of recording sound 
over a broad frequency band, and particularly 
to record low frequency sounds. The principle 
upon which the modulator is based is the follow¬ 
ing. Consider a series resonant circuit having an 
inductance X, resistance R , and capacity C con¬ 
nected to a sinusoidal source of constant c.m.f. 
and of constant frequency. As the capacity C is 
varied, the current through the resonant circuit 
will vary and hence the voltage across the 
capacity will vary. If for the capacity C, we 
substitute a condenser transmitter and tune the 
resonant circuit off resonance, then as the ca¬ 
pacity ofxjthe transmitter is varied by the sound 
field the voltage across the transmitter will vary 
according to the shape of the resonance curve. 
It will be shown that this action produces 
amplitude (and also phase) modulation of the 
carrier frequency. 

This principle has been suggested by Hans 
Riegger 1 for converting sound into electrical 
energy. It is also the general basic principle of 
the ultra micrometer, a device for the measure¬ 
ment of small displacements, which was devel- 


* This research wa» carried out while the author was a 
member of the Technical Staff of the Bell Telephone 
Laboratories, Incorporated, Murray Hill, New Jersey. 

1 Hans Riegger, Wiss. VerOff. a.d. Siemens-Konzem 3, 
No. 2, 67 (Apni 16, 1924). 

0 


oped by R Whiddington* and in the Bell Tele¬ 
phone I-aboratories by J. R. Haynes.* 

The discussion of the resonant circuit modu¬ 
lator and broad band recording system is divided 
into two parts, the theory of its operation and 
the experimental apparatus. 

THEORY 

Series Resonant Circuit, Constant 
Voltage Source 

We begin the analysis of the resonant circuit 
modulator by considering a series resonant 
circuit. A constant voltage generator E-Eot it0t 
of constant frequency o> and of zero internal 
impedance is impressed upon the scries resonant 
circuit compost'd of inductance X, resistance R, 
and capacity C. We will define Co by 1/XCo *»(*>* 
as the capacity when the circuit is tuned to 
resonance, and Q=«X/R=el/wCo!i, the circuit Q 
at resonance. We wish to find the voltage V e 
across the condenser as a function of the circuit 
Q and the capacity of the condenser C. The 
current flowing in the circuit is 

Eo wX —(1/«C) 

i*—<«<-*> where tan - 

Z . R 

and 

* R. Whiddington, Phil. Mag. 40, 634 (1920). 

* J. R. Haynes, Beil Lab. Record 13,337 (1935). 
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is the impedance of the series resonant circuit. 
Hence the voltage across the condenser is 

i E 0 

y _ _—__ gj(ut-r-(Tj 2 ))' 

jo»C (t)CZ 9 


It is convenient to define a = C/Co as the ratio 
of the capacity of the condenser off resonance to 
the capacity at resonance. Rewriting the equa¬ 
tions for Z t and V c in terms of a and Q we obtain 


—--[y+ov-1) 2 ]*, 

R a 


V r 


Eo 


_ 2 )) 

aZ t /R 


Neglecting the time factor 

V e Q 

- -( 1 ) 

£o ctZJR 

Equation (t), which can Ik* written: 

Vo 

-= [l+@ 2 (<x —l) 2 ] 5 when 0»oc 

QEo 

is plotted independent of Q in Fig. 1 as curve (1). 
It will be observed that curve (1) has the shape 
of a resonance curve. 




Fk». 2. Generalized phase-capacity characteristics of 
resonant circuit. 


To use the resonant circuit as a modulator, 
the circuit is detuned from resonance to a point 
on the resonance curve such that the voltage 
change produced by a variation of capacity will 
be a maximum. To find this point it is necessary 
to find the point at which the slope of curve (1) 
is a maximum. Consequently we obtain the 
slope d Ve/da or what is more convenient to use 
(1/QEoKdVo/da). This is 


1 dV0 
QEo da 


1 


a\Z./R) 


«~w 


( 2 ) 


The degree of modulation as a function of a is 
d VJ Ve and we obtain for it 


where 




(3) 


Equations (2) and (3) when Q&a are plotted as 
curves (2) and (3) in Fig. 1. It is observed from 
curve (2) that the slope of curve (1) is a maxi¬ 
mum at a point on the curve 0.8 of the maximum 
of curve (1). This can also be shqwn analytically, 
by setting (PVe/da*** 0, and solving for a in 
terms of Q . When this value of a is substituted 
in Eq. (1), is obtained. Hence the 
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greatest change in voltage for a given change in 
capacity will occur when the resonant circuit is 
detuned to 0.8 of the maximum voltage across 
the condenser. Also in the neighborhood of this 
point, the slope is changing the least, and, conse¬ 
quently, the greatest linearity of voltage change 
versus change in capacity is to be expected. 
Although the maximum degree of modulation 
does not occur at this point, but at a point 0.7 
of the maximum of curve (1), the degree of 
modulation at the 0.8 i>oint is of sufficiently 
high magnitude. 

What has been discussed so far is the amplitude 
modulation. Phase modulation also occurs since 

if> = arrtan ^. (4) 


Neglecting the time factor, 



and 

to dC dV e dC 
o>C C ° f V e = C 

It is evident that amplitude modulation results 
and no phase modulation. Furthermore the 
degree of modulation is independent of the reso¬ 
nance curve. In some applications this may be of 
advantage. However, the degree of modulation 
is greater in the constant voltage case than in 
the constant current case by the factor F, and 
therefore is more desirable to use in spite of the 
phase modulation which also occurs. 


It is also desirable to know the slope of (4) and 
also the value of phase modulation. These arc 


and 


where 


1 dip 1 


Q da a i \Z/R\ i 

da dC 
dip = C- - =Ci —, 


1 _ 1 
Q ~a|Z^R}’’ 


( 5 ) 


( 6 ) 


Generalized forms of Eqs. (4)-(6) independent 
of Q when Q2>a arc plotted in Fig. 2. It is not 
convenient to plot Eqs. (S) and (6) as two 
separate curves because they differ very little 
from each other, more specifically by the factor 
1/a. • 

Before continuing the discussions of the scries 
resonant circuit with constant voltage source, 
let us consider other ways in which a resonant 
circuit can be used as a modulator. 


Series Resonant Circuit, Constant 
Current Source 

If we substitute a constant current generator 
i ** ioe*** for the constant voltage generator in the 
series resonant circuit, the analysis of its behavior 
as a modulator is as follows. The voltage across 
the condenser is 

i to 

V t at-aa-. 

jcoC wC 

. 0 
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Parallel Resonant Circuit 


If a constant current generator i =*%&*"* of 
constant frequency w and of infinite internal im¬ 
pedance is impressed upon a parallel resonant 
circuit, then the voltage V c across the condenser 
is 

Vt * Z p f o exp &{<at - ip\ - ip*) 1. 

w here 

R W 




is the impedance of the parallel resonant circuit 
and 

1 

coL — 

R 1 «C /a —1> 

tan ^ 1 *—=—, tan (p%=* - 

«£ Q R 




If L/C&R/uC and we neglect R/uC which is 
usually permissible, then in terms of Q and a 
we obtain 

Q'R 

V e = - 


where 

P-ps-arctanQ^- 

Hence we see that a series resonant circuit with 

JOURNAL OP APPLIED PHYSICS 




Fig. 3. Voltage-capacity operating characteristics of 
resonant circuit modulator uring type 640 Western Electric 
condenser transmitter. Change in capacity AC/Co ex¬ 
pressed in equivalent bars pressure 



Fig. 4. Phase-capacity operating characteristics of reso¬ 
nant circuit modulator using type 640 Western Electric 
condenser transmitter. Change in capacity AC/Co ex¬ 
pressed in equivalent bars pressure 



Fig. 5. Generalized voltage-capacity (1) and phase- 
capacity (2) operating characteristics of resonant circuit 
modulator using type 640 Western Electric condenser 
transmitter. Change in capacity A C/Co expressed in 
equivalent Q bars pressure. 



a constant voltage source is equivalent to a 
parallel resonant circuit with a constant current 
source, provided we substitute EQ*=QRiae** /i . 
Hence all the previous analysis for the series 
resonant circuit applies to the parallel resonant 
case. 

If, however, a constant voltage source is im¬ 
pressed upon the parallel resonant circuit, then 
it is evident that the voltage across the condenser 
will always be a constant irrespective of the 
manner in which the capacity may change. 
Hence this circuit will produce no modulation. 

Frequency Modulation 

If a resonant circuit is used as the frequency 
determining element of an oscillator, and the 
capacity of the circuit is varied, frequency modu¬ 
lation (and also amplitude modulation) will 
result, since for this case a * 1, — 1 /LC «1/LCo- 

Whence 


dci> dC da 



Fig 6 Generalized voltage-capacity (1) and phase- 
capdnlv (2) operating characteristics of resonant circuit 
modulator for any condenser transmitter. 

or twice the fractional frequency variation equals 
the corresponding capacity variation. Amplitude 
modulation is also present because V e is a func¬ 
tion of the circuit Q and Q is proportional to a. 
Yhe amplitude modulation is not important in 
this discussion because a limiter circuit would 
be used to eliminate amplitude modulation. 

If the frequency modulated carrier is now 
impressed on a resonant circuit which is tuned 
off resonance, then the frequency modulation is 
converted into amplitude modulation. To show 
this, define «o ,aBt l {LC. Retain the definitions 
w Sa, l/iCoi l/wCoU. Set w/wo*j5 snd 

dw/wo^dfi. Then (ca/«o)** ! C , /Co= e /S*"a and 
2du/tti"*dC/C**2dP/&~da/a. Hence frequency 
modulation is equivalent to amplitude modula¬ 
tion provided we substitute 0 1 for a in our 
previous analysis, Eqs. (1)~(6), and, conse¬ 
quently, the curves in Figs. 1 and 2 can be used 
for the frequency modulation case. 
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Table I. Operating point Vr—O.&QRt, ±37°. 


Q 

Perrentase modulation 
AVt/V* for 

1 bar 

Phase modulation 

A? for 1 bar 

25 

.0188% 

.014° 

SO 

.0375% 

.028° 

100 

.075% 

.056° 


Phase Modulation 

Evidently the resonant circuit can also be 
used as a phase modulator. From the curves in 
Fig. 2 it is seen that the maximum phase shift 
with capacity change and greatest linearity 
occur when the resonant circuit is tuned to 
resonance. The value of phase shift for a given 
circuit Q and capacity change can be readily 
calculated from Eq. (6) and the curves in Fig. 2. 
This phase modulation will also bo accompanied 
by some amplitude modulation as can be seen 
by referring to curve (1) in Fig. 1. 

Application to the Western Electric Type 640 
Condenser Transmitter 

Modulation 

The type 640 condenser transmitter, which is 
used in the resonant circuit modulator, has a 
capacity of 50 mil and is normally operated with 
a polarizing potential of 200 volts. When so used 
it has a sensitivity of 52 db below 1 volt per bar 
(dyne per cm 1 ). A simple calculation shows that 
the change in capacity, produced by a 1 bar 
sound field is AC=7.5X10~ 4 Mjif and so the 
fractional capacity change is AC/Co = 1.5XlO~ fi 
per bar. When the transmitter is used in the 
modulator, and the circuit detuned from reso¬ 
nance such that F,=0.8(M?o, the curves in Figs. 
1 and 2 can be rcplotted with origin of coordi¬ 
nates at the operating point V^Q.ZQEq. This 
has been done in Fig. 3 and Fig. 4 in which 
AF 0 /£o and A^ are plotted against AC/Co ex¬ 
pressed in equivalent bars pressure. The curves 
are generalized in Fig, 5 for any circuit Q and in 
Fig. 6 for any circuit Q and for any condenser 
transmitter. 

It is of some interest to know the degree of 
modulation which will be produced by the reso¬ 
nant circuit modulator using a type 640 con¬ 
denser transmitter. This can be obtained from 
F Eq. (3) and the curves in Figs. 1 and 3 or by the 
r approximation F&\Q in dV 0 /V e ^FdC/C. The 

*>070 


phase modulation can be obtained from Eq. (6) 
and the curves in Figs. 2 and 4 which give 
G = 37Q in d<p=*GdC/C. It is of interest to note 
that the degree of modulation and the phase 
modulation increase linearly with Q. In Table I 
are listed the percentage modulation per bar for 
the type 640 condenser transmitter as well as 
the phase modulation per bar. 

From Table I it is seen that a large percentage 
modulation is obtained only with large sound 
fields (of the order of 1000 bars) for circuit Q 's 
of 25 to 100. For sound fields of the order of 10 
bars, Q 's of 100 times as great are required, or 
else carrier suppression must be used. This will 
be discussed in a later section. 

Distortion 

Amplitude distortion produced in the modu¬ 
lator is readily obtainable from the curves in 
Fig. 3 as well as from curve (1) in Figs. 5 and 6 
and is measured by the departure of these curves 
from a straight line. This gives the total harmonic 
distortion. Evidently the amount of distortion 
depends upon the sound field and the circuit Q . 
The phase distortion is another matter, however, 
because we are concerned ultimately with the 
phase distortion in the audio signal. This is 
given by the ratio of the audiofrequency to the 
carrier frequency multipled by the total phase 
excursion of the carrier, as discussed in a later 
section. 

Response 

The audiofrequency response of the resonant 
circuit modulator is the same as that of the 
condenser transmitter without d.c. bias. This is 
so because the amplitude modulation is propor¬ 
tional to the change in capacity of the trans¬ 
mitter, which in turn is a function of the sound 
field pressure acting on the diaphragm of the 
transmitter. 

Noise 

The question of noise produced by the modu¬ 
lator is an important one and can be calculated 
from the expression 4 



4 J. B. Johnson, Phys. Rev. 32, 97 (1928); H. Nyquist, 
Phys. Rev. 32, 110 (1928). 
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where k is Boltzmann's constant, T the absolute 
temperature, Zr'-RfvP&Z? the real part of the 
complex impedance Z pt and /*—/i the band 
width. To evaluate the noise, some assumptions 
and approximations will be made. First let us 
restrict ourselves to a carrier frequency of 4 me 
and we will take C*50 /upf, the capacity of the 
type 640 condenser transmitter. Since o> and C 
are now constants, the inductance L must be a 
constant and hence R is the only variable in Z r . 
If we choose an operating point F«=0.8Q£o, 
then jR=0 .8 (C/Cq)Z,. We can now put Z r in 
terms of Q , since Q = l/u>CoR, and we have 
Zr^O.MQ/taC. If Z r is assumed to be a constant 
over the frequency band /a—/i, which is approxi¬ 
mately correct, then F a = 2 .S 6 ifer( 0 /a>C)(/ 2 —/i). 
The frequency band of interest is that in the 
region of the carrier frequency which ultimately 
will appear in the rectified audio output, for it 
is only those noise frequencies in the neighbor¬ 
hood of the carrier frequency which are large in 
amplitude, because Z r is large in this frequency 
band, and which will be transmitted through 
tuned radiofrequency amplifiers between the 
modulator and rectifier. Let us assume that the 
audio band is 10 kc wide, then since the rectifier 
is a non-linear circuit element, the carrier will 
beat with those noise frequencies lying in a band 
±10 kc wide on either side of the carrier fre¬ 
quency, thus producing noise in the 10-kc audio 
band of the rectifier output. Consequently we 
take fi —20 kc. The noise voltage V can now 
be calculated. It is desirable, however, to obtain 
the noise level of the modulator in db referred to 
a l bar sound field. This is —20 logio (dV e /V)> 
Since dVczg&QVjiC/C, the noise level becomes 
— 20 logio (22 .)'&Ve) for a carrier frequency of 
4 me a capacity of 50 ppf and an audio band 
width of 10 kc. 

In Table 11 arc listed noise levels for three 
values of Q and one volt across the condenser 
transmitter (F„»l volt). Evidently for sound 
fields of the order of 1 bar, noise should not be 
a troublesome factor. 

Other sources of noise are also present, but in 
general they will be small compared to the one 
we have discussed. Such sources of noise are the 
load resistance in the rectifier circuit, the input 
resistance of the d.c. amplifier, and tube noise. 
These will contribute little to the noise developed 


in the modulator, for the latter has been ampli¬ 
fied along with the modulated carrier in passing 
through the radiofrequency amplifier in the 
receiver. The noise level which has been calcu¬ 
lated represents then a minimum noise level for 
the recording system which, as we shall discuss 
later, consists of the modulator, a receiver, a d.c. 
amplifier, and a string oscillograph. 


Wave Form of Modulated Carrier 

When the resonant circuit modulator is used 
to produce amplitude modulation, the wave form 
of the modulated carrier is important, because of 
the associated phase modulation and, as we will 
discuss later, because of the desirability of using 
carrier suppression for low sound fields. Let us 
assume a sound wave of the form cos pi striking 
the diaphragm of the condenser transmitter. The 
capacity of the condenser transmitter will vary 
according to 

dC = [dC] mux cos p/, 

where [dC] ma * is the amplitude of the capacity 
change. The voltage across the condenser trans¬ 
mitter is given by 

jg 

F e =-»>» | V e \ COS («/-*>), 

(t)CZ, 

where 

! V e \ =Eo/u>CZ .. 

Then 

dF c =cos (wf — *p)d\ V r \ + \ V c \ sin (o»/ — (p)d*p. 


dC dC 

VAF— and d<p=G— 
C C 


from Eqs. (3) and (6). 1-et 

EdCQmax Climax 

-and € = (7- 

C C 

Hence 


dV c** | F,|[$cos (c«d — ?)+«sin («/-^)] cos p*. 


Table II. Operating point 7#—0.8(?2£o — l volt, **db37°. 

Note level In db 

Q below 1 bar 
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Fig. 7. Vector representation of amplitude and phase 
modulation of earner as produced by resonant circuit 
modulator. 

Therefore the wave form of the voltage across 
the condenser transmitter when a sound wave 
strikes it is 

( Vc+d Ve) * | V c \ {cos ((at — <p) + [5 cos ((at — ip) 

+e sin (<at — ip )] cos pi ). 

This can be written in the form 

F=£ cos (<at — tp) +6E cos pt cos (tat—<p) 

+ e£ cos pt sin ((at — ip) 
or 

V=E cos ((at — ip) 

+i«£{cos[(«+p)f-^j+cos [(w p)t ip~\ | 
+}e£{sin [(«+p)f-^]+sin [(«-p)f-<*>]}, 

where we have set (V^+dVe) = V and \V e \ —E. 
The first term represents the unmodulated 
carrier, the second term the amplitude modula¬ 
tion which is in phase with the carrier, and the 
third term the phase modulation which is 90° 
out of phase with the carrier. Both modulation 
terms contain the sum and difference frequencies 
(«+p) and («—p). This equation holds only for 
small amplitudes of modulation. For large ampli¬ 
tudes the correct equation is: 

7* J5(l+8 cos pt) cos (<p+€ cos p/)] 

which reduces to the first equation for small 
amplitudes. The meaning of this equation can 
be readily understood by means of the vector 
representation as shown in Fig. 7. 

The effect of the phase modulation on the 
rectified signal of frequency p is negligible pro¬ 
vided the carrier frequency w is much higher 
.than p and provided the receiver does not cut 


off any of the significant side bands of the phase 
modulation, for the phase modulation of the 
rectified signal equals the phase modulation of 
the carrier multiplied by p/w. If the ratio is 0.01, 
which is reasonable in practice, then a phase 
modulation of the carrier of ±30° will yield only 
a phase modulation of =fc0.3° of the rectified 
signal. In general the phase modulation or phase 
distortion of the rectified signal can be made as 
small as desired by increasing the carrier fre¬ 
quency co. 


Carrier Suppression 

In general to obtain a reasonable degree of 
amplitude modulation for low sound fields, it is 
necessary to suppress some of the carrier after* 
the carrier has been modulated, or to increase 
the resonant circuit Q to a very high value, which 
may prove impractical. In view of the phase' 
modulation present amplitude distortion may 
arise because of suppression of the carrier. In 
Fig. 8 the vector E representing the carrier is 
shown modulated in phase through the angle ±€ 
and modulated in amplitude from E( 1 — 5) to 
£(1 + 5). From these vectors is subtracted a 
fraction y of £. The resulting vectors A and B 
represent the new magnitudes through which 
the suppressed carrier is amplitude modulated. 
In order that no amplitude distortion occur, the 
difference B—A must vary linearly with the 
sound field pressure for a given value of y, the 
degree of carrier suppression. From geometry 
it is evident that 

A*/E? - [(1 - $)*+ 7 l - 2y(1 - 5) cos •], 
£ a /£* = [(1+8)*+y J - 2y(l+8) cos «]. 

We are interested in the value of (B—A)/E as a 



Fig. 8. Vector representation of amplitude and. phase 
modulation of earner as produced by resonant circuit 
modulator when carrier suppression is imposed. 
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Fig. 9. Magnitude (£— A)/E of amplitude modulation 
vs. sound field pressure * in bars with various degrees of 
carrier suppression y for resonant circuit modulator using 
type 640 Western Electric condenser transmitter. 



Fig 10. Percentage modulation vs. sound field pressure 
v in bars with various degrees of carrier suppression y for 
resonant circuit modulator using type 640 Western Electric 
condenser transmitter. 

function of y and the sound field pressure, and 
also in the percentage modulation 100 ( B—A)/ 
[2(1— y)E~]. These have been worked out for 
the case of the type 640 condenser transmitter 
in the resonant circuit modulator with Q=»S0 
and the operating point 7 0 = 0.8()Eo. For this 
case F=23.64, G = 31.51, [dC] ra «/C* 1.5 X 10~ 5 v, 
where v is in bars pressure, and so 6 = F[dC] m%x / 
C=35.47X10^ and c=G[rfCWC=47.26 
X 10"**. The results arc plotted in Figs. 9 and 10. 
It is seen that for y=0 (no carrier suppression) 
(JB — A)/E increases linearly with v and at 
v = 1000 bars, the percentage modulation is about 
37.5 percent as obtained by the approximate 
method. For *y = 0.9 (90 percent of the carrier 
suppressed), the maximum sound field which is 
permissible without distortion is f*100 bars 
and the percentage modulation for this sound 
field is about 37.5 percent. And last for y = .99 
(99 percent of the carrier suppressed), it is seen 
from the curves that the maximum permissible 
sound field without appreciable distortion is 
y-10 bars with about the same percentage 
modulation as before. 


•COCK KHtftWne or moao *AND WCOMMO SrSTtM 



Fig. 11. Block schematic of broad band recording bybtem. 

EXPERIMENT 

Apparatus 

The experimental apparatus used in the broad 
band recording system consists of the resonant 
circuit modulator, a receiver, a d.c. amplifier, and 
a recording string oscillograph. The system is 
represented by the block schematic Fig. 11 

Resonant Circuit Modulator 

The modulator is shown in the simplified 
schematic Fig. 12. The resonant circuit plate 
load of a conventional crystal controlled oscil¬ 
lator operating at 4 me is coupled at low im¬ 
pedance (2 ohms) to the modulator circuit. The 
latter circuit is provided with a coaxial jack to 
which the condenser transmitter is attached by 
means of a coaxial line about one foot long inside 
of a brass tube. The complete resonant modulator 
circuit then consists of, the inductance L\, the 
variable tuning condenser Ci of 50 wri, the 
coaxial line of 25 upf and the type 640 condenser 
transmitter of 50 wf. The voltage appearing 
across this total capacity is put on the grid of a 
tube, and the output is obtained on a coaxial 
line from a resonant circuit plate load. Measure¬ 
ments on this much of the circuit gave Q==25 
and 10 percent modulation at 1000 bars sound 
pressure. This agrees with theory which gives 
18.8 percent modulation for 0*25 and a sound 
field of 1000 bars, when it is remembered that 
the total capacity in the resonant circuit is about 
100 MMf instead of 50 wl of the type 640 trans¬ 
mitter and consequently the percentage modu¬ 
lation is half as much. 

To obtain 10 percent modulation at 100 bars 
and 10 bars, carrier suppression is necessary. 
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Fig 12. Simplified schematic of resonant circuit modu¬ 
lator with additional circuit for producing partial carrier 
suppression. 


This was accomplished by means of the lower 
half of the circuit shown in Fig. 12. Some of the 
oscillator output which is obtained by suitable 
coupling is sent through a voltage divider and 
phase shifter onto the grid of a variable mu tube. 
The output from the plate of this tube is con¬ 
nected to the plate of the modulator tube, such 
as to cancel some of the carrier. Cancellation of 
the carrier is achieved by properly adjusting the 
phase of the coupling to the resonant circuit 
plate load of the oscillator and by means of the 
voltage divider and variable phase shifter which 
consist of the resistances Ri and R 2 and the 
capacity C 2 . The tube gain is controlled by the 
proper cathode bias. Two bias conditions were 
used such that for one the carrier was suppressed 
to 0.1 of its original value and for the other it 
was suppressed to 0.01 of its value. This gave 
three operating conditions for the modulator of 
10 percent modulation at 10, at 100 and at 1000 
bars sound field pressure. For the 1000 bar oper¬ 
ating condition the carrier suppression circuit was 
turned off. 

As stated the condenser transmitter was con¬ 
nected to the resonant circuit by means of a 
coaxial line inside a brass tube. This construction 
was used in order to prevent the coaxial line 
from acting itself as a condenser transmitter. 
On the outside of this brass tube a low pass 
acoustic filter was constructed which was con¬ 
nected to the back plate of the condenser trans¬ 
mitter in order to allow changes in atmospheric 
pressure to equalize on both sides of the dia¬ 
phragm. This filter was about 1 db down at 0.1 
c.p.8. If it were not for changes in atmospheric 
pressure, the air leak in the condenser trans- 
> mitter could be sealed and then the transmitter 
✓ > • , 
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and modulator would respond to frequencies all 
the way down to 0 c.p.s. 

Receiver 

The receiver, designed to operate at 4 me, 
consists of two r-f stages of amplification having 
a gain of 30 db per stage followed by a linear 
diode rectifier. The coupling transformers are 
broad band (50 kc wide 1 db down) so as not to 
cut off any of the significant side bands of the 
phase modulated carrier. A low pass filter con¬ 
nected to the diode rectifier is uniform in fre¬ 
quency response to 8000 c.p.s. and 0.5 ±0.1 db 
down at 10,000 c.p.s. A milliammeter was in¬ 
serted in the diode circuit to measure the rectified 
d.e. component and also to aid in balancing it 
out. The maximum distortionless audio output 
from the receiver when connected to the modu¬ 
lator was 1 volt foi sound fields of 10, of 100, and 
of 1000 bars applied to the condenser transmitter. 
This voltage is more than sufficient when applied 
to the input of the d.c. amplifier to drive the 
string on the rapid record oscillogiaph to maxi¬ 
mum amplitude. 

D.C. Amplifier and Rapid Record Oscillograph 

The d.c. amplifier was one developed for use 
with the rapid record oscillograph. 5 The amplifier 
is provided with an equalizer such that if the 
oscillograph string is tuned to 4000 c.p.s., the 
frequency response of the d.c. amplifier and 
oscillograph combined is uniform to within ±0.5 
db from 0 to 10,000 c.p.s. 

Measurements 

Measurements of linearity, frequency response*, 
distortion, and noise were made on the receiver, 
and on the combined d.c. amplifier and rapid 
record oscillograph. They were found to be linear 
and distortionless within the limits of measure¬ 
ment. Their frequency response was uniform to 
within ±0.5 db from 0 to 10,000 c.p.s. and their 
noise level was lower than could be conveniently 
measured. The measured range of the receiver 
was 60 db and that of the combined d.c. ampli¬ 
fier, rapid record oscillograph was 30 db. The 
oscillograph is the limiting element in the system, 


* A. M. Curtis, Bell Sys. Tech. J. 12, 76 (1333). 
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because the limit of resolution of the trace of 
the string is 30 db. 

Measurements of the modulator characteristics 
were made at the output of the receiver. Known 
sound fields were applied to the type 640 con¬ 
denser transmitter by means of a calibrated 
Western Electric Type 711A Receiver driven by 
an audio oscillator and coupled to the trans¬ 
mitter. For frequencies below 20 c.p.s. a piston- 
phone was used. Distortion, linearity, and noise 
measurements were made using 1000 c.p.s. sound 
fields of 10, of 100, and of 1000 bars for the three 
operating conditions. The modulator was found 
to be linear over a 50-db range for each of the 
operating conditions within the limits of meas¬ 
urement dbl db. The noise level could be deter¬ 
mined only in the case of the 10-bar operating 
condition, and for this case not very accurately. 
It was found to be greater than 40 db below 1 
bar. Distortion measurements for the three oper¬ 
ating conditions of the modulator over the 50-db 
range of each showed that each harmonic compo¬ 
nent was less than 1 percent of the fundamental. 
Frequency response measurements are shown in 
Fig. 13. The response is uniform from 0.5 to 
1000 c.p.s. It is down about 1 db at 0.1 c.p.s. 
because of the low pass acoustic filter associated 
with the condenser transmitter and has a peak 
of 5 db at 7500 c.p.s. because of the resonance 
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Fig. 13. Frequency response of broid band recording 
system employing resonant circuit modulator with type 
640 Western Electric condenser transmitter. 


of the transmitter diaphragm. This frequency 
response characteristic is what would be expected 
for a type 640 condenser transmitter operated 
without the customary polarizing potential. 

These measurements are in good agreement 
with the theory of the resonant circuit modulator. 
As the theory shows the modulator should be 
linear over the straight line portion of the reso¬ 
nance curve and low in distortion. The noise 
level should be below that of ordinary sound 
fields encountered and the frequency response 
should be that of the condenser transmitter. 

As a final test the entire system was assembled 
and records were taken on the rapid record 
oscillograph of sinusoidal sound fields. These 
records corroborated the measurements in every 
way. 

CONCLUSIONS 

The theory of a resonant circuit modulator 
employing a condensci transmitter is outlined 
and it is shown that such a modulator should 
resjxmd linearly to sound fields and should have 
low distortion and noise. The frequency response 
is that of the condenser transmitter used, and 
with proper construction can be made to cover 
a wide frequency range and in particular can be 
made to go to frequencies approaching 0 c.p.s. 

Using this modulator, an experimental record¬ 
ing system is described which has a frequency 
response from 0.1 to 10,000 c.p.s. Measurements 
made upon this modulator and recording system 
were found to be in agreement with theory. 

I wish to express my indebtedness to Messrs. 
N. G. Wade, R. T. Jenkins, J. B. Kelly, and 
Dr. E. C. Wente of the Bell Telephone Labora¬ 
tories for their valuable suggestions and aid 
during the course of this work. 
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Transient Temperatures around Heating Pipes Maintained at Constant Temperature 

Andrew Gemant 

The Detroit Edison Company , Detroit , Michigan 
(Received June 6, 1946) 

This paper deals with the transient temperature distribution caused by conduction around 
cylindrical heating pipes maintained at definite constant temperatures. The theoretical equa¬ 
tion for this case known from the literature is integrated numerically and presented in graphb. 

The amounts of heat dissipated are also computed and presented. As an application, the 
influence of pipe diameter upon temperatures obtained at given times it. shown for a particular 
case. For practical installations, the characteristics of \thich usually deviate from those upon 
which the theoretical equation ib based, the graphs may be used for obtaining close estimates 
as an aid in designing the installation. It is shown that on two actual installations a satisfactory 
agreement between measured and computed temperatures (maximum deviation about 10 
degrees F) was obtained. 


THE PROBLEM 

N connection with the practical problem of 
melting snow upon sidewalks by means of 
heated pipes, of which more will be said later, 
the author has had the opportunity of looking 
into the theoretical equations describing the 
process. The basic problem is the characteristics 
of the transient heat flow caused by conduction 
into an infinite medium from a cylindrical heat 
source that is kept at a certain temperature 
different from the surroundings. 'This two-di¬ 
mensional heat flow is described by an equation, 
discussed in the next section, that contains a 
definite integral of a certain combination of 
Bessel functions. It occurred to the author that 
this integral was not entirely suitable for nu¬ 
merical calculations. While the integral could be 
expanded in series and integrated by terms, such 
procedure would have practical use only under 
certain limited conditions, and not in the whole 
range of variables encountered. Thus, a numer¬ 
ical integration of the equation and presentation 
of the results in graphical form seemed desirable. 

Such a presentation permits the determination 
of temperature for any combination of variables. 
It is strictly valid for one cylinder in an infinite 
medium. In practical installations these condi¬ 
tions are never exactly fulfilled: There are often 
several pipes in the ground; also, the extent of 
the ground in the vertical upward direction is 
limited. It is thought, however, that even in 
jnlch cases the theoretical equation and the 
? graphs obtained from it might serve for obtaining 
v a close estimate of expected temperatures and be 
* » 
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of help in the design of the installation. This 
expectation was verified in the case of two actual 
installations, as will be shown in a later section 
of this paper. 

The equations and the graphs are valid not 
only for heating, but for cooling pipes as well. 

THE NUMERICAL INTEGRATION OF THE 
TRANSIENT EQUATION 

Let us consider a cylinder of radius a in a 
medium of thermal diffusivity k. At a time f = 0 
the pipe is suddenly brought to a temperature 
corresponding to a temperature difference To 
above the surroundings and maintained at this 
level. The question is in what manner does the 
temperature difference T between any point in 
the medium and the surroundings depend on 
the time t and the distance r of that point from 
the axis of the pipe (r>a). The solution was 
obtained by Carslaw and Jaeger 1 among others 
and is given by 

T 2 f* 

— = 14 — I exp( — kuH) 

Tq t J o 

Jo(ur)No(w)~Jo(m)No(ur) du 

x j,>(»«)+w(«s) 7 (1) 

where u is a variable having the dimension of a 
reciprocal length extending from zero to infinity, 
Jo and ./Vo=Bessel functions of first and second 
kind, both of zero order. 

1 H. S. Carslaw and J. C. Jaeger, Phil. Mag. 26, 473 
(1938). 
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It is advantageous to transform this integral 
by replacing all quantities occurring in it by 
dimensionless variables. The substitutions re¬ 
quired are the dimensionless temperature ratio 

*=r/r 0 , (2) 

the dimensionless distance ratio 

P=r/a t (3) 

the dimensionless time function 


r = #c//a 2 , (4) 

and, instead of u, 

v~au. (S) 

With these substitutions, Eq. (1) becomes 


2 /•" 

0=1+- | CXp (— TV*) 
T Jq 


Jo(f*v)No(v)-J 0 (v)N Q {pv) dv 

Jo'(v)+No*(v) 7 * 


( 6 ) 


The integration of Eq. (6) was carried out 
numerically by dividing the total integral in 
three parts: 


directly, giving 

In p/(ln vi-0.116). (9) 


With regard to the third term, the asymptotic 
expansion* of the Bessel functions can be used 
as an approximation. The integral, multiplied 
by 2/tt, is then represented by 



exp (— tv*) 


sin [(*>-!)»] 


■dv. (10) 


The value of this integral is certainly smaller 
than the following, obtained by replacing the sin 
function by unity and v in the denominator by Vt: 


2 

rVi y/p 



rv*)dv, 


and the condition required is that this last inte¬ 
gral should be small as compared with unity. 
Introducing the error integral 0, the third inte¬ 
gral can be neglected if 

1 

—-t?D -0(v*\/ (11) 

Vi (irpr)* 


r-r+r+r 

•'o •'0 •'rt •'ei 


(7) 


It can be shown that for Vi smaller than a 
certain limit the first term, after expansion in a 
scries, can be solved explicitly, and for v* larger 
than a certain limit the third term can be 
neglected. It remains then to compute numeri¬ 
cally the second term between the limits specified. 

Concerning the limit for Vu it must fulfill the 
two conditions: rVi*^Cl and pVi<Kl. The largest 
value of r considered was 10 4 and the largest 
value of p was 40. Hence, vi^lO”" 4 is seen to 
fulfill both conditions satisfactorily. 

Using the known expansions* of the Bessel 
functions, the first integral, multiplied by 2 /t, 
takes the form: 




dv 

vln* ( yv/2 )' 


( 8 ) 


where In (y/2)* —0.116. This can be integrated 


•E. Jahnke and F. Emde, Tables of Functions (Dover 
Publications, New York, 1943). 


Table I. Numerical integration of Eq. (6) for 
4 and 100. 



Fraction 






below 






integral 

involving 




Average 



— times 

Geometric 

of inte¬ 


Bessel 

Exponential 

V 

average of 

grands 
times As 

V 

functions 

function 

integrand 

integrands 

1X10* 

-0.0243 

1.00 

-155 

-118 

-0.0118 

>X10“* 

-0.0282 

1.00 

- 901 

- 77.1 

-0.0077 

3X10“* 

-0.0310 

1.00 

- 65.8 

- 50.8 

-0.0152 

6X10-* 

-0.0369 

1.00 

- 39.2 

- 32.4 

-0.0130 

ixio-« 

-0.0420 

1.00 

- 26.8 

- 20.8 

-03>208 

2X10"* 

-0.0310 

1.00 

- 16.2 

- 14.1 

-0.0141 

3X10 * 

-0.0580 

1.00 

- 12.3 

- 9 77 

-0.0293 

6 X 

-0.0730 

0.996 

- 7.75 

- 6.43 

—03)259 

1x10-* 

-0.0841 

0.990 

- 5.31 

- 4.31 

-0.0431 

2X10“* 

-0.114 

0.961 

- 3.49 

- 3.07 

-0.0307 

JX10-* 

-0.138 

0.914 

- 2.69 

- 1.98 

-03)594 

6X10‘» 

-0.196 

0.698 

- 1.45 

- 0.940 

-03)376 

0.1 

-0.258 

0468 

- 0.606 

- 0.117 

-03)117 

0.2 

-0.386 

0.0183 

- 0.0225 

- 0 00167 

- 0.0002 

04 

—0.476 

0.000123 

- 0.000124 






Sum: 

—04203 



First integral* esprchttonW: 

- 0.1482 

- 0.4685 





f: 

0.53 
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Fig. 2. Temperature as a function of the distance from the 
axis of the pipe for various times of heating. 


From tables* of the error integral it is known 
that the square bracket in Eq. (11) is very small 
as compared with unity for arguments equal to 
or larger than 3. Hence, the limiting value of v 2 
is given by 

Vj>3/\/r. (12) 

The integration of Eq. (6) was thus carried 
out numerically between the limits Vi = lO^ 1 and 
Vt — 3/y/r; the term (9) was then added to the 
result of the summation. 

Concerning the range of the parameters p and 
r of (he integration, it should be recalled that k 
for various materials varies between about 10" 3 
and 10 “ l . The heating times that might be 
encountered in practical applications vary be¬ 
tween, say, 10 minutes and a day. The radii of 
heating pipes range roughly between 1 and 10 cm, 
and the distances from the axis of the pipe 
between 1 and 100 cm. These ranges arc fairly 
well, although not completely, covered by the 
range of p between 1.5 and 40 and r between 10~ l 
and 10 4 . 

As an example of the numerical integration, 
Table I for p*4 and r* 100 is given. 

THE USE OF THE GRAPHS 

The results of the calculations as outlined in 
the foregoing sections are presented in Figs. 1 
and 2. Figure 1 presents $ as a function of r for 
various values of p, and Fig. 2 presents 0 as 
function of p for various values of r; the abscissae 

of both graphs are logarithmic. 

& 
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There exists extensive literature for the nu¬ 
merical calculation of heat transients inside cer¬ 
tain enclosures, including cylinders. Patton 3 uses 
a stepwise* graphical computation, Emmons 4 and 
Dusinberrc 6 apply approximate numerical meth¬ 
ods. Graphs, calculated from the rigorous equa¬ 
tions, are applied to the interior of enclosures by 
Newman, 8 Olson and Jackson, 7 and Olson and 
Schultz.® The present writer has not yet found 
in the literature the application of this principle 
to the exterior of a cylinder. 

The method of using the two graphs, Figs. 1 
and 2, is rather obvious, but a few remarks may 
be made. From the constants of a given installa¬ 
tion and the distance and time for which the 
temperature is required, p and r arc computed 
from Eqs. (3) and (4). Generally the specific 
values of these two parameters will not be repre¬ 
sented by any of the curves on Figs. 1 or 2. 
From the particular value of r, the values of 6 
for a few values of p near the one required are 
read from tig. 1 and plotted vs. log p. From a 
curve drawn through these points, $ for the 
particular p can then be read. Or the same 
procedure can be carried out starting from the 
particular p and plotting $ vs. log r, whichever 
of the two alternatives appears better suited to 

■ T. C. Patton, Ind. Eng. Chem. 36, 990 (1944). 

4 H. W. Emmons, Trans. ASME 65, 607 (1943). 

* 1 G. M. Dusinberre, Trans. ASME 67, 703 (1945) 

•A. B. Newman, Ind. Eng. Chem. 28, 545 (1936). 

7 F. C. W. Olson and J. M. Jackson, Ind. Eng. Chem. 
34, 337 (1942). 

*F. C. W. Olson and O. T. Schultz, Ind. Eng. Chem. 
34, 874 (1942). 
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the case. From 0 the temperature is given by 
Eq. (2). 


INFLUENCE OF PIPE DIAMETER 
ON TEMPERATURE 

A practical application of the graphs given in 
Figs. 1 and 2 is the evaluation of the effect of 
the pipe diameter upon temperatures attained 
at certain times and distances from the center of 
the pipe. It is obvious that with increasing pipe 
diameter the temperature at a given point in¬ 
creases, but the question is whether this increase 
is sufficiently large to justify the installation of 
larger pipes. 

An answer to this question can be given only 
if all the other quantities involved are known. 
As an illustration of such a case, some data arc 
presented in Fig. 3. A medium of diffusivity 
k=»0.01 is taken, and a distance of 10 cm from 
the pipe axis is assumed. The question is: How 
docs the temperature after certain heating times 
vary with the pipe radius? From the various 
data, p and r are computed and 0 is read using 
Figs. 1 and 2 as explained in the previous section. 
The result for four different heating times is 
plotted on Fig. 3. 

As can be seen, for the range of radii of 1 to 
3 cm the increase in temperature difference is 
nearly proportional to the increase in radius for 
a 30-minute heating time, but for somewhat 
longer times, for instance 1 hour and 30 minutes, 
the effect is less than proportional: The temper¬ 
atures for 1- and 3-cm radii being in the ratio of 
1.0:1.95. 


THE AMOUNT OF HEAT DISSIPATED 

Further information that can be obtained by 
using Eq. (1) is the amount of heat Q that is 
dissipated per unit time per unit length of the 
cylinder. It is interesting in this connection to 
compare the present case of heating pipes with 
the companion case of cables, as discussed by 
Sticher and the author,* among others. In the 
case of cables, the amount of heat dissipated is 
constant while the temperature, in the absence 
of a sink, would continue to rise indefinitely. In 
the present case of a pipe of constant temperature 
the heat dissipated is theoretically infinite at 

• Andrew Gemant and Joseph Sticher, Trans. AIEE 
65, 475 (1946). 


the first moment and gradually decreases, in the 
absence of a sink, indefinitely. 

This function, Q vs . time is now calculated 
from Eq. (1). The heat flow at any radius r is 

0 f =-2wrg(d7yrfr), 

with g = thermal eonductivitv of the medium. 
Using 0 and p as before 

Q r /To=-2irpg(d6/d<>). (13) 

Remembering the general relation for any Bessel 
function 

2d'* -Z u 

one has 


dd 2 c" 

—=— | exp (-tv*) 
dp r J 0 


h((*>)N*(v)-Uv)Ni(po) 

X- dv. 

W(v)+No'(v) 


(14) 


Since we are interested in the value of Q r for 
r=a, we have 


Q_ 

Tor 


•^0 


4 I exp (—tv*) 




Jo Kv)+N t *(v) 


-do. 

(15) 


Carrying out the numerical integration of Eq. 
(IS) for various values of r following the pattern 
of Eq. (6), the function in question can be 
obtained. 

It is of interest to note that the same function 
is obtainable from Fig. 2 without any additional 



Fig. 3. Effect of pipe diameter upon temperature for 
various times in a given case, as shown.. The notation on 
the upper curve should read “4 hr. 30 min. 
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computation. From Eq. (13) one has 

Q 2r / d$ 

Tog 2.30 \d log p 

and the quantity in the bracket is simpl> the 
initial slope of the various curves in Fig. 2. 

Figure 4 was constructed by actually calcu¬ 
lating numerically the integral in Eq. (IS). As a 
check for the computation, Eq. (16) in conjunc¬ 
tion with Fig. 2 was used, the agreement, as was 
to be expected, was good within 1 percent, the 
accuracy aimed at for the final results of the 
numerical computations. In Fig. 4 the dimen¬ 
sionless heat dissipated, Q/(T 0 g ), is plotted vs. r, 
from which Q is obtained for any specific case 
and any given time. 

Let us calculate an example. A pipe of 8-cm 
diameter in soil of diffusivity 0.005, thermal 
resistivity 100 thermal ohms, and an ambient 
temperature of 20°C is heated to 100°C. What 
is the heat dissipated per sec. per cm of pipe 
length, after 10 minutes and after 1 hour? The 
values of r are 0.19 and 1.12, and the ordinates 
read from Fig. 4 are 10.8 and 6.0, respectively. 
Thus, with r 0 «80 and g = 10“*, the heats dissi¬ 
pated per sec. are 8.6 and 4.8 watts/cm at the 
two moments in question. 

APPLICATION TO A PRACTICAL PROBLEM 

A verification on an experimental basis of the 
graphs given is obviously not necessary since 
Eq. (1) is based on straight-forward mathe¬ 
matics. It is shown, however, in this section that 
the graphs can be used for purposes of close 
O 
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estimates in practical cases in which the condi¬ 
tions underlying Eq. (1) are not fulfilled. 

Equation (1) is based on one heating pipe in an 
infinite medium. In practical cases three devia¬ 
tions from these conditions occur: (a) The pipes 
are of finite length. This limitation, except for 
very short pipes, does not seriously affect the 
applicability of Eq. (1). (b) There are usually 
several parallel pipes. This circumstance is prob¬ 
ably not too serious, either, because the influence 
of the pipes diminishes rapidly with increasing 
distance from the pipe. An approximation for 
not too long heating times may be obtained by 
simply adding the temperature differences pro¬ 
duced by the pipes in the immediate neighbor¬ 
hood of the point in question, (c) The medium 
in which the pipes are embedded is of limited 
dimensions. This circumstance will generally 
invalidate Eq. (1), so that for this reason it can¬ 
not be expected to yield other than approximate 
values 



Fig. 5. Temperature distribution on top of a slab containing 
heating pipes for two different times of heating 

O and 4- are measured data. 

Solid lrnea art computed from graph* In Fig*. 1 and 2 
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Application of the graphs to the problem of 
snow melting by means of heat is now shown. 
The Detroit Edison Company, with which the 
author is associated, has made some trial snow¬ 
melting installations. A cross-sectional schematic 
diagram of one of these installations is shown at 
the top of Fig. 5. It is a concrete slab 4 inches 
deep, simulating a sidewalk, containing four 
parallel pipes, 1| in. o.d., spaced 18 inches from 
center to center. As shown, ten thermocouples 
were arranged on top of the slab for temperature 
determinations. The temperature of the sur¬ 
roundings was — 3°F and the pipes carried water 
at 170°F. 

In order to apply the graphs, the diffusivity 
of the embedding medium, concrete, has to be 
known. The density of concrete was taken as 
2.0 g/cc, the specific heat as 0.21 cal./g deg. C, 
and the thermal conductivity as 0.0029 cal./sec. 
cm deg. C, as listed for concrete containing 10 
percent water; all data were taken from the 
Landolt-BOmstein Tables. 10 From these data one 
has * = 0.007. 

The points given in Fig. S indicate the meas¬ 
ured temperatures after the water had been 
flowing for 46 and 164 minutes. The curves were 
computed from the graphs; the maximum devia¬ 
tion between measured and computed data is 
about 10°F. From these data the conclusion was 
drawn that the temperature distribution over 
the surface was too uneven for the purpose; a 
similar installation with the pipes on 6-inch 
centers was then decided upon. Measurements 
with such an installation, only 12 in. wide, indi¬ 
cated a fairly even temperature distribution; a 
surface temperature of 32°F, necessary for melt¬ 
ing the snow, was reached in about 35 minutes. 
Computation on such an arrangement also 
showed even distribution; a temperature of 32 °F 
at a distance from the pipes corresponding to 
the top surface is reached in about 50 minutes. 
Considering the relatively small dimensions of 
the slabs, the agreement between measurements 
and the estimate from the graphs is satisfactory 


w Landolt-Barnstein, PhysikcUisch- Chrmische Tabelltn 
(Edwards Brothers, Ann Arbor, 1943). 



Fig. 6. Temperature as a function of time in a slab 
containing heating pipes. 

Number# 1 to 3 refer to three thermocouples. 

O and -f are measured data. 

Solid lines are computed from graphs in Figs 1 and 2. 

and shows the usefulness of the latter. Since the 
installations were in a small cold room, the 
measured data are higher than the estimates 
because of the low diffusivity of air. 

A cross-sectional sketch of a trial field installa¬ 
tion is shown at the top of Fig. 6. The 4-inch 
deep concrete slab contained twelve iron pipes, 
0.84 in. o.d., on 5-in. centers. Three thermo¬ 
couples were installed as indicated. The temper¬ 
ature of the surroundings was 25°F, that of the 
water 160°F. The points in Fig. 6 show the 
measured temperatures as a function of time, 
the circles being averages of data obtained from 
thermocouples 1 and 2; the lines represent the 
estimates from the graphs. The maximum devia¬ 
tion is 12 C F. In this case the measured tempera¬ 
tures at the bottom of the slab and partly also 
near the top are lower than the estimates; this 
is explainable as a result of the wet ground below 
the slab and the convection loss caused by wind 
above the slab. However, even in such an 
unfavorable case, estimates from the graphs 
might be useful for designing installations of 
this kind. 

The author is indebted to his colleague, C. M. 
Weinheimer, for having placed at his disposal the 
data on the two experimental installations. 
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The Effect of Temperature on the Strength and Fatigue of Glass Rods 

B. VONNEGUT* AND J. L. GLATHART 
Preston Laboratories, Butler , Pennsylvania 
(Received July 31, 1946) 

By the use of an electrodynamic quick-loading device, the strength of scratched soda-lime 
glass rods was measured at various temperatures between — 190°C and 520°C for load durations 
of 0.1 second, 10 seconds, and 100 seconds. It was found that the strength was highest at the 
lowest temperature, declined to a minimum at 100°-200°C, and then increased for higher 
temperatures. Static fatigue was exhibited at all temperatures, being maximum in the region 
of minimum strength. Comparisons with the results of other experimenters are made. 


INTRODUCTION 

HE strength of glass, defined in terms of 
the stress required to cause fracture, has 
been a subject of investigation for many years. 
Most of these investigations have been carried 
out at room temperature and under ordinary 
atmospheric conditions. However, glass is fre¬ 
quently called upon to bear large stresses at 
other temperatures, both lower and higher. As 
examples we may cite Dewar flasks for holding 
liquid air, carbonated beverage bottles on ice, 
and gauge glasses of steam boilers. A knowledge 
of the way in which the strength of glass depends 
upon temperature is thus of economic importance 
as well as being necessary to a full understanding 
of the fundamental properties and behavior of 
glass as an example par excellence of a brittle 
solid. 

The experimental results of T. C. Baker, in 
the years 1938-40, on the mechanical properties 
of glass have recently been described by Baker, 
Preston, and Glathart. 1, * In 1939, Baker declared 
that the subject matter seemed to be threatening 
to escape from the field of physics proper into 
that of physical chemistry. Accordingly, it 
became necessary to assign a chemist to. the 
problem, and the senior author’s brief connection 
therewith (1939-40) arose from Baker's feeling. 
However, the work here described may be said 
to be straightforward physics. It follows the line 
of thought reported by Preston* that, when the 

* Formerly Hartford-Empire Company research fellow 
at Preston Laboratories. Present address: General Electric 
Company, Schenectady. New York. 

l T. C. Baker and F. W. Preston, J. App. Phys. 17, 
162-188 (1946). 

*J. L. Glathart and F. W. Preston, J. App. Phys. 17, 
18971946). 

^ n* r. W. Preston, J. App. Phys. 13, 10, 629 (1942). 



very nature of the problem is obscure, it may 
be useful to find out how the phenomena vary 
when the temperature is changed. 

The effect of temperature upon the strength 
of glass has been studied by a number of inves¬ 
tigators. 4-10 The results reported have been some¬ 
what discordant, some tending to show that the 
strength is independent of temperature, 4, * at 
least up to about 500°C, while other experi¬ 
ments 10 indicate definite temperature effects. 
This is not surprising, perhaps, when it is 
remembered that data obtained by different 
experimenters oil the strength of glass at room 
temperature arc not consistent. This is un¬ 
doubtedly due to the fact that the breaking 
stress of glass is a function of many variables. 
Among these are the size and shape of the 
specimen, the condition of its surface, its chem¬ 
ical composition, and its thermal history, as well 
as the rate of loading and the water and CO* 
content 1 of the surrounding atmosphere. These 
are variables which are not always under control 
in the usual experiment. 

The experimental work reported herein was 
done by the senior author at the Preston 
Laboratories in 1940, before this country became 
involved in the war. The changes in personnel 
and press of war work at the Laboratories pre¬ 
vented publication at the time, and it has only 
recently been possible for one of us (J.L.G.) to 

4 H. von Wartenberg, Zeits. f. tech. Physik. 13, 479 
(1932). 

1 G. O. Jones and W. E. S. Turner, J. Soc. Glass Tech. 
26, 35 (1942). 

• K. Mengelkoch, Zeits. f. Physik 97, 46 (1935). 

T M. Eichler, Zeits. f. Physik 98, 280 (1935). 

• J. S. Gregorius, Bull. Am. Ceram. Soc. 15, 271 (1936). 

• A. Smekal, Ergeb. d. exakt* Naturwiss. 15, 106 (1936). 

10 W. Dawihl and W. Rix, Zeits. tech. Physik. 19, 294 

(1938). 
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collect the old data and prepare the present 
summary. 

These results are not intended to be inter¬ 
preted as the last word on the question of 
strength versus temperature. That must wait for 
a more adequate appreciation of all the factors 
involved. However, these data will add just that * 
much more evidence to the view that the tem¬ 
perature coefficient of the strength of glass is by 
no means negligible. 

APPARATUS AND PROCEDURE 

The specimens used were annealed soda-lime 
glass rods six inches long and 7/32 inch in 
diameter. They were tested in cross bending, 
between knife edges five inches apart, with 
central knife-edge loading. 

In order to insure a greater homogeneity with 
respect to surface conditions, the glass rods were 
uniformly abraded with 00 emery paper applied 
to them as they were rotated in the chuck of an 
electric drill. 

The apparatus for applying the loads was that 
used by Baker 1 with the addition of devices for 
maintaining the specimens at various constant 
temperatures during tests. Briefly, it consisted 
of a loud-speaker field magnet, in the magnetic 
field of which was suspended a light armature 
coil. This coil was attached to the central knife 
edge, and when both it and the field magnet were 
energized by the current from storage batteries, 
a constant load was applied to the specimen. 
This load was directly proportional to the 
armature current, and could be varied from zero 
to a maximum value of 30 pounds. 

The loads were applied in increments of 500 
lb./sq. in., and for durations of 0.1, 10, and 100 
seconds. The time of the shortest interval was 
measured with a cathode-ray oscillograph. 

The equipment used for making the low tem¬ 
perature tests is shown in Fig. 1. It is essentially 
a horizontal metal tube which could be sur¬ 
rounded with various low temperature mixtures. 
This tube contained the test rod, mounted on 
knife edges. Below the center of the specimen 
was a narrow vertical tube, extending to the 
outside of the insulated container, through which 
the wire stirrup from the armature coil passed. 

The two low temperatures used were those of 


dry ice and liquid air, respectively, their values 
being obtained from the literature. 

The measurements made above room tem¬ 
perature employed a simple furnace made of 
steel tubing which could be closed at both ends. 
These temperatures were maintained constant 
by a thermoregulator and measured with a 
thermocouple. 

The general procedure in testing a rod at any 
given temperature was to apply a light load 
(small armature current) for the chosen time 
interval. If the rod did not break, the current 
was increased and a larger load applied for the 
same time interval. This process was continued 
until the specimen broke. 

Although tests showed that the rods reached 
temperature equilibrium with the enclosure in 
six or seven minutes, they were always left in 
the apparatus for 15 minutes before testing. 
During this time they were exposed to the at¬ 
mosphere in the room, which had come to the 
temperature of the interior of the apparatus. 
The low temperature equipment was sufficiently 
airtight so that there was little circulation of the 
atmosphere through it. No deposit of frost on 
the specimen was ever observed. 

RESULTS 

The effect of temperature on the strength of 
soda-lime glass is shown by the graph of Fig. 2, 



Fig. 1. Low temperature apparatus. 


A. Low temperature liquid. B. Cclotex thermal Immktfon. C. Metal 
container. D. Rubber stopper. B. Glam rod specimen. F. Miir tube. 
G. Wire loop. H. Armature coil. J. Wire channel. 
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in which the breaking stress in pounds per square 
inch is plotted against the temperature in degrees 
centigrade. Each plotted point represents the 
average for 12 rods, corrected for the loading 
increment. Since the theoretical form of these 
curves is unknown, the points arc connected by 
straight lines simply for convenience in asso¬ 
ciating them. 

No determination of the strength of the rods 
was possible for a load duration of 100 seconds 
at 520°C. At this temperature, the glass was 
sufficiently soft that it bent out of shape before 
its breaking point was reached. For the loads of 
shorter duration this deformation was not large 
enough to cause any trouble. 

Figure 3 shows the fatigue modulus plotted 
against the temperature. 

DISCUSSION AND COMPARISON OF RESULTS 

It can De seen from Fig. 2 that the strength of 
soda-lime glass, for a 10-sec. duration of stress, 
decreases from about 13,600 lb./sq. in. at — 190°C 
to about 4800 lb./sq. in. at 200°C. This is a 
decrease of 65 percent. Beyond 200°C the 
strength increases, reaching almost 10,000 lb./ 
sq. in. at 520°C. The other two curves follow, in 
general, the same pattern, with a minimum 
strength in the 100°-200° range. 

Since the chemical composition was the same 
for all rods used, and since the surface condition 
was made as nearly uniform as practicable by the 
ajbrasion, it is presumed that this temperature 
effect is due largely to the action of adsorbed 
moisture. At low temperatures, the weakening 
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Fig. 3. The fatigue modulus of glass as a function 
of temperature. 


effect due to this moisture layer would be small 
because of its relative inactivity. Above the 
100° 200° range the moisture layer would be 
driven off. It would be likely to have its greatest 
effect in the very temperature range in which 
the glass showed minimum strength. It is un¬ 
doubtedly true that the severe surface abrasion 
had an effeit on the moisture adsorption. It is 
known that the heat of adsorption in narrow 
cracks and crevices of an adsorbent differs greatly 
from that on the plane* surface. 

The static fatigue phenomenon, that is, the 
decrease in strength with duration of load, is 
shown in Fig. 2 by the positions of the three 
points corresponding to any one of the tem¬ 
peratures at which measurements were made. 

The dependence of fatigue on temperature is 
shown more clearly, however, in Fig. 3. In this 
figure the ordinate is the fatigue modulus Wei 0 
defined by Glathart and Preston. 2 

1 

Wrt 0 = -. 

frto 

Here fet 0 is the breaking stress for a duration of 
load et 0 , e being the base of natural logarithms, 
2.718, and t 0 the threshold time, or the least time 
interval in which a tensile stress, however large, 
can rupture the material (or the specimen). The 
fatigue modulus Wet 0 represents the number of 
square inches that must be added to the cross- 
sectional area assigned to carry unit load (one 
pound) in order to double the life of the specimen. 

Figure 3 shows that the fatigue is small at the 
lowest temperatures, reaches a maximum at 
about 200°C and thereafter decreases. It is 


V. 
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interesting, and perhaps significant, that the 
maximum fatigue occurs in the same tempera¬ 
ture range in which the strength is least. 

Although a smooth curve has been drawn 
among the plotted points in Fig. 3, there is no 
reason for believing that it represents the data 
any better than a number of other curves which 
might be drawn, including a curve passing 
exactly through all the points. However, there 
is some reason for believing that the experi¬ 
mental point at 20°C may be too high, and the 
line has been drawn accordingly. 

It is worth while, perhaps, to compare the 
fatigue at room temperature of these abraded 
soda-lime rods with that of the similar unabraded 
rods used by Baker and Freson. 1 They found that 
their unabraded rods decreased in strength from 
15,900 lb./sq. in. at 0.1-sec. duration of stress 
to 9100 lb./sq. in. at 100-scc. duration, a de¬ 
crease of 6800 lb./sq. in. or 42.8 percent. Over 
the same range, the decrease for the abraded 
rods of the present report was 4300 lb./sq. in., 
or 43 percent. This substantiates the conclusion 
reached by Baker and Preston 1 that scratched 
glass loses much less strength in a given time 
interval than does unscratched glass but the 
percent loss of strength is roughly the same. 
Their conclusion was based on their results for 
scratched and unscratched Pyrex glass only. It 
can now be said to be confirmed even more 
accurately for soda-lime glass. 

The abrading reduced the absolute value of the 
strength of soda-lime rods at room temperature 
from 15,900 to 10,000 lb./sq. in. on the 0.1-sec. 
test, a drop of 37 percent. The corresponding 
values for the 10-sec. and 100-scc. tests are 29 per¬ 
cent and 38 percent, respectively. Thus abrading 
alone has the effect of reducing the strength of 
soda-lime glass about one-third, at room tem¬ 
perature. 

The results shown in Fig. 2 are in substantial 
agreement with those reported by Smekal* who 
tested scratched Thuringer apparatus glass rods 
over the same temperature range, using con¬ 
stant rates of loading of 420 and 53 g/mmYsec. 
He found that the strength reached a minimum 


at 150°C, a decrease of 62 percent from the 
~190°C value in the case of his lower loading 
rate. 

Mengelkoch 6 also found a minimum strength 
at 150°, the decrease from the — 190°C value 
being about 50 percent. Gregorius, 8 on the other 
hand, found a minimum at 300°C. 

The results reported by Jones and Turner, 5 
however, are in distinct disagreement with those 
discussed thus far. They used unabraded flat 
glass laths thoroughly annealed and firepolished. 
Their experiments covered the range from 20°C 
to 560°C, and were apparently very carefully 
controlled. Up to 500°C they found no change 
in strength with temperature but beyond 500° 
the strength declined.* 

In spite of this, it is believed that the results 
herein reported give a correct representation of 
the change in the strength of glass with tem¬ 
perature, under the conditions of the experiment 
and for the type of specimens used. 

CONCLUSIONS 

It is concluded that the strength ;uul the 
static fatigue of scratched soda-lime glass rods 
exposed to the atmosphere show a pronounced 
variation with temperature. A minimum of the 
strength and a maximum of the fatigue at 100°- 
200° suggest that the form of the curves obtained 
may be attributed to the effects of adsorbed 
layers on the surface of the glass. It would be 
expected that the effects of the layers would be 
small at low temperature because of . the small 
activity at low temperatures. At high tempera¬ 
tures the effects would again be small because 
of the evaporation of the layers. Confirmation of 
this theory will depend on the results of tests 
on the strength of glass made over the same 
temperature range in high vacuum, in the absence 
of adsorbed films. 


* Professor Turner states, in a private communication 
iust received, that later measurements by A. J. Holland 
have been carried down to — 40°C, where an increase of 
modulus of rupture of 20 percent over that at room 
temperature was found, as well as an increase in impact 
strength of 17 percent. This is more in agreement with 
the results reported here. 
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Plastic Flow, Creep, and Stress Relaxation 


Part I. Plastic Flow 

Charles Mack 

Technical and Research Department , Imperial Otl Limited , Sarnia, Ontario 
(Received March 28, 1946) 

Plastic substance* are considered to be composed of units of flow with various yield values. 
It is shown that in this case the product of the strain rate and viscosity is equal to the sum of 
the differences between the applied stress and the yield values. This relationship can be applied 
to any plastic system free of elastic after-effect and expresses their mechanical properties in 
terms of a coefficient of viscosity which is independent of the stress applied. With the proper 
choice of the distribution of yield values any kind of relation between stress and strain rate can 
be established. This relationship is applied to plastic flow which is defined as a deformation 
mechanism having a curvilinear relationship between stress and rate of deformation and a 
constant rate of deformation at constant stress. Equations arc given for the coefficient of 


viscosity of such systems and for the relaxation 
of time. 

INTRODUCTION 

DEAL solids and perfect liquids represent two 
states of matter and two extremes in mechan¬ 
ical behavior. A stress applied to a perfectly 
clastic body brings about a deformation, the 
amount of which is proportional to the stress 
applied and independent of the duration of its 
application. Because of the symmetric structure 
of an ideal solid, the deformation involves a 
change in the distance between the constituent 
units against chemical forces, and each constitu¬ 
ent particle retains identical neighbors. 

A perfect liquid can support no other stresses 
in a state of rest but a hydrostatic pressure. In¬ 
ternal stresses appear as soon as the various 
volume elements are set in motion relative to 
each other. These stresses in turn produce a con¬ 
tinuously increasing deformation, the rate of 
which is only determined by the stresses. These 
stresses are therefore not connected with the mag¬ 
nitude of the deformation at any moment, and 
they disappear completely, as soon as no further 
deformation is produced in the liquid. Conse¬ 
quently the deformation of a liquid cannot give 
rise to any change in potential energy, as in the 
case of an ideal solid, and the work performed 
during the deformation is partly used for main¬ 
taining the kinetic energy of each moving volume 
element, and the remainder is converted into 
lfcfeat. 

v ‘*Many industrially important substances have 

it* ' * * 
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of stress at constant deformation as a function 


properties which place them between ideal solids 
and perfect liquids, i.e., they have rigidity as 
well as viscosity. The mechanical behavior of 
such substances is generally referred to as plas¬ 
ticity. The elastic properties of plastic substances 
are the same as those of ideally elastic bodies ex¬ 
cept for systems showing the phenomenon of 
elastic after-effect. Their flow properties, how¬ 
ever, deviate from those of perfect liquids in that 
their relationship between shearing stress and 
rate of shear is curvilinear. When subjected to 
a constant stress, plastic substances show two 
types of plastic deformation as a function of time. 
In one case the deformation increases linearly 
with time and the rate of deformation is constant. 
This type of deformation as a function of time 
will be termed “plastic flow." The other type has 
a non-linear relationship between time and defor¬ 
mation, the rate of which decreases with time, 
and will be referred to as “creep.” 

The knowledge of the mechanical properties of 
plastic substances is purely empirical in most 
cases. It is most desirable to put this knowledge 
on a more rational basis, since it would make it 
finally possible to design a plastic substance for 
a specific use. Much progress has been made by 
applying the methods of statistical mechanics to 
molecules. u These methods become very com- 

1 H. Eyring and co-workers, J. Chem. Phys. 4, 283 
(1936), 5, 726 (1937); J. App. Phys. 12, 669 (1941); Ind. 
Eng. Chem. 33, 430 (1941). 

* A. P. Alexandrov and J. S. Lazurkin, Acta Phys. Chim. 
U.S.S.R. 12, 647 (1941). 
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plicated when applied to systems containing mo¬ 
lecular aggregates of varying size built up from 
identical molecules or to systems containing such 
aggregates with several components. Most me¬ 
chanical tests involve the measurement of a rela¬ 
tionship between stress, deformation, and time, 
and it is a matter of necessity to express such a 
relationship in terms of exact quantities. For this 
purpose recourse is taken to the mechanical 
models suggested by Burgers. 8 These models con¬ 
sist of clastic and viscous elements rigidly at¬ 
tached to each other. These elements can be 
coupled in series or in parallel. No more impor¬ 
tance should be attached to these elements than 
that of mathematical symbols. 

The behavior of the simpler forms of these 
models under stress was discussed by Burgers for 
the condition of lateral confinement of the models. 
In the following the derivation of the equations 
covering the deformation mechanism of plastic 
substances will be discussed for the condition of 
tension at constant temperature. The results are 
directly applicable to the condition of shear, and 
the shearing stress and shear strain can be calcu¬ 
lated from the tensile stress and strain. 4 

GENERAL MODEL FOR PLASTIC 
DEFORMATION 

For viscous flow the Burgers model consists of 
an elastic spring and a viscous element coupled 
in series. Spring A in Fig. 1 is considered to be 
perfectly elastic and element B consists of a 
porous piston moving in a cylinder filled with a 
perfect liquid. A tensile stress, 5, applied at con¬ 
stant temperature causes an immediate elonga¬ 
tion of spring A followed by movement of the 
piston of element B. The total strain of the sys¬ 
tem consists of the sum of the individual strains, 
consequently the individual strain rates are also 
additive. 

Plastic substances are poly-disperse systems 
which contain the disperse phase in various de¬ 
grees of subdivision ranging from individual units 
of flow to structural units of varying size. A suffi¬ 
ciently low stress produces a strain in the readily 
deformable part of the system and a resistance 

• J. M. Buigers in First Report on Viscosity and Plasticity 
Acad. Sci.. Amsterdam 1935. 

4 A. Nadai, J. App. Phys. 8, 205 (1937). 


to shear in the structural units. As the stress in¬ 
creases , these units arc also deformed at a rate 
which depends upon their individual yield values. 
The total strain rate at a given stress is therefore 
equal to the sum of the strain rates of the indi¬ 
vidual units. 

Such a system can be represented by a model 
which consists of an elastic element and a number 
of viscous elements, all coupled in series. Each 
viscous element has a different yield value. A low 
stress causes movement of the pistons of all ele¬ 
ments with yield values lower than the stress 
applied. With increasing stress more viscous ele¬ 
ments take part in the deformation. Omitting the 
elastic element, the total strain rate is equal to 
the sum of the individual strain rates of the 
viscous elements 

- v n . 

The strain rate v is dt/dt, where the strain e is 
preferentially expressed as the “true strain,” the 
natural logarithm of the ratio length after de¬ 
formation over original length. 6 With the viscous 
elements containing the same liquid, the indi¬ 
vidual strain rates can be replaced by the active 
stress (applied stress minus yield value) over the 

8 


A 

Fin. 1. Model for 
viscous flow. 



B 


* For details see Markus Reiner, Ten Lectures on Theo¬ 
retical Rheology (Rubin Mass, Jerusalem, 1943). 
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coefficient of viscosity 
i>-(5-S/0/,+(5-5A)A+ • • *(5-5/0/17, 

or 

(5-5/0/1?. (1) 

For the condition of tension, the expression 17 is 
understood to have the same dimensions as the 
coefficient of viscosity and to be proportional to 
it. When the system contains components of 
different viscosities, the individual strain rates 
and hence their fluidities ( 1 /??) are also additive, 
and the above equation becomes 

f-E[(5-5/0/fJ. (2) 

These equations can be applied to any plastic 
system, the plastic deformation of which is not 
recoverable, and express their mechanical prop¬ 
erties in terms of a coefficient of viscosity which 
is independent of the stress applied. With the 
propriate choice of the distribution of yield values 
any kind of relation between stress and strain 
rate can be established. 

PLASTIC FLOW 

Several empirical equations for plastic flow are 
given in the literature which cover the relation¬ 
ship between stress and strain rate. The most 
outstanding equations give the stress as a power 
function of the strain rate and the stress as a 
function of the logarithm of the strain rate. 

(a) Stress a Power Function of Strain Rate 

For many disperse systems the curvilinear part 
of the stress/strain rate diagram conforms to em¬ 
pirical equations which have been given by de- 
Waelc , 6 Farrow , 7 and Wo. Ostwald . 8 These equa¬ 
tions are similar in form and may be expressed 
as follows: 

S/S Q =(v/v 0 ) b , (3) 

where 6 is a dimensionless constant, and So and 
Vo are constants with the dimensions of stress 
and strain rate. If the system has a yield value, 
then So represents the minimum stress which 
brings about an observable minimum strain 
rate Vo. 

<• A. deWaele, J. Oil CoL Chem. Assoc. 4, 33 (1923). 

. F. D. Farrow and G. M. Lowe, J. Text. Inst. 14T, 414 
(1923). 

Wo. Ostwald, Kollotd Zeits. 36, 99 (1925). 

if * 
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Written in the following form, (S/So) llh **v/v 0 , 
this equation has been criticized by Nadai , 9 be¬ 
cause if the direction of the stress is reversed, a 
material must deform with the same strain rate 
in the opposite direction. This condition is only 
satisfied if 1/6 * 1 ,3, 5, etc., but not for fractional 
irrational or even exponents 1 / 6 . Further the vis¬ 
cosity dS/dv ■ 65o 1/ V v o5 (, “ 6)/6 , becomes infinite 
at v = 0 , S = 0 , which is of course an objectionable 
conclusion from a physical standpoint. This cri¬ 
tique is not justified in view of what has been said. 

A system, for which Eq. (3) holds, is deformed 
at a constant strain rate when a constant stress 
is applied; hence only the fraction of the system 
with yield values smaller than the stress applied 
is deformed. Referring to the model this fraction 
corresponds to the number of pistons moving. It 
can be assumed for such a system with one mech¬ 
anism of viscosity that the summation term is 
Eq. ( 1 ) is proportional to the number of elements 
deformed and to the applied stress. With n pis¬ 
tons moving 

£ (S-Sf,)=nbS, (4) 

where b is the proportionality factor which is 
independent of the stress and has a value be¬ 
tween 0 and 1 . The distribution of the yield 
values is here such that their sum is equal to 
«(1 — b)S. The term n is equal to v/N where v = 
number of elements deformed and N =* total num¬ 
ber of elements per unit volume. 

The liquid contained in each element of the 
model has the same viscosity, 

l=dS/dv t =(S-Sf,)/v,. 

Hence the differential strain rate is constant for 
each element, dvi=dvt*=dvt etc., as can be also 
demonstrated by differentiating Eq. ( 1 ), and the 
differential of the total strain rate is equal to the 
differential of the individual strain rate multi¬ 
plied by the number of elements taking part in 
the deformation, dv=ndv, and do^dn/n. Com¬ 
bining these terms with Eq. ( 1 ) gives 

(5— Sf,)=vdS/dv/n*itbS (5) 
and 

dS/S-bdv/v 

* A. Nadai and P. G. McVetly, Proc. Am. Soc- Teat. 
Mat. 43, 735 (1943). 
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which on integration between 5 and So , v and Vo 
leads to Eq. (3), S/Sq=*(v/vq)K 

Equation (5) contains a constant coefficient of 
viscosity 

tf = nbS/v * nobSo/vo 

and since nS/noS Q = v/vo = (S/Soy ib , it follows 
that 

l = nJ>(S/S*)«-MS/v. (6) 

This equation gives a constant viscosity for plas¬ 
tic flow independent of the stress applied, and 
contains only S and v as vectors, as (5/So) (1 ~* >/6 
is equal to n/n 0 and is therefore a scalar. This 
equation requires the knowledge of the value of 
no, which can be obtained, if the fractional vol¬ 
ume of the elements with strain rate r 0 is known. 
Otherwise the coefficient of viscosity may be re¬ 
placed by a constant coefficient of plasticity, ri/n 0 . 

At a sufficiently high stress the number of 
moving pistons of the viscous elements can be¬ 
come constant, in which case Eq. (5) may be 
written 

(5-5/0-nS-£S/ t . (7) 

The summation term is constant and has the 
dimensions of stress. Replacing it by / and con¬ 
sidering that n becomes 1 leads to 

i> = CW)/r, (8) 

which is equivalent to Bingham’s equation 10 giv¬ 
ing the stress/strain rate relationship for plastic 
systems with an extrapolated yield value /.It has 
to be borne in mind that / does not correspond 
to the highest yield value present in the system 
but represents the sum of all yield values of the 
fractions. Equation (8) also applies to the curvi¬ 
linear relationship between stress and strain rate, 
in which case, however, / becomes variable. 

Equation (3) was derived by considering a sys¬ 
tem with only one mechanism of viscosity. It can 
equally well be applied to systems having ele¬ 
ments with various viscosities. In the case of two 
viscosities, for example, we have from Eq. (4) 

v " Vi +»*« nib\S/rn+nJ>iS /171 /g\ 

v * V\ biSdvi/dS-\~ b tSdv %/dS 

from which.follows 

Vi/vt » bi<k)\/biAvt, and b\dv i/vi — b*dv %/vt, 

1# E. Bingham, fluidity and Plasticity (McGraw-Hill 
Book Company, Inc., New York, 1923). 


hence 

vdS/S = Vib*dv%/v%+vJ>idvi/vL 

“ (vfbidvt+vfbidvi) /vtfi 
* (vi+vi)vj>idvi/vivt** (vi+vt)vibiivt/vivi. 

Addmg the last two terms and dividing by 
v=*(vi+v%) gives 

2dS/S = bidvi/v i-j- bfdvt/vt , 

and since b\dvi/v\**bdv%/v%, their sum can be re¬ 
placed by 2bdv/v, which on integration leads to 

S/So - (vi/voi) bllt • (vt/voi) 1 * 11 = (v/vo) b . (10) 

If the system has two values of So with S 0 i larger 
than S 0 i, then at stresses lower than S 0 *» the 
relationship between log S and log v has a slope 
different from that at stresses larger than ■So*. 
With the number of elements of viscosity iyj being 
small in comparison with the number of elements 
of viscosity rjt, a measurable deformation mav be 
obtained only at a stress equal to 5 0 *. In cases 
where the system contains several mechanisms 
of with different values of 5 0 , the relationship 
between log S and log v may be curvilinear for 
stresses smaller than the value of the largest So. 

Equations (3) and (10) are based on the as¬ 
sumption that the extensibility of the viscous 
elements is unlimited. In the case of limited ex¬ 
tensibility, a low stress deforms a certain number 
of elements at a low strain rate. With increasing 
stress the strain rate of the individual elements 
increases, but since some of the elements have 
reached their maximum extensibility, the num- 
, '?r of elements taking part in the deformation 
has decreased. This decrease does not occur sud¬ 
denly with each increment in stress, but is a 
gradual process and will be treated in detail in 
connection with the discussion of creep. For a 
decrease in the number of elements deformed, 
which hypothetically depends on the stress only, 
the ratio of the number of elements deformed, 
»/»o, is smaller than 1. In these cases the active 
stress is bS as before, however, because of the 
limited extensibility of some elements, the strain 
rate is only a fraction of what it should be and is 
equal to av , where a is a numerical constant such 
that o<a<l. Hence Eq. (5) assumes the form 

dS/dv/n^nbS/av 

and 

(S/So)— (t>/v*) h til) 
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Fig. 2. Relationship l>etween stress anil strain rate for various values of ft. The notation ft *00 in the lower 

center should read ft — *. 


or 

(5/5.)— (r/r.)* (12) 

the latter term holding for systems where dv is 
negative, i.e. f where the strain rate decreases 
with increasing stress. The viscosities derived 
from Eqs. (11) and (12) are 

V - n 0 (b/a) (S/So)^\So/S) <’-*>'*$/*, (13) 
and 

- ;*o(Va)(5/5o) (I ^ )/ \5o/5)«+-^ 6 5/i;. (14) 

In both cases the ratio n/n Q is the product of two 
terms in 5, the first expressing the increase in the 
number of elements deformed with increasing 
stress and the other representing the increase in 
the number of elements having reached the limit 
of their extensibility with increasing stress. 

For ft/a > 1 the total strain rate increases with 
increasing stress, and for b/a<o the total strain 
rate decreases while the individual strain rates 
increase with increasing stress. In either case an 
increase in stress causes an increase in the yield 
Value, since, with n elements having reached their 
limit of their extensibility, the original yield value 
# 4^ increased to that of the n+lst element. Hence 


a deformation increases the strength of the sys¬ 
tem, i.e., the stress that can be supported, 
and this phenomenon may be termed “stress- 
hardening.” 

Systems with negative values of b/a are usually 
connected with a type of flow termed dilatancy. 
Actually the mechanical behavior of such sys¬ 
tems does not allow for any increase in volume. 
At a sufficiently high load stress the deformation 
of all the viscous elements will come to a stop. 
A further increase in stress will distort the system 
and cause dilation. An example of this kind of 
behavior will be given in a separate part. 

The relationship between stress and strain-rate 
is represented in Fig. 2 for values of ft and b/a 
varying between — *> and + <*>. With ft *0 the 
stress becomes independent of the strain rate. 
A substance of such properties does not exist, 
since at ft«0, the active stress and the viscosity 
are zero. As b/a increases from 1 to °o the strain 
rate becomes more independent of the stress. The 
same also holds for b/a decreasing from 0 to — <*>. 
Keeping n 0 , 5, and v constant, the viscosity de¬ 
creases with increasing values of ft and reaches 
a minimum at ft »1 and increases with increasing 
values of ft/a and becomes infinite at ft/a ** *>. 
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The same also holds for negative values of b/a . 
With b/a ■= + 00 or — « the strain rate is con¬ 
stant and independent of the stress applied, and 
the viscosity is infinite. These conditions are met 
with an ideal elastic body. 

(b) Relaxation of Stress 

If the system is first deformed and then the 
strain kept constant, spring A in Fig. 1 contracts 
and causes a continued motion of the pistons of 
the viscous elements, until the potential energy 
stored ill the spring is spent. Under this condi¬ 
tion the total strain rate is zero and is composed 
of the strain rate of the elastic spring and the 
sum of the individual strain rates of the viscous 
elements, hence 

dS/Edt+v = 0, (IS) 

where E is the modulus of elasticity of spring A . 
Substituting v from Eq. ( 6 ) and integrating be¬ 
tween S and S tt the stress at the instant when the 
strain is kept constant, / and 0 gives 

1 =n 0 ( 1 -b^/SoY^Et/r,. (16) 

If the system has a yield value, the stress will 
relax during an observable time to a value equiva¬ 
lent to that of the yield value and to zero in 
infinite time. This equation can also be applied 
to systems which have different mechanisms of 
elasticity and viscosity, in which case E/rj must 
be replaced by HWLVE. 

The term E /17 is constant with the dimensions 
of \/t and may be replaced by 1/r where r is the 
relaxation time. 

Since no (5*/5 0 ) (l ^ )/ 6 =n t , the number of vis¬ 
cous elements deformed at stress S„ Eq. (16) may 
be simplified into 

(17) 

Although the term n»(l— b)/r contains the con¬ 
stant relaxation time, r, its value depends upon 
n % and therefore upon 5*. Replacing this term by 
l//r, where tr is a variable relaxation time de¬ 
pending upon the initial stress, gives 

(S t /S)«-» , *=t/tr+ 1. (18) 

The variable relaxation time is the time at which 
the original stress is reduced to a value of 
S f / 

This equation holds only for systems for which 


0<6<1. With b/a> 1 and b/a<0 , there is no 
relaxation, since immediately after the strain 
is kept constant, all viscous elements with yield 
values equal to or smaller than S t , have reached 
their maximum extensibility. Such systems, there¬ 
fore, behave at constant strain and temperature 
like ideal solids. 

(c) Strain Rate an Exponential Function 
of Stress 

Another equation which covers curvilinear re¬ 
lationships between stress and strain rate has 
been suggested by Ludwik 11 and shows the stress 
to be proportional to the logarithm of strain rate 
in accordance with 

exp (5—5 0 )/5o“ ( v/vo) b (19) 

or 

exp (S/So) = e(v/v 0 ) b , (20) 

where b , So, and Vo have the same meaning as 
before. This equation was mathematically de¬ 
rived by Prandtl 18 by considering a model con¬ 
sisting of a row of molecules which are bound to 
their normal positions of rest by forces which in¬ 
crease proportionally with the deviation of the 
molecule from its particular position of rest, i.e., 
these forces arc of an elastic nature. 

Applying statistical mechanics to his reaction 
rate theory, Eyring 11 arrived at a relationship for 
plastic flow which is similar to Eq. (19). 

\kT 

- -exp (~F\/kT) 

h 

X[cxp (S\/2kT )-exp (-SX/ikT)], (21) 

where X = the average distance jumped by a mole¬ 
cule, therefore 5X=work done by a potential, 
—5X is the amount of work for a similar motion 
in the opposite direction, A- Boltzmann’s con¬ 
stant, A*Planck’s constant, absolute tem¬ 
perature, and Ft = free energy change of going 
from normal to activated states. If the free energy 
of activation is large, S must be large before v 
will have a noticeable value, therefore the second 
term in the parenthesis is negligible. Introducing 

■ ■ - - ■ — $ 

u P, Ludwik, Elements der Tctknoh.L schm Meckanik 
(Verlagabuchhandlung, J ulius» Springer, Berlin, 1909). 

u E. Prandll, Zeits. f. angew. Math. u. Mech. 8, 85 
(1928). 

“ II. Eyring, J. App. Phy*. *, 283 (1936). 
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a similar term for Vo gives 

exp (S—5 0 ) *= (v/»o) 2 * r/x - (22) 

The Eyring equation has been obtained for a 
system containing molecules of large size for 
which the free energy of activation is high. Yet 
substances of high molecular weight are known 
which behave like perfect liquids under stress. A 
viscous asphalt, 14 for example, having viscosities 
of 10 7 and 7.07X10 5 poises at IS and 2S°C, has 
a value of 22700 for Ft/k. Equation (22) has also 
been found to hold for the curvilinear part of the 
stress/strain rate diagram of disperse systems 
such as greases, paints, and clay ships, 15 the total 
free energy of activation of which is relatively 
small, although it may be high for individual 
units of the disperse phase. These considerations 
seem to indicate that the mechanism of plastic 
deformation for a substance obeying Eq. (19) is 
similar to that obtained for Eq. (3). Such a sys¬ 
tem can also be assumed to consist of an elastic 
element and a number of viscous elements 
coupled in series for which Eq. (1) holds 

(S-S/O/V 

If the summation term is independent of the 
stress and proportional to the number of the 
viscous elements deformed, then 

rjv = nvdS/dv = n const., (23) 

where const, has the dimensions of a constant 
stress. Since So is the lowest stress which pro¬ 
duces an observable plastic deformation, bSo can 
substitute for const., and 

dS=*bS<4v/v 

14 C. M<ick, unpublished work. 

u K. E. Powell and H. Eyring, Nature 154, 427 (1944). 


which on integration between S and 5o, v and Vo 
leads to Eq. (19). From the above equation the 
following terms for viscosity are obtained 

ij = nobSo/vo * nbSo/v 

exp [(S-So)/&So]S 0 /p. (24) 

The distribution of the yield values is in this case 
such that their sum is equal to n(S-bSo). 

Combining Eq. (24) with the general Eq. (15) 
for relaxation at constant strain leads to 

exp [(S,-S)/Wo] 

= n o (0-) exp [(S»—S 0 )/W>o1+1 (25) 

and with n 0 exp [(S»— So)/bSo] = n % 

exp [(5 t -5)/&5 0 ] = »^/r+l«/// r +l. (26) 

The term, r/»<=/ r , represents the time at which 
the initial stress is reduced to a value of Si 
—bSo In 2, and depends on the initial stress in 
the same way as in Eq. (17). For systems con¬ 
taining several mechanisms of elasticity and vis¬ 
cosity, 1/r becomes £ l/ij/£ 1/E. 

Equations (3) and (19) giving the strain rate 
as a power function and an exponential function 
of the stress are applicable to plastic systems of 
the sol-gel type which are subject to plastic flow 
and form the basis for more complicated systems. 
As the latter systems are more frequently en¬ 
countered, the presentation of data will be re¬ 
served for a separate paper. It may be mentioned 
here that experience so far seems to give prefer¬ 
ence to Eq. (3) for systems where the structural 
elements of the substance under test remain in a 
high degree of disorder. In systems, where the 
structural units orient themselves to a higher 
state of order under stress, Eq. (19) appears to 
be applicable. 
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Plastic Flow, Creep, and Stress Relaxation 

Part II. Creep 

Charles Mack 

Technical and Research Department, Imperial Otl Limited, Sarnia, Ontario 
(Received March 28, 1946) 

The general equation covering the deformation of plastic substances given in Part I is applied 
to creep. Creep is defined as a mechanism of deformation for systems which have a curvilinear 
relationship between stress and strain rate and a curvilinear relationship between strain and 
time at constant stress. Creep is connected with changes in the internal structure of a plastic sub¬ 
stance and results in an increase in strength of such materials through work-hardening. Equa¬ 
tions are derived which give the stress as a function of strain rate and time (time-hardening), 
as a funi tion of strain rate and strain (strain-hardening) and as a function ot strain rate, strain, 
and time. The difference between time-hardening and strain-hardening is discussed. Expres¬ 
sions are given for the coefficients of viscosity of such systems which arc independent of the 
stress applied. The relaxation of stress at constant strain is discussed, and it is shown that the 
stress relaxation depends upon the history of the sulistance under test. The concept of creep 
is also applied to thixotropic systems which are considered as cases of work-softening. 


INTRODUCTION 

I N Part I 1 plastic systems of the sol-gel type 
have been discussed. Gels differ from this type* 
only in degree, in that they contain a larger num¬ 
ber of elements of three-dimensional structure. 
The interlocking of these structural elements 
gives the system an appearance of rigidity. 
The formation of three-dimensional structures is 
caused by attractive forces between the indi¬ 
vidual molecules which are either of the van der 
Waals type, or in the case of polar molecules arc 
caused by hydrogen bonds which are caused by 
the interaction between hydrogen and two other 
atoms. This bond is highly directional, and there¬ 
fore resembles to some extent a covalent bond, 
although the free energy of a hydrogen bond is 
considerably lower.*- * 

Amorphous solids such as thermoplastic and 
thermosetting plastics are generally obtained by 
polymerization. They also have a gel-like struc¬ 
ture, however, as a consequence of the high de¬ 
gree of polymerization, the attractive forces be¬ 
tween the individual molecules of the structural 
elements are to a large extent caused by primary 
bonds. 

Such systems owe their external appearance to 
a structure resulting from a more or less random 

1 Charles Mack, J. App. Fhys. 17, 1080 (1940). 

9 T. S. Moore and T. F. Winmill, J. Chem. Soc. 101,1635 
(1912). 

9 P. Pfeiffer, Ann. 398, 137 (1913). 


distribution of structural units. Owing to the lack 
of symmetry, the presence of flaws can be as¬ 
sumed to exist as pointed out by Griffith. 4 These 
flaws play the same role as the holes in a liquid 
according to Eyring’s theory, 6 and represent the 
space into which the structural elements can slip, 
when the system is subjected to a stress. As a 
result of the smallness of the flaws relative to the 
volume of the structural elements, the mech¬ 
anism of the movement of the structural elements 
is complicated. It may consist of a shear move 
ment of the structural units along certain planes 
or of a migration of molecular segments through¬ 
out the structural unit, starting at one side of the 
unit and crossing it like a wave in the requisite 
direction. 6 In any case, the individual unit cannot 
flow in any direction as the molecules in a liquid 
but moves only in directions which are made 
available by the location of the flaws. 

This process of flow also requires a rotation ol 
the structural units with their long axis in the 
direction of flow. In view of their more or less 
random distribution, the structural elements are 
at different angles to the general direction of flow. 
It happens, therefore, that units of different 
orientation tend to move in slightly different di¬ 
rections or even in the opposite direction in the 


4 A. A. Griffith, Phil. Trans. Roy.*Snr. London 221, 163 
(1921). 

AH. Eyring, J. App. Phys, 4, 283 (1936). 

■W. Kauzmann and H. Eyring, J. Am. Chem* Soc. 62, 
3275 (1940). 
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extreme case. With the change in orientation of 
the structural units, the shape of the flaws is also 
altered, and at the sharp end of a flaw there is 
an excessive strain which results in a concentra¬ 
tion of stress at that point accompanied by a re¬ 
duction in stress at other places. For an elliptical 
flaw (with the long and short half axis of a and b) 
under the influence of an exterior stress S perpen¬ 
dicular to the long axis a, Griffith 4 calculated 
the stress at the sharp edges to be equal to 
S(2a+b)/b. The motion of the structural units 
will become arrested at such points of stress con¬ 
centration. As the process continues more units 
will cease moving, until the total internal stress 
becomes equal to the external stress, and the 
deformation of the plastic body under test comes 
to a stop. An increase in deformation can then 
only be obtained by the application of a higher 
stress. It is usually found that when the substance 
is unloaded and loaded again, deformation does 
not begin at the same stress as originally observed 
but at a higher value. This value is often found 
to be near the value of the stress applied in the 
experiment, before the unloading took place. 
Thus the deformation has increased the strength 
of the material, i.e., the stress which can be sup¬ 
ported, ami this phenomenon is called “work- 
hardening. 1 * As the number of structural units 
arrested decreases with time, a constant stress 
produces a continuously increasing deformation, 
the rate of which decreases with time. This type 
of deformation as a function of time is generally 
termed “creep.” During this deformation the 
neighboring structural units, although moving in 
slightlv different directions, must maintain con¬ 
tact a* all points, or a crack will form and spread 
through the whole substance. To ensure contact, 
some distortion of the structure of the units must 
occur particularly at the boundaries. If this dis¬ 
tortion becomes large enough in extent, so that 
the structural units are forced to move mainly in 
one direction, the creep will change into flow, 
i.e., the rate of deformation becomes constant. 

The concept of creep can also be applied to 
thixotropic systems. A stress causes a continuous 
breakdown of the three-dimensional structures 
without permitting the formation of new con¬ 
nections between the structural elements. These 
^changes in structure reveal themselves in the fact 
( that as soon as the first plastic deformation is 



obtained, further deformation requires a lower 
stress than the original. As a result of this, the 
strength, which can be supported by a thixotropic 
system, decreases with increasing deformation, 
and this process may be considered as a case of 
“work-softening.” 

CREEP AND WORK-HARDENING 

The phenomenon of creep accompanied by 
work-hardening under constant stress can be 
represented by the same model, consisting of an 
elastic element and a number of viscous elements, 
as given for plastic flow in Part I. 1 Whereas in 
the latter case the Jeformability of the viscous 
elements is unlimited, the extensibility of the ele¬ 
ments of a substance subject to creep must be 
assumed to be limited. A stress applied to such 
a system sets the pistons of all viscous elements 
in motion with yield values smaller than the ap¬ 
plied stress. As the deformation proceeds, some 
of the elements reach their maximum extensi¬ 
bility resulting in a decrease in the number of 
elements deformed and in a reduction of the total 
strain rate. Finally the motion of all pistons of 
the viscous elements comes to a stop, and the 
strain rate becomes zero. With n elements having 
reached the limit of their extensibility, the origi¬ 
nal yield value is increased to that of the n + lst 
element, and it requires a stress increment to 
bring about further deformation. This condition 
holds only, if the direction of the load stress is 
kept constant. If a tensile stress is applied to the 
system for some time and then the direction of 
loading reversed from tension to compression, 
the pistons of all elements which have reached 
their maximum extensibility will start moving 
again in the opposite direction, and the total 
strain rate of the system will be increased. This 
behavior explains the observation that metals, 
after they are plastically deformed, undergo com¬ 
paratively large plastic deformations by small 
loads, when the direction of loading is reversed. 1 

The strain rate of the system can be expressed 
by Eq. (S) given in Part I 

(5-5/»)/ij»n^(5)/iy, (1) 

where the stress function ?(5) is either bS or bSo 
depending upon the applicability of Eq. (3) or 

7 A. Nadai, Plasticity (McGraw-Hill Book Company, 
Inc., New York, 1931). 
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( 20 ) given in Part I to the system under test. For 
plastic flow », the number of viscous elements 
deformed, is constant at constant stress. In the 
case of creep, n decreases continually from a 
maximum to a minimum or to zero and can be a 
function of the strain or of time. For a system 
subject to work-hardening, the stress can there¬ 
fore be a function of strain and strain rate (strain¬ 
hardening) or a function of time and strain-rate 
(time-hardening). Since the time is always a 
function of the strain for this system, the stress 
function may be written in the following general 
fonm: 

S=/(«,v). (2) 

Differentiation with respect to time gives 

dS dS d€ dS dv 

——- 1 -- (3) 

dt de dt dv dt 

dS/de measures the rate of change of stress with 
plastic strain at constant strain rate, and may be 
compared to a coefficient of work-hardening, 

In a similar way dS/dv measures the rate of 
change of stress with changing strain rate at con¬ 
stant strain. This term has the dimensions of a 
coefficient of viscosity and may be termed coeffi¬ 
cient of plasticity, 0 . If the deformation is carried 
out at constant stress, dS is zero, and Eq. (3) 
becomes 

$de/dt — 4>dv/dt. (4) 

^ is a stress function divided by the strain rate, 
4> = <p{S)/v, and 

—dv/dt=vty/<f>(S)i (5) 

i.e., the decrease in strain rate is proportional to 
the square of the strain rate and to f/<p(S). At 
constant stress tp(S) is constant, and the coeffi¬ 
cient of work-hardening, \f/, can be constant or 
variable. Equation (S) also implies that, when 
^* 0 , then rfv— 0 , and v becomes constant which 
is the condition for plastic flow. 

(a) Coefficient of Work-Hardening is Constant 
at Constant Stress and Time-Hardening 

With ^ being constant, the term also 

becomes constant. If it is replaced by l/k , then 

-v*dv/dt = 1/A, 

and on integration between v and Vi, the strain 
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rate obtained 1 second after application of the 
constant stress, and / and 1 second 

v**<U/dt «£/(/-1 +k/v{). ( 6 ) 

On second integration between e and 0, / and 0 

€ = *ln (t+k/v!). (7) 

At / = 0 , € — 0 , hence k/vi = l and ft—Vi, and 

€ = *ln(/+l). ( 8 ) 

In this equation and the ones to follow, c repre¬ 
sents the plastic strain only. With systems of 
sufficiently large elastic deformation, e can be 
replaced by the difference between the total and 
elastic strains. 

With k=v u it follows from Eq. ( 6 ) that 

v = k/t. (9) 

Introducing this term into Eq. ( 1 ) for v and Vi«*v 
at /i = l second gives on division of both equa¬ 
tions for the condition of constant stress: 

v/vi = t\/t — n/n\. 

This term indicates that, since n <»i, the number 
of elements under deformation decreases with 
time, and the creep is caused by time-hardening. 

It follows from Eq. ( 8 ) that the strain is a linear 
function of the logarithm of time, but since the 
proportionality factor is constant only for a con¬ 
stant stress, k varies with the stress. 

For the evaluation of the coefficient of work¬ 
hardening, it is necessary to define ^ and ^(S). 
If Eq. (3) of Part I, S/S 0 « (v/v 0 ) b is applied then 
A*=dS/dv = bS/v t and <p(S)=*bS, therefore since 
k = ip(S)/\p 

i[r~bS/k, (10) 

4> = bSt/k. (11) 

These relationships give a coefficient of work¬ 
hardening which is constant at constant stress, 
and a coefficient of plasticity, which increases 
linearly with time. 

Substituting the above terms for ^ and ^ in 
Eq. (3) and replacing k by vt gives 

dS/S=bdt/t+bdv/v, 

which on integration between S and So, t and /o, 
v and Vo yields 

S/So~(vt/v<to) b , m (12) 
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confirming that creep is caused by time-harden¬ 
ing. The constant term of viscosity for this rela¬ 
tionship is obtained from Eq. ( 1 ) as follows: 

tj *= nbS/v * nJ>So/vo. 

Since v/v*=(S/Sd) u %/t 

n/no^iS/SoV^'to/t 

and the expression for viscosity becomes 

V-nMS/S 9 )™*[h/t)S/v, (13) 

in which S and v are the only vectors. For this 
case the distribution of yield values is such that 
their sum is equal to tto(l — &)(S/S 0 ) (l ~ 6 )/ 6 kS//. 
This equation in combination with Eq. (15) given 
in Part I leads to the following term for the 
relaxation of stress at constant strain: 

- dSfdt = Eu = nobiS/SoY 1 -* lb (to/t)SE/ v , 

and on integration between S and S l} the stress 
at the moment where the strain is kept constant, 
t and o 

(St/S) (l ~ w/ 6 *=n 0 (l —6)(5*/5 0 )(l -b)/b 

to (E/rj) In ($+l) + l. (14) 

Since no/o(5»/5o) a "* )/ 6 s *=n,/ t> where », and t x are 
the number of elements deformed and the time 
at the moment where the strain is kept constant, 
and 2 £/t/ = 1 /r, where r is the relaxation time, 
this equation becomes 

(A/JoJ^-d-ftJurf.ln (f+D/r+1. (15) 

Although this equation has been obtained 
for a system having one mechanism of elas¬ 
ticity and viscosity, it is also applicable to sys¬ 
tems with several such mechanisms, in which 
case 1 /t*=YL 1A/H 1/-E* as outlined in Part J. 
The term (1 —b)nj % /r varies with the number of 
elements under deformation at the moment where 
the strain is kept constant, and consequently 
varies not only with the initial stress, 5», but also 
with the time U during which the substance was 
deformed, before the strain was kept constant. 
Replacing this term by 1 /ln t T9 where t r is the 
variable relaxation time, changes above equa¬ 
tion into: 

(S % /S) (x ~ h>,h **ln (/+l)/ln t r + 1, (16) 

and In t r is the logarithm of the time at which the 
, original stress is reduced to 5,/ 2 * /(1 “ w . This equa- 

y r 
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tion as well as the others to follow in connection 
with work-hardening holds only when the system 
is still subject to work-hardening during the re¬ 
laxation of stress. Consequently the stress relaxes 
to a certain lower limit which can be close to the 
value of the initial stress. In this case the sub¬ 
stance remains under strain, and further stress 
relaxation can be only obtained by heating the 
substance, which process is carried out by the 
annealing of glass and tempering of steel. 

Applying the Prandtl Eq. (20) given in Part 1, 
exp [(5—5o)/5o] = (r/vo) 6 , to the case of time¬ 
hardening gives 

exp [(S-S 0 )/S«] = (vt/v<Jo)\ (17) 

the coefficient of viscosity is 

v = nob exp [(5-5o)/65o](/o//)5oA (18) 

and the stress at constant strain relaxes accord¬ 
ing to 

exp [(.S\-S)/ 6 So] = ln (/+l)/ln / r +l, (19) 

In t r being the logarithm of the time at which the 
initial stress is reduced to a value of S t —bSo In 2 . 

Equations ( 12 ) and (17) express the stress as a 
function of strain rate and time, S=f(v,t). 
Differentiating this term gives the following gen¬ 
eral expression: 

dS dS 

dS —— -dt-\ — -dv=$dt+4>dv, ( 20 ) 

dt dv 

which implies that at constant stress dS/dt=0 
approaches zero with high values of t. In this case 
dv also approaches zero, i.e., at deformations of 
long duration under constant stress the strain 
rate becomes finally constant, and creep changes 
into plastic flow. 

These equations have been obtained by as¬ 
suming, the coefficient of work-hardening or 
strain-hardening to be constant at constant 
stress. Equation ( 20 ) leads to an interesting solu¬ 
tion when the coefficient of time-hardening is as¬ 
sumed to be constant, at constant stress, in 
which case 

Odi * ddt + <p(S)dv/v 
and 

* 1 /a s* ~ir l dv/dt 

where a is a constant with the dimension of /. 
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Integration between v and V\ % t , and 0 gives 

v**dt/<U=v iexp (—//a), ( 21 ) 

and on second integration between c and 0, t and 0 
exp (—I/a)]. (22) 

The term av i has the dimension of € and is 
obviously the limiting value of «, at which creep 
due to time-hardening at constant stress changes 
into plastic flow, and is equal to € max. 

With tp(S)*=bS and assuming that a is a con¬ 
stant independent of the stress, the following 
equation for the stress as a function of strain rate 
and time is obtained: 


S/So - ( v/v 0 ) b exp [b{t -/o)/a], (23) 

from which results the following expression for 
the coefficient of viscosity 

V = nob(S/So) (1 “ w/ * exp [-(/-/ 0 )/a]S/r. (24) 

The corresponding equations for the condition 
<p(S)=bSo are: 

exp [(S-So)/So] - C v/v 0 ) h exp [&(/ -/ 0 )/a], (25) 

17 = nob exp {[a(S— So) 

— bSo(t — to) ]/a65 0 ) So/v. (26) 

Another solution of Eq. (20) is obtained if 
d = v{S) /at, where “a" is a constant, in which 
case at constant stress 


and 


0dt+4>dv= <p(S)dt/at+<p(S)dv/v t 
dt/at= —dv/v. 


With <p(S) =bS and assuming that a is a con¬ 
stant independent of the stress and equal to b/c , 
where c is a new constant, the following equations 
are obtained: for the stress as a function of strain 
rate and time 


S/So = (v/v 0 mtoY (27) 

for the coefficient of viscosity 

17 = nJ)(S/So) (1 " k) ,h (to/t) efb S/v (28) 

and for the relaxation of stress at constant strain 
(S % /S)^^ {t/trV™' b + 1. (29) 


(b) Coefficient of Work-Hardening is Variable 
at Constant Stress and Strain-Hardening 

In the previous section the case has been 
treated for the coefficient of work-hardening, 
being constant at constant stress, hence f/tp(S) 
* constant. If this term is a function of the 
strain, so that ^/p(S) = l/e, Eq. (5) takes the 
following form for the condition of constant 
stress 

-1 r*dv/dl=+/<p{S) - 1 /s. (30) 

Substituting the term for ^ in Eq. (3) gives for 
*(S) = 6 S 

S/So = (v*/v#oy t (31) 

expressing the stress as a function of the strain 
and the strain rate, and the coefficient of work¬ 
hardening becomes a coefficient of strain-harden¬ 
ing. The difference between time-hardening and 
strain-hardening will be discussed in detail in a 
later section. It may be mentioned here that the 
coefficient of strain-hardening obtained from Eq. 
(30) ^ = 65/«, decreases considerably less with 
increasing deformation than the coefficient of 
time-hardening obtained from Eq. (13), 0 = &£/!, 
for the same value of bS . The latter term ap¬ 
proaches zero with high values of /, which limit 
is only reached in the case of strain-hardening 
with very large values for €, i.e., for elongations 
which correspond to a large multiple of the 
original length of the test piece. 

The coefficient of viscosity for a substance sub¬ 
ject to strain-hardening according to above equa¬ 
tion is 

17 = nMS/So )< l « /k («o /*)S/v. (32) 

For the evaluation of the relaxation of stress 
«it constant total strain, the plastic strain is equal 
to the elastic strain but of opposite sign, and can 
therefore be replaced by — S/E, Introducing this 
term into Eq. (32) gives the stress relaxation as 
follows: 

(S % /S)W b =t/t r +l, (33) 

where l// r »n»(l -2 b)/r and t r depends upon the 
value of S % and «*, the stress and strain prior to 
the moment where the strain is kept constant. 

Introducing into Eq. (31) the t *nn <p(S) = bSo 
leads to 


* 


Volume ir, December, i«m 


exp C(5—5#)/5a] ■» (w/Wo)* 
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and for the stress relaxation at constant strain 

C(5-65 0 )/5o] exp C(5.-5)/65 0 ] 

=nJ/r+(S,-bSo)/So, (35) 

which is not a simple expression for the stress 
relaxation as a function of time. A better solution 
is obtained by substituting the strain in equation 
(34) by its time function as follows: 

exp [(S—S.)/S»] = (®/»,)»(<//«)* (36) 

which gives the coefficient of viscosity as 

ij nJ>(So/v)(t 9 /t )* exp [(5-5 0 )/265 0 ] (37) 

and the following stress relaxation as a function 
of time 

exp C(5,-5)/265 0 ] - (<//,)‘+1 (38) 

where 1 //,*=»A J /r. 

In analogy with Eq. (27), ^ can also be as¬ 
sumed to be equal to <p(S)/bt/m, where m is a 
new constant, in which case the stress as a func¬ 
tion of strain and strain rate for <p{S)^bS takes 
the form 

5/S«-> (i>/t>o)‘(«/«o)". (39) 

(c) Work-Hardening Depending upon 
Strain and Time 

The equations given in the previous sections 
express the stress as functions of strain rate and 
time or as functions of strain rate and strain. 
Cases may occur where the stress is a function of 
O 


strain, time and strain rate according to 

•S«=/(«, t, v) 
and 

as as as 

*'pdt-\-0dt-\~^dv. (40) 

in these cases the number of elements under de¬ 
formation at constant stress decrease with in¬ 
creasing strain and time. 

With <t> = bS/v, the application of the corre¬ 
sponding terms for ^ and 0 previously given 
results in the following possible solutions of this 


equation: 

S/So=(vil/vQtol Q ) 1 (41) 

S/Sa — {vt/vot 0 ) i (t/fa) m (42) 

S/So = (vt/vot 0 ) b exp [i(/-t 0 )/«] (43) 

5/5 0 = (w/®o*o)*(i//o) # (44) 

S/So = (v/vo) h (t/to)"(t/to) m . (45) 


(d) Difference between Time-Hardening 
and Strain-Hardening 

The equations previously given express the 
stress as functions of strain rate and time, as 
functions of strain rate and strain or both. In 
each case the strain is a function of time, and the 
strain and time functions can be mutually re¬ 
arranged. The equations given in connection 
with time-hardening can be expressed as follows : 

S/So = (vt/v 0 to) i = (v/v 0 ) i 

Xexp (ft[«(5 0 /5) 1, *-«o]/®o/#} (46) 

S/S 0 ={v/v 0 ) b exp \b{t-to)/a] 

= {(®/®o)+[*-* a (5/5o)'/‘]/a®.}‘ (47) 

S/So - (v/v 0 ) b (t/toY = (v/vo )»-(«/«„)•. (48) 

Similar equations are obtained for the stress 
function exp [(5— St)/So]. 

It has been mentioned before that creep due 
to time-hardening finally changes into plastic 
flow. This change is borne out by Eqs. (46) and 
(47) and occurs as soon as the value of t(So/S)' lb 
in the exponential term has reached the value of 
<o, or in Eq. (47) when «o(*5/5«) 1/l has 'the value 
of c. Equation (48) which originally has been 
derived for creep due to time-hardening is similar 
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in form to Eq. (39) in connection with strain¬ 
hardening. The creep in this case is consequently 
due to strain-hardening and extends over a wide 
range of deformation when the values of c are 
smaller than 1. 

The creep at constant stress is of interest, 
which in the case of Eq. (46) is a linear function 
of the logarithm of time, and its magnitude in¬ 
creases with increasing stress. In the case of the 
equations in connection with strain-hardening, 
the logarithm of strain is a linear function of the 
logarithm of time, and its slope is independent of 
the stress applied. For Eq. (47) the logarithm of 
e max/(€ max—e) is as shown before a linear 
function of time indei>cndent of the stress applied. 

This difference in creep further reveals itself 
in the behavior of substances subject to work¬ 
hardening when they are submitted to stresses 
in succession. Suppose a test piece subject to 
strain-hardening is first stretched under a con¬ 
stant stress 25 until A in Fig. 1 is obtained at \t. 
At this point the stress is reduced to 5 and kept 
constant for a second time interval of \t during 
which the creep follows curve AB. A second test 
piece is subjected to the reversed order of loading, 
i.e., is first stretched under a constant stress 5 for 
the time J/, and then the stress is increased to 25. 
In this case the creep first follows curve OC and 
finally meets the strain-time curve at point B and 
identical time t . Thus if a substance subject 
to strain-hardening is deformed under various 
stresses, the strain at a given time will be the 
same irrespective of the order of loading. This 
behavior, of course, applies only to the plastic 
strain and not to the total strain ( = elastic 
+plastic strain). Strain-time diagrams similar 
to that of Fig. 1 are obtained for substances 
whose creep is connected with strain-hardening 
irrespective of the derivation of these equations. 

A substance, which is subject to time-harden¬ 
ing in accordance with Eq. (46), when suces- 
sively stretched under the constant stresses 5 and 
25, gives a strain-time diagram as presented in 
Fig. 2. Here the strain obtained after a certain 
time depends upon the order of loading, and the 
curves do not meet at the same time U The strain 
of such a substance obtained at a given time de¬ 
pends therefore upon previous operations. 

Substances obeying Eq. (47) take an inter¬ 
mediate position, in that they show under stress 


a change from creep to plastic flow as in the 
case of time-hardening and, when successively 
stretched, behave like substances due to strain¬ 
hardening. 

For the cases where the stress is a function of 
strain-rate, strain and time, it can be shown in 
the same manner, that the creep is independent 
of the history of the substance and finally changes 
into creep due to strain-hardening only. 

CREEP AND THIXOTROPY 

Jt has been shown that creep in combination 
with work-hardening is a process which increases 
the stress which can be supported by a substance. 
Thixotropic systems also show the phenomenon 
of creep which is however accompanied by break¬ 
down of the structure and results in a decrease in 
stress which can be supported. Thus creep of 
thixotropic systems is opposite in effect to creep 
due to work-hardening. Thixotropic systems can 
therefore be compared with the same model con¬ 
sisting of an elastic element and a number of 
viscous elements coupled in series. A stress ap¬ 
plied to such a system increases the number of 
elements deformed with time, and the strain rate 
increases. In view of this effect Eq. (20) can be 
applied to thixotropic systems with a negative 
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coefficient of time-hardening: 

* -dS dS 

dS =- dt-\—dv =— Bdt^^dv, (49) 

d/ dv 

This equation also implies that, if 6 becomes zero 
at constant stress, then dv=* 0, and v becomes 
constant. This condition is fulfilled after break¬ 
down of the thixotropic structure, the amount of 
which may depend upon the magnitude of the 
stress applied. 

With d = bS/t t and <t> = bS/v, integration of 
Eq. (49) gives 

S/So = (v/v Q ) b (l/to)- b = (vto/vot) b (50) 
and with O^cS/t 

S/So = (v/v Q ) b (to/t) c . (5 1 ) 

For both cases, the logarithm of strain is a 
linear function of the logarithm of time at con¬ 
stant stress, and the slopes are independent of 
the stress applied. 

The viscosities resulting from these expressions 
are 

V = nMS/So)"- b " b (t/to)S/v t (52) 
7 ? -n 0 6(S/S 0 ) (1 ^'WM^S/v. (53) 

With the thixotropic structure still subject to 
breakdown during relaxation at constant strain, 


these equations lead to 

(S % /S)W=(t/tr)*+ 1, (54) 

where l// r a = [(l—6)/2]n t /r/ t , and 

(S i /S)< 1 “»'*= (///,)<^>'*+l, (55) 

where l/t r ib+c)/b = b(l~b)n t /(b+c)rt % e/b . In both 
cases the variable relaxation time / r depends upon 
n % the number of elements deformed at the mo¬ 
ment where the strain is kept constant and there¬ 
fore varies with S % and t % the time during which 
the s> stem was deformed prior to the beginning 
of relaxation. If the structure is completely de¬ 
stroyed, the stress relaxation follows Eq. (18) 
Part I, (S t /S) il ~ b)lb =t/t 1 + 1. Another possibility 
exists if the value of the stress falls below that 
of the attractive forces of the micelles for each 
other, in which case the thixotropic structure 
may lx* built up again during relaxation. 

The expressions giving the stress as functions 
of strain rate, strain and/or time cover the creep 
of various systems. Many substances subject to 
work-hardening have mechanisms of deformation 
which also exhibit the property of elastic after¬ 
effect. Such systems will be discussed in a sepa¬ 
rate paper, and the presentation of data for sub¬ 
stances subject to work-hardening and thixotropy 
will be reserved for this part. 
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Plastic Flow, Creep, and Stress Relaxation 

Part m. Creep and Elastic After-Effect 

Charles Mack 

Technical and Research Department , Imperial Oil Limited , Sarnia, Ontario 
(Received March 28, 1946) 

A large number of substances show the phenomenon of elastic after-effect, and part of their 
deformation recovers on unloading as a function of time. This portion of the deformation at 
constant stress has a strain rate which decreases with time and is therefore comparable to 
creep. Expressions arc given for the strain-time relationships of such systems, and the process 
of stress relaxation at constant strain is discussed. The equations given in connection with 
plastic flow, creep due to work-hardening, thixotropy, and creep in combination with elastic 
after-effect are applied to data given in the literature, and it is shown that these equations 
suffice to describe the deformation and relaxation mechanisms of a variety of materials such 
as metals, clay soil, food products, acrylic acid polymeridc, polyvynil chloride, cellulose acetate, 
manila ropes, paper laminates, phenolic molding compounds, rubber, asphalt, and bituminous 
pavements. 


INTRODUCTION 

HE theory of plastic flow and creep has been 
discussed in two previous papers. 1 * 2 It has 
l>ccii shown that these mechanisms of deforma¬ 
tion can be represented by a model consisting of 
‘an elastic element and a number of viscous ele¬ 
ments all coupled in series. The viscous elements 
represent the structural units of the plastic sys¬ 
tem and have an unlimited extensibility under 
tension in the case of plastic flow. In the case of 
creep their extensibility is limited as a result of 
a resistance which is caused by the position of 
the structural units relative to each other. If 
elastic forces are the cause of limited extensi¬ 
bility, the structural units can be considered as 
being encased in an elastic sheath. A tensile stress 
acting on such an element causes a deformation 
which increases with time up to a certain limit. 
After removal of the load the elastic sheath will 
recover its original shape, but, since the element 
also possesses viscosity, the recovery is a function 
of time. This phenomenon is generally referred 
to as elastic after-effect. With structural units of 
this type present in a substance, the deformation 
mechanism can be described by models suggested 
by Burgers* consisting of elastic and viscous ele¬ 
ments coupled in series as well as in parallel. 

1 Charles Mack, J. App. Phys. 17, 1086 (1946). 

* Charles Mack, J. App. Phys. 17, 1093 (1946). 

•G. M. Burgers, “First report on viscosity and plas¬ 
ticity/' Acad. Sci. Amsterdam (1935). 


Such a system is represented by Fig. 1, and the 
various elements are considered as being rigidly 
attached to each other. Elements A and B are 
perfectly elastic springs, and elements C and D 
consist of porous pistons moving in cylinders 
filled with a viscous liquid. When the model is 
subjected to a constant tensile stress, spring A 
will immediately elongate followed by move¬ 
ments of the pistons of the viscous elements C 
and D . The deformation of element C necessitates 


t 



Fig. 1. Model of plastic deformation with 
elastic after-effect. 
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an elongation of spring B and part of the stress 
is taken over by this spring. 

The deformation of elements C and D can be 
romplctely or partially simultaneous, or it can 
occur that element D will be deformed after ele¬ 
ment C has reached its maximum extensibility. 
The latter case is often met with rubber-like 
substances containing molecules of high degree of 
polymerization which are large in one dimension 
only. Such substances consist of a mass of en¬ 
tangled chain molecules which have a repeating 
unit. Any increase in length of such a substance 
corresponds to an increase in the distance be¬ 
tween the ends of the individual chain molecules 
and to a change in their relative i>osition. A ten¬ 
sile stress applied will first increase the distance 
between the individual links in the chain. This 
affects interatomic distances, and the deforma¬ 
tion is purely elastic. Under continued stress the 
molecule will be further stretched by rotating 
about the C —C bonds of the main skeleton to a 
new set of positions. This deformation is also 
elastic, but requires a certain time, and corre¬ 
sponds to the deformation of the couple formed 
by elements B and C. Finally, whole portions of 
chains alter their relative position by sliding over 
each other, and this part of the deformation is 
wholly plastic. 4 

CREEP AND ELASTIC AFTER-EFFECT 

(a) Deformation Mechanism of Model with 
Elastic After-Effect 

The element causing the clastic after-effect 
consists of spring B coupled in parallel with the 
viscous element C. Here the strain is the same 
for each component. A tensile stress acting on 
this couple, however, is composed of the sum of 
the stresses for spring B and element C. 

S=S b +S c = S b +(S-S b ). 

The strains of spring A , couple B C, and element 
D are additive, 

and substituting the strains by their time-func¬ 
tions leads to an expression for the total strain 
as functions of time at constant stress, which has 
been carried out by Burgers for a system contain¬ 
ing purely viscous liquids in elements C and D . 

«R, F. Tuckett, Chem. and Ind. 62, 430 (1943). 

& 


The same procedure can be also applied to a 
system in which the viscous elements Cand D are 
replaced by elements subject to plastic flow. With 
element C obeying the relationship 5/5 0 «= (v/vo)*, 
5 must be replaced by S e = S—the stress 
acting on this clement. Applying the correspond¬ 
ing term for the viscosity gives the strain of the 
couple BC as 

= ( 1 ) 

where q, mttX is the maximum strain obtained 
under the stress applied and is S/E . The expres¬ 
sion 1 /tor is equal to no(l—&)/i/i? and has tht 
dimension of inverse time. The term tj/E is the 
same as the relaxation time (sec Fart I), but since 
its meaning is different, the term "orientation 
time, M T„ ri has been proposed. 4 The expression t or 
varies with S. With element C obeying the 
Prandtl equation, exp [(5—5o)/5o] = (r/vo) 6 , the 
strain as a function of time becomes 

exp (t b /€6 max) — (///„ r +l) 6 , (2) 

where 1 /t O r-n 0 R/ij. 

Kquations (1) and (2) show that the strain- 
time relationships are the same for loading and 
unloading but of opposite sign. This behavior is 
of importance, since by measuring the total 
strain as a function of time during loading and 
observing the recovery after unloading as a func¬ 
tion of time, the strains of the individual elements 
at a given time can be obtained for the condition 
of loading. 

in the case where element C is supposed to be 
subject to work-hardening, the latter effect in¬ 
fluences the deformation to such an extent that 
soon after the application of a constant tensile 
stress the elongation of element C comes to a 
stop. The deformation obtained is probably so 
small that it has no practical significance. 

The system causing the elastic after-effect need 
not be restricted to one spring and viscous or 
plastic element coupled in parallel and may be 
composed of several springs and elements all 
coupled in parallel or may consist of a series of 
one spring and one element coupled in parallel 
and the whole series coupled in series. Such sys¬ 
tems have been discussed by Alfrey and Doty. 1 


* Alfrey and Doty, J. App. Phys. 16, 700 (1945). 
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Table I. Strain as function of time at constant stress. 


Basic relationships for stress as i unctions 
of strain rate 

(1) S/Sa»v/v Q 

(2) S/So«*(v/vo) h 

(3) exp (5— So )/So ■ (r/v 0 ) fc 

(4) 5AV 0 -(t;/Aofo) i 

(5) exp [(5—5»)/5,] — (rt/i;.,.)* 

(6) 5/5.— (»/»«)* exp [6(J—M/«] 

(7) exp [(5—5.)AS'.]-(»/»«)* exp [*(/ —/o)/«] 

(8) 5/5.-(«./»,)»(//<.)' 

(9) exp [(5-5,)/5.] -(»>,)*(///.)' 

(10) 5/5. — (we/i».«.)‘ 

(11) exp [(5-5tf/5,]-(*/»*,)* 

(12) 5/5,-(./»„)*(«/«.)- 

(13) exp C(5-5«)/5.]» (»/»,)*(./«,)«• 

(14) 5/5.-(»/».)*«.//)• 


Strain as function of time at constant stress 


for element /> 

const. / 
s*const, t 
c*» const. / 

*«6<onbt. In (/-f 1) 

«»const In (/-hi) 
s«const. [1 —exp (—//a)] 
e-const. [1—exp (-//«)] 
«=» const t ib e)lb 
«=■ const. / (6 0/6 
e ® const, /* 

<»const. /* 
e-const, 

«»const. / (6lr)/b 
e*const. / (6 * r)/h 
Where const, has different 
meaning for each equation. 


for spring H after unloading 

«*/e»exp (f/r #r ) 
*./*-[»/«+ij/a-*) 

*«-«««„& In [(///«■) +1] 


(b) Stress Relaxation of Systems with 
Elastic After-Effect 

If the system is strained under tension, and 
then the strain kept constant, the stress relaxa¬ 
tion can consist of two different processes de¬ 
pending upon the value of the moduli of elasticity 
of the elastic springs A and B relative to each 
other. When E a of spring A is larger than Eh of 
spring B t spring A will contract accompanied by 
an elongation of the couple B t C and element D. 
When Eb is larger than E a > the couple B } C will 
contract and spring A and element D will be 
under tension. In either case the relaxation of 
stress with time follows the general equation: 

—dS/E<4t ~v=v 0 -\~Vd. (3) 

For the case of elements C and D containing 
perfect liquids with coefficients of viscosity ij e and 
rid , this equation becomes on integration 

5= Jl/exp [_-(p+q)Q+Ncx p [—(£—«)*], (4) 

where 



2Ja+£&\ 


Aw 

Ve / 


fY- 

js.+&y 

1 EJLbV 

uv„ 

Vr / 

VrVd J 


and M and N are constants with the dimensions 
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of stress. It will be noticed that the first expo¬ 
nential term dies away more rapidly than the 
second and finally approaches the value of zero. 
At this point the couple B, C is at its maximum 
elongation for the particular stress at that mo¬ 
ment, if R a is larger than JE&, and the relaxation 
proceeds according to the second exponential 
term. Thus the logarithm of stress is first curvi¬ 
linear with time and becomes finally linear. 

This relaxation mechanism is also met with 
systems for which the elements C and D are 
subject to plastic flow or creep. In this case Kq. 
(3) is also applicable. Substituting Vd from 
S/Sq= (v/flo) 6 , and integrating between 5 and S tt 
* and t u S t and /, being the stress and time at 
which S becomes equal to S’*,, gives 

(S,/S)™ = [( 1 -&)/*/.](/-/,) +1. (5) 

The relaxation process is similar for systems 
with elements C and D having flow properties 
different from those of the above case. The corre¬ 
sponding terms are summarized together with 
the strain/time relationships of the various ele¬ 
ments in Tables I and II. It will be noticed that 
the equations for the final stage of stress relaxa¬ 
tion for systems with clastic after-effect are simi¬ 
lar in the cases of Eqs. (3), (9), (11), and (13) 
given in Table II, and do not alleys allow for a 
differentiation between relaxation due to plastic 
flow or due to creep based on strain-hardening. 
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COMPARISON OF EQUATIONS FOR PLASTIC 
FLOW AND CREEP WITH DATA 
FROM LITERATURE 

There is a multitude of strain/time data pre¬ 
sented in the literature, but they are in most cases 
restricted to the condition of loading only, and a 
jjossible recovery of strain as a function of time 
is seldom taken into consideration. It is therefore 
difficult to obtain a complete picture of the flow 
characteristics of the substance under test, and 
only a few cases presented in the literature may 
be discussed. 


(a) Plastic Flow 

Examples for plastic flow free of elastic after¬ 
effect according to Eqs. (2) and (3) of Table 1 
have been quoted in a previous paper. 1 

(b) Creep and Elastic After-Effect 

Leaderman 6 measured the creep of polyvyni! 
chloride plasticized with tricresyl phosphate as a 
function of time under a constant stress and ob¬ 
served the recovery of strain after unloading. 
The sample showed almost complete recovery 
and corresponded essentially to the model pre¬ 
sented in Fig. 1 minus element D . The curves 
given indicate a linear relationship between the 
strain and the logarithm of time and art in agree¬ 
ment with Eq. (3) in Table I for the couple B , C. 

Lutz and Himmelfarb 7 measured the creep of 
manila ropes under constant tensile stress. The 
curves given showed for the largest part a linear 
relationship between strain and logarithm of 
time, the slope of which increased with increasing 
stress. No observation of the recovery was made, 
however, it can be assumed from the fibrous 
structure of the material, that the manila ropes 
conform to the same equation as the plasticized 
polyvynil chloride. 

(c) Creep and Time-Hardening 

McVetty 8 suggested the following relationship 
between strain and time at constant stress for 
steel and its alloys and copper at elevated 


•Herbert Leaderman, Ind. Eng. Chem. 35, 314 (1943). 
7 Lutz and Himmelfarb, Proc. Am Sex:. Test. Mat. 40, 
125 (1940). 

•P. G. McVetty, Proc Am Soc. Test. Mat. 43, 707 
(1943). 
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temperature: 

€“«o -(c/a) exp (-a/)+?<>/, 

where c is the total strain, c 0 the strain at which 
the strain-rate becomes constant, v 0 =constant 
strain-rate, / = time, and c and a arc constants 
depending upon the material and temperature. 
It was suggested that the exponential term serves 
to define the strain-time relationship during 
creep. Evidently the term c/a has the dimension 
of c and corresponds to c 0 being the strain at 
which the exponential term approaches zero, 
hence 

€ = €o[l— exp (—a/)]+v q/. 

The first term of this equation can refer to the 
mechanical behavior of an elastic element coupled 
in parallel with a purely viscous element accord¬ 
ing to Eq. (1) in Table I, which is highly improb¬ 
able in the case of metals, and therefore refers to 
creep due to time-hardening according to Eq. (7) 
in Table I with 1/a equal to a in the above 
equation. 

The relationship between stress and the con¬ 
stant strain rate ifq was found to obey the follow¬ 
ing hyperbolic sine term 

v„=i>isinh (5/S,)-J [exp (S/S,)-exp (-S/S,)] 

in which the second exponential term approaches 
zero with high values of S, and this equation be¬ 
comes similar to Eq. (3) in Table I. 

The same equation also forms the basis for the 
stress relaxation of copper at constant strain, for 
which Boyd* gave the following expression at 
elevated temperatures around 200°C for the last 
stages of relaxation 

S«S,[l-i4 1n (£/+l)J 
or 

exp [(S,-S)A4S.]=3*+1, 

which is the same as the relaxation term (3) in 
Table II with A-b and For the first 

stage the relationship between stress and log¬ 
arithm of time forms a curve and seems to be 
influenced by the elastic after-effect as discussed 
in the previous section. 

Bituminous pavements 10 composed of 80 per- 

»John Boyd, Proc. Am. Soc. Test. Mat. 37, 218 (1937). 

10 Charles Mack, unpublished data. 


cent of sand, 10 percent of silica dust, and 10 
percent of asphalt were found to corresixmd in 
their deformation mechanism to the model given 
in Fig. 1. The elasticity of spring A of this model 
is mainly due to the small air pockets present 
through the pavement, and element D is subject 
to time-hardening according to Eq. (4) in Table I, 
S/Sq=* (vt/v<fo) b . To illustrate the time-hardening 
effect, the data below may be given which were 
obtained at 1S°C for such a mixture which was 
compacted in a mold of 5.08 cm in diameter to a 
cylinder 2.31 cm high under a pressure of 220 
kg/cm 2 . The cylinder having an air content of 
6.73 percent by volume was subjected to com¬ 
pression tests under constant stress, in such a way 
that when the deformation came to a stop, i.c., 
when the initial yield value was increased to that 
of the stress, the load was increased by constant 
increments of 0.88 kg/cm 2 . For the non-recover- 
able deformation the following values of k=vt 
were obtained: 


Stress in 

Yield value in kg/cm* 


kg/cm 2 

at beginning of lest 

*X10® 

1.55 

0.70 

0.68 

2.43 

1.55 

0.52 

3.31 

2.43 

0.38 

4.19 

3.31 

0.28 

5.07 

4.19 

0.23 

5.95 

5.07 

0.19 

6.82 

5.95 

0.16 

7.70 

6.82 

0.14 

8.58 

7.70 

0.13 

9.46 

8.58 

0.10 


From the data the value of b is —0.89, indi¬ 
cating that the increase in yield value is also 
affected by the stress as outlined in Part I of this 
paper. 1 During this stress range the density of 
2.038 remained constant after the elastic re¬ 
covery. At stresses in excess of 9.46 kg/cm 2 the 
values of k increased with increasing stress and 
the density dropped to 2.03 at the application of 
a stress of 12.10 kg/cm 2 resulting in opening of 
the structure and failure of the paving sample. 

The modulus of elasticity of spring A was 3940 
kg/cm 2 and that of spring B 9080 kg/cm 2 . Meas¬ 
urements of the strain recovery after unloading 
showed element C to obey Eq. (2) in Table I, 
&/Sfco “( 0 /tfo ) 6 with a value of b equal to 0.272. 
The relaxation of stress at constant strain was 
mainly due to the expansion of spring 5, since 
its modulus of elasticity was higher than that 
of spring A . 
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(d) Creep and Strain-Hardening 

Creep data given by Sturm 11 for aluminum 
wire under tension at room temperature showed 
a linear relationship between the logarithm of 
strain and the logarithm of time with slopes 
which are practically independent of the stress 
applied. The stress was found (o be a power func¬ 
tion of the strain rate at a given deformation, 
hence the creep of aluminum wire corresponds to 
any of the Eqs. (8) to (13) in Table I and is 
caused by strain-hardening. 

Scott Blair and Coppen 1 * suggested the follow¬ 
ing equation for the relationship between stress, 
strain and time of plastic substances. 

where f is a constant measuring “firmness,” and 
k a dimensionless constant. Both constants were 
found to be independent of the stress in some 
cases. In most cases ^ was found to vary with the 
stress, and the following equation was suggested, 
which was also independently proposed by 
Nutting. 1 * 

Expressing the stress as a function of strain rate 
and strain, changes these terms into 

S/S Q = (v/vo) k (i/*o) l - k 

and 

s/So=(v/vo)w(€/*oy'- k "t. 

Both equations cover creep in connection with 
strain-hardening and correspond in form to Eq. 
(12) in Table I. The authors found these relation¬ 
ships to hold for a variety of materials under com¬ 
pression at constant stress such as wet and dry 
clay, worked and unworked butter, cake, apple, 
cheese, potato, and acrylic acid polymeride. It ap¬ 
pears that these substances arc free of components 
giving rise to elastic after-effect or that the latter 
is so small as to be negligible. 

Other substances such as plasticine and its 
mixtures with rubber and Vaseline showed partial 
recovery on unloading, and a linear relationship 
was found to hold between the logarithm of strain 

11 R. G. Sturm, Proc. Am. Soc. Test. Mat. 43, 728 
(1943). 

u Scott Blair and J. Cop pen, Soc. Chem. Ind. 40, 190 
(1941). 

“P. G. Nutting, Proc. Am. Soc. Test. Mat. 21, 1162 
.41921). 

i\06 


and the logarithm of time. In view of the limita¬ 
tion in deformation of element C in Fig. 1 when 
subject to work-hardening, the elastic recovery 
appears to conform to the relationship (2) in 
Table I. The non-recoverable deformation of 
these* materials corresponded to creep due to 
strain-hardening. 

Findley 14 found the following equation to hold 
for the creep of paper and canvas laminates, 
cellulose acetate sheets, and a series of phenolic 
molding compounds: 

<—«o = mt n , 

where co is the strain at time / = 0, and m and n 
are constants. Constant m was found to depend 
on the stress applied according to 

w = C[exp (A5) — l], 

where C and k are constants. Combining both 
terms, he arrived at the following equation for 
the strain rale 

v = Cn/ n_1 [exp (£5) — 1]. 

With high values of 5, —1 can be neglected, 
which was introduced only in order to satisfy the 
condition, that t> = 0 when 5=0; combining this 
equation with the corresponding term for v 0 gives 
after substituting Wo for \/k 

exp [(5—5o)/5o] = (v/vo) b (t/to) b ^ n) t 

which is equivalent in form to Eq. (9) given in 
Table 1 in connection with strain-hardening. The 
cellulose acetate also showed the property of 
elastic after-effect at high stresses. 

Buist and Seymour 15 applied the Scott Blair 
equation mentioned before to data obtained from 
the compression and elongation of rubber and 
found a linear relationship between the logarithm 
of strain and logarithm of time at constant stress. 
Since the deformation of the couple B, C in Fig. 1 
is very rapid in the case of rubber, the deforma¬ 
tion as a function of time is measured mainly for 
element D and represents creep due to strain¬ 
hardening. 

These results are in agreement with data given 
by Behre 11 who measured the extrusion of rubber 

14 W. N. Findley, Modem Plastics 22, 153 (Dec. 1944). 

u Buist and Seymour, Trans. Inst. Rub. Ind. [XVII] 
2 366 (1944). 

11 J. Behre, Rubber Chem. and Techn. 18, 646 (i945) 
translated from Kautachuk 20, 15 (1944). 
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as a function of time and found the ‘following 
relationship to hold 

Ku-AVs 

where Kn is the volume of rubber extruded in 
IS seconds, /> =pressure applied, K and m are 
constants. Since the volume extruded and the 
pressure are proportional to the rate of shear and 
shearing stress, this term corresponds to Eq. (8) 
in Table I for strain-hardening with the time 
being constant. 

(e) Creep and Thixotropy 

An extensive investigation into the flow charac¬ 
teristics of a plastic asphalt was carried out by 
Saal and Labout, 17 which consisted in the meas¬ 
urement of the deformation in a rotating cylinder 
viscometer as a function of time under constant 
shearing stress, and in measurements of the re¬ 
covery after unloading and the stress relaxation 
at constant strain. 

The logarithm of deformation was found to be 
proportional to the logarithm of time at constant 
stress for the first part with a prof nationality 
factor of 0.38 independent of the stress. This 
relationship became then curvilinear and finally 
approached linearity again. The recovery-time 
curves, with deformation and time at the moment 
of unloading being 0, coincided with the first part 
of the deformation-time curves during loading. 
This part therefore corresponds to the deforma¬ 
tion of the couple B , C, in Fig. 1. The deforma¬ 
tion of element D was found to be proportional 
to a power function of time with a value of this 

17 Saal and Lrbout, J, Phys. Chem. 44, 149 (1940). 


function higher than 1. This behavior is in agree¬ 
ment with the break-down of thixotropic struc¬ 
ture according to Eq. (14) in Table I. Element C 
is free of thixotropic disturbance. 

Re-evaluation of the stress/time curves during 
relaxation at constant deformation showed the 
logarithm of stress to be curvilinear with the log¬ 
arithm of time for the initial stage due to the 
effect of the couple B , C. This relationship be¬ 
came then linear with a slope of —0.455. Since 
the deformation of element C is proportional to 
/a/u-*> according to Eq. (2) in Table I and 
6/(1 —6) =0.38, the stress relaxation as a function 
of time should have the same value for 6/(1— 6) 
according to Eq. (2) in 'Fable 11. As this value is 
larger, it follows that the relaxation is still ac¬ 
companied by break-down of the thixotropic 
structure and follows the Eq. (14) in Table II, 
S,/S=(/// 4 ) ( * + ' )m - fc \ with 6/(1-6) =0.38, 6 be¬ 
comes 0.275 and c 0.055. 

Values of c of this order are frequently found 
with asphalts. For example 18 a thixotropic as¬ 
phalt free of elastic disturbance showed in a 
coaxial falling cylinder viscometer under con¬ 
stant shearing stress at 15°C a linear relationship 
between the logarithm of deformation and log¬ 
arithm of time for the period of structural break¬ 
down in agreement with Eq. (14) in Fable I, 
€ = const./ ( ^ r)/fc . With values of (6+0/6 of 1.090 
and 1.092 obtained at two different stresses and 
6 = 0.95, c becomes 0.086. 

These examples may suffice to show that the 
equations given have a wide field of application 
for the description of the deformation mechanism 
of plastic substances. 

18 Charles Mack, unpublished data. 
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Asymptotic Solutions for the Nornidl Modes in the Theory of Microwave Propagation’" 


C. L. Pekeris** 
(Received July 2, 1946) 


In this paper are presented several extensions of the 
"W.K.B.” method in the asymptotic solution of differential 
equations. The developments were made in the course of 
a systematic study of the application of asymptotic 
solutions to the normal-mode theory of microwave propa¬ 
gation. In Section 1 a brief outline is given of the now 
standard normal-mode theory of propagation of micro- 
waves in an atmosphere with a horizontally stratified index 
of refraction. Particular emphasis is given in this study 
to the case of a "surface duct.*’ The case of “leaky modes 1 ' 
is studied in Section 2. Here the aim has been to obtain 
explicitly the terms after the leading one in the asymptotic 
expansion of the solution, in order to have an estimate of 
the order of magnitude of the error introduced by the use 
of the leading term only. This is achieved in Eq. (20), 
which is of general applicability to a wide class of physical 
problems. 'Hie first correction term to the phase-integral 
solution for the characteristic values of the normal modes 
is set out in Eqs. (28) to (30). An alternative asymptotic 
solution for the case of leaky modes, which includes the 
first correction terms, is given in Eqs. (30), (40), and (41). 
In Section 3 a direct method is given of determining the 
characteristic values from the phase-integral relation. If 
the modified index of refraction y(h ) is given by a power 
series (49) then with the aid of Eqs. (50)-(52) one can 
compute directly the characteristic value A* by Kq. (46), 
using (47) and (48). The degree of success of this method 
is illustrated in Table I. The principal contribution of this 
study is in the development of asymptotic solutions for 
the case of transitional modes which are on the border line 
between the leaky modes and the trapped modes. The 
standard “W.K.B." method is inapplicable in this case. 
The results for the determination of the characteristic 
values and height-gain functions are as follows. One first 
obtains v% defined in (85), which in the case of an expo¬ 
nential model can be facilitated by the use of Fig. 2. The 


quantities y m Q t dy m */dv Ql and L(SP(vo)/dv) ^dP(vo)/dy *•)] 
are then read off Table IV. The characteristic value is 
then determined from (87), (88), and (68), particular 
examples of which are given in (89) and (90) for the 
“exponential model," and in (94) and (96) for the “power 
law" model. These include a correction term which was 
obtained from the perturbation theory of transitional 
modes developed in Section 4D. A comparison between 
exact characteristic values and those obtained from the 
theory of transitional modes is shown in Tables II and III 
for the "exponential" and “power law" models, respec¬ 
tively. It is seen that the theory of transitional modes 
developed here yields accurate characteristic values over 
a wide region, extending into the leaky modes on one side 
and into the trapped modes on the other side. The height- 
gain functions can be obtained from (60), (69), (76), (77), 
(83), and (101). In the case of an exponential model the 
variables u and v can be computed with the aid of Fig. 2. 
The asymptotic theory of trapped modes developed in 
Section 5 follows, Langer’b method, whereby the difficulty 
with the Stokes phenomenon is completely obviated. The 
procedure used is to develop the solutions around the two 
turning points h\ and hi shown in Fig. 1 and to join the 
solutions at the duct height h 0 . The relation determining 
the characteristic values thus obtained is (140), which 
tears a similarity to the corresponding equation for a 
“bilinear" model. Indeed, Eqs. (131), (132), (136), and 
(137) give the transformation required to turn the model 
with a continuous y(h) curve shown in Fig. 1 into one 
where y(h) is represented by two straight lines that 
intersect at ho. It is shown in Eq. (159) how one can derive 
the Furry-Gamow formula for the decrement of completely 
trapped modes from Eq. (140). Equations (160) to (163) 
give expressions for the height-gain functions for highly 
trapped modes, 'ITiese cover the whole range of height 
including the vicinity of the two turning points. 


1. INTRODUCTION 

HIS paper gives an account of several 
developments in the theory of asymptotic 
solutions for the normal modes in microwave 
propagation. In the theory of microwave propa¬ 
gation we arc interested in determining the 
electromagnetic field generated by a dipole an¬ 
tenna which is situated at some elevation above 

* This paper is based on work done for the Naval 
Research Laboratory under contract No. N5-ori-90 with 
the Navy's Office of Research and Inventions. 

** Columbia University Mathematical Physics Group, 
on leave of absence from M.I.T. 


the ground. Of particular interest is the effect of 
atmospheric refraction on propagation into re¬ 
gions below the horizon. The field can be deter¬ 
mined from a Hertzian potential ¥ l which 
satisfies the wave equation 

V^+*V*«0. (1) 

Here 

A=2t/X, (2) 

feV ® (3) 

1 See Arnold Sommerfeld’s article in Frank-Mises 

Differeniialgleichungen der Physik (M. S. Rosenberg, New 
York), Vol. II, p. 918. 
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M denotes the index of refraction and a time factor 
e w ‘ has been assumed. For vertical polarization V 
represents the vertical component of the electric 
Hertzian potential, while for horizontal polariza¬ 
tion it represents the vertical component of the 
magnetic Hertzian potential. The observed field 
intensity is proportional to | V\ in each case. 
Equation (1) is to he solved subject to the follow¬ 
ing boundary conditions: 

(a) W should reduce to the form t~' kR /R for small distances 
R from the source, 

(b) ¥ should vanish at the ground, and 

(c) ¥ should represent an outgoing wave at great distances 
from the source. 

The boundary condition (b) is not strictly true, 
but it is a good approximation for the low order 
normal-mode solutions of Eq. (1). 

The quantity u appearing in Eq. (1) represents 
the index of refraction of the air, which will lx* 
assumed to vary only with height above the 
ground, and the boundary condition (b) is to be 
satisfied at the spherical surface of the earth. 
The analysis can be simplified by the use of a 
device attributed originally to Schcllcng, Bur¬ 
rows, and Ferrell 2 and later developed by M. H. 
L. Pryce,* whereby space is transformed so as to 
make the surface of the earth plane and the rays 
curved. The transformation can be accomplished 
by using in Eq. (1) instead of u the so-called 
modified index of refraction N defined by 

N=rn(r)/bn(b), 

where r denotes the distance from the center of 
the earth and b is the radius at some reference 
level. Taking 6«=a, the radius of the earth, we 
have 


r h 

= 1 +-, 

a a 


#*(r) 

—-I+M+m'W, 

**(«) 

(4) 


(5) 


* J. C. Schelleng, C. R. Burrows, and E. B. Ferrell, Proc. 
I.R.E. 21,427 (1933); J. E. Freehafer, Radiation Laboratory 
Report 447 (1943); C. L. Pelceris, Phys. Rev. 70, 518 
(October, 1946). 

1 Unpublished report. 


Here h denotes height alx>ve ground, (l the 
vertical gradient of the index of refraction in the 
standard atmosphere , and /*'( h) denotes the re¬ 
fraction anomaly or the deviation of the refractive 
index from standard conditions. The term h(i in 
Eq. (5) has the effect of modifying the radius of 
the earth a to an effective value a e determined by 

l/a« = l/a+£; 

the value of a e /a is generally taken as 4/3. In 
practice it is convenient to use the quantity M 
defined by 

Substituting in Eq. (5) and using the dependence 
of m on atmospheric pressure p (millibars), 
temperature T (absolute scale) and the partial 
pressure of water vaj>or e (millibars), one finds 
that 

79 p 3.8X10*15 

M =-+-+ .048/i, 

T T* 

where h is expressed in feet. Here the term 
.048/f is W(h/a) ; under standard conditions the 
sum of the first two terms in the expression for 
M varies with height like —.012 h, giving 

M Bt 4 = Mo+.036h . 

The increase of M Bi a with height results in a 
curving of the rays away from the ground, in 
the framework of the flattened earth, the radius 
of curvature of the rays being constant in a 
standard atmosphere and equal to a € . Under 
certain atmospheric conditions the modified 
index of lefraction increases with elevation in the 
ground layer at a more rapid rate than under 
standard conditions. We then have a case of 
substandard refraction , and transmission is gen¬ 
erally poorer than in the standard atmosphere. 
On the other hand, when the modified index 
decreases with elevation in the ground layer at a 
less rapid rate than in the standard atmosphere, 
or when the initial slope of Af(h)-c urve is nega¬ 
tive, we have a state of super-refraction, and 
transmission is generally improved. A state of 
super-refraction which starts at the ground is 
called a surface-duct ; super-refraction may also 
occur at some elevation, in which case it is 
referred to as an elevated duct . 

* 
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Barring certain pathological eases, 4 which we 
need not consider here, it is possible to obtain a 
solution of (1) satisfying the tx>undary conditions 
in terms of normal modes as follows: 

£ IU»(k m p) U m (h i) U m (h*) 9 (6) 

i 

where p denotes horizontal distance along the 
surface of the earth, hi and A s the heights of 
transmitter and receiver, and A m are character¬ 
istic complex numbers. The height-gain functions 
Um(h) arc solutions of the equation 



Fig. 1. Variation of the modified index of refraction y(h) 
with height A in case of a surface duct. 


d'U» 

-+ (AW’-A w *)£/ m = 0. (7) 

dh 2 


U m (h) must further satisfy the following boundary 
conditions: 


the treatment of non-standard propagation in 
the case of a “surface duct M can be illustrated 
with reference to the modified-index curve y(h) 
shown in Fig. 1. 

When for any mode of order m the integral 


(a) The phase of U m (h) should decrease with elevation at 
great heights h 

(b) The tangential components of the elect tic and mag¬ 
netic fields should be continuous at the earth’s surface. 

Under certain conditions 4 the boundary condi¬ 
tion (b) can be replaced by the* simpler one 


u m ( 0 )= 0 . ( 8 ) 

Equation (8) is a good approximation for the 
low order modes in case of propagation over the 
ocean. Since 1 and A m ~A, it is convenient 
to write 

N*(h) = l+y(h), A m 3 =A 2 (l — A m ), 
whereby Eq. (7) is transformed into 
d'U m n 

-~-+k*ZA m +y(h)2U m =0. (9) 


When used in Eq. (6) to represent radiation 
from a dipole the solutions of (9) must be 
normalized by the condition 


Urn I £7J(A)dA«l 

1 dU m ( 0 ) dU m ( 0 ) , % 

--. ( 10 ) 

A* dh d\ m 


The different types of solution which arise in 


4 Radiation Laboratory Report 680, 1945 by W. H. 
Fabry; and C. L. Pekerfo, J. Acous. Soc Am. 18, 295 
(tjtyober, 1946). 
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[>(A)-y(Ao)]yA 


is less than the value — J) (A is small, or 

the shaded area in the figure is small) the char¬ 
acteristic values A m have imaginary parts (posi¬ 
tive) which are comparable in magnitude to their 
real parts, and the mode is said to be leaky. This 
is because the height-gain function U m (h) is then 
found to increase rapidly with height, and the 
factor 7/ 0 (2) (A m p) to decrease at a moderate expo¬ 
nential rate with range p. As F approaches the 
value t/ m , Im{ A*) becomes small and Re( A m ) 
——y{h Q ). We then have a transitional mode which 
forms the principal topic of this investigation. 

When F(ho)^>v m there is a value Ai<Ao for 
which 


TO- A 


f. 


hi 


[y(k)-y(Jh)] i dk‘*v m . 


The imaginary part of A m is then extremely small, 
and to a high approximation A„= —y(hi). The 
mode is said to be trapped in this case, because 
Um(h) is then concentrated almost entirely at 
levels below hi, and the factor does 

not exhibit am exponential attenuation with 
range p. 

In the following we discuss the asymptotic 
solutions of (9) in the three cases of leaky, 
transitional, and trapped modes. Since the basic 
theory for the leaky and trapped modes has 
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already been fully dealt with by Furry 4 we shall 
confine our discussion of these cases to certain 
extensions which have been developed subse¬ 
quent to Furry’s report. Thus, in order to have 
an estimate of the order of magnitude of the 
error involved in the use of an asymptotic solu¬ 
tion for a given value of fe, we derive explicit 
expressions for the terms after the leading one in 
the asymptotic expansion (in inverse fractional 
powers of k) of the solutions of (9). We also use 
the Langer 6 method throughout and obtain solu¬ 
tions which do not suffer from the Stokes phe¬ 
nomenon, and which, furthermore, can be used 
to compute U m (h) in the vicinity of the turning 
points. The latter is, of course, required for 
determining the field. In addition,'a direct 
method is given for computing the characteristic 
value from the “phase integral relation” which 
is particularly useful in case of substandard 
refraction. The principal contribution of this 
paper is however in the extension of the method 
of asymptotic solutions to cover transitional 
modes . 

2. ASYMPTOTIC SOLUTIONS FOR LEAKY MODES 

In case of leaky modes the imaginary part of 
the characteristic value A m is comparable in 
magnitude to the real part, and the expression 
in brackets in the equation 

d* Ujdh*+k*tA m +y(h)lU m - 0 (9') 

does not vanish on the real axis of A. It was 
pointed out by Eckersley 8 that asymptotic solu¬ 
tions of (9) can be obtained by determining a 
turning point h\ (complex) defined by 

A»+y(*i)-0, (11) 


and obtain from (9) 


0 dC / d*Q/dh* \ 

-——+-+(>*)G“0, (13) 

Q dh \ 2 Q 4 Q* / 


d*G 0 dG 
dh * 


where dots denote differentiation with respect to 
h. We now introduce u as an independent vari¬ 
able in place of h, ami obtain from (13): 


a’(#)/rf# i +i , («)G(«)=o, 

i /dey i d*Q 
p(«)=i+—(—) —y. 
4 Q*\du/ 2 Qdu* 


(14) 

(15) 


From its definition in (12) we develop u(h) into 
a power series in {h~hi), invert this scries and 
then express Q as a ] lower scries in u. From the 
latter we find that 


SAB Cu*'* 

P(«) = l +-+- +- + - -+•••, (16) 

36w* *<%*'» k* k m 

where 

(1.5)*'* n A* /d*y/dh* \1 

A= - 9f -) —101 —-— J L (17) 

315(y)» W \ y / J 

1 r /d*y/dh t \ 

B= - — 251 —- -) 

450//L V y / 


and 


dy(h 0 d'yiht) 

V- ... , etc. (19) 


dh 


dh* 


Using (16) in (14) and expanding G(u) in a 
descending power series in k we obtain 


and developing the solutions around that point. 
Following Langcr's method* we write 


U~(h)- 


m 

’[<?(*)]* 


, Q*=k'lh m +y(kn 


«(A)-J* QWdh 


( 12 ) 


‘ R. E. Langer, Phys. Rev. 51, 669 (1937); see also H. 
Jeffreys, Phil. W 33, 451 (1943). 

•T. L. Eckersley, Proc. Roy. Soc. A132, 83 (1931); 
136, 499 (1932); 137, 158 (1932); T. L. Eckerstey and G. 
Millington, Phil. Trans. Roy. Soc. A237, 273 (1938). 


3A 

G(u) - uHI i/,<*> (u) 

B 

-u«/*// 4 /* (,, (n)+0(*-«/*) + • • •, (20) 

2k* 

where we have chosen the Hankel function of the 
second kind in order to assure an outgoing wave 
at great heights. 

The asymptotic expansion (20) of the solution 
oi Eq. (14) is useful for moderate values of u 
and in the limit of large values of k. This < ombi- 
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nation of values of u and k actually occurs in 
many applications of ( 20 ), such as, for example, 
the finding of the zeros of G(u), and the problem 
under consideration. Taking the boundary con¬ 
dition at the ground as 

61>(0)>0, tt(0)«fef°[A w +y(A)]WA, (7') 

Ai 

we seek an expansion for w( 0 ) of the foim 


«( 0 )-r+ 



Cl Ci 

- 4-h 

k * *»/« 


( 21 ) 


Substituting in (20) we find 

c-e"iu, (22) 

where the v m are the roots of the equation 

= 0 , v m c^r(m- 1 ), 

m-1, 2,3, (22') 


When this value of w( 0 ) is used in (7') we obtain 
Eckersley's phase integral condition • 

/•* l 

ft I [A.+y(*)]Vtt 
A 

[y(A) -y(Ai)]WA = r w . (23) 

This gives a relation for determining the value 
(complex) of the turning point h u from which 
A m is then evaluated by Eq. (11). The numerical 
solution of (23) for hi is, however, a difficult 
problem, and no method of solution of general 
applicability is at present available, especially 
for the case of leaky modes. In the following 
section we develop an approximate, but direct, 
method of solving Eq. (23), which is effective in 
the case when y(h) is a monotone function of h . 

Proceeding now with the asymptotic expansion 
( 21 ) we find that 



3ArcV'II-vt*(c)l 3A 


jp_ 

2 ~L J 2 

B[cII vt w (c)-\ Be 

C|= TL #i/i (,) (c) j 2~ 


■1 /> 


(24) 


(25) 


Hence the roots »(0) of G(u) in (20) are given by 


J 

V 


3 A Bv m 

»(0) -««'»•- e i ' l *v m 1 ’*+— + • • • 

21 fc 4/ * 2k* 


. (26) 


rfi 2 


> . 


With this expansion, the phase integral condi¬ 
tion (23) is replaced by 

k f [A m+y(h)ydh 

3A BVm 

=v m + --+ (27) 

2k* 1 ' 2k* 


I^*t now 


A.-A.W+—+ • 

k m 

substitute in (27) and obtain 


where 


kf [A.«+y(*)]W*- 

3A 

A = _ e ,x/»(„ w )l/. ( 


-/ 


dh 


o [A m ( 0 , -fy(A)]* 


(28) 


(230 

(29) 

(30) 


To summarize, the determination of the char¬ 
acteristic values Am in case of leaky modes pro¬ 
ceeds as follows. First one finds the turning 
point hi and A„ by solving (23'), where 

A»°= —y(k{). (110 

One then evaluates the derivatives of y{h) at hi 
and finds A by (17), as well as 0 from (30). A„ is 
then given by 


3A 

A.-A.W+-(28') 

ek'i* 

'l'hc last term indicates the order of magnitude 
of the error involved in the use of A* (#) for A„. 
It will be noted that the factor A contains 
inverse powers of #(&), so that the accuracy of 
the phase integral method for determining the 
characteristic values depends on (a) k being large 
and on (b) the turning point hi being removed 
from a place where y(hi) = 0 . The last condition 
is violated, in case of a surface duct, when the 
mode becomes transitional, i.e., when hi ap¬ 
proaches the real value of the "duct height” ht 
shown in Fig. 1 . 

As for the height-gain functions, we have in 
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the first approximation 

M .. t 

[y(h)+ A w ]W 4 


where 


w = fef [y(A)+Am]WA, 
•'*1 


and the normalization factor Cm is to be deter¬ 
mined from Eq. ( 10 ). Wc find that at A = 0 

dt/m 

-= C m fe[3»(0)+A»] ,/4 Mo 1 //i/* (!!) («o), (32) 


— - (33) 

3Am 

2 /2u m \* 

lii/* w ( u «) s *—e' r/, ( — ) ; 

3* V v m / 

«» s-[/*/s(#») -/-*/*(»»)] ! ^- 3 . (34) 

2 T 

Substituting in (10) we determine C m , and then 
obtain 

er liwlt (3u) Wy * (,) («) 

t/(A)-—. (35) 

2(*u») *[>(*)+A,.] 1 ' 4 

One finds from (35) that 

dU m (0) /2\» 

--— =k(-) [y(0)+A m y'\ (36) 

dh \e / 

In evaluating the height-gain function it is 
convenient to use the Harvard tables of the 
function 

*i(x) -(l) v Wv.«(*x w ) =« 1 / Wi/ 3 ( »(m) ; 

(37) 

/3«\«* 

' \ 2 / 

which is tabulated for complex values of the 
argument x* 1 ° terms of this function we have 

3Wtr'*«*h,U) 

U m (h) --- (38) 

2(tfw,.)*[y(A)+A l .]‘/ < 

If we include the term after the leading one in 
(20), the function Hi/» w (u) in (35) is to be re¬ 
placed by [Hi/» w (u)+(3A/2k* lt )u tl *H-tit <f K u )^’ 
or the function A«(x) in (38) by [A*(x) + (3/2) ,/ * 
X{A/k*i')h t 'Mi¬ 


lt may be pointed out that if we use the first 
three terms of P(«) in (16) the exact solution of 
(14) is 

G - «*'*(«*/'-M /k*i*) »#„,<» [(k««-M /*«*) «*] 
r/3u\ ,/ » /3A*l*\*i*-\ 

-““{(t) + (if) ]• » 

Equation (26) is then replaced by 

lu(! 0) w+A /*«/■]•/* = (40) 


and Eq. (29) by 
2wJk 4 « 


-[(1 1 ]. (41) 


3. AN APPROXIMATE METHOD OF DETERMINING 
THE CHARACTERISTIC VALUES FROM THE 
PHASE INTEGRAL EQUATION 

The problem of solving for the characteristic 
values A m by the phase integral equation is to 
determine a turning point hi (generally complex) 
which satisfies the equation 

r hl 

Fihi) - k I [y(ft) - y(Ai)]«* -^ (42) 

•'o 

where y(h) is a given continuous function repre¬ 
senting the variation of the modified refractive 
index with height, and v m is a known constant. The 
method of solving (42) to be described presently 
is particularly suited to the case when the func¬ 
tion y(h) is monotone, so that A is a single-valued 
function of y . The idea is to write 


C\y{h)-y(hi)ydh 

0 mlf(At) 

V u /A\ 


»<*i) / dh\ 

[y-y(A,)]*( —)<fy, 
(oi \dy/ 


and consider ( dh/dy ) as a function of y. Let 

[y(0) +A*]‘ = [y(0) — y(Aj)]*® *; (44) 

then by integrating partially with respect to y 
wc obtain from (42) 


2. 4 /d*h\ 8 /dv»\ 

~3 >X + li(dyv 105 \dy*' 

945Vdy 4 / 


*v m /k. (45) 
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Equation (45) is now inverted to express x as a 
power series in Upon squaring the 

latter series we obtain, on using (44), 

A*,*#*—y(0) = —y( 0) + r* 

4 [4 8 1 

+— htr'+T* — hj - h\ I 

15 L25 105 J 

16 l 77 35 1 I 

+—A — h? - h i h i +-hA+---, (46) 

27 L375 175 35 J 


where 


Table I. Approximate determination of Ai from (56) and 
the verification that — 2 383. 


At from (56) /.** (**>+A.M fl 


-20 

6156 

12 160+9 775* 

.3997- 9518* 

2 370 + 004, 

2383 

-10 

.6356 

4 878 + 

6 102, 

4745-1.1982, 

2.397 + 010, 

2 383 

- s 

6356 

1 499 + 

4 257, 

.5691-1 4692, 

2 393 + 009, 

2 183 

- 2 

.6156 

- 246 + 

2 902, 

-.764 -1 787, 

2 361-008, 

2 383 


l»y Newton’s method, using the relation 
dF(h\) k /•** dh 
dhi 2y(hi) J 0 Dy(*)-:y(*i)] 4 



/ d*h/dy t \ 

etc., (47) 

(-*-)• 

hr> 

e”i\3v m /2kh.yi*. 


(48) 


When h is positive the phase of r is x/3; in case 
of a surface duct the phase of r is zero. In the 
latter case Eq. (46) yields a real value for A w . 
Let y{h) be given as a power series in h: 

y(h) =y(Q)+bih+b i h'+ • • • +b n h»+ (49) 

then 

dh d l h 

h=—(h = Q) = \/b u —= -2 b*/b x \ (50) 
dy dy 8 

d'h/dy* - (- 6bxb*+ 12V)/V. (SI) 

d 4 h /dy* = (1 2Qib\bJ)i —246i 2 6 4 — 1206j*) /6i 7 , 

etc. (52) 


Equation (46) then gives an explicit expression 
for A* in terms of the coefficients in the power 
series expansion (49) of the modified index of 
refraction curve y(h ). This expression is of the 
nature of an asymptotic formula; it should be 
terminated when the individual terms begin to 
increase, and the error in A m is then of the order 
of magnitude of the last term retained. 

In an actual case the value of A* obtained 
from (46) should be checked by computing hi 
from y(hi) = —Am, or from 




d*h/dy* d'h/dy' 


i_ 


2 ! 


3! 


(S3) 


and evaluating the phase integral F(h{) in (42). 
<An improved value of hi can then be obtained 


The degree of accuracy that can be obtained 
by the method described above will now be 
illustrated for the case of an exponential model, 
where 

y(h)=h+ae''\ k*=l* (55) 

In this case Eq. (46) reduces to 

4 aX 2 4 aX*(aX-10)r 6 

Am* -a + r*-r<+- 

15 (1 — aX) s 525 (1-aX) 4 

16aX 4 T* 

-(75 + 105aX—a 2 X 2 )+ * * •. (56) 

70875(1 -aX) 6 

T=e*w 3 [3rm(l“ttX)/2] 1 /*. (57) 

It is seen from Table I that the values for 
Ai obtained from (56) for the cases treated 
satisfy the phase integral equation rather closely. 
Another case treated was a =+20, X — .6356, 
where a real value for Ai of —10.22 was obtained 
from (56). This is to be compared with the exact 
value of Ai= — 10.21 + 1.07X10 ~ X H obtained for 
this case by Pearcey and Whitehead. 

4. ASYMPTOTIC SOLUTIONS FOR 
TRANSITIONAL MODES 

A. Formal Solution 

In the case of transitional modes the character¬ 
istic value Am has a small imaginary part, the 
real part being very nearly equal to — y(ho), 
where h Q denotes the duct height (sec Fig. 1). 
The quantity in brackets in 

d*U m 

—• +k*lA m +y(h)-]U m =0, (90 

du* 

• The specification of means simply that we are 
using natural units, which one would do in an actual 
problem. 
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therefore vanishes in the complex h plane at a 
point hi (turning point) which is very close to h 0 
on the real axis. Since ho is defined by 

#(*•)-0 f (58) 

the proximity of hi to h 0 implies that the asymp¬ 
totic expansion (20), which proceeds in inverse 
powers of y(k t ), breaks down for transitional 
modes. 

Our method of dealing with the case of transi¬ 
tional modes is to develop the solution around 
yo as a turning point.t In place of (12) we now 
write 


Q* = k*[y(h) + A,®], A„°= -?(*„), (59) 

«(A) = aJ^ [ y(h)-y(ho)l'dh, 

G{h) 




and find that 
d'U, 


dh * 


d s G QdG V d*Q/dh * 3 0 2 


r QdG r 
dh*~ Qdh+l 


1 / dQ \* 1 d'Q 

P(«)-l+-r( —)- 

4 QAduJ 2 Qdu* 


Q i 


(60) 


loom 

f[C> 1 (/i)+P(A„-A„»)]i/„ = 0 1 (61) 


2 Q 4 Q 2 

+(? l +fc*(A m — A m °) jer = 0, 


(62) 


d*G(u) 

- +P(u)G(u) =0, (63) 

du * 


(64) 


Next, we proceed with the development of 
P(u) into a power series in u. This is accom¬ 
plished by first expressing « as a power series in 
(A—A 0 ) using (60), inverting this series, and then 
using it in (59) to obtain a power series in u for Q. 
When substituted in (64) it yields 

3 y N 

P(«) = l+-(65) 

16w s u a* 

7 = A(A m —A» # )/[2//(A 0 )]l 

1 

+—(7yi*- 9 y4), (66) 

576c 




1 


9(2r)» 97200VZc' / * 

X (-1944y 6 +3645y ,y < ~ 1715y,‘), (67) 


where 

c=A[y n (A)/2]‘, y„= 


/ _ , 


( 68 ) 


This expansion for P(u) is to be used for A>A 0| 
with u defined in (60). For 0<h<ho it is con¬ 
venient to introduce the variable 


®=*f*°Cy(*)-y(*o)]M* ( ( 69 ) 

and to develop P into a power series in v. In 
doing that, one must keep in mind that Q is a 
positive function of v f as it is of u . One thus 
finds that 

3 y N 

P(v) = l+ -+—--+ ••.** (70) 

16^ 2 v v* 


As in Eq. (13), the dots in (62) denote differ¬ 
entiation with respect to h . 

In contrast to the case of leaky modes the 
quantities u, Q , and A* 0 are now real. 


t Subsequent to the completion of this investigation the 
writer learned of a paper by S. Goldstein^ Proc. Lond. 
Math. Soc. 33, 246 (1932), where the same idea had been 
used in another connection. Also, Dr. T. Pearcey informed 
the writer that he independently treated the transitional 
case by a similar method. 


It will be shown later that the product 
A(A m —A»°), and with it y, remains finite in the 
limit of large k , so that N is of the order of 1/A 1 
relative to y. We therefore treat AT as a small 
perturbation term and write 

G(u) - W(u)+Nw(u)+ • * •, (71) 

\ comparison oi (70) with (65) shows that in going 
from h>ho to h<ho the phase of u can be considered as 
undergoing a change of 2w, 
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where 

d*W(u) 


+(l+— -f-W(«)-0, h>h 0 , (72) 
\ 16«* «/ 


d*W(v) / 3 


dv* \ 

16e* 

V/ 

d*w(u) f ^ 

’ 3 

iu 

.n 

du* 1 \ 

16«* 


d*w(v) i 

dv* 7 

f 3 

1+- 

^ 16t>* 

+ -) 


W(u) 

«» ’ 

h>k o, (74) 
TF(t>) 


h<ho. (75) 

The solutions of (72) and (73) are confluent 
hypergeometric functions of arguments 2 iu and 
2iv, respectively. Since the phase of W(u) must 
decrease for large u, the appropriate solution of 
(72) is 


conditions that at k<-ho(u=v=0) 

W m (u) W m (v) 

= “ Um ^’ (81) 
s [(?(«)]* COW]* 

and 

=Q(u)~U m (u) = ?-U„(v) 
dh du dh 

d 

« -Q(v)-U m (v). (82) 
dv 

We shall omit the details of the calculation here, 
and shall merely state that from condition (81) 
it follows that 3“xVr($—*), while condition 
(82) requires that p-=2x*/r(i— k). Hence we 
have 

T 2t * 

W’-W-rJ—- M. in(2iv) 

Lr(l-«) 

x‘ -| 

+—- -M*-m(2iv) . (83) 

r(l-«) J 

B. Determination of the Characteristic Values 


IV»(«) = CmWi i/«(2t«), k= —iy/2, (76) 
where W. „(s) is Whittaker's fum tion 7 

2x» 

v «(2 iu )=—- -Mt. i,«(2t«) 

r(i-«) 

+----A/. _i/«(2ttt), (77) 

!/*(«) =z'i*tr«*F(\ J;s); 

jf._ V 4(s)-«wv-»F(j-«. *;»). ' 


For large r, IF, „(s) behaves like 

WU(*)-**«-"*f(!-*, 1 —<; 

—T<arg*<ir, 

W.(«)-»C,.{i+[A-(*-i)*]/2*tt+- • •} (79) 

Xexp {-«*+*[ln (2t0+iir/ 2 ]}- 

In the region below the duct height ( h<h 0 ) 
we set 

W m (p) - CJ>Af* i/«(2w) (80) 

determine the constants p and q from the 


’ G. T. Whittaker and G. N. Watson, Modem Analysts 
(Cambridge University Press, New York, 1935), p. 339. 

O 


The charac teristic values A m are now deter¬ 
mined by the boundary condition (8) at the 
ground. 


P(y, i» 0 ) i 


2x* 


m-K) 


M, i/ 4 (2t»o) 


rl 


r(J-«) 


M. i/ 4 (2w 0 )=O, 


Vo=kJ [y(.h)—y(ho)ydh. 


(84) 

(85) 


For a given value of » 0 . as determined from the 
modified refractive index curve y(h), Eq. (84) 
yields characteristic values (complex) of k» 
«■ —iy m /2, from which A„ is then evaluated by 
Eq. (66). The values of A* thus obtained will be 
the more accurate the smaller the values of y*. 

In order to have an estimate of the error to 
which the values y„ # obtained from Eq. (84) are 
subject, we derive in section D below a first-order 
correction term arising from the w(u) term in 
(71). The result is 

dyj 

T«»y.°-W(»o)l—(86) 
dv o 


where N is defined in (67), and dyj'/dva is the 
slope of the y» 0 (vo) curve resulting from (84). 
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Substituting this result in (66) we arrive at an 
expression for the characteristic values: 


A„=A m 1 +A m ; 
A„ l = —y(A«H 


[2 *(*»)]* 


k 


-7m 


0_ 


576c 


tfyS-Qyt), 


12 iKAo)]‘ >7/ d?*" 

A w =--- N(v a )*— . 

k dvo 


(87) 

( 88 ) 


Here, yj* is to be used for the y appearing in the 
expression for N. The term A serves noi only as 
an indicator of the order of magnitude of the 
error in the leading term, but, as will be shown 
presently, considerably reduces the error when 
it is not large. 

Table II shows how the characteristic values 
A m computed from (87) compare with the exact 
values computed by Professor Hartree’s asso¬ 
ciates on the differential analyzer for the case of 
the exponential model defined in Eq. (55). In 
this case Eqs. (87) and (88) reduce to 

= A^+Am; 


A. 1 - -(I+I 11 aX)/\+ (AV144) + (2X)(89) 


dy m tt 

A m = —* (2Xvo) *— ~(.3737X* /4 7 m °+.000171A 9/4 ). 

dv 0 (90) 


The quantity v 0 defined in (85) can be obtained 
from 


v 0 =/(*)/X >/2 , x = ln aX, 
f(x) = f (e*— 1 — 2 ) Us. 


(M) 


The universal function f(x) is plotted in Kig. 2. 
With the a; 3 of this function one can also obtain 
u and v in (60) and (69) for the purpose of 
computing the height-gain functions from Eqs. 
(76) and (83). 

A similar comparison is shown in Table Ill 
for the 14 Power law” model defined by 


Here 


y(h)-h-SW' 9 
A 0 =l, v 0 = . 4591 ( 7 *. 


(W) 

(93) 


A*,=A^+A*,; 

Am 1 = 4+.5807 7 m 0 /Vo+.0166/r o 1 , 


dyj 

[-.27987*° , 

.0370 

1 

dv 0 

H 

L vo 

Vf? . 


(94) 

(95) 


Table II. Comparison of exact characteristic values A*, 
with values obtained from the theory of transitional modes 
in case of an exponential model. The exact values were 
computed by Professor Hartree’s group on the differential 
analyzer. 


Mode 


a 

X 

No. 

m 

n 

Sm 1 

(89) 

A*i+A* 

(90) 


Am OXECt 

10 

1.2713 

1 

2.2374 

- 2.724+. 154i 

- 2.727+.198* 

_ 

2.72 +487* 

10 

.W3H 

l 

3.0694 

- 5.038+ 019* 

- 5415+418* 

— 

5.123+415* 

15 

1 5840 

1 

2.7676 

- 2 946+.066* 

- 3480+469* 

— 

3.10 +.05* 

15 

.5074 

2 

5.2285 

- 5.898+4971 

- 54H7+.118* 

— 

5.88 +.12* 

15 

.3024 

2 

5.8603 

- 8.423+.028* 

- 8.440+ 029* 

— 

8.44 +.026* 

30 

2.6458 

1 

24234 

- 1.830+.193* 

- 1.860+481* 

— 

1.85 +.27* 

20 

1.7886 

1 

3.1596 

- 3444+.027* 

- 3 610+.014* 

— 

3.74 +406* 

20 

9979 

2 

4.7989 

- 3.704+.228* 

- 8.667+424* 

— 

3.68 +41* 

20 

.6357 

2 

64283 

- 5.955+.018* 

- 6.066+416* 

— 

6.07 +41* 

20 

.6357 

3 

64283 

- 4482+472* 

- 4.884+.807* 

— 

4.95 + 77* 

20 

.4307 

3 

76663 

- 7.071+ 171* 

- 7.050+.220* 

— 

700 +4* 

20 

2969 

3 

8 6816 

- 9489+.042* 

- 9 394+ 048* 

— 

949 +04* 

20 

1928 

3 

8.9718 

—12.284+.019* 

-12 274+420* 


12.27 +.02* 


Tables II and 111 show that the method de¬ 
veloped here for computing characteristic values 
is not only effective for strictly transitional modes 
but is also applicable over a considerable region 
extending into the leaky modes on the one side 
and into the trapped modes on the other side. 

Values of y m ° derived from Eq. (84) are shown 
in Table IV for the first three modes. In com¬ 
puting these, the T-functions were obtained from 
Stirling’s asymptotic series 8 after raising the 
arguments by a few units. The ^/-functions were 
computed from the power series (78) for values 
of Vo up to 5.5. For larger values of v 0 the follow¬ 
ing asymptotic expansions were used 


M k , 1 / 4 ( 2 )- 




■e" 2 / 1\ 

—*(*+«, 1+*;-) 

— k)\ 2 / 

cxp[—fr(«—!)] 

(96) 


2r(|-«) 

r h‘e~‘i J 

+ 2I’(}+*) 


Af,. _ l/4 (*)->————FI 1 +k, !+*;-) 
r(l-«) V zf 

ir i z‘e~‘ li exp [—»t(k— 1)] 


r(l+«) 




which are valid when —r/2 <arg s<3»/2. With 
• Reference 7, p. 251. 
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Figure e The auxiliary fund ion 
f(x)*£Ve*-l-i d* u»ed m the 
theory of transitional modes 
for an exponential model 
Y(i)« i»ae-*g, Y (Q-o. yln(aft)/x 
u- j£/V(z)-Y(iJ dz«fW/tf*. x-X(z-z.) 

v «^»/Y(xJ-Y(jJ dz-f(x)/xV x- (z # -z) 


Fig. 2. 

the aid of these asymptotic series one finds that 
for large r<> 

W m (v)-+C m (1 -exp [- F m ( y, »)]} 

[ /t 3tk \ 

X In (2i >)+<^—-—vj 

»*(!-*) 1 


where 

F»(y, ») * (1 +*7) In (f+n) -In (i+n) 
-7^+*(l+ 1 n 4+ln v) J 

+ [J +j (_ 2 „_! +2m ,)] 


+ -+ .... (99) 

(18+*12y) 

Equation (84) is, therefore, replaced by F»(y, v 0 ) 

mO. 

iS •'> 


C. Evaluation of the Normalization Factors 

For the purpose of evaluating the height-gain 
functions we need to know the normalization 
constants C» in (76) and (83). These constants 
are determined from the normalization condition 

1 dU m (0) dU m ( 0) 

1 =-. ( 10 ') 

k l dh d\m 

With Uj(h)-W m (v)/tQ(v)y, d/dh = -Q(d/dv), 
we have 

dC/ “ (0) m/ 

dh dv 

( 100 ) 

a £7,(0) k 1 dW m (vo) 

dim ~C2S(ho)3 i K(»o)]‘ ay. 

Substituting in (10') we get 

k[_2y(h)T} 

C, s -=-, (101) 

[dP(y,v 0 ) dP( y,i' 0 )l 


(7. *'o )1 

dy J 


where P(y, n) is defined in (84). Values of 
[(aP(eo)/ae) • (aP(»o)/ay)] are shown in Table 
IV. These were computed by the use of the 
asymptotic formulae (98) and (99), from which 

Table III. Comparison of exact characteristic values A* 
with values obtained from the theory of transitional modes 
in case of a power law model. The exact values were 
computed by Professor Hartree’s group on the differential 
analyzer. 


G* 

V9 

Mode 

No. 

M 

Am 1 

(94) 

A.1+A. 

(95) 

Am exact 

10.242 

4.701 

1 

3.841 +0* 

3.791 H 

hO* 

3.749 +0* 

9.126 

4 190 

1 

3.867 +0* 

3.828- 

-0* 

3.802+0* 

8.134 

3.734 

1 

3.894+.0003* 

3.866 H 

-0* 

3.851+.00012* 

7.249 

3.328 

1 

3.921+.0017* 

3.902 H 

-.0014* 

3.879+.00107* 

6.458 

2.964 

1 

3.948+.0043* 

3.938 +.0041* 

3.942+.0050* 

5.758 

2.643 

1 

3.974+.0102* 

3.969+.0115* 

3.978+.0146* 

5.132 

2.356 

1 

4.000 +.0195* 

4.00H 

k0238» 

4.013 4-.0304* 

4.574 

2.100 

1 

4.027 +.0325* 

4.03 H 

k0415* 

4.045+.0507* 

4.077 

1.871 

1 

4.055+.0521* 

4.060 H 

h.068* 

4.073+.076* 

3.633 

1.668 

1 

4.084+.0744i 

4.089-1 

r.098» 

4.098+.108* 

3.239 

1.487 

1 

4.116+.101* 

4.119H 

b.135* 

4.119+.150* 

2.886 

1J25 

1 

4.147+.140* 

4.143+.187* 

4.140+.198* 

2.572 

1.181 

1 

4.180+.183* 

4.166+.244* 

4.157+.254* 

2.292 

1.052 

1 

4.222 +.232« 

4.195 +.310* 

4.169 +.316* 

16.23 

7.450 

2 

3.932+0* 

3.914 H 

h0* 

3.907 +0* 

14.46 

6.640 

2 

3.958 +.0008* 

3.950 H 

h.0006* 

3.949+.0004* 

12.89 

5.918 

2 

3.984+.0031* 

3.98* +.0032* 

3.984+.0031* 

11.49 

5.275 

2 

4.007+.0099* 

4.008+.0120* 

4.012+.0151* 

10.24 

4.701 

2 

4.030+.0221* 

4.032-j 

-.0280* 

4X135 +.0334* 

9.126 

4.190 

2 

4.052 +.0406# 

4.054 j 

-.0525* 

4.053+.0600* 

8.134 

3.734 

2 

4.076+.0661* 

4.0754 

-.0862* 

4.070+.0967* 

7.249 

3.328 

2 

4.102 +.099* 

4.097 +.130* 

4.088+.143* 

16.23 

7.450 

3 

4.026+.017* 

4.027+.022* 

4.028+.025* 

14.46 

6.640 

3 

4.047 +.036* 

4.048+.047* 

4.044 + 050* 
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it follows that 
dP(y, t>o) 


do 


= -2i[l+—1 exp f k In (2r 

L 2v 0 8»o’J L 

( *■ 3xx \ ix(l — k)1 

-t, n 1-I 

2 2/ 2i>u J 


0P(y, Do) dF m (y, »„) 


3-y 


a> 


1 


exp I k In (2i> 0 ) 


( x 3 tk \ xk( 1 — x)l 
-„ 0 \-1 

2 2 / 2r 0 J 


o) 

( 102 ) 


(103) 


where F m (y, v) is defined in (99). 

D. Perturbation Theory for Transitional Modes 

In this section we shall derive the result slated 
in Eq. (86), namely that the correction to y m 
arising from the neglected w(u) term in (71) is 
— Nivo^dyn^/dvo to within the first power in N. 
Actually it is possible to develop a perturbation 
theory in which N is not assumed to be small, 
as will be shown presently. Let Eq. (63) and its 
companion be written as 


d*G r 

-+ 1 

dv} L 

d'G r 


3 


16w 2 u 
3 y 


-+/(«) 


16i» s 


jc = 0, h>h B (104) 

] — h<h Q (105) 

v J 


and set 


G(u) = ZAnW n (u), G(v) = ZA n W n (v), (106) 

n—1 

where « 


d'WM _ ^ 

3 

i j 

y» 

W H (u) — 0, 

(72') 

1 1 I 

du- L 

| l 

16«* 

u _ 

d'W*(v) ( r 
dv * + L 

3 

1 + - 

16e* 

b— 
v. 

]w r „(e)=0. 

(730 


When (106) is substituted in (104) and (105) wc 
get 


£i4.W,(«)[- 

—+/(«)l=o, 

(107) 

L 

u J 



— +g(«ol-o. 

V J 

(108) 


Table IV. Values of auxiliary functions used in the 
theory of transitional modes for the determination of 
characteristic values and normalization factors. 



Mode 


dy «• 

rap(*) dP(*n 

(85) 

No. 

m 

Y* 1 

(84) 

dv% 

(86) 

1 dft ’ djm • 1 

(102) and (103) 

1.0 

1 

+ .386 +.439* 

-.160-.458* 

+1.67 + 

1.71* 

1.5 

1 

+ .276+.255* 

—.265 —.302* 

2.23 + 

3J4* 

2.0 

1 

+ .122+.132* 

—.339-.195* 

3.88 + 

6.03/ 

2.5 

1 

- .067+.057* 

— .409 —.ft 10/ 

9.03 + 

10.69* 

J.O 

1 

- .290+.0191* 

-.482-.048* 

26.1 + 

18.2* 

.4.5 

1 

- .551 +.0047* 

-.553-.014* 

85.6 + 

25*3/ 

4.0 

1 

- .843 f .0008/ 

-.610-.003* 

306.7 - 

4.94* 

4.5 

1 

— 1.161 +.0001* 

-.651 -.0004* 

1200, - 

296.1 

5.0 

1 

-1.496+.0* 

-.681 -.0* 

. 5146. 

2074.* 

5.5 

1 

-1.845+.0* 

-.704-.0* 

24250. -11610.1 

5.0 

2 

+ .651 +.695* 

-.261 -.398* 

+.868 + 

1J7* 

3.5 

2 

+ .539 +.500* 

-.229 —.356* 

.781 + 

2.07* 

4.0 

2 

+ .420+.340* 

-.244 -.284* 

.986 + 

3.05* 

4.5 

2 

+ .292+.216* 

-.269-.215* 

1.52 + 

4.66 / 

5.0 

2 

+ .149+.124/ 

-.303-.152* 

3.00 + 

7.34* 

5.5 

2 

- .013+.062/ 

-.343 -.097* 

7.06 + 

11.87* 

6.0 

2 

- .203+.025* 

-.395 -.050* 

18.5 + 

20.2/ 

6.5 

2 

- .413+.012* 

-.447 -.021* 

54.3 + 

31.0* 

7.0 

2 

- .649+.002* 

-.496-.006* 

159.3 + 

39.6* 

7.5 

2 

- .907 +.0005* 

-.535-.001* 

503. - 

3.9/ 

H.O 

2 

-1.183+.0* 

-.567 -.0* 

1677. - 

336./ 

6.0 

3 

+ .695+.613* 

-.244 -.330* 

+.426 + 

1.80* 

6.5 

3 

+ .566+.453* 

-.248-.291* 

.360 + 

2.44/ 

7.0 

3 

+ .442+.319* 

-.251 -.243* 

.499 + 

3.42/ 

7.5 

3 

+ .314+.211* 

-.261 - 192* 

.952 + 

5.01* 

8.0 

3 

+ .179+.131* 

— .283 —.141* 

2.27 + 

7.59 * 

8.5 

3 

+ .033+.070* 

-.312 -.096* 

5.44 + 

11.6* 

9.0 

3 

- .136+.029* 

-.351 -.056* 

13.4 + 

18.7* 

9.5 

3 

- .322 +.012* 

-.393 -.026* 

37 JO + 

29.3* 

10.0 

3 

- .528+.005* 

-.435 - 010* 

102. + 

40.2/ 

10.5 

3 

- .757+.001* 

-.473-.003* 

287. + 

37.6* 

11.0 

3 

-1.00 +.0* 

-.503-.001* 

839. 

70.* 


U])on multiplying (107) by W m (u) and integrat¬ 
ing from 0 to *, also upon multiplying (108) by 
W m (v) and integrating from 0 to r 0 , and then 
adding the results we get 


ZAn0n m = O, (109) 


du 

W n (u)W m (u)- 

X '» dv 1 

x.ww.wyj 

+ IX wMWm{u)f{u)du 


+j ’ WW*) IT, (»)f (»)*]• (110) 

f ® 

Since the consistency condition for (109) requires 
that | (} nm | *0, we have here a secular equation 
for the determination of y, provided we can 
evaluate the elements £»*>. This can be accom¬ 
plished for the case 

/(w) - N/ut, g(v) = -N/vK (111) 
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where it is found that 

[l+(T.-r»)*]. (112) “"““J w ^ v ) w ^ v )— 


. dW*(vo) dW n (v a ) 

W n = - , W K '* 


dv 


dy 


dy 


WjW n '=- - (113) 

dv 


Since W*{Vo) = H^m(»o)=U, it follows that 
dv 
v 

J r* d# 

V.WW'.W-0 f (117) 

0 tt 

In order to obtain the value of a Mm we pass to 
the limit of n—+m in the relation 


(T.-7-)«»»= (118) 


In a first-order perturbation theory the vanishing 
of fi mm yields Eq. (86). 

The detailed deiivation of (112) is rather 

lengthy, and we shall therefore limit ourselves w ^ ( 'h follows from adding (114) and (115), and 
here to an outline of the proof. To begin with it us * ng (H6) The result is 
follows from (72') and (73 ; ) that 

(WnW m -WnWm)u-t> 

m * du 

W n (u)W m {u) -, (114) 


r vo dv au 

WmKV)~+ I WJ(U)~ 

•/ 0 v •'O H 

= WmWj. (119) 

There lemains now the task of evaluating 
du 


du 


Of mm 


= (7»~7») I 
•'o 

(WnW m ~WnW m ) 


t-0 

ti—10 


J r» ro dv 

I (115) 

0 V 

Also, it can be shoun from (76), (77), and (83) 
that 

l#.(v)Wn(v) ~ Wn(v)^ m (v)^ 


Tnm 


-f. 


W n (u)W m (u) 


«* 


J i* 10 dv 

W n (v)W m (v)~. (120) 
» v » 


This expression involves integrals over the 
product F nm (u) of the functions W„(u) and W m (u) 


= 2tvCnCj - 

Lr(i-Ora-«») 

__ _i-] 

m-«.)r(!-*.)J 


F nm (u) =W n (u)W m (u), 


( 121 ) 


each of which satisfies a linear differential equa¬ 
tion of the second order (72'). From the general 
theory of the products of solutions of linear 
differential equations of the second order 9 it 
= -D* r .(«)W'-(») - ^„(«)F m («)] u -0 (116) follows that 


/ d*F\ d'F f 3 J/ dF \ T 3 (Y.+T-J'L 

«( — )+— + 4«+ +2(7.+7») (—)+U- 

\du V du> L 4« WduW l 2 u l u J 

£ 3 (7i*+ 7») . (7. ~7m)* 


,2u* 


«* 


-7m)’-l 

- F-0, 

u J 


( 122 ) 


where we have written F for F Km . This equation yields the useful relation 

d 


d\ / <d*F 1 d l F r 1 1 . r 12 1 \| 

f— «»( *-+ 4«+-+2(7.+7m) -2-(7»+7m) \f) 

du l V du * 2 du 1 l u JL u* u J/l 


■Cl+(7.-7-) 1 >T, 023) 
»* 


* G. N. Watson, Theory of BetsH Funettoks (The Macmillan Company, Nen York, 1944), p. 146. 
y » 
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or 


d 

du 



1 

16k* 


(y«+7») 


2k 


j WnW„+^+1 n +y m ^W % W„+ W n W m ) 


-lynW^Wn-iynWJ^n-WnW^j | - - [1 + (7.“Y-) , ]W r ,WV*l*. (124) 
Using (124) and the defining Eqs. (76), (77), and (83) we now deduce dial 

X 
f 


t \ du ~t 3 * 8 *+ 2 (y»+ym)A n A m ~\ 

W.(u)W m (u) - ----, 

«» 4[H-(y,- 7m )*] 

»., , TT/ , dv | -[B»5»+2(7»+7«)>l^ M ]+4(e„)‘^»(»o)^«(eo)| 
Wn{v) W m (v)— --—-, 

»* 4CI+(t.-7-)*] 


r(2-«.) 

Adding (125) and (126) we finally get 

du 


rW'e'^Cn 2(T)*2 8/ V 3r/ “Cn 

^n^" 1 .. " t ^n= ” - , M 1 




J f 1 AM /* r ° dV [V 

I W,(K)W m (K)--| IT.WW.W-- 
0 •'O 0* I 


rd-O 

dV W ! lfnW^*W 


(125) 

(126) 
(127) 


[l + (7n-7*) 2 ] 


(128) 


This completes the proof of Eq. (112), and with it of Eq. (86). Values of dyj/dvt arc shown in Table IV. 


5. ASYMPTOTIC SOLUTIONS FOR 
TRAPPED MODES 

So far we have treated the asymptotic solu¬ 
tions for leaky modes anti transitional modes, 
and have found that the formula derived for the 
characteristic values of transitional modes can 
be used with sufficient accuracy over a region 
extending into the leaky modes on one side and 
into the trapped modes on the other side. There 
remains now the treatment of completely trapped 
modes. The asymptotic theory of these modes 
has been developed by Furry 4 along the lines of 
Gamow*s treatment of the problem of radioactive 
decay in wave mechanics. Furry follows the 
technique of the W.K.B. method in which the 
height-gain functions arc given different (asymp¬ 
totic) representations in each of three regions of 
height, and the characteristic values are deter¬ 
mined from Jeffreys* 10 “connecting formulae.** 
This method does not supply height-gain func¬ 
tions in two isolated regions centered around the 
two turning points. The principal aim of this 
section is to fill in these gaps by developing tjie 

1# H. Jeffreys, Proc. Lond. Math. Soc. [2] 23, 428 
(1923); Phil. Mag. 33, 451 (1943). 


theory ab initio along Langer’s method, 6 in which 
the difficulty with the Stokes phenomena is com¬ 
pletely obviated. The expression for the char¬ 
acteristic value we arrive at is, in the limiting 
case of completely trapped modes treated, identi¬ 
cal with Furry’s result. However, the method 
developed here can be applied also to cases of 
incomplete trapping when Furry's formula be¬ 
comes inaccurate. The latter extension is reserved 
for another occasion. 

Referring to Fig. 1, a trapped mode of order 
m is characterized b> the condition that 

p ko 

F(h 0 ) = k I ly(h) -y(*o)]WA 

•'o 

>v m ~r(m— }). (129) 

The quantity in brackets in the differential 
equation 

^^.+k*CA m +y(hm m (A)=0 (130) 

dh * 

vanishes at two turning points which, though 
complex, are extremely close to the real values 
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hi and h% shown in the figure. We shall use The constants A and B are subject to the 
different representations of U m (h) in the regions boundary conditions £/»(0)=*0, from which it 


I (A < A 0 ) and ll(fc>& 0 ). In region I let 

*i(*)-*f &(tt+AjWJk 

'[jrW+A.lW*, »<A<A„ (131) 

«i(A)J [ r y(*)-Aj«*, 


follows that 


f/* r (A) 




[y(A)+A,]<'< 

«o®«i(0). (135) 

In region II lot 

» 

«*(A)-A ( |>(A)+AjVtt, h>hi, (136) 

•'i. 


hi<h<h 0 . (132) 

Here hi is strictly speaking a complex number -a* 

which is the root of [y(Ai)+A w ], but since the u 2 (h)—e~ tZrl2 k I [— y(h) — A m ]*dA t 
integrand vanishes in the neighborhood of hi, 
and Imh\ is small, we may replace the lower 
limit by Rehr, the same holds for h 2 below. In 


(137) 


Lunger’s theory the loading term in the asymp- then a solution which represents an outgoing 
totic expansion of (130) is according to Eqs. at heights is 

/ 4 j \ /4^\ 1 !_ 1_ h B 


(12), (14), (16), and (20), given by 

A /«*>(«!) BF w (u x ) 


UJ(h)- 


+ 


where 


[y(*)+A-] ,M OW+a„] 1 '< 

i ?( ‘ > («l)s(« 1 )*//vi ( * > («l)- 


(133) 


U m ll (h )= 


E m F m (Uj) 

[>(*)+a J U4 ‘ 


(138) 


The relation between E* and C„, and the value 
of A m are determined from the required con- 
(134) tinuity of U m {h) and of [dU m {h)/dh~\ at h = h 0 . 
The equation determining A m is 


1 dU m l (h 0 ) 1 dUJ l (h„) 


(139) 


or 


U m l (h») dh U M tl (h a ) dh 

[E‘»)(«,)E< s >(«i) -F<»(«*)F<»(«i)] 


//i/» (,, («») [E< ! >(«,)^<‘>(tti) -/‘*>(«t)F<”(«i)]’ 


(140) 


where now 


#t-«i(A,)=>*-"*A f '[-yW-AjWA; 

J ki 

/•** 

' «*“«*( ho)=‘e- arli kj [—y(A)-A«i*«fA, 


(141) 


Equation (140) serves to determine A», no 


the functions /J and F may be, the only restric¬ 
tion being that the quantity A defined in (17) 
shall be small at both turning points so as to 
assure that the leading term in (20) is a sufficient 
approximation to G(u). We shall however limit 
the discussion here to the case of highly trapped 
modes when the arguments of the functions in 
(140) are found to be large, thus allowing their 
representation by asymptotic expressions: In 


. matter what the magnitude of the arguments of view of the phases of the «’s given in (141) the 
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appropriate asymptotic expressions arc . function. Using these expressions we find that 


7 (,, (#i)-*|-j exp j 

’./ 5* 

*( -«H— 
. \ 12 

)]p(«.), 



— 2x<arg tti<x, 

(142) 

/ ,(s) («i)->—expj^t^ —«x4- 



— 2ir<arg Mi<ir, 

(143) 

F ,(1) («i)->^ exp | 


PM, 



— ir<arg tti<2x, 

(144) 

7^ (1, («i)—exp 


]Q(«i), 



—ir<arg«i<2ir, 

(145) 

7 (i| (#i)-»|-j jexp ^ ^ Jp(mj) 


+$ exp 


*(«.)].* 



[P (2) (u,)P f *> ( Wl )- P (tt t ) ] 


t » J exp 




~ P(«s)(?(ki)]- 1 exp ^2« 1 -2« 1 +^ 

X [£(«,)$(«,)+0(« s )P(m,)]. (150) 

Here, the second term is of lower order of magni¬ 
tude than the first, but it has been included 
because it alone contributes to the imaginary 
part of A m , whereas the first term though larger, 
merely introduces a small change in the real 
part of A m . 

With regard to the left-hand member of Eq. 
(140) we set 



Uq * e tr k 


f 


[y(k)+Ajftt 


e‘'»„+A, 


(151) 


where v m is a root of Eq. (22'). Assuming that A 
is small in the case of completely trapped modes 
we find from (140): 


— 3*<arg m s <t, (146) 


^<*>(«*)->-*0 [ exp — ttj+—^ j(?(tta) 

-i expert,-—^]Q(«*)], 


where 


5 i 385 

P(.v)-1+- 


—3»<arg «*<t, (147) 

(148) 


72* 10368** 


5* 335 

£(*)«!+—~f 


72* 10368** 

=P(*)+ii>(*), (149) 
and the bar denotes the complex conjugate 


* The factor i appearing in the brackets of (146) and 
(147) was introduced by Dr. W. F. Eberiein as leading to 
the correct Garaoar formula. In textbooks two alternative 
formulae are given, with this factor having either a value 
of 1 or 0. 


/iV s) (Ko) e ,w *A 
---*, (152) 

//i /a < l) (M 0 ) rv m Ji />*(»„) 

A= -irv m Ji/ t i (v m ) exj) (-j2«,] 

x[ PMQM-PMQM 

- i«» M /i/,*(t>«) exp^2«»-2u,+-^J 

X [£(«,)&«>)+0(«OP(«i)]. (153) 

Since A„ is to a high approximation a purely 
real number, Eq. (141) shows that Ui and u% are 
purely imaginary (negative and positive, respec¬ 
tively) numbers. From this fact it follows that 
the expressions in brackets in (153) are both 
real, the latter being approximately equal to 2. 
Hence 

7m(A) = —VmJvSM exp [t’(2«*-2«i)3 
2 

= (154) 

2 

T=k[ \-y(k)-A m ydh. (155) 

•'h, 
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In order to determine A* we write 


2. hi<h<ho. 


A m -A.•+•’* (156) 

and obtain from (151) 


k ( l Qy(*)+AJWk-* f ‘ Qy(A)+A m °]WA 
•'o •'o 



-\-$k&di=Vp,—A, 

(157) 

»jT 

[y(h)+A m Q ]ldh=v m -Re(A), 

(158) 


2 Im(A) *v m Ji,»(v m )e~ iT er iT 



ke ke ~2ke ’ 



0 = 



dh 

ty(A)+Am 0 ]*’ 


(159) 


The last expression agrees with Furry's result 
obtained by the W.K.B. method. 

Here we shall point out that although in the 
matter of the determination of characteristic 
values we have so far merely shown that our 
method leads to results agreeing with those ob¬ 
tained by the W.K.B. method for the limiting 
case of highly trapped modes, expression (140) 
can actually be used also to determine character¬ 
istic values for modes which arc only moderately 
trapped by applying a technique developed by 
the writer for the bilinear model. These develop¬ 
ments will, however, be reported in another 
communication. 

The derivation of the height-gain functions as 
well as of the normalization factors can be carried 
out in the manner shown in previous sections. 
We shall therefore limit ourselves here to a 
statement of results for the case of highly trapped 
inodes: 

1. 0 <h<hi. 


y=kf C-y(h) - A,°]WA, 


U m (k) = 


(*) - A»°] ,/4 

3. h«<h<h 2 . 

• *0 


yo=k C-y(A)-A m »Jkn, 
r ht 

w 0 = k I [-y(k)-A m °ydh, 

r ht 

w=k I [-y(A)- 

•'h 

r—y(Ao) —a m °i 
£/.(* - 


X 


(161) 


(162) 


-y(*»)-A w B i 1M 

w^\_h/i(w)+e i/jWJ 

(wo)*[/i/»(w 0 )+e"” r/s /_, / ,(wo)] 


4. h>h%. 


v = 



[y(A)+ A„«]WA, 


Um(H) = Um(ht) 


-y(ho)-\ m a y ' 4 

-y(fe)-A w # J 


(163) 


JL-JinM+r'rtJ-uM 

X-, 

w‘[/i/«(wo) 0 )] 


Here, u m (ca3/r) is defined in Eq. (34). 
We note that Eq. (160) yields 


*-f*b(k)+Ajydk, 

»>r/y,(*)+ 7 -,y,(«)] 


(160) 


dUmi 0) /2\» 

—-*(-) Qy(0)+A m °] 1/4 , (164) 

dh \ 6/ 

which agrees formally with Eq. (36) for the case 
of leaky modes. 
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Letters to the Editor 


Concerning “Computer for Solving Linear 
Simultaneous Equations” 

C. C. Eaglesfield 

The Afullard Radio Valve Company, iJd., Bournemouth, England 

I HAVE read with great interest the paper by Berry, 
Wilcox, Rock, and Washburn 1 describing a computer 
for solving simultaneous equations. 

I notice that the operation of this machine follows the 
classical method (named by Southwell the “relaxation 
method") of satisfying each equation in turn until a 
desired degree of approximation is reached. 

I am wondering whether the authors considered a some¬ 
what different method, hardly suited to arithmetical 
computation, hut well suited to an electrical computer. 

If the equations to be solved arc 

0u*i+flis*H-+wi«0, 

<i«*i+«*wx*H- 

etc., 

and if for arbitrary values of the variables Xi, .v?, etc. 

flu*i+«tiX*+‘ * # +0*1 “di, 

<f51*l+flS3X*+ * * * + W* *(/;!, 

etc. 

Then of course the solution can be obtained by modifying 
Xi, etc., so that ■ • v»0; the usual way of doing 

this is by adjusting xi until di*0, then adjusting x t until 
di«0, and so on. 

The method I have in mind is to adjust x\ until Sd* is 
reduced to a minimum, then adjust Xt until Sd* is reduced 
to a (lower) minimum, and so on until a sufficient approxi¬ 
mation is reached. 

It is almost self-evident that this method is convergent, 
and very probable that it is more rapidly convergent than 
the line-by-line method. The biter is by no means always 
convergent, ar-* in any case careful preparation of the 
rebtive size c4 *the coefficients and the order of the equa¬ 
tions is necessary. This preparation would not be necessary 
with the method I am suggesting. 

In the machine described di, etc., are obtained as a.c. 
voltages, so that it is a simple matter to get an indicating 
instrument responding to Zd 1 by applying each d to a 
separate square bw rectifier and adding the rectified 
currents. 

From the point of view of the practical operation of the 
computer, it is evident that other types of rectifier could 
conveniently be substituted for the square bw rectifiers. 
The essential thing would seem to be that the indication 
should be independent of the signs of the d's, and should 
be weighted in favor of the large d's. Thus “average" 
rectifiers would seem to be quite suitable.. 

Another interesting possibility is to use “peak" rectifiers. 
If each d is applied to the anode of a separate diode and, 


the cathodes being strapped, the circuit is completed by a 
single capacitance, then the capacitance will be charged 
to the peak value of the largest d. An indicator of this 
type would thus respond to the d which was numerically 
brgesl, instead of to a summation of the d’s. 

The peak rectifier is probably the most convenient 
practically, followed by the average rectifier and the square 
bw rectifier in that order. 

While it is doubtful whether convergence could l>e 
formally proved for any but the square bw rectifier, it 
seems very probable that both the average and the peak 
rectifier would give converging results. 

The substitution of the over-all babnee for the line-by¬ 
line babnee modifies the design of the computer consider¬ 
ably, of course, but I do not think it brings in any great 
problems. It should give a computer which is easier and 
quicker to use, particularly with sets of equations which 
converge slowly, if at all, on the line-by-line computer. 


July 24, 1946 (received July 29) 

Thank you for allowing me to read the interesting letter 
from Mr. C. C. Eaglesfield. 

Several months ago Dr. W. M. Bleakncv of Lockheed 
Aircraft Corporation suggested use of the same mathe¬ 
matical methcxl to me in a private communication. In 
fairness to Dr. Bleakncy I should like to see a statement 
of this appear at the same time as the letter from Mr. 
Eaglesfield. 

Cliffmd K. Berry 

Consolidated Engineering Coiporation 

Pasadena. California 

»J. App. Phvs. 17, 262 11946). 


Preparing Pigments for the Electron Microscope 

A. M. Cravath 

Shell Development Company, RmeryulU, Caltfornta 
September 16, 1946 

O NE of the most satisfactory methods of preparing 
pigments for electron microscopy does not seem to 
have been reported. It is an adaptation of the well-known 
Green’s method used in light microscopy. It produces 
better dispersions than the other methods tried by the 
author anil is convenient and rapid. Its greatest advantage, 
however, in comparison with other methods in which the 
pigment is dispersed in the film forming solution is that it 
does not impair the definition. Presumably this is caused 
by the film being attached to the particle at a spot in the 
shadow instead of around the periphery ^s it is when cast 
on water. 

The technique is not critical and is easily modified to 
suit the pardcubr problem. One version is as follows: 
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Hace 1 mm* of the pigment on a microscope slitie. Add 
two drops of 4 percent parlodion in 70 percent amyl 
acetate plus 30 percent diisobutyl ketone. Rub smooth 
with a narrow spatula (made by filing and polishing 
drill rod) which has a blade with slightly elliptical instead 
of rectangular cross section and therefore rubs over the 
sample instead of scraping it up. The slowness of evapora¬ 
tion of the diisobutyl ketone prolongs the period during 
which the mixture is highly viscous. Violent rubbing during 
this period is a very convenient way to concentrate a large 
amount of work on a small amount of material and 
thoroughly break up agglomerates if they are not too 
strongly cemented. If this viscous shearing work is too 
mild, a A" glass rod instead of a spatula may be Used. 
Rolling and rubbing the rod over the very small sample in 
the early fluid stage breaks up the hard lumps more com¬ 
pletely and conveniently than use of a mullcr, for lumps 
are more often missed by the point contact of the muller 
than by the line contact of the rod. When the paste is 
nearly dry add four drops of butyl acetate and mix thor¬ 
oughly until half of the solvent has evaporated. Touch 
the wet spatula or rod crosswise to a clean microscope 
slide 1 cm from the end. Place the dry part of the rod 
across the slide betw’cen the wet stripe and the end and 
with one quick light stroke smear the liquid along the 
slide. Agglomerates which may have reformed since l he 
mixing are broken up by the violent shearing as the thin 
layer is spread out and they' have no chance to reform 
because the him dries so rapidly. When the him is dry’ 
breathe on it and float it oft on distilled water. The thick¬ 
ness will not lie uniform. Place the specimen screens w'herc 
the thickness appears to be correct. 

Specimens in which the sample is not incorporated 
within the film may be prepared by a slight modification 
of the method. The sample is mixed in a volatile non- 
solvent and smeared over a slide previously coated with 
film by dipping in i percent parlodinn solution and drying. 
However, no advantages have been observed to justify 
this more difficult procedure. 


Coordination Number in Solid Solutions— 

A Mathematical Paradox 

Douglas Rennie Hudson 
University of Leeds, Ijseds, England 
July 24, 1946 

D URING the last ten years the application of statistical 
methods to the theory of solubility has proceeded 
apace, and striking progress has been made, especially in 
Britain. To apply these theoretically interesting results 
usually requires a knowledge of the number of A molecules 

1*26 ' 


surrounding a dissolved B molecule of different size or 
shape. 

In investigating the number of metal atoms X sur¬ 
rounding another metal atom Y in solid solution, the 
simplest possible model is usually set up in which both 



are assumed to lie rigid spheres differing in diameter. In 
the course of calculalion the following paradox has been 
discovered which may interest x-ray cryntallographers and 
physicists generally'. 

If three spheres of radius r (atom X) with centers at 
A, B , C, are in contact with one another and with a large 
sphere of radius fi (atom Y) W'ith center at 0, ABC is a 
plane equilateral triangle of side 2r. Similarly the corre¬ 
sponding points of contact of the outer spheres w r ith the 
kernel sphere, at L, M, N, form an equilateral spherical tri¬ 
angle on the surface of the latter. (Fig. 1.) 

If now the radius of the larger sphere shrinks to r, with 
suitable accommodation of the smaller spheres, the lengths 
OA , OB, OC, will shrink to 2r from (/C-fr), giving four 
equal spheres in contact. 

Then each side of the spherical triangle LMN will 
subtend an angle of 60° at the center 0, or in mathematical 
notation each side of the triangle, LM , AfN, or NL , is 60° 
or r/3. Then by the formula 

© f /sidc2Jlf\ 1.15470 _ 

-*■“ v~r~) — 2 — sms - 

whence 0, the spherical angle, Is found to be 70° 31.8', at 
L, M, and N. Since the spherical triangle LMN is equi¬ 
lateral, the spherical excess is 3X (70° 31.8') —180°, or 
31° 35.4', or .55141 radians, and the area of the spherical 
triangle is ,55141r*. Now the total surface of the sphere is 
4*r* and if this be divided by .55141r* the total number of 
such triangles which can be inscribed on the surface would 
appear to be (4»r , /.55141r , )-22.8. But it is well known 
that in close packing, whether hexagonal or cubic, the 
number of spheres surrounding a given sphere is 12. 
Explanation of the paradox may entertain geometers and 
afford a half-hour's amusement to readers of mathe¬ 
matical bent. 


Journal or Applied Physics 


R(l- 2 e*) 


Note on a Paper of H. Bateman 

F. W. J. Olvhr 

Mathematics Division, National Physical Laboratory , 
Teddington, England 
September 30. 1946 

I N a paper 1 entitled “Some Integral Equations of Po¬ 
tential Theory” the late Professor Bateman includes a 
table of 7\(l-2e-*) to \SD for n=*l(l)10, /—1(1)20. A 
number of errors were noticed in this table and subsequent 


investigation showed the need for complete recomputation. 
This has been done and the new table, in which the values 
given are correct to within 0.52 units of the 15th decimal, 
is appended. 

Attention is also drawn to the erroneous value given 9 
for Pk(ji) where ^—1 —2<f r ; the last four decimals given 
should read ■ • • 7662 instead of • • • 5162. 

1 J. App. Phyt. 17. 91-102 (1946). 

•Reference 1, p. 99. 
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Here and There 


New App oi ntment! 

J. H. Dillon, assistant director of the Firestone Research 
Laboratories, Akron, Ohio, and formerly chairman of the 
Division of High-Polymer Physics, American Physical 
Society, has been appointed director of research of the 
Textile Research Institute, with offices and laboratories at 
Princeton, New Jersey. 

Leo Szilard has been appointed to the faculty of the 
University of Chicago, and will divide his time between 
the new Institute for Radiobiology and Biophysics and the 
division of social sciences. 

Stanley S. Ballard joined the faculty of Tufts College, 
Medford, Massachusetts, this fall as professor of physics 
and chairman of the Department of Physics. His last 
previous academic association was at the University of 
Hawaii. During the war he served as a Commander in the 
United States Naval Reserve, and was a member of the 
technical staff, Joint Task Force One, during Operation 
Crossroads. 

Professor G. H. Henderson of the Department of 
Physics, Dalhousie University, Halifax, Nova Scotia, has 
returned to his post after having been engaged for the past 
six years in research for the Royal Canadian Navy. 

Varnakale L. Jones, formerly with the Stanolind Oil and 
Gas Company, has rejoined the engineering staff of The 
University of Tulsa as assistant professor of geophysics 
and head of the newly created Department of Geophysics. 

Henry II. Young, Price D. Wickersham, Jr., William 
W. Niven, Jr., and George L. Tuer, Jr., have joined the 
technical staff of the Midwest Research Institute. 

Albert V Stone, formerly with the Radiation Labora¬ 
tory, Massachusetts Institute of Technology, has received 
an appointment as a physicist with the Office of Naval 
Research. He will be stationed at its London office, serving 
in a liaison capacity between European and American 
physicists. 

Lee A. DuBridge is the new president of California 
Institute of Technology, succeeding Dr. R. A. Millikan, 
who retired last spring. Dr. DuBridge was formerly with 
the Department of Physics at the University of Rochester 
and later at the NDRC Radiation Laboratory, Cambridge, 
Massachusetts. 

William A. Lewis, Jr., formerly research professor of 
electrical engineering at Illinois Institute of Technology, 
became dean of the Institute’s graduate school on Sep¬ 
tember 1. 

1128 


Honors sad Awards 

Raymond D. Mindlin, associate professor of civil engi¬ 
neering at Columbia University, was recently awarded the 
Medal for Merit for his wartime work in the development 
of the radio proximity fuse. 

In recognition of war research on fire-control instruments 
for better marksmanship in shooting down enemy aircraft, 
27-year-old Wayne G. Norton of the Eastman Kodak 
Company received the Adolph Lomb medal from the 
Optical Society of America on October 4. The award is 
made annually “to a person under 30 years of age who 
shall have made a noteworthy contribution to optics." 

Eugene C. Crittenden, associate director of the National 
Bureau of Standards, has been elected to membership in 
the International Committee on Weights and Measures. 
Commented Dr. E. U. Condon, director of the Bureau: 
“Dr. Crittenden's election is not only a distinct personal 
honor, but is recognition of the leading role played by the 
United States through the Bureau of Standards in the field 
of measurements.” Dr. Crittenden is an authority on the 
measurement of light. 

Ntw Division at Brown Univeraity 

Science reports that a new graduate division of applied 
mathematics has been organized at Brown University as 
an interdepartmental project of the Departments of 
Mathematics and Physics and the Division of Engineering, 
to meet the needs of schools and research laboratories for 
engineers, physicists, and mathematicians whose training 
extends beyond the accepted Ixjundaries of their respective 
fields. The following professors have been appointed to the 
new division: William Prager (chairman), applied me¬ 
chanics; John Henry Marchant (director of research), 
engineering; Maurice Anthony Biot, applied physical 
sciences; George Frances Carrier, engineering; James 
Arthur Krumhansl, physics; Chia Chiao Lin, applied 
mathematics; and Rohn Truell, physics. 

Students are admitted who have excellent undergraduate 
records in two of the following subjects: engineering, 
physics, and mathematics. Training in research is stressed 
for the advanced students. Fellowship funds have been 
provided by the Rockefeller Foundation. 

Radio Physics Department at Tofts Collet* 

On September 1 a Department of Radio Physics was 
established at Tufts College, with Professor Jamison R. 
Harrison appointed as head. Work in the department will 
comprise the field of radio and the allied fields of acoustics 
and electromagnetics. While the new department will be 
administered independently of the department of physics, 
the two departments wilt operate on a close cooperative 
basis. A broad foundation in physics will be required of 
majors in radio physics, and the urgent need on the part 
of majors in physics today for basic knowledge of elec¬ 
tronics will be met by courses in radio physics. 

The following personnel are associated with Professor 
Harrison in the new department while serving also in the 
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department of physics: Charles R. Mingins, associate 
professor of physics and radio communication; Carl A. 
Stevens, assistant professor of physics and radio communi¬ 
cation; Domina Eberle Spencer, assistant professor of 
physics. 

tatormstion Clearing Hous® 

A library research service of special interest to industrial 
and scientific organizations not having ready access to the 
wealth of scientific literature in New York City is now 
offered by the Technical Library Consultants, 347 Madison 
Avenue, New York 17. The service is specifically designed 
to meet the literature research needs of executive, sales, 
and research departments. 

Humble Oil Lecture* 

Establishment of an annual series of scientific lectures 
to be given at its Baytown Refinery and to be known as 
“Humble Lectures in Science" has been announced by 
Humble Oil and Kelining Company. The series is designed 
especially to keep Humble technical personnel abreast of 
the latest developments in science and engineering. Out¬ 
standing scientists will be invited each year to present 
topics in their fields of special study and research. 

Pittsburgh Physical Society Officers 

Following are the 1946 47 officers of the Physical Society 
of Pittsburgh: president, Dr. I. Estermann, Carnegie 
Institute of Technology; vice president, Dr. Frank Morgan, 
Gulf Research and Development Corporation; secretary- 
treasurer, Dr. E. Stickley, Pittsburgh Plate Glass Company. 

Atomic Research Center on Long Island 

Nine leading educational institutions of the East have 
cooperated to form Associated Universities, Inc., which 
will operate as contractor with the government a large 
atomic research center at Camp Upton, Long Island. The 
camp has been transferred from surplus to the Manhattan 
Engineer District. Director of scientific research for 
Associated Universities will be Dr. Philip M. Morse, 
professor of physics at Massachusetts Institute of Tech¬ 
nology and sUlfUrne consultant on scientific projects to 
the Navy Department. 

The primary purpose of the project will be one of pure 
research, looking toward the peacetime application of 
atomic energy in industrial and medical fields and toward 
the training of more experts in the field of atomic research. 
Design of machines, which will cost approximately 
$5,000,000, will start immediately. Research, according to 
Dr. Morse, will be under way by early spring. 

New Curriculum st Brooklyn Polytechnic 

A new curriculum leading to the degree of Master of 
Science in Applied Mechanics has been announced by the 
Polytechnic Institute of Brooklyn, 'To make available to 
graduate engineers a broad knowledge of the principles of 
mechanics which became so all-important in the new 
concepts of design developed during the war." These 


studies are incorporated in the new Department of Aero¬ 
nautical Engineering and Applied Mechanics headed by 
Professor R. P. Harrington. 

Universal Oil Products Company Expansion 

The physics division of Universal Oil Products Company 
has recently moved into a new home, a functional building 
designed largely by the scientists who are to work in it. 
The building is completely air conditioned, and all the 
equipment is mounted on steel supports resting on spread 
concrete footings and insulated from the floor by cork 
gaskets. The laboratory is located at Riverside, Illinois. 
Dr. G. M. Webb is director of the physics division. 

Kimberly-Clark Fellowships 

The Kimberly-Clark Corporation, Ncenah, Wisconsin, 
has announced a program of fellowships, with grants 
offered to the University of Wisconsin, the University of 
Minnesota, and the Massachusetts Institute of Tech¬ 
nology. The fellowships arc in the fields of physics, physical 
chemistry, and chemical engineering. 

Louisville Physics Society 

The Louisville Physics Society ended its first year with 
a dinner meeting on June 6. The new officers for the 
coming year were installed: Dr. Peter L. Yissat, president, 
and Dr. H. T. Smyth, secretary-treasurer. 

Pittsburfh Spectroscopists 

The SpecLroscopy Society of Pittsburgh was organized 
in August. It will cooperate in the sponsoring of an Applied 
Spectroscopy Conference to be held at the University of 
Pittsburgh November 15, 1946. For information about 
the Society address Dr. Mary E. Warga, University of 
Pittsburgh, Pittsburgh 13, Pennsylvania. 

Westlnfbouss Program tor Fundamental Research 

Wcstinghnuse Research Laboratories have announced a 
broad program of research into nuclear physics and the 
problems associated with the conversion of atomic energy 
into a useful source of power for the (leacctime world. 
The program will be in direct charge of I)r. W. E. Shoupp, 
Manager of the Electronics Department. First step will be 
modernization of the atom-smasher at the East Pittsburgh 
laboratory. 

Radioisotopes from tbs Manhattan Project 

A detailed announcement on the availability and pro¬ 
curement of pile-produced radioisotopes from the Man¬ 
hattan Project appeared in the June 14 issue of Science, 
Tables are included giving pertinent data on the character¬ 
istics and the quantities which may be made available of 
around 100 isotopes and isotopic mixtures. For practical 
reasons isotopes with a half-life less than 12 hours are not 
considered for distribution. Most of the isotopes are 
produced by fission or («, 7 ) processes. Only four isotopes 
are produced by the (ft, p) process with sufficient yield 
for vli- tribution. Other processes arc either not sufficiently 
productive or do not occur. 
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The article emphasized that (1) present piles were not 
designed for tracer and therapeutic isotope production, 
(2) waste plutonium process solutions are not a feasible 
source for separated fission isotopes, (3) routine production 
methods and facilities are not yet developed for most 
isotopes, (4) isotopes which can now be made available 
are only experimental lots resulting from research and 
development proceedings, (5) technical problems involved 
in the irradiation and processing of essential materials has 
been and will continue to be responsible for the delay in 
making certain isotopes available by routine production. 

Allocation and distribution will be effected on the basis 
of the general policies, as well as on recommendations 
regarding specific applications, made by well qualified 
advisory groups nominated for Manhattan District ap¬ 
pointment by the National Academy of Sciences. Charges 
will be made for materials and services on the basis of 
“out-of-pocket” operational expenses to the government 
necessitated by the non-project production and service 
program. Costs for construction or rental of major plant 
facilities and the expenses of research and development on 
isotope production will be assumed by the Project. 

All correspondence concerning radioisotope procurement 
should be addressed to the Isotopes Branch, Research 
Division, Manhattan District, P.O. Box E, Oak Ridge, 
Tennessee. Reference to the original article for pertinent 
details is recommended before instituting inquiries or 
requests. 

Bulletin of Mathemsticai Biophysics 

Following is the table of contents for the Dcceml>er 1946 
issue of The Bulletin of Mathematical Biophysics: 

The Half-Life of a Drug in Relation to its Therapeutic Index—H. U. 

Landahl 

Contributions to the Mathematical Theory of the Stability of Metabo¬ 
lising Systems with Variable Surface Tension— Alfonso Shjmrfl 
Asynchrony of Labrinthine Receptors as a Physical Factor in Motion 

Sickness— Manvel F. Moralfs 

A Mathematical Description of Metabolising Systems: I —Herman 

Branson 

The tJnivwiity of Chicago Press, Chicago, Illinois. 
Volume 8v Number 4. 

»ftocement Register 

In response to many requests from physicists and em¬ 
ployers of physicists, the American Institute of Physics 
will operate another one of its Placement Registers in 
connection with the joint meeting of the American Phys¬ 
ical Society and the American Association of Physics 
Teachers on January 30 and 31, and February 1, 1947. 

The Register affords an effective supplement to the con¬ 
tinuing Placement Service carried on by the Institute. 
The continuing service provides an opportunity for those 
desiring new employment to place their records on file 
at the Institute office. Here they may be consulted by 
employers or sent out to employers for consideration. 

The Register itself provides an on-the-spot mechanism 
f6r bringing applicants and employers' representatives 
together. One or more rooms will be reserved for the Regis- 
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ter and interviews will be scheduled as requested. Because 
employers will have opportunity to consult the records of 
applicants before the interview period begins, pre-regis¬ 
tration on.the part of the applicants is essential for the 
maximum effectiveness of the Register. 

Registration forms and further information may be ob¬ 
tained from the Institute, 57 East 55 Street, New York 22, 
New York. 

Addendum 

There should have been a footnote to the title of E. P. 
Wigner’s paper on “Theoretical Physics in the Metal¬ 
lurgical Laboratory of Chicago,” November, 1946, Journal 
of Applied Physics , which should read as follows: 

This document La baaed on work performed under Contract No. 
W-7401-eng-37 for the Manhattan Project of the Metallurgical Labora¬ 
tory at the University of Chicago. 


New Books 


v/ 

Piezoelectricity 

By Walter G. Cady. Pp. 806-f xxiii, Figs. 166, 6X9 in. 

International Scries in Pure and Applied Physics. 

McGraw-Hill Book Company, New York, 1946. Price 

$9.00. 

The purpose and scope of this liook is compactly stated 
in the suli-title: An Introduction to the Theory and 
Applications of Electromechanical Phenomena in Crystals. 
Because of the increasing importance of this subject and 
many applications, Professor Cady’s book is a needed 
addition to the literature in this field, much of which has 
been heretofore scattered in scientific and technical 
journals in several languages. 

A thorough study of piezoelectricity, such as this, must 
necessarily draw on much of the material of crystal 
physics. This is because piezoelectricity is closely related 
to the elastic and dielectric properties of crystals and less 
closely to pyroelectric and to piezo- and electro-optical 
effects. The Weiss theory of ferromagnetism which finds a 
close analogy in the theory of the Seignette-electric crystals 
is also discussed. There is an extensive treatment of 
resonator theory which makes full use of the electro¬ 
mechanical analogy and explains how the equivalent 
electrical constants of vibrating crystals may be computed 
over any range of frequencies. Details of electrical circuits, 
however, are generally omitted since they may be found 
in other books. In like manner, while there is a good 
chapter on practical applications, only the general princi¬ 
ples are discussed, the details being left to an extensive 
list of classified references. In view of the wide usfe of 
oblique crystal cuts, the great number of specialized 
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formulae for calculating; crystal constants for rotated axes 
will be found very useful. 

Since the book is intended for research workers as well 
as for students of physics and for radio amateurs, parts of 
it will he found difficult or incomprehensible to many in 
the latter group. In order to fully understand all of this 
book, familiarity with theoretical physics and circuit theory 
is essential, though many parts may be read profitably 
with less background. 

A commendable feature is the list of symbols and 
abbreviations giving the number of the section in which 
each quantity is first introduced. The reviewer, however, 
found it annoyingly inconvenient to look back for equations 
referred to only by number, there beinR an extremely large 
number of such cross references. It would appear that 
page reference!* along with the nuniliers would have made 
this task much easier. There is an extensive bibliography 
at the end of the book. The tables of numerical constants, 
which are indexed for ready reference, will lie found very 
useful to workers in this field. Some of the data included 
have not been published elsewhere, being taken from 
investigations carried out at Wesleyan University by 
students of Professor Cady and Van Dyke. Gaps in 
existing data are pointed out, and suggestions for further 
research to settle controversial topics may be found in 
many places. 

Besides the few misprints, there is not much fault that 
one may find with this book. However, in defining a 
Seignette-eleclric crystal it is asserted that the possession 
of a Curie point on one side of which the dielectric prop¬ 
erties show non-linearity and hysteresis is the Iwsic 
criterion. Shortly thereafter one finds the statement that 
perhaps some day a crystal will be discovered which is 
stable only in the Seignette-electric range so that no 
Curie point is observable. Surely then, the existence of a 
Curie point cannot be regarded as basic a criterion as the 
non-linearity and hysteresis themselves. 

Furthermore, it seems contradictory to attribute practi¬ 
cally all hysteresis effects in Rochelle salt to the clamped 
dielectric properties (p. 479), suggesting that a free crystal 
would not show such effects, and then to state that the 
constraints implied by cement; electrodes, clamping, and 
water-proofing greatly reduce the effects of temperature 
and hysteresis (p. 670)/It is well known that the anomalies 
of Rochelle salt were discovered in crystals which were not 
damped except for the constraint imposed by the elec¬ 
trodes and that in many cases this was quite negligible. 

The use of literary quotations at the head of each chapter 
add interest to the book, giving it a certain cultural 
seasoning. Many of the quotations aptly express some 
central idea in the chapter, but some of them arc so 
irrelevant that they would have been better omitted. 

The wide variety of subjects treated testifies to Professor 
Cady’s broad, scholarly interests, and thorough knowledge 
of his specialty. This book is a distinguished addition to 
the growing number of important volumes in the Inter¬ 
national Series in Pure and Applied Physics. 

Joseph Valasek 

University of Minnesota, 


New Booklets 


Mathematical Tables Project of the National Bureau of 
Standards, 150 Nassau Street, New York, New York, has 
published three short notes bearing on tables now in 
progress, as follows: Mathieu functions, exponential in¬ 
tegrals for complex arguments, and functions related to 
certain confluent hypcrgeometric functions. 

The Ohio Valley Spectrographic Society, Engineers 
Club Building, Dayton, Ohio, is distributing Collected Ab¬ 
stracts, Published during 1Q45 on Spectrochcmical Analysis , 
compiled by Edwin S. Hodge. 64 pages, well indexed. 
$1 postpaid for cash orders, $1.25 when billing is required. 
Discount of 15 percent on lots of 10 or more copies. 

North American Philips* Company, Inc., 100 East 42 
Street, New York 17, New York, has issued a new 8-page 
Ixjoklet (H1041) titled The Geiger-Mueller X-Ray Spec¬ 
trometer. It explains the history and construction details 
covering the instrument, along with circuits and data 
pertinent to correct usage. Free. 

General Electric Company, Schenectady, New York, 
has assembled in Uioklot form six addresses on Applications 
of Atomic Power given by staff memliers of the General 
Electric Research Laboratory on the Science Forum 
Program, Station WC.Y, Schenectady, during the fall of 
1945. 26 pages. 

Ampro Corporation, 2855 North Western Avenue, 
Chicago, Illinois, has issued a new price sheet, showing 
the general trend in prices of its 16-mm motion picture 
equipment and accessories to be slightly upwards. 4 pages. 

Reiner Electronics Company, Inc., 152 West 25 Street, 
New York 1, New York, has published a new 4-page 
bulletin (105) providing a complete description of the new 
laboratory instruments now lieing produced by the com- 
pany. The design of these volt-ammeters makes available 
for the first time a method of manual insertion of accu¬ 
rately calibrated shunts and multipliers with values always 
visible in the unit. This self-instructing feature teaches 
the student as he works. The principles of operation are 
thoroughly described and all applications and specifica¬ 
tions are given in detail. 

Interchemical Review for Spring 1946, published by the 
Research Laboratories of Interchemical Corporation, 432 
West 45 Street, New York 19, New York, features the 
following articles: “Synthetic Amino Acids" and “A Brief 
Review of Atomic Physics.” 28 pages. 

Carson Micrometer Corporation, 28 Edison Place, 
Newark 2, New Jersey, has announced production of four 
redesigned models cf its electronic micrometers for precise 
\hi kness measurement. They are described in a 4-page 
leaflet. Address Department 72 of the company. 
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Novel form of refrigerator, Jenny E. Rosenthal—62 (L) 
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Steel, Electrical observations of the Austenite-Martensite 
transformation in, Andrew W. McReynolds —823 
Steel, Studies of plastic flow of steel, especially in two- 
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Study of distortion in microscope projection 

lenses, James Hillier—41T f 

Study of oxide cathodes by x-ray diffraction methods. 
Part I. Methods, conversion studies, and thermal ex¬ 
pansion coefficients, A. Eisenstein— 434 

-Part II. Oxide coating composition—654 

Supplementary bibliography of electron microscopy, Mary 
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